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ARTICLE INFO ABSTRACT

Communicated by Enrico Valdinoci We analyze some properties of the measures in the dual of the space BV, by considering (signed)
Radon measures satisfying a perimeter bound condition, which means that the absolute value

g‘?ﬁary 26B30 of the measure of a set is controlled by the perimeter of the set itself, and whose total variations
secondary 26B20 also belong to the dual of BV. We exploit and refine the results of Cong Phuc and Torres (2017),
46E27 in particular exploring the relation with divergence-measure fields and proving the stability of

the perimeter bound from sets to BV functions under a suitable approximation of the given
Keywords: measure. As an important tool, we obtain a refinement of Anzellotti-Giaquinta approximation
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Dual of BV

for BV functions, which is of separate interest in itself and, in the context of Anzellotti’s pairing
theory for divergence-measure fields, implies a new way of approximating A-pairings, as well
as new bounds for their total variation. These results are also relevant due to their application
in the study of weak solutions to the non-parametric prescribed mean curvature equation with
measure data, which is explored in a subsequent work.

1. Introduction

Given the ubiquitous presence of the space of functions of bounded variation BV in the Calculus of Variation, it is natural to try
and characterize its dual space. An integral representation of the elements of BV (£)*, for any open set 2 C R”, was obtained in [1],
under the Continuum Hypothesis (we refer to the introduction of [1] for a detailed account of the previous research related to BV*).
Of particular interest is the subspace of BV (2)* of those linear continuous functionals T, whose action on u € BV (2)n L>(£2) can
be represented as

‘Iy(u)=/u* du, (1.1)
Q

where u* is the precise representative of u and y is a suitable finite Radon measure: these functionals are often called Radon measures
in the dual of BV [2-4]. Given that u* is well defined up to a set with zero (n—1)-dimensional Hausdorff measure H"~!, an immediate
property of the measures y in the dual of BV is that |u|(B) = 0 for every Borel set with H"~!(B) = 0. As explored in [3,4], under mild
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assumptions on the regularity of £ we have that a finite Radon measure x belongs to BV (£2)* in this sense if and only if u = divF
for some vector field F € L*(2;R"). This shows a natural connection between the Radon measures in the dual of the space BV
and the divergence-measure fields.

Given p € [l,+o0], a p-summable divergence-measure field on an open set Q is a vector field F € LP(£;R") such that its
distributional divergence divF is a finite Radon measure on £2. We denote the space of such fields as DM?(£2). Initially introduced
by Anzellotti in [5], the divergence-measure fields have been extensively studied, among other motivations, because of their
natural applications in relation with generalized Gauss—Green formulas and weak formulations of some families of PDEs (see for
instance [3,4,6-21]). Under this respect, it is important to note that, when p € [1,+0), these fields can be naturally paired with
scalar functions u € W' (Q), where p’ is the conjugate exponent of p, since the scalar product F - Vu belongs to L!(£2). On the other
hand, the case p = +co is more complex and interesting to study, since p’ = 1, which includes the case of u € BV (). Following
the approach of [13], for a given Borel function 4 : 2 — [0, 1], we can define the A-pairing distribution between a vector field
F € DM (L) and a scalar function u € BV (L) as follows:

(F, Du); :=div(uF) — u* divF ,

assuming u* € L'(Q;|divF|), where u* is defined H"~!-almost everywhere as the convex combination of «* and »~ (the upper and
lower approximate limits of u) using the coefficients 4 and 1 — A, respectively. We point out that this expression is well posed, since
sets with zero H"~!-measure are also |divF|-negligible. As proved in [13], the A-pairing is a distribution of order zero, i.e., it is a
(finite) Radon measure. Moreover, the classical pairing introduced by Anzellotti in [5] corresponds to 4 = %, and in this case u*
coincides H"~!-almost everywhere with u*, the precise representative of u. For this reason, we set (F, Du), := (F, Du), . It is also clear
2
that (F, Du), = (F, Du), for all u € BV (£2) such that u* € L'(2;|divF|) as long as the Borel function 4 : £ — [0, 1] satisfies A(x) = %
for |divF|-a.e. x € Q.
Interestingly, every A-pairing enjoys the same absolute continuity property with respect to the weak gradient of u:

I(F, Du);| < |F|l oo (a:pny | Dul on L. 1.2)
This implies that the mapping
BV (2)N L®(2) D u— (F, Du),(L2)

defines a functional which is continuous with respect to the BV -(semi)norm. As noted in [13, Remark 4.6], the A-pairing is linear
with respect to u if and only if it coincides with the classical one (F, Du),; that is, if 1 = % up to |divF|-negligible sets. Therefore,
the mapping

BV ()N L®(2) D u - (F, Du),(£) (1.3)

is a linear functional, continuous with respect to the BV -norm. These observations suggest a relation between the pairings and the
functionals in the dual of BV.

In addition, in [4] it was proved that, in the case (2 is an open bounded set with Lipschitz boundary, a finite Radon measure u
belongs to BV (€2)* - that is, the functional T, : BV (£2) n L*(2) — R is continuous with respect to the BV-norm - if and only if
there exists C > 0 such that

|u(U NnR2)| <C PWU) for all open bounded sets U c R" with smooth boundary, 1.4)

where P(U) is the perimeter of the set U, which coincides with the surface measure of its boundary, H"~!(aU), for smooth sets.
Therefore, y € BV (£2)* if and only if the measure u enjoys this bound for its absolute value on open smooth sets in terms of their
perimeter.

Finally, given u € BV (£2)* there is the non-trivial question of whether ¥, (1) can be represented as the integral in (1.1) even for
u € BV(2)\ L®(R). Indeed, it can happen that u* ¢ L'(€2; |u|) (as we show in Remark 4.12 below), so that the integral representation
would not be well-posed.

In this paper, we explore all these known connections recalled so far, in particular integrating and refining some of the results
of [4].

More precisely, we consider the natural generalization of the condition (1.4): we say that a finite Radon measure y € M(£2)
satisfies a perimeter bound condition if there exists L > 0 such that

|u(E'n2)| < LP(E) for all measurable sets E C £, (1.5)

where E! is the set of points where the Lebesgue density of E is 1, also called the measure theoretic interior of E. In this case, we
write 4 € PB;(£2), and we also set PB(2) := (J;.,PB.(£2). We notice that in this definition we are testing the perimeter bound
condition on the entire family of sets with finite perimeter. We actually prove that, if € is weakly regular (that is, it is a bounded
open set such that H"~1(0Q) = P(2) < +0) then (1.4) and (1.5) are equivalent (see Lemma 4.4 and Proposition 4.10(2)). However,
our apparently stronger definition is motivated by the fact that the divergence measure of any F € DM®(Q) satisfies (1.5) for
L = ||F|| Lo (q:rn), due to the generalized Gauss-Green formula: if E C 2 is a set of finite perimeter in R” such that either £ cc Q
or Q2 is weakly regular, then

divF(E'n Q) = - / Tr'(F,0* E)dH" !, (1.6)
0*E
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where Tr!(F, 0*E) is the interior normal trace of F and satisfies
”Tri(F’ a*E)“Lm(,)*E;HH—l) < ||F||L°°(E;R")~

This and similar formulas have been widely studied in the literature [7,11-14,16,19,20], but we present in Section 2.2 some
refinements which are suitable for our purposes.
Overall, we obtain the following refinement of [4, Theorem 8.2]: if 2 is a bounded open set with Lipschitz boundary, then

u€PB) < u€ BV(Q)* < u=divF for some F € DM®(Q).

Thanks to the Gauss—Green formula (1.6), it is indeed intuitively clear that, if 4 = divF for some F € DM® (L), then u € PB;(£2) for
L = || F|| oo (o;rm)- However, it is interesting to ask whether some kind of opposite implication holds true; that is, if, given u € PB1(£),
we can find F € DM* (L) such that 4 = divF and || F|| fwg.gn) < L. Such result would be the natural extension of [4, Lemma 7.3],
which states that, if £2 is a bounded open set with Lipschitz boundary and T € WOI‘I(_Q)*, then there exists F € DM* (L) such that

T(u) = / w* ddivF for all u € W,"'(2) n L®(Q) .7
Q
and we have

101 ) = min {I1Gll .o(omny : G € DM™(Q) satisfying (1.7)} .
0

Therefore, we need to show that, if 4 € PB(£2), then the related functional T, is well defined on the whole WOI’I(Q) and it satisfies
a bound for Sobolev functions similar to the perimeter bound; that is,

s
Q

so that we get

ITully 10 gy = SUP {/Qu du 2 ue W (@), IVull 1 g < 1} <L

0

SL/ Vuldx for all u € W (@),
Q

However, as already noted, it is in general not true that, if 4 € PB(L), then u* € L'(2; |u|) for unbounded BV or even Sobolev
functions (we give an example of such case in Remark 4.12). Therefore, it turns out that we need a stronger assumption on the
measure p: we say that y is admissible, if |u| € BV (22)*, see Definition 4.6. While it might be challenging to verify the admissibility
assumption in general, we notice that, if Q is an open bounded set with Lipschitz boundary, a relevant subclass of admissible
measures consists of those that can be written as y = hL" + yH" 'L_I, where h € LY(Q) for some ¢ > n, y € L¥(I"; H"!) and
I' cC Q is a compact set with finite 7"~! measure and suitable decay properties on balls (see Example 4.14). If y € M(Q) is
admissible, it is indeed true that u* € L(£; |u|) for all u € BV(2) and 4 : Q — [0, 1] Borel, thus including also the case 1 = % A
key step in the proof is Theorem 3.2, which is a refined version of the Anzellotti-Giaquinta approximation for functions u € BV (£2),
since it additionally guarantees pointwise H"~!-a.e. convergence to any given A-representative u*. It is also worth mentioning that
such a result is of interest in itself, particularly concerning the theory of A-pairings mentioned earlier, since it provides a new way
of deriving (1.2) and it allows obtaining a new bound for the pairings in terms of the area functional, see Theorem 3.4; moreover,
it plays a fundamental role in several other proofs along the paper. All in all, we can show that, if Q is an open bounded set with
Lipschitz boundary, L > 0 and y € PB(£2) is admissible, then y = divF for some F € DM () with || F|| (o < L and

e
Q

see Proposition 4.19 and Lemma 4.21. This means that the constant L remains unchanged from the perimeter bound for sets to
the estimate involving functions of bounded variations, and in this way it refines the results of [4]. It is also interesting to notice
that, if 4 € M(Q) is admissible, then, for any vector field F such that divF = p, the A-pairing (F, Du), is well-defined for all BV
function u and all Borel functions 4 with values in [0, 1] (see Remark 4.8). In addition, if £ is an open bounded set with Lipschitz
boundary, the action of the functional represented by an admissible measure y can be expressed in terms of the pairing between
F € DM (), such that x4 = divF, and functions in BV (£); that is,

T, W) = / u* dy = —(F, Du),(2) - / Tryo@Tr/(F,0Q)dH"™" for all u € BV (Q)
Q 00

<L <|Du|(!))+/ I Tr @) dH”") for all u € BV(€2) and A : Q — [0, 1] Borel, 1.8)
2

where Tryo(u) € L1(02; ") and Tr'(F, Q) € L®(0£2; H"~!) are the interior trace of u and the interior normal trace of F on the
boundary of Q, respectively. This fact relates to the previous observations on the pairing functional (1.3), since, if 4 = divF for
some F € DM®*(L2), then

T, (w) = =(F, Du),(2) for all u € BV,(Q2);

that is, u € BV () with Tryq () = 0.

Finally, we prove that the perimeter bound and the admissibility conditions combined ensure enough stability under a suitable
type of smooth approximation procedure (Proposition 4.23). More precisely, if £2 is an open bounded set with Lipschitz boundary
and y € PB(Q) is an admissible measure, then y = divF for some F € DM*(2) with ||F|| w@.rn < L and so, relying on the
fact that the Anzellotti-Giaquinta—-type regularization of a vector field almost preserves its L* norm, we can approximate y in the
weak—+ sense by a sequence of absolutely continuous measures y;L" € P L (£2) with smooth density functions, where L; — L as
j = +oo.



G.E. Comi and G.P. Leonardi Nonlinear Analysis 251 (2025) 113686
All these facts are of great relevance in their application to the study of the prescribed mean curvature measure equation

div| —Y% _|=4 ona, 1.9)

\/ 1+ |Vul?

for an admissible measure y € PB; (£2) for some L € (0, 1), which is the core of our subsequent work [22]. Following the approach
of [17], we consider the following weak formulation of Eq. (1.9).

Definition 1.1. We say that u € BV(Q) is a weak solution to the prescribed mean curvature measure equation if there exist
T € L®(£2;R") and a Borel function 1 : 2 — [0, 1] such that

1Tl oo irmy < 1,
divl = u on £,

(T, Du), = \/1 + | Dul? - \/1 —|T)?L" on @,
where the last two identities involve scalar Radon measures in M(£2) and 4 = 4,, is the characteristic function of a Borel set satisfying
(1 — A)u = u*, where u* are the positive and negative parts of u.

The existence of weak solutions of (1.9) is obtained via the direct method of Calculus of Variations, which involves proving
coercivity and lower semicontinuity for the functional

3,lul ::\/1+|Du|2(3)+/u-d,ff—/u*d,r,
Q Q

In particular, (1.8) directly implies that J, is coercive, and the stability of the admissibility and perimeter bound conditions are
exploited in order to prove a Gamma-convergence result for a sequence of functionals J u; (see [22, Theorem 6.2]).

2. Preliminaries

Through the rest of the paper, we work in an open set 2 c R”. We denote by £" the Lebesgue measure, and by H" the m-
dimensional Hausdorff measure, for m € [0, n], although we shall focus on the case m = n— 1. We denote by M(£2) the space of finite
Radon measures on £2, and by M;,(€2) the space of measures in M(£2) that are absolutely continuous with respect to 7"~!; that is,

My (82) 1= {p € M(L2) : |ul(B) =0 for all Borel sets B C 2 such that H"'(B) =0}. (2.1)

Given two measures yu;, yu, € M(R2), we say that y; < u, on Q if y;(B) < pu,(B) for all Borel sets B C Q. If y € M(£) satisfies u > 0
on £, then we say that y is nonnegative. Thanks to the Hahn’s decomposition theorem, we know that for any y € M(Q2) there
exist two nonnegative measures y* and u~ (the positive and negative part of y, respectively), which satisfy y = y* — = and are
concentrated on mutually disjoint Borel sets £,,2_ such that 2 = 2, U 2_. In particular, we have y, = ul Q,, u_ =-ul Q_,
and |u| = u* + u~. In addition, by Lebesgue-Besicovitch differentiation theorem, for |u|-a.e. x € 2 we have

= 1 if 0*
dyu { if xe 2.2)

—(x) = _
d|ul| 0 if xe QF.

Given u € M(R2), Radon-Nikodym theorem and Lebesgue’s decomposition theorem ensure that we can decompose it as
w=u"+
where u% = gL", for some g € L'(R), is the absolutely continuous part and x° is the singular part.

2.1. Functions of bounded variation

We say that u € L!(Q) is a function of bounded variation, and we write u € BV (), if its distributional gradient Du is a vector
valued Radon measure whose total variation |Du| is a finite measure on 2. BV (£) is a Banach space once equipped with the norm

lleell gy 2y = Nlull 1) + | Dul(£2).

However, the convergence induced by this norm is too strong, and hence it is customary to consider a weaker type of convergence
for sequences of BV functions, the strict convergence: given u € BV (£2), we say that a sequence (u ;)jen converges to u in BV (£2)-strict
if

jEer llu—u;ll 1oy + |1 Dul(£2) — | Du;|(£2)] = 0.

As customary, we denote by BV, .(£2) the local version of the space BV (£2).
Following the notation of [23, Section 3.6], we say that a function u € Llloc(.Q) has approximate limit at x € Q if there exists
z € R such that
lim][ lu(y) —z|dy =0, (2.3)
B,(x)

r—=0
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and we denote by u(x) the value, z, of the approximate limit of u at x. In this case, we say that x is a Lebesgue point of u. For a
given measurable set E C R", we define the measure theoretic interior of E as

. IEnB,() .
E! ::{xGR :}%WZI}Z{XER :;(E(x):l}.

As customary, the approximate discontinuity set S, is defined as the set of points where the approximate limit does not exist. In
addition, we say that x belongs to J, (the set of approximate jump points of u) if there exists a,b € R, a # b, and v € S"~! such that

lim lu(y) —aldy=0 and lim lu(y) —bldy =0, 2.4)
r—0 B:’(X,V) r—0 By (x,v)

where BE(x,v) := {y € B.(x) : +(y —x)-v 2 0}. The triplet (a, b, v) is uniquely determined by (2.4) up to a permutation of (a, b) and
a change of sign of v, and we denote it by (u*(x),u™(x), v,(x)). For the approximate traces u*(x), we adopt the convention of having
ut(x) > u™(x). We can actually extend the approximate traces also for x € 2\ §,, by setting u*(x) = u™(x) = u(x).

Given u € BV, .(R2), following [23, Corollary 3.80] we define its precise representative

W Q\(S,\J) >R
by setting
u(x) if xe 2\,

u(X) =4t (x) + um(x)

5 if xeJ,

Since H"~1(S, \ J,) = 0 by [23, Theorem 3.78], u*(x) is well defined for H"'-a.e. x € 2 and satisfies
u*(x) = lim ][ u(y)dy for H" '-ae. x € Q. (2.5)
=0/ B,(x)

|

In addition, if we consider the extensions of the approximate traces, we also get

ut(x) +u(x)

u*(x) = for H" '-a.e. x € Q. (2.6)

In this way, we can see u* as the average between u* and u~. Therefore, it seems natural to generalize u* by taking any convex
combination of the approximate traces. More precisely, for a fixed a Borel function 4 : 2 — [0, 1] we define the A-representative of
u as

u* =t + (1 - Au~ on 2\ (S, \J,),

which is well-defined for H"~!-a.e. x € Q. Clearly, such representative could be defined for any A € B,(£2), that is, any bounded
Borel function 4 : Q — R, but only convex combinations of u* have relevant properties in relation with generalized notions of
pairings between divergence-measure fields and scalar functions of bounded variation.

We recall the standard decomposition of the distributional gradient of a function u € BV (£2): we have

Du=Vul"+ D+ Du,

where Vu € L'(2;R") is the density of the absolutely continuous part of Du, D/u is the jump part, that is,
Diu= @t —u)y, ! |_J“,

and D¢u is the Cantor part. In addition, we define the diffuse and singular parts of Du as

Du=vVurL"+ D and D’u= Du+ D'u.

Let N > 0 and T be the truncation operator, that is, the 1-Lipschitz map defined as

N if t> N,
Tn() =13t if [t{| <N,
-N if t<=N,

then extended to functions by setting Ty (u)(x) = Ty (u(x)). We recall the statement of [23, Proposition 3.69 (c)]: if u € L! (£2) and

loc

xe€J, thenx € ITyw if and only if Ty (u)(x) # Ty (™ )(x), and in this case we have Ty (u)*(x) = Ty (u*)(x). Otherwise, x ¢ Sty
and

Ty@(x) = Ty @(x) = Ty @h)(x) = Ty @7 )(x).
Hence, if we extend the approximate traces of Ty (u) as above, we get

TnW*(x) = Ty ®)(x) for all x € @\ (S, \ J,)-

By exploiting the fact that
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a+p
T i

[Ty @] < |u*| on \ (S, \ J,).

< a+f

|TN(0£) +Tn(P)

<
2

‘ for all , p € R,

we prove that

Given u € BV (£2), we have that Ty (u) € BV () for all N > 0. In particular, we deduce the following well-known estimate on
the precise representative of the truncation of u:

[Ty @*(x)| < |u*(x)] for H" '-ae. x € Q. 2.7)

In addition, the A-representative of Ty (u) is well-defined, and we can get convergence properties and bounds for Ty (u)* that are
uniform in N (see Proposition 2.1 below). However, we notice that we cannot obtain an analogous estimate |Ty (u)*(x)| < |u*(x)|
for H" '-a.e. x € Q, unless 4 € {0, % 1}. As an example, let N >0, 1 = % and
2N if x € B, 1),
u(x) = 5 .
-IN ifx ¢ B0,

Then, for all x € dB(0, 1), we have u™(x) = 2N and u~(x) = —% N, so that

Ay = L+ 2 22 _3\__N
w () = 3ut () + Su (x)—3N<1 4)_ < for all x € 0B(0. 1.

On the other hand, notice that

Ty@ ) = 3Ty @ @+ STy =2 - 2

-3 = —% for all x € dB(0, 1),

so that we do not have |Ty()*| < |u*| on dB(0, 1). Nevertheless, we are able to obtain the following result (which is a somewhat
modified version of [13, Proposition 3.4]).

Proposition 2.1. Let u € BV,,.(22), 1 : 2 — [0, 1] be a Borel function and N > 0. For all x € 2\ (S, \ J,) we set
M{u, A)(x) := min{i(x)lu*(x)l + (1= AP~ )],

W]+ 40 - 3

(la* Ol + 1= @) } (2.8)

Then M [u, A1(x) is well defined for H" '-a.e. x € Q, and it satisfies

[Ty @*(x)| < M[u, A)(x) and |u*(x)| < M[u, Al(x) for H" '-a.e. x € Q. (2.9)
Moreover, we have

Ty @ (x) = u*(x) (2.10)

for all x € 2 such that —N < u~(x) < u*(x) < N, which in turn implies Ty (u)*(x) — u*(x) for H" l-a.e. x € 2, as N — +co.

Proof. Assuming x € 2 is such that —N < u~(x) < ut(x) < N, we have Ty (u)*(x) = u*(x). This immediately implies that
Ty W) (x) = ATy @) (x) + (1 = ATy @)™ (x) = AT (x) + (1 = A)u™(x) = u?(x)
and this shows (2.10). Since u*(x) and u~(x) are well-defined and finite for 7"~'-a.e. x € 2, we notice that (2.10) easily implies
Ty @*(x) = u*(x) as N - +oo for H" l-a.e. x € Q.
Given that H"~1(S, \ J,) = 0, it is clear that M[u, A](x) is well defined for H"~!-a.e. x € Q. Now, in order to prove the first
inequality in (2.9), we must show two separate inequalities. The first inequality directly follows from the definition of T:
[Ty @*(0)] < ATy @) ()] + (1 = AG)) Ty ()™ (x)]
< AT )] + (1 = AG)[u(x)] .
The second inequality is obtained by adding and subtracting T, (u)* and by using (2.7), that is, for H""'-a.e. x € 2 we have
[Ty @ ()] < 1Ty @)* ()] + [Ty @) (x) = Ty ()* (%))
< (] + [(Ax) = 1/2)Ty () () + (1/2 = 2)) Ty ()™ ()]
S @]+ 1AG) = 1/2](Jut ol + [u™ ()] -

By combining the two previous estimates, we get (2.9) as wanted. Finally, we argue in a similar way with |u*| to conclude. []

Remark 2.2. We observe that (2.9) gives a finer upper bound for Ty (1)* than the one given in [13, Proposition 3.4]. In addition,
we notice that, if A = %, then (2.9) reduces to the standard estimate (2.7). If we consider instead the cases A =1 and A = 0, then we
have M[u,1] = |u™| and M[u,0] = |u~|.
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Given a function u € BV (Q) we define /1 + | Du|? as the distributional area factor of the graph {(x,?) : u(x) =t} C 2 xR, as
done in [24]. While the expression makes sense for £"-a.e. x € Q2 for a function u € Wlé‘cl(.Q), when u € BV (£2) we more generally
define

/ \/1+ |Dul? :=sup{/ n+udivpdx : (¢,n) € CLU;R" X R), (¢, )] < 1},
U Q

for any open set U C Q. It is then easy to see that we have

\/1+ | Dul* = \/1+|Vu|2£"+|DSu|A (2.11)

Given a measurable set E, we say that E is a set of finite perimeter in Q if |Dy;|(2) < +o0, and we set P(E;2) = |Dyg|(£2) to
be the perimeter of E in Q. When Q = R" we simply write P(E). We refer to [23,25] for the definition and properties of 0* E, the
reduced boundary of E, for which one has P(E; Q) = H"~'(0*E n ). In particular, we recall that ;(;S = ypiye-g and Xp = Xg1> SO
that we deduce the following explicit formulas for the precise and A-representatives of y:

1 A _ .
Xp=Xpl + SHoE and yp = xp+Axpp H" La.e. in Q. (2.12)

If n > 2, a remarkable property of sets of finite perimeter E in R” is the isoperimetric inequality [23, Theorem 3.46]: there exists a
constant ¢, > 0 such that

1
min{|E|,|R"\ E[}"# < ¢,P(E).
As a consequence, as long as || < +o0, for all sets E C 2 of finite perimeter in R” we have
1 1 1
|En Q| <|Q]7E|'"7 <¢,|Q]7 P(E),
which immediately implies
lxellpy@ = [EN L]+ P(E,2) < (Cnl-Ql n + 1)P(E). (2.13)
If 2 has bounded Lipschitz boundary, we denote by Tr,,(u) the trace of u over 0£2 and recall that the trace operator Tr,q, :
BV () » L'(092; H"") is linear, surjective and continuous with respect to the topology induced by the strict convergence (see for

instance [23, Theorem 3.88]). For the ease of the reader, we prove a useful result concerning a Cavalieri-type inequality involving
the trace operator for BV functions.

Lemma 2.3. Let Q2 be an open, bounded set with Lipschitz boundary. Let f € BV (£2) be a nonnegative function, and set E, = {x : f(x) > t}
for t > 0. Then

+o0
/ /Tr,,g()(E)dH"_ldts/ Tryo(f)dH" ™" .
0 02 ! 02

Proof. By [23, Theorem 3.87], we have
n— . 1 .
/ Trag(/)() dH"™ () = / i FO)dydH™ (x)
Py 5

2 =0 |20 B.(x)| Jons,wx)

. 1 +oo )
= lim —— (y)dtdydH" ' (x)
/gmo 120 B,() /mB <x)/ e,

m 25 ) dydtdH"™(x)
/m’—’o/ |QﬁB(x)| QNB,(x) E

+oco
1 -1
liminf ———— e WdydtdH" (x)
/09/ r=0 |20 B.()| Jans,x) Ei

=// Trpo(r X) di dH (x)
a2 Jo
+00
= / / Troo(xg)(X) dH" (x)dt,
0 02

where the inequality in the fourth line follows from Fatou’s lemma, while the exchange of the integration orders is a consequence
of Tonelli’s theorem. []

2.2. Divergence-measure fields and A-pairings

We recall the notions of (essentially bounded) divergence-measure field and of pairing between a function of bounded variation
and one such field.
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Definition 2.4. A vector field F € L*(2;R") is called an essentially bounded divergence-measure field, and we write F € DM® (),
if divF € M(€). A vector field F € LY (;R") is called a locally essentially bounded divergence-measure field, and we write
F € DMX (Q), if F € DM®(U) for any open set U cC (.

loc

It has been proved by Chen and Frid [8] (see also [26], for an improved proof), that, if F € DM® () and u € BV ()N L®(R2),
then the product uF belongs to DM®(£2); and an analogous result holds also locally. Furthermore, we recall the fact that, if
F € DM (), then |divF| < H"™!, for which we refer to [8,19]. Hence, if u* is the precise representative of u, the measure
w*divF is well defined, u* being defined H" !-a.e. on Q.

Actually, the L*®-assumption on u is not strictly necessary, as one can see by following the approach of [13] in defining the
notion of A-pairing.

Definition 2.5. Given a vector field F € DM (£2), a scalar function u € BV,,.(£2) and a Borel function 4 : Q — [0, 1] such that
ut e LIIOC(Q; |divF|), we define the A-pairing between F and Du as the distribution (F, Du), given by

(F, Du); := div(uF) — u*divF. (2.14)

Roughly speaking, the notion of A-pairing extends the classical dot product between F and Du. We also remark that in the case
A= % one recovers the classical pairing first considered by Anzellotti in [5], which we denote by (F, Du),. As proved in [13],
the A-pairing is indeed a Radon measure. For the ease of the reader, we recall its main properties in the following statement, that
summarizes [13, Proposition 4.4] (see also [14, Remark 3.6]).

Theorem 2.6. Let F € DM®(RQ), u € BV(2) and 1 : Q — [0,1] be a Borel function. If u* € L'(Q;|divF|), then we have
div(uF), (F, Du), € M(Q), with

div(uF) = u*divF + (F, Du), on @, (2.15)

and

I(F, Du),| < || Fl po(gupemy| Dul on 2. (2.16)

The assumption u* € L'(£2; [divF]) in Theorem 2.6 is equivalent to the summability of any A-representative of u with respect to
the measure |divF|, as showed in [13, Lemma 3.2]. In particular, it is also equivalent to the summability of the majorant function
M u, 4] given by (2.8). We collect this results in the proposition below.

Proposition 2.7. Let F € DM®(Q) and u € BV (). Let 4,, 4, : £ — [0, 1] be Borel functions. Then we have u*1 € L'(2;|divF|) if and
only if u2 € L'(&; |divF|). In addition, if A : 2 — [0, 1] is a Borel function, then u* € L'(Q; |divF|) if and only if M[u, A] € L'(2;|divF|).

Proof. The first equivalence is given by [13, Lemma 3.2]. Then, if we assume u* € L'(Q2;|divF|) for some A : Q — [0, 1], by the
first part of the statement, we have u*,u~ € L'(£2;|divF|), since they correspond to the choices 2=land 1=0, respectively. Hence,
we see that M([u, 4] € L'(Q2;|divF]), in the light of (2.8) and the fact that |divF| < H"~!. Finally, the second estimate in (2.9)
immediately gives the opposite implication. []

One of the main applications of the theory of divergence-measure fields has consisted in generalizing integration by parts formulas
for rough domains and weakly differentiable functions. For the ease of the reader we collect in the following statements some versions
of these results, suitably refined for the purposes of this paper. The first one is simply [11, Lemma 3.1].

Lemma 2.8. Let F € DM® (L) be such that supp(F) cC Q. Then we have divF () = 0.

Now we deal with the integration on sets with finite perimeter. Such Gauss-Green formulas have been widely studied in the
literature [7,11-14,16,19,20]. However, we provide here a general result, allowing for sets which can touch the boundary of the
definition domain 2, under minimal regularity assumptions. To this purpose, we recall that an open set ( is said to be weakly regular
if it is a bounded set with finite perimeter in R” such that H"~1(02) = H"~1(9*Q), or, equivalently, H"~ (2 \ 0*Q2) = 0.

Theorem 2.9. Let F € DM®(2) and let E C Q be of finite perimeter in R". Assume that either E cC Q or 2 is weakly regular. Then,
there exist the interior and exterior normal traces of F on d* E; that is, the functions

Tr'(F, 0*E), Tré(F,0*E) € L(0*E; H"™"),
which satisfy

divF(E' nQ) = — / Tt!(F,0*E) dH"™
0*E 2.17)

I (F, 0" E)l o9+ g1y < IF Il ooz
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and

divF(E'UJ'E)n Q) = —/ Tré(F,0"E)dH"™!
0*E

i (2.18)
|Fllpocorgrmy I ECC
ITeé(F, 0" E)ll poo (o Eipen-1y < L (Q\E:R") 4
IF1l oo (2 otherwise.
In particular, if Q is weakly regular, then there exists Tr'(F,0Q2) € L®(0Q; H"~") satisfying
== ./og Tr'(F,0Q) dH"™" and |[Tt'(F, 02)l| g1y S IFllpogupn- (2.19)

Proof. For the proof of (2.17) and (2.18) in the case E cc £2 we refer to [11, Theorem 3.2 and Corollary 3.6]. Then, if 2 is weakly
regular, by [11, Corollary 5.5 and Remark 5.6] we have that the zero extension of F to R”, defined as

N F(x) ifxeQ
F(x) := .
0 if xeR"\ @,
satisfies ' € DM®(R"), and there exist Tr'(F, 002), Tr¢(F, 02) € L*(0Q; H""") such that
divF = divFL_Q + Tr'(F,0Q) H" ' 02 and Tré(F,oR) = 0. (2.20)
Hence, if E C Q is a set of finite perimeter in R”, we can apply (2.17) and (2.18) to F and obtain
divF(E") = —/ Te!(F,0*E) dH" !,
0*E
divF(E' U9*E) = — / Tré(F,0*E)dH" . (2.21)
0*E
Then, we notice that it must be H"~!(E'\ Q) = 0, since H"~1(2'\ Q) = 0 (see [11, Corollary 5.5]) and E! c Q!. Therefore, we have
divF(EY) = divF(E' n Q) + divF(E' \ ) = divF(E' n Q),
since |divF| < H"~!. Hence, given that
ITE (F, 0* E)l| Lo+ ppen-1) < I F | ooy = I1F |l Loo(gen)-

we can set Tr'(F,0*E) := Tr'(F, 0* E) to include the case H""1(0* E n dQ2) > 0, with a little abuse of notation, thus obtaining (2.17).
As for (2.18), we exploit (2.20) and the fact that H""!(E! \ Q) = 0 to get

divF(E' U0*E) = divF((E' U0*E)n Q) + / Tr'(F,00Q)dH" L.
0* ENof

In addition, we notice that vg(x) = v, (x) for H" !-a.e. x € 0*E n 4L, since E C £, so that, by [11, Proposition 4.10], we have
Tr'(F,0"E) = Tr'(F,00) and Tr¢(F,0"E) = Tr’(F,002) =0 H" '-a.e. on 0*E N 0L,
due to (2.20). Hence, exploiting (2.21) we get

divF(E' U0 E)n Q) = —/ Tré(F, 0" E) dH"™! —/ Tr!(F,080) dH"™!
0*E 0* ENdR

=— / Tré(F, 0" E)dH"™ — / Te/(F,0"E)dH".
0% E\0Q2 0*ENo2

Hence, we obtain (2.18) by setting
(P 0 E) i {Trf(f,a*lz) on 9*E \ 00
Tr'(F,0*E) on 0*E Nadg2,
which clearly satisfies
[ITre(F, 6*E)||Lm((,* E;Hr1) < max{ ”ﬁ”Lm(]R"\E;R")’ ”ﬁ”LN(E;R")} = ”ﬁ”Lw(]R";]R”)
= | Fll Lo (mm)

Finally, we obtain (2.19) if we choose E = Q2 in (2.17). []

Remark 2.10. We point out that in Theorem 2.9 we can equivalently assume that E has finite perimeter only in Q. Indeed, if
E cC Q, then P(E) = P(E, Q). If instead Q is weakly regular, then there exists a family of bounded open sets with smooth boundary
(2 )ren Such that

+oo
2 C 2, |2 =2 and P2y - P(2)
k=0
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(see [27, Theorem 1.1] and the subsequent discussion). Hence, given E C 2 with P(E, Q) < +o0, it is clear that
P(EN)=PENR, Q)L PE Q)+ P(2,,2)=P(E, Q)+ P(£L,)

Thus, by the lower semicontinuity of the perimeter we get
P(E) < liminf P(EN Q) < P(E,2) + lim P(2) = P(E, Q) + P(Q).

Since clearly P(E) > P(E, 2), we conclude that E C £ has finite perimeter in € if and only if it has finite perimeter in R".

Exploiting the Leibniz rule given by Theorem 2.6, we are able to provide an integration by parts formula up to the boundary of
a Lipschitz domain for the divergence of a product between a divergence-measure field and a suitable scalar function of bounded
variation. Although similar results are already present in the literature (see for instance [5,7,8,10,11,14,26]), to the best of our
knowledge it has never been formulated with this level of generality before.

Theorem 2.11. Let 2 be an open bounded set with Lipschitz boundary. Let F € DM® () and u € BV (L) be such that u* € L'(2; |divF|)
for some Borel function A : Q2 — [0, 1]. Then we have

/ u* ddivF + (F, Du) ,(Q) = divuF)(Q) = — / Tr o )Tt (F, 002) dH"™. (2.22)
Q Q2

Proof. We notice that 2 is a weakly regular set. Hence, arguing as in the proof of Theorem 2.9, we consider the zero extension
F of F to R". In addition, by [23, Theorem 3.87] we know that Tr,,(u) € L'(3€2; H"~!) and that the zero extension & of u to R"
satisfies 4 € BV(R") and Dii = Du on Q. For N > 0, we consider the truncation Ty (&), which clearly satisfies Ty (@) = m Thanks
to [12, Proposition 3.1], we know that

Tr! (Ty @) F, 092) = Tryo(Ty @) Tr' (F, 062) H"!-a.e. on 982
By applying (2.17) to the set E = 2 in the domain R", we get
div(Ty W E) Q") = — / Tr o (T )T (F,002) dH"!.
2

However,  is weakly regular, which implies that H"~!1(Q' \ ) = 0 (see [11, Corollary 5.5]), and so

div(Ty W F)(Q") = divTy W F)(Q) = div(Ty () F)(Q),
since |div(T/N(7)l3")| < H" ! and mﬁ =Ty@F on Q. Hence, by (2.15), we get

/ Ty @) ddivF + (F, DTy (u)),(22) = div(Ty ) F)(2) = — / Tryo(Ty W)Tr (F,00Q2) dH", (2.23)

Q 00

where we set Tr/(F,d€2) := Tr'(F, d82), as in the proof of Theorem 2.9. Since Ty () — u in BV (), and therefore in BV (£2)-strict as
N = +00, [23, Theorem 3.88] implies that Tr,o(Ty (1)) = Tryo(u) in L'(062; H"~') as N — +oo. As for the left hand side, combining
Proposition 2.1 and Proposition 2.7, we exploit Lebesgue’s dominated convergence theorem to obtain Ty (u)* — u* in L'(2;|divF|)
as N — +oo. Then, we know that (F, DTy (u)), = (F, Du), in M(£) by [13, Remark 4.5]. Let Q; = {x € Q : dist(x,9R) > 6} for 6 > 0
such that Q; # ¢. By (2.16), it is clear that the sequence of measures (I(F, DTy (u)) ,1|) N is uniformly bounded, so that there exists
some measure y > |(F, Du),| such that |(F, DTy (u)),| = v in M(£2), up to a subsequence. Due to the non-concentration property of

Radon measures, we know that y(9€2;) = 0 for £'-a.e. § > 0. We fix a sequence (6;),en. 6 — 0%, of such good values of § > 0. Thus,
by [23, Proposition 1.62], possibly up to a subsequence we get

(F. DTy (u));(25,) = (F. Du);(2;,) as N — +co. (2.24)
On the other hand, | DTy )| < |Du| and (2.16) yield

I(F, DTy );1(2\ 25,) < IF [l = 2,0 | Dul(2 \ 25,) = 0 as k — +co.
Hence, for all € > 0, there exists k, € N such that

max{|(F, Du),|(2\ ;). |(F, DT ));1(2\ 25)} < IF || oo (:pm | Dul(R2\ 25,) < €
for all k > kj and N > 0. Thus, thanks to (2.24) we obtain

limsup |(F. DTy (0);(2) = (F. Du) ()| < lim _|(F. DTy (0);(25,) = (F. Du) ()|

N—+oo
+ lzlvniilif [(F, DTN ), [(R2\ 25,) + |(F, Du); [(2\ 25,)
<2,

which, since ¢ is arbitrary, implies

NliI}rlm(F, DTy W) ,(€2) = (F, Du) (L)

All in all, we pass to the limit as N — +oo in (2.23), finally obtaining (2.22). []

10
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2.3. Measures in the dual of BV
We recall the definition of the dual of the space BV.

Definition 2.12. We denote by BV (2)* the dual of the space BV (Q); that is, the space of linear functionals T : BV () — R for
which there exists a constant C > 0 such that

|T@W)| < Cllull py(q) for all u € BV ().

It is well known that there are some elements in the dual of BV whose action can be represented as the integration of a suitable
representative of the BV function against a Radon measure (see for instance [4]). Indeed, given u € My (), the linear functional

T, = [Qu* du forue BV(Q2)n L®(Q)
is well defined, although not necessarily continuous. We point out that the assumption y € My () is necessary, since otherwise

u*(x) might not be well defined for |u|-a.e. x € @, and that the choice of the precise representative u* ensures the linearity of T,

due to (2.5). Therefore, we choose the following notation:
given u € My, (£2), we say that u € BV (Q)* if there exists T € BV (£2)* such that

Tu) =T, () forall u€ BV(2)nL®(®Q).

Under the additional assumption that £2 is an open bounded set with Lipschitz boundary, it was proved in [4, Theorem 8.2] that
T, is continuous on BV (£2) n L®(2) with respect to the BV-norm if and only if there exists C > 0 such that

|u(U nR2)| <CPWU) for all open sets U c R" with smooth boundary.
We further explore this and similar results in Section 4.
Given a pair (u, 1) € My (2) X B,(£), it is also possible to define
T, = / wdy for u € BV(Q)n L®(<Q). (2.25)
Q

However, unless A(x) = % for |ul-a.e. x € 2 or |u|(X) = 0 for all H""!-rectifiable sets X, this mapping is not linear. Indeed, arguing
analogously as in [13, Remark 4.6], we notice that for any u € BV (2) n L*®(£2) we have

‘I}M(u)+‘3:”’,1(—u)=/ (u* + (~w)*) dp =/(2,1— D@ —u)du.
Q Q

Nevertheless, it is worth remarking that for a relevant class of measures the functional T, ; can be extended to a continuous
functional defined on the whole space BV (£2), see Definition 4.6 and Lemma 4.17.

3. A-Approximation

It is natural to expect that many properties of the A-pairing (F, Du), can be obtained as direct extensions of properties satisfied
by the pairing when « is a smooth function. The goal of this section is to provide the required approximation result, Theorem 3.4,
which in turn is based on Theorem 3.2, a finer version of Anzellotti-Giaquinta’s approximation that is specifically designed to enforce
also the H"~!-a.e. approximation of the A-representative u’.

We start by stating a first refinement of Anzellotti-Giaquinta approximation theorem for BV functions involving also the H"~!-a.e.
pointwise convergence and the strict convergence with respect to the area functional. As customary, we say that any radial function

p € CX(B;(0)) such that p > 0 and pdx =1 is a standard mollifier. For all € > 0 we set p,(x) = £™"p (i—‘), and we recall that, for
B, (0)
all u € BV (), by [23, Corollary 3.801] we have

1ir51+(pt * u)(x) = u*(x) for H" '-a.e. x € Q. (3.1)

Theorem 3.1. Let u € BV (£2). Then there exists (u,),-q C BV (£2) N C®(£) such that

(D) u, »uin L'(Q) as e — 0,
(2) 1Du|(2) < | Dul(€) + 4¢ for all & > 0, and 50 lim | Du|(2) = | Dul(<2),
£

(®) \/1+1Du, 2@ < \/1+ | Du(2) + 4 for all > 0, and so lim 1+ 100, 2@ = /1 + |Dul?@),

(4D u (x) - u*(x) for H" '-a.e. x € 2 as e — 0,
(5) Nuellpeo(ay < (1 +&)lull oo for all & >0,
(6) if L2 is an open set with bounded Lipschitz boundary, then Tryo(u,) = Tryo(u) for all € > 0.

11
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Proof. The proof is based on a slight modification of the construction of the approximating sequence in Anzellotti-Giaquinta
theorem, for which we refer for instance to [28, Theorem 3, Section 5.2.2].
Fix € > 0. Given a positive integer m, we set £, = @, define for each k € N, k > 1 the sets

k}ﬂB(O,k+m)

Q = {x € dist(x,00Q) > —
m+

and then we choose m such that |Du|(2\ Q) < e.
We define now X} :=Q,,,\ £,_,. Since (2}),-, is an open cover of £, then there exists a partition of unity subordinate to that
open cover; that is, a sequence of functions ({;);»; such that:

(1) & e C2(Zp);

@0 <1

(3) XN ¢ =1ong

Next, we take a standard mollifier p and for all k € N,k > 1 we choose §, = §,(¢) > 0 small enough such that the following
conditions hold

supp(ps, * &) C X, (3.2)

o5, * (uCi) = ulil 1oy < 57 (3.3)

s, * @VE) = uV el Ligumn) < 7 (3.4)
||P5k * O = Gl oo () < zik (3.5)

+o0

Then we define u, := Z ps, * Wly). We notice that, for any fixed x € Q, there exists a unique k = k(x) > 1 such that x € X, n X, |,

k=1
so that, by (3.2),
1

()= Y (s, * Wiy NX). (3.6)
j=0

Hence, u, € C*(Q), since locally there are at most two nonzero terms in the sum. The proof of points (1) and (2) follows in a
standard way from (3.2), (3.3) and (3.4) (see for instance [28, Theorem 3, Section 5.2.2] and [24, Theorem 1.17]). Arguing in a
similar way, for any (¢, 7) € Ccl (2;R" x R) such that ||((p, Ml Lo @rixry < 1 we obtain

/ n+udivpdx = / 1+ udiv(¢, (ps, * @) dx + Z / udiv(&(ps, * @) dx+
Q

— Z/ Ps, * qu’k)—uVCk)
+0oo

<\ 1+ |Dul@2)+ Z 1Dul(Z) + Y llps, * V&) = uVEll 11 o)

k=2 k=1

+o0
2 €
</1+|Dy| (.Q)+2|Du|(.(2\.Ql)+I; >
<\/1+ |Dul*(Q) + 3e.

Together with the lower semicontinuity of the area functional with respect to the L' convergence, this implies point (3). Then, since
¢, is continuous for every k and u € BV (£2), by (3.1) we have

El_i)[(l)l)f(p,;k # Wé))(x) = & (x)u*(x) for H" -ae x € 2,
where the H"‘l—negligible set of points depends only on u. Hence, for H" '-a.e. x € @2, by (3.6) we get
lim u,(0) = lim Z(p5k+/ * (W D) = u*<x>24k+,<x) = u"(x).
j=0
As for point (5), we can assume without loss of generality that u € L®(£2). For any x € £ there exists a unique k > 1 such that

Z}LO Ck4j(x) = 1. Therefore we apply (3.5) and (3.6) to get

1 1
lue ()] < Nlull ooy Z(pgkﬂ # Gy ) < lull oo ) <1 + Z 103, * S )X) = §k+,<x)|>

=
<+ 5)||“||L°°(.Q)-

Finally, if Q is an open set with bounded Lipschitz boundary, then the trace operator is well defined and, thanks to [23, Theorem
3.87], it satisfies

12
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lim - / [u(y) = Tryo)(x)| dy = 0 for H" '-a.e. x € 002.
p—0 p" QNB,(x)
Hence, arguing as in [24, Remarks 1.18 and 2.12], we conclude that (6) holds true. []

We exploit Theorem 3.1 in order to obtain the following finer A-approximation theorem, which is then applied to the
approximation of A-pairings (Theorem 3.4 below) and is exploited at length in Section 4. In addition, it represents one of the
key tools in the proofs of the main results of [22].

Theorem 3.2 (A-Approximation). Let A : © — [0,1] be a given Borel function. Then for every u € BV (£2) there exists a sequence
(ui)keN C C*®(£2)n BV (L2) such that we have the following:

(1 ui — u in BV (Q)-strict as k — +oo,
(2) u}(x) > u*(x) for H" '-a.e. x € Q2 as k > +oo,
: a2 _ 2
@ Jim \/1+ 106 @ = \/1+ Dl
@ Ml < (1 ¥ i) llull ooy for all ke € N,
(5) if Q2 is an open set with bounded Lipschitz boundary, then Trag("ﬁ)(x) = Tryo)(x) for H" '-a.e. x € Q and all k € N.

Proof. We first prove the theorem under the assumption [|u|| e, < +oo. It is enough to construct a sequence (uzi)k of smooth
functions that converge to u in BV (£)-strict, to u* = & = u* H" '-a.e. on 2\ J,, and to u* locally in measure with respect to
u=H""1L J,. Then, we conclude by extracting a suitable subsequence that converges u-almost everywhere to u*, hence H""!-a.e.
on Q.

Let (u,),»( be the smooth approximation of u given by Theorem 3.1. We choose a sequence ¢ = %, and we set u;, := u; for

k
simplicity. Since u;(x) - u*(x) for H"~!-a.e. x € ©, the idea is to define uﬁ as a suitable perturbation of u, near the jump set J,, and

then show that uﬁ satisfies the convergence in measure stated above. The proof will be split into some steps.
Step one: local construction and estimates.
We fix € > 0 and a Borel set A cC 2, then we consider the set

S=SwAe={x€eAnt, : Wx)—u(x)>¢}.
Notice that H"~1(S) < 4+o0, hence u(S) < +00. Up to choosing the parameter m in the proof of Theorem 3.1 to be large enough, we

can assume that u; = u * p, on A, where p,(|x|) = k"p(k|x|) is a standard mollifier with support in B, Jk> for k sufficiently large. For
H"l-ae. x € S, we define the blow-up of u at x as the step function u, ., : R” — R defined by

ut(x) if (y=x) (%) 20,
ux,oo(y) =

u~(x) otherwise.

Therefore we have

.1
lim = - dy=0.
rgr(]) " JB,x) [u(y) =ty WM dy

For H"!-a.e. x € S we define the Borel function 7 = 7,(x) € [-1, 1] as the unique implicit solution of
Uy oo * Pr(x + 7V, (0)/K) = ' (x). (3.7)

Note that 7,(x) can be written as the composition of a continuous function, depending only on the mollifier p,, with the function
Ax).
Fix 6 € (0,1) to be later chosen, and consider the following perturbation of u; inside a ball B = B,(x) centered at x € .S:

P (5) 1= 50 = Oy + v, (/0 + (1= 500 = ) (9), 3.8)

where = € [~1,1] and ¢, 5(z) € [0, 1] is a radially symmetric cut-off function of class C*, with compact support in B,(0) and such
that ¢, 5(z) = 1 if |z| < (1 -6)r and ||V, 4| Lo(B,(O);R") < %. Clearly, u]Z‘B is a smooth function obtained by locally “gluing” a suitable
translation of u, with u, itself, it coincides with u; outside B, and satisfies

uPP(0) = w (x + 7y, () /k) = p(x + v, () /K). (3.9)
Its gradient is given by

VH,Z'B(y) = Vi) + Vb, 50 = ) (e (v + 0) = w4 (D) + b, 50 = ) (Vi (v + 0p) = Vi () -
where we have set v, = %Vu(x)' For the sake of simplicity, we also set Bs = B(;_s,(x), and C; = B\ B;. We find that

2
/IVu;‘B(y)Idys/ IVMk(y+vk)Idy+/ IVuk(y)Idy+—/ lu(y + vp) —u (| dy
B B; s or Jc,

+ [Vu,(y +vp) = Vu ()| dy. (3.10)
Cs

13
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Then, owing to the fact that | Du;|(A) < |Du|(A + B, /k(0), the first term in the right-hand side of (3.10) can be estimated as follows:

/ [Vur(y + vl dy < | Dul(Bs ) » (3.11)
Bs

where we have set
Bs i = Bs + By (0) = B(_s)42/k(x) -
On observing that |v,| < k™!, the third term in the right-hand side of (3.10) can be estimated as follows:

2 2
5 -/Ca lup (v + vp) —u (W dy < m|Du|(C5,k), (3.12)

where C; ; = C; + B,,(0). Concerning the fourth term in the right-hand side of (3.10), we set p; ,(z) = p(z — v)) and denote by u; ,
the average of u on B, /k(2), S0 that we obtain

/ |Vuk<y+uk>—wk(y)|dys/ /u(y)(Vpk,x(z—w—Vpk(z—w)dy
Cs cs /e

=/C§

V2ol 2

L (B;R")

< +/ / u(y) —uy | dydz
Cs J Byyi(2)

5Ck”+1// [u(y) —u, .| dydz
Cs J Byyi(2)

SCk”/ | Dul(B,4(2)) dz,
Cs

dz

dz

[ @ -u(Voae= - Vo= ) dy
Bk (2)

where we have used the fact that |V2p,|| Lo R < Ck"? and, in the last step, the Poincaré-Wirtinger inequality on B, /k(2) (note
1>

that in this last estimate, as well as in the next ones, we will denote by C a dimensional constant that can possibly change from

one line to another). We can push further the estimate by noticing that

/|Du|(Bz/k(Z))dZ=// d1Dul(y) dz
Cs Cs J By/i(2)

- [ azapao)
Cs+Byyx J Csn By (y)

/ [C5 N By (»)] d| Dul(y)
Cs+Bayi

IN

C C
F|D“|(C5 +By) = F|D“|(C6J<) :

This leads us to

/ [Vu(y + v) = Vu ()| dy < C|Du| (Cs ) - (3.13)
Cs

Consequently, if we plug (3.11), (3.12), (3.13) into (3.10), we obtain
7,B 2
/B IVu"®|dy < |Dul(Bs ) + (c + E) 1Dul(Cs) » (3.14)

where C is a constant only depending on the dimension n. Note that as soon as k > (r5)~! the inequality improves to

/ [Vul"®| dy < | Dul(Bs ) + (C +2)| Dul (Cs ) . (3.15)
B

Step two: from local to global.

Here we show how to use the local construction and the estimate (3.14) provided by Step one, to define a sequence of
approximations that behaves well on a compact subset of S with large measure. To this aim we must first guarantee the continuity
and the uniformity of some quantities that appear in Step one, and then apply the appropriate covering theorem.

By Lusin and Egoroff Theorems, for every » € (0, 1) we can find a compact set S, C S satisfying the following properties:

6] H"_I(S,,) > (1—pH"(S);
(ii) the functions A,v,,u*,u™ restricted to S, are continuous;
(iii) if we set

1
4,(r) i= sup — [u(y) — uy M dy,
xeS, ' JB,.(x)

we have lim 4,(r)=0;
r—0

14
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(iv) there exists 0 < ron <1 such that
[ Du|(Cs 4 (x, 1)) < ¢,6 | Du|(B,(x)) (3.16)

forall 0 < r < rsy 0<6< %, k> (6r)!,and x € Sy where Cj ;(x,r) is defined as in the previous step (here the dependence
upon x and r is explicitly written for the sake of clarity) and ¢, = max{1,7(n — 1)}.

We remark that showing (i), (ii), and (iii) is standard. As for (iv), in the case n > 2 we notice that the asymptotic behavior of

1 12 .
| Du|(C; ) for k> ~max | 5,7  and as r —> O is

| Dul(Cs ) = | DYul(Cs ) + | D/ul(Cs 1)
= (1+o(D))w,_;lut(x) —u )| [(r +2/k)"" = (1 = 8) = 2/k)"!|
= (1+ o)), lut(x) —u= " [ +2/(kr)Y"™" = (1 = 8) = 2/(kr))™™]
= (14 o)) @, lut(x) —u= ("6 [4/(ksr) + 1] (n — DA +28)"2
<7(n—1)é | Du|(B,(x)),

assuming § sufficiently small so that (1 +26)"2 < % Then, it is easy to see that é > 1—35 for all 6 € (0, % , so that we obtain (iv)
for n > 2. In the case n = 1, we notice that the sets J, and S are discrete and finite, so that we can choose S, discrete and finite
as well and we have B,.(x)nJ, = {x} for all r < ry, where r, is the minimal distance between distinct points in J,. Hence, we have
|Dju|(C5,k) =0aslong as 0 <r <ry and x & C;,(x,r), which holds true since % <(l=6rforall0<é< % and k > % Therefore,
under these assumptions we see that | Du|(B,(x)) > 1, while

| Dul(Cs 1) = | DYul(Cs ) = o(1) as r — 0.

Thus, there exists 75, > 0 such that |Du|(C; ;)| < § < 8| Du|(B,(x)), which finally yields (iv) in the case n = 1.

Fix now an open set U containing S,, then consider the family 7 of balls centered in S, and contained in U, with radius r so
small that 4,(r) < €. By Vitali-Besicovitch Covering Theorem, we can find a finite and mutually disjoint family of balls { B'} ,11 1> With
B'=B,(x;)€F,0<r; <rs,, and N depending on  and 7, such that

N
H! (s,, nJ B") > (1=mH"(S,) > (1 —m)*H"I(S),
i=1
where we have used property (i) in the last inequality.

Step three: total variation estimate.

We set rg = min{r; : i=1,..., N} and consider the sequence uﬁ constructed by replacing u, with uz'B inside each ball B = B,
as obtained and described in the previous steps. Hereafter we show that the total variation of Duz is controlled by that of Du, up
to an error that goes to zero as § — 0 (hence as k — ). Indeed, if we set C; =B\ st, we can assume, up to a small perturbation
of r;, that |Du|(aC§) =0 for all i, hence thanks to the estimate (3.14) we obtain

N N

| Duf|(22) < | Duy | <9\ U B") + 2 1Du1(BY)
i=1 i=1
N

N
< |Duy| <.Q U Bf> +y (lDul(Bé’k) + (c + %)wm(c;_k)) . (3.17)
i=1 i

i=1

Let now assume k > (éro)’l. Thanks to (3.15), (3.16) and recalling that the balls B’ are mutually disjoint, we have
N N N
2 . . ~ . ~
Y(c+ W)|Du|(cé,k) <(C+2) Y, 1Dul(CL,) < C8 Y, |Dul(B") < C5| Dul(€2). (3.18)
i=1 i i=1 i=1
Thanks to Theorem 3.1, we have the strict convergence of u, to u on £, hence by the lower semicontinuity of | Du,| restricted to
the open set |J, B’ we obtain
N N N
lim sup | Duy | <g\ U Bf> = |Dul(®) ~ lim inf | D | <U B"> < | Dul <.Q \U Bf> ,
k—co i=1 e i=1 i=1
hence by selecting k large enough we can enforce
N N
| Duy | <Q\UB"> < | Du| (Q\UB’>+6r0. (3.19)

i=1 i=1
By combining (3.17), (3.18), and (3.19) we finally get

N N
| Du}|(£2) < | Dul <.Q\ U B"> + 6o + Z | Du|(B') + C8| Du|(2)

i=1 i=1

= (1 + C&)| Dul(%). (3.20)

This shows that the total variation of Dul’(l is arbitrarily close to the total variation of Du, up to choosing k large enough. This will
eventually lead to the BV -strict approximation property (see Step five). Arguing in a similar way, we can obtain an analogous upper
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bound for the area functional. This is due to the coincidence of the singular parts of the area and the total variation functionals

(see (2.11)) hence the previous construction leads to an estimate like (3.20) with \/ 1+ |Du£|2 and \/ 1+ |Du|2 replacing the total
variation functionals.

Step four: pointwise closeness of u} to u* on S,

Let us fix B' = B, (x;) fori=1,...,N, and choose x € Bg n.sS,, where st = B(1_s).,(x;). We would like to prove that ulf(x) is close
to u*(x). We have

luf () = A )] < Juf(x) =t () + [t (x) = uh ()] € Juf () =ty o # Py (x + 0 )+
+ Uy 0 * p(x + 0 (X)) = Uy oo * pr(x; + v ()| +
+ g oo P+ 0 () = 1 O]+ [t (x;) — uh ()]
= A+ A+ A3+ Ay
First of all, by (3.9) and (iii) we obtain

A, S/ pr(x + 0 (%) = ¥) [u(y) — e (M| dy
By /i (x+0y (x))
<Klpllomy [0 -l Oldy 0 ask oo,
Byi(x)

Then, A; =0 by (3.7), recalling that v, (y) = %vu( ), while thanks to (ii) the terms A, and A, are close to 0 if x is close to x;, which
in turn depends on the fact that r; is taken small enough. This shows that, by choosing r; small and k > (6ry)~' large enough, we
can enforce the required pointwise closeness.

Step five: conclusion. Let us fix three positive and infinitesimal sequences ¢;,7;,5;, as well as a monotone sequence A; cC 2 of
Borel sets, such that J ;A; = Q. Let U; be a sequence of open sets as in Step two, satisfying the extra condition |U;| < 27/ for all
Jj. For any integer j > 1 we can apply the previous steps with A = A; (Step one) and U = U; (Step two), and select from the initial
sequence (u,), a suitable subsequence, that we do not relabel, whose elements can be locally perturbed according to the procedure
described in Step one. We shall perform this construction iteratively, so that the sequence that we extract at the (j + 1)-th stage
is also a subsequence of the one obtained at the jth stage. By diagonal selection we obtain a sequence relabeled as uﬁ. Owing to
Step four, u} converges to u* in 7"~'-measure on the whole jump set J, as k — +oo, while by the choice of U; we have that u}

converges t(l)( u in L'(£2). Hence, by Step three, uﬁ converges to u in BV (£2)-strict, which is point (1) of the statement. Similarly, w<ke
deduce point (3). Up to a further extraction of a subsequence, we obtain the pointwise convergence H"~!-a.e. on . Then, the bound
|u£(x)| <(1+ %) lull oo () for all x € Q2 follows immediately from the definition of u;(l in terms of uz'B and (3.8), thus concluding
the proof of the theorem under the assumption ||u||;~g) < +o0. To obtain the complete proof, we apply the previous steps to the
sequence of truncations 7}, (), and obtain (Tm(“)ﬁ)k for each m € N. The diagonal sequence Tk(u)ﬁ can then be easily shown to satisfy
all the required properties. Finally, point (5) can be proved as in Theorem 3.1, given that the sequence (“’j)k is obtained by a local

perturbation of the approximating sequence (u;), from Anzellotti-Giaquinta approximation theorem. []

We state for later use a simple consequence of Theorem 3.2.

Corollary 3.3. Let 4 : 2 — [0,1] be a given Borel function. Let u € BV (2) and (ui)keN C C*(R) be the approximating sequence of
Theorem 3.2. Then we have

V14106 P = /141D in M@).

Proof. The lower semicontinuity on open sets is an immediate consequence of the fact that uﬁ — u in L'(Q), thanks to point (1)
of Theorem 3.2; while the upper semicontinuity on compact sets follows from the lower semicontinuity on the open sets and point
(3) of Theorem 3.2. []

We conclude this section with an approximation result for the A-pairings, which, as a byproduct, allows us to derive a different
proof for the estimate (2.16), see Remark 3.6 below. In addition, we provide a useful alternative bound for the A-pairing in our
framework, a particular case of which was proved in [17, Lemma 5.5].

Theorem 3.4. Let F € DM®(RQ), u € BV(2) and A : Q — [0,1] be a Borel function. If u* € L' (2;|divF|), then there exists a sequence
;) jen C C®(R2)N BV (2) N L=(£2) such that u; — u in BV (Q)-strict and
(F - Vuj)£" — (F,Du), in M(£2). (3.21)

If u € BV(2)Nn L®(R), then uF € DM® (L) and (3.21) holds true for the approximating sequence (“ﬁ)keN given by Theorem 3.2.
Finally, for all a > || F|| ;=g we have

|(F, Du),| 5a\/l+|Du|2—\/a2— |FI?>L£" on Q. (3.22)

16
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Proof. Thanks to Theorem 2.6, we know that div(uF), (F, Du), € M(£2) and that the Leibniz rule (2.15) holds true. In addition,
Proposition 2.7 implies that M[u, 1] € L'(2;|divF|), given that u* € L'(Q; |divF]).

Now, we exploit Theorem 3.2 in order to construct the smooth approximation TN(u)ﬁ of the truncation Ty (u), for all N > 0.
Thanks to (2.15), for all k € N and N > 0, we have

div(Ty W)} F) = Ty WdivF + (F - VIy@HL" on L.
Hence, Theorem 3.2 implies that
. 1 .
dw(TN(u),iF)) @) < (1 + E) NIGVFI() + 1 Fll o ) S VTN @l 1 -
€
Therefore, we conclude that (div(Ty (u)iF )ien is bounded sequence in M(£2) for each fixed N > 0, and, since div(TN(u)ﬁF ) converges

to div(Ty (w)F) in the sense of distributions, we deduce that it also weakly converges in the sense of Radon measures. In addition,
Theorem 3.2 and the Lebesgue theorem with respect to the measure |divF| imply that

Ty} divF = Ty*divF in M(Q).
All in all, we see that
(F - VIN@HL" = div(Ty )} F) = Ty )} divF
— div(TyW)F) — Ty @) divF = (F, DTy (1)), as k — +co, (3.23)
given that (2.15) holds true for Ty () and F, so that we get
/Q @d(F,DTyw), = — /Q Tn(u)F - Vodx — /Q @(Ty (uw)* ddivF (3.24)

for all ¢ € C!(€). Since the family of measures ((F, DTy(u));) ., is uniformly bounded in N > 0 by (2.16) and the fact that
| DTy (w)| < |Du|, we see that, up to extracting a subsequence, we may pass to the limit as N — +o0. Thanks to Proposition 2.1, we
see that the truncation Ty (x) for N > 0 satisfies

(Ty @) (x) = u*(x) as N — +o0 and |(Tyy ()*(x)| < M[u, A](x) for |divF|-a.e. x € 2,
so that the right hand side of (3.24) clearly converges to
—/ uF~V(pdx—/ (puﬂddivF=/ @d(F,Du),,
Q Q Q

thanks to Lebesgue’s Dominated Convergence Theorem with respect to the measure |divF|. Hence, we deduce that
(F,DTy(u)); = (F,Du), in M(£) as N — +co. (3.25)

All in all, we see that there exists a sequence (kj)jen €N such that u ;= Tj(u)li € C®(2) N BV (2) n L®(N) satisfies (3.21). If in
addition u € BV (£2) n L®(£2), then clearly uF € DM® (L) and it is not necessar§ to consider the truncation of u, and therefore the
first part of the argument above still holds true for the sequence (“ﬁ)keN given by Theorem 3.2.

Finally, we deal with (3.22). Due to the homogeneity of the A-pairing in the first component, without loss of generality we
assume || F|| orn < 1 and a = 1. For all ¢ € C.(2) with ¢ > 0, thanks to (3.23) and Corollary 3.3 applied to Ty (u) for N > 0, we

have
/¢d(F,DTN(u))A+/¢ 1—|F|2dx=k1ir+n /¢(F-VTN(u);+\/1—|F|2)dx
Q 0 -t Ja
P Ry, A
Slirfl&ffg‘b (F,\/1=|F|")- (VTyy, D
. 2
SkHTm Q¢\/1+|VTN(M)£| dx
=/¢d\/1+|DTN(u)|2§/¢d\/1+|Du|2.
Q Q
We see that (3.25) yields

/qﬁd(F,Du)A:NlirE /¢d(F,DTN(u)),1§/¢d\/1+|Du|2—/¢\/1—|F|2dx.
Q -t Ja Q Q

Due to the fact that ¢ > 0, this implies that

dx

(F,Duw)* < \/1 + | Dul? - \/1 —|F)*£" on Q.

By an analogous computation, in which the term / ¢ \/1—|F|?*dx is subtracted instead of added, and ¢ is replaced with —¢, we
obtain @
—/ ¢d(F,Du), +/ d\/1—|F?dx < / ¢dr\/1+ |Dul?,
Q Q Q
which implies
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(F,Du); < \/1 + | Dul* - \/1 —|F|’L" on Q.

All in all, we obtain (3.22). [

Remark 3.5. The optimal value of a in (3.22) is not necessarily a = ||F|| ooz Indeed, let us consider F(x) = (c,0,...,0), for
some ¢ > 0, and u(x) = x;. Then (3.22) reduces to

cﬁa\/z—VaZ—c2

for all a > ¢. However, it is plain to see that the minimum of the function g(a) = a\/i —Va? —c? on [c,+00) is attained at a = c\/E,
and we have g(C\/E) = ¢, while g(c) = c\/z.

Remark 3.6. We notice that we can also prove the estimate on the total variation of the A-pairings (2.16) as a consequence of the
A-approximation (3.21). Indeed, it is not difficult to check that u; — u in BV (£2)-strict, thanks to Theorem 3.2 and the well-known
properties of the truncation operator. Given that the strict convergence implies the weak convergence |Vu;|L" — |Dul, for all
¢ € C.(22) we get

/qﬁd(F,Du)A: lim /qb(F‘Vuj)dx
Q Jj=ro o

< WP lzscasn Jim [ 181905103 = 1Fllwaey [ 18110

Then, this easily implies |(F, Du),| < || F|| peo(qrm | Du| on 2.

4. Perimeter bounds and admissible measures

In the following we shall use the notation M;,(£2) introduced in (2.1).
We start by giving a simple characterization of measures which are the distributional divergence of an essentially bounded vector
field.

Lemma 4.1. Let u € M(£2) and assume that there exists F € L®(£2;R") such that divF = u. Then u enjoys the following properties:

(1) 1 € My (Q),
(2) max{|u(EY|, |u(E' UI*E)|} < 1 F|l oo g;rny P(E) for all sets E CC €2 of finite perimeter in R",
(3) if in addition 2 is weakly regular, then we have

max{|u(E' 0 Q)] |u(E' U*E) N )|} < | Fl oo amm P(E)

for all sets E C £2 of finite perimeter in R".

Proof. It is clear that F € DM®(R), and so u = divF € My,(£2) by [19, Theorem 3.2]. Then, (2) and (3) are easy consequences of
the Gauss-Green formulas, see Theorem 2.9. Indeed, by (2.17) and (2.18) we get

[w(E' n Q)| = [divF(E' n Q)| < 1 F |l Lo gy P(E) < || Fl poo (i) P(E),
and

IW(E' U0*E)n Q)| = |divF((E' U0*E) 0 Q)] < || F |l je(mn P(E). O

In analogy with the bounds obtained in Lemma 4.1 for measure which are the divergence of a DM vector field, we define a
general class of measures satisfying similar bounds with respect to the perimeter.
Definition 4.2. Given y € M(£) and L > 0, we say that u belongs to PB, () if
[u(E' n Q)| < L P(E) for all measurable sets E C Q. (4.1)

We also set PB(R2) := ;.o PB.(2) and, if u € PB(£2), we say that y satisfies a perimeter bound condition.

Remark 4.3. If u € PB(R), then there exists L > 0 such that |u(B,(x))| < Lnw,"~! for all x € Q and r > 0 small enough so that
B,(x) C Q. In particular, by [4, Theorem 4.2 and Corollary 4.3] we have u € My ().

It is interesting to notice that, under some mild regularity assumptions on £, the perimeter bound condition (4.1) needs only to
be satisfied on open sets with smooth boundary compactly contained in €.
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Lemma 4.4. Let Q be weakly regular, y € M(£2) and L > 0. Then we have u € PB;(R2) if and only if
|u(A)| < L P(A)  for all open sets with smooth boundary A cC Q. (4.2)

Proof. Clearly, any u € PB,(£2) satisfies (4.2). As for the opposite implication, we start by noticing that, if y satisfies (4.2), then
U € My(£), thanks to Remark 4.3. By [27, Theorem 1.1], for all € > 0 there exists an increasing family of open sets with smooth
boundary (£2,),( such that 2, cc 2, J,., 2, = 2 and lim,_+ P(2,) = P(Q).

We consider now E C £ be a set of finite perimeter, and we set E, = E N £2,. Due to the smoothness of €,, we obtain that
E! = E' n Q,. Since y € My (), we can apply [29, Theorem 3.1] to conclude that there exists a smooth approximation (E, ;);en

£
of the set of finite perimeter E, such that

Jm u(E, ) = WED=puE'nQ,) and Jm P(E ) = P(EN Q).
In particular, the construction performed in [29] implies that E, , cC &, given that E. cC Q. Hence, we can apply (4.2) to E,,
and pass to the limit as k — +oo in order to get

l(E' n @)l = lim w(E, ;)<L lim P(E,,)=LP(ENQ,).
k=400 ’ k=400 ’
Now, we pass to the limit as ¢ > 0" and we employ the submodularity of the perimeter [23, Proposition 3.38] to obtain
|W(E' n Q)| = liI(l;l+ [w(E' n Q)] < Llimsup (P(E) + P(2,) — P(EUQ,))
Lane =0t
=L <P(E) + P(2) - lim(i)rlf P(EU QE)> < L(P(E)+ P(2) — P(2)) = LP(E).
£

Thus, we prove (4.1). [J

We state now a basic result concerning nonnegative measures in the dual of BV.

Lemma 4.5. Let v € BV (£2)* be nonnegative, and let C > 0 be such that

/u*dv
Q

Then for any u € BV (2) we have u* € L'(Q;v), as well as u*,u*, M[u, A] € L'(2;v) for any Borel function 4 : Q — [0, 1]. In particular,
we obtain

/ lu*ldv < Cllullgy(a for allu € BV (). (4.3)
Q

<Cllullgy for dlue BV(Q)n L)

Proof. By Theorem 3.2 there exist two sequences (“(/Z) and (u,]() (corresponding to the choices 4 =0 and 4 = 1) of smooth functions
in BV (£2) converging to u in BV (£2)-strict, and respectively to u~ and u* v-almost everywhere on £. With a little abuse of notation,

we shall write u; = ug and uf = u}(, from this point onwards. For any fixed N € N, the truncation operator T is Lipschitz, so

that the sequences of truncations (TN(qul)) converge to Ty (Ju*|) v-almost everywhere on £, as k - co. By Lebesgue’s Dominated
Convergence Theorem we obtain

/TN(|ui|)dV= lim /TN(quI)dVS Climsup [Ty (lug Dll )
Q k=oo o k—oo
< Climsup || |u| | gy () < Climsup |lugll gy ) = Cllull gy (e -
k—o0 k—o0
By monotone convergence we can take the limit as N — o and conclude

/ Wl dv < Cllull gy - 4.4)
Q

This easily implies that u*,u*, M[u, 4] € L'(2;v) for any Borel function 4 : 2 — [0, 1], and that (4.3) holds true. [J

We introduce a special class of measures related to the dual of BV, which we call admissible in view of their role in the subsequent
paper [22].

Definition 4.6. We say that y € My, () is admissible if |u| € BV (Q)*.

Lemma 4.7. If u € My, (Q) is admissible, then, for all u € BV (€2) and all Borel functions 4 : Q — [0, 1], we have u*, M[u, A] € L' (2; |u|).
In particular, there exists a constant C > 0 such that

/ lu*|d|ul < C llullgy(q) for all u € BV (L) and all Borel functions A : 2 — [0,1]. (4.5)
Q
Proof. Since |u| € BV (2)*, then Lemma 4.5 immediately yields the conclusion. []
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Remark 4.8. We notice that, thanks to Lemma 4.7, if the measure divF is admissible in Theorems 2.6, 2.11 and 3.4, then we do not
need to require u* € L'(2;|divF|). In other words, if divF is admissible, then the Leibniz rule and the integration by parts formula
hold true for all BV functions.

Remark 4.9. We notice that, if y € My, () is admissible, then we have also y € BV (£2)*. Indeed, due to Lemma 4.7, we know
that u* € L'(, |u|) for all u € BV (), and, by exploiting (4.5) for 4 = %, we see that

|/Qu* d”‘ S/Qlu*ldl’ll SCH"HBV@'

We underline that, in general, the converse is not true, as shown in Remark 4.12.

In the following proposition, we explore the relations between the divergence-measure fields, the perimeter bound, and the
admissibility condition.

Proposition 4.10. The following hold true:

(1) If Q is weakly regular and F € DM®(L2), then divF € PB(Q) for L = ||F|| o q.rny; if in addition 2 has Lipschitz boundary, then
divF € BV (2)*.

(2) If 2 is a bounded open set with Lipschitz boundary and u € PB(£2), then there exists F € DM®(L2) such that divF = u on £, there
exists L > 0 such that

|lu(U N Q)| < LPU) for all bounded open sets U c R" with smooth boundary, (4.6)

we have u € BV (£2)*, with its action given for all u € BV () n L*(£) by
T, ) = / w* du = —(F, Du),(2) — / Tryo)Tr' (F,00Q) dH"" 4.7)
Q 00

and, if u is admissible, formula (4.7) holds for all u € BV (£2). If n = 1, (4.6) holds for all finite unions of open intervals.

(3) If |2] < +0 and pu € My () is an admissible measure, then u € PB(£2).

(4 If y € My () is an admissible measure, then there exists F ,F € DM™(Q) such that u = divF and |u| = divF on Q.

(5 If n=1and y € M(RQ), then u is admissible and there exists £, f € BV(Q) such that u = Df and |ul = Df on Q; if in addition
IR\ 2| > 0, then M(2) = PB(RQ).

Proof. The first part of point (1) is an immediate consequence of Lemma 4.1. The second is a consequence of the integration by
parts formula (2.22) for A = %: for all u € BV () n L*(£2) we exploit the continuity of the trace operator, (2.16) and (2.19) to get

/ u* ddivF| < |(F,Du)*(.Q)|+) / Tr o (u)Tr! (F, 002) dH"™
Q Q2

SIF | poocorny (1Dul(£2) + Cllull gy () -

As for point (2), the existence of F € DM®*(£) such that divF = u on £ follows from [4, Theorem 7.4]. Now, if n = 1, we notice
that

|/ ut d,u' < ul@Dllull po (@) < Cllullgy(qy forall ue BV(2)and 4 : Q — [0, 1] Borel,
Q

thanks to the embedding BV () c L®(£Q). Therefore, if 1 = %, we see that y € BV (2)*. In addition, if U C R is a finite union of
open intervals, and A =0, so that ;(l’} = Xy = Xu, we obtain

[1U N Q)| < |ul@Dllxyll =) < HIE)PU),

since P(U) > 1. If instead n > 2, we consider an open bounded set U with smooth boundary and apply (2.22) to the vector field F
and to the function y; € BV (2)n L*(£2), by choosing A = 0. Given that U = U due to the smoothness of the boundary, by (2.12)
we get y} = y; = yy and

/;(U ddivF = —(F, D;(U)O(Q)—/ Tr o Gry )T (F, 002) dH™".
Q Q2

Since divF = pu, we exploit the continuity of the trace operator, (2.13) and (2.16) to obtain

luUnQ)| < ||F||L°°(Q;R") (|DJ(U|(-Q) + ”Tr()Q(IU)”Ll(()Q;H”*I))
< IFll poarny (PWU.2) + Cllyy ll sra))

1
< Il oz (P(U,.Q) +Cle, Q] + l)P(U)) .
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~ 1
All in all, we obtain (4.6) with L = || F|| eo(qrm(1 +C(c, 2| +1)). Thus, we exploit [4, Theorem 8.2]" to conclude that y € BV (2)*.
Finally, (4.7) is an immediate consequence of Theorem 2.11, combined with Lemma 4.7 and Remark 4.8 if u is admissible.
Then, we notice that, if y € My, (), by (2.12) we have

‘/ 25 dlul
Q

for any measurable set E C £ of finite perimeter in R”.
Let now || < +o0, u € My(£2) be an admissible measure and C > 0 be such that (4.5) holds true. Hence, we choose u = y for
some measurable set E C Q of finite perimeter in R” and we exploit (2.13) to obtain

|/ X5 dlul
Q

Thus, in the light of (4.8), we get u € PB,(£2) for L = C(c,,|Q|% + 1), and this proves point (3).

Point (4) is stated in [4, Lemma 7.3] in the case 2 is an open bounded set with Lipschitz boundary; however, given that the
proof is completely analogous to the one in the case 2 = R" (see [4, Lemma 4.1]), we stress the fact that this representation result
holds true without any additional assumption on the set Q.

Finally, let » = 1. We notice that My, (2) = M(£2), and we exploit point (4) and the fact that DM*®(2) = BV (£2). Then, if
IR\ 2| >0, we have P(E) > 1 as long as |E| > 0, so that we get

/)(Zdlﬂl
Q

Combining this bound with (4.8) we obtain y € PB; () for L = |u|(R2), and so we conclude that M(Q2) = PB(R). [
As an immediate consequence of Proposition 4.10(2), we obtain the following refinement of [4, Theorem 8.2].

= WIE 0.2+ L1kl@ En @) > [W(E U 0| 4.8)

1
< Cllxellpre) < Cle,lQl7 + ) P(E).

< |ul(Q)P(E).

Corollary 4.11. Let 2 be a bounded open set with Lipschitz boundary and u € M(£2). Then we have p € BV (£2)* if and only if there
exists L > 0 such that

|u(U)| < L P(U) for all open sets with smooth boundary U cC Q. (4.9)

Proof. If y € BV (Q)*, then [4, Theorem 8.2] implies (4.9). On the other hand, combining Lemma 4.4 and (4.9), we get u € PB; ().
Therefore, by Proposition 4.10(2) we conclude that u € BV(Q)*. [

In the light of Proposition 4.10(5), we see that in the one dimensional case every Radon measure is admissible. This fails to be
true if n > 2, even assuming the perimeter bound condition, as we show in the following remark.

Remark 4.12. There exist measures in PB(2) which are not admissible. To see this we can closely follow [4, Proposition 5.1],
which shows the existence of a measure y € BV (R")* such that |u| ¢ BV(R")*. We let u, = f, L", where

fe(x) = e]x|71 7€ sin (]x]78) + (n = 1)|x| " cos (|x]7¢) for x #0
and some ¢ € (0,n — 1). Then, we have f, = divF, for

F.(x) = = cos (Jx] 7).

| x|
Clearly, F, € DM (R") and || F, || eognrey = 1, and so, due to Proposition 4.10(1), we have u, € BV (£2)* n P13,(£2) for any open
bounded set 2 with Lipschitz boundary.
Then, we consider the function u,(x) = |x|™"*!*¢, which satisfies u, € WI(I)S(IR"). We notice that u, ¢ L'(B,;|u.|) for any r > 0.
Indeed, while it is easy to check that
—€
/ leos (X1 oo
B

n—e
. xl

we see that, if we set ¢, = H""1(dB,),

. —€ [ —& +oo0 in(t
/ dewn/ Mdp:[/fe:,]:cn/ JLlsin®l,,
B, [x]" 0 p 7 £t

due to the well-known fact that the function r — %(’) ¢ L'((8,+c0)) for all 6 > 0. This proves that u,f, ¢ L'(B,), and therefore
u, & L'(B,;|u,|). More in general, for any open set 2 containing the origin we have u, ¢ L'(2; |u,|), and therefore, due to Lemma 4.7,
we obtain |u, | € BV (2)*.

The previous remark shows that we cannot drop the admissibility condition on y, if we want to ensure that u* € L'(2; |u|) for all
u € BV(Q)and 4 : 2 — [0,1] Borel, even in the case £ is a bounded open set with Lipschitz boundary. However, even without the
admissibility condition, it is enough to assume that at least one A-representative of u € BV (£2) is |u|-summable, in order to ensure
this summability for all of them.

1 In this result, the authors extend u to 0 on R”\ £, which is equivalent to taking the intersection with @2 on the left hand side of (4.6). Also, by closely
inspecting the proof, we notice that it is sufficient to take bounded open sets with smooth boundary.
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Remark 4.13. If u € PB(2), Proposition 4.10(2) implies that 4 = divF for some F € DM*(£2), hence we can apply Proposition 2.7
to conclude that, given some Borel functions 1,, 4, : 2 — [0, 1], we have u*1 € L'(2; |u|) if and only if u*2 € L'(£2; |u|). In addition,
for any Borel function 4 : 2 — [0, 1], we have u* € L'(Q; |u|) if and only if M[u, A] € L'(£2; |u|), again by Proposition 2.7.

We provide a few basic examples of admissible measures, which, in the light of Proposition 4.10(3), also belong to in PB(£2), as
long as |2| < +oo.

Example 4.14. Let Q be a bounded open set with Lipschitz boundary. We consider u € M(£2) defined as
w=hC"+yH"IL T

where h € L4(Q) for some g > n, y € L*(Q2; H"~'_ I'), and I" C Q is a compact set such that there exist A,p > 0 for which
H™NI'nB,(x)<Ap"" VO<p<pandVxerl. (4.10)

We claim that y is admissible, and we prove it by showing that both the measures 4 £" and y H"~'_ I' are admissible. In particular,
this implies that all these measures belong to PB(£2), thanks to Proposition 4.10(3). We first point out that, thanks to the Sobolev
embedding of BV (£) into L1 (£2), we get

/u|h|dx
Q

This shows that AL" is an admissible measure.
Then, we notice that the reason for requiring (4.10) is that it ensures a crucial continuity property of the upper and lower trace
operators from BV to L'(I'; H"~!). Indeed, there exists a constant C > 0 depending only on 2, H"~!(I'),p and A such that

< ||h||L"(_Q)||”||L < Cllall pngyllull py () for all u € BV (L),

(@)

/ | dH"" < Cllull gy (o for all u € BV (). (4.11)
r

In order to show (4.11), we consider the zero-extension of u to R”, which we denote by u,: we have u, € BV (R") and
llugll gy ey < cllull gy (), (4.12)
for some ¢ = ¢(£2) > 0 (see for instance [30, Lemma 5.10.4]). Due to (4.10), we can apply [23, Theorem 3.86] to get
/r|ut|dH"-‘ < Cllugll gy ey (4.13)

where C > 0 is a constant depending only on H"~!(I"), and A. Combining (4.12) and (4.13), we obtain (4.11), which in particular
implies H"~' L I € BV(2)* and that u* € L!(I"; H"~"). Hence, for all u € BV (£2) we obtain

/ o Iyl an] < / W dH™ < Cllyll o rogins el gy
r r

where C > 0 is a constant depending only on 2, H""!(I'), 5 and A. Therefore, the measure y H"~!L_I' is admissible. All in all, this
proves that y is an admissible measure.

Example 4.15. Let n > 2 and u = hL", where
(n—1)

[x = xpl

h(x) =

for x # x,

for some x, € R". We notice that 4 € Lfnc(R”) only for g € [1,n). However, it is easy to check that y = divF, where
(x —xq)
|x = xo]
By Proposition 4.10(1), for any open bounded set €2 with Lipschitz boundary we have u € BV (2)*, so that u is indeed an admissible
measure, given that x4 > 0. In addition, since ||F|| pogngrr = 1, we see that u € PB;(£2), by Lemma 4.1.

F(x) = for x # x.

Given that the admissibility of a measure depends on its total variation, it seems natural to characterize it in terms of properties
of the positive and negative parts of the given measure. In the following lemma we prove that any measure whose positive and
negative parts belong to PB3(£) is indeed admissible.

Lemma 4.16. Let 22 be an open bounded set with Lipschitz boundary and let y € M(&2). Assume that its positive and negative parts,
ut and u~, belong to PBL+(Q) and PB; () for some L,,L_ > 0, respectively. Then u is admissible and belongs to P3;(R2), where
L =max{L,, L_}. In particular, if p > 0 and y € PB(R2), then it is admissible.

Proof. Thanks to Proposition 4.10(2), we know that u*,u~ € BV (£)*. Hence, a simple application of the triangle inequality
implies that |u| € BV(2)*. Let now L., L_ > 0 be the constants for which x* and u~ satisfy (4.1), respectively. We notice that, for
all measurable sets E C 2, we have

IM(E' n Q)| = |p*(E' n Q) - u(E' n Q)| < max{u*(E' nQ), u™(E' n Q)} <max{L,, L_}P(E),
so that y € PB;(Q), for L=max{L,,L_}. O
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A relevant consequence of the results explored so far is that, for admissible measures y, the functional P defined in (2.25) can
be naturally extended to all functions in BV (£2).

Lemma 4.17. Let u € M;(R2) be admissible and 4 : Q — [0, 1] be a Borel function. Then the functional T, , : BV () — R given by
(2.25) is well-defined. Then, given u € BV (2), if we consider the truncation of u, Ty (u) for N > 0, and its smooth approximation TN(u)ﬁ
given by Theorem 3.2, we have

lim TN(u)‘d,m/u*dﬂ (4.14)
N—-+00 Q Q

and
Nl—lg—lookll»g—loo ~QTN(u)k dﬂ—/gu du. (4.15)

Finally, for any u € BV (£2) we can find a sequence (u Djen € C®(R2) N BV (2) N L¥(Q) such that
jglrw‘lﬂ’,l(uj) =T,,. (4.16)

Proof. We recall that T, ; is well-defined on BV (2)n L*(Q). Thanks to Lemma 4.7, |u| € BV (£2)* implies u*, M[u, A) € L' (2; |u).
Hence, for any u € BV (£2) we get (4.14) by Lebesgue’s Dominated Convergence Theorem with respect to the measure |u|, thanks
to (2.9). In addition, the functional

T, = / utdy
Q

is well-defined for any u € BV (£2). Let now N > 0 and Ty (”)i be the smooth approximation of Ty (u) given by Theorem 3.2. Then,
we have

TN(u)i(x) - TN(u)’l(x) as k » +oo for |u|-a.e. x € 2,
since y € My (), and |TN(u)£(x)| < 2N for every x € Q and k > 1. Therefore we obtain

lim [ Ty@);jdy= / Ty W) du
Q Q

k—oco

by Lebesgue’s Dominated Convergence Theorem with respect to |u|, since the constant N is a summable majorant, given that
|1](£2) < 0. Hence, combining this result with (4.14), we get

- - Ag g y!
it raton= [ Tt | don
This proves (4.16). Consequently, there exists a sequence (kj)jey €N such that u ;= Tj(u); belongs to C*®(2) N BV (£2) N L®(£2)
and satisfies (4.15). O !

Remark 4.18. It is easy to see that, if 4 € BV (£2)* and u > 0, then u is an admissible measure. Hence, if we choose 4 = %,
Lemma 4.17 provides an extension of [4, Theorem 7.4 (iv) and Remark 8.3], with no additional assumptions on .

We exploit the previous result to find a sharp estimate of |T,, ,(u)| in terms of the total variation of u and its trace on the boundary
of the domain.

Proposition 4.19. Let Q be an open bounded set with Lipschitz boundary. Let L > 0 and u € PB; (). Letu € BV(2) and 4 : Q — [0,1]
be a Borel function. If u* € L'(Q; |ul|), then

/u’ldy §L<|Du|(9)+/ |Trm(u)|dH”‘]>. (4.17)
Q 2

In particular, (4.17) holds true for all u € BV (£2) as long as u is admissible.

Proof. We start by noticing that, thanks to Remark 4.3, we know that y € My (£2). In addition, by Remark 4.13, we deduce that
MTu, 2] € L' (2; |u|), given that u* € L'(; |u|). In particular, if u is admissible, Lemma 4.7 ensures that u*, M[u, A] € L' (2; |u|) for
all u € BV(R2). Take now N > 0 and let T N("),i be the smooth approximation of T () given by Theorem 3.2. Arguing as in the
proof of Lemma 4.17, we see that

/ Ty@du = lim / Ty} dp. (4.18)
Q k= Jo
We notice now that Ty (u)fc € C*(£2), so that the superlevel and sublevel sets

(Ty@)} > 1} = (x € Q: Ty}(x)>1} and {Ty@)} <t} = (x € Q1 TyW}(x) <1}

are open sets with smooth boundary for £!-a.e. t € R, by Morse-Sard lemma [25, Lemma 13.15]. In particular, we deduce that, for
Llae teR,
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(Ty@} > 1} = (Ty@; > 1} and {Ty(@} <1} = (Ty@j <1},

We exploit now Theorem 3.2 to notice that

Ty @i <2N forall k > 1, (4.19)

Ty} — Ty() in BV(Q)-strict as k — +oo, (4.20)
and

Trao (Ty@)}) (x) = Tryo(Ty@)(x) for H"'-a.e. x € 002 (4.21)

Therefore, by using (4.18), the layer-cake representation together with (4.19), the fact that u satisfies (4.1), the coarea formula,
Lemma 2.3, the convergence (4.20) and the identity (4.21), we get

) 0
/TN(u)‘dy / / ‘ d,udt—/ / dudt
Q 0 JTywi>) —o0 J Ty <1}

2N 0
slimsup/o |,4({TN(u),i>t})) dz+/2 |;4({TN(u)j <z})) dt
—2N

k— o0

= lim
k—oo

2N 0
< Llim sup/ P({TN(u)ﬁ > t})dt+/ P({TN(u)i <t})dt
N

k— o0 0 !

2N 2N
<Ll D Q)dt T dH" ' dt
= lmsup[ZN IDX 1y wisn 1(€2) +/0 /ag Too((ry i)

k— o0

ey +oo
SLlimsup/ |D;({TN(u)A>,}|(!2)dt+/ / Troa(X 1y i) M d1
—o0 k 0 22e] k

k— o0

< L Jim | DTy @}I(€) + / [Tty Ty @] d !
- 002
=L <|DTN(M)|(.Q) +/ |Trd_Q(TN(u))| dH"_l)
02

<L <|Du|(9>+ Ji |Trm<TN<u>>|dH"*1>,
00
since | DTy (u)| < |Du|. In addition, we notice that T (u) — u in BV (£2)-strict as N — +o0, so that we obtain
Tryo(Ty @) = Tryg() in L'(0Q; H"™™') as N - +oo,

see for instance to [23, Theorem 3.88]. Thus, we obtain (4.17) by passing to the limit as N — +co also on the left hand side, again
thanks to the Lebesgue’s Dominated Convergence Theorem, employing (2.9), (2.10), and the fact that M[u, A] € L'(2; |u]). O

Remark 4.20. We stress that we could not directy apply the Cavalieri representation formula to / Ty (u)* dp, since, a priori, we
do not know whether @
[Ty@* > 1) = {Ty@* > 1)' or {Ty@* > 1) = (Ty@* > 1) U™ (Ty W > 1).

Therefore, we would not be able to apply the property (4.1) and proceed with the proof. Instead, we see here the usefulness of
Theorem 3.2 in ensuring that, for £'-a.e. t € R,

(T @) >t} = {(Ty@)} > 1}, 0 {(Tyw); > 1} = o{(Ty @)} > 1},
{(Ty @) <t} = {(Ty@)} <1}, o {(Tyw); <1} = o{(Ty@)} <1}

Lemma 4.21. Let 2 be a bounded open set with Lipschitz boundary. Let L > 0 and u € PB;(£2) be an admissible measure. Then there
exists F € DM®(Q) such that divF = y on Q and || F|| eo(qrm) < L.

Proof. Thanks to Lemma 4.7, for all u € BV (£2) and Borel functions 4 : 2 — [0, 1] we have u* € L!(&;|u|). Hence, Proposition 4.19
implies that u € Wol'l(_Q)*; that is, it defines a linear continuous functional on WOI‘I(Q), since

/ﬁa’u
Q

by (4.17), given that Try,(u) = 0 and u(x) = u*(x) = i(x) for H" !-a.e. x € 2 and all Borel functions 4 : 2 — [0, 1]. Hence, [4,
Lemma 7.3] yields

I 11
||/4||W01,1(_Q)* = sup {/Qudﬂ TueW, (), ||Vu||L1(Q;Rn) < l}

=min {||G|l ;o mm) : G € L¥(2;R"),divG =y on 2}.

< L”Vu”Ll(Q;Rn)s
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Thus, this ends the proof. []

Remark 4.22. Under the same assumptions of Lemma 4.21, we notice that the measure u actually satisfies
|u(E' U0*E)n Q)| < L P(E),

for all sets E C Q2 of finite perimeter in R”, coherently with properties (2) and (3) of Lemma 4.1. Indeed, 2 is an open bounded set
with Lipschitz boundary, and hence it is weakly regular. Therefore, we can choose a vector field F as in Lemma 4.21 and, using
the Gauss-Green formula (2.18), we immediately obtain

|[u((E' Ud*E)n Q)| = |divF(E' U0*E)n Q)| = / Tré(F,0*E)dH"™!
0*E

SN Fllpeo(arny P(E) < L P(E)

for all sets E C £ of finite perimeter in R".
In addition, we notice that, if y € M;,(£2) is an admissible measure, then Theorem 2.11 (taking into account Remark 4.8), (2.16)
and (2.19) imply the estimate

‘/u‘du' SA<|Du|<9>+/ |T1‘ag(”)|d7'["_1>,
Q 02

where
A =inf(||Fll pomn ¢ F € DM(Q) with divF = u).

However, assuming y € PB;(R2) for some L > 0, we cannot prove that A < L without exploiting Proposition 4.19 itself, since in
the proof of Lemma 4.21 it is essential to know that the perimeter bound for sets holds at least for functions in Wol’l(.Q).

As a final result, we show the stability of the admissibility and the perimeter bound conditions under a suitable type of smooth
approximation procedure. More precisely, we prove that any admissible measure y € PB;(£2) can be approximated in the weak—x
sense by a sequence of absolutely continuous measures u;L£" € PB; (£2) with smooth density functions, where L; — L as j — +co.
The key idea is to use the duality between admissible measures in P3(£2) and essentially bounded divergence-measure fields. While
it is not clear if a direct mollification of x4 would in general still belong to PB,(£2) (even assuming u of compact support in £),
we shall instead rely on the fact that the Anzellotti-Giaquinta—type regularization of a vector field almost preserves its L® norm.
Similar ideas can be found for instance in [31].

Proposition 4.23. Let Q be an open bounded set with Lipschitz boundary. Let L > 0 and u € PB;(2) be an admissible measure. Then
there exists a sequence of functions (u;); C C®(£2) such that u;L" is an admissible measure and it belongs to PB4, /(&) fordll j €N,
and u; L" = p as j — +oo. Moreover, if u=hL"+ u* with h € L1(Q), for some q € [1,+o0], and u* has compact support in €2, then for
any open set Q' cC Q2 containing the support of u® we have the following properties:

* there exists (h;); such that h; > hin LP(£2), foralpe(l,g)and p = q if g < +oo, and uj—h; > 0in L"(Q\ 2');
© uj=p;*p*+h;onQ for jlarge enough and p;(x) = 8" p(x/8), for some sequence §; | 0 and some fixed mollifier p € CX(By).

Proof. The construction of the sequence y; starting from the measure u can be done as follows. We recall that, thanks to
Proposition 4.10(4) and Lemma 4.21, if 4 € PB (L) and it is admissible, then there exist vector fields F,G € DM®>(£) such
that

* IFllpoo:rny < L and divF = p on £,
* divG = |u| on £.

Analogously as in the proof of Theorem 3.1, we set €, =@ for m €N,
1
m+

Qk,m={xegzdist(x,ag)> k} for k,m > 1

and then %, , := 2., \ £,_,. For notational simplicity we set 2, = @, , and X, = %, ,, since in the first part of the proof
the second parameter does not play any role. We let ({;),>; be a partition of unity subordinate to the open cover (Z});5; of 2. We
choose a nonnegative sequence (; ;); > such that §;, — 0 as j — +oo for all k > 1 and

supp(i) + By, C X (4.22)

Finally, we take a standard mollifier p and we require that the family of mollifiers p; , = Ps,, satisfies the following set of conditions:

1
o5, * Gk = Cill Loy < Tk (4.23)
1
lpji* (F V)= F - Vllpro < 2k (4.24)
for all r € [1,n],
1
lojx #(G-VE) =G -Vl < ok (4.25)
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and, if y=hL" + u°,

1
1o * (Gch) = Cehll ooy < j?’ (4.26)
for p € [1,q) and p = q if ¢ < +o00. Then we set
+oo
Fy=Y pjy# (G F)
k=1
and, finally,
u; =divF;. (4.27)
With reference to the proof of Theorem 3.1, we fix ¢ € C*(£) and obtain
/(pyjdx=—/1~"j~V(pdx
Q Q
+o0
=— Z/(ng) % p i Vodx
k=172
+oo +0o0
= Z/ Celpju % @) d+ Z/ (p(pj’k % (F - VCk)—F.VCk)dx
k=172 k=172
—»/(pdu, as j — +oo,
Q
where the final passage to the limit is justified because
||(P||Lm(.o)
‘/ qﬂ(/’j,k #* (F-V§)—F- Vé}) dx| < l@llpo@llpjx * (F - V)= F -Vl g < ik
Q
thanks to (4.24). As a byproduct of the previous calculations, we also get
+o0 +o0
=Y ok G+ Y (ppp % (F-VE) = F V) (4.28)
k=1 k=1

In order to prove that u;L" is admissible, we consider separately the two sums on the right hand side. Given that divG = |u|, it is
easy to see that

+oo +oo
1 < Yy G@AVG) + Y oy % (F-VE) = F -V .
k=1 k=1
Due to (4.24) and the Sobolev embedding BV (£2) C Ln%l(!)),2 for all u € BV (L), we have

+o0 +00
. . —F. < n . . —F. n
’/Qu;\p,,k*w V&) - F - VG| dx _;nunm(g)np,,k*w V&) = F - Vi i)

< Cllull gy (-

As for the first sum, given that divG is an admissible measure, in the light of Remark 4.8 we can exploit the integration by parts
formula (2.22) to obtain

+00 +oo
/ u Z ik * (G divG) dx = Z / Gep i * W) ddivG
Q ol k=172

+0o
= —Z/ G-V (Glpj * w) dx,
k=172

since supp(¢,) cC 2. Now, we exploit the Leibniz rule to get

+00 +00 +o0
Z/G~V(§k(pl~yk*u)) dx:/G~<Z§k(pj’k*Du)> dx+2/uV§k-(pj,k*G—G)dx
k=172 Q k=1 k=172
+o0
+ Z/uV§k~de.
k=179

We deal with the three terms separately. As for the first term, we exploit the fact that ZZ; ¥z, <2 and (4.23) in order to get

+00 too
/ G- ng(pj,k * Du) | dx| < ||G||L°°(Q;]R”) 2/ Pjk * | Du| dx
Q k=1 k=1 supp(¢)

< 20|G |l oo (qapm) | Dul(£2).

2 Ifn=1, BV(Q)C L®(Q).
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Then, by (4.25) we see that
+oo +oo
> / VG- (g x G=Gax| < Y ull o ipju % (G- VE) = G- Vel n) < Cllull gy,
=172 = e

again thanks to the Sobolev embedding for BV functions. Finally, we exploit again (2.22) to obtain

+oo +oo
D / uVg - Gdx ==Y / ¢, ddivuG) = — / ddiv(uG) = / Tr' (G, 0)Tr 5o (u) dH"~",
/e /e Q 0Q

so that, thanks to (2.19), we get
+oco
Z/guvgk.de SMNG peoirm lull gy ()-

All in all, this shows that |u;|£" € BV (22)*.

In addition, when u = h £" + * with h € LI(£2), for some ¢ € [1,+o0], and x* has compact support in £’ cC 2, by choosing m
large enough so that Q' cc 2, ,» thanks to (4.22) the first sum in (4.28) coincides with p IR if restricted to ', where h ; is
the Anzellotti-Giaquinta’s regularization of 4, and it coincides with /; when restricted to 2\ £'. At the same time, the second sum
in (4.28) tends to 0 as j — oo in L"(£2) by (4.24). Finally, h ;= hin LP(Q) with p as above, by (4.26). This shows the last part of
the statement.

Finally, we prove that u ; € PBri41/,)(£2). Given any set E C of finite perimeter in R”, by Theorem 2.9 we have

/ ,ujdx=‘/ Tr'(F;, 0" E) dH"™!
EnQ J0*E

Then, we notice that, for any x € £, there exists a unique ky > 1 such that x € X n X, ,,, so that, arguing as in the proof of point
(5) of Theorem 3.1, thanks to the assumptions on ¢, and p s 0 particular (4.22) and (4.23), we obtain
ko+1

[F;oOl < 1 Fllpooqarmy | 1+ Z (G * pj)X) = 0] | < LA+ 1/j), O
k=ko

S N Fjll Lo (amny PCE).

Data availability

No data was used for the research described in the article.
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