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We introduce protocols to prepare many-body quantum states with quantum circuits assisted by local
operations and classical communication. We show that by lifting the requirement of exact preparation, one
can substantially save resources. In particular, the so-called W and, more generally, Dicke states require a
circuit depth and number of ancillas per site that are independent of the system size. As a by-product of our
work, we introduce an efficient scheme to implement certain nonlocal, non-Clifford unitary operators. We
also discuss how similar ideas may be applied in the preparation of eigenstates of well-known spin models,
both free and interacting.
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Introduction—The preparation of many-body quantum
states plays a pivotal role in quantum simulation [1]. On
the one hand, some of those states are required to exploit
the field of quantum sensing [2], quantum communication
[3], or play a crucial role in quantum information theory
[4]. On the other, they allow to investigate quantum many-
body systems, extracting properties that otherwise are
difficult to compute. Furthermore, some of them can be
useful to initialize quantum algorithms that prepare ground
states [5–7] or thermal states [8–12].
As current noisy intermediate-scale quantum (NISQ)

devices [13] are limited in the number of qubits and the
coherence time, it is very important to devise efficient
preparation schemes making use of the minimum amount
of resources. Following early ideas [14,15], an emerging
theme is that preparation protocols using unitary circuits
can be improved by making use of additional ancillas,
measurements, and feed-forward operations, notably in the
context of topological order [16–29]. These ingredients are
very natural from the point of view of quantum informa-
tion, where they are called local operations and classical
communication (LOCC) [4].
The goal of this work is to introduce protocols that save

additional resources as compared to existing schemes. As
we show, this is achieved by relaxing the condition of
preparing the states exactly and deterministically. This
does not cause any disadvantage since for any realistic

device exact preparation will never be possible. A corner-
stone of our schemes is a nonlocal unitary operation that
can be efficiently implemented and that, in contrast to
those introduced in Ref. [16], is not Clifford [30,31]. We
also show how this operation can help to save resources by
creating one-by-one excitations in spin systems.
In this Letter, we identify as resources the depthD of the

quantum circuit (QC), the number of experimental repeti-
tions Nr, and the number of ancillas per qubit Na needed in
order to produce an infidelity I ¼ ε. It is important to
carefully define the depth of the circuit, which will be done
later. We anticipate that, contrary to some of the protocols
in Ref. [16], we will only allow for LOCC where all the
measurements are executed in parallel. We also note that, in
our schemes, one can trade among different resources, but
we will be mostly concerned with saving Na and D, which
are arguably more important for the first generation of
quantum computers.
Our main result is to show how to prepare the N-qubit

Dicke states [32]

jWðMÞi ¼ Z−1
M ðSþÞMj0…0i; ð1Þ

where S� ¼PN
m¼1 σ

�
m, ZM is a normalization factor, while

σ�m are the ladder operators at position m. The states (1) are
eigenstates of the Dicke Hamiltonian HD ¼ SþS− þ S−Sþ,
where M∈ ½0; N� is the number of excitations. They were
defined in the Dicke model of superradiance [32,33], and
are expected to be useful in different kinds of quantum
simulations of that model, see, e.g., Ref. [34]. Our interest in
these states is twofold. On the one hand, they play a
fundamental role in quantum information science and in
particular in metrology. As a consequence, a significant
amount of experimental [35–38] and theoretical [39–42]
work has studied protocols for their preparation in digital
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and analog quantum platforms. On the other hand, Dicke
states have resisted previous attempts to devise preparation
schemes using finite-depth circuits and a finite number of
ancillas per site [16,21,43], raising the question of whether
there are some fundamental limitations to achieve this task.
The preparation of Dicke states with LOCC has been

previously considered in the literature. In Ref. [16] a
protocol was proposed to prepare the W state that uses a
QC with D ¼ Oð1Þ but requires sequential use of LOCC,
i.e., a OðNÞ preparation time. In Ref. [44] an ingenious
approach was introduced to deterministically prepare theW
and Dicke states with constant depth but Na scaling with N.
Instead, the protocols developed in this work allow, for any
fixed desired infidelity and a constant number of excitations,
N-independent resources (Table I). Our approach is very
different from that of Ref. [44] and arguably simpler. The
physical intuition behind our protocol is that the Dicke state
may be obtained by measuring the total number of exci-
tations, starting from some suitable unentangled (and thus,
easily prepared) initial state. This strategy is very natural, as
it relies on the interpretation of Dicke states as made of
quasiparticle excitations. In fact, we note that a similar idea
has been first followed in Ref. [45], in a very different
analog setting. In our work we solve the nontrivial problem
of implementing this idea using finite-depth circuits and
LOCC.
We also discuss how similar ideas may be useful to

prepare certain states of interest in many-body physics. We
consider the eigenstates of the XX Hamiltonian and present
a deterministic preparation protocol with D ¼ OðMNÞ,
whereM is the number of excitations. While our protocol is
less efficient than the state-of-the-art unitary algorithm
requiring OðNÞ depth [46–48], our method is of interest as
it is in principle applicable to more general states and could
lead to further improvement or generalizations. Finally, we

also discuss how extension of our ideas may allow one to
prepare eigenstates of interacting spin chains, including the
so-called Richardson-Gaudin model [49,50].
Non-Clifford unitaries from QCs and LOCC—We con-

sider N qubits in one spatial dimension. The associated
Hilbert space isH ¼ H⊗N

2 , withH2 ≃ C2, while we denote
by fj0i; j1ig the computational basis. We attach to each
qubit Na ancillas. Then, we define the local QCs as the
unitaries W ¼ Wl…W2W1, where each “layer” Wn con-
tains quantum gates acting on disjoint pairs of nearest-
neighbor qubits and possibly the associated ancillas.
In between each layer, we allow for LOCC consisting
of a round of measurements executed in parallel, classical
processing of the outcomes and local corrections (executed
in parallel). We define the circuit depth as the total number
of unitary layers and LOCC steps.
We begin by showing how to implement non-Clifford

operations of the form

V ¼ j0ibh0j ⊗ Uð0Þ þ j1ibh1j ⊗ Uð1Þ; ð2Þ

where UðkÞ ¼⊗N
j¼1 Uk;j and Uk;j act on system qubit j,

with k ¼ 0, 1. Here, j�i ¼ ðj0i � j1iÞ= ffiffiffi
2

p
, while b is the

ancilla placed at position 1. The form (2) includes quantum
fan-out gates, which are useful in quantum computing
[44,51,52]. We prove the following:
Result 1—V can be implemented deterministically (i.e.

by a single repetition Nr ¼ 1), using Na ¼ 1 and D ¼ 6.
Given the (unnormalized) joint input state j0ibjψ0iþ
j1ibjψ1i, the QC implementing V is depicted in Fig. 1
and detailed below. In the first layer, the circuit creates
maximally entangled pairs between neighboring ancillas
jΦþi2j;2jþ1 (j ¼ 1; 2;…; N=2 − 1). Second, CNOT2j−1;2j
gates are applied over pairs of ancillas, except for the last
one, j ¼ 1;…; ðN=2 − 1Þ. This layer is followed by a

TABLE I. Summary of our results and comparison with
previous work [M: number of excitations; ε: infidelity]. The
resources are the depth D (including LOCC, if applicable) the
number of ancillas per site Na and of repetitions Nr. A trade-off is
possible in some cases, and we give variants optimizing either D,
Na, or Nr [lM;ε is defined in Eqs. (4) and (6) for Results 3 and 5,
respectively]. Ref. [44] allows for M ¼ Oð ffiffiffiffi

N
p Þ, while, for

arbitrary M, Na ¼ OðPolyðNÞÞ, D ¼ OðlnNÞ.

Ref. D Na Nr

W Result 3 Oðln ln 1=εÞ 1 Oð1Þ
Result 3 Oð1Þ Oðln ln 1=εÞ Oð1Þ
Result 4 Oð1Þ 1 O(1=

ffiffiffi
ε

p
)

Ref. [44] Oð1Þ OðlnNÞ 1

Dicke Result 3 Oð1Þ OðlM;εÞ Oð ffiffiffiffiffi
M

p Þ
Result 3 OðlM;εÞ 1 Oð ffiffiffiffiffi

M
p Þ

Result 5 OðM1=4l2
M;εÞ 1þ lM;ε=N 1

Ref. [44] Oð1Þ OðN lnNÞ 1

FIG. 1. Quantum circuit implementing the unitary in Eq. (2)
(the exchange of bits via classical communication is not shown).
Physical and ancillary input qubits are denoted by blue and
orange circles, respectively. X and Z are Pauli operators, whose
exponents αj, pj, and p are defined in the main text, together with
Vj. All measurements are in the Z basis.
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LOCC step: we measure all even ancillas in the Z basis,
obtaining measurement outcomes α2j ∈ f0; 1g, and apply
local Pauli corrections Xpk

k over all odd ancillas k ≥ 3,
where pk ¼

P
2j<k α2j. At the same time, the decoupled

even ancillas are rotated to the j0i2j state. We then apply
another layer of CNOT2j−1;2j, j ¼ 1;…; N=2 to all ancilla
pairs, yielding the joint state j0i⊗N jψ0i þ j1i⊗N jψ1i, and
proceed by applying to each ancilla and system qubit the
control unitary Vj¼ j0ih0j⊗U0;jþj1ih1j⊗U1;j. Finally,
we perform a LOCC step: we measure all ancillas except
b in the j�i basis, yielding the outcomes fβjgNj¼2 and
apply Zp

b, where p is the parity of
P

j βj. This yields

j0ibUð0Þjψ0i þ j1ibUð1Þjψ1i [53].
Measuring the number of excitations—The unitary (2)

is the key ingredient to our preparation protocol for the
Dicke state, as it allows for an efficient measurement of
the number of excitations. Consider the state jψi and let
us define the excitation number Ne ¼

P
j nj, where

nj ¼ ð1 − σzjÞ=2. Denoting by Πj the projector onto the
eigenspace of Ne associated with the eigenvalue j, we wish
to implement the corresponding measurement. It turns out
that it is possible to implement a closely related measure-
ment using shallow QCs and LOCC, corresponding to the
projectors Πl

j ¼Pi∈ T l
j
Πi, where T l

j is the set of indices

i such that i≡ j (mod 2l). In particular, we obtain the
following:
Result 2—The measurement corresponding to the set

fΠl
j gj can be implemented using a circuit with D ¼ OðlÞ,

Na ¼ 1 and l additional ancillas.
The circuit implementing this measurement is represented
in Fig. 2. Attaching all l ancillas, initialized in j0i, to the
first site, the circuit applies to each of them, sequentially, a
controlled operator consisting of the unitary operation V
in Eq. (2) with Uð0Þ ¼ 1 and Uð1Þ ¼ Uð1ÞðxÞ ¼ ei2πNe=2x ,
where x ¼ 1;…;l corresponding to each ancilla. At the
end of the circuit, an inverse quantum Fourier transform
(QFT) is applied to the l ancillas. This unitary requires
depth D ¼ OðlÞ [54] (even assuming 1D locality

constrains). It is easy to see that these operations map a
state jψi into

P
1
i1;…;il¼0 ji1;…; ili ⊗ Πl

i jψi, where
i1 � � � il is the binary representation of i. The desired
measurement, with the expected probability distribution,
is then achieved by performing a projective measurement
onto the l ancillas. Note that Uð1ÞðxÞ ¼ ½Uð1ÞðlÞ�2l−x , and
thus the protocol is the same of the phase estimation
algorithm [55], with the difference that jψi is not an
eigenstate for Uð1ÞðlÞ. We note that a similar construction
to measure the number of excitations was first given
in Ref. [45].
Preparation of Dicke states—We are now in a position to

describe our protocol for the preparation of the Dicke state
jWðMÞi. Fixing M ≤ N=2, set p ¼ M=N and define
jΨðpÞi ¼ ð ffiffiffiffiffiffiffiffiffiffiffi

1 − p
p j0i þ ffiffiffiffi

p
p j1iÞ⊗N which can be trivially

prepared with D ¼ 1. Now, if we could perform a meas-
urement of the number of excitations and force the outcome
toM, then we would obtain jWðMÞi. This is because of the
identity

jΨðpÞi ¼
XN
e¼0

��
N

e

�
peð1 − pÞN−e

�
1=2

jWðeÞi; ð3Þ

which implies ΠMjΨðpÞi ∝ jWðMÞi. Based on this obser-
vation and our previous results, it is easy to devise a
preparation scheme. The idea is to perform a measurement
corresponding to the projectors fΠl

j gj for sufficiently large
l, and repeat the procedure Nr times until we get
the desired measurement outcome M. At the end of this
procedure we obtain a final state jψli ∝ Πl

MjΨðpÞi. The
accuracy of the protocol is controlled by the infidelity
I ¼ j1 − jhWðMÞjψ2

lij2j, while the number of repetitions
depends on the probability PM of obtaining the outcome
M. By inspection of the state (3), we find I ∼ e−2

l
, PM ∼

M−1=2 [56], and we arrive at the following:
Result 3—Preparation of Dicke states. Up to an infidelity

I ¼ ε, the Dicke state jWðMÞi can be prepared with
Nr ¼ Oð ffiffiffiffiffi

M
p Þ, Na ¼ 1, D ¼ OðlM;εÞ and lM;ε additional

ancillas, where

lM;ε ¼ max
n
log2ð4MÞ; 1þ log2 lnð

ffiffiffiffiffiffiffiffiffiffi
8πM

p
=εÞ
o
: ð4Þ

Alternatively, by slight modifications of the protocol, it is
not difficult to show that one can trade the depth with the
number of ancillas, realizing a circuit with Na ¼ OðlM;εÞ,
Nr ¼ Oð ffiffiffiffiffi

M
p Þ, D ¼ Oð1Þ [56]; cf. Table I. Note that both

the number of repetitions and the depth of the circuit do not
scale with the system size. In addition, note that we
assumed that lM;ε is smaller than log2ðLÞ. Indeed, for
D ¼ log2ðLÞ the circuit in Fig. 2 performs a measurement
of Ne, so the Dicke state is prepared exactly.
We stress that a small infidelity (independent of N)

automatically guarantees an accurate description of cor-
relation functions. Indeed, denoting by hOiψ ¼ hψ jOjψi,

FIG. 2. Quantum circuit with D ¼ OðlÞ implementing the
measurements corresponding to fΠl

j gj. The bottom thick line
corresponds to the physical Hilbert space of N qubits, while l
ancillas are attached to the first qubit. Each control-U operation is
implemented with depth Oð1Þ via the unitary V in Eq. (2). All
measurements are performed in the Z basis.
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we have jhOiψ − hOiϕj ≤ 2ð1 − jhψ jϕij2Þ1=2kOk∞, where
kOk∞ is the operator norm. Since the latter equals one for
any product of Pauli matrices, we obtain that correlation
functions in the prepared state will be arbitrarily close to
those of the Dicke state. Finally, in some cases one may
need to obtain the Dicke state up to an exponential accuracy.
In this case, as mentioned, we can run our protocol
implementing the measurement of Ne exactly, leading to
an overall depth OðlogLÞ.
The W state—For M ¼ 1, the above construction gives

us an efficient protocol for the W state. In this case,
there exists an alternative construction which, while less
efficient, is simpler and could be of interest for implemen-
tation in NISQ devices. The idea is to prepare the product
state ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − δ=N
p j0i þ ffiffiffiffiffiffiffiffiffi

δ=N
p j1iÞ⊗N and simply measure

the parity of the excitations. The protocol is successful if
the outcome is odd, in which case it yields a state which we
call jΦðδÞi. Denoting by jWi the W state, it is easy to see
that j1 − jhWjΦðδÞij2 ≤ δ2=4 and that the probability of
success is larger than δ=2. On the other hand, the
measurement of the parity corresponds to the set fΠl

j gj
with l ¼ 1, so it can be done efficiently using Result 2.
Therefore, we have the following:
Result 4—Up to an infidelity I ¼ ε, the W state can be

prepared with Nr ¼ Oð1= ffiffiffi
ε

p Þ, Na ¼ 1, D ¼ Oð1Þ.
Improved scheme via amplitude amplification—Using

our previous protocol, the average preparation time of the
Dicke state scales as Nr ¼ Oð ffiffiffiffiffi

M
p Þ, because we have to do

this number of repetitions to have a high probability of
success. The reason is that, given the initial state jΨðpÞi,
the probability of having M excitations scales as 1=

ffiffiffiffiffi
M

p
.

We now show how we can exploit the Grover algorithm [or
its practical version, named amplitude amplification pro-
tocol (AAP) [60–63] ] to improve this result. It is important
to notice that a direct application of that algorithm makes
the resources dependent on the system size, N, something
that we want to avoid. Thus, we have to devise an
alternative method, which is consistent with the approxi-
mation, that circumvents this obstacle.
We recall that, given jψi ¼ sin αjψ1i þ cos αjψ2i, and

denoting by jψ̃i the state orthogonal to jψi in the subspace
generated by jψ1i and jψ2i, the AAP allows one to obtain
jψ1i by applying a product of Oð1=αÞ unitaries S1ðωjÞ,
S2ðωjÞ (for α small), which act as follows

S1ðωÞjψi ¼ eiωjψi; S1ðωÞjψ̃i ¼ jψ̃i; ð5aÞ

S2ðωÞjψ1i ¼ eiωjψ1i; S2ðωÞjψ2i ¼ jψ2i; ð5bÞ

where ωj ∈R depend on α. Writing jΨðpÞi ¼
sin αjWðMÞi þ cos αjRi, we see that if S1ðωÞ, S2ðωÞ can
be implemented with circuits of constant depth, then the
AAP gives us a deterministic algorithm to obtain jψ1i with
D ¼ OðM1=4Þ, thus reducing the preparation time.

Realizing the operators in Eqs. (5) exactly could be done
by known methods using Na ¼ log2ðNÞ and D ¼ Oð1Þ
[44]. Instead, we show that, applying ideas similar to those
developed so far, an approximate version of them can be
realized using a finite amount of resources [56]. This leads
to the following improved version of Result 3:
Result 5—Improved scheme via amplitude amplifica-

tion. Up to an infidelity I ¼ ε, the Dicke state jWðMÞi can
be prepared deterministically (Nr ¼ 1), with Na ¼ 1, lM;ε

additional ancillas, and D ¼ OðM1=4l2
M;εÞ, where

lM;ε ¼ log2

�
1

lnð4=3Þ ½2Mðln 2M þ 9=2Þ

þ ln ðPolyðMÞ=ε2Þ�
�
: ð6Þ

Eigenstates of the XX Hamiltonian—Going beyond the
Dicke model, the previous ideas have ramifications for
other Hamiltonians whose eigenstates are labeled by the
number of excitations. As a first example, we discuss the
well-known XX spin chain H ¼ −

P
N−1
k¼1 ðσxkσxk þ σykσ

y
kÞ.

This model can be solved via the Jordan-Wigner (JW)

transformation ak ¼
	Q

k−1
j¼1 σ

z
j



σ−k , mapping it to a non-

interacting Hamiltonian H ¼ −
P

N−1
k¼1 ða†jajþ1 þ H:c:Þ,

where fa†j ; akg ¼ δj;k. Accordingly, the eigenstates read

jΦðMÞi ¼ A†
M � � �A†

1j0i⊗N with

Aα ¼
XN
k¼1

cαk

 Yk−1
j¼1

σzj

!
σ−k : ð7Þ

Here, fcαkg are distinct sets of coefficients, such that
fAα; Aβg ¼ 0, fA†

α; Aβg ¼ δα;β [64], while M ¼ 0;…; N.
The form of the eigenstates is superficially similar to that

of the Dicke states, but it is more complicated due to
nonuniform coefficients cαk and the string operators

Q
j σ

z
j.

Yet, the anticommutation relations of Aα allows us to devise
an efficient preparation protocol. Indeed, the latter implies

that jΦðMÞi ¼ WM � � �W1j0i, where Wj ¼ eiπðAjþA†
j Þ=2.

The Wj are unitary and, using our previous constructions,
we find that they can be realized deterministically with
depth D ¼ OðNÞ [56]. Therefore, the eigenstates of the
XX Hamiltonian with M excitations can be prepared
deterministically (Nr ¼ 1) by a QC with LOCC of depth
D ¼ OðNMÞ and Na ¼ 1.
The preparation of spin states which can be mapped onto

free (or Gaussian) fermionic states has been considered
before [46–48,65–72]. Reference [46] finds a unitary
algorithm preparing arbitrary Gaussian operators with depth
OðNÞ, yielding a more efficient protocol. However, our
approach also allows us to prepare states which are not
Gaussian and in principle out of the reach of previous work.

PHYSICAL REVIEW LETTERS 133, 230401 (2024)

230401-4



For instance, we could prepare A†
α1 � � �A†

αn jϕ0i, where jϕ0i
is any linear combination of Gaussian states (assuming jϕ0i
can be prepared efficiently). We also expect that our method
could be further improved and generalized to more inter-
esting situations.
Eigenstates of interacting Hamiltonians—As a final

example, we consider general states of the form

jΨMi ¼ B†
M…B†

1j0i⊗N; ð8Þ

where B†
α ¼

P
N
j¼1 c

α
jσ

þ
j are interpreted as creating spin

excitations. These states are quite general, including the
Dicke states and the eigenstates of the so-called Richardson-
Gaudin spin chain [49,50], an interacting integrable model.
Without assumptions on the coefficients cαj , efficient prepa-
ration of (8) is challenging. Here, wewill assume that we are
in the “low excitation regime,” namely M ≪ N, and thatP

N
j¼1 c̄

α
j c

β
j ¼ δα;β þOðM=NÞ. If jψi has at most M exci-

tations, this implies

½Bα; B
†
β�jψi ¼ δα;βjψi þOðM=NÞ: ð9Þ

Namely, B†
α act as creation operators, up to aOðM=NÞ error.

This allows us to devise a simple preparation protocol,
sketched below, and estimate the number of resources
needed. We postpone a more detailed analysis of the states
(8) to future work, including a full study of the Richardson-
Gaudin eigenstates.
First, suppose that (9) holds exactly, i.e., without the term

OðM=NÞ. Then, we create the state (8) by induction.
Assuming we have prepared jΨM−1i, we apply

eiθðBMþB†
MÞjΨM−1i ¼

XN
k¼0

dkjΨM−1þki; ð10Þ

where we used BMjΨM−1i ¼ 0, so that the number or
excitations cannot decrease. Now, we measure the number
of excitations, using the circuit described in Result 2,
neglecting for simplicity exponentially small errors in the
circuit depth. In case we obtain k ¼ 1 we have succeeded.
If k ¼ 0, we have not changed anything so that we can
repeat the procedure. If k ≥ 2, then we have failed. The
probability of failing and obtaining M ¼ 1 are, respec-
tively, Oðθ4Þ and Oðθ2Þ. We can iterate this procedure to
prepare jΨMi starting from j0i⊗N . It is easy to show that the
preparation time scales as OðM=θ2Þ, while the success
probability is Oðe−Mθ2Þ, independent of N.
If we do not neglect the term OðM=NÞ in (9), then the

above construction introduces additional errors. While this
is not relevant for the probabilities, the state (10) contains
corrections for each M. The latter can be estimated as
follows. If we have to repeat the procedure r times (on
average), the error is rM=N for each step. Accordingly, the

total error will be ε ¼ rM2=N. Since r ¼ 1=θ2, and the
probability of not detecting M ¼ 0,1 in any procedure
scales as pfail ¼ rMθ4, by setting pfail ¼ 1=2 we have
ε ¼ M3=N. Thus, this allows us to create M ¼ OðN1=3Þ
excitations if we take N large.
Outlook—We have introduced protocols to prepare

many-body quantum states using QCs and LOCCs. We
have shown how we can save resources by relaxing the
condition of preparing the states exactly and determinis-
tically but allowing for controlled infidelities and proba-
bilities of failure. Our results are expected to be relevant for
quantum-state preparation in present-day quantum devi-
ces, also in light of recent experiments operating QCs
assisted by feed-forward operations [26,73–75]. Our work
also raises several theoretical questions. For instance, it
would be interesting to explore the possibilities of this
approach to prepare eigenstates of more general interacting
Hamiltonians. In addition, it would be important to under-
stand how the classification of phases of matter via
quantum circuits and LOCC introduced in Ref. [16] is
modified by allowing for finite infidelities. We leave these
questions for future work.

Acknowledgments—We thank Harry Buhrman and
Marten Folkertsma for useful discussions. The research is
part of the Munich Quantum Valley, which is supported by
the Bavarian state government with funds from the Hightech
Agenda Bayern Plus. We acknowledge funding from the
German Federal Ministry of Education and Research
(BMBF) through EQUAHUMO (Grant No. 13N16066)
within the funding program Quantum Technologies—From
Basic Research to Market. This work was funded by the
European Union (ERC, QUANTHEM, 101114881). Views
and opinions expressed are, however, those of the author(s)
only and do not necessarily reflect those of the European
Union or the European Research Council Executive
Agency. Neither the European Union nor the granting
authority can be held responsible for them.

[1] J. I. Cirac and P. Zoller, Nat. Phys. 8, 264 (2012).
[2] C. L. Degen, F. Reinhard, and P. Cappellaro, Rev. Mod.

Phys. 89, 035002 (2017).
[3] N. Gisin and R. Thew, Nat. Photonics 1, 165 (2007).
[4] R. Horodecki, P. Horodecki, M. Horodecki, and K.

Horodecki, Rev. Mod. Phys. 81, 865 (2009).
[5] I. M. Georgescu, S. Ashhab, and F. Nori, Rev. Mod. Phys.

86, 153 (2014).
[6] S. McArdle, S. Endo, A. Aspuru-Guzik, S. C. Benjamin,

and X. Yuan, Rev. Mod. Phys. 92, 015003 (2020).
[7] B. Bauer, S. Bravyi, M. Motta, and G. K.-L. Chan, Chem.

Rev. 120, 12685 (2020).
[8] A. N. Chowdhury and R. D. Somma, Quantum Inf. Comput.

17, 0041 (2017).
[9] S. Lu, M. C. Bañuls, and J. I. Cirac, PRX Quantum 2,

020321 (2021).

PHYSICAL REVIEW LETTERS 133, 230401 (2024)

230401-5

https://doi.org/10.1038/nphys2275
https://doi.org/10.1103/RevModPhys.89.035002
https://doi.org/10.1103/RevModPhys.89.035002
https://doi.org/10.1038/nphoton.2007.22
https://doi.org/10.1103/RevModPhys.81.865
https://doi.org/10.1103/RevModPhys.86.153
https://doi.org/10.1103/RevModPhys.86.153
https://doi.org/10.1103/RevModPhys.92.015003
https://doi.org/10.1021/acs.chemrev.9b00829
https://doi.org/10.1021/acs.chemrev.9b00829
https://doi.org/10.26421/QIC17.1-2-3
https://doi.org/10.26421/QIC17.1-2-3
https://doi.org/10.1103/PRXQuantum.2.020321
https://doi.org/10.1103/PRXQuantum.2.020321


[10] K. Temme, T. J. Osborne, K. G. Vollbrecht, D. Poulin, and F.
Verstraete, Nature (London) 471, 87 (2011).

[11] M. Motta, C. Sun, A. T. Tan, M. J. O’Rourke, E. Ye, A. J.
Minnich, F. G. Brandao, and G. K.-L. Chan, Nat. Phys. 16,
205 (2020).

[12] J. Cohn, F. Yang, K. Najafi, B. Jones, and J. K. Freericks,
Phys. Rev. A 102, 022622 (2020).

[13] J. Preskill, Quantum 2, 79 (2018).
[14] H. J. Briegel and R. Raussendorf, Phys. Rev. Lett. 86, 910

(2001).
[15] R. Raussendorf, S. Bravyi, and J. Harrington, Phys. Rev. A

71, 062313 (2005).
[16] L. Piroli, G. Styliaris, and J. I. Cirac, Phys. Rev. Lett. 127,

220503 (2021).
[17] R. Verresen, N. Tantivasadakarn, and A. Vishwanath,

arXiv:2112.03061.
[18] T.-C. Lu, L. A. Lessa, I. H. Kim, and T. H. Hsieh, PRX

Quantum 3, 040337 (2022).
[19] S. Bravyi, I. Kim, A. Kliesch, and R. Koenig, arXiv:2205

.01933.
[20] J. Y. Lee, W. Ji, Z. Bi, and M. Fisher, arXiv:2208.11699.
[21] N. Tantivasadakarn, A. Vishwanath, and R. Verresen, PRX

Quantum 4, 020339 (2023).
[22] L. Lootens, C. Delcamp, D. Williamson, and F. Verstraete,

arXiv:2311.01439.
[23] N. Tantivasadakarn, R. Verresen, and A. Vishwanath, Phys.

Rev. Lett. 131, 060405 (2023).
[24] G.-Y. Zhu, N. Tantivasadakarn, A. Vishwanath, S. Trebst,

and R. Verresen, Phys. Rev. Lett. 131, 200201 (2023).
[25] K. C. Smith, E. Crane, N. Wiebe, and S. M. Girvin, PRX

Quantum 4, 020315 (2023).
[26] H. Sukeno and T.-C. Wei, Phys. Rev. A 109, 042611

(2024).
[27] D. Gunn, G. Styliaris, T. Kraft, and B. Kraus, arXiv:2312

.13838.
[28] D. Malz, G. Styliaris, Z.-Y. Wei, and J. I. Cirac, Phys. Rev.

Lett. 132, 040404 (2024).
[29] T. Okudam, A. P. Mana, and H. Sukeno, Phys. Rev. Res. 6,

043018 (2024).
[30] D. Gottesman, Ph.D. thesis, Caltech, 1997.
[31] D. Gottesman, Phys. Rev. A 57, 127 (1998).
[32] R. H. Dicke, Phys. Rev. 93, 99 (1954).
[33] M. Gross and S. Haroche, Phys. Rep. 93, 301 (1982).
[34] I. de Vega, D. Porras, and J. Ignacio Cirac, Phys. Rev. Lett.

101, 260404 (2008).
[35] N. Kiesel, C. Schmid, G. Tóth, E. Solano, and H. Weinfurter,

Phys. Rev. Lett. 98, 063604 (2007).
[36] W. Wieczorek, R. Krischek, N. Kiesel, P. Michelberger,

G. Tóth, and H. Weinfurter, Phys. Rev. Lett. 103, 020504
(2009).

[37] A. Noguchi, K. Toyoda, and S. Urabe, Phys. Rev. Lett. 109,
260502 (2012).

[38] D. B. Hume, C.W. Chou, T. Rosenband, and D. J. Wineland,
Phys. Rev. A 80, 052302 (2009).

[39] C. Wu, C. Guo, Y. Wang, G. Wang, X.-L. Feng, and J.-L.
Chen, Phys. Rev. A 95, 013845 (2017).

[40] L.-M. Duan and H. J. Kimble, Phys. Rev. Lett. 90, 253601
(2003).

[41] L. Lamata, C. E. López, B. P. Lanyon, T. Bastin, J. C.
Retamal, and E. Solano, Phys. Rev. A 87, 032325 (2013).

[42] R. Ionicioiu, A. E. Popescu, W. J. Munro, and T. P. Spiller,
Phys. Rev. A 78, 052326 (2008).

[43] A. Bärtschi and S. Eidenbenz, in International Symposium
on Fundamentals of Computation Theory (Springer,
New York, 2019), pp. 126–139.

[44] H. Buhrman, M. Folkertsma, B. Loff, and N. M. Neumann,
arXiv:2307.14840.

[45] Y. Wang and B. M. Terhal, Phys. Rev. A 104, 032407
(2021).

[46] I. D. Kivlichan, J. McClean, N. Wiebe, C. Gidney, A.
Aspuru-Guzik, G. K.-L. Chan, and R. Babbush, Phys.
Rev. Lett. 120, 110501 (2018).

[47] Z. Jiang, K. J. Sung, K. Kechedzhi, V. N. Smelyanskiy, and
S. Boixo, Phys. Rev. Appl. 9, 044036 (2018).

[48] F. Arute, K. Arya, R. Babbush, D. Bacon, J. C. Bardin,
R. Barends, A. Bengtsson, S. Boixo, M. Broughton, B. B.
Buckley et al., arXiv:2010.07965.

[49] R. Richardson, Phys. Lett. 3, 277 (1963).
[50] R. Richardson and N. Sherman, Nucl. Phys. 52, 221 (1964).
[51] P. Høyer and R. Špalek, Theory Comput. 1, 81 (2005).
[52] Y. Takahashi and S. Tani, Comput. Complex. 25, 849

(2016).
[53] Implementing the GHZ state as in [16] yields an alternative

protocol for V with Na ¼ 2 and D ¼ 5, which may be
advantageous for 8-level systems.

[54] D. Maslov, Phys. Rev. A 76, 052310 (2007).
[55] A. Y. Kitaev, arXiv:quant-ph/9511026.
[56] See Supplemental Material at http://link.aps.org/

supplemental/10.1103/PhysRevLett.133.230401 for details,
which includes Refs. [57–59].

[57] H. Robbins, Am. Math. Mon. 62, 26 (1955).
[58] R. Arratia and L. Gordon, Bull. Math. Bio. 51, 125

(1989).
[59] A. Barenco, C. H. Bennett, R. Cleve, D. P. DiVincenzo,

N. Margolus, P. Shor, T. Sleator, J. A. Smolin, and
H. Weinfurter, Phys. Rev. A 52, 3457 (1995).

[60] G. Brassard and P. Hoyer, in Proceedings of the Fifth
Israeli Symposium on Theory of Computing and Systems
(IEEE, New York, 1997), pp. 12–23.

[61] L. K. Grover, Phys. Rev. Lett. 80, 4329 (1998).
[62] G. Brassard, P. Høyer, and A. Tapp, in Automata,

Languages and Programming: 25th International Collo-
quium, ICALP’98 Aalborg, Denmark, 1998 Proceedings 25
(Springer, New York, 1998), pp. 820–831.

[63] G. Brassard, P. Hoyer, M. Mosca, and A. Tapp, Contemp.
Math. 305, 53 (2002).

[64] F. Franchini, An Introduction to Integrable Techniques for
One-Dimensional Quantum Systems (Springer, Cham,
2017), Vol. 940.

[65] F. Verstraete, J. I. Cirac, and J. I. Latorre, Phys. Rev. A 79,
032316 (2009).

[66] A. J. Ferris, Phys. Rev. Lett. 113, 010401 (2014).
[67] G. Evenbly and S. R. White, Phys. Rev. Lett. 116, 140403

(2016).
[68] J. Haegeman, B. Swingle, M. Walter, J. Cotler, G. Evenbly,

and V. B. Scholz, Phys. Rev. X 8, 011003 (2018).
[69] R. Babbush, N. Wiebe, J. McClean, J. McClain, H. Neven,

and G. K.-L. Chan, Phys. Rev. X 8, 011044 (2018).
[70] F. Witteveen, V. Scholz, B. Swingle, and M. Walter,

Commun. Math. Phys. 389, 75 (2021).

PHYSICAL REVIEW LETTERS 133, 230401 (2024)

230401-6

https://doi.org/10.1038/nature09770
https://doi.org/10.1038/s41567-019-0704-4
https://doi.org/10.1038/s41567-019-0704-4
https://doi.org/10.1103/PhysRevA.102.022622
https://doi.org/10.22331/q-2018-08-06-79
https://doi.org/10.1103/PhysRevLett.86.910
https://doi.org/10.1103/PhysRevLett.86.910
https://doi.org/10.1103/PhysRevA.71.062313
https://doi.org/10.1103/PhysRevA.71.062313
https://doi.org/10.1103/PhysRevLett.127.220503
https://doi.org/10.1103/PhysRevLett.127.220503
https://arXiv.org/abs/2112.03061
https://doi.org/10.1103/PRXQuantum.3.040337
https://doi.org/10.1103/PRXQuantum.3.040337
https://arXiv.org/abs/2205.01933
https://arXiv.org/abs/2205.01933
https://arXiv.org/abs/2208.11699
https://doi.org/10.1103/PRXQuantum.4.020339
https://doi.org/10.1103/PRXQuantum.4.020339
https://arXiv.org/abs/2311.01439
https://doi.org/10.1103/PhysRevLett.131.060405
https://doi.org/10.1103/PhysRevLett.131.060405
https://doi.org/10.1103/PhysRevLett.131.200201
https://doi.org/10.1103/PRXQuantum.4.020315
https://doi.org/10.1103/PRXQuantum.4.020315
https://doi.org/10.1103/PhysRevA.109.042611
https://doi.org/10.1103/PhysRevA.109.042611
https://arXiv.org/abs/2312.13838
https://arXiv.org/abs/2312.13838
https://doi.org/10.1103/PhysRevLett.132.040404
https://doi.org/10.1103/PhysRevLett.132.040404
https://doi.org/10.1103/PhysRevResearch.6.043018
https://doi.org/10.1103/PhysRevResearch.6.043018
https://doi.org/10.1103/PhysRevA.57.127
https://doi.org/10.1103/PhysRev.93.99
https://doi.org/10.1016/0370-1573(82)90102-8
https://doi.org/10.1103/PhysRevLett.101.260404
https://doi.org/10.1103/PhysRevLett.101.260404
https://doi.org/10.1103/PhysRevLett.98.063604
https://doi.org/10.1103/PhysRevLett.103.020504
https://doi.org/10.1103/PhysRevLett.103.020504
https://doi.org/10.1103/PhysRevLett.109.260502
https://doi.org/10.1103/PhysRevLett.109.260502
https://doi.org/10.1103/PhysRevA.80.052302
https://doi.org/10.1103/PhysRevA.95.013845
https://doi.org/10.1103/PhysRevLett.90.253601
https://doi.org/10.1103/PhysRevLett.90.253601
https://doi.org/10.1103/PhysRevA.87.032325
https://doi.org/10.1103/PhysRevA.78.052326
https://arXiv.org/abs/2307.14840
https://doi.org/10.1103/PhysRevA.104.032407
https://doi.org/10.1103/PhysRevA.104.032407
https://doi.org/10.1103/PhysRevLett.120.110501
https://doi.org/10.1103/PhysRevLett.120.110501
https://doi.org/10.1103/PhysRevApplied.9.044036
https://arXiv.org/abs/2010.07965
https://doi.org/10.1016/0031-9163(63)90259-2
https://doi.org/10.1016/0029-5582(64)90687-X
https://doi.org/10.4086/toc.2005.v001a005
https://doi.org/10.1007/s00037-016-0140-0
https://doi.org/10.1007/s00037-016-0140-0
https://doi.org/10.1103/PhysRevA.76.052310
https://arXiv.org/abs/quant-ph/9511026
http://link.aps.org/supplemental/10.1103/PhysRevLett.133.230401
http://link.aps.org/supplemental/10.1103/PhysRevLett.133.230401
http://link.aps.org/supplemental/10.1103/PhysRevLett.133.230401
http://link.aps.org/supplemental/10.1103/PhysRevLett.133.230401
http://link.aps.org/supplemental/10.1103/PhysRevLett.133.230401
http://link.aps.org/supplemental/10.1103/PhysRevLett.133.230401
http://link.aps.org/supplemental/10.1103/PhysRevLett.133.230401
https://doi.org/10.2307/2308012
https://doi.org/10.1007/BF02458840
https://doi.org/10.1007/BF02458840
https://doi.org/10.1103/PhysRevA.52.3457
https://doi.org/10.1103/PhysRevLett.80.4329
https://doi.org/10.1090/conm/305
https://doi.org/10.1090/conm/305
https://doi.org/10.1103/PhysRevA.79.032316
https://doi.org/10.1103/PhysRevA.79.032316
https://doi.org/10.1103/PhysRevLett.113.010401
https://doi.org/10.1103/PhysRevLett.116.140403
https://doi.org/10.1103/PhysRevLett.116.140403
https://doi.org/10.1103/PhysRevX.8.011003
https://doi.org/10.1103/PhysRevX.8.011044
https://doi.org/10.1007/s00220-021-04274-w


[71] A. Sopena, M. H. Gordon, D. García-Martín, G. Sierra, and
E. López, Quantum 6, 796 (2022).

[72] R. Ruiz, A. Sopena, M. H. Gordon, G. Sierra, and E. López,
Quantum 8, 1356 (2024).

[73] E. Bäumer, V. Tripathi, D. S. Wang, P. Rall, E. H. Chen,
S. Majumder, A. Seif, and Z. K. Minev, PRX Quantum 5,
030339 (2024).

[74] E. H. Chen, G.-Y. Zhu, R. Verresen, A. Seif, E. Baümer,
D. Layden, N. Tantivasadakarn, G. Zhu, S. Sheldon,
A. Vishwanath et al., arXiv:2309.02863.

[75] M. Iqbal, N. Tantivasadakarn, R. Verresen, S. L. Campbell,
J. M. Dreiling, C. Figgatt, J. P. Gaebler, J. Johansen,
M. Mills, S. A. Moses et al., Nature (London) 626, 505
(2024).

PHYSICAL REVIEW LETTERS 133, 230401 (2024)

230401-7

https://doi.org/10.22331/q-2022-09-08-796
https://doi.org/10.22331/q-2024-05-23-1356
https://doi.org/10.1103/PRXQuantum.5.030339
https://doi.org/10.1103/PRXQuantum.5.030339
https://arXiv.org/abs/2309.02863
https://doi.org/10.1038/s41586-023-06934-4
https://doi.org/10.1038/s41586-023-06934-4

	Approximating Many-Body Quantum States with Quantum Circuits and Measurements
	Introduction
	Non-Clifford unitaries from QCs and LOCC
	Measuring the number of excitations
	Preparation of Dicke states
	The W state
	Improved scheme via amplitude amplification
	Eigenstates of the XX Hamiltonian
	Eigenstates of interacting Hamiltonians
	Outlook
	Acknowledgments
	References


