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A B S T R A C T

This paper studies the dual-arm manipulation of an object by means of two collaborative
robots. The latter hold the object through limited contact areas, thus applying unilateral contact
constraints. This manipulation strategy increases versatility, since it does not require specific
grippers depending on the object shape and size. However, to ensure grasping stability (i.e. no
slipping of the object), a suitable internal force must be prescribed to ensure the fulfillment
of the static-friction condition. In this work, the trend of the internal force is included among
the inputs of a time-optimal trajectory planning, in order to find the minimal internal prestress
that is able to both satisfy the static-friction condition and manipulate the object in minimal
time. Admittance control is used to modulate the forces exerted by the robot end-effectors on
the object. An extensive experimentation, on different 6-dimensional trajectories reaching linear
and angular accelerations up to 4.5 m/s2 and 7.4 rad/s2, is presented and discussed.

. Introduction

The increasing need for robots operating side by side with humans in industrial scenarios often requires dual-arm setups [1], in
hich two robots manipulate the same object. This way, the dual-arm robotic system is able to replicate the operator’s bi-manual

kills, which can be crucial in shared tasks or in view of inserting robots in environments originally intended for humans [2].
oreover, the closed kinematic chain of dual-arm setups combines the stiffness and strength of a parallel manipulator with the

ersatility and dexterity of a serial manipulator. The latter characteristics can be exploited especially when the objects to manipulate
re bulky or too heavy for a single-arm robot. This is the case of automotive processing lines, and also of emerging e-commerce
ackaging lines [3], in which cuboids constitute the vast majority of items stored in warehouses.

Depending on the type of interaction between the robot end-effectors and the object, two types of cooperative tasks may be
dentified [4]:

• the cooperative robots hold the object through bilateral grasp surfaces, namely the object is rigidly grasped by each robot (e.g. using
a gripper), which implies that no relative motion can occur at the interaction surfaces;

• the cooperative robots hold the object through unilateral contact surfaces: in this case, relative motion between each end-effector
and the object may occur, due to the fact that contact constraints are unilateral; accordingly, a pulling force may result in
slipping of the object and hence in contact loss.
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𝑂 origin of the inertial frame 𝐹0
𝐵 object center of mass (COM)
𝐹𝑏 frame attached to the object and centered in 𝐵
𝐫 ∈ R3 position vector between 𝑂 and 𝐵
𝐑 ∈ R3 × 3 rotation matrix between 𝐹0 and 𝐹𝑏
𝑚𝑏,𝜣𝐵 ∈ R3 × 3 object mass and inertia matrix
𝐫̇ ∈ R3, 𝐫̈ ∈ R3 object velocity and acceleration
𝝎 ∈ R3, 𝝎̇ ∈ R3 object angular velocity and acceleration
𝑙∕𝑟 subscript indicating the left/right robot
𝐡𝑏 = [𝐟𝑇𝑏 𝐭𝑇𝑏 ]

𝑇 ∈ R6 net wrench on the object
𝐡𝑙 = [𝐟𝑇𝑙 𝐭𝑇𝑙 ]

𝑇 ∈ R6 wrench applied by the left robot on the object
𝐡𝑟 = [𝐟𝑇𝑟 𝐭𝑇𝑟 ]

𝑇 ∈ R6 wrench applied by the right robot on the object
𝐸𝑙∕𝐸𝑟 centers of the circular contact areas between the robots and the object
𝐹𝑙 frame attached to the object at 𝐸𝑙
{𝐟𝑙}𝑙 = [𝑓𝑙,𝑇 𝑥 𝑓𝑙,𝑇 𝑦 𝑓𝑙,𝑁 ]𝑇 projection of the force 𝐟𝑙 on 𝐹𝑙
{𝐟𝑟}𝑙 = [𝑓𝑟,𝑇 𝑥 𝑓𝑟,𝑇 𝑦 𝑓𝑟,𝑁 ]𝑇 projection of the force 𝐟𝑟 on 𝐹𝑙
𝑓𝑝 internal force
𝑠, 𝑠̇, 𝑠̈ motion law of the path parameter
𝐮 ∈ R2 control input of the optimization
𝐱 ∈ R18 system state of the optimization
𝐪𝑙∕𝐪𝑟 ∈ R6 left/right robot joint coordinates
𝐉𝑙∕𝐉𝑟 ∈ R6 × 6 left/right robot Jacobian matrix
𝝃𝑙∕𝝃𝑟 ∈ R6 left/right robot end-effector twists
𝑡𝑒 final time of the generic trajectory

The latter strategy, which will be hereafter referred to as unilateral cooperative grasping (sometimes also called palm-grasping [5,6]),
has been seldom studied in the literature, though it presents some benefits compared to gripper-based manipulation, namely the
smaller investment costs (since specialized grippers are spared) and a higher versatility with respect to (w.r.t.) uncertainties in the
object shape and size. In fact, grabbing an object with a gripper requires ad hoc geometric features, and the object needs to be small
enough to be hosted within the stroke of the gripper fingers. However, in the scenario of unilateral cooperative grasping, dual-arm
manipulation is achieved only if a stable grasp is ensured, i.e. no slipping of the object occurs [6,7]. To this aim, the normal and
tangential forces that the robots exert on the object must fall inside the static-friction cone.

Once the desired contact forces are computed, the most suitable force-control strategy must be chosen. In fact, in the context
of dual-arm manipulation, each robot cannot apply a force on the manipulated object without being concerned of the action
performed by the other robot. Compliant control can be divided into two categories [8]: direct force control [9,10], and indirect
force control [11]. In the context of the former strategy, parallel force/position control represents the most viable alternative to
accomplish the dual-arm task, thanks to its robustness to uncertainties. In this scenario, the primary robot is position-controlled,
whereas the other one (secondary) is controlled through parallel force/position control. A primary–secondary strategy is adopted
n [12], but only motions with low dynamics are considered and no direct mention is made to the computation of the desired
nternal force necessary to stably and safely grasp the objects. However, in the case of unilateral cooperative grasping, the contact
tability may be invalidated by the fact that the primary robot follows the desired trajectory while the secondary one has to chase
t and simultaneously apply an internal force on the object to avoid slipping. For this reason, indirect force control, which allows
he two manipulators to be controlled at the same hierarchy level, seems a more robust option for unilateral cooperative grasping,
n the form of either impedance or admittance control.

In [13], cooperative grasping is pursued by adopting a centralized impedance control aimed at obtaining a compliant behavior
t the object level, and a decentralized impedance control at the end-effector level, aimed at avoiding large internal load on the
bject. Even in this case the described experiments do not consider highly dynamical motions (the task duration settles around 115 s,

and the position and angular excursions are limited) and no clear clue seems to be given regarding how slipping is avoided during
task execution. In [14], the impedance control of two 7-DOF cobots is implemented at three levels: at the object level to control
the interaction forces between the object and the environment, at the end-effector level to control the internal forces exerted on the
object, and finally at body level to limit contact between the robots and the environment. The desired internal force is arbitrarily
set, and the whole algorithm is only verified in a simulation scenario. Fast trajectories are executed in [15], with the two cobots
being admittance-controlled. Linear velocities up to 0.4 m∕s are claimed, but no details are given about the performed trajectories
(i.e., the maximum acceleration reached, the angular velocities and accelerations, the exchanged forces). In this case too, the authors
2

do not clarify the method adopted to avoid the object slipping during motion.
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Fig. 1. Dual-arm unilateral cooperative grasping.

More recently, the problem of time-optimal unilateral cooperative grasping, aimed at performing the dual-arm task in minimal
ime, is addressed in [16], by adopting admittance control of two industrial robots. In this case, the internal force, aimed at enabling
rasping stability, is achieved by prescribing a constant virtual penetration on the object; however, the penetration value is not
ptimized and it is chosen on a trial-and-error basis. Experiments show that slipping may occur for highly dynamical motions.
n [17], the time-optimal path-tracking problem for dual-arm manipulation is formulated, considering the optimal trend of the
nternal force. Simulations of highly dynamical motions are provided, but they are purely illustrative, with dynamic parameters no
dhering to a real case. Moreover, no experiments on real robots are presented. The same type of unilateral cooperative grasping
s studied in [6,7], with the aim of dynamically adjusting the internal force or slowing down the motion to satisfy friction-cone
onditions; however, experiments only present low-dynamics trajectories.

In this paper, we opt for admittance control of the two robots, since it provides the direct translation of a force input into a
ommand at motion level, which represents a standard practice in industrial robot control. Moreover, the internal force, as well as the
ath parameter defining the time performance of the trajectory, are chosen as independent variables to be optimized, provided that
he friction-cone constraint is enforced. This way the solution of the problem leads to the optimal motion and optimal internal-force
rofiles that the two robots have to apply to keep the contact forces inside the friction cone, while at the same time guaranteeing the
hortest trajectory duration compatible with this constraint. The main aim of the paper is to verify the effectiveness of the proposed
ptimization approach in accomplishing the dual-arm task by unilateral grasping, while the manipulated object follows general 6D
rajectories, executed with maximum linear and angular accelerations up to 4.5 m∕s2 and 7.4 rad∕s2, respectively. In particular, the
istinctive contributions of the paper are the following:

• The considered motions are highly dynamical and 6D, hence including the orientation change of the manipulated object.
• An extensive experimental campaign is performed and discussed, making the manipulated object follow 6D trajectories with

maximum linear velocities and accelerations up to 0.6 m∕s and 4.5 m∕s2, and angular velocities and accelerations up to 1.1 rad/s
and 7.4 rad∕s2, respectively (these limits mainly depend on the hardware at our disposal, see Section 5.2).

• The force distribution among the two robots is experimentally analyzed to prove the fulfillment of the friction constraints
during trajectory execution and to verify the correct application of the net wrench on the object. To the best of the authors’
knowledge, such a broad experimental study of dynamical 6D motions in case of unilateral cooperative grasping is presented
for the first time.

he following assumptions are made throughout the paper:

• the manipulated object has a parallelepiped-like shape;
• the contact between the robots and the object occurs on circular flat surfaces;
• the only external force applied on the manipulated object is gravity;
• the mass and inertia matrix of the object are known.

he latter assumption is plausible in structured environments such as e-commerce packaging lines. Moreover, inertia-parameter
stimation lies outside the scope of the paper, and the authors suggest referring to [18,19] for details about suitable estimation
rocedures.

The structure of the paper is as follows. Section 2 describes the model employed for the determination of the forces exerted
n the object. Section 3 presents the time and force optimization problem. Section 4 provides details about the adopted control
trategy. Section 5 illustrates the setup used for the experiments and the corresponding results. Finally, Section 6 draws conclusions
nd gives suggestions for future developments.

. Dynamic model

The object trajectory is prescribed in terms of:

• the position 𝐫(𝑡), where 𝐫 is the position vector connecting the origin 𝑂 of the inertial frame 𝐹0 to the object center of mass
3

(COM) 𝐵 (Fig. 1);
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Fig. 2. Dynamic equilibrium of the object: (a) Front view; (b) Force equilibrium; (c) Moment equilibrium.

• the orientation 𝐑(𝑡), with 𝐑 being the rotation matrix between 𝐹0 and the frame 𝐹𝑏 attached to the object in 𝐵 (Fig. 1).

he object motion is achieved as long as the following net wrench 𝐡𝑏 = [𝐟𝑇𝑏 𝐭𝑇𝑏 ]
𝑇 is exerted on the object:

𝐟𝑏 = −𝑚𝑏𝐠 + 𝑚𝑏𝐫̈, (1a)

𝐭𝑏 = 𝜣𝐵𝝎̇ + 𝝎̃𝜣𝐵𝝎, (1b)

here 𝑚𝑏 is the mass of the object, 𝜣𝐵 is its inertia matrix w.r.t. the COM 𝐵, 𝝎 is the angular velocity, and 𝐠 is the gravity
cceleration, whose expression in frame 𝐹0 is {𝐠}0 = [0 0 −𝑔]𝑇 . We denote the projection of a 3-dimensional vector on a generic frame
𝑗 as {⋅}𝑗 , whereas the symbol ∼ denotes its skew-symmetric representation. For the object equilibrium, the wrenches 𝐡𝑙 = [𝐟𝑇𝑙 𝐭𝑇𝑙 ]

𝑇

nd 𝐡𝑟 = [𝐟𝑇𝑟 𝐭𝑇𝑟 ]
𝑇 , respectively exerted by the left and the right robot on the object, must produce the desired net wrench, namely

Fig. 2):

𝐟𝑙 + 𝐟𝑟 = −𝑚𝑏𝐠 + 𝑚𝑏𝐫̈, (2a)

𝐭𝑙 + 𝐭𝑟 + 𝐫̃𝐵𝐸𝑙
𝐟𝑙 + 𝐫̃𝐵𝐸𝑟

𝐟𝑟 = 𝜣𝐵𝝎̇ + 𝝎̃𝜣𝐵𝝎, (2b)

here 𝐸𝑙 and 𝐸𝑟 are the centers of the circular contact areas between the robots and the object.
The object equilibrium can be written in compact form as:

𝐖𝐡𝑙,𝑟 = 𝐡𝑏, (3)

here 𝐡𝑙,𝑟 = [𝐡𝑇𝑙 𝐡𝑇𝑟 ]
𝑇 = [𝐟𝑇𝑙 𝐭𝑇𝑙 𝐟𝑇𝑟 𝐭𝑇𝑟 ]

𝑇 ∈ R12 and 𝐖 ∈ R6×12 is the grasp matrix

𝐖 =
[

𝐈 𝟎 𝐈 𝟎
𝐫̃𝐵𝐸𝑙

𝐈 𝐫̃𝐵𝐸𝑟
𝐈

]

, (4)

ith 𝐈 ∈ R3×3 being the identity matrix. Since the problem contains 12 scalar unknowns 𝐡𝑙,𝑟 in the 6 scalar equations (3), its solution
is under-determined, so that:

𝐡𝑙,𝑟 = 𝐖†𝐡𝑏 + 𝐕 𝐡𝑝. (5)

Here, 𝐖† = 𝐆𝐖𝑇 (𝐖𝐆𝐖𝑇 )−1 ∈ R12×6 is a pseudo-inverse of 𝐖 [20], whose weighting matrix is 𝐆, and 𝐕 ∈ R12×6 is an orthogonal
complement matrix such that 𝐖𝐕 = 𝟎. Additionally, 𝐡𝑝 = [𝐟𝑇𝑝 𝐭𝑇𝑝 ]

𝑇 represents a desired wrench that generates internal prestressing.
The way the two robots distribute the wrenches 𝐡𝑙 and 𝐡𝑟 on the object is influenced by the weighting matrix 𝐆. If, according
to [21], 𝐆 is chosen as:

𝐆 =

⎡

⎢

⎢

⎢

⎢

⎣

𝟎 𝐈 𝟎 𝟎
𝐈 𝟎 𝟎 𝟎
𝟎 𝟎 𝟎 𝐈
𝟎 𝟎 𝐈 𝟎

⎤

⎥

⎥

⎥

⎥

⎦

, (6)

the pseudo-inverse 𝐖† becomes

𝐖† =

⎡

⎢

⎢

⎢

⎢

1
2 𝐈 𝟎

− 1
2 𝐫̃𝐵𝐸𝑙

1
2 𝐈

1
2 𝐈 𝟎

1 1

⎤

⎥

⎥

⎥

⎥

. (7)
4

⎣− 2 𝐫̃𝐵𝐸𝑟 2 𝐈⎦
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Fig. 3. Projection of the forces 𝐟𝑙 and 𝐟𝑟 on the coordinate frame 𝐹𝑙 .

he orthogonal complement matrix 𝐕 can be chosen as

𝐕 =

⎡

⎢

⎢

⎢

⎢

⎣

𝐈 𝟎
−𝐫̃𝐵𝐸𝑙

𝐈
−𝐈 𝟎
𝐫̃𝐵𝐸𝑟

−𝐈

⎤

⎥

⎥

⎥

⎥

⎦

, (8)

ith its pseudo-inverse 𝐕† (needed in Section 4) being

𝐕† = 1
2

[

𝐈 𝟎 −𝐈 𝟎
𝐫̃𝐵𝐸𝑙

𝐈 −𝐫̃𝐵𝐸𝑟
−𝐈

]

. (9)

Finally, from Eqs. (5), (7) and (8), the expressions of 𝐟𝑙, 𝐭𝑙, 𝐟𝑟 and 𝐭𝑟 become

𝐟𝑙 =
1
2
(−𝑚𝑏𝐠 + 𝑚𝑏𝐫̈) + 𝐟𝑝, (10a)

𝐭𝑙 =
1
2
(𝜣𝐵𝝎̇ + 𝝎̃𝜣𝐵𝝎) − 𝐫̃𝐵𝐸𝑙

(

1
2
𝐟𝑏 + 𝐟𝑝

)

+ 𝐭𝑝, (10b)

𝐟𝑟 =
1
2
(−𝑚𝑏𝐠 + 𝑚𝑏𝐫̈) − 𝐟𝑝, (10c)

𝐭𝑟 =
1
2
(𝜣𝐵𝝎̇ + 𝝎̃𝜣𝐵𝝎) − 𝐫̃𝐵𝐸𝑟

(

1
2
𝐟𝑏 − 𝐟𝑝

)

− 𝐭𝑝. (10d)

Eqs. (10) represent an equal distribution of the reaction forces among the robot end-effectors. In particular, Eqs. (10a) and (10c)
imply that each robot applies half of the net force 𝐟𝑏 necessary to guide the object along its desired trajectory, besides the prestress
𝐟𝑝. Regarding Eqs. (10b) and (10d), in general, no internal grasp torque is desired, implying 𝐭𝑝 = 𝟎.

Another suitable coordinate frame 𝐹𝑙 can be attached to the object at 𝐸𝑙. 𝐹𝑙 is oriented so that its 𝑧-axis points towards the
pushing direction of the left robot on the object, while the other two axes, e.g., the 𝑥 and 𝑦 axes, are oriented as depicted in Fig. 3.

e assume that the only nonzero component of the internal prestress is along the 𝑧-axis of frame 𝐹𝑙, so that {𝐟𝑝}𝑙 = [0 0 𝑓𝑝]𝑇 . The
rojections of forces 𝐟𝑙 and 𝐟𝑟 on 𝐹𝑙 are composed of tangential components along the 𝑥 and 𝑦 directions and by a normal component

along the 𝑧-axis (Fig. 3). Taking advantage of Eqs. (10a) and (10c), such projections are equal to:

{𝐟𝑙}𝑙 =
⎡

⎢

⎢

⎣

𝑓𝑙,𝑇 𝑥
𝑓𝑙,𝑇 𝑦
𝑓𝑙,𝑁

⎤

⎥

⎥

⎦

=
𝑚𝑏
2

⎡

⎢

⎢

⎣

𝑔𝑥 + 𝑟̈𝑥
𝑔𝑦 + 𝑟̈𝑦
𝑔𝑧 + 𝑟̈𝑧

⎤

⎥

⎥

⎦

+
⎡

⎢

⎢

⎣

0
0
𝑓𝑝

⎤

⎥

⎥

⎦

, (11a)

{𝐟𝑟}𝑙 =
⎡

⎢

⎢

⎣

𝑓𝑟,𝑇 𝑥
𝑓𝑟,𝑇 𝑦
𝑓𝑟,𝑁

⎤

⎥

⎥

⎦

=
𝑚𝑏
2

⎡

⎢

⎢

⎣

𝑔𝑥 + 𝑟̈𝑥
𝑔𝑦 + 𝑟̈𝑦
𝑔𝑧 + 𝑟̈𝑧

⎤

⎥

⎥

⎦

−
⎡

⎢

⎢

⎣

0
0
𝑓𝑝

⎤

⎥

⎥

⎦

. (11b)

The above dynamic model holds as far as none of the two robots loses contact with the manipulated object, i.e. there is no
lipping of the latter. If the internal prestress is not taken into account, the solution of Eq. (11) may lead to a contact force 𝐟𝑗

(with 𝑗 = 𝑙, 𝑟) pulling away from the object. Accordingly, the prestress force 𝐟𝑝 has two roles. On the one hand, it must make the
normal-force components 𝑓𝑙,𝑁 and 𝑓𝑟,𝑁 , respectively, positive and negative (so that both 𝐟𝑙 and 𝐟𝑟 push on the object). On the other
and, it must make the friction-cone condition satisfied on both sides of the contact, namely:

𝑓𝑙,𝑁 > 0, (12a)

𝑓𝑟,𝑁 < 0, (12b)
√

𝑓 2
𝑗,𝑇 𝑥 + 𝑓 2

𝑗,𝑇 𝑦 ≤ 𝜇 |𝑓𝑗,𝑁 |, 𝑗 = 𝑙, 𝑟, (12c)

ith 𝜇 being the static friction coefficient between the robot extremities and the object. In other words, the internal prestress 𝑓𝑝
as to make the normal force |𝑓 | large enough to satisfy the friction-cone condition on both sides of the contact (𝑗 = 𝑙, 𝑟), but at
5

𝑗,𝑁
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the same time, it needs to be bounded to avoid damage to the object. These conditions cannot be satisfied by adopting conventional
motion-planning techniques that do not optimize force application on the object.

Other anti-slipping constraints emerge from the consideration that the contact torques 𝑡𝑙,𝑁 and 𝑡𝑟,𝑁 around the 𝑧-axis of 𝐹𝑙 cannot
e arbitrarily large [22]. Indeed, the highest value of the local frictional torque 𝑑𝑡𝑗,𝜇 (𝑗 = 𝑙, 𝑟) can be computed as the highest local
rictional force 𝑑𝑓𝑗,𝜇 = 𝜇𝑝𝑗𝑑𝐴 times the distance 𝜌 between the center of the contact disc and the infinitesimal area 𝑑𝐴:

𝑑𝑡𝑗,𝜇 = 𝑑𝑓𝑗,𝜇𝜌 = 𝜇𝑝𝑗𝑑𝐴𝜌, 𝑗 = 𝑙, 𝑟, (13)

here the pressure distribution 𝑝𝑗 is assumed to be uniform and equal to 𝑝𝑗 = 𝑓𝑗,𝑁
𝜋𝑅2 , 𝑑𝐴 = 𝜌𝑑𝜌𝑑𝜙 is the infinitesimal area of the

contact disc and 𝑅 is the radius of the latter. The largest total frictional torque is hence the integral on the whole contact surface:

𝑡𝑗,𝜇 = 𝜇
𝑓𝑗,𝑁
𝜋𝑅2 ∫

2𝜋

0 ∫

𝑅

0
𝜌2𝑑𝜌𝑑𝜙 = 2

3
𝜇𝑅|𝑓𝑗,𝑁 |, 𝑗 = 𝑙, 𝑟. (14)

ccordingly, it must be:

|𝑡𝑗,𝑁 | ≤ 2
3
𝜇𝑅|𝑓𝑗,𝑁 |, 𝑗 = 𝑙, 𝑟. (15)

otice that 𝐭𝑙 and 𝐭𝑟 depend on the location of the object COM 𝐵 with respect to 𝐸𝑙 and 𝐸𝑟. We assume that, due to a suitable
trajectory planning, 𝐸𝑟 is kept aligned with the 𝑧-axis of 𝐹𝑙, whereas a certain misalignment is allowed for 𝐵. However, for the sake
of simplicity, 𝐵 is assumed to always lie in the median plane of the object. Accordingly:

{𝐫𝑇𝐵𝐸𝑙
}𝑙 =

[

𝑒𝑥 𝑒𝑦 −
𝑤𝑏
2

]𝑇
, (16a)

{𝐫𝑇𝐵𝐸𝑟
}𝑙 =

[

𝑒𝑥 𝑒𝑦
𝑤𝑏
2

]𝑇
, (16b)

where 𝑒𝑥 and 𝑒𝑦 are the misalignments of 𝐵 along the 𝑥 and 𝑦 axes of 𝐹𝑙, respectively, and 𝑤𝑏 is the object width. Misalignments 𝑒𝑥, 𝑒𝑦
may have a useful role in accounting for the uncertainties on the object-COM position w.r.t. the location of the contact surfaces.

It is worth emphasizing that, since the contact surfaces in our model have finite dimensions (see Fig. 3), the resulting grasp
involves both form-closure and force-closure [23]. Indeed, since the contact discs are parallel to the 𝑥𝑦-plane of 𝐹𝑙, the manipulated
object can neither translate along the 𝑧-axis of 𝐹𝑙, nor rotate about any direction perpendicular to it. Accordingly, the only possible
movements are ‘slipping’ motions, namely rotations about lines parallel to 𝑧-axis of 𝐹𝑙 and translations on the 𝑥𝑦-plane of 𝐹𝑙. These
slipping’ motions are prevented if the force-closure conditions, represented by (12) and (15), are fulfilled, hence ensuring grasping
tability [6,7].

. Time-optimal trajectory planning

.1. Trajectory definition

The path of the object COM and the Euler angles 𝜽 = [𝜃𝑥 𝜃𝑦 𝜃𝑧]𝑇 used to describe the object orientation (e.g., the rotation matrix
between frames 𝐹0 and 𝐹𝑏) are parameterized in terms of the parameter 𝑠:

𝐫 = 𝐫(𝑠), 𝑠 ∈ [0, 1], (17a)

𝜽 = 𝜽(𝑠), 𝑠 ∈ [0, 1]. (17b)

Both 𝐫 and 𝜽 can be defined by a suitable number of B-splines [24,25]:

𝐫(𝑠) =
𝑚
∑

𝑗=0
𝐵𝑑
𝑗 (𝑠)𝐩𝑗 , 𝑠 ∈ [0, 1], (18a)

𝜽(𝑠) =
𝑚
∑

𝑗=0
𝐵𝑑
𝑗 (𝑠)𝐨𝑗 , 𝑠 ∈ [0, 1], (18b)

where 𝐵𝑑
𝑗 are B-spline basis functions of degree 𝑑, 𝐩𝑗 are 𝑚+1 control points and 𝐨𝑗 are the 𝑚+1 angular control points. The motion

aw of the path parameter 𝑠(𝑡) allows the trajectory to be defined as

𝐫̇(𝑠, 𝑠̇) = 𝐫′(𝑠)𝑠̇, (19a)

𝐫̈(𝑠, 𝑠̇, 𝑠̈) = 𝐫′′(𝑠)𝑠̇2 + 𝐫′(𝑠)𝑠̈, (19b)

𝜽̇(𝑠, 𝑠̇) = 𝜽′(𝑠)𝑠̇, (20a)

𝜽̈(𝑠, 𝑠̇, 𝑠̈) = 𝜽′′(𝑠)𝑠̇2 + 𝜽′(𝑠)𝑠̈, (20b)
6
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Fig. 4. Dual-arm trajectory planning.

with ()′ = 𝜕()∕𝜕𝑠 denoting the derivative w.r.t. 𝑠.
The relation between the angular velocity and acceleration 𝝎, 𝝎̇ and the time derivatives of the Euler angles is given by the

expressions:

𝝎 = 𝐀𝜽̇, (21a)

𝝎̇ = 𝐀𝜽̈ + 𝐀̇𝜽̇, (21b)

with matrix 𝐀 depending on the orientation representation and the frame on which 𝝎 and 𝝎̇ are projected. In our case, choosing
the 𝑋𝑌𝑍 Euler-angle representation and projecting vectors on frame 𝐹0, we have:

𝐀 =
⎡

⎢

⎢

⎣

1 0 sin 𝜃𝑦
0 cos 𝜃𝑥 − sin 𝜃𝑥 cos 𝜃𝑦
0 sin 𝜃𝑥 cos 𝜃𝑥 cos 𝜃𝑦

⎤

⎥

⎥

⎦

. (22)

3.2. Force limits

Once the motion of the object is written in terms of the path parameter 𝑠 and its time derivatives 𝑠̇, 𝑠̈, the contact forces in
Eqs. (11a), (11b) can be expressed as a function of the motion law, that is:

⎡

⎢

⎢

⎣

𝑓𝑙,𝑇 𝑥(𝑠, 𝑠̇, 𝑠̈)
𝑓𝑙,𝑇 𝑦(𝑠, 𝑠̇, 𝑠̈)

𝑓𝑙,𝑁 (𝑠, 𝑠̇, 𝑠̈, 𝑓𝑝)

⎤

⎥

⎥

⎦

=
𝑚𝑏
2

⎡

⎢

⎢

⎣

𝑔𝑥(𝑠) + 𝑟̈𝑥(𝑠, 𝑠̇, 𝑠̈)
𝑔𝑦(𝑠) + 𝑟̈𝑦(𝑠, 𝑠̇, 𝑠̈)
𝑔𝑧(𝑠) + 𝑟̈𝑧(𝑠, 𝑠̇, 𝑠̈)

⎤

⎥

⎥

⎦

+
⎡

⎢

⎢

⎣

0
0
𝑓𝑝

⎤

⎥

⎥

⎦

, (23a)

⎡

⎢

⎢

⎣

𝑓𝑟,𝑇 𝑥(𝑠, 𝑠̇, 𝑠̈)
𝑓𝑟,𝑇 𝑦(𝑠, 𝑠̇, 𝑠̈)

𝑓𝑟,𝑁 (𝑠, 𝑠̇, 𝑠̈, 𝑓𝑝)

⎤

⎥

⎥

⎦

=
𝑚𝑏
2

⎡

⎢

⎢

⎣

𝑔𝑥(𝑠) + 𝑟̈𝑥(𝑠, 𝑠̇, 𝑠̈)
𝑔𝑦(𝑠) + 𝑟̈𝑦(𝑠, 𝑠̇, 𝑠̈)
𝑔𝑧(𝑠) + 𝑟̈𝑧(𝑠, 𝑠̇, 𝑠̈)

⎤

⎥

⎥

⎦

−
⎡

⎢

⎢

⎣

0
0
𝑓𝑝

⎤

⎥

⎥

⎦

. (23b)

By substituting Eqs. (23) inside inequalities (12) and (15), the no-slipping conditions for both robots can be written as functions
of the motion law (𝑠, 𝑠̇, 𝑠̈) and the internal force 𝑓𝑝, namely as:

𝑚𝑏
2
(𝑔𝑧 + 𝑟̈𝑧) + 𝑓𝑝 > 0, (24a)

𝑚𝑏
2
(𝑔𝑧 + 𝑟̈𝑧) − 𝑓𝑝 < 0, (24b)

𝑓 2
𝑙,𝑇 𝑥 + 𝑓 2

𝑙,𝑇 𝑦 ≤ 𝜇2
(𝑚𝑏

2
(𝑔𝑧 + 𝑟̈𝑧) + 𝑓𝑝

)2
, (24c)

𝑓 2
𝑟,𝑇 𝑥 + 𝑓 2

𝑟,𝑇 𝑦 ≤ 𝜇2
(𝑚𝑏

2
(𝑔𝑧 + 𝑟̈𝑧) − 𝑓𝑝

)2
, (24d)

𝑡2𝑙,𝑁 ≤ 4
9
𝜇2𝑅2

(𝑚𝑏
2
(𝑔𝑧 + 𝑟̈𝑧) + 𝑓𝑝

)2
, (25a)

𝑡2𝑟,𝑁 ≤ 4
9
𝜇2𝑅2

(𝑚𝑏
2
(𝑔𝑧 + 𝑟̈𝑧) − 𝑓𝑝

)2
. (25b)

The fulfillment of the friction inequalities ((24), (25)) requires a trade-off between the fastest motion law and the internal
restress able to avoid slipping of the object. This suggests that the optimization problem can be represented by the independent
ariables 𝑠 and 𝑓𝑝, which can be stored inside the array

𝝈 = [𝑠 𝑓 ]𝑇 . (26)
7

𝑝
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3.3. Time-optimal control problem

The aim of time-optimal trajectory planning is to search for the optimal control input 𝐮(𝑡) that grants the trajectory execution
in the minimum time (hence minimizing a cost functional), at the same time satisfying the constraints imposed not only on the
control 𝐮(𝑡) but also on the state 𝐱(𝑡) that describes the status of the system [26]. The time evolution of the state 𝐱(𝑡) is obtained by
integrating the so-called dynamical system, that connects the state 𝐱(𝑡) with the input 𝐮(𝑡) through a system of ordinary differential
equations (ODEs). A problem of this type, composed of the minimization of a cost functional, the resolution of the dynamical system,
and the fulfillment of some physically meaningful constraints goes under the name of optimal control problem.

The jerk of the vector 𝝈 is chosen as the control input, in order to ensure smoothness of the trajectory and of the internal force
𝑝:

𝐮 = 𝝈⃛ = [𝑠 𝑓𝑝]𝑇 . (27)

he system state is defined as a vector 𝐱 ∈ R18, namely:

𝐱 =
[

𝝈𝑇 𝝈̇𝑇 𝝈̈𝑇 𝐪𝑇𝑙 𝐪𝑇𝑟
]𝑇

, (28)

here 𝐪𝑙 ∈ R6 and 𝐪𝑟 ∈ R6 are the arrays of the robot joint coordinates (Fig. 4).
For the case at hand, the optimal control problem can be formulated as [27,28]:

𝑚𝑖𝑛
𝑡𝑒 ,𝐮,𝑓𝑝

[

∫

𝑡𝑒

0
(1 + 𝑘1𝑓𝑝 + 𝑘2𝐮𝑇 𝐮) 𝑑𝑡

]

, (29a)

ubject to

𝐱̇ = 𝜞 (𝐱,𝐮), (29b)

𝐱(0) = [0 𝑓𝑝(0) 0 0 0 0 𝐪𝑙(0)𝑇 𝐪𝑟(0)𝑇 ]𝑇 , (29c)

𝐱(𝑡𝑒) = [1 𝑓𝑝(𝑡𝑒) 0 0 0 0 𝐪𝑙(𝑡𝑒)𝑇 𝐪𝑟(𝑡𝑒)𝑇 ]𝑇 , (29d)

|𝐪̇𝑗 | ≤ 𝐪̇𝑗,𝑚𝑎𝑥 𝑗 = 𝑙, 𝑟, (29e)

𝑓
𝑝
≤ 𝑓𝑝 ≤ 𝑓 𝑝, (29f)

𝜱({𝐡𝑙}𝑙 , {𝐡𝑟}𝑙) ≤ 𝟎, (29g)

|𝐮| ≤ 𝐮𝑚𝑎𝑥. (29h)

The cost functional (29a) is a trade-off between minimal motion time 𝑡𝑒, minimal virtual penetration and minimal jerk. The
atter are weighted by the constants 𝑘1 and 𝑘2, whose values can be conveniently tuned. The function 𝜞 in (29b) represents the
ntegration chain of the vector 𝝈 from the control 𝐮 (30a), and the robot inverse kinematics ((30b), (30c)), namely:

𝑑
𝑑𝑡

⎡

⎢

⎢

⎣

𝝈
𝝈̇
𝝈̈

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝝈̇
𝝈̈
𝐮

⎤

⎥

⎥

⎦

, (30a)

𝑑
𝑑𝑡

𝐪𝑙 = 𝐉−1𝑙 𝝃𝑙(𝑠, 𝑠̇), (30b)
𝑑
𝑑𝑡

𝐪𝑟 = 𝐉−1𝑟 𝝃𝑟(𝑠, 𝑠̇). (30c)

In (30b) and (30c), the terms 𝐉𝑙 = 𝐉𝑙(𝐪𝑙) and 𝐉𝑟 = 𝐉𝑟(𝐪𝑟) are the Jacobian matrices of the robots, whereas 𝝃𝑙 = [𝐫̇𝑇𝐸𝑙
𝝎𝑇
𝑙 ]

𝑇 and
𝝃𝑟 = [𝐫̇𝑇𝐸𝑟

𝝎𝑇
𝑟 ]

𝑇 are the end-effector twists.
The equality constraints ((29c), (29d)) are the initial and final conditions on the state vector 𝐱. The initial and final values of the

internal force, namely the 2nd elements of 𝐱(0) and 𝐱(𝑡𝑒), are not assigned, but the solver is asked to find the values needed to satisfy
the inequalities ((24),(25)) in static conditions (𝑠̇ = 𝑠̈ = 0). The values of 𝐪𝑗 (0), with 𝑗 = 𝑙, 𝑟, are obtained by solving the inverse
position analysis of the robots in correspondence of the initial poses of the end-effectors [29]. Conversely, the final values of the joint
angles 𝐪𝑗 (𝑡𝑒) are not precisely assigned, but they are obtained by integration of the inverse kinematics analysis ((30b),(30c)), hence
aiding the numerical solution of the optimization. Inequality constraints (29e) consider the limits on the maximum joint velocities
𝐪̇𝑗,𝑚𝑎𝑥 of the robots. The inequality (29f) is used to limit the internal prestress on the object, with 𝑓

𝑝
and 𝑓 𝑝 representing the

minimum and the maximum value of 𝑓𝑝, respectively. The constraint (29g) represents the friction conditions ((24),(25)). Inequality
(29h) is used to bound the control input, i.e. the jerks of the path parameter and of the internal force.

4. Robot admittance control

The control scheme adopted in this paper is reported in Fig. 5: the same controller is applied to both manipulators. For the
sake of clarity, subscripts referring to one or the other robot are omitted. The input is represented by the desired end-effector pose
8
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Fig. 5. Admittance control scheme adopted for the dual-arm manipulation.

𝑑 =
[

𝐫𝑇𝐸𝑑
𝑇
𝑑
]𝑇 (with 𝑇

𝑑 being the quaternion representing the desired rotation matrix 𝐑𝑑), the end-effector twist 𝝃𝑑 =
[

𝐫̇𝑇𝐸𝑑
𝝎𝑇
𝑑
]𝑇 ,

the first-time derivative of the twist 𝝃̇𝑑 =
[

𝐫̈𝑇𝐸𝑑
𝝎̇𝑇
𝑑
]𝑇 , and the desired internal wrench 𝐡𝑝𝑑 . The feedback on the measured end-

effector wrenches 𝐡𝑙,𝑟 is used to obtain the actual internal wrench 𝐡𝑝 applied on the object, through the expression 𝐡𝑝 = 𝐕†𝐡𝑙,𝑟 (see
Eq. (9)). The error 𝛥𝐡𝑝 =

[

𝛥𝐟𝑇𝑝 𝛥𝐭𝑇𝑝
]𝑇 = 𝐡𝑝𝑑 − 𝐡𝑝, where 𝛥𝐟𝑝 = 𝐟𝑝𝑑 − 𝐟𝑝 and 𝛥𝐭𝑝 = 𝐭𝑝𝑑 − 𝐭𝑝 are the force and torque errors, is inserted

as input of the admittance-control equations [30]:

𝐌𝑡𝛥𝐫̈𝑐𝑑 + 𝐃𝑡𝛥𝐫̇𝑐𝑑 +𝐊𝑡𝛥𝐫𝑐𝑑 = 𝛥𝐟𝑝, (31a)

𝐌𝑟𝛥𝝎̇𝑐𝑑 + 𝐃𝑟𝛥𝝎𝑐𝑑 +𝐊′
𝑟𝝐𝑐𝑑 = 𝛥𝐭𝑝. (31b)

Eqs. (31) are expressed in the frame 𝐹𝑗 (𝑗 = 𝑙, 𝑟) of the corresponding robot end-effector. In (31a), 𝛥𝐫𝑐𝑑 = (𝐫𝐸𝑐
− 𝐫𝐸𝑑

), 𝛥𝐫̇𝑐𝑑 =
(𝐫̇𝐸𝑐

− 𝐫̇𝐸𝑑
), 𝛥𝐫̈𝑐𝑑 = (𝐫̈𝐸𝑐

− 𝐫̈𝐸𝑑
) represent the difference between the commanded and the desired end-effector position, velocity and

acceleration, respectively. In (31b), the quantities 𝛥𝝎𝑐𝑑 = 𝝎𝑐 − 𝝎𝑑 , 𝛥𝝎̇𝑐𝑑 = 𝝎̇𝑐 − 𝝎̇𝑑 are the differences between the commanded
and the desired angular velocity and acceleration of the end-effector. 𝝐𝑐𝑑 denotes the vectorial part of the quaternion 𝑐𝑑 extracted
from 𝐑𝑇

𝑑𝐑𝑐 [30,31] (𝐑𝑑 and 𝐑𝑐 are the desired and the commanded rotation matrix of the robot end-effector w.r.t. the base frame,
respectively). The rotational stiffness 𝐊′

𝑟 is [30]

𝐊′
𝑟 = 2(𝜂𝑐𝑑𝐈 − 𝝐̃𝑐𝑑 )𝑇𝐊𝑟, (32)

where 𝜂𝑐𝑑 is the scalar element of quaternion 𝑐𝑑 .
Matrices 𝐌 = diag(𝐌𝑡 𝐌𝑟), 𝐃 = diag(𝐃𝑡 𝐃𝑟), 𝐊 = diag(𝐊𝑡 𝐊𝑟) are diagonal matrices, whose values can be conveniently

tuned to achieve the desired compliant behavior. In particular, 𝐌 represents the virtual inertia of the controller, whereas 𝐃 and 𝐊
reproduce the damping and stiffness desired behavior. Trial-and-error procedures can be performed to obtain the matrix values that
grant a reliable tracking of the desired internal wrench and the zeroing of the pose error at the end of the motion. In particular, in
this work, we performed translational and rotational motions along and about the axes of the Cartesian frame 𝐹0, with the object
being handled by the two robots, until suitable force and pose tracking were achieved. The following matrices were thus obtained:

𝐌𝑡 = diag([200 200 50]) kg, (33a)

𝐌𝑟 = diag([15 15 15]) kgm2, (33b)

𝐃𝑡 = diag([2400 2400 3600]) Ns
m

, (33c)

𝐃𝑟 = diag([1200 1200 1200]) Nms
rad

, (33d)

𝐊𝑡 = diag([500 500 100]) N
m
, (33e)

𝐊𝑟 = diag([400 400 400]) Nm
rad

. (33f)

The forward integration of the differential equations (31) allows the computation of the commanded end-effector velocity
𝑐 , which is transformed in joint space through the robot inverse kinematics, by computing the robot Jacobian matrix 𝐉(𝐪) in
orrespondence of the actual configuration of the robot joints 𝐪 (measured by the encoders). This gives the commanded joint
elocities to feed the robot

𝐪̇𝑐 = 𝐉−1(𝐪)𝝃𝑐 . (34)

. Simulation and experiments

.1. Experimental setup

The experimental setup (depicted in Fig. 6) consists of two UR10 e-Series from Universal Robots, both equipped with an
ntegrated force/torque sensor at the end-effector. Each cobot end-effector is interfaced with a 3D-printed flange, on which a
9

ubbered tape is applied. The manipulated object is a cardboard box with dimensions 200×122×230 mm and a mass 𝑚𝑏 = 2.022 kg.
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Fig. 6. Illustration of dual-arm setup.

Fig. 7. The four paths prescribed for the dual-arm tests.

The friction coefficient is estimated by an inclined-plane test. The object that has to be manipulated is placed on a rubbered
plane, whose inclination can be manually varied thanks to a revolute joint. By acting on the revolute joint in quasi-static conditions,
as soon as slipping of the object is detected, the friction angle is read on the angular scale attached to the plane. The static friction
between the cardboard and the rubbered flange is hence estimated as 𝜇 = tan 28◦.

5.2. Time-optimal trajectory planning

In order to solve the time-optimal trajectory planning problem presented in Section 3.3, the values of some parameters must be
chosen or identified.

The weights adopted in the cost functional (29a) are chosen equal to 𝑘1 = 10 and 𝑘2 = 0.01. The two cobots have the same
nominal kinematic parameters. In particular, the joint velocity limits used in inequality (29e), obtained from the robot datasheets
and adopting a scaling factor equal to 0.5 for the first two joints and to 0.3 for the others, are all set to 1.05 rad∕s.

As for the inequality (29f), the maximum and minimum values of the internal prestress are chosen equal to 𝑓 𝑝 = 50 N and
𝑓
𝑝
= 5 N, respectively. These values are chosen by the user, on the one hand to guarantee a firm grasp, on the other not to damage

the manipulated object (depending on the application at hand).
For the function 𝜱 in (29g), a safety factor of 0.9 is enforced: this results in a static friction coefficient used within the

optimization equal to 𝜇∗ = 0.9 tan 28◦ = 0.48. The misalignment of the box COM (see Eq. (16)) along the 𝑦 direction is assumed
to be negligible w.r.t. to the one along the 𝑥 direction of frame 𝐹𝑙, so that 𝑒𝑥 = 0.03 m and 𝑒𝑦 = 0 m. The value of 𝐮𝑚𝑎𝑥 in (29h) is
set to 𝐮 = [5 s−3 5 Ns−3]𝑇 .
10
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Fig. 8. Object-velocity profiles for the
3D motions: (a) 3D1-motion; (b) 3D2-
motion.

Fig. 9. Object-velocity profiles for the 6D motions: (a) 6D1-motion; (b)
6D2-motion.

Fig. 7 shows the four different paths considered for the experiments reported in the paper: the first two (Fig. 7(a)) are purely
ranslational paths, with 𝝎 = 𝝎̇ = 𝟎, whereas the two depicted in Fig. 7(b) also involve object rotations (𝝎 ≠ 𝟎, 𝝎̇ ≠ 𝟎). For the
efinition of the four paths, the B-spline degree is set to 𝑑 = 4 (v. Eq. (18a)). The trend of the internal prestress 𝑓𝑝, is optimized
ithin the resolution of the constrained problem (29). For each path, two optimizations, that consider different trends of 𝑓𝑝, are

arried out:

• the first one imposes a constant optimal value of 𝑓𝑝 (which is found by the solver) throughout the whole motion;
• the second one considers a variable optimal 𝑓𝑝 (the optimal trend is computed by the solver) during the trajectory execution.

he constrained time-optimal trajectory planning is solved by adopting a multiple-shooting method and using CasADi [32], a
oftware framework implemented in Matlab for nonlinear optimization and optimal control. The problem-solving algorithm is
POPT [33], which adopts a filter line-search interior-point method.

Figs. 8, 9 show the trends of the object velocity twist, as resulting from the optimization output with a constant 𝑓𝑝 (analogous
rends apply also for the case of a varying 𝑓𝑝). In Fig. 8, the trend of 𝝎 is omitted, being equal to 𝟎 throughout the motion. Table 1
eports the maximum values of the norm of the translational and angular velocity and acceleration during the considered motions.

Figs. 10, 11 show the friction conditions obtained by solving the constrained optimization for the 3D1-motion, the 3D2-motion,
he 6D1-motion and the 6D2-motion. The first row of each subfigure is related to the contact forces on the left-robot end-effector,
hereas the second row refers to the right-robot contact forces. In particular, Fig. 10 illustrates the solution considering a constant
alue of the internal force 𝑓𝑝, whereas Fig. 11 shows the solution with a varying 𝑓𝑝. In each plot, the blue line shows the absolute
alues of the normal force |𝑓𝑗,𝑁 | acting on the object on the left and right sides of grasping (𝑗 = 𝑙, 𝑟), respectively; the purple line
ndicates the quantity 𝑓𝑗,𝑇 ∕𝜇∗ (𝑗 = 𝑙, 𝑟), with 𝑓𝑗,𝑇 =

√

𝑓 2
𝑗,𝑇 𝑥 + 𝑓 2

𝑗,𝑇 𝑦; the green line represents the quantity |𝑡𝑗,𝑁 |∕( 23𝜇
∗𝑅) (𝑗 = 𝑙, 𝑟);

the black dashed line denotes the internal prestress 𝑓𝑝. In all plots, the purple line is always under the blue one, indicating that
the no-slipping constraint is always satisfied in the modeled scenario. Moreover, the green line is almost always under the purple
one, showing that condition (12) is more restrictive than condition (15). The constant value of 𝑓𝑝 is optimized according to the
motion to be executed; hence, if two different subfigures of Fig. 10 (corresponding to different object motions) are compared, the
constant values of 𝑓𝑝 are different. Regarding the results of Fig. 11, the obtained varying trends of 𝑓𝑝 do not derive from a standard
pre-assigned function, but they are computed by the optimization algorithm so as to guarantee that the blue curve lies above the
purple and the green curves throughout the motion.

It is worth observing that, in all motions, the object has an acceleration component along the 𝑧-axis of frame 𝐹𝑙 (i.e. 𝑟̈𝑧 ≠ 0 m∕s2),
hence making the normal force being composed of the internal prestress 𝑓𝑝 and the inertia force of the object along the 𝑧-axis.
Depending on the motion direction, the component 𝑟̈𝑧 may help the friction stability on one side of the contact, while it may hinder
t on the other side. This can be easily observed in the plots of the 3D motions (Figs. 10(a), 10(b), 11(a), 11(b)) where the blue lines
epresenting the normal forces of the left and right cobots are mirrored w.r.t. the dashed one. The same considerations hold for the
D motions, where the additional presence of the gravity force along the 𝑧-axis of frame 𝐹𝑙 makes the mirroring less intelligible.

Fig. 12 shows the ratios between the joint velocities and their maximum values for the right robot, as obtained from the
ptimization, considering the 6D motions with a constant 𝑓𝑝 (the plots of the other cases are similar, so they are skipped for the
ake of brevity): the fact that, at some instants, some ratio is equal to 1 shows the achievement of an optimal solution.
11
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Fig. 10. Optimization results with a constant internal force 𝑓𝑝: (a) 3D1-motion; (b) 3D2-motion; (c) 6D1-motion; (d) 6D2-motion. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

Table 1
Maximum values of the velocity and acceleration reached by the manipulated object, as resulting from the optimization.

Constant 𝑓𝑝 Varying 𝑓𝑝 Constant 𝑓𝑝 Varying 𝑓𝑝
3D1-motion ||𝐫̇||𝑚𝑎𝑥 = 0.5 m

s
||𝐫̇||𝑚𝑎𝑥 = 0.5 m

s
6D1-motion ||𝐫̇||𝑚𝑎𝑥 = 0.6 m

s
||𝐫̇||𝑚𝑎𝑥 = 0.6 m

s
||𝐫̈||𝑚𝑎𝑥 = 3.6 m

s2
||𝐫̈||𝑚𝑎𝑥 = 3.9 m

s2
||𝐫̈||𝑚𝑎𝑥 = 4.5 m

s2
||𝐫̈||𝑚𝑎𝑥 = 4.5 m

s2

||𝝎||𝑚𝑎𝑥 = 0 rad
s

||𝝎||𝑚𝑎𝑥 = 0 rad
s

||𝝎||𝑚𝑎𝑥 = 1.1 rad
s

||𝝎||𝑚𝑎𝑥 = 1.1 rad
s

||𝝎̇||𝑚𝑎𝑥 = 0 rad
s2

||𝝎̇||𝑚𝑎𝑥 = 0 rad
s2

||𝝎̇||𝑚𝑎𝑥 = 7.4 rad
s2

||𝝎̇||𝑚𝑎𝑥 = 7.3 rad
s2

3D2-motion ||𝐫̇||𝑚𝑎𝑥 = 0.7 m
s

||𝐫̇||𝑚𝑎𝑥 = 0.7 m
s

6D2-motion ||𝐫̇||𝑚𝑎𝑥 = 0.6 m
s

||𝐫̇||𝑚𝑎𝑥 = 0.6 m
s

||𝐫̈||𝑚𝑎𝑥 = 4.5 m
s2

||𝐫̈||𝑚𝑎𝑥 = 4.6 m
s2

||𝐫̈||𝑚𝑎𝑥 = 4.3 m
s2

||𝐫̈||𝑚𝑎𝑥 = 4.3 m
s2

||𝝎||𝑚𝑎𝑥 = 0 rad
s

||𝝎||𝑚𝑎𝑥 = 0 rad
s

||𝝎||𝑚𝑎𝑥 = 1.1 rad
s

||𝝎||𝑚𝑎𝑥 = 1.1 rad
s

||𝝎̇||𝑚𝑎𝑥 = 0 rad
s2

||𝝎̇||𝑚𝑎𝑥 = 0 rad
s2

||𝝎̇||𝑚𝑎𝑥 = 6.6 rad
s2

||𝝎̇||𝑚𝑎𝑥 = 6.7 rad
s2

Table 2 summarizes the main results of the optimizations, with an indication of the final time 𝑡𝑒 of the corresponding trajectory,
ogether with the initial, maximum and mean values of the obtained internal prestress 𝑓𝑝 for each motion. The initial value of 𝑓𝑝
s chosen, in every optimization, by the solver in order to satisfy the friction-constraint (12) in static conditions (i.e. 𝐫̈ = 𝟎, 𝝎̇ = 𝟎),
12
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Fig. 11. Optimization results with a varying internal force 𝑓𝑝: (a) 3D1-motion; (b) 3D2-motion; (c) 6D1-motion; (d) 6D2-motion. (For interpretation of the
eferences to color in this figure legend, the reader is referred to the web version of this article.)

Fig. 12. Ratios between the joint velocities and their maximum values in the optimization results with a constant internal force 𝑓𝑝: (a) 6D1-motion; (b)
D2-motion.
13
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Table 2
Initial, maximum and mean values of the internal prestress 𝑓𝑝 obtained as a result of the time-optimal trajectory planning,
with an indication of the final time 𝑡𝑒 of the corresponding trajectory.

Constant 𝑓𝑝 Varying 𝑓𝑝 Constant 𝑓𝑝 Varying 𝑓𝑝
3D1-motion 𝑡𝑒 = 4.93 s 𝑡𝑒 = 4.86 s 6D1-motion 𝑡𝑒 = 6.65 s 𝑡𝑒 = 6.65 s

𝑓𝑝(0) = 26.9 N 𝑓𝑝(0) = 22.0 N 𝑓𝑝(0) = 25.8 N 𝑓𝑝(0) = 20.7 N
𝑓𝑝,𝑚𝑎𝑥 = 26.9 N 𝑓𝑝,𝑚𝑎𝑥 = 29.3 N 𝑓𝑝,𝑚𝑎𝑥 = 25.8 N 𝑓𝑝,𝑚𝑎𝑥 = 27.1 N
𝑓𝑝,𝑚𝑒𝑑 = 26.9 N 𝑓𝑝,𝑚𝑒𝑑 = 25.0 N 𝑓𝑝,𝑚𝑒𝑑 = 25.8 N 𝑓𝑝,𝑚𝑒𝑑 = 23.4 N

3D2-motion 𝑡𝑒 = 5.47 s 𝑡𝑒 = 5.44 s 6D2-motion 𝑡𝑒 = 6.76 s 𝑡𝑒 = 6.71 s
𝑓𝑝(0) = 26.8 N 𝑓𝑝(0) = 25.2 N 𝑓𝑝(0) = 26.3 N 𝑓𝑝(0) = 23.5 N
𝑓𝑝,𝑚𝑎𝑥 = 26.8 N 𝑓𝑝,𝑚𝑎𝑥 = 29.3 N 𝑓𝑝,𝑚𝑎𝑥 = 26.3 N 𝑓𝑝,𝑚𝑎𝑥 = 27.7 N
𝑓𝑝,𝑚𝑒𝑑 = 26.8 N 𝑓𝑝,𝑚𝑒𝑑 = 25.3 N 𝑓𝑝,𝑚𝑒𝑑 = 26.3 N 𝑓𝑝,𝑚𝑒𝑑 = 24.3 N

Fig. 13. Experimental dual-arm setup.

namely:

𝑓𝑝(0) ≥
𝑚𝑏𝑔
𝜇∗ . (35)

Looking at Table 2, it can be stated that no apparent advantage in terms of trajectory duration 𝑡𝑒 is gained by choosing the
optimization with a varying 𝑓𝑝 instead of the one with a constant 𝑓𝑝, with the saved time being negligible. Furthermore, for all
motions, the maximum value 𝑓𝑝,𝑚𝑎𝑥 reached by the internal prestress is slightly higher in the trajectory with a varying 𝑓𝑝 w.r.t. the
one with a constant internal prestress. Conversely, the trajectory with a varying internal prestress grants a slightly smaller mean
value 𝑓𝑝,𝑚𝑎𝑥 of the internal prestress.

5.3. Experimental results

The dual-arm setup used during the experiments is shown in Fig. 13. The two cobots are controlled by using ROS, with an
admittance-controller node implemented in C++, at a frequency rate of 500 Hz. A transitory procedure of roughly 3 s is executed to
bring the prestress to the initial value of 𝑓𝑝(0). The wrenches exerted by the cobots are measured by the integrated 6D force/torque
sensors installed inside the end-effector of each UR10 e-Series. These sensors are characterized by a force/torque-measure range of
100 N∕10 Nm, with an accuracy of 5.5 N∕0.5 Nm, hence not being suitable for accurate force/torque tracking at high dynamics, but
suitable to catch reasonably well the force trends.

Figs. 14, 15 show the experimental forces exerted on the object during the 3D1-motion, 3D2-motion, 6D1-motion, and 6D2-
motion, respectively. In particular, Fig. 14 depicts the results for the case with a constant value of the internal force 𝑓𝑝, whereas
Fig. 15 shows the case with a varying 𝑓𝑝. The forces measured by the left and right sensors are denoted with 𝐟𝑙 and 𝐟𝑟, respectively.
The purple line indicates the quantity |𝑓𝑗,𝑇 |∕𝜇 for the experimental measurement to allow a visual check of the friction-cone
condition. The torque readings related to 𝑡𝑟,𝑁 and 𝑡𝑙,𝑁 are not reported since, in the reported motions, their maximum values are
lower than the sensor accuracy and, thus, the results are too noisy and inconsistent.

Notwithstanding the many non-negligible differences between the modeled and the real scenario (related to the friction model,
the dynamical parameters, the force distribution in the over-constrained dual-arm system, the controller errors, the force-sensor
errors, etc.), we can see that the experimental trends in Figs. 14 and 15 well catch the simulated ones in Figs. 10 and 11. In
particular, the experimental plots show that the blue line is always over the purple one (except for some isolated time instants,
which must not be interpreted in a strict way, due to the aforementioned errors), hence confirming that friction inequalities are
14
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Fig. 14. Assessment of the friction-cone condition with a constant internal force 𝑓𝑝: (a) 3D1-motion; (b) 3D2-motion; (c) 6D1-motion; (d) 6D2-motion. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

respected during trajectory execution. This also finds evidence by looking at the Video 1,1 where no slipping of the object occurs,
even when the box is tilted around the 𝑧-axis of 𝐹𝑙.

Table 3 reports the force accuracy indexes 𝜀𝑗,𝑚𝑎𝑥 and 𝜀𝑗,𝑚𝑒𝑑 , defined as

𝜀𝑗,𝑚𝑎𝑥 =
|𝑓𝑗,𝑁 |𝑚𝑎𝑥−𝑒𝑥𝑝 − |𝑓𝑗,𝑁 |𝑚𝑎𝑥−𝑚𝑜𝑑

|𝑓𝑗,𝑁 |𝑚𝑎𝑥−𝑚𝑜𝑑
× 100%, (36)

𝜀𝑗,𝑚𝑒𝑑 =
|𝑓𝑗,𝑁 |𝑚𝑒𝑑−𝑒𝑥𝑝 − |𝑓𝑗,𝑁 |𝑚𝑒𝑑−𝑚𝑜𝑑

|𝑓𝑗,𝑁 |𝑚𝑒𝑑−𝑚𝑜𝑑
× 100%, (37)

1 A video of the performed dual-arm motions is available as a supplementary material.
15
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Fig. 15. Assessment of the friction-cone condition with a varying internal force 𝑓𝑝: (a) 3D1-motion; (b) 3D2-motion; (c) 6D1-motion; (d) 6D2-motion. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 3
Normal force accuracy indexes.

Constant 𝑓𝑝 Varying 𝑓𝑝 Constant 𝑓𝑝 Varying 𝑓𝑝
3D1-motion 𝜀𝑙,𝑚𝑎𝑥 = 24.1% 𝜀𝑙,𝑚𝑎𝑥 = 15.6% 6D1-motion 𝜀𝑙,𝑚𝑎𝑥 = 28.0% 𝜀𝑙,𝑚𝑎𝑥 = 27.0%

𝜀𝑙,𝑚𝑒𝑑 = 1.8% 𝜀𝑙,𝑚𝑒𝑑 = 1.0% 𝜀𝑙,𝑚𝑒𝑑 = −0.3% 𝜀𝑙,𝑚𝑒𝑑 = 1.5%
𝜀𝑟,𝑚𝑎𝑥 = 24.7% 𝜀𝑟,𝑚𝑎𝑥 = 33.3% 𝜀𝑟,𝑚𝑎𝑥 = 28.6% 𝜀𝑟,𝑚𝑎𝑥 = 14.7%
𝜀𝑟,𝑚𝑒𝑑 = 0.8% 𝜀𝑟,𝑚𝑒𝑑 = 2.7% 𝜀𝑟,𝑚𝑒𝑑 = −3.6% 𝜀𝑟,𝑚𝑒𝑑 = −0.35%

3D2-motion 𝜀𝑙,𝑚𝑎𝑥 = 44.2% 𝜀𝑙,𝑚𝑎𝑥 = 42.3% 6D2-motion 𝜀𝑙,𝑚𝑎𝑥 = 24.0% 𝜀𝑙,𝑚𝑎𝑥 = 16.5%
𝜀𝑙,𝑚𝑒𝑑 = 4.6% 𝜀𝑙,𝑚𝑒𝑑 = 5.6% 𝜀𝑙,𝑚𝑒𝑑 = 2.5% 𝜀𝑙,𝑚𝑒𝑑 = 1.5%
𝜀𝑟,𝑚𝑎𝑥 = 29.5% 𝜀𝑟,𝑚𝑎𝑥 = 26.0% 𝜀𝑟,𝑚𝑎𝑥 = 19.1% 𝜀𝑟,𝑚𝑎𝑥 = 16.2%
𝜀𝑟,𝑚𝑒𝑑 = 5.2% 𝜀𝑟,𝑚𝑒𝑑 = 5.9% 𝜀𝑟,𝑚𝑒𝑑 = −0.5% 𝜀𝑟,𝑚𝑒𝑑 = −3.3%
16
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Fig. 16. Assessment on the application of the net wrench on the object and the gripper for the 3D1-motion: (a) Constant internal force 𝑓𝑝; (b) Varying internal
force 𝑓𝑝.

Fig. 17. Assessment on the application of the net wrench on the object and the gripper for the 3D2-motion: (a) Constant internal force 𝑓𝑝; (b) Varying internal
force 𝑓𝑝.

where 𝑚𝑜𝑑 and 𝑒𝑥𝑝 denote the model and the experimental quantities, and |𝑓𝑗,𝑁 |𝑚𝑒𝑑−𝑝 (𝑝 = 𝑒𝑥𝑝, 𝑚𝑜𝑑) is the mean value of 𝑓𝑗,𝑁
𝑗 = 𝑙, 𝑟) during the motion time period, namely

|𝑓𝑗,𝑁 |𝑚𝑒𝑑−𝑝 =
∑𝑁𝑡𝑜𝑡

𝑖=1 |𝑓𝑗,𝑁,𝑝(𝑡𝑖)|
𝑁𝑡𝑜𝑡

, 𝑗 = 𝑙, 𝑟, (38)

with 𝑁𝑡𝑜𝑡 being the total number of samples. The force accuracy indexes 𝜀𝑗,𝑚𝑎𝑥 and 𝜀𝑗,𝑚𝑒𝑑 in Eqs. (36) and (37) are used to assess
the effectiveness of the implemented admittance control in exerting the desired normal forces (including the commanded internal
force 𝑓𝑝 - see (11)) on the object by both robots. It can be noted that, in most cases, for a given motion type, the trajectory with a
varying 𝑓𝑝 grants lower values of the accuracy indexes 𝜀𝑗,𝑚𝑎𝑥 and 𝜀𝑗,𝑚𝑒𝑑 (𝑗 = 𝑙, 𝑟), w.r.t. the case with a constant 𝑓𝑝. Furthermore,
the value of 𝜀𝑗,𝑚𝑒𝑑 is always below 5.9%, proving that the general trend of the normal forces exerted on the object remains in line
with the commanded trend, even when the percentage error of the maxima 𝜀 is high.
17
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Fig. 18. Assessment on the application of the net wrench on the object and the gripper for the 6D1-motion: (a) Constant internal force 𝑓𝑝; (b) Varying internal
force 𝑓𝑝.

Fig. 19. Assessment on the application of the net wrench on the object and the gripper for the 6D2-motion: (a) Constant internal force 𝑓𝑝; (b) Varying internal
force 𝑓𝑝.

Figs. 16, 17, 18, 19 illustrate, for each motion, with both a constant and a varying 𝑓𝑝, the sum of the reaction forces 𝐟𝑙 and 𝐟𝑟,
projected on the coordinate frame 𝐹𝑙. Recalling Eq. (2a), this sum only depends on the motion law and, thus, is not affected by
our subjective choices related to force distributions. In each subfigure, the left-most plot displays the sum 𝑓𝑙,𝑇 𝑥 + 𝑓𝑟,𝑇 𝑥, the central
plot the sum 𝑓𝑙,𝑇 𝑦 + 𝑓𝑟,𝑇 𝑦 and the right-most plot reports the quantity 𝑓𝑙,𝑁 + 𝑓𝑟,𝑁 . In particular, the colored solid lines indicate the
experimental trends, and the black dashed lines are the model predictions. The good correspondence between the model and the
experiment demonstrates that the net force exerted by the cobots on the object and the gripper equals the desired dynamics.

6. Conclusions

This paper studied the unilateral cooperative grasping of an object manipulated by two robots. The peculiarity of this
manipulation strategy is that no grippers are used, but the object is held by means of unilateral contact forces, while performing
highly dynamical motions and, at the same time, ensuring that no slipping occurs. The internal force exerted along the contact normal
18
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between the cobot end-effectors and the object was included within the inputs of a constrained time-optimal trajectory-planning
problem, aimed at minimizing both the trajectory duration and the contact forces. In particular, an optimized constant value and an
optimized varying trend of the internal force were considered. Several 6D motions were performed in a real scenario by employing
two collaborative robots, which were admittance-controlled.

An extensive validation campaign showed that no slipping of the object occurred even considering fast motions (with a maximum
cceleration and angular acceleration of 4.5 m∕s2 and 7.4 rad/s2, respectively), hence advancing the state of the art. The correct

wrench application on the object was confirmed by force and torque measurements, thus ensuring that the object followed the desired
trajectory and respected the static-friction conditions ensuring no slipping. A quantitative analysis was reported, highlighting that
the force accuracy indexes regarding the application of a suitable normal force were always under an acceptable threshold. No major
differences emerged between the cases corresponding to a constant or a variable optimal internal force, though the latter seemed
to grant a slightly more reliable tracking of the commanded normal force and a smaller average prestress on the object.

Further developments will see a more detailed tuning campaign of the admittance-control matrices, also making them vary with
the robot configurations [34]. This would eventually improve the control of the normal-force application. In addition, a deeper
investigation on the force distribution will be addressed to better capture the trends of the tangential forces, especially during
orientation-changing motions [35,36]. As far as the trajectory-optimization method is concerned, the study of the robustness of
the algorithm w.r.t. inertia-parameter uncertainties and the application of external disturbances on the manipulated object [37]
will be the object of future work. Finally, point-to-point motions (in which only the initial and final poses are assigned) will be
considered to release the object from following a prescribed path. This approach can be pursued offline, by making the optimization
algorithm find the shortest path to be followed in minimal time and fulfilling the friction-cone conditions, also taking into account
collision-avoidance constraints [38,39].
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