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I. EXAMPLE OF FAST CONVOLUTION STEPS

The fast convolution is an elegant technique but could be somehow difficult to understand. We illustrate this
procedure by an example in the case of B = 2 (this appendix is provided by referring to an excellent review [1] of
this method). The time intervals are I0 = [0, h], I1 = [h, 3h], I2 = [2h, 7h], I3 = [4h, 15h], · · · , where h is the single
time step. The whole integral range [0, tn+1] is divided by Il as shown in Fig. 1. The formula in the main text can be
written as
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where z, A, and fk are the coordinate in the complex space, the Green’s function, and the time-discretized force,
respectively. The parameters L, N , and ωl

j indicate the numbers of the integral paths, the discretization of the paths,
and the coefficient of the integral, respectively (see the main text for detailed definitions).

Numerical steps of the time evolution are:

1. The first time step is n = 0, tn+1 = h, L = 0 and τ0 = 0. Therefore, the convolution consists only of Eq. 2.

2. The second step is n = 1, tn+1 = 2h, L = 1, τ0 = h and τ1 = 0. The convolution term
∫ 2h

h
A(2h − τ)f(τ)dτ is

calculated by Eq. 2, and the rest is obtained by Eq. 3, as
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According to Eq. 1, y′(h, 0, z1j ) is derived from values of f(h) and f(0).

f(h), f(0) → y′(h, 0, zlj) l ≥ 1

An important point is that here we save y′(h, 0, zlj) values for all of the l contours in the memory. The force
f(0) is not necessary to be saved.
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FIG. 1. Schematic image of the divided intervals of the fast convolution in the case of B = 2. Gray scales in the rectangles
indicate the mTILT performed by the corresponding l contour.

3. The third step is n = 2, tn+1 = 3h, L = 1, τ0 = 2h and τ1 = 0. As for the second step,
∫ 3h
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A(3h − τ)f(τ)dτ is

calculated by Eq. 2, and the rest is obtained by Eq 3, as∫ 2h

0
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y′(2h, 0, zlj) values are also calculated from the force terms and y′(h, 0, zlj) via Eq. 1 and saved.

y′(h, 0, zlj), f(2h), f(h) → y′(h, 0, zlj) l ≥ 1

The force f(h) is not necessary to be saved any more.

4. The next step is n = 3, tn+1 = 4h, L = 2, τ0 = 3h, τ1 = h and τ2 = 0. The first term
∫ 3h
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calculated by Eq. 2. Because now L becomes 2, the rest convolution consists of the contributions of l = 1 and
l = 2, ∫ 3h
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Here we can import the y′(2h, 0, z2j ) value that was saved at the previous step. Note that the superscript

indicates the l index, not to the power of the corresponding variable. The y′(3h, 2h, z1j ) term is calculated by
Eq. 1,

f(3h), f(2h) → y′(3h, 2h, z1j ).

We also proceed the time step forward to the saved y′ values as

y′(2h, 0, zlj), f(3h), f(2h) → y′(3h, 0, zlj). l ≥ 2
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The force f(2h) is not necessary to be saved.

5. In the same manner, we calculate the convolution. Especially, the y′ value we need is

y′(3h, 2h, z1j ), f(4h), f(3h) → y′(4h, 2h, z1j ).

Then, the saved y′ values are proceeded by one time step in order to prepare the subsequent time evolution.

y′(3h, 0, zlj), f(4h), f(3h) → y′(4h, 0, zlj). l ≥ 2

As shown above, we do not need to save all the history of the force during the dynamic simulation. Instead, the
stored y′ values are updated at each time step, and the updated values are used to perform the convolution employing
mTILT. This procedure allows us to decrease the memory allocation and simulation time dramatically.
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