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Abstract. Microchannel heat sinks are a viable alternative to traditional thermal management systems
when high fluxes over small surfaces are involved. To avoid high pressure drops especially when liquids are
concerned, electro-osmotic flow, a phenomenon which is relevant at the microscales only, can be employed
profitably. Joule heating, which occurs every time an electrical current is circulated through a conductor
with finite electrical resistance, may hamper the application of electro-osmotic flows significantly; its
effects must therefore be investigated, as should the influence of the entry length on the overall transport
phenomena which occur in the microchannel, especially so since channels with uniform temperature at
the walls tend to be somewhat short, to mitigate heat generation due to Joule heating. In this paper
the transport phenomena occurring within a microchannel of rectangular cross-section with uniform wall
temperature through which an electro-osmotic flow occurs is studied, while considering the flow fully
developed hydrodynamically but thermally developing (Graetz problem). The corners are then smoothed
progressively and the effect of this change in the shape of the cross-section over the non-dimensional
dissipated power or temperature difference between wall and fluid is investigated using the performance
evaluation criteria introduced by Webb. Correlations are suggested for the Poiseuille and Nusselt numbers
for all configurations as are criteria to obtain the maximum allowable channel length, i.e. the length of
the channel over which the walls start to cool the fluid, owing to Joule heating, in terms of the hydraulic
diameter.

1. Introduction

Research on microchannels has been a lively field for the past thirty years or so, owing to the compactness
associated with mirco-flow devices (MFDs)and to the exploitability of physical effects relevant at the
microscale only, [1,2]. Research on fundamental issues is still ongoing, [3-7], but MFDs have found
application in a number of fields, and the future also seems quite promising, [§—10]. One such field is the
thermal management of electronic devices, since microchannel heat sinks are able to remove high heat
fluxes, owing to the high heat transfer coefficients involved, albeit at the expenses of high pressure drops,
which may become exceedingly large, especially when liquids are involved. One possible solution is
offered by a physical phenomenon which is significant at the microscale only, namely electro-osmosis,
which allows motion of a liquid relative to a charged surface, when an external electric field is applied
across a microchannel [11]. If the channel walls have a net electrical charge and the channel is filled with
a polar fluid, an inhomogeneous charge distribution develops in the liquid; if an external electric field is
then applied, its action on the layer of mobile ions close to the walls generates a flow, which is called
electro-osmotic (EOF). No moving parts are present in EOF devices, which have no issues related to
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noise or vibrations, and no lubrication is needed at all. Given the dimensions involved, liquid reservoirs
have minimal volumes and they can be directly bored/etched onto the silicon chips. Experiments on
EOFs have reported Nusselt numbers 10% larger than than pressure-driven flow (PDFs) for the same
geometry, yet the effect of Joule heating may become relevant when a certain threshold in the value of
the applied electric field is reached, [12]. Further issues of EOF are the alteration in the velocity profiles
which is caused by the chemical composition at the interface, and they are largely different from those
which characterise pressure-driven flows, and the undesirable heat dissipation from Joule heating, which
may partly or completely offset its cooling action, [11]. In the quest for increasing the heat transfer
performance of electro-osmotic flows, several fundamental investigations on a variety of cross-sections
were carried out, ranging from the common circular ducts and parallel plates [13], to unusual geometries
such as polygonal, elliptical and triangular ducts, [14]. Similarly, the use of electro-osmotic pumps
(EOPs) has been investigated, [12, 15, 16], sometimes with the specific purpose of electronics cooling,
[12,17]. One survey of the research carried out in the field evidences how the geometry of the channel is
a subject occurring quite frequently, also thanks to the fast development in the manufacturing processes
and technologies for micro-fabrication. In this context, one natural development is the shape optimisation
of the cross-section, which can lead to an improvement in performance as measured by an increase in
heat transfer and a decrease in pressure drop and entropy production. This can be achieved among others
by smoothing the corners of the cross-section, as demonstrated in [18] for the case of laminar flow
without viscous dissipation in ordinary ducts. The investigation was then extended to pressure-driven
flows in microchannels with and without viscous dissipation, [19, 20], and to electro-osmotic flows in
the fully developed and constant heat flux and perimeter temperature case [21], employing the results
to carry out a first-law analysis based on performance evaluation criteria (PEC), [22], and on entropy
production minimisation. Though it is often neglected in the analysis of transport phenomena in laminar
flows within microchannels, the study of the thermal entry region of a hydrodynamically fully developed,
flow, known as the Graetz problem, is a feature which may become dominant, as demonstrated for the
case of non-negligible viscous dissipation, [23], and of electro-osmotic flows with uniform temperature
over the channel walls, [24]. This work investigates the change in constrained heat transfer performance,
expressed as the change in heat flux or temperature difference from a reference configuration (i.e. sharp
corners) for a rectangular cross-section, in the case of EOF with Joule heating and uniform temperature
boundary conditions. The Graetz problem solved in [24] provides the values of the Poiseuille and
Nusselt numbers which are correlated to the operating and geometrical conditions. Optimisation is then
carried out for the subset of PECs which the link between the thermophysical, electrical and geometrical
quantities allows. The purpose is both to contribute to the fundamental understanding of the phenomena
involved and to supply correlations of practical significance when designing such devices.

2. Mathematical model

The geometry investigated is that of rectangular channel whose corners are progressively smoothed, as
shown in Figure 1, and is further discussed below. For the sake of compactness, only the non-dimensional
forms of the governing equations are reported in the following, the reader is referred to [24], in particular
the Appendix, and to [21] for how the equations are derived. All equations are written for a Cartesian
reference system, with the z coordinate along the flow direction and the x and y coordinates referring to
the cross-section, see Figure 1.

2.1. Energy balance under uniform temperature boundary condition

Consider a control volume within a channel, as the one shown in Figure 1, through which a fluid flows
steadily, with constant cross section. The fluid is Newtonian, with constant thermo-physical properties,
and the temperature at the wall is uniform over the whole channel. The flow is hydrodynamically
developed, yet not thermally, and Joule heating occurs within it. The energy balance for a control volume
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Figure 1. Reference Cartesian coordinate system: channel cross section geometry (a), channel axis (b).

within the channel yields,

d7;
mcpah = 0 PAT + ¢, A, (1)

where ¢, is the volumetric heat generation due to Joule heating; integration gives the difference, AT
between the bulk and wall temperatures, 7, and T respectively, along the channel length:

1A, ar I A
AT:<AT,~—|—qS ‘)exp<—a x>—q“‘. 2)

aP mc, ) ®P

The global heat flux can be derived from the calculated temperature profile, via integration of the local
heat flux per unit length, ¢’ = o PAT, along the channel:

) gsA aPL )
q = 1c,AT; <1+a;’ACT,-> [l—exp (— mc,,ﬂ —gyAcL. 3)
Introducing the following non-dimensional quantities,
AT; i W L A P
q*:ivAT*: lam*:.ﬁaw*ziaL*:77A:: C7P*:77 (4)
q0 AT N Wo Ly Aco P
aPL Nu L 1AL
n=-; :4711775:48 ) ’ (5)
mep Pe Dy, e, AT;

with Nu=@Dj,/A being the Nusselt number averaged over the whole channel length, Pe = p ¢, up D;, /A
being the Peclet number and the subscript O denoting the reference configuration, Eq. (3) can be recast
into non-dimensional form:

AT (1—e )+ & (ALL) (% — 1)
q = 1) . (6)

1—e M+ & (1*;7;”0_

Depending on the applied PEC, Eq. (3) can be used to determine the actual heat flux g or the inlet
temperature difference AT; between solid wall and fluid bulk. However, we first need to estimate the
mass flow rate r, the effective channel length L and the average heat transfer coefficient @, in order to

apply Eq. (3).
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2.2. Electro-osmotic flow: governing equations

Both the flow and temperature fields of an electro-osmotic, thermally developing flow inside a channel,
see Figure 1, under T boundary condition had been previously solved by the authors for several cases,
[21,24], in order to get pieces of information on the Poiseuille and Nusselt numbers, which are required
by PEC based optimization of a microchannel geometry. To do so, the non-dimensional governing
equations with the boundary conditions,

PR PR O .

W + ﬁ = (kDDh)2 s1nh‘P, lP|aQ == lPOa (7)

2*U d*U .

37 T 37z — Esinh®, Ulyo =0, ()
Udo J0 90

— == — Bl;0=0 9

U ax ~av2 T azz T2 =0 ©)
were numerically solved via bim package, provided by the open source software GNU Octave, with the
non-dimensional variables X, ¥, U and ® being equal to:

X ey

_X oy U= Hu _T-T,
Dy, kp T,

X = , 0= :
SCEX Ti_Tw

(10)

In the expression of the non-dimensional electric potential in the fluid, ¥, e is the elementary charge,
z; the ion valence, kg Boltzmann’s constant and psi the dimensional electric potential, whilst in the
expression of the non-dimensional fluid velocity, U, u is the fluid viscosity, € the electrical permittivity,
{ the potential on the Stern plane and E, the external electric field in dimensional form. The full
explanation of the mathematical model with derivation of the governing equations, the discussion of
the numerical method and the model validation are provided in [24]. Numerical verification of the model
was carried out against the results in [21], whilst the experimental data provided by [12,25] were used
for its validation, see [24].

3. Problem statement

3.1. Performance Evaluation Criteria

Performance Evaluation Criteria (PEC) define a procedure for heat exchanger design based on the first
law of thermodynamics. The objective functions of PEC are: global heat flux ¢, inlet temperature
difference between solid wall and bulk fluid AT; = T,, — 7;, pumping power W, channel length L.
Depending on the design requirements and, thus, on the applied PEC, we have to optimize one of the
objective functions, while restrictions are applied to other quantities, as listed in Table 1, where acronyms
FG and VG refer to fixed and variable geometry respectively, with the remaining characters denoting
which quantities are optimised and under which constraints, [26].

Table 1. Performance Evaluation Criteria.
Criterion | g/qo AT /ATy mfig  W/Wy  L/Lg

FGla 4 1 1 1
FG1b 1 l 1 1
FG2a 4 1 1 1
FG2b 1 ! 1 1
VG2a | 1 1 1 1
VG2b | 1 l 1 1
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Here, we focus on the geometrical optimization of a microchannel heat sink, as the one shown in
Figure 1. In particular, we investigate the effect of rounding the corners of the rectangular channel cross
section. Introducing the channel aspect ratio, 3, and the non-dimensional smoothing radius, 7.

b 2r
=-€[0,1],y=—¢€]0,1 11
B="el0,1,y=""€[0,1] an
the cross section perimeter, P, cross-sectional area, A., and hydraulic diameter, Dj,, are equal to:

p- (%) @-n)
1+ﬁ—577’(4—7r)'

P=2a 1+[3—[327'(4—n)] Ac=d [/3— (?)2(4—7:) ,Dy=2a (12)

When changing the channel geometry, we must apply some restrictions. Following [20], we investigate
the effect of changing the smoothing radius at fixed hydraulic diameter and aspect ratio on the heat
transfer performances of the microchannel.

3.2. Application of PEC to electro-osmotic flow

As in electro-osmosis the fluid flow is driven by an applied external potential gradient across a
microchannel, it is not possible a straightforward control of both the the mass flow rate and the pumping
power. In fact, the mass flow rate of an EOF depends on several parameters such as: imposed electric
field, electric potential at charged surface, ion concentration in the fluid, permittivity, channel cross
section geometry. Thus, even changing the smoothing radius has an effect on the actual mass flowrate.
Furthermore, Joule heating puts a limitation on the channel length, beyond which the solid surface is
no longer cooled by the fluid. Therefore, straightforward application of PECs listed in Table 1 is not
possible. As the channel length is given by external restrictions and the flow rate depends on channel
geometry itself (that is what we aim to design), we will investigate two cases, which we simply refer to as
FGa and FGb: maximizing the heat flux at fixed inlet temperature difference, FGa criterion; minimizing
the inlet temperature difference at fixed heat flux, FGb criterion.

In order to apply the FGa and FGb criteria, we use Eq. (3) for calculation of heat flux ¢ at fixed AT; or
inlet temperature difference A7; at fixed g. When applying Eq. (3) to evaluate g or AT; as a function of
the smoothing radius, we first need to determine the actual mass flow rate, 71, the channel length, L, and
the average convective heat transfer coefficient, &.

If the following non-dimensional parameters are fixed,

; 22 (coNy) z; D2 E.D
‘Po—eZlC,kDDh:\/ e (CO A)Zz h 7E: xn (13)

N kBTW EkB TW C ’

the non-dimensional bulk velocity U, = up/ue,, With u,, = € { E/1L, depends on the channel cross
section geometry, in terms of channel aspect ratio f = b/a and non-dimensional smoothing radius
Y = 2r/b. Thus, the mass flow rate can be evaluated as i = pupA.. Once 7 is known, the pumping
power, W, can be estimated as
wrm?PPo L
2(pAc)? Di’

where the Poiseuille number depends on both the aspect ratio and the non-dimensional smoothing radius,
at fixed Wy and kp D;,. As we have heat generation, critical length, Icg, is defined at which the channel
wall, at imposed temperature 7, starts being heated by the fluid,

(14)

Lo VT -fi=0. (15)
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Considering longer channels would be detrimental in terms of heat transfer performance. At fixed Wy,
kp Dy, and E, the non-dimensional critical length, defined as L../Dj, depends on the channel geometry,
in terms of 8 and 7, and on the non-dimensional Joule heating,

. 2 2
_ ('Ith _ G(Eth) . (16)

C=AAT T AT, —T)

Finally, the average heat transfer coefficient is evaluated via integration of the local Nusselt number along

the channel length,

Nud Al

T=— :—/ Nud. (17)
Dy Dy Jo

Correlations for Uy, and Po as a function of smoothing radius ¥ and for L., and Nu as a function of y and
non-dimensional source term Q have been developed from the numerical results provided in [24].

Here, we consider a single test case, which is defined by: wall temperature 7,, (at which the fluid
thermo-physical properties are estimated); ion concentration cg in the conduit fluid; fluid permittivity
€; electric field over channel axis E,; Stern potential { at the Stern layer (close to the charged surface);
channel hydraulic diameter D, and aspect ratio . Thus, the physical problem corresponds to a set of
the non-dimensional parameters: Wy, kp D, E, defined in Eq. (13), and . Following [24], we consider:
Yy =292, kpD;, = 8.45, E =300 and B = 0.75, while the non-dimensional heat source Q ranges
between 1073 and 10. As it is a good procedure to perform a non-dimensional analysis, we chose the
sharp corner geometry as the reference configuration. At fixed problem parameters ¥y, kp Dj,, E and
0, we normalize the PEC objective functions, according to Eq. (4), with respect of the sharp corner
configuration.

4. Result and discussion
4.1. Channel length, Nusselt number and Poiseuille number

(@ (b)
N v
5F y=1/4 =
\b\ 4.9 I\ . y=1/2

4 \\ y=
S \ 5 4.8
\t 3 \ ‘; AN AN NN \
q Y

2 R

1 \\\\ 4.6

103 102 100" 100 10 103 102 100" 100 10!

Figure 2. Numerical points from literature , [24], (markers) versus correlation (lines), Eqs. (18) and
(19): critical length (a) and average Nusselt number (b) as a function of non-dimensional heat source and
smoothing-radius. ¥y = 2.92, kp D, = 8.45, E = 300, B = 0.75.

The numerical results from [24] are first used to correlate both the critical length L,, and the average
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Nusselt number Nu as a function of smoothing radius and non-dimensional heat source:

Lo 11.9618

57 = (144687 - 0.18289 \/7) logy <1+9>, (18)
h 0

Nu =5.01416 —0.24559 (1 —y)*?1%! _0.0223290. (19)

Equation (18) is compared with numerical results in Figure 2(a), while Eq. (19) is compared with
numerical results in Figure 2(b), showing good agreement. The critical length scales with the logarithm
of the non-dimensional heat source, approaching infinite length for Q — 0. The Nusselt number, averaged
along L., decreases with O, and approaches the fully developed Nusselt number in case of negligible
heat generation when Q — 0.

The Poiseuille number Po and the non-dimensional bulk velocity U, are correlated to the non-

(@) (b)
254

T T T 0-732
25.2 /,/vJ—‘—*w\L 0.73 1
55 0.728 \
/ 0.726

24.8 ‘ \
0.724

24.6 L \
0.722 \

24.4 / 0.7 \\

242 0.718

24 0.716
0 0.2 0.4 0.6 0.8 1 0 02 04 06 08 1

y=2r/b y=2r/b

Po
up / Ueo

Figure 3. Numerical points from literature, [24], (markers) versus correlation (line): Poiseuille number
(a) and non dimensional bulk velocity (b) of the hydrodynamically developed flow as a function of non-
dimensional smoothing radius. Wy = 2.92, kp D), = 8.45.

dimensional smoothing radius via polynomial functions,

4 4
Po=) ay',Up=) bu?" (20)
n=0 n=0

where coefficients a,, b,, are listed in Table 2. Note that lower values of the Poiseuille number are

Table 2. Coefficient a,, b, of the polynomial fitting of Eq. (20).

ap 24.1455 by 0.730217

a; 5.84415 by —0.0706503
a —11.6856 | by 0.142843

az 10.38 by —0.128316
as  —3.48354 | by 0.0434878

observed in the case of sharp corner configurtion, see Figure 3(a), due to local stagnation of the fluid
near the channel corners. However, a local maximum of Po is reached at ¥ ~ 0.6. An opposite behavior
is observed for U, with the highest value corresponding to sharp corners (Y = 0) and a local minimum
at v~ 0.6. Egs. (18), (19) and (20) are used to evaluate the critical channel length L.,, the average heat
transfer coefficient & and the mass flow rate .
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4.2. Application of PEC

(@ (b)
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Figure 4. PEC objective function versus non-dimensional smoothing radius, at different non-
dimensional heat source: heat flux at fixed inlet temperature difference, FGa (a); inlet temperature
difference at fixed heat flux, FGb (b). ¥y = 2.92, kp D;, = 8.45, E = 300, B = 0.75.

Applying the geometrical constraint Dy, = const and estimating the mass flow rate as i1 = p up A, with A,
depending on the smoothing radius according to Eq.(12) and bulk velocity u; = Up u., given by Eq. (20),
optimization via FGa and FGb criteria can be performed simply using Eq. (4). Objective functions are
normalized to the sharp corner configuration, according to Eq. (4). The effect of changing the smoothing
radius at different values of the non-dimensional heat generation Q, which is a parameter for the problem,
is investigated. Figure 4(a) shows the heat flux as a function of the smoothing-radius (FGa criterion).
The sharp corner configuration gives the maximum heat flux at negligible heat generation, while a local
maximum at ¥y >~ 0.35 is observed for Q = 10, which means high heat generation. Similar remarks
can be made for the FGb criterion, see Figure 4(b), with the optimal configuration (i.e. minimum inlet
temperature difference) corresponding to sharp corners in case of negligible heat generation, or y ~ 0.4
at Q = 10. It can be observed that the effect of heat generation on optimization process is negligible
when Q < 1072, In fact, the average Nusselt number is unaffected by heat generation at low values of Q,
while the non-dimensional critical length does not depend on Q at all, as L., = f(y) x g(Q) according
to Eq. (18) and, thus, L..(y)/Lcro is unaffected by Q. It is important to point out that at high Q the
allowed channel length L., is too short to build an effective microchannel heat-sink, see Figure 2(a).
However, extending results to lower values of Q ensures that longer channel are investigated, as L,
grows at decreasing Q.

The variation of both the normalized mass flow rate and the normalized pumping power, evaluated via
Eq. (14), are shown in Figure 5. Note that m* and W* do not depend on the heat generation term Q,
which only appears in the governing energy equation, Eq. (9), and, thus, does not affect the flow field.

5. Conclusions

In this paper the transport phenomena occurring within a microchannel of rectangular cross-section
with uniform wall temperature through which an electro-osmotic flow occurs were investigated, while
considering the flow fully developed hydrodynamically but thermally developing (Graetz problem).
The corners are then smoothed progressively and the effect of this change in the shape of the cross-
section over the non-dimensional dissipated power or temperature difference between wall and fluid is
investigated using the performance evaluation criteria introduced by Webb. Correlations are suggested
for the Poiseuille and Nusselt numbers for all configurations as are criteria to obtain the maximum
allowable - or critical - channel length, i.e. the length of the channel over which the walls start to
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Figure 5. Mass flow rate (a) and pumping power (b) as a function of smoothin radius. Wy = 2.92,
kp Dy =8.45, E =300, B =0.75.

cool the fluid, owing to Joule heating, in terms of the hydraulic diameter. Concerning the latter point, it
is demonstrated that even an apparently insignificant amount of non-dimensional Joule heating shrinks
the length of the channel dramatically: only for values of Q smaller than 10~ does the critical channel
length exceed ten hydraulic diameters. It is also appreciated that smoothing the radius has little influence
on the non-dimensional critical channel length. It is demonstrated that there is an optimum radius of
curvature to maximise the heat flux or minimise the temperature difference, when Q is significant, whilst
the base configuration (sharp corners) has the best performance when Q is smaller. Pumping power also
has both one minimum (¥ = 0.09) and one maximum (Y =~ 0.89) with the non-dimensional radius of
curvature.
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