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1. Introduction

In this paper we prove a spectral quasi-clustering for large eigenvalues of a subclass of
systems belonging to the class of Semiregular Metric Globally Elliptic Systems (SMGES),
introduced in [7] (see Definition 2.1 below).

By spectral quasi-clustering we mean the concentration of the spectrum of a positive
self-adjoint ¥do within the union of certain intervals with centers at a sequence deter-
mined in terms of invariants of the symbol, and diameters decreasing as the centers go
to infinity.

We speak of “quasi-clustering” when the various intervals in whose union the spectrum
is lying may intersect (in an at most uniformly finite number) and speak of “clustering”
when such intervals do not intersect anymore when the centers are sufficiently large.

Determining when such a clustering/quasi-clustering takes place is interesting since it
actually completes the spectral asymptotic information given by the Weyl asymptotics.
In fact, it gives quite a precise location of the spectrum for large eigenvalues when the
centers are in a neighborhood of +o0o on the real line.

Keeping as examples the Jaynes-Cummings model and its generalizations of Section 2
of [7], we consider SMGES systems whose semiprincipal symbols possess matrix invari-
ants (i.e., the coefficients of the characteristic polynomial of the semiprincipal symbol)
that are functions of the harmonic oscillator ps o (see Section 4) and subprincipal of its
diagonalization (by some unitary symbol ep) which is constant on the bicharacteristics
of py and p3 4.

To start describing more precisely our results, we give some references to problems of
eigenvalue clustering in various situations, focusing only on those that are most relevant
to this paper (see, e.g., the reference lists of the quoted ones for more contributions).
First, we recall that Duistermaat and Guillemin in [1] gave a clustering result for the
m-~th root of a scalar positive elliptic self-adjoint ¢)do P of order m > 0 on a compact
smooth boundaryless manifold under the hypothesis that the bicharacteristics of 1/p
are all periodic with the same period, where p denotes the principal symbol of P. Con-
versely, they showed that if that clustering occurs then the flow of %/p is periodic. Next,
Weinstein [15] proved also an eigenvalue clustering result for a Schrédinger operator on a
compact Riemannian manifold, deepening the description of the asymptotic structure of
the clusters. We will later recall the arguments used in that paper since they are relevant
to our work. Later, Colin de Verdiére [2] gave an even more precise result in the case of
the square of a first order »do with zero subprincipal symbol and 27-periodic bicharac-



M. Malagutti, A. Parmeggiani / Bull. Sci. math. 193 (2024) 103423 3

teristics on a compact smooth manifold. He was also able to recover the multiplicities of
the eigenvalues in the disjoint intervals. Taking inspiration from the ideas of Weinstein
and Colin de Verdiére, Helffer and Robert [4] studied semiclassical clustering properties
for an anharmonic oscillator model, and for scalar second order globally elliptic reqular
positive self-adjoint dos, Helffer [3] obtained a clustering result under the hypothesis
that the X-ray transform (that is, the average over a period along the bicharacteristics
of the principal part) of the subprincipal symbol is identically a constant.

Clustering results for certain systems in the semiclassical case where obtained by Ivrii
[6], and for regular 2 x 2 NCHOs by Parmeggiani [8-10].

In this paper, we generalize the (quasi-)clustering properties to semiregular systems
by means of an idea introduced by Weinstein in the aforementioned paper [15]. In there,
he studied ¢dos on a compact Riemannian manifold of the form A? + B with A a
1st-order self-adjoint, positive, elliptic ¥do, B a self-adjoint ¥do of order 0, and such
that €>™4 = cI for some constant c. His approach is based on an averaging technique:
the subprincipal symbol is X-ray transformed on the bicharacteristics of the principal
symbol by a unitary operator conjugation and the new subprincipal term commutes
with the principal one. Thus, the spectrum of the sum of the operators corresponding
to the principal and subprincipal terms can be analyzed by studying that of the two
terms individually and it gives the sequence at which the intervals are centered. The
remainder, that is, the difference between the conjugated operator and the operator itself,
is a compact operator and gives the diameter of the intervals. In fact, the compactness
of the remainder leads to an energy inequality and the minimax principle completes the
analysis.

The plan of the paper is the following.

In Section 2 we recall the definition the SMGES class given in [7]. We also describe
the examples given by the JC-model and of an extension of it by the use of semireg-
ular Non-Commutative Harmonic Oscillators (NCHOs, introduced by Parmeggiani and
Wakayama in [11-13], see also [8-10]). In Section 3 we show that it is possible for a
Fredholm operator (with non positive index and parametrix given by its adjoint) to be
deformed into an isometry by adding a compact operator. This is crucial for applying
the diagonalization procedure and keep control on the relation between the spectrum
of the starting operator in terms of that of the diagonalized one. In Section 4 we prove
that the blockwise diagonalization with scalar semiprincipal blocks of a system in our
class is equal, modulo a system of order —1, to a system whose principal, semiprincipal,
and subprincipal terms commute. It is here that we take inspiration from the work by
Weinstein. In fact, we study the non-compact part of the operator (that is, the oper-
ator obtained by considering only the principal, semiprincipal and subprincipal parts)
obtaining an explicit expression for its spectrum. Next, we recapture the spectrum of the
whole operator, thanks to an energy inequality which leads to our estimate by using the
minimax principle. It is at this point that what we show in Section 3 becomes crucial.
In fact, the minimax principle alone is not sufficient for obtaining the result. Indeed, we
need to link the spectrum of the initial operator with that of its conjugation by a suitable
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diagonalizing operator E. This is achieved by showing that E* (when ind E > 0), respec-
tively E (when ind E < 0), can be made into an isometry, that is EE* = I, respectively
E*E = I, by adding a smoothing term. When ind £ > 0 we are in a good position and
we may carry the spectral information of the diagonalized system onto that of the initial
operator. When ind F < 0, it is not enough that E can be corrected into an isometry by
addition of a smoothing operator and some further analysis is needed (see Section 4).

Notation. For X € R" x R” = R?" and (X) = (1 + |X|?)/? the “Japanese bracket
of X7, let g be the admissible Héormander metric gx = [dX|*/(X)2. We denote the
(matrix-valued) Hérmander class of symbols S({X)™, g; My) related to the admissible
metric g on R™ x R™ and the g-admissible weight (X) (where m € R) simply by S™,
and denote by U™ the corresponding class of pseudodifferential operators obtained by
Weyl-quantization [5]. Finally we denote by Si., (and by Wi ., the corresponding class
of 1dos) the class of symbol.s a € S™ that admit an asymptotic expansion >0 Gm—j
where the a,,_; are C* on R?" := R?" \ {(0,0)} and positively homogeneous of degree
m — j, in which a,, is the principal symbol, a,,—1 and a,,_s are the semiprincipal and
subprincipal symbols, respectively. We put p2(X) = | X|?/2 and, for o € R™ with a; > 0,
1<j<n,

Pra(X) =) a;(zf +€)/2
j=1

The Hamilton vector field associated with a function f on the phase-space will be denoted
by

_N~(9F 0 _9F 0
Hf - ;(853 8(Ej 8xj 8@-)’

and by (t,X) — exp(tH;)(X) its flow. We finally denote by B* = B*(R";C") the
Shubin-Sobolev spaces of order s € R (so that, in particular, B? is the maximal domain
for the L? realization of p¥ (z, D)).

Acknowledgments: We wish to thank the referees for their careful reading and important
observations.

2. Setting
In this section, we recall the definition of the SMGES class and introduce, as examples

of that class, the classical JC-model and its extension to systems of an N > 3 energy
level atom and n = N — 1 cavity-modes of the electromagnetic field.
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2.1. The SMGES class

The class under study, introduced in [7], is given by the systems of order m having
scalar and elliptic principal symbol whose semiprincipal symbol (that is, the isotropic
positively homogeneous term of degree m — 1 in the asymptotic expansion of the symbol)
can be blockwise diagonalized in scalar blocks satisfying the condition of eigenvalues
separation.

Definition 2.1. We say that an My-valued symbol a € S, is a semiregular metric

globally elliptic system (SMGES for short) of order m, when

a(X) = a(X)* = gun(X)IN + am-1(X) + am—2(X) + 5%, X #0,

sreg
where:
o ¢m € C®(R?R) is positively homogeneous of degree m and such that |X|™ ~

gm(X) for all X # 0;

* Gm—1 = a,,_; is such that there exists » > 1 and ey € C"X’(]Rzn; My) unitary and

positively homogeneous of degree 0 such that
€O(X)*am,1(X>€0(X) = diag()\m,l’j(X)INj; 1 g ] S r), X 75 0

where N = Ni1+No+...+ N, and A1 j € C’OC(RQ"; R) are positively homogeneous
of degree m — 1 and such that

7 < k:>)\m_17j(X) < )\m—l,k(X)a VX7£O
2.2. JC-model by semireqular NCHOs and generalizations
We give here two examples of semiregular NCHOs in the SMGES class (due to Jaynes
and Cummings [14]), relevant to Quantum Optics, that serve as a model of the class we
consider in this work.

It will be convenient to use the following notation. We denote by o,  =0,...,3, the
Pauli-matrices, i.e.

0 1 0 —2 1 0
oo = I, 0’1—[1 01, 02_[1‘ 0], 0’3—[0 1]7

and

1 .
oy = 5(0'1 tioa).
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Let (-,-) be the canonical Hermitian product in CV, and ey,...,ex be the canonical
basis of CV. Let

Ejr=e,®e;, 1<j k<N,
be the basis of My (C), where Ejj acts on CV as
Ejw = (w,ex)ej, weCN.
Hence we have the relation
EjxEpm = 01k Ejm.
We also let, for X = (z,&) € R x R" = R?",

zj 4 i

'(/)](X) = \/5 ’ SN,

so that 1} (z, D) is the annihilation operator and ¢’ (z, D)* = (;)" (x, D) is the creation
operator, with respect to the j-th variable. Hence,

n

Z%W(%D)*%W(%D) = pg(va) - 5
j=1

2.2.1. The JC-model by semireqular NCHOs
This is the model of a two-level atom in one cavity, given by the 2 x 2 system in one
real variable x € R

AV (z,D) = py (z, D)1z + a<a+1/JW(a:, D) +o_¢¥(x, D)) +v03, a,v€ R\ {0},

where the atom levels are given by +-.
In this case, for the principal symbol of the diagonalizer ey we have

il 1
X =17 [w(X)/w(X)I —w<x>/|w<x>] X7 2

and for the subprincipal symbol by of the diagonalized operator

bo(X) = —%IQ. (2.2)
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2.2.2. The JC-model for an N-level atom and n = N — 1 cavity-modes (in the
E-configuration,)

In this case, for ai,...ay—1 € R\ {0}, 71,...9v-1 E R with 0 < v < 2 < ... <
YN—1, we consider the N x N system in R", n = N — 1, given by

A¥(z, D) = py(x, D)Iy

N-1 N-1
+ Z g (1/}2’(‘%, D)*Ek,k+1 + 1[12’(93, D)Ek+1,k) + Z ’ykEk+17k+1.
k=1 k=1

In this case, the levels of the atom are given by 0 and the ~.
When N = 3, for the principal symbol of the diagonalizer ey we have, writing ay)(X) =
(191 (X), aztpe(X)) so that for the relative norm one has |at)(X)| = pa o (X)/2,

a2tpa(X) a1 thy (X) a191(X)
lay(X)] V2]ap(X)]  V2]ap(X)]

eo(X) = 0 ~75 75|, X#0, (2.3)
—a11(X) a292(X) a292(X)

lap(X)1 V2lap(X)] V2|ay(X)]
and for the subprincipal symbol by of the diagonalized operator
—a3[a(X)? + (2 — Dol (X)[?
lay)(X)] ’

—of |1 (X2 + o (X)) + (32 + 1)ad[a(X)?
2|ap (X))

bo(X) = diag(

12), X #£0.
3. The “isometrization”

Definition 3.1. Let H be a (separable) Hilbert space. We say that the linear bounded
operator U: H — H is quasi-unitary if U*U = [ + F; and UU* = I + F5, where the
Fy,Fy: H — H are compact and [ is the identity operator in H.

We show in Theorem 3.2 below that, given a quasi-unitary pseudodifferential system
U € U0 (realized as a bounded operator in H = L?), when F; € Ui 0,0y > 0, we
may perturb U, or its adjoint, by an operator of the same order of F} or Fj, to make it,
or its adjoint, into an isometry.

Recall that a linear bounded operator A on a Hilbert space into itself is an isometry
if A*A=1

This will be fundamental in Section 4 since in Theorem 4.2 below we will need to
relate the spectrum of an SMGES to that of its diagonalization. In fact, we will see
that the conjugation by an isometry changes the point spectrum of a positive ¥do by
adding, at most, the eigenvalue 0. Hence, the conjugation by an isometry preserves the
asymptotic properties of the spectrum of an SMGES.
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Theorem 3.2. Let U € ¥ and suppose that U*U = I + Fy and UU* = I + F,, where

sreg

F; € U=, 41,05 > 0. Then,

(i) When indU < 0, there is K € Y~% (i.e. of the same order as Fy) such that U + K
s an isometry;

(ii) When indU > 0, the same holds for U*, that is, there is K € W= (i.e. of the same
order as Fy) such that U* + K is an isometry.

Finally, when indU < 0 and Fy is smoothing, resp. ind U > 0 and Fs is smoothing, then
K is also smoothing.

Proof. Fundamental step. We start by considering the case in which U is such that
U*U = I + F, where F} has order —¢; < 0 and U is injective, that is,

—1 & Spec(F1).

We want to construct a ¥»do R such that UR is an isometry, where R = I + K7, with
K; a do of the same order as F;. Namely, R must formally be the inverse of a square
root of I + Fj. To give a precise meaning to R as a 1do we follow the approach by
Helffer in [3]. It is based on the construction of R as a bounded linear operator L? — L?
commuting with F'. Once R is given, one then shows that it is indeed a ¥do by inverting
the square root of I + Fy, where Fj is the composition of F} with the projection onto a
finite-codimensional vector subspace of L2, such that |Fo|r2—r2 < 1/2.

As F is self-adjoint and compact (since it has order —¢; < 0), we may consider
its eigenvalues p; € R, j > 0, repeated according to multiplicity, and a corresponding
orthonormal basis (¢;);>0 of L? made of eigenfunctions of Fy, with ¢; belonging to ;.
Observe that, since —1 & Spec(F}), we have that I + F; = U*U > 0, whence we define
the linear and bounded operator R = (I + Fy)~Y/?: L? — L? by

Rpj = (1+p;)"%¢;, j>0.

—1/2

If now ¢; is the j-th coefficient in the Taylor series of (1+1t) at t = 0, we consider

a 1do G such that

k
G- ¢F{ e g+ vk > 0. (3.1)
j=0

We wish to prove that G — R is smoothing, because that then yields R is a ¥do. To do
that, we need to invert >0 G F f , and the problem is given by the possible eigenvalues
w; of Fy with |p;] > 1. We therefore deform F to the linear and bounded operator Fy
defined on the basis (¢;);>0 by
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0, if [u;| > 1/2,
F0¢j = 'J
Figj, if |u;] <1/2.

Hence, in particular, |Fy|r2_r2 < 1/2. Note also that there are only finitely many js
such that |p;| > 1/2. We have that Fp is a ¢do. In fact, for all ¢ € L?,

(FL=Fo)é¢= > p(¢6)00;, (3:2)

3205 |pi|>1/2

which shows that it is smoothing, as for its Schwartz-kernel we have

R 5 (z,y) — Kp—p, (2,) = Z 105 (2)ip;(y) € S (R*"; My).
3205 p;i[>1/2

The same of course applies to Flj — Fg for all j > 1 (it just suffices to substitute the
eigenvalue in (3.2) by its j-th power). Now, define

— § : J
RO = ch()a
720

which is therefore a bounded operator Ry: L?> — L2, because |Fo|p2sr2 < 1/2. In
addition, as

(R—Ro)p= > (L+u) 2(¢,05)0¢;, VoelL?

3205 |1y [>1/2

it has Schwartz kernel

RS (z,y) — Kpogo(z,y) = Y (14 1) 20;(2)';(y) € ' (R*™ My),
3205 |ps1>1/2

whence it is smoothing too.
We next write for any given k > 0

G — Ry = A+ B — Clg,

where
2k _ 2%k 4 4 2k '
Ay ::G—Z:chf7 By ::ch(Ff—Fg), Ck ::Ro—chFg.
Jj=0 Jj=0 j=0

We have that Ay, By, Cy: L? — L? are all bounded. Moreover, A, € W4 k1) by
(3.1) and By, is smoothing for all k. We hence only need to study Cy. We have
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Co= R S RO V) R,
j>2k+1

which shows that Cj: B~“*(R"?;CN) — BO*+)(R™: CV) is bounded for all k, be-
cause the operator >- .o ¢; FI7CFD 12 5 12 s bounded and FJ € U= for all
j. This shows that G — Ry is smoothing and therefore that R is a tdo.

To complete the proof in this case, let Uy = UR. Then U;U; = R*U*UR = (I +
Fy)R? = I since R and I + F; commute because their eigenspaces coincide. Observe
that R = I + K7 where K; € ¥4 (i.e. it has the same order of F). Therefore U; =
U(I+K;)=U+K with K € ¥~%. Note that when F} is smoothing then K is smoothing
too. This concludes the proof in the case —1 ¢ Spec(F}).

Case (i). Consider now the case when U is not injective (i.e., when —1 € Spec(F});
otherwise we are already done by the previous construction). We show how to modify U
through a smoothing operator @ so that U; := U + @ is injective (so as to be able to
apply the previous construction). Consider the set

Zy = {j; py = -1}

Then Z; is a finite set, by the compactness of F;. Consider next an orthonormal system
(¢j)j>0 C . of L? made of eigenfunctions of F» (which is also compact), and denote by
w; the eigenvalues of Fy (repeated according to multiplicity). Let also

Zy = {j; ;= -1}
As before, also Z is a finite set, since F3 is compact. We then have
KerU = {¢ € L% U"U¢ = 0} = Span{ey; j € Z1},
and, likewise,
Ker U* = {1 € L?; UU*¢ =0} = Span{t);; j € Z>}.

We hence construct @: L? — L? as an injective operator that does not vanish on
Ker U\ {0} with range in Ker U*. As ind U < 0, we have that card Z; < card Z, whence
we have an injective map f: Z; —> Z5. Define then

Qe = Z (6, 05)0s(j), &€ L

J€Z1

Therefore @ is smoothing, since

R*" 3 (2,y) — Kg(z,y) = Z Vi) (@) (y) € L (R My),
J€Z1
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and U + @ is injective, for

U+Qp=0= Usp = —Q¢,
~— ——
€Range(U) €Ker U~

which in turn, since Range(U) = (Ker U*)*, yields
Up=—-Q¢ € (Ker Ut NKer U* = {0},

and hence ¢ = 0 because Ker Q@ N KerU = {0} by construction. By the fundamental
step we hence have the existence of the desired K, which is also smoothing when F} is
smoothing. This concludes the proof of the case (i).

Case (ii). It immediately follows from the previous constructions applied to U*.
This concludes the proof. O

Remark 3.3. If in Theorem 3.2 one has ind U = 0 then the function f in the proof of
case (i) is bijective, whence U + @ is onto. In fact,

U+Q)é=0<= U'¢ =-Q%,
~—~ N——
€Range(U*) €Ker U

and therefore
Up=—-Q*¢ € (KerU)* NKer U = {0},
which means ¢ = 0 since Ker @Q*NKer U* = {0} by the bijectivity of f. Since R*U;U R =

I with R invertible, U R is unitary. In fact, it is invertible (U; and R are invertible) and
the left inverse is unique.

4. Spectral quasi-clustering theorem

In this section, we prove a quasi-clustering theorem, Theorem 4.2 below, for a class
of SMGES for which:

e The principal part is the scalar harmonic oscillator po;
o The semiprincipal part has eigenvalues Ay, (h =1,...,7, where r is the number of
blocks of b1, the diagonalization of a1) of the form

Ma(X) = (p2a(X)), X #£0, 1<h<r,

where p; /5 is smooth and positively homogeneous of degree 1/2 (off a compact set);
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e The subprincipal part by of the diagonalized system is constant on the bicharacter-
istics of p2 and p2 4.

This class contains the Jaynes-Cummings model and its generalizations as of Section
2 of [7] (with 8; = § for all j in the notation of [7]).

The use of Theorem 3.2 and Remark 3.3 will be crucial in the proof of the quasi-
clustering theorem.

It will be convenient, given a semiregular symbol a € S, to write A: D(A) = {u €
L% a%(z,D)u € L*} C L* — L? for the L? maximal realization of a"(z, D). When qa,,
is elliptic, we have D(A) = B*.

We will be using the blockwise diagonalization theorem proved in [7] (where r denotes
the number of blocks), valid for the class SMGES. We hence may find eg € C*(R?"; My)
such that epef = efep = Iy and for which ejaieg = by is blockwise diagonal, with r
blocks N; x N;j, Ny + ...+ N, = N, that is by = diag(A14dn,; 1 < h < 7). In this
case the subprincipal term by of the blockwise-diagonalized operator has the form (see
Corollary 6.5 in [7])

by = diag(bo,n; 1 <j <r), where by =m, (egaoeo - i{ef’)‘,ag}eo)ﬂ;,

7, being the orthogonal projector from C¥ onto the h-th block C™.

Now, when for the diagonalizer E we have ind ¥ > 0 we are in a good position
and we may carry the spectral information of the diagonalized system onto that of the
initial operator. When we have ind E < 0, it is not enough that E can be corrected into
an isometry by addition of a smoothing operator. We need to add a suitable N x N
system to our given one, and extend it to a blockwise diagonal 2N x 2N system, whose
diagonalizator is of the blockwise diagonal form diag(E, E*). Since the latter has now
index 0, we may correct it into an isometry by addition of a smoothing operator. Such an
extension is chosen so that its only contribution is adding some explicitly known centers
of intervals occurring in the quasi-clustering.

We next prove a lemma that gives our result when the decoupling operator has a
nonnegative index.

Lemma 4.1. Let a = a* ~ 3 ,sa2—; € Sfreg be a 2nd-order SMGES with principal
symbol ay = paln, such that the corresponding unbounded operator A > 0 (this is no
restriction, in view of the Sharp-Gdrding inequality; see [9], Thm. 3.3.22). Suppose that
the coefficients of the characteristic polynomial A — det(A — a1 (X)) of the semiprincipal
term a1 are functions of p2 o and that by, the subprincipal symbol of the blockwise diago-
nalization of A, is constant on the bicharacteristics of pa and pa.«. In addition, suppose
there are my,...,my, € Zy \ {0} coprime such that

my My
—:_..:—::q’ (41)

aq Qo
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and that for the operator Ey, associated with the principal symbol of the diagonalizer
eo of A, we have ind Ey > 0. Then, with by = diag(bon; 1 < h < r), the eigenspaces
of Py are invariant for Ps o and the eigenspaces of (Py + Pa o) ® In, are invariant for
Bon, forallh=1,...,r. Moreover, for each h =1,...,r, there is an orthonormal basis
{qbg}f;}wezi,lgjgzvh C L (R";CNn) of L2(R™; CN®) such that Ker(P2 ®1In, — (k+ %)):
Span{¢£ffj).; |v| =k, 1 <j < Np}, forallk € Z and

By h¢(h) ngh_3¢’(}’h])7 with |'u“u| < ”BO hHLZ—»L?’ VY, Vi=1,...,Np,

and smooth functions pg}/l)zz R4+ — R, positively homogeneous of degree 1/2, such that

ALp = pg%(p;a), 1< h <r, and finally a constant M > 0 such that

Spec(4) C [ Sh(A), (4.2)
where, for each h=1,...,7,
U U Ut 2 affhtot 1+ + [ = |,
k>0~€eZ7 j=1 VE+n/2 \k+n/2
[vI=Fk
(4.3)

with a(y+1/2) : Zaj v +1/2).

Proof. The proof takes inspiration from the approach by Weinstein [15] which we adapt
to semiregular systems of ®¥dos. The main idea is to investigate the spectrum of A by
studying the spectrum of the part of its blockwise diagonalization B which has nonneg-
ative order as a 1do (the difference being a compact operator). Of course, it will suffice
to work for a single block of B, which is parametrized by h = 1,...,r. Hence, we may
suppose that » = 1 and that by and by are scalar operators.

Let P be the self-adjoint maximal L? realization of p™ := p¥ + p1/2(py o) + by with
D(P) = D(P;) = B%R"™;C¥). Recall that for the semiprincipal term b; of B we have
bi1(X) = (P12 © P2,a)(X) for X # 0 with p;/ smooth and positively homogeneous of
degree 1/2 (by virtue of the hypothesis that the characteristic polynomial of a; have
coefficients which are smooth functions of ps 4 ).

The first step in the proof is to show that

b —pY = kY € Ul

sreg”

Since

by = pg’ + (p1/2 Op2,o¢) + bw + \Ijs_reg7
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and since, by Theorem 1.11.2 in [3],

(p1/2 Op2,a)w *p1/2(p‘2ﬁ,a) € \Psrég’

we get indeed that ky € S

sreg

+i27qP2 o0

For a later purpose, it is convenient to notice that e id, where 2mq is the

period of the bicharacteristics of ps . In fact, for ¢ € .7,

n n
e:|:227rqP21a¢ — ® e:‘:lZﬂ'qakP2,k¢ — ® e:i:v,Qﬂ'mkPgJC ¢ — ¢’
k=1 k=1 —=id

since the P» ; commute over .%’(R"; CN). The fact that 2mq is an integer multiple of the
period of the bicharacteristics of ps o follows form the fact that, being

1)2 a Xn: Q (é-jaxj - mjaij)a

Jj=1

the bicharacteristic flow is for all ¢ € R and X € RZ x R given by

n
(cos(ayt)x; + sin(a;t)E;) + Z —sin(a;t)z; + cos(a;t)E;)
Jj=1

NE

exp(tHy, ) (X) =

<.
Il
—

I
NE

exp(agtH, ))(X;), where X; = (25.&), p§’ (X;) = |X;[*/2.

<.
Il
—

We now want to show that 2mq is indeed the period of the bicharacteristics of P .
Suppose by contradiction that there is 0 < ¢’ < ¢ such that 2rq = 2m¢'m’ with 0 <
m' € Z and exp(£2mq'Hp, ) = id, then we must have exp(:ﬁ:?wq'aijéj)) = id for all
j =1,...,n. Therefore 27¢'a; € 2nZ which implies that m' divides m; for all j, which
is impossible. Therefore 27q is the period of the bicharacteristics of pg,a.

We next show that the commutator [py ,,b)] = 0. Since [py,, ]|y,: [PQ’Q,B()Hy,
and since [p¥,,by] € ¥, it follows that we may extend [Py,q, By . as a bounded
linear operator [P o, Bo]: L? — L?. Hence, if we show that [py,,by] = 0 then also
[Pg’a, B()] =0.

Now, by o exp(tHp, ) = bo for all ¢ by hypothesis. Hence

2mq

bo = Ra(bo) := (2mq) ™" / bo o exp(tH,y, ) dt
0

(the X-ray transform of by with respect to the bicharacteristics of ps o), and on .

[P2a: 051 = [P2as Ra(bo)"]
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2mq
. . —1 . . 2
at(ethgyabgve thgya) dt = [e“fpr‘*“b(v)ve thg,a]O‘ﬂ'q =0.
2mq
0

o
© 2nq

In addition, also by o exp(tH,,) = bg for all ¢ by hypothesis. Hence, we have also that
on . (R(bg) being the X-ray transform of by with respect to the bicharacteristics of po)

2mq
WoLW W w —i i w_—i —1
27b0} = 27R(b0) ]: %/8t(€tpzb0€ th) dt = 3ra
0

[ethg bwe—thz]gﬂ'q =0.
Tq

Recall that the eigenspaces of P>, made of Hermite functions, are invariant for Ps o
and vice versa. Therefore, the eigenspaces of P, + P, are invariant for By. We may
hence choose an orthonormal system {¢,;; v € Z7,1 < j < N} C Z(R";CY) of
L?(R™;CV), made of eigenfunctions of both P and P,, that also diagonalizes BO‘W,C
on each space Wy, := Spanc{¢,;; [7| =k, 1 < j < N}, k € Z,. It follows that the
eigenvalue of P associated with the eigenfunctions ¢, ;, for |[y| =k and 1 <j < N is

n .
kE+ B +p1j2(a(y+1/2) +py5, 1<j<N,

where pi,; € R is such that Bog.,j = py,jb,5, and a(y +1/2) =37 o (v +1/2).
Hence,

Spec(P) = U Ch,

k>0

where
n .
Cy, = {k+ 5 TPy +1/2) +py g v € LE =k 1< 5 < N}~

We next wish to show that there is M > 0 such that

Spec(4) C ]CLZJO(C% + [* \/k:]\fn/f \/k]\—l/:[n/QD7

where, for two sets I,I' CR, we write [+ I’ ={a+b; a€ I, be I'}.

For that, we have to consider the diagonalizer ™ (and hence its L? bounded extension
E) of a% (see Theorem 3.1.3 in [7]). Then, ind E = ind Ey > 0 by hypothesis since the
index of an operator is invariant under compact perturbations. Thus, by the quasi-
isometrization Theorem 3.2, we may assume that E*: L? — L? is an isometry (that is,
EE* =1). Letting

(4.4)

FVo.— (ew)* aVeV 7pw —_ ((ew)* avVeV — bw) + (bw 7pw) c \1171

sreg’

and noting that (pgv)l/4 S \Il;r/ezg with principal symbol pé/4, we have that
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(p3) /47 (py)1/* € W

sreg

can be extended to a bounded operator in L?(R™; CV). Hence, there is M > 0 such that
for all ¢ € S (R™;CV)

~MWIE < (03) 47 (03) 40, 0), < MIWIG, (4.5)

that we rewrite in terms of the L? realizations of the vdos involved as
~Mwl; < (B REy w,0), < MIYIE. (4.6)

Now, recalling that P21 /, D(P21 / 4) C L? — L? is the self-adjoint unbounded L? real-
ization of (py)'/4, which is elliptic, we have that D(P21/4) = BY?(R™;CN) (dense in L?)
and P21 /* is invertible with bounded inverse Py V12 o B2 o L2, Therefore, by
substituting P271/4¢ for ¢ in (4.6), we get that for all ¢ €

~M(P;*9.6)0 < (R, 9)o < M(Py %6, ).

Hence, for all ¢ € B2,

((P - MP2_1/2)¢,¢>0 < (P+Ro,9),
=FE*AF

< ((P+MP; ' )0.0),,
which leads to (4.4) for E*AFE by the minimax principle. But we also have that

Spec(E*AE) \ {0} = Spec(4).

In fact,
Spec(A) C Spec(E*AE),
since
Adx = Apx, oA #0,
implies
(E"AE) E*¢x = AE" ¢y, E"¢y # 0.
Moreover,

Spec(E*AE) \ {0} C Spec(A),
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since
E*AEY: = (e, e #0 (4.7)
implies
AEY; = CEv.

Now, when ¢ ¢ ker E then ¢ € Spec(A). When 9 € ker E then ( = 0 by (4.7) while
0 ¢ Spec(A) since A > 0.
This concludes the proof of the lemma. O

We next generalize the previous result by removing the hypothesis on the non-
negativity of the decoupling operator index.

Theorem 4.2. Let a = a* ~ 3 . gas—; € Sfreg be a 2nd-order SMGES with principal
symbol ag = paly, such that the corresponding unbounded operator A > 0 (this is no
restriction). Suppose that the coefficients of the characteristic polynomial X — det(\ —
a1(X)) of the semiprincipal term a1 are smooth functions of pa o and that there is a
unitary diagonalizer eg of the semiprincipal symbol such that for the subprincipal symbol
by = diag(bo,n; 1 < h <r) of the resulting blockwise diagonalization of A we have

b() o exp(th) = bo, b() o exp(thza) = bo, vt € R. (48)
In addition, suppose there are mq,...,my € Zy \ {0} coprime such that
ﬂ:...:ﬂ::q. (4.9)
(65} [67%%

Then the eigenspaces of Py are invariant for P o and the eigenspaces of (Pa+Ps o) ®1In,
are invariant for By, for allh =1,...,r. Moreover, for each h =1,...,r, there is an
orthonormal basis {¢$J)‘}7621,1§j§m, C S (R";CNw) of L2(R™; CN*) such that for all
k € Z we have Ker(P, ® Iy, — (k+%))= Span{¢(h)' |v| =k, 1 <j<Np}, and

ROV

h h . h .
Bondsjn = 10", with |1 < |Bonlresrz, Yy €Z, Vi=1,...,Ny,

and smooth function pgl/)Q, . ,pﬁ%: Ri — R, positively homogeneous of degree 1/2,

such that A1, = pﬁ%(pgﬂ), 1 < h <r, and, finally, constants M,c > 0 such that

r+1
Spec(A) C [ Sh(A), (4.10)
h=1

where, for each h=1,... r+1,
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Np,
n h) 1 (h) M M
Sn(A) := b+ o+ piaty+5) +ud) + |- , ,
kLJngQJL_{( 2 1/2 9 ’Y»]) [ \/k+n/2 \/kJrn/Q]
|vI=k
(4.11)

with

oy +1/2) =D a;(y;+1/2), Nepr:=N, p3 =0, p1 =,

V53
Jj=1

for all v and j.

Proof. The proof follows by an argument based on the construction of a system A
associated with A, having a decoupling operator éy with a nonnegative index. In fact,
consider the blockwise diagonal system with two N x N blocks

Al oy

A=
Oy | P2Iy + P

)

where py is the harmonic oscillator and

7

5 (eo {p2,ep}t + {eo, p2es}) + e_1pae’ )eg + cln,

Po := —eg(e—2eqp2 + p2eoe’ 5 —
where ¢ > 0 is a real constant such that Py > 0 (so that also PoIny + Py > 0). Hence,

B+ 0~ | On

E*AE = ;
On ‘ (Po+c¢)IN+R

e ON

*

where € := l
ON e

] (e and e* are the total symbols of E and E*, respectively) and

Re \I/s_rég since by Proposition 6.1 in [7] (or by a straightforward computation, using the
composition formula for matrix-valued 1dos) the subprincipal symbol of E(PyIn+Fy)E*
is eIy by the definition of py.

Now, A satisfies the hypotheses of Lemma 4.1. In fact, A > 0, ind £ = ind E+ind E* =

0 and by Corollary 6.5 in [7] one has the subprincipal blocks
bo,n = mh(egaoeo — i{eq, p2}eo)my,.

By hypothesis by o exp(tHp, ,) = by and by o exp(tH,,) = by for all t. Now, Lemma 4.1
yields (4.2) for A, that is,

r+1
Spec(A) U Sk(4),
h=1
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where, for each h=1,...,r+1,

Ny,
1 R) M M
Sn(4) = k+ S+t + 50 + i) + - ,
gowgi]‘L—Jl( 2 1/2 9 "/J) |: \/k'—i—n/? \/k—l—n/Q]

[vI=k

with N,y (= N, pgr/;rl) = 0 and uf;;;rl) := ¢ for all v and j. Moreover, since A is

blockwise diagonal, we have Spec(A) = Spec (A) U Spec (P2In + Pp). Hence,

r+1
Spec(4) € | Si(4),
h=1

which completes the proof. O
Remark 4.3. A condition on ey granting that (4.8) be satisfied is that there exist smooth

functions R x R%* 3 (t, X) — (f:(X), g:(X)) € My x My, positively homogeneous of
degree 1, such that

{p2, fi} =0, egoexp(tHy, )= fieo, ao=ff (ao o exp(thz‘a))ft7 (4.12)
P20} =0, eooexplty,) = gico, a0 =g (00 exp(ty,))or  (413)

This happens, e.g., for the 2 x 2 JC model. It fails, though, for the 3 x 3 JC model (in
the Z-configuration; n = 2) for which, however, the subprincipal by satisfies (4.8).

In fact, for the 2 x 2 JC model we have, using ps2 o = aps and (2.1),

10
cooespith,) = |1 O ]

(1 o0
€0 oexp(th27a) = —iat‘| €o,

and (since we are dealing with diagonal matrices, for ag = diag(~y, —7v))

ap o exp(tHp,) = giaoge, aooexp(tHy, ) = flaofti.

In addition, by (2.2), by is constant on the bicharacteristics of pe and pa 4.
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In case of the 3 x 3 JC model, we instead have, using (2.3),

et 0 0
epoexp(tHy,)=| 0 1 0 [ e,
0 0 e
| e ——
=gt
while
2 2 2 2
itag O3|Y2| itary 01 1¥1] t itas\ Y19
ez QQW + ez (3] ‘10““12 0 (ez (7] 62 a2) ‘(111’[)‘22
eg o exp(tHy, ) = 0 1 0 ,
—it —itay\ Y1 —itay 931¥1]? —itan 93|¥a|?
(7o —emHM)iaiE 0 e g T e T

so that if a; # as we cannot factor a matrix f;. However, by (2.4) and the fact that

,lzjj © exp(tHPZ,a) = e_iajtwjv j = ]-a 2,

we have that the subprincipal symbol of the diagonalized operator is clearly constant on
the bicharacteristics of ps and p2 4.

As a closing observation, we wish to remark that it is exactly when the index of the
diagonalizer is negative that we have to throw in the spectrum the points given by the
supplementary N x N auxiliary system P>In + Py. However, those points are explicitly
known and they give a small perturbation to the quasi-clustering of the system A we are
interested in.
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