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Some duality results for equivalence couplings and total
variation
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Abstract

Let (2, F) be a measurable space and E C Q x Q. Suppose that £ € F ® F and the
relation on Q) defined as z ~ y < (z,y) € F is reflexive, symmetric and transitive.
Following [7], say that E is strongly dualizable if there is a sub-o-field G C F such that
i 1-P(F)) = A)—v(A
pin (1 — P(E)) = max|u(4) - v(4)]

for all probabilities x and v on F. This paper investigates strong duality. Essentially, it
is shown that E is strongly dualizable provided some mild modifications are admitted.
Let Go be the F-invariant sub-o-field of 7. One result is that, for all probabilities
and v on F, there is a probability vp on F such that

Vo = v on and min (1 — P(E)) = max |u(A) —v(A)|.

ov=vondo and min (1 P(E))= max |u(4) ~ v(4)]

In the other results, (2, F) is a standard Borel space and the min over I'(y,v) is
replaced by the inf over I'(u, v) in the definition of strong duality. Then, E is strongly
dualizable provided G is allowed to depend on (u, v) or it is taken to be the universally
measurable version of the F-invariant o-field.
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1 Introduction

Throughout, (2, F) is a measurable space, P(F) the collection of all probability
measures on F, and F C  x ) a measurable equivalence relation. This means that
E € F ® F and the relation on €2 defined as

z~y < (z,y)€E

is reflexive, symmetric and transitive.
The following notion of duality has been recently introduced by Jaffe [7]. Given a
sub-c-field G C F, the pair (E, G) is said to satisfy strong duality if

min (1 - P(E)) =|jp—v|g forall u, veP(F).
Pel(p,v)
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Here, as usual, I'(u, v) is the set of all probability measures on F ® F with marginals u
and v and the notation “min” asserts that the infimum is actually achieved. Moreover,

1w —vllg = sup [u(A) —v(A)]
Aeg

is the total variation between ; and v on G.

Obviously, strong duality is strictly connected to mass transportation and Kantorovich
duality; see Section 2. In addition, strong duality is intriguing from the foundational
point of view and plays a role in some probabilistic frameworks, including stochastic
calculus, point processes and random sequence simulation; see Section 2 of [7].

Say that E is strongly dualizable if (E,G) satisfies strong duality for some sub-o-
field G C F. Various conditions for F to be strongly dualizable are given in [7] (see
e.g. Theorems 3.13 and 3.14) but no measurable equivalence relation which fails to
be strongly dualizable is known to date. This suggests the conjecture that, under mild
conditions on (2, F) (say (€2, F) is a standard Borel space), every measurable equivalence
relation is strongly dualizable.

This paper focus on strong duality and includes three results. In a sense, these results
state that F is strongly dualizable as soon as a few mild modifications are admitted. Let

Go={Ae€F:1s(x) =1a(y) forall (z,y) € E}

be the E-invariant sub-o-field of F. It is quite intuitive that G, plays a role as regards
strong duality. In fact, F is strongly dualizable if and only if (E, Gy) satisfies strong
duality; see [7, Proposition 3.15]. Our first result is that, for all 4, v € P(F), there is
vy € P(F) satisfying
vo=vongGy and min (1 —P(E)) =|p—vl|g-

Per(p,vo)
Roughly speaking, the above condition means that strong duality is always true up to
changing one between p and v out of Gy. This is quite reasonable, after all, for || — v||g,
only involves the restrictions of ;1 and v on Gj.

Next, suppose ({2, F) is a standard Borel space and denote by F the collection of
those subsets of (2 which are universally measurable with respect to F; see Section 2.
Define

G ={AeF:1a(x)=1a(y) forall (z,y) € E}.

This time, G; is not a sub-o-field of 7. However, by our second result, one obtains

inf (1—P(E))=|lu—vlg forall u, vePF). (1.1)
PeT(p,v)

In addition, the inf is achieved if P is allowed to be finitely additive. Precisely,

in (1—P(E)) = |lu— for all
Pﬁﬁm( (E) = |lp—vlg, or all u, v € P(F)

where M (p,v) is the collection of finitely additive probabilities on F ® F with marginals
wand v.
To state the third result, for each B C {2, define

Gp={A€F:1a(z) =14(y) forall (z,y) € EN(B x B)}.
Then, for all i, v € P(F), there is a set B € F such that
WB)=v(B)=1 and _inf (1—P(E))=|u—vlg,.

PeT(p,v)
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If compared with (1.1), the latter result has the advantage that Gp is a sub-o-field of F
but the disadvantage that Gp is not universal, for it depends on the pair (i, v). Note
also that u(B) = v(B) = 1 and E N (B x B) is a measurable equivalence relation on B.
Therefore, for fixed (i, ), one can replace Q2 with B and E with £ N (B x B). After doing
this, everything works as regards the total variation side of strong duality.

A last remark is in order. For fixed u, v € P(F), let us call equivalence coupling
problem the minimization of 1 — P(FE) over P € I'(u, v) and total variation problem the
maximization of |u(A) —v(A)| over A € G. In this paper, since FE is given, the equivalence
coupling problem is regarded as primal while the total variation problem is viewed as
dual. But of course this perspective can be reverted. Indeed, [7] contains results in
which the total variation problem is primal and the equivalence coupling problem is dual.

2 Preliminaries

In this section, we introduce some further notation and recall a few known facts.

Let (S, &) be a measurable space. Then, P(£) denotes the set of probability measures
on £ and b€ the set of bounded £-measurable functions f : S — R. For each u € P(£),
we write

u(f) = /fdu whenever f € b€,

and we denote by p* and pu. the outer and inner measures corresponding to u. Precisely,
w* and p, are defined as

p(A)=inf{u(B): B€ &, B> A} and p.(A) =sup{u(B):Be€&, BC A}

E- N &

HEP(E)

for all A C S. Moreover, we let

where " is the completion of £ with respect to p. The elements of & are usually called
universally measurable with respect to £. With a slight abuse of notation, for each
1 € P(E), the unique extension of x to & is still denoted by .

If T is any topological space, B(T') denotes the Borel o-field. We say that T is Polish
if its topology is induced by a distance d such that (T, d) is a complete separable metric
space. If T is Polish, each analytic subset A C T is universally measurable with respect

—

to B(T), thatis, A € B(T).

The measurable space (5, €) is a standard Borel space if £ = B(S) for some Polish
topology on S.

A probability u € P(€) is perfect if, for any £-measurable function f : S — R, there is
a Borel set B € B(R) such that B C f(S) and u(f € B) = 1. In a sense, perfectness is a
non-topological version of the notion of tightness. In fact, if S is separable metric and
E = B(S), then p is perfect if and only if it is tight. In particular, each element of P(&) is
perfect whenever (5, ) is a standard Borel space. We refer to [13] for more on perfect
probability measures.

As regards duality theory in mass transportation, we just mention a result by
Ramachandran and Rischendorf [14, Theorem 4]. For more information, the inter-
ested reader is referred to [2], [3], [9], [12], [16], [19] and references therein. Given
w, v € P(E), let T'(u, v) be the collection of probability measures P on £QE with marginals
wand v, i.e.

P(AxS)=p(A) and P(SxA)=v(A) forall Acé.

Moreover, let ¢ : S x S — R be a bounded measurable cost function. (Boundedness
of c is generally superfluous and has been assumed for the sake of simplicity only). A
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primal minimizer, or an optimal coupling, is a probability measure P € I'(u, v) such that
P(c) < Q(c) for each @ € T'(p1,v). For a primal minimizer to exist, it suffices that S is
separable metric, £ = B(S5), 1 and v are perfect, and the cost ¢ is lower semi-continuous.
To state the duality result, we denote by L the set of pairs (f, g) satisfying

f,gebé and f(z)+g(y) < c(z,y) forall (z,y) € S x S.

Then, in view of [14, Theorem 4], one obtains

inf  P(ec)= su +v
Pl P(O) (f,gféL{“(f) (9)}

provided at least one between i and v is perfect.
We finally turn to total variation distance. Let D C £ be a sub-o-field and p, v € P(E).
The total variation between p and v on D is

ln—vlp=sup [u(A) —v(A) = sup  |u(f) —v(f)|
AeD f cbD
0<f<1

It is well known that ||-||p can be written as
|l —v||p = u(A) —v(A)  for a suitable A € D. (2.1)

Alast remark is in order. If (®,C, Q) is any probability space and H C @ is an arbitrary
subset, there is a probability measure PP on the o-field o(C U {H}) such that P = Q on C
and P(H) = Q.(H); see e.g. Theorem 1.12.14, p. 58, of [5]. As a consequence,

[ —vlp <Qu(X #Y)

whenever X, Y : (?,C) — (5, D) are measurable maps such that Q(X € A) = u(A) and
QY € A) =v(A) for all A € D. Define in fact H = {X # Y'}. Then, for every A € D,

1(A) = V(A)] = |Q(X € 4) — QY € A)| = [P(X € A) — P(Y € 4)
—P(XeA X#Y)-P(YEAX#Y)|<P(X#Y) =Q.(X #Y).

3 Two weak results

The results of this section have been termed “weak” as they concern the inf and not
the min over I'(u, v).

It is quite intuitive that, when investigating strong duality, the partition of €2 in the
equivalence classes of E plays a role. Let Il denote such a partition, i.e.

= {[z]:2€Q} wherez]={yeQ:(z,y) € E}.
The o-fields Gy and G4, introduced in Section 1, can be written as
Go = {A € F: Ais a union of elements of IT},
G = {A € F: Ais a union of elements of IT},

where F denotes the universally measurable o-field with respect to F. By “a union of
elements of I1”, we mean “an arbitrary union of elements of II”; in particular, the union
is not necessarily countable. In descriptive set theory and ergodic theory, the sets which
are union of elements of II are usually called E-invariant sets. Another useful fact, often
used in the sequel, is

1a(z) —1a(y) <1—-1g(z,y) forall (z,y) € Q2 xQ (3.1)

provided the set A C () is a union of elements of II.
Our starting point is the following.
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Theorem 3.1. If ({2, F) is a standard Borel space, then

inf (1—P(E)) = |u—vlg, forallpu veP(F).
PeT(p,v)

Proof. Let pu, v € P(F). In the notation of Section 2, letc=1— 15 and
L={(f,9): f, g €bF and f(z) + g(y) < c(z,y) forall (z,y) € Q x Q}.

Since (2, F) is standard Borel, i and v are perfect. Hence, by the duality result men-
tioned in Section 2, it follows that

inf (1—-P(E))= inf P(e)= su +v .
b (= PE) = nt Pl = s {u(f) +1(0)}

Given (f,g) € L, define
¢p=(f—supf+1)*t and Y =g+supf—1.

On noting that
sup f +supg = sup{f(x) +g(y)} <supe <1,

(=)
one obtains (¢, 1) € L. Moreover, 0 < ¢ <1 and u(¢) + v(¢) > u(f) + v(g). Hence,
inf (1-P(E)= suwp {u(f)+vig)}= sw  {u(f)+v(g}
et (roret (f.9) €L
0<f<1

Next, fix ¢ > 0 and take (f,g) € L such that0 < f <1 and

pf) + o) +e> it (1 P(E)).

Define
h(z) = sup f(y)

y€El]

and note that h(z) + g(y) < c¢(x,y) for all (z,y). Letting y = x, one obtains
g(x) <c(x,z) — h(z) = —h(x) forallz e Q.

Since h(z) = h(y) whenever (z,y) € E, for each a € R the set {h > a} is a union of
elements of II. Moreover,

{h>a} ={z€Q:(z,y) € Eand f(y) > a for some y € Q}
is the projection on the first coordinate of the set

En(Qx{f>a}) e FoF.

Since (2, F) is standard Borel, the projection theorem yields {h > a} € F; see e.d.
Theorem A1l.4, page 562, of [8]. Hence, {h > a} € G;. To sum up,

hebG, 0<h<l, h>f —h>g.

Therefore,
lw—vig = sup  |u(f) —v(f)l = pu(h) —v(h)
f € bg;
0<f<1
> > inf (1—-P(F))—c¢
= u(f) +v(g) pelr%,u)( (E)) — €
ECP 29 (2024), paper 17. https://www.imstat.org/ecp
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Finally, fix P € I'(u,v) and A € G;. Since A is a union of elements of II, inequality (3.1)
yields

1-P(E) > / {1a(@) — La(y)} P(de, dy) = p(A) - v(A).

Hence,

inf (1—P(FE))>|p—
pnf (1= P(E)) = = v,

and this concludes the proof. O

The function h involved in the proof of Theorem 3.1 is also called the least E-invariant
majorant of f. Letting ¢ = 1 — 1g and recalling that 0 < f < 1, one obtains

—h0®==;3%{—fW)}=;gg{1—1E@nw-—fw)}=;ggﬁiay)—fﬁﬂk

Hence, in the mass transportation terminology, —% is the c-transform of f. In general,
h is F-measurable, as proved above, but not necessarily F-measurable; see Remarks
5.5 and 5.11 of [19]. For this reason, G; (and not Gy) comes into play. An open question
is to assign conditions on E under which h is F-measurable. Under such conditions,
|l — v|lg, could be replaced by || — v||g, in Theorem 3.1. We also note that, for a lower
semi-continuous cost function ¢, measurability of the c-transform is discussed in [19, p.
69]. This discussion, however, does not fittoc=1—15.
If regarded as a tool to get strong duality, Theorem 3.1 has two gaps:

¢ G is not a sub-o-field of F;
* Theorem 3.1 is a weak result, for it involves the inf and not the min over I'(u, v).

The second gap is concerned in the next section. Here, we focus on the first, that is,
we replace G; with a suitable sub-o-field of F.

Theorem 3.2. If (2, F) is a standard Borel space, then, for all u, v € P(F), there is a
set B € F such that

WB) =v(B)=1 and _inf (1-P(E) = u—vlg,
Pel'(p,v)

where Gg = {A € F : 14(z) = 1a(y) for all (z,y) € EN (B x B)}.
Proof. Let u, v € P(F). By (2.1) and Theorem 3.1, there is D € G; such that

pf (L= P(E) = .~ vllg, = p(D) = v(D).

Since D is universally measurable with respect to F, there is A € F such that

oty
2

or equivalently u(AAD) = v(AAD) = 0. Let

T={(z,y) € E:1a(z) # 1a(y)}.

Since D is a union of elements of I, then 1p(z) = 1p(y) for all (z,y) € E. Hence,

(AAD) =0,

P(T) = P{(z,y) € E:1p(z) # 1p(y)}= P(0) =0 foreach P € I'(u,v)

where the first equality is because u(AAD) = v(AAD) = 0. By a (deep) result of Arveson,
Haydon and Shulman, since (2, F) is standard Borel and P(T) = 0 for all P € I'(u, v),
there is B € F such that u(B) = v(B) =1 and

T C (B°xQ)U (22 x BY;
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see [1, Theorems 1.4.2 and 1.4.3], [6, Corollary, p. 500] and [16, p. 2345]. Therefore
A € Gg, which in turn implies

pif (1= P(E)) = u(D) (D) = p(4) = v(4) < [Ju = lg,.

To prove the reverse inequality, fix any C' € G and P € I'(u, v). Then,
P(BxB)=1 and l¢(z)—1lc(y) <1-1g(z,y) forall (z,y) € B x B.

Hence,
W(C) — v(C) = / (1) - Lo(y)) P(dz,dy) < 1 - P(E),

which in turn implies ||u — v||g, < infpepu,)(1 — P(E)). O

The advantage of Theorem 3.2 with respect to Theorem 3.1 is that Gg is a sub-o-field
of F while G, is not. The disadvantage is that Gg is not universal, for it depends on
the pair (u,v). However, for fixed (p,v), since u(B) = v(B) =1land EN (B x B) is a
measurable equivalence relation on B, it is reasonable to replace 2 with B and E with
EN (B x B). In other terms, for fixed (u,v), it makes sense to involve Gp in the notion of
strong duality.

4 Existence of primal minimizers

Quite surprisingly, in mass transportation theory, existence of primal minimizers
seems to have received only a little attention to date; see e.g. [2] and [7, p. 4]. To
our knowledge, when the cost ¢ is not lower semi-continuous, the only available results
are in [12, Theorem 2.3.10] and require c to be suitably approximable by regular costs.
However, such results do not apply to our case where c =1 — 1.

Let (2, F) be a standard Borel space and ¢ = 1 — 1. Then, ¢ is lower semi-continuous
if and only if F is closed, and in this case F is strongly dualizable. Similarly, F' is strongly
dualizable if its equivalence classes are the atoms of a countably generated sub-o-field
of F, or if F is the union of an increasing sequence of strongly dualizable equivalence
relations; see [7, Theorems 3.13 and 3.14] and [11, Theorem 1]. As noted above, however,
we are not aware of any general condition for a primal minimizer to exist. In the sequel,
we discuss two strategies for circumventing this problem.

The first strategy is possibly expected and lies in using finitely additive probabilities.
Let

M (p,v) = {finitely additive probabilities on F ® F with marginals ; and v}.
Theorem 4.1. Let (2, F) be a standard Borel space. Then,

perﬁl(r,i,u)( (E)) = |lu—vlg,  forallp,veP(F)

Moreover, for all i, v € P(F) there is B € F such that

B)=v(B)=1 and in (1-P(E))=|u-— :
WB)=v(B)=1 and  min (1-P(E)) =~ vlg,

Proof. Just apply Theorems 3.1 and 3.2 and note that, by Theorem 2 of [17],

in (1—P(E) = inf (1-—P(E)). O
peri?&,u)( (E)) Pell“I%;L,u)( (E))
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A remark on Theorem 4.1 is in order. Let P be a finitely additive primal minimizer, in
the sense that P € M(u,v) and 1 — P(E) = infger(,,.)(1 — Q(E)). Moreover, let R be the
field generated by the measurable rectangles A x B with A, B € F. Since p and v are
perfect (due to ({2, F) is standard Borel), the restriction P|R is o-additive; see e.g. [15,
Theorem 6]. Hence, it is tempting to define P’ as the only o-additive extension of P|R
to o(R) = F ® F. Then, P’ € T'(u,v) but it is not necessarily true that P'(E) = P(FE).
Hence, P’ needs not be a primal minimizer.

The second strategy for dealing with primal minimizers is summarized by the next
result.

Theorem 4.2. For all i, v € P(F), there is vy € P(F) such that

vo=vongGy and min (1 —P(E)) =|p—vl|g-
PeT(p,vo)

Before proving Theorem 4.2, we provide a lemma (which is possibly of some indepen-
dent interest).

Lemma 4.3. Let (S5, £) be a measurable space, D C £ a sub-o-field and p, v € P(E). Then,
there are a probability space (®, A, P) and two measurable maps X, Y : (¢, A) — (S,&)
such that

P(X € A)=pu(A) forall AcE, P(Y € A)=v(A) forall Ac D,
{X#Y}GA and P(X #Y)=|u—v|p.
Proof. For any measure v on £, we write v|D to denote the restriction of v on D.

Suppose first u|D =v|D. Let ® =S x S, C =E®E and X (a,b) = a and Y (a,b) = b for
all (a,b) € S x S. Define also

QC)=p{zeS:(z,2)eC} forallCeC.

Then, Q(X € A) = QY € A) = u(A) for all A € £. In particular, since ¢ = v on D,
then QY € A) = v(A) for all A € D. Moreover, since Q(C) = 0 whenever C € C
and C C {X # Y}, one obtains Q.(X # Y) = 0 (where Q, is the inner measure
corresponding to Q). Hence, by the extension theorem mentioned in Section 2, @ can be
extended to a probability measure P on

A=c(CU{X £Y))

such that
P(X £Y) = Qu(X £Y) =0 = - v|p.
Suppose now that u|D # v|D. Define
D)  _dwD)
d(AD)’ d(AID)’

/ (g— )T dx  forall Ac&.
A

A=p+v, f= and

1

W=

Since [ (g — )T d\ = || — v||p, such a v is a probability measure on &. Let (®,C, Q) be
any probability space which supports three independent random variables U, X, Z with
U uniformly distributed on (0, 1) and

QX eA)=ulA) and Q(Ze€ A)=~(A) forall Acé.
Define
G={f(X)U>g(X)}, Y=ZonG and Y =X onG".
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Then,

QG) = Q [f(X) > g(X), U > fféﬂ - /{M (1 - Jgf) 7 dA

[ u-gir=lu-vie
{f>g}
Moreover, for each A € &,

QY € A) =Q(GNn{Z e A}) +Q(G°n{X € A})
=QG)Q(Z € A)+Q[f(X)U < g(X), X € 4]

=/(g—f)+dk+/ %du+ﬂ(z40{f§g})-
A An{f>g}

If A€ D, since f = Zg‘/("g;, one obtains

K| A <g)) = 9 ¢ an X = dA.
/Am{f>g} [ nAN S <a}) /An{f>g} f far+ /An{fgg} d /A(f )

Therefore,

QY € A) :/(g—f)+d)\+/(f/\g)d)\ = / gdh=v(A) foreach A e D.
A A A
It follows that

[u—vp SQX#AY)<Q (X #Y) <Q(G) = |lu—v|p

where the first inequality has been discussed in Section 2. Hence, to conclude the proof,
it suffices to take (®, A, P) as the completion of (®,C, Q). O

Lemma 4.3 slightly improves some known results; see [4, Proposition 3.1] and [18,
Lemma 2.1]. We also recall that the diagonal A = {(x, ) : € S} does not necessarily
belong to £ ® &; see e.g. Exercise 3.10.44 of [5]. A characterization of the measurable
spaces (S, ) such that A € £ ® £ is in [5, Theorem 6.5.7].

Proof of Theorem 4.2. By Lemma 4.3, applied with § =, £ = F and D = Gy, there
are a probability space (®, A, P) and two measurable maps X, Y : (&, A) — (2, F) such
that

P(XeA)=p(A)foral Aec F, P(Y € A)=v(A) forall A € Gy,
{(X#Y}eA and P(X#Y)=|u—vle,.

Up to replacing (@, .4, P) with its completion, it can be assumed that (P, A, P) is complete.
Because of (3.1),

Lixeay — Yyveay < lyxyv)¢ey < lyxzyy  foreach A € Go.
Therefore,
p(A) = v(4) = [ (e = Lvea) dB < P((X,Y) ¢ E)
SIP*((X,Y) ¢E) <PX£Y)=|p—vl|g for each A € Gy,
which in turn implies

ln=vllg, < Po((X,Y) ¢ B) <P*((X,Y) ¢ E) < [l = vlg,:
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Since (®, .4, P) is complete, one obtains
{(X,)Y)¢E} €A and P((X,Y)¢E)=|p—vlg.-
To conclude the proof, note that {(X,Y) € H} € A for each H € F @ F and define
vo(A)=P(Y € A) and P(H)=P((X,Y)e H) forallAcFandH € F® F.
Then, vy = v on Gy, P € T'(u, 1) and
1= P(E) = |ju—vllg, <1- Q(E)  foreach Q € I, ). 0

It is worth noting that, in Theorem 4.2, (€2, F) is not required to be a standard Borel
space. In addition, Theorem 4.2 has the following useful consequence.

Corollary 4.4. Let (2, F) be a standard Borel space.
(a) IfE € F® Gy, then

min (1—-P(E))=|p—vl|g,  forall u, veP(F).
PeT(p,v)

(b) IfE € F®G, (and even if E ¢ F ® F), then

min (1 - P(E)) =|lp—v|g for all u, v € P(F).
PeT(p,v)

Proof. Recall that, for each vy € P(F), the only extension of 7 to F is still denoted by ~.
Moreover, since (2, F) is standard Borel, every probability measure on F is perfect.

Part (a). Suppose E € F ® Gy. Given u, v € P(F), by Theorem 4.2, there are vy € P(F)
and Py € I'(u, vp) such that vy = v on Gy and 1 — Py(F) = || — v||g,- In addition, since p
and v are perfect, by Theorem 9 of [15], there is P € I'(u, v) such that P = P, on F ® Go.
Since FE € F ® Gy, one obtains P(E) = Py(FE). Therefore,

PeTl(p,v) and 1—-P(E)=|p—vl|g <1-Q(F) foreach@ €TI'(u,v)

where the inequality is by (3.1).

Part (b); Suppose E € F® G1. Let f(u, v) be the collection of probability measures P
on F ® F such that

P(AxQ)=p(4) and P(Qx A)=wv(A) forall Ac F.

Since E € F® gl and u and v are perfect (where p and v are now regarded as probability
measures on F) the proof of part (a) can be repeated with (£2, ) and G; in the place of
(Q, F) and Gy. Hence,

1—P(E) = ||u—vl|lg, forsome P eTl(u,v).
Finally, denoting by P the restriction of P on F ® F, one obtains
Pel(u,v) and 1-PE)=|p—v|g <1—-Q(F) foreach@ eI'(u,v). O

Corollary 4.4-(a) slightly improves [7, Theorem 3.13]. The former requires in fact
FE € F ® Gy while the latter F € Gy ® Gy. However, we do not know of any example where
E e F®Gybut E ¢ Gy ® Gp. Instead, to our knowledge, Corollary 4.4-(b) is new. Among
other things, since F is not forced to belong to F ® F, it allows to handle situations
where F is analytic but not Borel.
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Example 4.5. Let 2 be a Polish space and F = B(2). A subset of Q is a Gs if it is a
countable intersection of open sets. In particular, open and closed subsets of {2 are both
Gs. The next result is a consequence of Corollary 4.4-(b).

If F is analytic and the equivalence classes of E' are G5, then

min (1 —P(E)) = ||ju—v|g, forally, v P(F).
Pel(u,v)

To prove this claim, it suffices to show that F € F® Gy. For A € F, define
A*={x €Q: Jy € Asuchthat (z,y) € E}.

Then, A* is analytic, as it is the projection on the first coordinate of the analytic set
EnN(Q x A). Hence, A* € F. Since A* is a union of equivalence classes of E, one also
obtains A* € G;. Having noted this fact, fix a countable basis ¢/ for the topology of €2 and
define

V=0oU":U€cU).

Then, V is countably generated and V C G;. If A and B are any disjoint G sets, there is
U € U such that

ANU#Pand BNU =0 or ANU =(and BNU # (;

see the proof of Lemma 2 in [10]. Hence, if A and B are two disjoint equivalence classes
of F, then
AcU*and BNU*=0 or ANU*=0and BCc U*

for some U € U. This implies that the equivalence classes of F are precisely the atoms
of V. Finally, since V is countably generated, there is a function f :  — R such that
V = o(f). Therefore,

E={(z,9): fx)=f(y)} e VOV C FRG.

We close this paper with a last result. While not practically useful, it still provides
some information on primal minimizers.

Theorem 4.6. Let (2, F) be a standard Borel space and P € TI'(u,v) for some u, v €
‘P(F). Then, P is a primal minimizer (with respect to ¢ = 1 — 1g) if and only if

P(E)=1—-—P(Ax A°)  forsome A € G;. 4.1)

Proof. By (2.1), there is A € G; such that |y — v||g, = n(A) — v(A). Hence, if P is a
primal minimizer, Theorem 3.1 implies

1-P(E)=|p—vlg =pnlA) —v(A) = /(1A(w) —1a(y)) P(dz, dy)
< P(Ax A°) < P(E°)=1-P(E).
Thus, condition (4.1) holds. Conversely, if (4.1) holds for some A € Gy, then

P{(m,y) cla(z) —1aly) =1-— 1E(:U,y)} = P(E)+ P{(az,y) EE:1a(x)—1a(y) = 1}
= P(E)+ P(E°N (A x A%)) = P(E) + P(A x A%) =1,

Therefore, for each Q € I'(u,v),
1 - P(E) = / (14(x) — 14(y)) P(dz, dy) = p(4) — v(A)
_ / (14(z) — 14(y)) Q(dz, dy) < 1 — Q(E)

where the last inequality is by (3.1). Hence, P is a primal minimizer. O
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Theorem 4.6 is very similar to Proposition 3.12 of [7]. Both provide characterizations
of primal minimizers. The only difference is that, in Proposition 3.12, it is required a
priori that F is strongly dualizable.
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