DE GRUYTER Adv. Calc. Var. 2024; 17(3): 753-774

Research Article

Chiara Guidi, Vittorio Martino and Giulio Tralli*

A characterization of gauge balls in H"
by horizontal curvature

https://doi.org/10.1515/acv-2022-0058
Received July 15, 2022; revised November 18, 2022; accepted December 7, 2022

Abstract: In this paper, we aim at identifying the level sets of the gauge norm in the Heisenberg group H" via
the prescription of their (non-constant) horizontal mean curvature. We establish a uniqueness result in H*
under an assumption on the location of the singular set, and in H" for n > 2 in the proper class of horizontally
umbilical hypersurfaces.
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1 Introduction
If we identify the Heisenberg group H" with R¥"*1 = R" x R" x R with generic point & = (x, y, t) and we choose
the group law
o8 =(x,y,t)o (X, Y, 1) = (x +xX,y+y t+t +2 i(xkyf( —ykxf()>, a.n
k=1
the so-called homogeneous gauge is the function defined by
(&) = (X2 + [y»)? + )1,
Such a p(-) is in fact homogeneous of degree 1 with respect to the family of dilations
Sr(§) = (RX, Ry, R*t), R>0, (12)
and it provides the defining function of the following gauge balls (sometimes called Kordnyi balls)
Br(&) ={EcH": p(§ & <R} for& e H", R>0. 1.3)

The gauge function appeared in [22] in the study of singular integrals on homogeneous spaces. Over the years,
it has played a crucial role in the analysis of PDEs of sub-elliptic type since the discovery in [15, Theorem 2] that
p~2"(-) is, up to a constant, the fundamental solution of the Heisenberg sub-Laplacian Ags. It is in fact known
since [17, Théoreme 3] (see also the treatment in [4, Section 5]) the validity of an analogue of the classical Gauss—
Koebe theorem saying that the pointwise value of every solution u to Ag»u = 0 can be represented as a weighted
average of the values of u on gauge balls Bg. The weight is given by the squared norm of the horizontal gradi-
ent of p (which is homogeneous of degree 0 but not constant). Gauge balls are actually characterized by such
a weighted mean value property for Ay»-harmonic functions as proved by Lanconelli in [23].
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The metric balls Bg defined in (1.3) are not the unique choice of “balls” adapting to the sub-Riemannian fea-
tures of the Heisenberg group. For instance, the Carnot—Carathédory balls play somehow the role of the geodesic
balls in H". Furthermore, very much related to our purposes is the case of the domains bounded by the so-called
Pansu spheres: they are the cmc-spheres with respect to the relevant notion of horizontal mean curvature (see
Definition 2.2 below) and they are the conjectured unique minimizers for the isoperimetric inequality [33]. The
solution of the isoperimetric problem in the Heisenberg group, also known as Pansu’s conjecture, has generated
a great amount of attention and several proofs appeared in the literature under extra-assumptions on the class
of competitors; see [24], [5], [13], [29], [30], and [35]. Concerning the related Alexandrov-type problem, it was
shown in [36] that Pansu spheres are the only rotationally invariant hypersurfaces with constant horizontal
mean curvature. To the best of our knowledge, a result which is reminiscent of the classical Alexandrov theo-
rem [1] is available only in H!: as a matter of fact, in [37, Theorem 6.10] Ritoré and Rosales proved that Pansu
spheres in H' are the only C?-smooth critical points of the horizontal perimeter under volume constraint. For
n > 2,various characterizations of Pansu spheres among horizontally umbilical hypersurfaces were established
in [8].

In this paper, we take a new perspective as we address the question of characterizing the gauge balls by pre-
scribing the horizontal mean curvature. In a similar spirit, in a companion paper [28] two of us have dealt with
various characterizations of gauge balls through suitable overdetermined problems. To give a better descrip-
tion of the main results, we provide the reader with some initial background on the main notions involved,
and we refer to Section 2 for the precise definitions. In H", the horizontal distribution is spanned at any point
¢ = (x,y, t) by the vector fields

0 0 0 0

Za—xj—zy]’a, Y]‘=—+2Xj— j=1,...,n,

X' )
/ ay; at

which are left-invariant with respect to the group law (1.1) and homogeneous of degree one with respect to (1.2).
In our notations, we let
He = span{Xy, ..., Xpn, Y1,..., Y}

We alsoset T = %, and we consider in H" the Riemannian metric (-, - ) which makes the basis
B={X1,...,Xn, Y1,..., Yy, T}

orthonormal. If we consider a smooth hypersurface M c H", a point ¢ € M is said to be characteristic if the
tangent space of M at ¢ coincides with Hg. At any point £ € M which is not characteristic, it is thus well-defined
the so-called horizontal normal v¥ as the normalized (-, - )-orthogonal projection on 3¢ of the metric (outer,
whenever possible) unit normal v. The horizontal mean curvature is the divergence of such v¥ (see Section 2 for
the precise definitions), which is therefore well-defined at any non-characteristic point. A simple computation
shows that the horizontal mean curvature of dBp(0) c H" is proportional to the distance to the t-axis, i.e. it is

a constant multiple of
VX1 + [yl

at any point (x,y, t) € 0Bg(0) (outside of the two poles sitting on the ¢-axis, which correspond to the only
characteristic points for the gauge sphere). In H!, our main result reads as follows.

Theorem 1.1. Let M be a smooth surface in H* which is connected, orientable, compact, and without boundary.
Assume that there are no characteristic points of M outside of the line {(0,0, t) € H! : t € R}. If at every non-
characteristic point (x, y, t) € M the horizontal mean curvature of M is proportional to

\/x2 +y?

up to a constant factor c + 0, then ¢ > 0 and there exists ty € R such that M = dBr(&y) with

R = \/% and 50 = (Oa 05 tO)
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The restriction to the (n = 1)-dimensional case in the previous theorem relies on the fact that the 2-dimensional
surface M ¢ H! has only one horizontal tangent vector field at every non-characteristic point, and M is then
‘ruled’ by its integral curves (as it is clear from the analysis developed in [9, 37]). In higher dimensions, we have
the following counterpart, which is a characterization of gauge spheres under the proper prescribed curvature
assumption among the class of umbilical hypersurfaces introduced in [8] (see Definition 2.4 below).

Theorem 1.2. Fixn > 2. Let M be a smooth hypersurface of H" which is connected, orientable, compact, and with-
out boundary. Suppose that M is umbilical and that, at every non-characteristic point (x, y, t) € M, the horizontal

mean curvature of M is proportional to
VIXI% + Lyl

up to a constant factor ¢ # 0. Then ¢ > 0 and there exists ty € R such that M = dBr(&y) with

12n+1
R= \jEZn—l and &, = (0,0, tp).

Remark 1.3. We know that the horizontal mean curvature of a generic gauge sphere dBr(xo, Yo, to) in H" is
a constant multiple of

VX = xol? + 1y - yol?.
Since all assumptions involved are invariant by left-translation, we explicitly notice that for any (xg, yo) € R?"
we can reformulate Theorem 1.1 and Theorem 1.2 as characterizations for gauge balls centered at points on the
t-axis {(xo, Yo, t) : t € R}.

The paper is organized as follows. In Section 2, we recall the main definitions involved and we show some basic
properties. In Section 3, we give the proofs of Theorem 1.1 and Theorem 1.2 which follow a similar pattern: the
main aim is to infer, under the respective assumptions, that the key functions ¢y, ¢ introduced below in (3.2)
and (3.11) are constant throughout M. Finally, we will show in Corollary 3.6 that Theorems 1.1 and 1.2 imply in
particular a rigidity result in the class of cylindrically symmetric hypersurfaces M ¢ H" for any n > 1.

2 Definitions and preliminaries

In this section, we collect some preliminary material that will be used in the rest of the paper. We shall recall
some known notions for the study of smooth hypersurfaces in H", and we refer the reader to [11], [34], [32],
[9], [12], [36], [20], [35], [10], [2], [8], and [3] for several insights and different perspectives and approaches to the
geometry of submanifolds in various sub-Riemannian settings.

With (-, ) being the metric defined in Section 1 (with induced norm | -|), we denote by V the Levi-Civita

connection associated to this metric. A direct computation shows that for any i,j = 1, ..., n the following holds:
VxXj =0, Vx,Yj=26yT, VxT=-2Y,
Vy Xj = —26ijT, Vy Y; =0, Vy, T = 2X;, (2.1)

VrXi = -2Y;, VrYi = 2X;, VrT =0.

For any smooth vector field V in the horizontal distribution 3, we define

J(V) = —%VvT.

In this way, we have J(X;) = Y; and J(Y;) = —-X; for alli € {1, ..., n}. Moreover, for any V, W € J{, one can easily
see that the following relations hold:
J), W) = (v, J(W)),
Jm), J(w)) =V, w),
J(VyW) = Vy(JW),
([V, W], T) = 4(J(V), W).

2.2)
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For any smooth vector field V in H", we will use the notation Py (V) to denote its horizontal projection, with Py
being the orthogonal projection onto . A special role will be played by the horizontal part of the position vector,
ie.

n
&= Pu(d) = ) X X; +y;Y;.
j=1

We can show that
V& =74+ 2(J(2), )T forany Z € H. 2.3)

To see (2.3), we just write Z = ¥/ (¢;X; + B;Y;) and it is straightforward to recognize from (2.1) that

n n
VzET = Y (ZO)X; + ZWNY) + Y (anxjVx Xj + BixiVy X + axyiVx, Y + BiyiVv, )
j=1 k=1

n
=Z+2) (ayy; - Bxp)T
j=1

=Z+2(J(2), HT.

Similarly, we have
Z(t) = -2(J(2), &y forany Z € K, (2.4)

since in the same notations we can check that
n
Z(t) = Y (-2ayy; + 2Bjx)) = -2(J(2), §").
j=1

We now start considering a C>-smooth codimension 1 submanifold M in H". We always assume M to be
connected and orientable. We denote by v a fixed choice for the metric normal with unitlength, and by T¢M the
tangent space at { € M. Whenever M is also compact and without boundary, we agree to fix v as the outward
unit normal. The characteristic set is defined by

Su={eM:Py(v)=0}={{ e M: TeM = H¢}.

Outside of the set Sy, we suppose the hypersurface to be C*°-smooth. For any point in M ~ Sy it is well-defined

1
H _
V= Ty

and we can write
v=1PaWVE+ (v, )T

and define the tangent vector field
T:= (v, W — [Pg(W)|T.

We further set
n=-ph, (2.5)

which clearly belongs to H n TM. In case n > 1, locally around any point £ € M ~ Sy we can also pick smooth
horizontal vector fields V;, W; fori = 1, ..., n — 1 such that J(V;) = W; and

{rl) VH; V], Wl’ D) Vn—l, er—l}

is an orthonormal basis for Hz. With these choices, we have fixed the orthonormal frames for TM and H n TM
(outside of characteristic points) as, respectively,

{T: rl; Vl: Wl)"‘yVn—ls Wn—l} and {r])le Wl,---,Vn—l, Wn—l}-

In our notations, we have the following lemma.
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Lemma 2.1. In M \ Sy, it holds

(Ve Ty = 2(n, Z) for every Z € H, (2.6)
(Vv 1)y = 0= (Vv v), @.7)
H —4<V, T)
([Z1,Z5],v") = (J(Z1),Zy) foreveryZy,Z; € Hn TM. (2.8)
[Pa()]

Proof. Relation (2.6) follows by (2.2) and (2.5) since, for all Z € H, we have
(VovE Ty = —(WE v, Ty = 2007, J(2)) = 2=V, Z) = 2(n, Z).
On the other hand, using that [v¥| = 1 together with (2.1)-(2.2), we obtain

(Vv vy = (Vo [P (v)VE + (v, T)T)
= (v, T(V W, T)
=, )", v,T)
= -, DOV Vi, T)
= 2|Pa(V)|(v, YW, V)
=0,

and analogously

(Vevi ) = (Vv (v, TWH = [P (n)I T)
= —|Pg(V)(VV?, T)
= [PV, V. T)
= [PV, Vi, T)
= =2[Pa(v)|(v, T)(VH, V)
=0.

The previous two identities show (2.7). Finally, in order to prove (2.8), we can pick any Z1,Z; € X n TM and
deduce from the property [Z1, Z3] € TM and (2.2) that

([Z1, Z2], [PV V)

(v, T)
|ﬂ>()|<[ L2 V)= i )

l;f (T>)| (121,22, T)

-4(v, T)
T PO

This finishes the proof. O

([Z1, Z5), vy =

1
ITH( )l

([Z1,2],T)

———{J(Z1), Z3).

We are then ready to recall the definition of horizontal mean curvature. Such notion arises in the criticality
condition for the horizontal perimeter (see [6, 12]).

Definition 2.2 (Horizontal mean curvature). Let M c H" be as above. For any & € M ~ Sy, we define the horizon-
tal mean curvature of M at ¢ by

d 1 n-1
“,i(f 1) T 1(<anH, )+ Y (Vv V) + (Vv Wi>), 2.9)

i=1

Hy(¢) =

where div stands for the divergence with respect to the metric (-, - ). In particular, if M ¢ H', we simply have

Hu(§) = (Vv n) incasen=1. (2.10)
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We warn the reader that the second equality in (2.9) is justified by (2.7). The definition of Hy; can be (and, in
the literature, has been) in fact given in multiple ways. For example, since V7T = 0, it is immediate to recognize
that

n
divv?) = Y (Ve v, Xi) + (Y vEL 7).
i=1

By noticing that by (2.6) we have
Pu(Vovi)y = v v —2(n, Z)T forany Z € K,
we can also recall the notion of horizontal shape operator (see [35]), which will be needed in what follows.

Definition 2.3 (horizontal shape operator). Let M c H" as above. For any £ € M ~ Sy, we can define the sym-
metric endomorphism Ay (-)(¢) on He N TeM by

- my_ 2,1 _ H
Ap(Z) = Pu(Vzv™) ITH(V)IU(Z) (n, Z)v")

forZ e HnTM.
The fact that Ay (Z) € H n TM for Z € H n TM follows by the two identities
(Au(2), T) = 0= (Au(2), V"),
which can be easily checked. On the other hand, the symmetry of Ay;(-) can be deduced from (2.8) since
2{v, T)

(AM(Z1), Z3) — (Am(Z2), Z1) = (Vz, v, Z3) — (V2 V8, Z1) - m((](zl),zz) - (J(Z), Z1))
_ _ _ v, D)
=—(v',Vz,Zy - Vz,71) Pr)] J(Z1), Z2)

=0

forany Z4,Z; € H n TM. When n = 1, then H n TM is 1-dimensional (and generated by n in our notations) and
Ap(-) is nothing but the multiplication by the factor Hy;. In higher dimensions, the horizontal mean curvature
appears as the normalized trace of Ay since

n-1 n-1
A, ) + Y (Au(Va), Vi) + (Ap (W), Wiy = (VpvH, ) + Y (V™ v + (Vv W) o1
i=1 i=1 :
=(2n-1)Hy.

The following notion of horizontally umbilical hypersurface was introduced and studied in [7, 8].

Definition 2.4. Let n > 2. We say that M is umbilical if, in M ~ Sy, it holds
Ay(Z)=(1-k){n,Zyn+kZ forallZ e HnTM,

for some suitable functions k, L. In particular, at any non-characteristic point ¢, by (2.11) we have

1
Hy(§) = 5-—7 (U3) + 2n = 2)k(3)).

The class of umbilical hypersurfaces is wide enough to contain any M which is rotationally symmetric with
respect to the vertical t-axes (see in this respect [8, Proposition 3.1], see also the proof of Corollary 3.6 below).

Remark 2.5. It is evident from Definition 2.4 that

if M is umbilical with [ = 3k, then k(&) =

2n-1
T 1HM(E) forall & € M~ Sy. (2.12)
The case | = 3k is related to the gauge spheres (see Example 2.6 below). On the other hand, let us mention that

the Pansu spheres satisfy the umbilicality property with [ = 2k: this is the case studied in [8].
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Let us compute explicitly the objects previously discussed in the particular case of the gauge spheres.

Example 2.6. Letn > 1, & = (0,0, tp) € H" and

M = 0Bg(£) = {&= (6, t) : (IXI> + [yI)? + (t - t)? = R*} c H™.

r=r(y) = \Ix? + 2 = €]

to denote the distance from the t-axis. For any ¢ € M, we have

We use the notation

2 _
P )] = — R and (v,T)= —2f0 213)
\Ar2R4 + (t - tg)? \Ar2R4 + (t - tg)?

which is saying in particular that the characteristic set coincides with the intersection of d Bz (o) with the t-axis,
ie. Sy = {(0,0, to + R?)}. Outside of these two points, we have

n

rixj —yj(t—to) . riyj+x(t - to) 250 4 (t - to)JEH
H_ i =Yi 0,  TYtX 0, ¢+ (t-1t)¢
Vo= ; R? Xj+ RZ Yj= = ; (2.14)
t- )& - gt
__ppp - )& -
n=-J oy
A straightforward computation then shows for any j, k € {1, ..., n},
(V™ Xj) = X, X)) = o (x50 + 8™ + 2yjyi0r = (v, X R X)),
1
Vv, %) = Y, X)) = 5 (2xgyk = Sjrde = to) = 2ypx0r = VI, X)) Ryi),
1
Vv, Y)Y = X, ¥)D) =~ (@yxi + Sjie = to) = 2x5yi)r = (v, ¥ REx),
1
Vxv™ Y)) = Y0, 1)) = s (@yjyc+ S + 26007 = OVF, )R,
which we can rewrite using (2.14) in the following way:
1,2 t—t R?
Pu(Vzv) = 5 (TUEL 2 + GEL2E) 412+ — 2z - (g 2V ) o
2.15
B 1 t—tp t—tp H
= F(Zr(r),Z)q+rZ+ - JZ - - n,Zyv )
for any horizontal vector Z. It is then easy to check that
2n+1lr
Hy(8) = MR (2.16)

Also, recalling Definition 2.3 and using (2.13) and (2.15), we can recognize

Ap(Z) = %(q,zm + %Z forall Z € 3 n TM.
H
|

According to Definition 2.4, when n > 2, this is saying that M is umbilical with [(¢) = 3k() and k(&) = '%.

Itis well known in the literature that, whenever n > 2, the horizontal and tangent vector fields in H n TM satisfy
a Hérmander-type property as they can reproduce any tangent direction via commutation. If M is also umbilical,
such information can be made very precise and it is encoded in the following lemma.

Lemma2.7. Letn > 2. For £ € M ~ Sy, set
:H:(E) = Span{V:l) Wl’ B Vn—l» Wn—l}-
If M is umbilical, then

k(OIP
RLGILTGINY

span{Z, [Z1,Z3] 1 Z,Z1,Z; € %g} = Span{VL Wi, ..., Vg, Woog, T 5
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Proof. Fixany Zy,Z; € 9{2. By (2.2) and (2.8), we have

([Z1, Z5), T) = (v, T){[Z1, Z5), V) — |PuvI([Z1, Z2], V)

(v, T)?
(5

-4
= m(](zl),zz%

+ [Pavl)((20), Z2)

which says that span{Z, [Z1,Z,] : Z,Z1,Z, € J{g} is at least (2n — 1)-dimensional. On the other hand, using
also (2.5) and the commutation property of J and V together with the umbilicality of M, we obtain

([Z1,Z2], 1) = (Vz,JZy — Vz,]Z1, V)
= (J(Z1), Vz,V7) = (J(Z3), V2, V)

- (1@, aw(z2) + 202 - (122, Aw(2) +
= 2k{J(Z1), Z2).

2(v, T)

v 1)

Hence we get

<[Zl,Zz], n+ wo =0 foreveryZ;,Z; € }Cg.

This implies that span{Z, [Z1,Z,] : Z,Z1,Z € J{g} is exactly (2n — 1)-dimensional and the vector

k(QIPu (V)

belongs to such vector space as desired. O

3 Darboux-type results
3.1 The case of H'

In this section, we first treat the (n = 1)-dimensional case by providing the proof of Theorem 1.1. As we men-
tioned in Section 1 and recalled in (2.10), for surfaces M in H' the main role is played by the integral curves
of the only horizontal and tangent vector field ;. A (naive) way to describe our approach to Theorem 1.1 is to
draw a parallelism with the classical problem of identifying the pieces of circles as the only smooth connected
curves I' in R? with non-zero constant curvature K = Kr. Among the many ways to show this property, a very
direct one is to consider (denoting with p = (p1, pz) the generic point in R? and with N a choice for the unit
normal to I') the two functions

{fl(p)zKp1—<N,6pl), f12F—>]R, (31)

fo(p) = Kp2 - (N, 0p,), fo:T >R ‘

By differentiating along a unit tangent vector U and using K = (VyN, U), one recognizes that Uf; = Uf, = 0onT.
Thus, there have to exist two constants ¢y, ¢ such that f; = ¢;, i = 1, 2, and we have

1=(N,8p,)* + (N, 8p,)* = (Kp1 — ¢1)* + (Kpz — ¢2)* forpeT,

i.e. T is contained in the circle of radius ﬁ and center (f,g, f,?) If we bring back the attention to the case of

the 2-dimensional surface M in H', we emphasize that in Theorem 1.1 we prescribe the curvature Hy;(§) to be
proportional to || (see also (2.16) in Example 2.6). The term || corresponds to the distance (either Euclidean
distance or gauge-related distance, as they coincide in this case) to the vertical line L, defined by

Ly=1{(0,0,t) e H! : t € R}.
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Having this in mind, as well as the notations introduced in Section 2, we define the two functions

Pn(8) = —117M(f)|<le2 VILED, on:M~Sy - R,

1. gt

The functions ¢ and ¢ have different roles. In the following lemma, we show that ¢y, is in fact constant along
the integral curves of n, whereas the behavior of ¢y is subordinate to the one of ¢p,.

(3.2)

ov() = Y, @y :M~(SyULy) — R

Lemma 3.1. Let M be a smooth surface in H' which is connected and orientable. Let also w be a relatively open
set contained in M ~ Syy. Suppose there exists ¢ € R such that Hy(§) = c|&H| for & € w. Then we have

n(@n) = nw,
n(gv) = WZH‘?) @n inw~ Ly.
Proof. By (2.3) and (2.10), we have
(1§ = “TE—;H) and (v, &™) = Hu(n, &), (33)

where in the second equality we also exploited the fact that 3¢ is generated by the two orthogonal unit vectors
and vH. Hence, for € € w, we obtain

1w = n(S1E7° - 7, g1 = g E’il L Hu(@(n, &) = 0.
On the other hand, by (2.4)-(2.5) we have
n(t) = 27, &) (3.4)
and, using also (2.3)-(2.2), we have
n(n, 1)) = 1+(Vyn, &) =1+ (Vv ey = 1 - Hy (7, 7). 3.5)

Recalling that
1§71 = (n, €)% + (W, €12,

we then infer

n(@) = n(gt - OT;IT))
< Vi gty ﬁ+HM<E)< v @ |EH|3<'1 g2
=< v |EH|>( C1E7+ Hu(9) - |5H|3<|5H|2—<n &h?)
- U (et - o )
S
whenever & # 0. This completes the proof of the lemma. O

Keeping in mind the comparison between the derivatives of (3.2) along 1 in Lemma 3.1 and the derivatives along
the curve T of (3.1), it is no surprise that we want ¢, to vanish identically throughout M. This is exactly what
we show in the next lemma. We will deduce this fact from the global properties of the integral curves of n and
from the assumption Sy; C Ly.

Lemma 3.2. Let M be a smooth surface in H! which is connected, orientable, compact, and without boundary.
Assume that Syr € M n Ly, and that there exists ¢ # 0 such that Hy;(§) = c|&H| for every point & € M ~ Sy. Then
¢ >0, o =0, and every integral curve of n reaches Sy.
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Proof. Let us divide the proof into three steps.

Step I. In the first step, we shall show that ¢ > 0. By the compactness of M, the function %lEH |? attains its
maximum at a point {&; € M ~ Ly. Since we have Sy € M n Ly, at £ = & we have

= n(31E7P) = € and 0= (IE"P) = v, DOV, €.

Since
L EVZ = (n, g2 4 (W EYE = ()2 5,

we have that (v, T) = 0, and therefore
o &l = TV &) >0,

where the positive sign is a consequence of the maximality condition and the fact that v is the outward normal.
Moreover, we also know that n(}|£7|?) < 0 at the maximum point & = &;. This fact, together with the identity
1
1= &I, &) = 1~ (O™, €)= n((n, &) = n(51€7)

provided by (3.5), yields that
1

>————— >0
&1, &)
Step II. We now prove that
op =0.

By contradiction, we shall assume the existence of &, € M ~ Sy such that ¢, (&) # 0. Since by definition we have
c
on(Q) = €7 - (v, &), (3.6)

it is clear that ¢@p vanishes on the vertical line L,. Therefore, we know that §y € M ~ L. Let us consider the
integral curve y of 5 starting from &. Lemma 3.1 implies that ¢ is constant along y, i.e.

or(y(s)) = on(o) =: 0o

Since Sy; ¢ Ly and ¢g # 0, y remains in M ~ Ly and there is no problem in extending the curve indefinitely. We
claim that this fact will contradict the boundedness of M > y. Denote by ¢(s), r(s), and 6(s) the three smooth
functions defined for ¢ € y respectively by

t(s) = y3(s),
r(s) = (Y3(s) + y(s)? = &),

cos (8(s)) = <vH §Z|>

sin (0s)) = (1, EH|>
From (3.6) we readily recognize
§r3(3) — r(s) cos (6(s)) = 9o,

which implies that along the curve y the positive function r(s) is in fact a function of cos (6(s)) (in the sense
that it is uniquely determined by the value cos (6(s))). As we will make use of this fact, we set the notation
R(cos(6(s))) = r(s). From (3.4) we have that

t'(s) = =2r(s) cos (6(s)) = 2¢0 - %ﬁ(s). 3.7

Thus, if g < 0, then t'(s) < 2¢o < 0 and t(s) would be forced to be unbounded providing an immediate contra-
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diction. We can then assume ¢ > 0. Since from (3.3) and (3.5) we have

81y N\ (- Hy(vH, Ey)(vH, EHy — Hy(n, )2
n(arctan( (v, &y )= (0, Y2 + (vH, EHy?
_ (v, ) — Hyl g2
2
_ /3 - pn(®)
A2 ’

we obtain

~(2¢/3)r3(s) - 9o
ri(s) '

The assumption @q > 0 (together with the boundedness of M) implies that 6’(s) stays below a strictly negative

constant. Thus 6(s) is strictly decreasing and the angle formed by (the horizontal projections of) v and &

attains every value in [0, 277] infinitely many times along y. We can then consider a strictly increasing sequence

of values {sx}xen such that 8(sx) — 6(sx+1) = 27 for all k € IN. By exploiting (3.7) and (3.8), we notice that

6'(s) = (3.8)

Sk+1

(Ske1) — t(sK0) = j '(s)ds

Sk+1

=-2 J r(s)cos(8(s))ds = 2 T

Sk Sk

13
r°(s) cos(0(s)) 0/ (s)ds
(2¢/3)r3(s) + o
B % Tl (cr3(s) — r(s) cos(8(s)) + r(s) cos(0(s))) cos((s))
< (2¢/3)r3(s) + 9o

Sk

0'(s)ds

9 Sk+1 9 Sk+1
— ! -
=2 J cos(6(s))0'(s)ds + c J
Sk Sk

r(s) cos(6(s)) 6'()ds
(2¢/3)r3(s) + @o

2 Tl r(s) cos®(6(s))
T c

2w + g5t OB

k

2 eTk) R(cos(0)) cos?(0)
T o (2¢/3)R3(cos(a)) + @o

0(Sk+1

0(s1) 2
2 J R(cos(0)) cos*(o)

c (2¢/3)R3(cos(a)) + 9o

0(s1)-2m

for every k € IN. This implies, also in the case ¢g > 0, the unboundedness of t(s) since

0(s1)
~ 2 R(cos(0)) cos?(0)
t(Sks1) = t(s1) - kze( )JZ 2¢/3)R(0s(0) + 00 0— —-00 ask — oo.

Therefore, under both the assumptions ¢y < 0 and ¢y > 0, we have reached a contradiction. This completes the
proof of the identity ¢, = 0.

Step III. We finally show that
Su # 0 and every integral curve y of n starting from any &, € M ~ Sy reaches Sy;.

Let us exploit the same notations as in step II. Arguing again by contradiction, we can assume that the curve y
can be extended indefinitely. We stress that r(s) can vanish (at points in Ly ~ Sy;), but only at isolated points on
the curve since Ng belongs to span{dy, dy} at points & € Ly ~ Sy Also, the functions r(s) and 6(s) are smooth
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outside Ly. Since Sy € M N Ly, two situations might occur: either there exists so such that infse(s,,00) 7(s) > 0, or
there exists a strictly increasing sequence of values {sx}xen such that, for every k € IN, we have r(sx) = 0 and
r(s) > 0 for s € (Sk, Sk+1)- Since by step II and (3.7) we have

2
{(9) =-S5 r6), 3.9)
we deduce that the occurrence of the first case leads to an immediate contradiction because
’ 2C . 3
t'(s) < —?(1rs1f r(s))° <0 fors > sg,

and t(s) would be unbounded. Hence, we can assume the existence of the sequence {sx}xen satisfying the above
assumptions. Fix any k € IN and consider s € (S, Sk+1). Using step II, (3.8), and step I, we have

cos (6(s)) = grz(s) >0 and 6'(s) = —%Cr(s) < 0. (3.10)

This yields
(cos (6(s)), sin (8(s))) — (0,+1) ass — s},
(cos (8(s)),sin (6(s))) — (0,-1) ass — s;,;.

Hence we infer

t(Sks1) — t(Sk) = J t'(s)ds = -2 J r(s) cos(6(s))ds = % J 0'(s) cos(6(s))ds = _?6

In other words, each time the curve y re-joins the vertical line Ly, the t-component of the curve drops by a fixed
amount. Since we are assuming that y is reaching Ly an infinite number of times, this fact is in contradiction
with the compactness of M. The proof is then complete. O

We are now ready to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. We start by noticing that, under our assumptions, the set Sy; (which is non-empty by
Lemma 3.2) consists of isolated points. As a matter of fact, since Sy; ¢ Ly, if we had a sequence of points in Sy
converging to & € Sy, then such sequence would be in L, and at the point & the vector field T would be tan-
gent. On the other hand, the tangent space at the characteristic points coincides with the horizontal distribution
which is span{dy, dy} on Ly. This argument ensures the fact that the characteristic points are isolated. Therefore,
there exist ¢ < t; < --- < tp for some finite p € IN such that

SM = {(0) 0) tl): B (01 0’ tp)}

Consider now any point & € M n {t < 3} such that & + (0,0, t1), and consider the integral curve y of n start-
ing from ¢&,. Using the same notations as in Lemma 3.2, we know that t(s) is decreasing (see (3.9)), so that
y € M n{t < ty}. Exploiting Lemma 3.1 together with the identity ¢, = 0 showed in Lemma 3.2, we have that
the function

0u(8) = gt—<n,é—z|>

is constant along y, i.e.
c .
31(8) = sin(8(s)) = ¢v(%o)-

We stress that the previous identity holds true in y ~ Ly, and it can then be extended by continuity on the whole y.
By Lemma 3.2, we have that y reaches Sy, and in particular as y(s) — (0, 0, t1), we have (see also (3.10) in this
respect)

t(s) >ty and sin(0(s)) — -1.

Hence, c
ov(&o) = §t1 +1.
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By the arbitrariness of &y € (M n {t < t2}) ~ {(0, 0, t1)}, we have
oy(8) = —t1 +1 forall& e (M n{t< t2})~{(0,0, t1)}.

The two identities ¢ = 0 and ¢y = 5 £ty + 1 can be rewritten as

3
vH H 2
(v |EH|> SIE? and (n, |5H|> S(t-u-2)
which implies
H \ 2 EH 2 c 2 c 3\\2
_/ H S S N\ _(CzH|2 Cro . 9
1_<V ’|5H|> +<'7’ |5H|> _(3|"C |) +<3(t t c))
forany & € (M n {t < t2}) ~ {(0, 0, t1)}. By the very definition of gauge sphere, this shows that
(M n{t < t2}) ~{(0,0, t1)} < 0Br(0,0, to),

where
3

3
R*=Z> and to=1t1+—.
c c
Since M is a smooth connected surface with no boundary and since the gauge sphere has only two characteristic
points at (0,0, to — R?) = (0,0, t1) and (0,0, to + R%)=(0,0, t; + %), we can conclude that M = dBg(0, 0, ty), as
desired. 0

3.2 Thecaseof H",n > 2

Let us now turn the attention to the case n > 2 and to the proof of Theorem 1.2. By pushing further the paral-
lelism with the classical Euclidean framework, we can say that the higher-dimensional analogue of the planar
argument sketched in (3.1) is effective if one requires the hypersurface to be (locally) umbilical: it provides in fact
a proof of the classical characterization of umbilical surfaces also known as Darboux theorem [14] (see [31] for
an expository text, see also [18, 26] for different but related settings). In our Theorem 1.2, the main assumption
is the umbilicality of M with respect to Definition 2.4. We warn the reader that in Definition 2.4 there is no infor-
mation about the relationship between the two functions [ and k, and therefore a characterization is possible
only under a prescription of the curvature (see in this respect [8] for the case of constant ox-curvatures). Having
this is mind, together with the fact that we are prescribing Hy;(§) = c|é¥, our aim is to provide a Darboux-type
approach to Theorem 1.2. We define

on(d = JLIM(af)lalez W ETY, o M Sy— R,
3.11)

2n1

0u(0) = g i iy - <n,|EH|> gui M~ (SuULy) = R,

where we have kept the notation
Ly ={(0,0,t) e H" : t e R}

to denote the t-axis. With the following lemma, we realize that the constancy of the key function ¢ along n is
tied to the vanishing of [ — 3k (in Example 2.6 we saw that for the gauge spheres [ = 3k by a direct computation).

Lemma 3.3. Fix n > 2. Let M be a smooth hypersurface in H" which is connected and orientable. Also, let w be
a relatively open set contained in M ~ Sy. Suppose there exists ¢ € R such that Hy () = c|&¥| for § € w. If M is
umbilical, then we have

n(en) = —<r; Eh3k-1) inw.

Proof. The umbilicality condition in Definition 2.4 implies that

(VovE Ey = 18)(n, 7). (3.12)
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For & € w, we can then exploit the assumption Hy;(§) = c|¥|, together with (3.12) and (2.3), to deduce that

_ 2n-1 g3 , H wH
non) = (e 1€ - €M)
2n-1

_ 2 {0, €7 B H
= 3e5 1€ — O, &
3(2n-1
=, (2 Do - 10).
Keeping in mind Definition 2.4, we obtain
32n-2 2n -2
1w = 0.0 (Cor D k@) + 2 200) = o0, €3k - 1),
as desired. O

We now show that in fact ¢ = 0 and [ = 3k. There are two main tools in the proof: the use of the Codazzi
equations found in [8], and the analysis of the global behavior of the auxiliary function | 7|22, (¢) (a weighted
version of ¢p).

Lemma 3.4. Fixn > 2. Let M be a smooth hypersurface in H" which is connected, orientable, compact, and with-
out boundary. Assume that M is umbilical, and suppose that there exists ¢ # 0 such that Hy () = c|&¥| for every
point & € M ~ Sy Then, for all & € M ~ Sy, we have

A ETy = |12 K(E),
(ve, T)

&y = 21802 , (3.13)
(& = 2P
(v, & =(w;,§%y =0 forjefl,...,n—1}
We also have that ¢ > 0, Syy = M N Ly # 0, and
on=0=1-3k. (3.14)
Proof. Let us divide the proof into multiple steps.
Step I. We first show the validity of (3.13). Let
2, T)
[Prv]
By [8, Proposition 4.2], we know that
Vi(k) = Wj(k) =0=V;() = Wi(l) forje{l,...,n-1}, (3.15)
and
nk) = (1-2k)a, n(a)=k*-a*-kl. (3.16)
For § € M ~ (Spy U Ly), from (3.15) and the identity (2n — 1)Hys = (2n — 2)k + [, we obtain
(v, €9) g 1 2n -2 1
:V' :—VH :—V- —V —
g = V8D = CViHMO) = o Vit + o Vi) = 0
forj e {1,...,n—1}. The same holds for (W}, &Y. This shows that
(Vi, €%y = (W, E%)y =0 forjefl,...,n-1}and € M~ Sy. (3.17)

We then deduce that the function || is constant even along the commutators of the vector fields in

Span{Vly Wla cey Vn—l: Wn—l}-
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Exploiting Lemma 2.7, this implies
k(&)|Pu(v
(7, )y = M(n, gy,

Recalling that 7 = (v, T)v¥ — |Px(v)|T and using (T, £¥) = 0, we infer
a() (W, ey = k(&)(n, &) for & € M\ Sy. (3.18)
From (2.3), (2.2), and the umbilicality condition in Definition 2.4, we can compute

n(n, 1)) =1+ (Vyn, &)
= 1+(VyJn,JE")
=1+ (Vv JEf) (3.19)
=1+ 1O, 1§
=1-UHOH, M.
If we now differentiate the identity (3.18) along n, relations (3.12), (3.16), and (3.19) yield

0 = n(@ ", &y + an(vf, &y — n(k)(n, €%y - kn((n, E%))
= (K? - a® - k), E0y + al(n, &y + 2k - Da(n, &y + kKIWH, &7y — k
= (kK* - a®)(W", ey + 2ka(n, E) - k
= (K* + a®) (W, &y — k + 2a(k(n, EF) - a(vf, ETy).
Keeping in mind (3.18), this says that
k(&) a(é)
k2(&) + a%(%) k2(8) + a%(%)

atleast for any & € M ~ Sy where k(&) # 0. Notice that in our assumptions we have K +a%>0in M~ Sy (see
[7, Theorem B (a)], and keep in mind that a # 0 due to the boundedness of M). Also notice that, if k vanishes at
apoint & € M~ (Sy U Ly), then

(VH EHy = and (n, &y = (3.20)

N(k)(E) = UOa(@) = 2n - 1)clg|a(@) + 0.
Hence the relations (3.20) hold true by continuity throughout M ~ Sy;. This implies that

1

_ o H gH\2 H\2
m—(v LT+, &)

n-1
= (VL EDZ + (0, M2+ Y (1, €)% + (W, €7)?
j=1

= &1,
where in the second equality we used (3.17). Inserting the last identity in (3.20), we get
I ED =187k and (0, &) = 1§7Pa(§)  for & e M~ Sy 3.21)

The combination of (3.17) and (3.21) completes the proof of (3.13). In particular, since the function a? tends to co
only at characteristic points, from (3.21) we can also deduce that

Sy =MnLy. (3.22)
As a matter of fact, the inclusion M n Ly < Sy follows from the fact that, at non-characteristic points,
1§17 = k() + d*(9)
is finite, whereas the inclusion Sy € M n Ly is a consequence of the boundedness of
a*(§) < KA(§) +a*(©) = 18"

outside of Ly.
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Step II. We now show that
& (&) = |E7)"20y(8) is constant throughout M ~ Sy;.

To this end, using (3.21), we can rewrite the function ¢y, in the following way:

on(®) = o2 Hy(DIE"? ~ K(OIEP
2 2
=|EH|2(( BN (.23
GEEL
T o2n+1 ’
so that l -
0 = (38 gnpn

It is clear from (3.15) and (3.17) that
Vi(¢) = Wi(¢) =0 forallje{l,...,n-1},

which also implies by Lemma 2.7 that

(9) - 19y~ o

On the other hand, by using (3.23) and Lemma 3.3, we obtain
(@) = n(1§" "2 o)
= @n =280, eMyon + IEHIZ”’Zn(ql )

2n -2 gon2 H H 2n-2 H _
= R, €L 30 + o P (0, €3k - D
=0.
This says that the function ¢ is constant along every tangent vector field in M ~ Sy, and concludes the proof of
the current step.

Step III. In this step, we show that
c>0.

We argue similarly to step I in the proof of Lemma 3.2. By the compactness of M, the function %|EH |? attains its
maximum at a point {&; € M \ Ly, and we know from (3.22) that &; ¢ Sy;. Then, at £ = &1, we have

1 1
- ,7(§|5H|2) =(n, &y and 0= T(EIEHIZ) = v, D ED.
Since by (3.17) we have
O ED? = (n, &N+ 07, eN+ Y (v, 8D + (W, 807 = 18717 > 0,
j=1

we deduce that (v, T) = 0, and therefore

1
k(&) = = WL ED = ———— (v, &) >0,
|E1 2 e R
where the positive sign is a consequence of the maximality condition and the fact that v is the outward normal.

Moreover, at the maximum point ¢ = &1, from (3.19) we obtain
1
1= 1™ = P (F16"17) <0
which says that

1
I(&) = R ff) >0

Therefore, keeping in mind Definition 2.4, we have
2n -2
W Gnodkdy
@n-DI& | @2n-1)I& |




DE GRUYTER C. Guidi et al., Characterizing gauge balls == 769

Step IV. We now show that
$(&) = [E1"29n(§) =0 for & € M~ Sy.

We already know from step II that ¢ isidentically equal to a constant value ¢y. By contradiction, we shall assume
that @g # 0. Since from the definition of ¢, in (3.11) it is clear that ¢, and ¢ tend to 0 as & approaches M N Ly,
and we know from (3.22) that M n Ly = Sy;, we have that Sy = M N Ly = 0 (so that there exist0 < rp, <1y < 00
satisfying ry, < || < ryp). If we consider the integral curve y of i starting from any point & € M, we can then
extend y indefinitely. Arguing similarly to step II in the proof of Lemma 3.2 (from which we also borrow the
analogous notations for the smooth functions t(s), r(s), and 6(s)), we want to infer that the assumption ¢ # 0
leads to the unboundedness of y(s) (which contradicts the compactness of M). We can rewrite

c2n-1) 5,44 _ p2n-1 _

a6 =) cos (6()) = do,
which implies in particular that along the curve y we have r(s) = R(cos(6(s))) (i.e. the positive function r(s) is
uniquely determined by the value cos (6(s))). From (2.4) we infer that

2c2n-1) 4

12 _ _ 2-2n _
t'(s) = —=2r(s) cos (6(s)) = 2¢or=="(s) —(Zn ey r(s). (3.24)

Since ¢ > 0 by step III and r(s) is bounded, if ¢q < 0, then t'(s) < 2¢0rﬁ;2” < 0 and t(s) would be forced to be
unbounded. We can then assume ¢, > 0. Exploiting (3.12), (3.17), and (3.19), we recognize that

& 1 - L& (VH, EHY)(WH  EHY — 1(§)(n, EH)?

n(arctan((i’LEH)))) _ (1-169)¢ (n,i‘H>))2<+ (vi,>fH>§E)<n &t

(v ER) — 18|

B |EH 2

_HED — 20+ Dop(E) - 3k(D)IET

B e

_ 2(vH, EH) - 2n + 1gn(§)

B |EH 2 ’

where in the last two equalities we have made use of (3.23) and (3.21). The previous identity yields

2n-1
ri(s)

2n-1
ri(s)

0'(s) = (r(s) cos (8(s)) — cr3(s)) =

2¢
+

2-2n
(~gor*™(s) = 7

3
- (s)). (3.25)
Since we know that ¢ > 0 and M is bounded, the assumption ¢ > 0 implies that 6'(s) stays below a strictly neg-
ative constant. Thus 6(s) is strictly decreasing and 6(s) — —oo as s — co. We can then pick a strictly increasing
sequence of values {Sk}ken such that 8(sk) — 8(sk+1) = 27 for all k € IN. From (3.24) and (3.25), we get

(Sken) — E(SK) = j '(s)ds
=-2 J r(s) cos(8(s))ds
2 T r3(s) cos(6(s))

T on- - 2
2n =1 J gori=2n(s) + zzi7r3(s)

0'(s)ds

Sk+1

2 J (cr3(s) — r(s) cos(8(s)) + r(s) cos(8(s))) cos(6(s))

T (@2n-1)c J Por2-2n(s) + 725 13(s)

0'(s)ds

Sk ’ Skt r(s) cos2(6(s))
J cos(0(s))0'(s)ds + Zn-1)c J Gor2-21(s) + 2513 (s)

Sk Sk 2n+1

0'(s)ds

_ 2
- (2n-1)c
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~ g R(cos(0)) cosz(o)

S @2n-1)c o PoRZ21(cos(0)) + 5255 R3(cos(0))

k+1

0(s1)
2 R(cos(a)) cosz(o')

(2n-1)c oo an PoR2-21(c0s(0)) + 525 R3(cos(0))

S1)—

2n+1

for every k € IN. Since the term ¢(sk4+1) — t(Sk) is strictly negative and independent of k, we conclude as in
Lemma 3.2 that t(sx) — —co as k — co. Hence we have reached a contradiction in both scenarios ¢y < 0 and
¢o > 0. This ensures the validity of ¢ = 0.

Step V. In this final step, we finish the proof of the desired statements. Keeping the same notations as before, if
we insert the information ¢ = 0 proved in step IV in (3.24), we infer

Zc(2n 1) 3

—o o 17(8) < 0.
(2n+1)

If the sets Sy and M n L, were empty, we could extend the integral curves y of n indefinitely and we would

have the contradicting property t(s) — —oo as s — co. Therefore, by (3.22), it has to be

t'(s) = (3.26)

Sy =MnLy#0. (3.27)
Finally, exploiting again (3.22) and the identity ¢ = 0 in M ~ Sy, we have
orp=0 InM~ Sy,

and, by (3.23), also

[-3k=0 InM~Sy
This concludes the proof of (3.14), and of the lemma. O
We are finally ready to complete the proof of Theorem 1.2.

Proof of Theorem 1.2. With Lemma 3.3 and Lemma 3.4 in hand, in order to complete the proof we can follow
closely the arguments of Theorem 1.1. In fact, we deduce from (3.27) that there exists p € IN such that

Sy =1{(0,0,t1),...,(0,0, )}

for some t; < t; < --- < tp (we stress that points in Sy = M n Ly cannot accumulate since T is aligned with the
normal direction at characteristic points). If we consider any point &y € M n {t < t} such that & # (0,0, t1),
we can look at the integral curve y of n starting from &,. With the same notations as in Lemma 3.4, we know
from (3.26) that y ¢ M n {t < t} and

y(s) reaches (0,0, t1).

As r(s) > 0 and it is reaching 0, we obtain from the identity ¢, = 0 proved in Lemma (3.2) that
cos(0(s)) = @n-1c r’(s)>0 and cos(6(s)) — 0.
2n+1
Recalling (3.25), this implies that sin(6(s)) is decreasing and

sin(0(s)) — -1.

This yields

2n-1)c . 2n-1)c
ETVEE t(s) — sin(0(s)) — ETTE

On the other hand, if we differentiate along 5 the function
t &M _@n-Ne  n,&h

Pv(d) = Hy (O 7 T @ T el (|

t1+1 asy(s) approaches (0,0, t1). (3.28)
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for £ € M ~ Sy, by using (2.4) and (3.19), we obtain

— 2(271 1)C H H _ I(VH, EH) (n’ EH)Z
’l((Pv)(E)— T( E)_ lEHl + |EH|3
1 , 22n-1)Hy
= (g SR I U0 £+ (0, £
_ ) 200 DB g gy g 2t (V8 (5 87
T (_ o [ B SR 4 |)_ i

We can now use the properties (3.13)—(3.14) established in Lemma 3.4 together with (2.12), and we deduce
U )
1§53
Hence ¢y is constant along y. From (3.28) we know that such constant has to be equal to (2” 1 €t1 + 1. The

arbitrariness of & € (M N {t < t2}) ~{(0, 0, t1)} (which is the starting point of y) yields

n(gy)(§) = (—2k(&)ET 1 — (VH, €Ty + 3k(E)IER|?) =

2n-1)c
2n+1

Oy t1+1 in(Mn{t<t})~{0,0,t)}.

The previous identity and the identity ¢, = 0 can be rewritten, keeping in mind the definitions in (3.11), as

(2n-1) 2n-1) 2n+1
<H|5H|> 2';1+1C|”;H|2 and <'7’|5H|> zr;1+1c(_t1_(2:—+1)c>'

This implies

H |2 2 ,2n-1c 2 ,(2n-1c 2n+1 \\2
_ H — H Bt (N
1_<V ’|5H|> +<'7’|5H|> ‘( el o] ) ( 2n +1 (t h (2n—1)6)>
forany ¢ € (M n {t < t2}) ~{(0, 0, t1)}, which shows that

(M n{t < t})~{(0,0,¢)} c 0Br(0,0, tp)

with ) 1 5 1
n+ n+
RP= """ and typ=t —_
2n-1)c 0=t on e
This allows, as in Theorem 1.1, to conclude the proof of the desired statement. O

3.3 The axially symmetric case

As a concrete application of our main theorems, we want to single out a relevant class of hypersurfaces in
which we have a uniqueness result for the gauge spheres. We already mentioned in Section 1 (see also [21], [25],
[38], [16], [27], and [19] for related settings) that it is quite typical to require some a priori symmetry in terms
of rotational invariances. More precisely, we can recall the following well-known class of symmetric domains
(which is consistent with the type of prescription of the horizontal curvature Hy, we are dealing with).

Definition 3.5. For n > 1, we say that a smooth hypersurface M c H" is cylindrically symmetric if, locally
around any point of M, there exists a defining function f for M which can be written as

fx,y, 1) = w(lx® + |yl 0) (3.29)
for some smooth function w.
We have the following corollary.

Corollary 3.6. Fix n > 1. Let M be a smooth hypersurface of H" which is connected, orientable, compact, and
without boundary. Suppose that M is cylindrically symmetric with respect to Definition 3.5 and that, at every
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non-characteristic point (x, y, t) € M, the horizontal mean curvature of M is proportional to

VIx? + yl?

up to a constant factor ¢ + 0. Then ¢ > 0 and there exists ty € R such that M = dBg(&p) with

12n+1
R= \jEZn—l and &y = (0,0, tg).

Proof. Fixan open neighborhood U ¢ H" where U N M is described, as in (3.29), by the zero-level set of a smooth
function f with non-null gradient. Pick the sign of f such that the outward normal v at £ € U n M is equal to
TfT + Y15 XifX) + YifY;
V= 2. v 2 N2
(TH? + Xjia (XiH? + (Y;H)?)

By exploiting (3.29), we have
If = wa, Xjf = 2xjwy = 2yjwa,  Yif = 2y;wq + 2X;Wo,

which implies that
2 4(1x12 + [ylH(wE + w3)

CA(X? + yR)(WE  wh) - wE

|THV

This is saying that for cylindrically symmetric hypersurfaces we can have characteristic points only when
X% + y|* = 0, i.e.

Sy € MnN Ly.
Therefore, in case n = 1 we can apply Theorem 1.1 to infer the desired statement.

Fix then n > 2. We want to check that the cylindrically symmetric assumption implies that M is in fact
umbilical. Since we have

n
XiWwq1 — ViWy iw1 + XjWy
vy W1 X Y j

2 2 i 2 2 J
A 4 AW+ wE I 2w+ wd

and
= Yjwi + Xjws yjwz — Xjwq
= v 2,2 )
j=1 \/|x|Z + [ylz\/w1 +W; \/lxl2 + [ylz\/w1 +Wj
foranyj, k € {1,..., n} we can directly compute

Sixw1 + 2Xi(XpW11 — YiV12) — 2Vi(XxkW1g — Yk W
Vi H, X)) = Xie(, X)) = kW1 i(Xkwr1 = YiViz) — 2Yj(XgW12 — YicWa2)

VI + 2 w? + w
o X.>< Xk 2w1(Xgwi1 = YkW1z) + 2wa(Xgwiy —yszz))
TN + P2 w? + w ’
SikWs + 2Xi(XW12 — YkVa2) + 2Yi(XpeW1i1 — YW
VxVH, 7)) = Xe((V, 7)) = kW2 i(XkW12 = YkVa2) + 2y;(Xk W11 — Yk W12)
VIXE + lyl2w? + w3
ot Y-)( Xk 2w (Xgw11 — YkW1z) + 2Wa(XxWia —yszz))
N X + [yl w? + w ’
=8ikwa + 2Xx;(YkW11 + XkV12) — 2V; (VW12 + Xgw
(Vv X = Yi((H, X)) =~ jOVkWi1 + Xkviz) = 2V (VkWia + XgWa2)
X + 2 w? + w
o X,>( Yk, 2w (VW11 + XgWiz) + 2Wa(Yk W12 + kazz))
TR + P w? + w ’



DE GRUYTER C. Guidi et al., Characterizing gauge balls == 773

SikW1 + 2Xi(YkW12 + XkVa2) + 2yi (VW11 + XgW
Vv, ) = Yi(F, 1)) = kW1 + 2Xj (VW12 + XkV22) + 2V (VW11 + XgW12)

29
VX + 2 w? + W
e Y-)( Yk 2w (Vw11 + XgWiz) + 2wa (VWi + kazz))
) 2 2 2 2 :
[x|% + [y wi + w;

From the previous relations, we can recognize by a straightforward computation that

Py (Vi) - M](Z) =kZ forany Z € H such that (Z,vi') = (Z,n) =0,
[Pr()|

and

(PH(VI’]VH) = 1’7,
where w

k = !

VIXE + [yl Wl + w3

and
wy 24/Ix2 + yl?

2 2
l= + s (W Wy + W wy - 2wi2wiwa).
\/|x|Z + [ylz\/w% rwd o (wp+wy)¥

A direct comparison with Definition 2.3 and Definition 2.4 tells us that M is umbilical. We can then apply Theo-
rem 1.2 and complete the proof of the corollary. O

References

[11 A.D.Aleksandrov, Uniqueness theorems for surfaces in the large. I, Vestnik Leningrad. Univ. 11 (1956), no. 19, 5-17.

[2] Z.M.Balogh, ). T. Tyson and E. Vecchi, Intrinsic curvature of curves and surfaces and a Gauss-Bonnet theorem in the Heisenberg
group, Math. Z. 287 (2017), no. 1-2, 1-38.

[31 D. Barilari, U. Boscain, D. Cannarsa and K. Habermann, Stochastic processes on surfaces in three-dimensional contact
sub-Riemannian manifolds, Ann. Inst. Henri Poincaré Probab. Stat. 57 (2021), no. 3, 1388-1410.

[4] A.Bonfiglioli, E. Lanconelli and F. Uguzzoni, Stratified Lie Groups and Potential Theory for Their Sub-Laplacians, Springer Monogr.
Math., Springer, Berlin, 2007.

[5] L.Capogna, Isoperimetric inequalities in the Heisenberg group and in the plane, in: Subelliptic PDE’s and Applications to Geometry
and Finance, Lect. Notes Semin. Interdiscip. Mat. 6, Universita degli Studi della Basilicata, Potenza (2007), 93-106.

[6] L.Capogna, D. Danielliand N. Garofalo, The geometric Sobolev embedding for vector fields and the isoperimetric inequality, Comm.
Anal. Geom. 2 (1994), no. 2, 203-215.

[7] J.-H. Cheng, H.-L. Chiu, J.-F. Hwang and P. Yang, Umbilic hypersurfaces of constant sigma-k curvature in the Heisenberg group, Calc.
Var. Partial Differential Equations 55 (2016), no. 3, Article ID 66.

[8] J.-H.Cheng, H.-L. Chiu, J.-F. Hwang and P. Yang, Umbilicity and characterization of Pansu spheres in the Heisenberg group, J. Reine
Angew. Math. 738 (2018), 203-235.

[9]1 J.-H. Cheng, J.-F. Hwang, A. Malchiodi and P. Yang, Minimal surfaces in pseudohermitian geometry, Ann. Sc. Norm. Super. Pisa Cl. Sci.
(5) 4 (2005), no. 1, 129-177.

[10] H.-L. Chiu and S.-H. Lai, The fundamental theorem for hypersurfaces in Heisenberg groups, Calc. Var. Partial Differential Equations 54
(2015), no. 1,1091-1118.

[11] D. Danielli, N. Garofalo and D.-M. Nhieu, Notions of convexity in Carnot groups, Comm. Anal. Geom. 11 (2003), no. 2, 263-341.

[12] D. Danielli, N. Garofalo and D. M. Nhieu, Sub-Riemannian calculus on hypersurfaces in Carnot groups, Adv. Math. 215 (2007), no. 1,
292-378.

[13] D. Danielli, N. Garofalo and D.-M. Nhieu, A partial solution of the isoperimetric problem for the Heisenberg group, Forum Math. 20
(2008), no. 1, 99-143.

[14] G.Darboux, Lecons sur la théorie générale des surfaces. IV, Les Grands Class. Gauthier-Villars, Editions Jacques Gabay, Sceaux, 1993,
reprint of the 1896 original.

[15] G.B. Folland, A fundamental solution for a subelliptic operator, Bull. Amer. Math. Soc. 79 (1973), 373-376.

[16] V. Franceschiand R. Monti, Isoperimetric problem in H-type groups and Grushin spaces, Rev. Mat. Iberoam. 32 (2016), no. 4,
1227-1258.

[17] B. Gaveau, Principe de moindre action, propagation de la chaleur et estimées sous elliptiques sur certains groupes nilpotents, Acta
Math. 139 (1977), no. 1-2, 95-153.



774

[18]
[19]

[20]

[21]

[22]

[23]
[24]

[25]
[26]
[27]
[28]
[29]
[30]

31]
[32]

[33]
[34]
[35]
[36]

[37]
[38]

= (. Guidi et al., Characterizing gauge balls DE GRUYTER

C. Guidi and V. Martino, Horizontal curvatures and classification results, Ann. Acad. Sci. Fenn. Math. 45 (2020), no. 2, 829-840.

G. He and P. Zhao, The isoperimetric problem in the Heisenberg group IH" with density, Anal. Math. Phys. 10 (2020), no. 2, Paper
No. 24.

R. K. Hladky and S. D. Pauls, Constant mean curvature surfaces in sub-Riemannian geometry, /. Differential Geom. 79 (2008), no. 1,
111-139.

J. Hounie and E. Lanconelli, An Alexandrov type theorem for Reinhardt domains of C?, in: Recent Progress on Some Problems in
Several Complex Variables and Partial Differential Equations, Contemp. Math. 400, American Mathematical Society, Providence (2006),
129-146.

A. Koranyi and S. Vagi, Singular integrals on homogeneous spaces and some problems of classical analysis, Ann. Sc. Norm. Super.
Pisa Cl. Sci. (3) 25 (1971), 575-648.

E. Lanconelli, “Potato kugel” for sub-Laplacians, Israel J. Math. 194 (2013), no. 1, 277-283.

G. P. Leonardi and S. Masnou, On the isoperimetric problem in the Heisenberg group H", Ann. Mat. Pura Appl. (4) 184 (2005), no. 4,
533-553.

V. Martino, A symmetry result on Reinhardt domains, Differential Integral Equations 24 (2011), no. 5-6, 495-504.

V. Martino and G. Tralli, High-order Levi curvatures and classification results, Ann. Global Anal. Geom. 46 (2014), no. 4, 351-359.

V. Martino and G. Tralli, A Jellett type theorem for the Levi curvature, J. Math. Pures Appl. (9) 108 (2017), no. 6, 869-884.

V. Martino and G. Tralli, Overdetermined problems for gauge balls in the Heisenberg group, preprint.

R. Monti, Heisenberg isoperimetric problem. The axial case, Adv. Calc. Var. 1 (2008), no. 1, 93-121.

R. Monti and M. Rickly, Convex isoperimetric sets in the Heisenberg group, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 8 (2009), no. 2,
391-415.

S. Montiel and A. Ros, Curves and Surfaces, Grad. Stud. Math. 69, American Mathematical Society, Providence, 2005.

Y. Ni, Sub-Riemannian constant mean curvature surfaces in the Heisenberg group as limits, Ann. Mat. Pura Appl. (4) 183 (2004), no. 4,
555-570.

P. Pansu, Une inégalité isopérimétrique sur le groupe de Heisenberg, C. R. Acad. Sci. Paris Sér. I Math. 295 (1982), no. 2, 127-130.

S. D. Pauls, Minimal surfaces in the Heisenberg group, Geom. Dedicata 104 (2004), 201-231.

M. Ritoré, A proof by calibration of an isoperimetric inequality in the Heisenberg group H", Calc. Var. Partial Differential Equations 44
(2012), no. 1-2, 47-60.

M. Ritoré and C. Rosales, Rotationally invariant hypersurfaces with constant mean curvature in the Heisenberg group H”, J. Geom.
Anal. 16 (2006), no. 4, 703-720.

M. Ritoré and C. Rosales, Area-stationary surfaces in the Heisenberg group H', Adv. Math. 219 (2008), no. 2, 633-671.

G. Tralli, Levi curvature with radial symmetry: a sphere theorem for bounded Reinhardt domains of C?, Rend. Semin. Mat. Univ.
Padova 124 (2010), 185-196.



	A characterization of gauge balls in $\mathbb{H}^n$ by horizontal curvature
	1 Introduction
	2 Definitions and preliminaries
	3 Darboux-type results
	3.1 The case of $\mathbb{H}^1$
	3.2 The case of $\mathbb{H}^n$, $n\geq 2$
	3.3 The axially symmetric case



