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A B S T R A C T

Potential defect acceptance can be seen dependable upon the mapping of effective strains on
the whole surface, due to dynamic loading of the components as they are mounted. With
proper constitutive models and loading spectra, the experiment-based mapping of the equivalent
stresses can be achieved from optical full-field receptances in an extremely dense grid, also
for lightweight parts, without inertia distortions thanks to contactless measurements. Fatigue
spectral methods turn this mapping into components’ life distributions, for a clear assessment
of the material’s utilisation: a risk grading mapping for potential defects can be formulated in
the area of inquiry in order to discriminate between safe and dangerous locations. By following
this experiment-based approach, potential defects in exercise and production might be tolerated
in safer locations, under the chosen dynamic task, with great savings in costs and maintenance.
Among the image-based full-field measurement techniques, Hi-Speed DIC has proved to work
in many environments, to be able to estimate full-field receptances of real components in their
effective assembling and loading conditions, in different cases of industrial interest. The quality
achieved by DIC in the receptance maps helps in numerically deriving the strain FRFs on the
sensed surface. Extended scenarios – with newly modelled coloured noises for an advanced
excitation definition from two shakers – and a vibrating rectangular plate, as real mounted
component, are highlighted in details to prove the effectiveness of DIC-based risk index mapping
under defect acceptance criteria.

1. Introduction

The key idea sketched in this extended article is to use DIC-based optical full-field FRF datasets, in their native resolutions in
frequency and spatial domains, to bring the complete and real structural dynamics into fatigue life expectations for risk mapping,
once advanced excitation modelling is adopted. Using datasets in native resolutions means without any interpolation error from
reductions or topological transforms, therefore maximising the quality of derivative operations as in [1]. A risk index mapping is
built, based upon component life estimations in the whole sensed area: this can highlight where a potential defect in operation might
be dangerous or not. All this finely mapped failure knowledge enriches a risk tolerance strategy of the defects that may be anywhere
inside the parts, due to the manufacturing/mounting process or to excessive loading during service. Briefly introduced in [2] by
means of reduced DIC-based datasets, the broad frequency band experiment-based optical full-field FRF approach is here deployed
at maximal level with native resolution receptances [3,4] by high-speed DIC, instead of reduced datasets by stroboscopic ESPI as
in [1,5–8]. An overview of the approach is sketched in Fig. 1, with the aid of the math later introduced. The experiment-based optical
full-field FRF risk mapping approach brings threefold advantages. First: it inherits the real structure directly from testing, without
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Abbreviations

DIC Digital Image Correlation (𝜔) Frequency dependency
dof Degree of freedom 𝐹 (𝜔) Excitation force
EFFMA Experimental Full-Field Modal Analysis 𝑿(𝑥, 𝑦, 𝜔) Displacement map
EMA Experimental Modal Analysis 𝑯𝒅(𝑥, 𝑦, 𝜔) Receptance map
ESPI Electronic Speckle Pattern Interferometry 𝑯𝜺(𝑥, 𝑦, 𝜔) Strain FRF map
FEM Finite Element Model 𝑯𝝈 (𝑥, 𝑦, 𝜔) Stress FRF map
FRF Frequency Response Function 𝑯𝑷𝝈 (𝑥, 𝑦, 𝜔) Principal Stress FRF map
NDT Non-Destructive Testing 𝑯𝝈𝒗𝑴 (𝑥, 𝑦, 𝜔) von Mises Equivalent Stress FRF map
NVH Noise and Vibration Harshness 𝜮(𝑥, 𝑦, 𝜔) Dynamic Stress map
ODS Operative Deflection Shape 𝜮𝑃 (𝑥, 𝑦, 𝜔) Dynamic Principal Stress map
PSD Power Spectral Density 𝜮𝒗𝑴 (𝑥, 𝑦, 𝜔) von Mises Equivalent Stress map
SLDV Scanning Laser Doppler Vibrometer

the need of any tuning of the numerical synthetic simulator, e.g. FEM. Second: it adds a fine grid of spatially dense displacement
sensing dofs, saving the efforts for the best localising of lumped sensors, for the best signal-to-noise ratio and representation of the
responses, the sensors’ positions being traditionally changed with the loading spectra and awaited structural responses [1]. Third:
it does contactless measurements of the structural responses to obtain receptances – or displacement over force FRFs – free of any
distorting inertia, usually provided instead by lumped sensors (e.g. accelerometers or strain gauges with related cabling). All this
is of great advantage for the structural dynamics of lightweight components, especially when the frequency range offers a dense
modal base with closely coupled eigenmodes and hard-to-model damping, blending in hardly predictable complex pattern in the
ODSs. In this way, the structural receptances of the real component are covered in a broad frequency band and highly detailed
patial domain, ready to provide the structural responses on the whole sensed domain with any loading spectrum, which respects
he linearity condition under which the receptances were estimated.

In the actual deployment of this approach, the fatigue life expectations are described as spatially detailed failure maps in a more
acro scale, instead of analyses in lumped locations (e.g. a crack opening point [9]). The fatigue life mapping is here obtained by

ollowing the suggestions of [10–12] for random loading, but more specifically [13–17] for the spectral approaches. Many other
pproaches can be found in literature, as based on strains [18,19], on strain energy [20–22] and on loading-tailored criteria [23–30],
ut of no specific interest for this introductory work. It can clearly be stated that any other fatigue life predicting approach, rather
han what here implemented by [13–17] for the sake of exemplification, can be easily extended from its punctual nature to a fine
rid – nearly continuous, with high resolution experiment based full-field receptances – detailed mapping.

In such a broad knowledge perspective, for the retained dynamics and for the high resolution mapping achievable, the location
f the potential defect plays a relevant role in the crack and failure start. The location of potential defects can be the access to
he graded risk map and acceptance criteria, under defined conditions and loading spectra and/or energy injection locations. Any
otential defect identified on the mapped domain, whose risk index is below the acceptance threshold, can be retained in the
omponent, under the same service conditions. On the other side, if the risk index is above the acceptance threshold in specific
reas of the sample, no defect can be tolerated there, as it can only amplify the life shortening of the component. However, with

Fig. 1. Overview of the whole process to evaluate the cumulative damage and the Risk Index by fatigue spectral methods and presented math in Eqs. (1), (4),
(7), (8), (9), (13), (14)–(17), (18), (21)–(22), (23).
2



Engineering Failure Analysis 163 (2024) 108385A. Zanarini

u
a

s

m
a
i
n
a
w
t
c
c
s
m
m
T

n
e

m

S

different loading spectra or energy injection locations, the risk grading maps can change significantly, as later proved in the paper
and conceptually anticipated in [2,5–8], in the early deployment of the concept, but supported by strongly reduced and interpolated
ESPI-based receptances. This can also mean that a potential defect, located in a specific area of the component, may be accepted only
nder specific dynamic loading conditions, but not for all the service tasks, turning into a conditional acceptance of the component
fter proper NDTs in production or maintenance runs, once the nature of the dynamic loading is precisely assessed1 and known as

repeatable.
What follows, briefly detailed in Section 2.1, is devoted to highlight the potentials of this smart approach with extended examples

– only reduced into native references, but not interpolated, therefore without potentially added errors from the topology transforms –
of full-field receptances from high-speed DIC. DIC is another native image-based optical non-contact full-field technique, with broader
applicability in industrial contexts than ESPI and growing diffusion in testing. ESPI measurements are well known for their enhanced
quality datasets, but also for their drawbacks in the acquisition campaign, as better specified below. However, high-speed DIC needs
proofs of applicability in dynamic strain & stress evaluations, as well as in fatigue life estimations: this work aims to assess the
usability of also DIC-based measurements for risk index mapping, supported by means of the highly accurate derivative approaches
that were underlined in [1]. The family of image-based optical non-contact full-field approaches presents no structural dynamics
distortions. It also shares the following aspects: a dense grid of sensing locations; a broad frequency band experimental vibration
model, with accurate spatial description for complex pattern identification; an experimental dynamic model for strains, obtainable
after numerical derivation. The strain mapping from the latter can be used, with material parameters in the constitutive model,
to obtain stresses and failure criteria mapping. Accurate maps of cumulative damage distributions for fatigue life assessment can
be obtained. Therefore, this shows the advantage of grounding the defect tolerance criteria and risk index maps on image-based
full-field measurements, with attention on excitation signature and location.

For the reader that is unfamiliar with optical full-field measurements, a historical perspective might be of help, in order to
better appreciate the advantages drawn in this stream of researches. At their earlier steps, optical full-field measurements were
mostly qualitative and not competitive in terms of time-to-result [44]. They were therefore mainly used to depict the response
shape of a structure at a particular frequency of interest, due to the high spatial sampling offered and high consistency of each
measurement degree of freedom with neighbouring locations [45]. Their output was since the beginning a highly detailed spatial
domain against the traditional coarse representation obtained by lumped sensor placement. But the increased detail disclosed
unprecedented patterns in surface deflection shapes, rapidly changing from frequency to frequency, as function of the complex
superposition of the underneath eigensolutions. These non-conventional patterns started to give relevant information on where to
better locate the lumped vibration sensors or strain-gauges, the only quantitative instruments at the time.

Since the 1980s an optical non-native full-field instrumentation like the SLDV has expanded the technique of contact-less point
measurement in time/frequency domains to a fine grid of locations. SLDV was thus extending the concept of the velocity sensors
to a spatially detailed acquisition, also without adding inertia to the surface of the specimen under dynamic test. Thus SLDV was
till recently considered the only reference for the need of spatially detailed FRF measurements in NVH, because SLDV has kept the
ame peculiarities of previous technologies and proven procedures, just adding more dofs at a reasonable cost.

Among the optical full-field technologies, those based on an imaging sensor – which acquires photons altogether in the whole
atrix of light sensible sites (normally in an even denser grid than that of SLDV) – can be called native. The native technologies

pproach the measurements from another point of view, that of the acknowledged quality obtainable in the spatial domain, especially
n terms of consistency and continuity of the deflection field in the neighbouring dofs, as proved earlier by [45–47]. Among optical
ative full-field technologies, stroboscopic ESPI has given since the years 2000s [48,49] an extremely accurate displacement field
t the frequency of interest up to several kHz. But having data at all the lines of a broad frequency band can be prohibitive
ith ESPI, due to time-consuming stepped sine excitation/acquisition2, not automated till now. Therefore, ESPI is more suited

o laboratory – or controlled environments – measurements, typical of research projects [50–52]. High-speed DIC, with its first
ommercial prototypes since around 2005, has good detail in the time resolved displacement maps, although the extraction of the
orrelated fields can still be demanding in terms of calculation time. DIC can be more limited in the frequency domain, as the
ensor/electronics bandwidth puts a trade-off between resolution and sampling rate, together with some limitations on the cameras’
emory capacity, although nowadays relevant electronics improvements have been made. Furthermore, DIC technology has shown
any in-situ applications [53–57], with much greater flexibility also outside controlled set-ups, therefore of wider industrial interest.
herefore, high-speed DIC is the optical native full-field technology here adopted for the dynamic testing of the vibrating surface.

The author has been active in full-field measurements to highlight their most advanced applications: some background notes are
eeded to let the reader appreciate all the progressive development involved in the present work. Since the ESPI-related testing in
arlier3 researches, it became manifest how full-field optical measurements could give relevant and hyper-detailed mapping about the

1 To be considered also the inquiries by means of frequency based substructuring (FBS) [31–34], transfer path analysis (TPA) [35–40] and
ulti-input-multi-output (MIMO) vibration testing [41–43].
2 See also Full field ESPI measurements on a plate: challenging experimental modal analysis, in: Proceedings of the XXV IMAC, Orlando (FL) USA, Feb 19–22,

EM, 2007.
3 These activities come from the HPMI-CT-1999-00029 Speckle Interferometry for Industrial Needs Post-doctoral Marie Curie Industry Host Fellowship project,

held in 2004–5 at Dantec Ettemeyer GmbH, Ulm, Germany. See in Proceedings of the IDETC/CIE ASME International Design Engineering Technical Conferences
& Computers and Information in Engineering Conference, Long Beach, California, USA, September 24–28, 2005: Dynamic behaviour characterization of a brake
disc by means of electronic speckle pattern interferometry measurements, doi:10.1115/DETC2005-84630; Damage location assessment in a composite panel by
means of electronic speckle pattern interferometry measurements, doi:10.1115/DETC2005-84631.
3

https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://www.researchgate.net/publication/266896551_Full_field_ESPI_measurements_on_a_plate_Challenging_Experimental_Modal_Analysis
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84630
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631
https://doi.org/10.1115/DETC2005-84631


Engineering Failure Analysis 163 (2024) 108385A. Zanarini

r
w
t
c
a
h
o
f
f
b

1
E

C

&

c
m

local behaviour for enhanced structural dynamics assessments and fatigue spectral methods4. These former results were the basis for
the fundamental research project TEFFMA5, a milestone in this track record. TEFFMA project aimed at making a comparison between
the state-of-the-art in native full-field technologies and the SLDV as reference, to understand if these experimental procedures, in
continuous development, can provide NVH applications with enhanced peculiarities. TEFFMA works saw earlier presentations in
2014 [58,59], followed by consolidated reports6 in 2015. In [50] a gathering of the many activities in TEFFMA was firstly attempted,
while in [51] an extensive description of the whole full-field receptance estimation was faced and in [60] the EFFMA was detailed
together with full-field modeshapes-based model updating attempts. The works in [61] underlined the quality of native full-field
datasets – especially ESPI and DIC – in broad frequency band dynamic testing. In [1] a precise comparison was made about new
achievements for rotational and strain FRF high resolution maps, thanks to the advanced derivative procedures there proposed,
but proficiently used here in Section 2.2. But it was in [5] that a risk index was first introduced, as a metric to distinguish failure-
exposed areas in a dynamically loaded component, with a focus also on the evidences from damaged fibreglass reinforced composite
panels [62]. In the recent paper [6] the variability of ESPI-based risk maps was faced by the changes in the real-valued amplitude
of the excitation dynamic signature, whereas [7] deals with the effects of different excitation locations and [8] gather both aspects.
With [2] the risk index mapping is addressed instead by means of DIC-based full-field receptances at the moderate (interpolated)
esolution of SLDV in both spatial and frequency domains, while with this work the analysis is made with the original DIC dataset,
ithout any potential distortion coming from the topology transforms and related down-sampling interpolations. To better output

he surface zones in danger, where the risk index is above the selected threshold of acceptance, starting from [63] a different colour
oding has been introduced, as in evidence in Section 3.3. The recent works on vibro-acoustics [63–66] see the Rayleigh integral
pproximation – of sound pressure fields radiated by a vibrating surface – fed by the experiment-based full-field receptances, showing
ow the sound pressure mapping can be obtained directly from full-field testing. Furthermore, [63] introduces the identification
f the force that is induced by acoustic pressure fields on a structure; the same airborne identified force can be used to assess the
atigue life of a component, while exhibiting the same structural dynamics and responses. Indeed the attention on the high cycles
atigue – from dynamic loading and vibrations – is clearly on the background of this paper: the airborne sound pressure field can
e seen as distributed loading, therefore interwoven with NDT & risk grading procedures.

Different works [1,2,5–8,50,51,58–66] were published by the author about the growing native optical full-field technologies, their
advantages and drawbacks in a broad scenario of applicability and perspectives. It was shown how full-field techniques have started
to offer tangible advances for the consistency and continuity of their data fields, with clear repercussions in EFFMA7 and model
updating, vibro-acoustics8 and derivative calculations (rotational dofs9, strains, stresses, risk index maps10). Native technologies can
therefore, more and more frequently, cope with the challenges of the most demanding structural testing, without the need of FEM.
The sensed full-field receptance maps across a broad frequency range can fully characterise the specific structural dynamics of the
actual set-up, with all the potential delays of the responses in the superposition of a modally dense dynamics, and with the real
damping or boundary conditions, hardly modellable by FEM. They may represent a viable path in order to have the best achievable
experiment-based representation of the real behaviour of manufactured and mounted components around their working load levels,
also with complex patterns in the dynamic signature of the excitations.

The structure of the article follows Fig. 1. Inside Section 2, a recall of the experiment-based FRF modelling is sketched
in Section 2.1, also with a brief description of the testing procedures and attentions about the set-up. Section 2.2 refines the
mathematical tools to obtain full-field strain and stress FRF maps, principal stresses and the von Mises equivalent stress maps. All
these derivative quantities were refined as complex-valued to fully retain – without any approximation – that relevant information in
the dynamic behaviour of the real sample, as well as in the dynamic signatures of the excitations. Section 2.3 presents an extended
modelling of excitation forces, whose dynamic signature has now all the mathematical characteristics of real-life measured forces,
with their typical complex-valued spectrum. In particular, the refined complex-valued von Mises equivalent stress is used by the spectral
methods in Section 2.4, to predict the fatigue life of the components in the extended mapping that full-field techniques can provide.
All the results and discussions are gathered in Section 3, where: Section 3.1 highlights how the location of the initial crack can
change with the excitation; Section 3.2 introduces the Risk Index and the Threshold of Acceptance definitions; Section 3.3 pertains
the selection of a defect tolerance scheme and its evidences with DIC-based receptances; Section 3.4 suggests future researches.
Section 4 provides the final conclusions.

4 See also Fatigue life assessment by means of full field ESPI vibration measurements in: P. Sas (Ed.), Proceedings of the ISMA2008 Conference, September
5–17, Leuven (Belgium); Full field ESPI vibration measurements to predict fatigue behaviour, in: Proceedings of the IMECE2008 ASME International Mechanical
ngineering Congress and Exposition, October 31–November 6, Boston (MA), USA.

5 A. Zanarini, scientific proposer & experienced researcher in the project TEFFMA - Towards Experimental Full Field Modal Analysis, financed by the European
ommission - Marie Curie FP7-PEOPLE-IEF-2011 PIEF-GA-2011-298543 grant, 1/02/2013 - 31/07/2015, at the Vienna University of Technology, Austria.

6 By A. Zanarini, in Proceedings of the ICoEV2015 International Conference on Engineering Vibration, Ljubljana, Slovenia, September 7–10, Univ. Ljubljana
IFToMM, 2015, symposium Full Field Measurements for Advanced Structural Dynamics:
Comparative studies on full field FRFs estimation from competing optical instruments, pp. 1559–1568, ID191.
Accurate FRFs estimation of derivative quantities from different full field measuring technologies, pp. 1569–1578, ID192.
Full field experimental modelling in spectral approaches to fatigue predictions, pp. 1579–1588, ID193.
Model updating from full field optical experimental datasets, pp. 773–782, ID196.
7 See specifically [1,48–51,58–61] for enhanced structural dynamics assessments and model updating.
8 See specifically [63–66] for vibro-acoustics.
9 The reader can specifically appreciate in [1,50] the effect of the measurement noise on the estimation of rotational dofs; however, unfortunately due to the

omplexity or burden of their measurement, the rotational dofs are usually disregarded, whilst they are relevant for the successful build of a reliable dynamic
odel for complex structures [3,4,33,67–69].
10 See instead [2,5–8,62] for enhancements of fatigue spectral methods and failure risk grading.
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Fig. 2. The lab in the TEFFMA project (see [1,50,51,58–61]): aerial view in 𝑎, restrained plate sample with highlighted shakers’ locations in 𝑏, 2 shakers on
the back of the plate with their impedance heads in 𝑐.

2. Materials and methods

2.1. Full-field FRFs in TEFFMA project: direct experimental modelling by means of receptances

Here is a brief summary11 of what was available at TU-Wien as in Fig. 2: a dedicated seismic floor room; a mechanical &
electronic workshop with technicians; traditional tools for vibration & modal analysis; but, in particular, there were SLDV, Hi-Speed
DIC and stroboscopic ESPI instruments. Accurate studies were needed to understand each technological limit and if a common test for
concurrent usage might have been really possible. All this brought to a unique set-up for the comparison of the 3 optical technologies
in full-field FRF estimations. Great attention was paid to the design of experiments for further research in modal analysis, NVH, vibro-
acoustics. After an accurate tuning, a feasible performance overlapping was sought directly out of each instrument, reminding the
reader that the same structural dynamics can be sensed in complementary domains, which means frequency for SLDV & ESPI, and
time for DIC. The comparisons of the ODSs, directly out of each instrument proprietary software, seemed really promising, but only
at a qualitative level, as nothing was precisely super-imposable. Topology transforms were added to have the datasets in the same
physical references for appropriate quantitative comparisons.

2.1.1. Brief recall of a direct characterisation by means of full-field receptances
The formulation of receptance matrix 𝑯𝒅(𝜔), taken from [3,4] as spectral relation between displacements and forces in EMA,

will be used for the full-field FRF estimation. It describes the dynamic behaviour of a testing system, with potentially multi-input
excitation (here 2 distinct shakers), and many-output responses (here also several thousands), covering the whole sensed surface,
as can be formulated in the following complex-valued expression:

𝐻𝑑𝑞𝑓 (𝜔) =

∑𝑁
𝑚=1 𝑆

𝑚
𝑋𝑞𝐹𝑓

(𝜔)
∑𝑁

𝑚=1 𝑆
𝑚
𝐹𝑓𝐹𝑓

(𝜔)
∈ C (1)

where 𝑋𝑞 is the output displacement at qth dof induced by the input force 𝐹𝑓 at f th dof, while 𝑆𝑚
𝑋𝑞𝐹𝑓

(𝜔) is the 𝑚th cross-power
spectral density between input and output, 𝑆𝑚

𝐹𝑓𝐹𝑓
(𝜔) is the 𝑚th auto-power spectral density of the input and 𝜔 is the angular

frequency, evaluated in 𝑁 repetitions.

2.1.2. Notes on the sample
The specimen under test was a simple thin rectangular AA7075-T6 plate with external dimensions of 250 × 236 × 1.5 mm. The

sample was designed as a lightweight structure to retain a complex structural dynamics within the operative ranges of the used
measurement technologies, with its real constraints and damping characteristics. The plate was fixed by wires to a rigid frame on
the air-spring optical table (see Figs. 2𝑎, 𝑏) to restrain any excessive rigid-body movement. The plate was in pristine conditions, not
to confuse the measurement errors with part’s defects. The front-side of the plate was sprayed with a DIC-friendly random noise
pattern layer of paint. The excitation was given separately by electrodynamic shakers, in number of 2 for EFFMA in [60]. The
shakers, positioned on the back-side of the plate in Fig. 2𝑐, were used to fulfil the requirements of the stepped-sine phase-shifting
acquisition procedure for ESPI (with an external sine waveform generator), not compatible with impact testing. In SLDV and DIC
measurements, instead, LMS Test.Lab system drove the shakers’ excitations. Force signals were sampled at the shaker-plate interface
by means of the force cells in the impedance heads, to calculate the receptances 𝑯𝒅(𝑥, 𝑦, 𝜔) of Eq. (1).

11 To the interested reader, the most detailed notes of the test campaign appeared in [51], with further suggestions in [1,60,61].
5



Engineering Failure Analysis 163 (2024) 108385A. Zanarini

f
c

2
h
a

2

d

2

d

2.1.3. Estimated full-field FRFs & Coherence from optical measurements
Once the experiment-based methodology above was defined as in Eq. (1), receptance FRF & Coherence function’s maps at specific

requencies and excitation sources were obtained [51,61], to appreciate the spatial consistency and continuity of the data, with
lean shapes, sharp nodal lines and excellent Coherences, especially from ESPI. The DIC-based datasets here used contain 𝑁𝑞 = 11 988

dofs (𝑁𝑞 = 111 × 108, around 2.25 mm structural grid spacing) for 2008 frequency lines, with a frequency space of 0.5 Hz in the
0-1024 Hz frequency range. The datasets were obtained from 2 shakers in different energy injection locations. To be noted that
ere the DIC-based datasets were only reduced to the common sensed area among the techniques, but not interpolated, therefore
dding no noise from the topology transforms.

.2. Deriving new quantities from full-field receptances

The high quality of the receptance maps, also obtainable from DIC, deserves further investigations for novel derivative quantities
on the plate surface. In TEFFMA datasets, here used for Section 3, only the out-of-plane (𝑧) components of the receptance map
𝑯𝒅(𝑥, 𝑦, 𝜔) were above the sensitivity of the measurements; no in-plane (𝑥, 𝑦) components were above the noise floor, therefore
isregarded to null.

.2.1. Dynamic strain FRFs
The components of the full-field generalised strain FRFs 𝑯𝜺𝑔 (𝑥, 𝑦, 𝜔) ∈ C can be obtained, in each map location and frequency line,

by means of a robust differential operator12, applied on the 3D receptance map 𝑯𝒅(𝑥, 𝑦, 𝜔) ∈ C along 𝑖 = (𝑥, 𝑦, 𝑧) and 𝑗 = (𝑥, 𝑦, 𝑧)
irections:

𝐻𝜀(𝑥, 𝑦, 𝜔)𝑖𝑗𝑔 = 1
2

(

𝜕𝑯𝒅(𝑥, 𝑦, 𝜔)𝑖
𝜕𝑞𝑗

+
𝜕𝑯𝒅(𝑥, 𝑦, 𝜔)𝑗

𝜕𝑞𝑖

)

∈ C. (2)

Being in TEFFMA testing 𝑯𝒅(𝑥, 𝑦, 𝜔)𝑥 = 𝑯𝒅(𝑥, 𝑦, 𝜔)𝑦 = 𝟎 and 𝑯𝒅(𝑥, 𝑦, 𝜔)𝑧 constant in 𝑧, it can be seen that 𝐻𝜀(𝑥, 𝑦, 𝜔)𝑥𝑥𝑔 =
𝐻𝜀(𝑥, 𝑦, 𝜔)𝑦𝑦𝑔 = 𝐻𝜀(𝑥, 𝑦, 𝜔)𝑥𝑦𝑔 = 𝐻𝜀(𝑥, 𝑦, 𝜔)𝑦𝑥𝑔 = 𝐻𝜀(𝑥, 𝑦, 𝜔)𝑧𝑧𝑔 = 0, and only 𝐻𝜀(𝑥, 𝑦, 𝜔)𝑥𝑧𝑔 = 𝐻𝜀(𝑥, 𝑦, 𝜔)𝑧𝑥𝑔 and 𝐻𝜀(𝑥, 𝑦, 𝜔)𝑦𝑧𝑔 =
𝐻𝜀(𝑥, 𝑦, 𝜔)𝑧𝑦𝑔 can be populated.

The non-null bending-related strain FRF tensor 𝑯𝜺𝑏 (𝑥, 𝑦, 𝜔) ∈ C components, due to out-of-plane (𝑧) bending-related displace-
ments/force of the plate of thickness 𝑠 (here 𝑠 = 1.5 mm), are evaluated as:

𝐻𝜀(𝑥, 𝑦, 𝜔)𝑥𝑥𝑏 = − 𝑠
2
𝜕2𝑯𝒅(𝑥, 𝑦, 𝜔)𝑧

𝜕𝑥2
∈ C, 𝐻𝜀(𝑥, 𝑦, 𝜔)𝑦𝑦𝑏 = − 𝑠

2
𝜕2𝑯𝒅(𝑥, 𝑦, 𝜔)𝑧

𝜕𝑦2
∈ C,

𝐻𝛾 (𝑥, 𝑦, 𝜔)𝑥𝑦𝑏 = 𝐻𝛾 (𝑥, 𝑦, 𝜔)𝑦𝑥𝑏 = −𝑠
𝜕2𝑯𝒅(𝑥, 𝑦, 𝜔)𝑧

𝜕𝑥𝜕𝑦
∈ C.

(3)

On the surface, the total strain FRF tensor 𝑯𝜺(𝑥, 𝑦, 𝜔) ∈ C comes from the sum of the previous components:

𝑯𝜺(𝑥, 𝑦, 𝜔) = 𝑯𝜺𝑔 (𝑥, 𝑦, 𝜔) +𝑯𝜺𝑏 (𝑥, 𝑦, 𝜔) ∈ C, (4)

remembering that in this application, with only out-of-plane measurable displacements, Eq. (2) can give a limited contribution
compared to Eq. (3), also due to the different order of derivatives. With the TEFFMA out-of-plane measurements, a specific version
of the total strain FRF tensor, as �̂�𝜺(𝑥, 𝑦, 𝜔), can be detailed in the following matrix, with a marked in-plane (𝑥, 𝑦) prevalence in the
magnitudes:

�̂�𝜺(𝑥, 𝑦, 𝜔) =

⎡

⎢

⎢

⎢

⎣

𝐻𝜀(𝑥, 𝑦, 𝜔)𝑥𝑥𝑏 𝐻𝛾 (𝑥, 𝑦, 𝜔)𝑥𝑦𝑏 𝐻𝜀(𝑥, 𝑦, 𝜔)𝑥𝑧𝑔
𝐻𝛾 (𝑥, 𝑦, 𝜔)𝑦𝑥𝑏 𝐻𝜀(𝑥, 𝑦, 𝜔)𝑦𝑦𝑏 𝐻𝜀(𝑥, 𝑦, 𝜔)𝑦𝑧𝑔
𝐻𝜀(𝑥, 𝑦, 𝜔)𝑧𝑥𝑔 𝐻𝜀(𝑥, 𝑦, 𝜔)𝑧𝑦𝑔 0

⎤

⎥

⎥

⎥

⎦

∈ C. (5)

Also the Principal Strain FRF maps 𝑯𝑷𝜺(𝑥, 𝑦, 𝜔)13 ∈ C, from both shakers, can be obtained at each frequency line of the domain
by means of a diagonalisation of 𝑯𝜺(𝑥, 𝑦, 𝜔), with a complex-valued data representation, to retain any phase relation:

𝑯𝑷𝜺(𝑥, 𝑦, 𝜔) = 𝜱−1
𝜺 (𝑥, 𝑦, 𝜔)𝑯𝜺(𝑥, 𝑦, 𝜔)𝜱𝜺(𝑥, 𝑦, 𝜔) = 𝑑𝑖𝑎𝑔[𝑯𝑃1𝜀,𝑯𝑃2𝜀,𝑯𝑃3𝜀](𝑥, 𝑦, 𝜔) ∈ C. (6)

𝜱𝜺(𝑥, 𝑦, 𝜔) ∈ C are the right [70,72–74] Principal Strain FRF eigenvector maps. This becomes an impressively adherent characterisation
of the experiment-based strain distribution over the sensed surface in spatial and frequency domains.

12 See [50,58,70,71], but in particular [1] in its Appendix.
13 𝑯𝑃1𝜀(𝑥, 𝑦, 𝜔) are the First-, 𝑯𝑃2𝜀(𝑥, 𝑦, 𝜔) are the Second-, and 𝑯𝑃3𝜀(𝑥, 𝑦, 𝜔) are the Third-Principal Strain FRF eigenvalue maps. In this testing, 𝑯𝑃3𝜀(𝑥, 𝑦, 𝜔) was

orders of magnitude below 𝑯 (𝑥, 𝑦, 𝜔) and 𝑯 (𝑥, 𝑦, 𝜔), instead comparable.
6
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Fig. 3. Examples of von Mises equivalent stress FRF maps from optical techniques, direct experimental impedance models in Eq. (9) at 496 Hz, DIC-based examples:
from shaker 1 in 𝑎, from shaker 2 in 𝑏.

2.2.2. Dynamic stress FRFs
With the introduction of a linear isotropic constitutive model (with the following material parameters: E elastic modulus, 𝜈

Poisson ratio, G shear modulus, 𝛬 Lamé constant, here of the aluminium sample in Fig. 2𝑏: 𝐸 = 71.7 GPa, 𝜈 = 0.33 for the 7075-T6
aluminium alloy), the Stress FRF tensor 𝑯𝝈 (𝑥, 𝑦, 𝜔) ∈ C components (expressed in [1/m2]) can be evaluated from the total Strain
FRFs:

𝐻𝜎 (𝑥, 𝑦, 𝜔)𝑖𝑖 = 2𝐺𝐻𝜀(𝑥, 𝑦, 𝜔)𝑖𝑖 + 𝛬
(

𝐻𝜀(𝑥, 𝑦, 𝜔)𝑥𝑥 +𝐻𝜀(𝑥, 𝑦, 𝜔)𝑦𝑦
)

∈ C;

𝐻𝜎 (𝑥, 𝑦, 𝜔)𝑖𝑗 = 2𝐺𝐻𝜀(𝑥, 𝑦, 𝜔)𝑖𝑗 ∈ C; 𝐺 = 𝐸 ∕2 (1 + 𝜈) ∈ R; 𝛬 = 𝐸𝜈 ∕((1 + 𝜈) (1 − 2𝜈)) ∈ R.
(7)

Therefore, with the constitutive model of any specific material (anisotropic and locally linearised included), the experiment-
based Principal Stress FRF maps 𝑯𝑷𝝈 (𝑥, 𝑦, 𝜔)14 ∈ C can also be evaluated from the full-field receptances 𝑯𝒅(𝑥, 𝑦, 𝜔), by means of a
diagonalisation of the Stress FRF tensor 𝑯𝝈 (𝑥, 𝑦, 𝜔):

𝑯𝑷𝝈 (𝑥, 𝑦, 𝜔) = 𝜱−1
𝝈 (𝑥, 𝑦, 𝜔)𝑯𝝈 (𝑥, 𝑦, 𝜔)𝜱𝝈 (𝑥, 𝑦, 𝜔) = 𝑑𝑖𝑎𝑔[𝑯𝑃1𝜎 ,𝑯𝑃2𝜎 ,𝑯𝑃3𝜎 ](𝑥, 𝑦, 𝜔) ∈ C. (8)

𝜱𝝈 (𝑥, 𝑦, 𝜔) ∈ C are the right [70,72–74] Principal Stress FRF eigenvector maps. The Principal Stress FRF maps 𝑯𝑷𝝈 (𝑥, 𝑦, 𝜔) can be
rearranged in the von Mises Equivalent Stress FRF 𝑯𝝈𝒗𝑴 (𝑥, 𝑦, 𝜔) ∈ C general multi-axes stress FRF definition (see [75–77] for further
details), independent of the forcing, but only related to the full-field receptances 𝑯𝒅(𝑥, 𝑦, 𝜔) and the constitutive model:

𝑯𝝈𝒗𝑴 (𝑥, 𝑦, 𝜔) =

√

√

√

√

√

[

𝑯𝑃1𝜎 (𝑥, 𝑦, 𝜔) −𝑯𝑃2𝜎 (𝑥, 𝑦, 𝜔)
]2

+
[

𝑯𝑃2𝜎(𝑥, 𝑦, 𝜔) −𝑯𝑃3𝜎 (𝑥, 𝑦, 𝜔)
]2

+
[

𝑯𝑃1𝜎 (𝑥, 𝑦, 𝜔) −𝑯𝑃3𝜎 (𝑥, 𝑦, 𝜔)
]2

2
. (9)

See Figs. 3𝑎, 𝑏 for deployment examples of the von Mises Equivalent Stress FRF 𝑯𝝈𝒗𝑴 (𝑥, 𝑦, 𝜔) in Eq. (9) on the whole spatial mapping
of the complex amplitude (expressed in [1∕𝑚2]), from both shakers, at the frequency step 953, meaning 496.0 Hz. As in all the
complex-valued maps proposed, the same projecting angle is kept among the tiles for proper phasing comparisons. Beside each
component, the range scale in red tones allows to locate, by means of a magenta line, the level – numerically shown also in the
text – reached by the specific function in the structural dof of inquiry, highlighted by the magenta dot (and text). Darker tones
correspond linearly to the minimal values in the range, while full brightness pertains to the maximal values. Instead, the yellow
dot (and label) on the maps locates the active shaker, while the grey dot (and label) references the mute shaker; here shaker 1
is in structural dof 10 414, shaker 2 in structural dof 4034, as reported in the text of all the figures. Due to the complexity of 3D
surfaces and related back-face culling in OpenGL, in some figures the 3 coloured dots might not be visible altogether, or partially
hidden. Note the location of the highlighted magenta dof 4540 on the maps in Fig. 3, which is used to extract the single graphs of
the corresponding von Mises Equivalent Stress FRF 𝐻𝜎𝑣𝑀 4540(𝜔) in the whole frequency domain, once obtained from both shakers, as
in Figs. 4𝑎, 𝑏. In the latter, the complex phase clearly denotes a restraint in the range [−𝜋,−𝜋∕2], due to the specific formulation
of Eq. (9). On the top of the 2D graphs, in the centre, the title of the depicted main function is written in magenta, like the dof

14 𝑯𝑃1𝜎 (𝑥, 𝑦, 𝜔) are the First-, 𝑯𝑃2𝜎 (𝑥, 𝑦, 𝜔) are the Second-, and 𝑯𝑃3𝜎 (𝑥, 𝑦, 𝜔) are the Third-Principal Stress FRF eigenvalue maps. In this plane application,
𝑯 (𝑥, 𝑦, 𝜔) was very small compared to the others.
7
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Fig. 4. Examples of von Mises equivalent stress FRF graphs from DIC optical technique, direct experimental impedance models from Eq. (9) in the 20-1024 Hz
ange: from shaker 1 in 𝑎, from shaker 2 in 𝑏.

n the maps. On the top left, the frequency line of interest is highlighted in yellow, as well as the corresponding vertical line on
he graphs, like a frequency cursor. Just below, the involved functions/parts (in red) are reported with the values at the specific
requency, together with a corresponding horizontal red line in the graphs. In all the 2D graphs, the extremes of the main function
red curve) are annotated in grey text on the right side, as well as the description of the quantity. Where a second function (in
lack) – with a different scale – is introduced, its extremes and description are written in black text on the right; its full description
nd punctual value at the specific frequency is reported in the third row on the top, in black, but without any horizontal black line.
t the bottom of the graphs, below the line for the extremes of the frequency range, the geometry and frequency references of the
ataset are reported in grey text on the left side, whereas the active (yellow) and mute (dark grey) shakers are indicated on the
ight side.

.2.3. Dynamic stresses
Once the complex-valued Stress FRF tensor 𝑯𝝈 (𝑥, 𝑦, 𝜔) components are evaluated as in Eq. (7), the complex-valued dynamic Stresses

(𝑥, 𝑦, 𝜔) (expressed in [N/m2]) can be easily evaluated in:

𝜮(𝑥, 𝑦, 𝜔) = 𝑯𝝈 (𝑥, 𝑦, 𝜔)𝐹 (𝜔) ∈ C, (10)

here a generalised scaling complex-valued force 𝐹 (𝜔) needs to be defined, as in the following Section 2.3, or obtained from
xperiments, under the linearity assumption for structural behaviour at the base of Eq. (1).

The dynamic Principal Stresses 𝜮𝑃 (𝑥, 𝑦, 𝜔)15 ∈ C can also be evaluated in each location of the maps by means of the diagonalisation
of the dynamic Stresses 𝜮(𝑥, 𝑦, 𝜔) ∈ C in Eq. (10), or directly by using the Principal Stress FRF maps 𝑯𝑷𝝈 (𝑥, 𝑦, 𝜔) in:

𝜮𝑃 (𝑥, 𝑦, 𝜔) = 𝜱−1
𝝈 (𝑥, 𝑦, 𝜔)𝑯𝝈 (𝑥, 𝑦, 𝜔)𝜱𝝈 (𝑥, 𝑦, 𝜔)𝐹 (𝜔) = 𝑯𝑷𝝈 (𝑥, 𝑦, 𝜔)𝐹 (𝜔)

= 𝑑𝑖𝑎𝑔[𝑯𝑃1𝜎 ,𝑯𝑃2𝜎 ,𝑯𝑃3𝜎 ](𝑥, 𝑦, 𝜔)𝐹 (𝜔) = 𝑑𝑖𝑎𝑔[𝜮𝑃1 ,𝜮𝑃2 ,𝜮𝑃3 ](𝑥, 𝑦, 𝜔) ∈ C.
(11)

Eventually, and generally (see [75–77] for further details), the Principal Stresses 𝜮𝑃 (𝑥, 𝑦, 𝜔) can be used in the von Mises Equivalent
Stress 𝜮𝒗𝑴 (𝑥, 𝑦, 𝜔) ∈ C general multi-axes stress definition:

𝜮𝒗𝑴 (𝑥, 𝑦, 𝜔) =

√

√

√

√

√

[

𝜮𝑃1 (𝑥, 𝑦, 𝜔) −𝜮𝑃2 (𝑥, 𝑦, 𝜔)
]2

+
[

𝜮𝑃2 (𝑥, 𝑦, 𝜔) −𝜮𝑃3 (𝑥, 𝑦, 𝜔)
]2

+
[

𝜮𝑃1 (𝑥, 𝑦, 𝜔) −𝜮𝑃3 (𝑥, 𝑦, 𝜔)
]2

2
. (12)

Note that the von Mises Equivalent Stress 𝜮𝒗𝑴 (𝑥, 𝑦, 𝜔) general multi-axes stress definition easily follows also from Eq. (9), the
diagonalisation base 𝜱𝝈 (𝑥, 𝑦, 𝜔) being the same as in Eq. (11), exploiting the strength of the FRF-based approach – as sketched
in the left side of Fig. 1 – here preferred, which evaluates 𝑯𝝈𝒗𝑴 (𝑥, 𝑦, 𝜔) only once, being excitation independent:

𝜮𝒗𝑴 (𝑥, 𝑦, 𝜔) = 𝑯𝝈𝒗𝑴 (𝑥, 𝑦, 𝜔)𝐹 (𝜔) ∈ C. (13)

Both Eqs. (12), (13) give the same result, but Eq. (12) requires the actualisation of 𝜮𝑃 (𝑥, 𝑦, 𝜔) in Eq. (11) at every change of
the excitation 𝐹 (𝜔), then its re-evaluation with more operations. Therefore the use of Eq. (12) is discouraged with multiple 𝐹 (𝜔)
realisations, or whenever force/input shaping optimisation targets are sought.

The general approach from von Mises [75] is quite basic – albeit widely adopted for its simplicity – with its widely known
limits and shortcomings in some specific domains [76,78–80]. It remains partially limited also in the complex-valued extension here
addressed, as the formulation in Eqs. (12)–(13) does not take fully advantage of the phase information, due to the power raising
of ()2 and ()1∕2 in Eq. (9) or Eq. (12). Again, this is clearly manifest in the phase graphs in Figs. 4𝑎, 𝑏, restrained in the range
[−𝜋,−𝜋∕2], and might be a target for further research, when dealing with complex-valued datasets for a better representation of the
actual structural dynamics.

15 𝜮𝑃1
(𝑥, 𝑦, 𝜔) are the First-, 𝜮𝑃2

(𝑥, 𝑦, 𝜔) are the Second-, and 𝜮𝑃3
(𝑥, 𝑦, 𝜔) are the Third-Principal Stress eigenvalue maps. In this plane application, 𝜮𝑃3

(𝑥, 𝑦, 𝜔) was
8
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Fig. 5. Examples of von Mises equivalent stress PSD log-amplitude graphs (title and traces in red, labels in grey) from DIC optical technique, direct experimental
impedance model in dof 4540 from Eq. (18) in the 20-1024 Hz range, superimposed to the Auto Power spectrum of red noise-std excitation (all in black) in
q. (14): from shaker 1 in 𝑎, from shaker 2 in 𝑏.

.3. Formulation of dynamic signatures in excitation forces

In order to appreciate the contribution of experiment-based full-field receptances, thanks to their complex-valued representation of
he real-life structural dynamics, different excitation signatures for 𝐹 (𝜔) ∈ C components are discussed in the following subsections.
he general shape of the forces is that of the coloured noises, with 𝛼 ∈ [−2, 2] defining the noise colour (𝛼 = −2 for violet noise, 𝛼 = −1

for blue noise, 𝛼 = 0 for white noise, 𝛼 = 1 for pink noise and 𝛼 = 2 for red noise). For all types of excitations, the shared quantities can be
defined: 𝐹0 ∈ R as the reference amplitude; 𝑆0 as the sinusoidal phase range multiplier; 𝑁𝑝 as the number of half cycles of the phase
n the range; 𝜔0 as the starting frequency; 𝛥𝜔 as the frequency range; 𝜃0 as a reference phase; 𝜃(𝜔) = 𝑆0𝑠𝑖𝑛(𝜋𝑁𝑝(𝜔 − 𝜔0)∕𝛥𝜔 + 𝜃0)
s a selected phase function; 𝛽𝐹0 ∈ R, being 0 ≤ 𝛽𝐹0 ≤ 1, as the level of randomness in the amplitude; 𝑅𝑎𝑛𝑑𝐹0 , or 𝑅𝑎𝑛𝑑𝜃 , as a
unction returning a pseudo-random number in the range 0 to 1; 𝛽𝜃 as the level of randomness in the phase. For all the examples
ere provided, the following inputs were taken: 𝐹0 = 0.050 N, 𝑆0 = 3.14 rad, 𝑁𝑝 = 4, 𝜃0 = 𝜋∕2 rad, 𝛽𝐹0 = 0.15, 𝛽𝜃 = 0.30∕𝜋, with the
espective quantities explained below.

.3.1. Real-valued coloured noise
A real-valued coloured noise excitation 𝐹 (𝜔) can be defined as:

𝐹𝑟(𝜔) =
𝐹0
𝜔𝛼 ∈ R, 𝐹𝑖(𝜔) = 0 ∈ R, 𝐹 (𝜔) =

[

𝐹𝑟(𝜔), 𝐹𝑖(𝜔)
]

∈ C. (14)

This means, therefore, that each frequency line component has the same phase, simply put to zero phase lag and null 𝐹𝑖(𝜔) imaginary
component. This type of noise receives here the label ‘‘std’’, which stands for standard designation, as can be found in Figs. 5, 9
and 13.

2.3.2. Complex-valued coloured noise
A complex-valued coloured noise excitation 𝐹 (𝜔) can be defined as:

𝐹 (𝜔) =
𝐹0
𝜔𝛼 𝑒

𝑖𝜃(𝜔) ∈ C, (15)

with 𝜃(𝜔) to address the varying phase with a specific function. This type of noise receives here the label ‘‘sp’’, which stands for
sinusoidal phase designation, as can be found in Figs. 6, 10 and 14.

Fig. 6. Examples of von Mises equivalent stress PSD log-amplitude graphs (title and traces in red, labels in grey) from DIC optical technique, direct experimental
impedance model in dof 4540 from Eq. (18) in the 20-1024 Hz range, superimposed to the Auto Power spectrum of violet noise-sp excitation (all in black) in
q. (15): from shaker 1 in 𝑎, from shaker 2 in 𝑏.
9



Engineering Failure Analysis 163 (2024) 108385A. Zanarini

2

A
c
t

c
b
b

2

d

Fig. 7. Examples of von Mises equivalent stress PSD log-amplitude graphs (title and traces in red, labels in grey) from DIC optical technique, direct experimental
impedance model in dof 4540 from Eq. (18) in the 20-1024 Hz range, superimposed to the Auto Power spectrum of pink noise-ra excitation (all in black) in
Eq. (16): from shaker 1 in 𝑎, from shaker 2 in 𝑏.

.3.3. Real-valued coloured noise with random amplitude variations
A real-valued coloured noise excitation with random amplitude variations 𝐹 (𝜔) can be defined as:

𝐹𝑟(𝜔) =
𝐹0𝑟
𝜔𝛼 ∈ R, 𝐹𝑖(𝜔) = 0 ∈ R, 𝐹 (𝜔) =

[

𝐹𝑟(𝜔), 𝐹𝑖(𝜔)
]

∈ C. (16)

This means therefore that each frequency line component has the same phase, simply put to zero phase lag. Specifically: 𝐹0𝑟 =
𝐹0(1 + 𝛽𝐹0 (𝑅𝑎𝑛𝑑𝐹0 − 0.5)), where 𝐹0 ∈ R can be seen as the reference – or mean – amplitude, around which the randomness occurs.
This type of noise receives here the label ‘‘ra’’, which stands for random amplitude – but zero phase lags – designation, as can be
found in Figs. 7, 11 and 15.

2.3.4. Complex-valued coloured noise with random amplitude & phase variations
A complex-valued coloured noise excitation with random amplitude & phase variations 𝐹 (𝜔) can be defined as:

𝐹 (𝜔) =
𝐹0𝑟
𝜔𝛼 𝑒𝑖𝜃𝑟(𝜔) ∈ C. (17)

s in Eq. (16), 𝐹0𝑟 = 𝐹0(1 + 𝛽𝐹0 (𝑅𝑎𝑛𝑑𝐹0 − 0.5)). Identically, 𝜃𝑟(𝜔) = 𝜃(𝜔)(1 + 𝛽𝜃(𝑅𝑎𝑛𝑑𝜃 − 0.5)) with 𝜃(𝜔) as the chosen phase function,
ontaminated by phase random variations. This type of noise receives here the label ‘‘rap’’, which stands for random variations in
he amplitude and sinusoidal phase designation, as can be found in Figs. 8, 12 and 16.

It can be clearly seen how this type of signature retraces that of any experiment-based acquisition, with generically varied
omplex-valued spectrum. Therefore, in these approaches grounded on experiment-based full-field receptances, any testing force can
e retained with its real-life components, without assumptions nor compromises, except for the respect of the linearity relation
etween forces and structural responses.

.4. Cumulative damage & fatigue life assessment by means of spectral methods

With such a broad set of detailed experiment-based Stress FRF maps𝑯𝝈 (𝑥, 𝑦, 𝜔), excitation independent, we can evaluate cumulative
amage with the spectral methods for high cycles fatigue in every dof of the sensed surface, with unprecedented mapping abilities. A

Fig. 8. Examples of von Mises equivalent stress PSD log-amplitude graphs (title and traces in red, labels in grey) from DIC optical technique, direct experimental
impedance model in dof 4540 from Eq. (18) in the 20-1024 Hz range, superimposed to the Auto Power spectrum of blue noise-rap excitation (all in black) in
Eq. (17): from shaker 1 in 𝑎, from shaker 2 in 𝑏.
10
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spectral method targets the evaluation of an equivalent range of stress cycles 𝑆𝑒𝑞(𝑥, 𝑦), in each location (𝑥, 𝑦) of the experiment-based
Stress FRF maps. 𝑆𝑒𝑞(𝑥, 𝑦) is representative of the damage inferred by the whole excitation spectrum on the retained dynamics, and
an be evaluated in all the locations of the sensed surface. The notation (𝑥, 𝑦) is suppressed for compactness in the spatial extension
f the specific spectral method parameters below, which must be intended as maps.

Many spectral methods (e.g. [13–17,81–91]) are based on 𝑚𝑘 = ∫ ∞
0 𝑓𝑘𝑃𝑆𝐷𝛴𝑣𝑀

(𝜔)𝑑𝜔, the 𝑘th order moments of the frequency by
𝑆𝐷𝛴𝑣𝑀

(𝜔), the PSD of von Mises Equivalent Stress, from which we can obtain other parameters, such as the effective frequency
𝑧𝑒𝑟𝑜𝑐𝑟𝑜𝑠𝑠𝑖𝑛𝑔 = 𝐹𝑧𝑐 =

√

𝑚2∕𝑚0, the expected number of peaks per unit time 𝐹𝑝𝑒𝑎𝑘𝑠 = 𝐹𝑝 =
√

𝑚4∕𝑚2, and the irregularity factor
= 𝛾2 = 𝐹𝑧𝑐∕𝐹𝑝 = 𝑚2∕

√

𝑚0𝑚4.
Recalling what stated in Section 2.2.3 and Eq. (13) about the complex-valued nature of the von Mises Equivalent Stress 𝜮𝒗𝑴 (𝑥, 𝑦, 𝜔),

n each location (x,y) of the map the 𝑃𝑆𝐷𝛴𝑣𝑀
(𝑥, 𝑦, 𝜔) can be defined as:

𝑃𝑆𝐷𝛴𝑣𝑀
(𝜔) = 𝑃𝑆𝐷𝛴𝑣𝑀

(𝑥, 𝑦, 𝜔) = 2𝜮𝒗𝑴 (𝑥, 𝑦, 𝜔)𝜮∗
𝒗𝑴 (𝑥, 𝑦, 𝜔)∕𝛥𝜔 ∈ R, (18)

where ∗ is the complex conjugate operator and 𝛥𝜔 is the spectral spacing for the granularity in the frequency domain; here the 2
factor comes from the symmetry of the domain, while counting only for the positive frequencies. The PSD of von Mises Equivalent
Stress is crucial and here evaluated from the von Mises Equivalent Stress FRFs 𝑯𝝈𝒗𝑴 (𝑥, 𝑦, 𝜔) ∈ C of Eq. (9), and pivotal in Eq. (13),
with the changing coloured noises 𝐹 (𝜔) ∈ C. 𝑯𝝈𝒗𝑴 (𝑥, 𝑦, 𝜔) was rendered, and already commented, in the maps at a single frequency
in Fig. 3 and in single dof graphs of Fig. 4, from both shakers.

It is important to note that the experiment-based full-field Stress FRFs 𝑯𝝈 (𝑥, 𝑦, 𝜔) in Eq. (7), with their principal FRF components
𝑯𝑷𝝈 (𝑥, 𝑦, 𝜔) in Eq. (8), or the dynamic Stresses 𝜮(𝑥, 𝑦, 𝜔) of Eq. (10) with the related principal components 𝜮𝑷 (𝑥, 𝑦, 𝜔) in Eq. (11),
are useable with any other spectral method (see e.g. [17]), in particular those that retain the phase relations in the frequency
domain, for further comparative works, without the restraining von Mises multi-axes equivalence, as already commented at the end
of Section 2.2.3.

2.4.1. Dirlik semi-empirical spectral method parameters
Among the many available ones (see [13–17,81–91]), the Dirlik semi-empirical spectral method in [13] was here implemented

for the whole (𝑥, 𝑦) mapping, as it gives a sound prediction of the fatigue life for wide-frequency-band spectra of stress responses,
combining the maps of factors in Eq. (19):

𝜒𝑚 =
(

𝑚1∕𝑚0
) (

𝑚2∕𝑚4
)1∕2 ; 𝐷1 = 2

(

𝜒𝑚 − 𝛾2
)

∕
(

1 + 𝛾2
)

; 𝑅 =
(

𝛾 − 𝜒𝑚 −𝐷2
1
)

∕
(

1 − 𝛾 −𝐷1 +𝐷2
1
)

;

𝐷2 =
(

1 − 𝛾 −𝐷1 +𝐷2
1
)

∕ (1 − 𝑅) ; 𝐷3 = 1 −𝐷1 −𝐷2; 𝑄 = 1.25
(

𝛾 −𝐷3 −𝐷2𝑅
)

∕𝐷1;
(19)

to finally obtain, in each location (𝑥, 𝑦), the Equivalent Range of Stress Cycles 𝑆𝑒𝑞 raised to 𝑏 exponent

𝑆𝑏
𝑒𝑞 = 𝐷1(2

√

𝑚0𝑄)𝑏𝛤 (𝑏 + 1) + (23∕2
√

𝑚0)𝑏𝛤 (1 + 𝑏∕2)[𝐷2𝑅
𝑏 +𝐷3], (20)

where 𝛤 () is the Gamma function, and the Time-to-Failure spatial distribution 𝑇𝑓𝑎𝑖𝑙𝑢𝑟𝑒 ([s] or [h]), or its reciprocal Frequency-to-Failure
spatial distribution 𝐹𝑓𝑎𝑖𝑙𝑢𝑟𝑒 ([1/s] or [1/h]), evaluated across all the dofs (𝑥, 𝑦) of the maps, function of 𝑆𝑒𝑞(𝑥, 𝑦), of 𝐹𝑝(𝑥, 𝑦) and of the

𝑟 fatigue strength coefficient and 𝑏 exponent16, as:

𝑇𝑓𝑎𝑖𝑙𝑢𝑟𝑒(𝑥, 𝑦) = 𝐾𝑟∕
[

𝐹𝑝(𝑥, 𝑦)𝑆𝑏
𝑒𝑞(𝑥, 𝑦)

]

, (21)

𝐹𝑓𝑎𝑖𝑙𝑢𝑟𝑒(𝑥, 𝑦) =
[

𝐹𝑝(𝑥, 𝑦)𝑆𝑏
𝑒𝑞(𝑥, 𝑦)

]

∕𝐾𝑟. (22)

3. Results and discussion

3.1. Frequency-to-failure with coloured noise excitation

As in [2,5–8,50], new PSDs of Eq. (18) are easily obtained from the stress FRFs 𝑯𝝈 (𝑥, 𝑦, 𝜔) in Eq. (13), by changing the excitation
signature 𝐹 (𝜔), as modelled in Section 2.3, and energy injection point (or shaker). In Figs. 5–8 the 𝑃𝑆𝐷𝛴𝑣𝑀

(𝜔) are displayed as red
curves, whereas the corresponding Auto-Power-spectrum of the excitation is superposed in black. It is manifest how the shape of
the complex amplitude of the excitation is able to change the output on the 𝑃𝑆𝐷𝛴𝑣𝑀

(𝜔): (i) by raising or by lowering specific
components in the frequency range of the output; (ii) by transferring the potential randomness of the excitation to the 𝑃𝑆𝐷𝛴𝑣𝑀

(𝜔).
However, the phase contributions, with or without randomness, are concealed behind the PSD- and Auto-Power-spectrum- nature
of the graphs.

By selecting the red noise-std real-valued excitation (Eq. (14), 𝛼 = 2) to multiply the previous 𝑯𝝈 (𝑥, 𝑦, 𝜔), the 𝑃𝑆𝐷𝛴𝑣𝑀
(𝑥, 𝑦, 𝜔) in

Fig. 5 are used in Eq. (22) to evaluate the 𝐹𝑓𝑎𝑖𝑙𝑢𝑟𝑒 distribution (in [1/h]), to highlight where the failure should start first, by brighter
red tones on higher log-Z axis as in Fig. 9. The 𝐹𝑓𝑎𝑖𝑙𝑢𝑟𝑒 maps of Fig. 10 come from the violet noise-sp complex-valued excitation,
Eq. (15), 𝛼 = −2, which also brought the 𝑃𝑆𝐷𝛴𝑣𝑀

(𝜔) for the graphs in Fig. 6. A pink noise-ra real-valued excitation with randomness

16 Here 𝐾 = 4.42e+43 Pa𝑏, 𝑏 = 4.81 for the 7075-T6 aluminium alloy in [25].
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Fig. 9. Examples of frequency-to-failure distribution log-amplitude maps of Eq. (22) in [1/h] from red noise-std excitation as in Eq. (14), DIC-based examples: from
shaker 1 in 𝑎, from shaker 2 in 𝑏.

Fig. 10. Examples of frequency-to-failure distribution log-amplitude maps of Eq. (22) in [1/h] from violet noise-sp excitation as in Eq. (15), DIC-based examples:
from shaker 1 in 𝑎, from shaker 2 in 𝑏.

in the amplitude, Eq. (16) with 𝛼 = 1, is the source to obtain the 𝑃𝑆𝐷𝛴𝑣𝑀
(𝜔) for the graphs in Fig. 7 and for 𝐹𝑓𝑎𝑖𝑙𝑢𝑟𝑒 maps of

Fig. 11. A blue noise-rap complex-valued excitation with randomness in the amplitude and phase, Eq. (17) with 𝛼 = −1, is taken to
draw the graphs of Fig. 8 and the 𝐹𝑓𝑎𝑖𝑙𝑢𝑟𝑒 maps of Fig. 12. To conclude, it was sufficient to change the dynamic signature of the 𝐹 (𝜔),
and its location, to have different 𝐹𝑓𝑎𝑖𝑙𝑢𝑟𝑒 maps, therefore quite different expected life maps of the component under the respective
dynamic loading scenario. The dynamic behaviour of the real sample – with real boundary conditions – plays an uttermost role,
and no assumptions nor approximations were made to build/tune any synthetic/twin model.

3.2. Definition of the risk index and the defect tolerance criterion

A defect tolerance criterion can be built, for usages in manufacturing as well as in exercise, based on the real dynamics, potential
location of a defect, and a Risk Index definition of ones’ choice.

Starting from the predictions of the experiment-based 𝑇𝑓𝑎𝑖𝑙𝑢𝑟𝑒 maps, an example of Risk Index (RI)17 can be proposed. The RI is
based on the Hours-to-Failure (HtF) ([h] instead of seconds [s], in Eq. (21)), and can be defined in every dof (𝑥, 𝑦) of the map, in a

17 Any other definition of the risk index is also possible, e.g. by making the level absolute without the relation to the mean value [92] in the field, as specific
industrial experiences may suggest.
12
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Fig. 11. Examples of frequency-to-failure distribution log-amplitude maps of Eq. (22) in [1/h] from pink noise-ra excitation as in Eq. (16), DIC-based examples:
from shaker 1 in 𝑎, from shaker 2 in 𝑏.

Fig. 12. Examples of frequency-to-failure distribution log-amplitude maps of Eq. (22) in [1/h] from blue noise-rap excitation as in Eq. (17), DIC-based examples:
from shaker 1 in 𝑎, from shaker 2 in 𝑏.

decibel shape, relative to the mean of the HtF distribution:

𝑅𝑖𝑠𝑘𝐼𝑛𝑑𝑒𝑥[(𝑥,𝑦)] = 𝑅𝐼 [𝑑𝑜𝑓 ] = 20𝑙𝑜𝑔10(
1

𝐻𝑡𝐹 [𝑑𝑜𝑓 ]
) − 20𝑙𝑜𝑔10( 1

𝐻𝑡𝐹𝑚𝑒𝑎𝑛
). (23)

A Threshold-of-Acceptance (ToA) can be put to restrain the tolerable value of the defined Risk Index for safety reasons. The 𝑇 𝑜𝐴
lies inside the range of the RI values. Once the 𝑇 𝑜𝐴 is defined, a clear grading of the RI mapping is achieved on the whole spatial
domain, where also defects find their collocation. Therefore the defect tolerance criterion, with the related safety assurance, can be
said applicable in all the areas where the defined 𝑅𝐼 is below the 𝑇 𝑜𝐴: the defect tolerance is possible with safety if 𝑅𝐼 ≤ 𝑇 𝑜𝐴.

The colour coding of the RI maps is inherited from [2], now using red tones for DIC technology, instead of green tones for ESPI.
The RI maps have been enhanced by using the 𝑇 𝑜𝐴 level as colour discriminant: all the dofs where the 𝑅𝐼 ≤ 𝑇 𝑜𝐴 are displayed
in red tones, ramping from zero brightness (black) of the lowest 𝑅𝐼 in the range, to the brightness level of the 𝑇 𝑜𝐴, as percentage
of 𝑇 𝑜𝐴 over the amplitude of the 𝑅𝐼 range; all the dofs where the 𝑅𝐼 > 𝑇 𝑜𝐴 are displayed in grey tones with brightness varying
from the level of the 𝑇 𝑜𝐴 over the amplitude of the 𝑅𝐼 range, till the full brightness (pure white) at the maximal 𝑅𝐼 value. This
clearly makes a distinction of the zones below or above the 𝑇 𝑜𝐴 defined. It becomes trivial to separate safe areas (in red tones)
from dangerous ones (in grey tones), therefore assessing where a potential defect may be tolerated and where not. In addition, the
𝑅𝐼 value of the inquiry dof on the maps – there displayed by a magenta dot – is reported on the 𝑅𝐼 range bar on the left of the
pictures by means of a magenta line.
13
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Fig. 13. Examples of Risk Index mapping in dof 4540, with red noise excitation from shaker 1 in 𝑎 and shaker 2 in 𝑏. If ToA = 11, a defect in dof 4540 is
tolerable when the excitation comes from shaker 1, whereas is intolerable, thus dangerous, if shaker 2 gives the excitation.

Fig. 14. Examples of Risk Index mapping in dof 4540, with violet noise excitation from shaker 1 in 𝑎 and shaker 2 in 𝑏. If ToA = 11, a defect in dof 4540 is
intolerable, thus dangerous, with both energy injection points.

3.3. Examples of defect tolerance criterion, based on full-field dynamic testing & risk index

As well as was demonstrated with the 𝜮𝒗𝑴 (𝑥, 𝑦, 𝜔) graphs of Figs. 5–8 and the 𝐹𝑓𝑎𝑖𝑙𝑢𝑟𝑒 maps of Figs. 9–12, the different excitations
and energy injection locations bring their respective 𝑅𝐼 maps, for a total of 8 different maps, due to 4 different excitations and
2 locations. In the examples of Fig. 13, evaluated from the red noise-std real-valued excitation (Eq. (14), 𝛼 = 2), the location of
the magenta dof 4540, with a ToA of 11 in Eq. (23), informs if, according to the proposed 𝑅𝐼 and shaker location, the potential
defect there located is tolerable or not, with clear safety repercussions in production or exercise. In both locations, 𝑅𝐼4540 > 11,
therefore any potential defect in dof 4540 would be in a dangerous – and not allowed – location, thus bringing to the rejection of
the component/part under safety trial. However, the reached 𝑅𝐼4540 level in Fig. 13𝑎 is of 14.47 [1/h dB] (31.54% above 𝑇 𝑜𝐴),
against the 27.31 [1/h dB] (148.27% above 𝑇 𝑜𝐴) in Fig. 13𝑏. This tells how more dangerous the location in the case of shaker 2
injection is, and also underlines the risk grading ability that is retained in the 𝑅𝐼 along the whole mapping of sampled locations.
Also note how different the 𝑅𝐼 maps are when the energy injection location changes.

The 𝑅𝐼 maps of Fig. 14, obtained from the violet noise-sp complex-valued excitation (Eq. (15), 𝛼 = −2), might appear, instead,
more similar than those in Fig. 13, but the 𝑅𝐼 ranges are quite different. There results that the 𝑅𝐼4540 > 11 with both shakers, but
in Fig. 14𝑎 the 𝑅𝐼4540 with shaker 1 is equal to 20.07 [1/h dB] (82.45% above 𝑇 𝑜𝐴), while in Fig. 14𝑏 with shaker 2 the 𝑅𝐼4540
reaches 13.65 [1/h dB] (24.09% above 𝑇 𝑜𝐴), with a clear sign of a lower danger (indeed dof 4540 is closer to the red-toned area).
14
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Fig. 15. Examples of Risk Index mapping in dof 4540, with pink noise excitation from shaker 1 in 𝑎 and shaker 2 in 𝑏. If ToA = 11, a defect in dof 4540 is
tolerable when the excitation comes from shaker 1, whereas is intolerable, thus dangerous, if shaker 2 gives the excitation.

Fig. 16. Examples of Risk Index mapping in dof 4540, with blue noise excitation from shaker 1 in 𝑎 and shaker 2 in 𝑏. If ToA = 11, a defect in dof 4540 is
intolerable, thus dangerous, with both energy injection points.

The examples of Fig. 15, obtained instead with a pink noise-ra real-valued excitation with randomness in the amplitude only
(Eq. (16), 𝛼 = −1) from both shakers, show again completely different 𝑅𝐼 maps, due to the changed emphasis on the broad frequency
band contributions. But only in Fig. 15𝑎 is the 𝑅𝐼4540 ≤ 11 (7.51 [1/h dB], or 31.72% below 𝑇 𝑜𝐴, therefore considered as safe) among
the whole examples here provided. Instead, the same excitation, once it comes from shaker 2, causes 𝑅𝐼4540 > 11 (16.41 [1/h dB],
or 49.18% above 𝑇 𝑜𝐴, now dangerous again.

Finally, the 𝑅𝐼 maps of Fig. 16, obtained from the blue noise-rap complex-valued excitation with randomness in both the complex
amplitude and phase (Eq. (17), 𝛼 = 1), appear again, as expectable, quite different in the shape of safe areas and 𝑅𝐼 ranges. There
results that the 𝑅𝐼4540 > 11 with both shakers, but in Fig. 16𝑎 the 𝑅𝐼4540 with shaker 1 is equal to 17.66 [1/h dB] (60.54% above
𝑇 𝑜𝐴), while in Fig. 16𝑏 with shaker 2 the 𝑅𝐼4540 reaches 12.39 [1/h dB] (12.63% above 𝑇 𝑜𝐴), with a clear sign of a less danger
(again dof 4540 is relatively close to the red-toned area).

Therefore, a potential defect in dof 4540 might be tolerable – or acceptable – only in the scenario where the excitation has that
specific pink noise-sp real-valued excitation with randomness in the amplitude, coming from shaker 1. This underlines the effectiveness
of full-field FRF-based Risk Index mapping: it was sufficient to change the dynamic signature of the excitation, and its location, to
understand how the problematic (grey) areas on the sample wildly changed, much beyond any instinctive – and unsupported –
prediction from a potential blending of analytical eigenmodes from ideal boundary conditions and damping.

The concept can be further expanded by any different coloured noise excitation 𝐹 (𝜔) as modelled in Section 2.3, or also by in-field
measured forces, to evaluate the related 𝑃𝑆𝐷 (𝜔) as in Eq. (18) and the corresponding 𝑅𝐼 map in Eq. (23). It was also proved how
15
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Fig. 17. Overview of the suggested steps in future proofs of the whole approach process to evaluate the cumulative damage and the Risk Index by fatigue
spectral methods.

DIC can be proficiently employed in these full-field measurement-based assessments, once the right testing campaigns are properly
conducted around the working conditions of the samples, about which the defects need answers on acceptability or risk grading.

3.4. Future proofs

Future testing and researches are needed for a comprehensive proof, before this whole methodology finds applicability to more
complex structural parts, for quality checks in production or for maintenance in service. Three main steps to tune the methodology
are suggested and sketched in Fig. 17: (i) tune the selected fatigue spectral method with the testing; (ii) tune the 𝑅𝐼 function in
round-robin tests with artificially defected samples; (iii) check the whole procedure with evidences from full-field NDT. Basic is the
task definition, which, beyond the sample type, includes: (a) the boundary conditions and (b) the excitation spectrum (with the
potential aid of FBS [31–34], TPA [35–40] and MIMO vibration testing [41–43]); (c) a specific fatigue spectral method – among
the many available (see [13–17,81–91]) – for the loading scenario; (d) the 𝑅𝐼 functional definition; (e) the expected life and (f) the
typical defects’ database. For the first methodology tuning step (i), the core part to assess is the damage distribution in 𝑇𝑓𝑎𝑖𝑙𝑢𝑟𝑒 in
q. (21), or 𝐹𝑓𝑎𝑖𝑙𝑢𝑟𝑒 in Eq. (22), coming from the wanted broad frequency band excitation. Attention should be paid to check how the
amage severity can affect the sensed surface of pristine samples till the starting of a fracture [93,94], when the structural dynamics
hanges considerably. A reasonable number of tests on pristine samples might be needed for stronger statistical evidences [92], with
are to the repeatability of manufacturing and boundary conditions. Once a fracture starts, its location needs to be compared to
he aforementioned maps and proper tuning of the fatigue modelling is needed, with the selected fatigue spectral method. During
hese accelerated fatigue tests, periodically and before the crack initiation, new evaluations of the receptances are suggested, to
ssess if the structure is not changing and the linearity assumptions are still valid. In the eventuality changes occur, all the involved
valuations must be updated. For the second methodology tuning step (ii), once the fatigue spectral method finds agreement with
he real accelerated testing, a calibration of a selected 𝑅𝐼 function is suggested. 𝑅𝐼 calibration might be based on the typical defects
hat may occur in the specific component and the relation they might have with fatigue evidences and failures. The 𝑅𝐼 function
an be different than what exemplified in Eq. (23), taking care of specific conditions in the formulation and 𝑇 𝑜𝐴, as suggested by
16
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in Section 3.2). Task oriented survival tests with artificially defected samples, carrying the meaningful defects in dangerous and
safe areas, should be arranged under the same task definitions, to assess the whole defect tolerance procedure and refine the 𝑅𝐼
definition. For the third methodology tuning step (iii), real-life samples, with the defects highlighted by full-field NDT evidences,
should be dynamically tested under the same task definitions to finally check the whole approach.

Nevertheless, the damage location assessment on real components may play a relevant role within the defect tolerance strategies.
The chosen Figs. 13–16 above were just examples from virtual excitations, but the same ESPI-based NDT shown in [62,95] may
give a real defect distribution map, which can be the input in RI maps, here obtained by DIC full-field dynamic testing (instead of ESPI
in [5,6]). In this coupled strategy, the real location of the defect on the map can tell if it can be accepted or not, in quality checks
during manufacturing or in maintenance programs in exercise, once the real structural dynamics and excitation signature are fully
known without simplifications. Therefore the NDT, the structural dynamics’ measurement and the defect tolerance criteria can all be
based on full-field dynamic testing, to put the most advanced experimental structural dynamics’ knowledge into higher safety targets.

4. Conclusions

This extended paper has shown how a methodologically sound risk tolerance assessment can be run also from DIC-based full-field
receptances, which have less restraints in their estimation than those from the ESPI approach. By means of high-resolution and high-
quality DIC-based receptances, which retain the real dynamic behaviour of the lightweight structure as linearised around the working
levels, it was therefore possible to run the accurate evaluation of Strain FRF maps, of Stress- and von Mises Equivalent Stress-FRF maps
with a proper constitutive model. The introduction of complex-valued coloured noise excitations brought to the evaluation of von Mises
Equivalent Stress-PSDs and of the fatigue life predictions by means of spectral methods, directly from experimental DIC-based full-field
FRFs, without any further simplifying synthetic hardly-tunable model. The defined Risk Index maps permitted to grade the dangerous
locations of potential defects, with a selected threshold of acceptance, with repercussions in manufacturing and exercise.

Experimental optical full-field measurement techniques, also in the DIC variant, are becoming mature and reliable for a risk
tolerance assessment in production and working conditions, because of their ability to identify defects and to retain a refined
and dense structural dynamics in both the frequency and spatial domain, directly from real samples and without any FE model,
which always needs careful updating. Furthermore, these experiment-based full-field techniques provide new benchmarks for all
the simulations from any synthetic model, for a clear advancement of designing procedures and of virtual prototyping.
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