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A B S T R A C T   

Fluorite (CaF2, space group Fm3m) is an alkali-earth halide mineral with important and manyfold technological 
applications and for these means several experimental and theoretical investigations were performed to char
acterize the structural, electronic, optical, and elastic properties. However, a detailed knowledge of the ther
modynamics and thermoelastic properties of fluorite in a wide temperature and pressure range is still missing. In 
this work, density functional theory simulations using the hybrid B3LYP functional and all-electron Gaussian- 
type orbitals basis sets were employed to model these properties between 0 – 1000 K and from 0 GPa to 7 GPa. 
The calculated PVT equation of state parameters were V0T = 42.278(7) Å3, K0T = 92.14(7) GPa, K’0T = 3.56(2) 
using a 3rd-order Birch-Murnaghan formulation, α0 = 7.84(2) × 10–5 K− 1 and α1 = 2.17(3) × 10–5 K− 1/2 from a 
modified Holland and Powell thermal equation of state, and a variation of the bulk modulus with temperature 
∂K0T/∂T = –0.0160(1) GPa K− 1. The quality of the theoretical results was assessed by comparison with the few 
available data reported in the scientific literature, finding a general good agreement and extending the knowl
edge on this important technological material.   

1. Introduction 

Fluorite (CaF2, Fig. 1) is one of the simple alkali halide minerals that 
at room conditions belongs to the cubic crystal system (space group Fm- 
3 m). From the mineralogical, crystal-chemical and solid-state physics 
perspectives, fluorite represents a prototype phase because of both its 
pure ionic nature and its crystal structure that is shared with other metal 
halides (e.g., SrF2 and BaF2), sulphides, oxides, metallic alloys and other 
intermetallic compounds [1]. Fluorite and other alkaline-earth fluorides 
present a very large band gap (Eg > 10 eV), hence they are transparent in 
a wide range of radiation wavelength, explaining their application, to 
cite an example, as window materials for both infrared and ultraviolet 
wavelengths. Calcium fluoride is also employed in the production of 
lenses and optical fibres because of its optical isotropy, chemical sta
bility and elastic properties [2–4]. 

Other application of fluorite in Earth and materials science is its use 
as a pressure standard for the calibration of high-pressure and high- 
temperature X-ray diffraction (XRD) measurements [5–7]. For these 
experiments, it is of utmost importance knowing the equation of state of 
fluorite, i.e., the function that correlates the pressure with the unit cell 
volume of the mineral, which in turn is used to accurately determine the 

pressure state inside the diamond-anvil cell [8]. This halide mineral 
allows the high-pressure XRD experiments up to moderate pressures 
because it was shown that the cubic structure of CaF2 changes to the 
PbCl2-type one belonging to the Pbnm space group (orthorhombic) at 
9.5 GPa, a phase that is stable up to 45 GPa at room temperature [9]. 

Cubic CaF2 was also subject of several quantum mechanical studies 
at different levels of theory and approximations, i.e., tight-binding with 
orthogonalized plane-waves [10], Hartree-Fock (HF) with linear com
bination of atomic orbitals (LCAO) basis sets [11], density functional 
theory (DFT) with several functionals and both LCAO and plane waves 
basis sets [12–15], to obtain the structural, elastic, electronic and optical 
properties, and how atomic substitutions (e.g., the formation of H cen
tres) may affect them. In this context, fluorite is a suitable testing phase 
to investigate the accuracy and limitations of different theoretical ap
proaches in analysing the properties of pure ionic solid materials. 

However, to the authors knowledge, there has not been any theo
retical investigation that characterized how the thermodynamics and 
elastic properties of fluorite are affected by simultaneous variations of 
pressure and temperature. In addition, attempts to study the behaviour 
of the mineral at the experimental level using PVT equation of state 
formulations resulted in scattered results because of the different 
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accuracy of the methods used to obtain the PV equation of state, the 
thermal expansion coefficient, and the isobaric heat capacity. For 
instance, Hazen and Fingers [5] overestimated the high temperature 
behaviour because they used the thermal expansion coefficient of 
Sharma [16], which was anomalously high. 

Given the technological importance of this mineral, the present work 
tries to fill this knowledge gap, presenting a detailed analysis of the 
thermodynamic and thermoelastic properties between 0 GPa and 7 GPa 
and in the temperature range 0–1000 K. To this aim, a theoretical 
approach based on static density functional theory simulations using the 
quasi-harmonic approximation [17] to include the thermal effects was 
used. All the relevant quantities necessary to model the thermodynamics 
of cubic CaF2, e.g., the evolution of the crystal structure and lattice 
dynamics with pressure, are reported and discussed against the available 
data in the scientific literature. 

2. Computational methods 

2.1. Hamiltonian and computational parameters 

The simulations reported in the present work were carried out using 
the CRYSTAL17 code [18] that implements the Kohn-Sham Density 
Functional Theory (DFT) framework. The hybrid B3LYP functional 
[19–21], which includes 20 % of exact Hartree-Fock exchange energy 
and some non-local contribution to the correlation energy, was used 
throughout the present study. This functional is very accurate for anal
ysis of the crystal structure, elastic properties and the lattice dynamics of 
minerals and crystalline materials [22–28], all topics of the present 
investigation on fluorite. The crystalline orbitals were constructed as 
linear combination of atomic orbitals, the latter being Gaussian-type 
orbitals. Calcium and fluorine were described using double-ζ valence 
basis sets that include polarization functions, specifically developed by 
Vilela Oliveira and collaborators [29] for solid systems. 

The electronic density was integrated on a pruned grid with 75 radial 
and 974 angular points (XLGRID keyword in CRYSTAL) given by the 
Gauss-Legendre radial quadrature and Lebedev two-dimensional 
angular point distribution [30]. An 8 × 8 × 8 Monkhorst-Pack [31] 
grid of 29 k points in the first Brillouin zone (reciprocal space, SHRINK 
keyword) was used to obtain the total energy with a self-consistent field 
approach. The tolerance that controls the accuracy of the total energy 
calculation (TOLDEE) was set to 10–8 Ha, whereas the convergence 
criteria for the evaluation of the Coulomb and pseudo-overlap integrals 
(TOLINTEG) are controlled by five thresholds called ITOL1–4 and ITOL5 
that were set to 10–8 and 10–16, respectively. The geometry optimization 
of the lattice and the internal coordinates was conducted within the 
same run using the analytical gradient method for the atomic positions 

and a numerical gradient for the unit cell parameters. The process was 
considered converged when the gradient and the maximum atomic 
displacement were lower than 1 × 10–5 Ha bohr–1 and 4 × 10–5 bohr, 
respectively, with respect to the previous optimization step. The 
convergence criteria were employed successfully in previous works 
[11,12]. 

2.2. Vibrational properties 

In periodic systems and within the harmonic approximation, the 
Γ-point (k = 0) phonon frequencies are calculated from the mass- 
weighted Hessian matrix: 

Wij(k = 0) =
∑

G

H0G
ij

̅̅̅̅̅̅̅̅̅̅̅
MiMj

√ (1)  

where H0G
ij is the second derivative of the electronic and nuclear repul

sion energy E evaluated at equilibrium u = 0 with respect to the 
displacement of atom A in cell 0 (ui = xi – xi*) and displacement of atom 
B in cell G (uj = xj – xj*) from their equilibrium position xi*, xj*: 

∑

G
H0G

ij =
∑

G
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∂u0
i ∂uG

j

]

0
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In CRYSTAL17, the calculation of the Hessian at equilibrium is made 
by the analytical evaluation of the energy first derivatives, Φj, of E with 
respect to the atomic displacements: 

Φj =
∑

G
ωG

j =
∑

G

∂E
∂uG

j
j = 1, ..., 3N (3) 

while second derivatives at u = 0 (where all first derivatives are zero) 
are calculated numerically using a “two-point” formula: 
[

∂Φj

∂u0
i

]

0
≈

Φj
(
0, ..., u0

i , ..., 0
)
− Φj

(
0, ..., u0

i , ..., 0
)

u0
i

i, j = 1, ...,3N (4) 

The interested reader may find more details on the calculation of the 
phonon frequencies with CRYSTAL in dedicated literature [32,33]. 

However, the number of atoms in the primitive cell of fluorite is too 
small (N = 3) for a reliable estimation of the thermodynamic properties 
of the mineral, as also explained in previous works [22,34,35]. Thus, it is 
necessary to calculate the phonon dispersion relations by sampling other 
k-points in the first Brillouin Zone other than the central one (k = 0), an 
operation that involved the adoption of a direct-space approach on 
sufficiently large supercells to converge the harmonic thermodynamic 
properties [36–38]. In this work, it was checked the effect of increasing 
supercell sizes, obtained by applying a transformation M1 or M2 on the 

Fig. 1. (a) Ball-and-stick and (b) polyhedral representations of the crystal structure of fluorite CaF2 (s.g. Fm-3 m).  
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CaF2 unit cell, as reported in the following: 

M1 =

⎛

⎝
m 0 0
0 m 0
0 0 m

⎞

⎠ (5)  

M2 =

⎛

⎝
− m m m
m − m m
m m − m

⎞

⎠ (6) 

The matrix operator of M1 in Eq. (5) means that the primitive cell is 
extended m × m × m times along the axes which leads to m3 times N 
atoms in the supercell. Conversely, M2 in Eq.(6) involves a primitive 
→crystallographic cell transformation (3 atoms →12 atoms, see Fig. 1), 
followed by a m × m × m supercell expansion, with 4Nm3 atoms in the 
final cell. It was found that a supercell obtained from M1 with m = 3 (81 
atoms in the supercell, 27 k points sampled) is large enough to obtain 
well-converged thermodynamic data (vide infra) at affordable compu
tational costs. 

Also, given the ionic nature of calcium fluoride, the effect of the 
longitudinal optical (LO) and transverse optical (TO) splitting in the 
phonon dispersion was included according to the formulation of Wang 
et al. [39]. The LO-TO splitting is an effect of long-range Coulomb fields 
arising from the coherent displacement of the atom nuclei, which is 
neglected because of the imposed periodic boundary conditions. The 
calculation of this non-analytical contribution depends on the dielectric 
tensor ∊0 and on the Born effective charge tensor associated with each 
atom. These quantities were analytically calculated via a coupled- 
perturbed Kohn-Sham (CPKS) approach [40,41]. 

2.3. Thermodynamic properties 

In the present work, the thermodynamic and thermoelastic proper
ties of cubic fluorite were obtained from the quasi-harmonic approxi
mation (QHA), as well-described in specific literature [17,42,43]. It is 
known that the lattice dynamics of a crystalline material calculated 
within the harmonic approximation (HA) leads to vibrational fre
quencies and thermodynamic quantities that are independent of volume 
(pressure). This severe approximation provides a wrong description of 
several physical properties, e.g., the thermal expansion of a unit cell 
would be zero in the HA framework. 

In ab initio simulations, the quasi-harmonic approximation (QHA) is 
a simple, but powerful, method to include the cited dependence of the 
phonon frequencies on volume. It is not within the scope of the present 
work to report all the formulations involved in QHA, the interested 
reader is addressed to dedicated literature [17,22,34]. The calculation of 
the thermodynamic properties of fluorite within the quasi-harmonic 
approximation framework was performed using the QUANTAS code 
[44], which implements the above-mentioned formulations. 

3. Results and discussion 

3.1. Static equation of state at T = 0 K 

The compressional behaviour of cubic CaF2 was investigated using 
eleven primitive cell volumes between 85 % and 112 % of the equilib
rium volume V0 of fluorite (within the selected computational setting). 
The energy was calculated at each volume, and the effect of hydrostatic 
pressure was modelled with a volume-integrated 3rd-order Birch- 
Murnaghan (BM3) equation of state (EoS) using the E(V) curves as 
explained by Hebbache and Zemzemi [45,46]: 

E = E0 +
9
16

K00V00

{
Kʹ

00
(
η2 − 1

)3
+
[(

η2 − 1
)2( 6 − 4η2)

]}
η

=

(
V00

V

)1/3

(7)  

where η is called dilaton (dimensionless), K00 is the bulk modulus, V00 
the volume at zero pressure and K’00 is the pressure first derivative of the 
bulk modulus. The parameters were obtained at absolute zero (0 K) and 
no applied pressure (0 GPa), which are indicated in the subscripts used 
in in Eq. (7). E0 is the static energy of the unit cell at zero pressure, and, 
in this case, the second subscript is omitted because in static DFT 
approach the energy is obtained always at absolute zero Kelvin. 

The unit cell structure, the electronic energy E and elastic data are 
reported in Table 1. The equation of state parameters obtained in 
athermal conditions were E0 = –877.20985(2) Ha, V00 = 41.523(14) Å3, 
K00 = 96.7(5) GPa and K’00 = 4.0(1). The results suggest that even a 
second-order BM formulation is sufficient to describe the compressional 
behaviour of fluorite. 

The athermal (zero Kelvin) bulk modulus K00 obtained at ab initio 
DFT/B3LYP level of theory is in line with previous simulations carried 
out using different methods, ranging between 79.5 GPa and 103 GPa 
[12,47–50]. 

The obtained BM3 parameters from Eq. (7) were then used to 
calculate the pressure state at each simulated unit cell volume by using 
the PV formulation of the BM3 equation of state (vide infra). 

3.2. Electronic properties 

The electronic band structure of fluorite CaF2 is reported in Fig. 2a, 
which was calculated along the Γ – X – U|K – Γ – L – W – X path in the 
first Brillouin zone (IBZ). According to the simulation results, fluorite is 
a dielectric material with a large indirect (X–Γ) band gap of about 10.52 
eV at zero pressure between the X and Γ points (see Table 1). The atom- 
projected density of states shows that the occupied bands are almost 
entirely pure atomic-like states, with the topmost ones due to the p or
bitals of the fluoride ion (red line in Fig. 2a). Conversely, the conduction 
bands show a mixing between both Ca and F states, with the major 
component given by Ca d orbitals. In addition, it was shown that the 
band gap increases almost linearly with pressure, as shown in Fig. 2b 
where the Eg(P) data are graphically reported. 

The DFT/B3LYP results are in good agreement with previous data 
reported in the scientific literature. Using both ultraviolet and X-ray 
photoelectron spectrometers, Poole and collaborators [51] obtained a 
separation between the F– (valence) levels and the Ca2+ (conduction) 
ones of about 17.3(2) eV, whereas a figure of about 10 eV was reported 
by Harrison [52]. 

One of the first theoretical study of CaF2 was performed by Albert 
and co-workers [10], who employed a combined tight-binding (TB), 
orthogonalized plane-wave approach to accurately determine the bands 
structure. Within this semi-empirical approach, the authors obtained a 
band gap between 16 eV and 12.1 eV depending on the value of the 
exchange parameter in the TB model. More recently, Kanchana et al. 
[48] adopted a tight-binding linear muffin tin orbitals approach (TB- 
LMTO) together within the local density approximation (LDA) to study 

Table 1 
Fluorite CaF2 unit cell volume V, lattice parameter a (pc = primitive cell, cc =
crystallographic cell), electronic energy E0 and electronic band gap Eg at 
different pressures, as obtained from DFT/B3LYP simulations in static 
conditions.  

P (GPa) acc (Å) Vcc (Å3) Vpc (Å3) E (Ha) Eg (eV)  

22.1  5.2074  141.206  35.3016  − 877.19631  11.55  
15.6  5.2736  146.667  36.6668  − 877.20211  11.30  
10.1  5.3399  152.267  38.0668  − 877.20617  11.06  
5.3  5.4062  158.008  39.5020  − 877.20866  10.83  
1.3  5.4725  163.891  40.9729  − 877.20976  10.60  
0.0  5.4972  166.125  41.5313  − 877.20985  10.52  
− 2.1  5.5388  169.919  42.4798  − 877.20962  10.35  
− 5.0  5.6051  176.093  44.0231  − 877.20839  10.13  
− 7.1  5.6574  181.076  45.2691  − 877.20654  9.98  
− 8.8  5.7089  186.060  46.5150  − 877.20437  9.82  
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the electronic properties of cubic CaF2, obtaining an underestimated 
band gap of 7.24 eV because of the adopted DFT functional. Similar 
figures were obtained by Khenata and collaborators [47] using full po
tential linearized augmented-plane-wave approach (FPLAPW). 

Born charges evaluated at Γ-point for the equilibrium geometry of 
CaF2 are in agreement with the expected values for an ionic mineral, 
with q = +2.090|e| and q = –1.045|e| for calcium and fluorine, 
respectively. The charges showed a very small variation by increasing 
pressure, with values of qCa =+2.110|e| and qF = –1.055|e| at 22.1 GPa, 
whereas no significant changes were observed by expanding the cell. 
The atomic charges computed using the DFT/B3LYP approach are in 
good agreement with the Mulliken population analysis performed by 
Catti and collaborators [11] at the Hartree-Fock LCAO level of theory. 
An inspection of the charge density difference (Fig. 3a) and total charge 
density (Fig. 3b), computed on the (110) crystallographic plane, 
revealed that the electron clouds around the atoms are contracted with 
respect to those of the free ions. As also suggested by Catti et al. [11], 
this contraction is due to both the crystal field that compresses the 
electron clouds and the Pauli’s exclusion principle that increases the 
electron exchange repulsion. 

3.3. Phonon properties 

The Γ-point (k = 0) phonon modes of fluorite comprise 9 atomic 
vibrations, which can be subdivided in the following irreducible repre
sentations (IRREPs): 

Γtot = 2F1u + F2g (8)  

where F modes are triply degenerate and the first F1u mode is associated 
with acoustic vibrations. Phonons with the “u” subscript (ungerade) are 
antisymmetric with respect to the inversion centre and are infrared (IR) 
active, whereas the “g” (gerade) modes are symmetric and active in 
Raman spectroscopy. The results calculated at the DFT/B3LYP level of 
theory at different pressures and 0 K are reported in Table 2. 

The Raman mode obtained at equilibrium geometry in the present 
simulation (339.1 cm− 1) is in good agreement with the experimental 
values obtained by Denham et al. [53] and Kassier and co-workers [54], 
i.e., 328 cm− 1 and 323 cm− 1, respectively. Similarly, the IR-active mode 
at 288.8 cm− 1 is in line with the spectroscopic measurement of Lown
dess [55] carried out at 5 K (270 cm− 1). The slight overestimation of the 
results (ca. +10 cm− 1) is due to the harmonic description of the vibra
tional motion, which increases the force constants associated with the 

Fig. 2. (a) Electronic band structure (left) and atom-projected density of states (right) of cubic CaF2 at ambient pressure, as obtained from DFT/B3LYP simulations. 
(b) Evolution of the calculated electronic band gap energy Eg as a function of pressure. 

Fig. 3. Maps of the (a) charge density difference and (b) total charge density in fluorite, as observed on the (110) crystallographic plane. Continuous and dashed 
black isolines represent positive and negative charge density, respectively, separated by 0.002e Ha, whereas the red continuous one shows the zero-charge contour 
line. The blue lines represent the crystal lattice. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.) 
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different vibrational modes. In previous simulations performed with the 
B3LYP functional and LCAO basis sets, Mérawa and collaborators [12] 
obtained 236 cm− 1 (F1u) and 320 cm− 1 (F2g), which are slightly lower 
than those obtained in the present work. It can be suggested that this 
deviation is due to the different basis set employed by the cited authors 
(86–511 and 7–311 GTO basis sets for Ca and F, respectively [12]), 
whereas the one here adopted presents more Gaussian-type functions, 
which means it is more accurate. 

To describe the evolution of phonon modes with volume (pressure), 
the mode-Grüneisen (or mode-gamma) formulation was employed, 
whose parameters γi are calculated for each ith mode as [17]: 

γp = −
∂lnνp

∂lnV
= −

V
νp

∂νp

∂V
(9) 

The resulting mode-gamma parameters are reported in Table 2. The 
only experimentally available mode-gamma result is related to the F2g 
Raman mode, where γi = 1.8, in agreement with the 1.49 figure obtained 
from the present theoretical simulations [54,56]. 

The phonon band structure of CaF2 at equilibrium geometry calcu
lated along the Γ – X – U|K – Γ – L – W – X path in the IBZ is shown in 
Fig. 4, which is in line with previous theoretical and experimental in
vestigations [57,58]. This is an important assessment since thermody
namic properties are calculated through statistical mechanics using 
these dispersion curves. 

3.4. Thermodynamic and thermomechanic properties 

As explained in detail in the Computational Methods section, the 
static equation of state results and the calculated phonon dispersion 
relations at different unit cell volume (pressure) were used to calculate 
the thermodynamic properties of fluorite by means of the quasi- 
harmonic approximation. Before the QHA analysis, the numerical 
convergence of the harmonic properties (entropy S, isochoric heat ca
pacity CV, internal energy U and Helmholtz free energy F) was carefully 

checked on different supercell models containing from 3 (number of k 
points equal to 1) to 324 (k = 108) atoms. Fig. 5 graphically reports this 
analysis, showing that the convergence on harmonic thermodynamic 
data is satisfied with a supercell containing 81 atoms (k = 27). 

Within the QHA framework, the evolution of the phonon frequency 
with volume (pressure) was modelled using a 3rd-order polynomial 
function for each phonon band of the mineral. The fitting procedure was 
accurate, with a mean R2 of 9.997 × 10–1. Since it is known that cubic 
CaF2 undergoes a phase transition at about 9 GPa [6,54,56], the ther
modynamic and elastic properties were calculated in a PT range of 0–7 
GPa and 0–1000 K. Relevant structural, elastic and thermodynamic data 
at zero pressure and in the range 300–1000 K are reported in Table 3. It 
is important to remember that the QHA data at 0 K (see Figs. 6-8) are 
necessarily not the same as in static calculations (vide supra) because the 
zero-point thermal contribution is included in the treatment. 

Unit cell volume VPT and the coefficient of volumetric thermal 
expansion αV are shown in Fig. 6 as both contour maps and as isobars in 
the 0 – 1000 K temperature range. No negative thermal expansion was 
found at low temperatures, and all the curves show the expected trends 
for the reported quantity. The unit cell volume obtained from the pre
sent simulations at 300 K were in line with the experimental measure
ments of Speziale and Duffy [56], with a general small overestimation of 
VPT of about 4 %. At the same time, the αV calculated with density 
functional theory at T = 300 K and P = 0 GPa (4.615 × 10–5 K− 1) was 
underestimated by about 20 % with respect to the experimental data 
(5.7 × 10–5 K− 1) of Schumann and Neumann [59]. 

The bulk modulus KPT of cubic CaF2 is reported in Fig. 7. The 
calculated K0T value at 300 K is equal to 91.7 GPa, which is slightly 
larger than that obtained by experimental high-pressure X-ray diffrac
tion measurements of Angel [6], who specifically calculated K0T = 81.0 
(1.2) GPa from a Murnaghan equation of state fit. The same consider
ation can be extended to the more recent measurements of Speziale and 
Duffy [56], for which a value of 82.0(7) was obtained. As also explained 
in previous studies [60], this small overestimation is associated to the 
Hellman-Feynman theorem and the use of LCAO basis sets, which 
employ atom-centred (localized) Gaussian-type orbitals, i.e., they 
depend on the nuclei position. It is well-known that when dealing with 
elastic properties, this approach is affected by the Pulay forces, i.e., the 
derivative of the basis set with respect to the atomic position, which 
represents an additional term that should be calculated to obtain more 
accurate data. However, at the moment, the CRYSTAL code does not 
allow to evaluate the Pulay forces, which would increase the accuracy of 
the results. 

As can be noted in Fig. 7, the isothermal bulk modulus decreases 
almost linearly above 300 K, with a slope ∂K0T/∂T = –0.0185 GPa K− 1 at 
zero pressure obtained from a 2nd-order polynomial fit of the K0T(T) 
curves. 

Considering a more phenomenological approach, the data calculated 
from DFT/B3LYP simulations between the temperature and pressure 
ranges 300–900 K and 0–7 GPa, respectively, were also fitted using the 
EoSFit7 software [61] to obtain the whole PVT equation of state of cubic 
fluorite. The hydrostatic compression was modelled with the standard 
BM3 formulation [45], reported in the following 

Table 2 
Fluorite vibrational frequencies (in cm− 1) as a function of pressure and the mode-Grüneisen parameter (γi) obtained from DFT/B3LYP simulations. Experimental (Exp) 
values at room pressure are reported for a direct comparison.  

IRREP ν (cm¡1) γi Exp 
P (GPa) 22.1 15.6 10.1 5.3 1.3 0.0 − 2.1 − 5.0 − 7.1 − 8.8   

F1u  403.7  376.9  352.0  326.3  299.2  288.8  272.1  248.6  233.2  219.7  2.26 270a 

F2g  429.7  408.1  387.2  367.1  346.9  339.1  326.8  309.4  297.8  286.9  1.49 328b  

a Lowndess [55], results at 5 K; 
b Denham and collaborators [53], results at 100 K. 

Fig. 4. Phonon band structure of cubic CaF2 as obtained from DFT/B3LYP 
simulations. 
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P = K0TfE(1 + 2fE)
5/2
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1 +
3
2
(
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0T − 4
)
fE +

3
2

(

K0TKʹ́
0T +

(
Kʹ

0T − 4
)(

Kʹ
0T

− 3
)
+

35
9

)

f2
E

)

(10) 

with K’’ the second derivative of the bulk modulus with pressure and 
fE the finite Eulerian strain, which is expressed as 

fE =
1
2

[(
V0T

VPT

)2/3

− 1

]

(11) 

with V0T the unit cell volume at zero pressure and temperature T and 
VPT the unit cell volume at specific PT conditions. At the same time, the 
thermal expansion was treated using a modified Holland-Powell equa
tion [62,63] 

V0T = V00

(
1 + α0

(
T − Tref

)
− 2(10α0 + α1)

( ̅̅̅
T

√
−

̅̅̅̅̅̅̅
Tref

√ ))
(12) 

with Tref the reference temperature. Since the variation of the 
isothermal bulk modulus is almost linear in the 300 – 900 K range (see 
Fig. 7), the variation of the bulk modulus with temperature was 
considered constant, i.e., ∂K0T/∂T = constant. The fitting procedure was 

Fig. 5. Convergence of (a) entropy S, (b) isochoric heat capacity CV, (c) Helmholtz free energy and (d) internal energy U of cubic CaF2 as a function of the supercell 
size, i.e., number of k points used to sample the phonons of the mineral. 

Table 3 
Primitive cell volume Vpc (Å3), bulk modulus KT (GPa) and its first pressure derivative K’ (dimensionless), coefficient of volumetric thermal expansion αV (×10–5 K− 1), 
entropy S (J mol− 1 K− 1), isobaric CP and isochoric CV heat capacities (J mol− 1 K− 1) and enthalpy H− H0

298.15 (kJ/mol) as a function of temperature T (K) at 0 GPa. 
Differences with the experimental thermodynamic data of Chase [60] are reported as Δ (ΔS, ΔCP, ΔH).  

T (K) Vpc KT K’ αV S ΔS CP ΔCP CV H – H0
298.15 ΔH 

300  42.279  91.7  3.74  4.69  63.83  − 5.23  65.43  − 3.35  63.89  0.00  − 0.14 
400  42.485  90.1  3.68  5.05  83.42  − 6.18  70.43  − 3.19  68.08  6.83  − 0.46 
500  42.704  88.6  3.61  5.26  99.48  − 6.82  73.30  − 3.05  70.15  14.05  − 0.75 
600  42.932  87.2  3.54  5.38  113.04  − 7.46  75.23  − 3.46  71.31  21.50  − 1.05 
700  43.167  85.9  3.48  5.51  124.77  − 8.03  76.77  − 4.36  72.02  29.13  − 1.41 
800  43.407  84.6  3.41  5.60  135.12  − 8.68  78.03  − 5.81  72.48  36.89  − 1.90 
900  43.652  83.4  3.34  5.69  144.39  − 9.41  79.19  − 7.63  72.80  44.77  − 2.55 
1000  43.902  82.3  3.27  5.71  152.79  − 10.31  80.12  − 9.92  73.02  52.75  − 3.41  
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performed setting Tref = 300 K as the reference temperature, for which 
the calculated PV parameters were V0T = 42.278(7) Å3, K0T = 92.14(7) 
GPa, K’0T = 3.56(2) and K”0T = –0.0395. The K”0T value is implied and 
it is not fitted in the third-order formulation of the Birch-Murnaghan 
equation of state. Regarding the thermal expansion, i.e., Eq. (12), the 
two parameters α0 and α1 obtained from the fitting procedure were 7.84 

(2) × 10–5 K− 1 and –2.17(3) × 10–5 K− 1/2. The parameter that links Eqs. 
(10) and (12) is the variation of the bulk modulus with temperature, 
whose constant value was calculated as ∂K0T/∂T = –0.0160(1) GPa K− 1, 
a value in line with both the figure obtained from the polynomial fit 
(–0.0185 GPa K− 1, vide supra) and the previous estimations of ∂K0T/∂T, 
which were experimentally found between –0.0165 GPa K− 1 and –0.031 

Fig. 6. Contour maps (on the left) and isobars (on the right) of fluorite related to the (a) unit cell volume VPT and (b) coefficient of volumetric thermal expansion αV 
between 0 GPa and 7 GPa and in the temperature range 0–1000 K. 

Fig. 7. Contour map (left panel) and isobars (right panel) of the isothermal bulk modulus KPT of cubic CaF2 calculated at the DFT/B3LYP level of theory in the PT 
ranges of 0–7 GPa and 0–1000 K, respectively. 
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GPa K− 1 [6,57]. Using this knowledge, it is possible to derive the unit 
cell volume of fluorite as a function of pressure. In Fig. 8, it is reported 
the evolution of the unit cell volume of fluorite at different PT conditions 
using the PVT equation of state fitting results. 

Finally, Fig. 9 reports the PT variations of entropy S and isobaric heat 
capacity CP. Compared to the results of Chase [64], the theoretical DFT/ 
B3LYP data are in satisfactory agreement, with an underestimation of 
about 5 % that could be related to the harmonic approximation used to 
calculate the phonon properties. 

4. Conclusion 

In the present work, a detailed characterization of the thermody
namic and thermoelastic features of cubic CaF2, obtained within the 
quasi-harmonic approximation, was reported for the first time, extend
ing the knowledge on this important mineral. Furthermore, fundamental 
information on the electronic properties of fluorite as a function of 
pressure was also presented, which can be useful for devising new ap
plications for this phase in optics and electronics. The DFT/B3LYP re
sults are generally in line with those obtained at the experimental level, 
with a slight overestimation of the bulk modulus K0T and an underes
timation of its first derivative with respect to pressure K’. This stiffer 
behaviour is a common figure experienced when using the LCAO 
approach for the calculation of the elastic properties, and is due to an 
overestimation of the forces acting on the model system because of the 
Pulay stress, which in turn arises from the incompleteness of the atomic 

Fig. 8. Evolution of the unit cell volume of fluorite as a function of pressure, at 
different temperatures. The points are the values calculated at the DFT/B3LYP 
level of theory, whereas the lines curves obtained from the PVT equation of 
state fitting (see text for details). 

Fig. 9. Contour maps (on the left) and isobars (on the right) of (a) entropy S and (b) isobaric heat capacity CP between 0 GPa and 7 GPa and in the temperature range 
0–1000 K. The experimental results reported for a direct comparison are taken from the work of Chase [64]. 
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basis set. Nevertheless, the employed approach is robust and provided 
an adequate description of the structural, electronic, vibrational features 
of fluorite, together with their derived quantities, i.e., thermodynamics 
and elastic properties in a wide pressure and temperature range. This 
kind of knowledge is useful in mineralogy, geology and, generally, in 
materials science, in particular when fluorite is employed as internal 
standard for high-pressure/high-temperature experiments. 
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