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In this expasitory paper. we present a brief introduction to the geometrical modeling
of some quantum computing problems. After a brief introduction to establish the ter-
minology. we focus on quantum information geometry and ZX-calculus, establishing
a connection between quantum computing questions and quantum groups. i.e. Hopf
algebras.
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circuits.

1. Introduction

The idea of using the laws of quantum mechanics for a new approach to computer
algorithms is due to Feyman, who introduced the concept of quantum computing
in a seminal talk in 1981 [1]. Feyman himself, a few years later (2], analyzed the
concept of universal quantum computer built from the simplest quantum mechan-
ical system (a two-level system or qubit) and making use of elementary quantum
gates. So Feynman, for the first time, introduced the idea of a computer, func-
tioning according to non-binary i.e. quantum logic. Feyman also gave a graphical
description of the quantum logic gates, a notation we still use today, as many of
Feyman extraordinary ones. Around the same time, Manin [3] suggested a quan-
tum approach to information theory from a mathematical point of view. Later on,
Manin enhanced the theory of quantum groups with a new geometric approach [4].
In 1985, Deutsch (5] formalized the notion of quantum computer and was the first
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to raise the question of “quantum advantage”, which later on inspired Shor towards
the formulation of a quantum algorithm for factoring large numbers more efficient
than the classical ones [6, 7].

We are unable to properly account for the many discoverings in this fast devel-
oping subject, we send the reader to the exhaustive treatments by Preskill [8-10].

In this paper, we want to show how quantum computing, quantum informa-
tion geometry and quantum groups, in the form of Hopf algebras, can be related,
providing new models for interesting quantum computing questions. Moreover, our
elementary treatment of the topics hopefully will allow experts in different fields
to share their knowledge toward a more unified and sound geometric theory of
quantum computing.

Our paper is organized as follows.

In Sec. 2, we establish the terminology introducing the notions of qubit, density
operator in 2.1, and quantum logic gate in 2.2, that will be key for our subsequent
treatment.

In Sec. 3, we first introduce basic concepts of information geometry, as the Fisher
matrix in Sec. 3.1, and then we explore their quantum information counterparts in
Sec. 3.2, leading to the Quantum Geometric Tensor in Sec. 3.3, a natural Kéhler
metric on the space of qubits.

Finally in Sec. 4, we discuss ZX-calculus as an effective method to describe
quantum logic gates and quantum circuits, making use of the Hopf algebra language
and leading to a surprising connection with the quantum group theory.

Our goal is to introduce mathematicians and physicists to some theoretical ques-
tions arising from the quantum computing world. We are convinced that geometric
and theoretical physical modeling can greatly help this fast developing field.

2. An Overview on Quantum Computing

In this section we give the basics of quantum computing theory, establishing a
dictionary, which will enable us to state some interesting mathematical questions
that we will discuss in the next sections. Our treatment is very terse, we refer the
interested read to [10] (and references therein) and to [11].

2.1. The Qubit

In a classical computer, the fundamental unit of information is the bit, which can
assume either 0 or 1 value. In quantum computing, the corresponding notion is the
quantum bit or, in short, qubit. A qubit differs from a classical bit since its state
is represented by any superposition of two independent states that correspond to
the classical 0 and 1. Mathematically, we represent the state |¢) of a qubit as the
linear combination of two basis states |0) and |1), the computational basis, that we
identify with the canonical basis of C2:

) =al0) +BI1), |a*+[8°=1, «, BeC (1)
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together with a phase condition that we detail below. Hence, |¢) is an element of
the Hilbert space H = C2, of unit norm. This condition follows from the probabilis-
tic interpretation of the coefficients o and §: the result of a measurement in the
computational basis finds the qubit in the state |0) or in the state |1) with proba-
bility |a|? or |3|%. Notice that this interpretation does not distinguish between the
states [1) and ei7[+)), for any phase ~.

We write the qubit |¢) using the Dirac ket notation, as customary in quantum
mechanics to represent a quantum mechanical state.

Since we pursue a geometrical interpretation, we also think of |1) as a complex
line in the vector space H. Hence in Eq. (1), we need to choose a representative of
such line by looking at the intersections of the line with the sphere (the condition
|o|? +]8)? = 1) and then identifying all points that differ just by a phase factor €.

For this reason, we represent the qubit |¢)) parametrically as

) = e [cos <g) 10) + ¢ sin <g> |1>], @)

where we can set the parameter v = 0 (phase) to account for the identification
described above. So a qubit |¢) is also equivalently given by the two parameters
(¢, 8), or by Eq. (2), together with the phase condition v = 0.

We can then view a qubit as an element of a 2-dimensional (real) sphere in R?,
called the Bloch sphere, as in Fig. 1. Mathematically this is the Riemann sphere,
and it is identified with P!(C) the projective line, consisting of lines in C?. Note
that, conventionally, the basis vectors |0) and |1) are, respectively, the north and
south poles of the Bloch sphere.

10) + 1)
V2

10) +[1)
V2

0 0
ly) = cosE |0) + e“"smill)

Fig. 1. The Bloch sphere.
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Later on, when we introduce quantum information geometry, we will equip the
Bloch sphere with a natural metric, the Fubini-Study metric, coming from its iden-
tification with the complex projective line (Riemann Sphere).

When we measure the qubit, we have that its state [i)) collapses into one of
the basis states |0), |1) with a certain probability. The problem with quantum
computing, in comparison with classical computing, is that we cannot measure
a state with arbitrary accurate precision, since the act of measuring will affect
the state itself. As a consequence of this quantum mechanical phenomenon, the
quantum algorithms need to be suitably adapted and are not simple generalizations
of the classical ones. Moreover, they are more prone to errors, and the correction of
errors leads to fault tolerant algorithms that we mention later on in our note, see
also [12-14].

Besides the above-mentioned single or 1 qubit (1), we may have a 2-qubit system,
whose states are elements of C? ® C2. We represent a 2-qubit system in the basis:

00), [01), [10), [11)

called again the computational basis, where we use the notation:

lig) = 1) ©15)- 3)

More in general, we can speak of an n qubit system in a similar fashion: states are
expressed as linear superposition (combination) of the computational basis states:

|00...00), ]00...01) |00...10), ... [11...11). (4)

Note that the 2" states of the computational basis are ordered from 00...0 to
11...1 according to the binary representation of the integer i, 1 =0,1,...,2" — 1
enumerating them. The space of n qubits is H := C?>®---® C? (n tensor product).
Hence, a state of n qubits is an element of the Hilbert space H = CV, for N = 27

2" —1
[¥) = 0l00...0) + 1]00. .. 1) + -+ agnq[11...1), > i[> =1
=0

The last condition takes into account the above mentioned fact about measurements
in quantum mechanics: after a measurement, the state [¢) is found in the ith state
of the computational basis with probability |c;|?. We should also take into account
the phase condition, but we do not write such condition explicitly here.

A vector ¢ € C? ® --- ® C? describing the state of n qubits is said to be
entangled if it is not an indecomposable tensor, that is if we cannot write it as
[V) = u1 @+ @ up, with u; € C2.

The states considered up to this points are called pure states, to be distinguished
from the case in which a system of n qubits can be described by a mized state, i.e.
by a statistical mixture defined by an ensemble of states {|1);)}JL, that can occur
with a probability p;, with 0 < p; <1 and Z;n:l p; = 1. Clearly, a pure state is a
particular example of a mixed state with p; =1, po =--- = p,, = 0.

2440011-4
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Both pure and mixed states can be represented by means of the so-called density
operator

P:Zps"l/)s><ws|v (5)

where (¢s| € H* is the dual vector of |1s).

It is immediate to verify that p is a self-adjoint, (semi)positive definite operator
with unit trace. Also, one can prove that it is idempotent (hence it is a projection
operator) if and only if the state is pure.

Once an ON (orthonormal) basis is fixed, we can express p as a matrix and
speak of density matriz. With an abuse of notation, we shall use p,; to refer to both
density matrix and operator.

For example, for a 1 qubit system in the pure state 1)) = «|0) 4+ B|1), we have
in the computational basis:

o) . [la? aB
pw—<ﬁ>(a B)_<aﬁ ﬁ2>

while the mixed state defined by the ensemble {|0),[1)} with po = |a|?, p1 = |B]?

we have:
()= (7 )
= a = .
"= \p 0 |82

2.2. Quantum logic gates

In classical computing, we have logic gates operating on bits. For example, the
classical logic gate “NOT” operates as follows:

0—1,
(6)
1—0.

Quantum logic gates operate on states which are linear combinations of the
computational basis elements, as in (3) for 1 qubit and in (4) for n qubits. In order
to preserve probabilities, quantum logic gates are represented by unitary matrices
U e UU=1.

Let us see examples of logic gates for single qubits; these examples will be
especially relevant for the ZX calculus that we will treat more in detail in the last
section. We can take advantage of the Pauli matrices X, Y, Z and the operator H
called the Hadamard operator:

I I A N (I S N A e
_<1 0)’ _<i 0)’ _(0 —1)’ _E<1 —1>'

The Hadamard operator transforms the computational basis |0), |1) (which are
the eigenvectors of the Z operator) into the Hadamard basis corresponding to the
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Pauli-X (X)
Pauli-Y (Y)
Pauli-Z (Z) —z}-

Fig. 2. Quantum logic gates for 1 qubit.

eigenvectors of the X operator. The Hadamard basis is denoted by

1 1
7 E(l()) —[1)-

These operators are also given graphically in Fig. 2.

[+) = H|0) = —=(|0) + [1)), |-):=H[1) =

We now want to discuss an example of a quantum logic gate for a 2 qubit system:
the CNOT, control not. The unitary transformation expressing the CNOT is given
in the computational basis by the matrix:

10 0 0\ [00)— |00)
01 0 0| [01) o1
Ucnot =
00 1| [10)|11)
00 1 0/ [11)[10)

and is graphically represented as in Fig. 3.

This transformation is called “control not”, since it reverses the computational
basis state in Fig. 3 represented by |y) (i.e. y = 0,1) if only if the control state
|z) = |1). Note that the sum z @ y means sum modulo 2.

Despite the specificity of the quantum gates described above, we have a beautiful
theoretical result, [15], showing that actually single qubit gates and CNOT are all
we need to construct the most general quantum logic gates.

Theorem 2.1. The set of gates that consists of all 1 qubit quantum gates (namely
U(2) operators) and the 2 qubit gate CNOT is universal in the sense that all unitary
operations on n qubits (namely U(2™)) can be expressed as compositions of these
gates.

This theorem is very significant, since it shows the universality of the set con-
sisting of unitary single qubit operators and the CNOT: from this set we can then

%) )
v) x®y)
Fig. 3. CNOT logic gate.

2440011-6



The geometry of quantum computing

get the operators to build any quantum algorithm. Thus, this is the counterpart of
the classical observation that with classical NAND gates, we can realize all logic
functions: AND, OR, NOT and therefore any classical algorithm.

Still, it is not clear how (and if!) a quantum computer can solve any classical
computability question; essentially the obstruction comes from two main reasons.
First, because the classical NAND is a non-reversible gate, while quantum gates are
necessarily unitary and hence invertible. Then, we have the so-called No-cloning
theorem, that forbids the existence of a quantum gate that allows to copy a generic
state of a qubit.

Theorem 2.2 (No-cloning theorem). There is no unitary operator U on HQH
such that for all pure states |¢) and |B) in H, we have

U(l¢) ® |B)) = e@Pg) @ |9)

for some real number o depending on ¢ and B.

Proof. Assume such U exists, and assume for simplicity o = 0. Given the two
states |¢), [¢) in H, we write

U:HOH—HH, U(l¢)@|B))=I[s)@ld), U(y)®I[B)) =) [¢).
Since U preserves the hermitian product, we have that
|¢) @ |B) - [¢) ® |B) = |¢) @) - [¢) @ [¢)
which gives the equality:
(¥|)(B|B) = (¥lo)(]o) == (Vlo) = (¥]¢)?

yielding either (|¢) = 0, i.e. 1, ¢ orthogonal or (Y|¢) =1, i.e. ¢ = ). O

We overcome this difficulty by introducing a suitable 3 qubit gate (e.g. the
Toffoli gate or CCNOT, see Fig. 4).

Such gate allows to realize both a copy of the state of a qubit and the NAND
operation between two qubits, by suitably choosing the entry of the third qubit.

When performing a quantum algorithm on a real physical platform, the interac-
tion of the system with the environment, due to either measurements or noise, can

CCNOT =

coococooco
oo oo =o
coocoorOoo
coooOo=HOOO
cooRrOoOOoOoOOo
coHococooo
oo ocoooo
S o OoOOoCOo oo

Fig. 4. CCNOT logic gate.
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degrade the information. This differs from what happens in a real classical device
because a quantum channel that describes either a measurement or a noisy evolu-
tion does not simply flip the state of a qubit in a random way, but can actually
transform a pure state into a mixed one, thus resulting in a loss of information. Also,
error correction schemes are more difficult to implement because of the No-cloning
theorem.

Still, we can develop fault tolerant algorithms to minimize the damage, and we
have an important theoretical result, called the threshold theorem. This is the ana-
log of the classical Von Neumann theorem, and states that a quantum computer
with a physical error rate below a certain threshold can, through application of
quantum error correction methods, reduce the error rate to arbitrarily low levels.
Hence, we have the hope to create fault-tolerant algorithms and feasible quantum
computing in general. We invite the reader to look at the works [12-14] for topo-
logical approaches to such algorithms.

3. Classical and Quantum Information Geometry

Information geometry is a new field at the intersection of statistics, probability
and geometry, that takes advantage of techniques from differential and Riemannian
geometry to study statistical manifolds, that is manifolds whose points represent
families of probability distributions. We focus on the most important notion of
classical Fisher Information Matrix, its quantum counterpart, the Quantum Fisher
Matrix, arriving to define the Quantum Geometric Tensor, providing a natural
hermitian metric on the space of qubits.

3.1. The Fisher information matric

A central object in Information Geometry is the Fisher information matrix (see [16]
for the notation and the references therein).

Definition 3.1. Let p(0) be a discrete empirical probability distribution, depending
on parameters 8 € R™ (or to a statistical manifold embedded in R™). We define F
the Fisher information matriz or Fisher matriz for short, as
F;j(0) = E,p[0y, log p(0)0s, log p(0)], (7)
where E,, represents the expected value with respect to the probability distribution p.
We can also express more concisely the Fisher matrix as
F(8) = Ey[Vlogp(6)(V log p(9))'],

where we understand Vlog p(f) as a column vector and ¢ denotes the transpose.

In his pioneering work [17], Amari gave a geometric interpretation of the Fisher
matrix, as a meaningful metric for the statistical manifold and provided a new
method of gradient descent based on his considerations. Later on, this treatment
inspired the quantum counterparts [18].

2440011-8
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It is therefore important to relate, in the spirit of Amari, the Fisher matrix to
the information loss of a probability distribution:

1(0) = —log(p(0))
which is also linked to Shannon entropy H(6) as follows:
H(0) = —Ep[1(0)] = = > _ pi(0) log(pi(6))
H measures how “diffused” the information in our probability distribution is; if p(6)
is a probability mass distribution (i.e. p;(6) = ¢;; for a fixed ¢ and j = 1,...,n),
then H(A) = 0, while H(6) is maximal if p;(0) = 1/n.

We now express some well-known facts on the Fisher matrix.

Proposition 3.2. The Fisher matriz is the covariance matrixz of the gradient of
the information loss.

Proof. The gradient of the information loss is
Vol(0) = ————

Note that

E,(Vol) = Zp-vepi = ZVGPZ’ = V@(Zpi) =0.

; =
pi
The covariance matrix of VyI(#) is (by definition)

Cov(I) = By[(Vol — Ey(Vol)) (VoI — Ey(Vel))]
=E,[(VoI)'(Vol)] = F(0). O

We conclude our brief treatment of Information Geometry by an observation
regarding the metric on the parameter space.

Observation 3.3. We observe that the Fisher metric is related to the Kullback—
Leibler divergence (see [16] and references therein) that gives the statistical distance
between two probability distributions. Indeed, if we consider KL(p(6 + dw)||p(f))
that measures how p( + dw) and p(#) differ, for a small variation of the parameters
dw, we have:
1
KL(p(0 + 0w)||p(6)) = 5 (3w) F(6)(3w) + O([|dw]f).

This clearly shows how the Fisher can be interpreted as a metric on the statistical
manifold.

2440011-9
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3.2. The quantum information matriz

In quantum metrology, which is the study of physical measurements via quantum
theory, the quantum information matrix or quantum Fisher matrix is the analog
of the Fisher matrix, introduced in the previous section. We now give its definition
and main properties; for the details, we refer the reader to [19, 20] and references
therein.

We start with the definition of symmetric logarithmic derivative. This is a gen-
eralization of the usual notion of logarithmic derivative and it is necessary in the
quantum setting, since the scalar expressing the probability distribution p appear-
ing in the definition Fisher matrix (see (7)) is replaced by the density operator p
as in (5).

We assume that p is depending on a parameter 6; when p is defined for pure
states (a special, but important case), this parameter comes from a parametrization
of the vectors in the Hilbert space.

Definition 3.4. We define, implicitly, the symmetric logarithmic derivative L of
a given density operator p as

- ©
We notice immediately that, whenever L and p are scalars, L is the gradient of
the logarithm of p as it appears in (7), that is L = dgp/p = 9o (log(p)).
We can derive the explicit expression of L, when we fix an ON (orthonormal)
basis {|i;)} for qubits.

O p

Observation 3.5. Let {|1;)} be an ON basis for H. Thanks to the properties of
the density matrix p, we can consider the ON basis {|;)} of its eigenvectors, with
plv;) = pilv), 5 =1,...,dim(H) = N. Here 0 < p; < 1,> p; = 1 and indeed
we can assume that only the first s values are different form zero, s being the rank
of p.

Now, for any N x N matrix A, we can express the (i,7) entry of A as A;; =
(1i|Alv;). Applying this observation to (8) and using the definition (5) for p, we
get

(Wil (Lp + pL) ;)

N | =

(Oop)ij = (VilOapliby) =

1 i
Sl 05) + (WilpiLly)) = 2

Note that p; + p; = 0 if both 4, j > s so that we can assume
Li; =0, 4,j=s,...,N

Pig.

while the other matrix elements of L are given by

Li; = 72(80[))”- 9)
Pi +Dj

Now we can define the quantum information matrix.

2440011-10
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Definition 3.6. Let p be a density operator as in (5). We define quantum infor-
mation matrix as

Fo = trlpL?), (10)
where L is the symmetric logarithmic derivative of p.

We notice that Fg is actually an operator, however we adhere to the most
common terminology quantum information matrix. With an abuse of notation, we
write Fg also for the matrix representing Fg in a fixed ON basis.

There is a strict analogy between Fg and the Fisher information matrix F' as
in (7).

Observation 3.7. Let the notation be as above and let us fix the ON basis of
eigenvectors of p. Then, we have

s N
Fo = ZzpkLlelk- (11)

k=11=1
In fact

Fo =t[pL?] = (WelpL?|vn) = > (Wlplvn) (Wi L |voe)

k k,l

= > (L2 |ek) =D pr (k| L) (vn| Ll
k

k,l

which is the expression (11). Note that the sum over k is in practice restricted to
k=1,...,N since pp = 0 if &k > s. As one readily sees, this is the analog of the
expression (7) for F.

We now give another useful and interesting expression of Fy,.

Proposition 3.8. Let the notation be as above. Then

4 1 (3
FQ_Z ~(0p) +ZZ Lt Rl TV THNT ST (12)

lelp—"_p

where s is the rank of p.

Proof. We substitute the expression (9) for L;; in (11)

(09p)ij(Oop) i
Fo= 33 4p 00O, (13)
=1 =1 (pi +p,])
From the very definition of p, we get
(Ogp)ij = 0ij0pi + (pj — pi) (Wil Doty),
where we used that

0= g ((Yil1s)) = (Oavilihs) + (¥ilDothy)-

2440011-11
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Note that if i # 7, (9pp)ij = —(0ep);i, so that

a@p ’LJ‘
Fp = (Ogp; NTOP)igl
Q z; i) +;#]§;1 o )

Now, substituting the expression for (9sp);; we obtain the result. O

The next observation compares, once again, the classical Fisher information
matrix with the quantum Fg.

Observation 3.9. We notice that the first term of the Quantum Fisher (12) coin-
cides with the Classical Fisher Matrix (7): indeed it is given by changes in the
eigenvalues only, i.e. of the probabilities pg, of the density matrix. Instead, the
second term of Eq. (12) arises from changes in the eigenvectors and it is therefore
quantum in nature.

3.3. Quantum geometric tensor

The quantum geometric tensor is a key object in quantum information geometry
and it is strictly related to the quantum information matrix introduced in the
previous section.

As we remarked in Sec. 2.1, the space of qubits is identified with the projective
space PY(C), that is the space of rays or lines in H = C*®---® C?, N = 2". The
projective space is a Kéhler manifold, hence it has a natural Kéhler metric, called
the Fubini-Study metric, which is a 2-tensor on the tangent space of PV (C). It is
a well-known Hermitian metric; if we fix an holomorphic frame, its expression is
given by
(14 22%) dz; dz7 — 72, dzj dZ°

(14 2;2%)2 ’
where as customary, we sum over repeated indices.

The Hermitian matrix of the Fubini-—Study metric (g,;) in this frame is explicitly

(14)

ds® = 9ij dz'dz’ =

given by
1+ 1z — |22 —Z1%9 —Z12n
1 —Z921 1+ |z|> — |22 - —ZoZn
(Qij) = 7(1 n \z|2)2
—Zn21 —Zn22 s 14z — fz)?
with |z| = [z1]?+|22/*+ - -4 |2"[%. The metric expressed by (g;7) is clearly invariant

under unitary transformations.
Furthermore, we notice that this metric can be derived from a Kdhler potential
K, that is, we can write it as

2

9 i
97 = 5793 K K =log(l+22").

2440011-12
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We briefly recall some well-known facts regarding Kéhler manifolds. First, recall
that a real manifold X is Kéhler if it is a symplectic manifold (X,w) with an inte-
grable almost-complex structure J compatible with the symplectic form w, that is

g(u,v) := w(u, Jv)
is a Riemannian metric on X [21]. Equivalently, a complex manifold X is K&hler if
it has an hermitian metric A and a closed 2-form w given by

w(u,v) := Imh(u,v) (= Reh(iu,v)).

On a Kéahler manifold, we then have the following structures, compatible with
each other:

e A complex structure J, i.e. J2 = —I on the tangent bundle.

e A symplectic (real) structure w, i.e. a non degenerate closed 2-form.
e A Riemannian metric g, (¢(X,Y) = w(X, JY)).

e An hermitian metric h such that (real and imaginary parts):

h=g—iw.
We are ready for the key definition of Quantum Geometric Tensor.

Definition 3.10. We define the Quantum Geometric Tensor (QGT) on PV (C) as
the (Kdhler) metric:

o _ (dyldy)  (dyy) (ldy)
= Tl WE (15)

where here |¢) is not assumed to have length 1.

We have the following result, which is just a calculation that can be found in
Appendix A of Ref. [22].

Proposition 3.11. The QGT is equivalent to the Fubini-Study hermitian metric.

We now show that the QGT is strictly related with Fy the quantum Fisher
(see [23] for more details).

Proposition 3.12. The real part of the Quantum Geometric Tensor is equivalent
to the metric defined by the quantum Fisher Fg symmetric operator on rays in H.

Proof. For pure states p = |1)(¢], it is easy to check that L = 2dp = 2(|dy){¢| +

|4} (dvp|). From a straightforward calculation it follows that Fgy = 4Tr[p(dp)?] =

4(|dep) (3| + |¢){dep|), which reproduces Eq. (15) when the vector has unit norm.
O

4. Z X-Calculus and Hopf Algebras

In Sec. 2.2, we introduced the quantum logic gates. They are used for quantum
circuits, which consist in a sequence of quantum logic gates and measurements,

2440011-13
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Ra(m/4) oA

—{5} (] (]

(] [=]

fany
AV
A
AV

—{4] HH st HXH s HX]

Fig. 5. X, Y, Z are the Pauli matrices gates, H the Hadamard gate. The S gate is e!™/2Z, the T
gate is e?™/4Z 1 as usual indicates the adjoint.

though in the present treatment we shall ignore the latter. Figure 5 represents a
quantum circuit.

In this section, we want to show how to represent quantum circuits via ZX-
diagrams, and how Z X-calculus, originally developed in [24, 25], can be effectively
used to understand and optimize simple quantum circuits. Our main references
are [26] and the expository treatment [27] (see also the complete list of references
in [27]). We shall also explore the intriguing connection between the language of
7 X-calculus and quantum groups, as expressed in [26].

4.1. Quantum circuits and ZX diagrams

We first establish the conventions that allow us to translate a quantum circuit into
a ZX-diagram. The main components of a ZX-diagram are green (or Z) and red
(or X)) spiders operating on qubits as unitary operators as follows:

0...0) +—10...0),
:Hp = Hon, 1...1) = ell...1), (16)
others +— 0,

|+...4) =+,
t Hp = Hon, |— ... =) = e = =), (17)
others — 0,

where H, = C?®---® C? (n times) and also n = 0 or m = 0 are allowed. If « = 0
we omit the symbol of a.

So, for example, we can establish the correspondence between elementary oper-
ations on 1 qubits and Z X-diagrams as in Fig. 6. We will detail the rules involved
in the identifications in the next section. Not that customarily the quantum circuits
are read from left to right (see Fig. 5), while the ZX-diagrams are depicted from
top to bottom. We will follow these conventions.

We further consider the Hadamard gate

_111
_ﬁ<1—1>
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T 0) + 1) =V2+)
T =+ = V2/0)
L=o+qa = L (+]
L= = 10|
ﬁg 0)(0] + €)1 =i Z,

%@ =+ et = Xa

Fig. 6. Examples of elementary 1 qubit operations.

which we represent as a yellow square in the circuit and the normalization constant
¢ = v/2. Given a quantum circuit, we can then immediately draw the corresponding
Z X-diagram.

Vice-versa, given a Z X-diagram, one can write the quantum circuit associated
with it (see [28] for a full discussion of such reconstruction). This means that the
rules of the ZX-calculus are complete and that we can use them to study fun-
damental problems such as quantum circuit optimization and or quantum error
correction codes.

There are some mathematically obvious rules regarding quantum circuits, that
can be translated into operations on the spiders that model them. This originates
the ZX-calculus, that we describe below. Such calculus allows to simplify a ZX-
diagram and then translate such simpler version to a quantum circuit equivalent to
the starting one. This allows for a more effective and efficient realization of simple
quantum circuits.

4.2. The ZX-calculus

The ZX-calculus is a graphical language to describe linear maps H, — H,, on
qubits. For example, the identity idy: H — H, (H = C?), is written as a single
string, while the identity idy, : Ho — H2 on Ho = H®H corresponds to two strings

1 0 00
1 0 01 00
.d = = d = =
dy (O 1) ;  ldyg2 00 1 0 )
0 0 01

flowing from top to bottom. Some non-trivial operations are given by the “spiders”
with an angle a € R.
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We now list some of such operation, forming the backbone of Z X-calculus rules.
For this we follow [25, Sec. 2.2].

The T-rule, or, “only topology matters”
This rule postulates that we can straighten, stretch, bend or twist wires without
changing the linear operation represented by the ZX-diagram. For example

It is crucial that the wires are not detached from their entry or exit points, while
their position can be changed, also in relation to other wires. This also applies to
points of connection with green and red vertices or Hadamard gates. In particular,
the number of incoming and outgoing wires are invariants under the T-rule.

The S-rules

In a nutshell, the S-rules entail that all operations involving only red or green
vertices correspond to red or green spiders, where only the incoming and outgoing
wires matter and we sum the phases.

As a consequence of the T and S rules it follows that H inherits two algebra
and two coalgebra structures.

2440011-16



The geometry of quantum computing

Corollary 4.1. The 1-qubit space H s an algebra, where

my nd V

are associative multiplication operations with unit operations
7o =T and n =T,
respectively.

Moreover, H is a coalgebra, where

s % and AA

are coassociative comultiplication operations with counit operations

€ :zl) and 5.::(L,

The corresponding (co)algebra axioms, detailed in Appendix A.l, are in fact

respectively.

special cases of the S-rules.

The B-rules

As a consequence of the previous S-rules, we have constructed an associative
unital algebra structure (ms,7n.) and a coassociative counital coalgebra structure
(As,e.) on H (see Corollary 4.1). The B-rules will relate such structures with each
other to realize an unnormalized Hopf algebra (see Appendix A.1l). Let us first
state the rules, that are manifest, once the significance of diagrams is translated
into quantum circuits.

P
O
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Proposition 4.2 ([25, Sec. 2.2.3]). Let the notation be as above. Then
(H,Me,Ne, As,es) is an unnormalized Hopf algebra with trivial antipode.

Proof. The first diagram above states that A, is unital with respect to 7, up to the
normalization constant {, while the second diagram states that m, is counital with
respect to €, up to the same normalization constant ¢. The third diagram states
that A, respects the product m, (up to the constant ). In this situation, the
antipode axiom (A.1) with respect to the trivial antipode is automatically satisfied,
yielding an unnormalized Hopf algebra. O

Thus, the previous proposition gives an unexpected connection between quan-
tum computing and Hopf algebra (quantum group) theory. We continue to describe
the algebraic structure in more detail. One can show that also A, respects the
product m, (up to the same normalization constant ¢), which implies that also
(Ma, 1M, Ae,€e) is an unnormalized Hopf algebra. A natural question is whether
(Ma,Me, Au,€s) OF (Me, e, As, o) are unnormalized Hopf algebras. This is not the
case in general (in fact, only in trivial situations). Instead, the green (or red) algebra
and coalgebra together form an F'-algebra, with compatibility condition discussed
in Definition A.2. Together with Proposition 4.2, this is the data of an F-Hopf
algebra, see Appendix A.2.

Proposition 4.3 ([24]). The pair

(AvmtvnMAOvE‘)v (Avm T 7A )€ )
of F-algebras forms an F-Hopf algebra.
The K-rules

The vertices with phase 7 are “classical”, in the sense that they can be copied
according to the following rules:

Furthermore, the vertices of phase 7 can be used to “invert” the phase of the other
color, namely

These are known as the K-rules, where “K” stands for classical (klassisch in
German).
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The C-rules
The C-rules regard color. We can use the Hadamard gate to transform a green
vertex into a red one. Explicitly,

In particular, the composition of two Hadamard gates yields the identity operation.

The D-rules
Finally, the D-rules determine the normalization constant as the outcome of the
following closed circuits:

e

We show how to apply the rules of the ZX calculus in order to simplify quantum
circuits via the two examples in Figs. 7 and 8. Many more can be found in [24, 25].

O
() (=) (E)
(=)

Fig. 7. Simplifying a ZX diagram.

P © P ()

Fig. 8. Simplifying another ZX diagram.
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Appendix A. Unnormalized and F-Hopf Algebras

In this appendix, we recall some formal notion regarding unnormalized Hopf
algebras and F-algebras. For more details on Hopf algebras, see [29-31].

A.1. Unnormalized Hopf algebras

We recall the notion of an unnormalized Hopf algebra over a field k. The axioms
are presented in a graphical language, with string diagrams to be read from top to
bottom.

An unnormalized Hopf algebra is a k-vector space A, together with

(i) a multiplication and unit

m.::\T/ TAQRA— A n.::T k— A
satisfying

and
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(ii) a comultiplication and counit

:/é\ A ARA € ::l> A=k
satisfying

ﬁ @ Coassociativity
h ﬁ Counitality

(iii) a normalization constant ¢ € k\{0} such that A and e are unnormalized
algebra morphisms

AT OO - X

- Y-

(iv) and a linear map S := @: A — A satisfying the antipode axioms

The usual notion of (normalized) Hopf algebra is recovered by setting ¢ = 1. It
is easy to see that, given an unnormalized Hopf algebra (A4, ma,ne,As,&.,S), we
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obtain a normalized Hopf algebra (A4, m.,n.,AL,e.,S") by setting A, := OA.,
el =01, and S’ := O28.

Example A.1. Let G be a group with neutral element e € G. Then the group
algebra kG becomes a (normalized) Hopf algebra with algebra structure me(g ®
h) := gh, ne(1k) := e, coalgebra structure A,(g) = g ® g, €.(g) = 1 and antipode
S(g) = g~ ! defined for all g,h € G and extended k-linearly to kG.

A.2. F-Hopf algebras

Definition A.2. A wvector space A is called F-algebra if there is an associative
unital algebra structure (m = “Y,n) on A and a coassociative counital coalgebra
structure (A = N, e) on A such that

hold N:i:m

Definition A.3. A pair
(A, me,Ne,Ne,e), (A, me,Ne, Au,cs)
of F-algebras on the same vector space A is called an F-bialgebra if
(A, me,Ne, Auye0), (A, me, Mo, Ao, o)
are bialgebras. The pair is called an F-Hopf algebra if the latter are Hopf algebras.

Example A.4. Let G be a finite group with neutral element e € G. Then A = kG
is an F-Hopf algebra with

Me(g®@h) =gh, ne(lx) =e, Ad(g) = Z h®l, €o(g) =0bcyqy
h,lEG, hl=g
and
mo(g@h) =0gng, n.(l) = g, Adg)=g®g, e.(g)=1
geG
Namely, (A, me,7,A.,c.) is the Hopf algebra from Example A.1 with antipode
S(g) = g1, while (A4, m.,n.,As,cs) is a bialgebra because, using the notation
m.(g ® h) =: geh,
Au(g)eAd(h) = > kok! @ lol’

k,k" ,n,n'€G,kn=g,k'n'=h
E kel
k,leG kl=g

= A.(geh)

and

€e(9)€e(h) = 0c,g0c,h = Oc,g0g,n = Eo(geh)

follow. The latter is endowed with the antipode S(g) = g~!.
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The interesting example of quantum sl(2) can be found in [26, Example 2.11].
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