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ARTICLE INFO ABSTRACT
Communicated by Enrico Valdinoci In this paper we focus on the validity of some fundamental estimates for time-degenerate
Schrodinger-type operators. On the one hand we derive global homogeneous smoothing
Keywords: . itabl . incipl h
Smoothing effect estimates for operators of any order by means of suitable comparison principles (that we
Strichartz estimates shall obtain here). On the other hand, we prove weighted Strichartz-type estimates for time-
Variable coefficient Schrédinger operators degenerate Schrodinger operators and apply them to the local well-posedness of the semilinear
Comparison principles Cauchy problem. Most of our results apply to nondegenerate operators as well, recovering, in

these cases, the known standard results.

1. Introduction

In what follows we shall discuss the global homogeneous smoothing effect for some time-degenerate Schrodinger-type operators.
Moreover, for the same class of operators, we shall derive some weighted Strichartz estimates which will be employed to prove local
well-posedness results for the associated semilinear Cauchy problem.

We are interested in operators of the form

Ly, =0, —iB(®a(D) = 6, — it (ha(D), )

where a(D) is a Fourier multiplier of order m with symbol denoted by a(¢), B € C(R) and b = b(t) = [0’ B(s)ds. As usual, here
a(D)f = F~Y(a(&)F f), where F and F~! are the Fourier and inverse Fourier transforms, respectively. We are interested in the case
when B is such that B(0) = 0, that is the time-degenerate case, but some of our results will be applicable to more general situations,
that is, for instance, when B is vanishing at finitely many points and, also, when B vanishes at infinitely many points. However,
also the case when B is non-vanishing is covered by our results, and, in the particular, when B(f) = 1, that is when b(r) = ¢, one can
recover classical results for constant coefficient Schrodinger equations. The reason for the notation L, , is dictated by the fact that
by using Fourier analysis one immediately has that the solution at time 7 of the homogeneous Cauchy problem

Lyu=0, @
u(s, x) = uy(x),
is of the form

u(t,x) = ef(b(I)—b(S))a(D)uS(x) = / eix'5+[(b(’)—b(5))0(€)ﬁs(5)(15’
R”
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where #, stands for the (space-)Fourier transform of u;.

The problems we address in this paper have been intensively studied in the nondegenerate setting. The homogeneous smoothing
effect, which describes a gain of smoothness of the homogeneous solution of the IVP with respect to the smoothness of the initial
data, and the inhomogeneous smoothing effect, describing a gain of smoothness of the solution of the inhomogeneous IVP with
respect to the regularity of the inhomogeneous data, have been shown for general dispersive equations. The smoothing effect for the
Korteweg—de Vries equation was first shown by Kato in [20], while, for Schrodinger equations, the homogeneous smoothing effect
was simultaneously established by Sjolin [36] and Vega [41]. The homogeneous smoothing effect for general dispersive equations
was proved by Constantin and Saut in [8], and, later, improved and generalized by Kenig, Ponce and Vega in [24] and [25], where
also the inhomogeneous smoothing effect for Schrodinger equations was shown, and also by Ben-Artzi and Klainerman in [1].
Other global smoothing estimates were also derived by Chihara [5], Kato and Yajima [21], Linares and Ponce [28], Sugimoto [40],
Walther [42,43], Koch and Saut [27], and many others.

The results mentioned above deal with constant coefficient operators. In the variable coefficients case the results obtained so
far mainly concern with the nondegenerate setting. The microlocal homogeneous smoothing effect for space-variable coefficient
Schrodinger equations was proved by Craig, Kappeler and Strauss in [9]. The general inhomogeneous smoothing effect for generalized
and ultrahyperbolic variable coefficient Schrodinger operators was proved by Kenig et al. in [23,26] respectively. In [23,26] the
local smoothing property was also employed to prove local well-posedness results for the associated nonlinear Cauchy problem.
Important contributions are due to Doi (see [10] and [11]), who also proved local smoothing results in the general manifold setting.
For variable coefficient nondegenerate Schrodinger operators smoothing results were recently proved by Marzuola, Metcalfe and
Tataru in [30] (see also reference therein).

In the context of degenerate operators, few results have been obtained about the smoothing effect. Staffilani and the first author
derived in [15] the local smoothing effect for a class of time-degenerate Schrodinger operators similar to the one considered here, and
used them to obtain the local well-posedness of the associated nonlinear IVP. It is also worth to mention that degenerate operators
of the form considered in [15] were previously analyzed by Cicognani and Reissig in [7], who studied the local well-posedness of
the linear (homogeneous) IVP both in Sobolev and Gevrey spaces.

The cases covered in [15] include operators of the form £, , + ¢(7,x) - V. (with b(r) = t*, @ > 0, and c(, x) satisfying suitable
assumptions), while in our case first order terms of the form c(z, x) - V. are not present. However, while in [15] a degeneracy of the
form b(t) = 1%, with « > 0, is considered, in (1) more general type of degeneracies are allowed, that is, functions b(r) vanishing at
finitely or infinitely many points of the time domain.

On the other side, that is on the side of Strichartz-type estimates, there is a lot of literature about these estimates for constant and
variable coefficient partial differential operators. These estimates, as opposite to the smoothing ones, show a gain of integrability
instead of a gain of smoothness of the solution of the IVP. The starting point in this direction was the original paper by Strichartz [39],
whose results were later on extended by Ginibre and Velo in [17]. The resolution of the endpoint case, instead, is due to Keel
and Tao in [22]. Afterwards, many other results regarding mixed-norm estimates have been obtained, once again concerning the
nondegenerate case, both in the Euclidean and in the manifold setting. We will only mention some of them here. For instance, in the
variable coefficients case in the Euclidean setting, Strichartz estimates have been proved in [12,13,30-32,37] (see also references
therein), whereas, in the manifold setting, one has results in [3,4,19,33] (see also references therein) and the recent one in [16]
(see also [14]) treating some variable coefficients cases on the torus.

Our first goal here is to investigate the homogeneous global smoothing effect of the family of operators

{elbaD)y o

which corresponds to the one-parameter family of unitary operators giving the solution of (2) in the case s = 0. Notice that,
depending on the properties of the function b, we have that the family of unitary operators described above is a group or a semigroup.
The presence of the function B in (1) makes the operator degenerate when the function vanishes at some point of the time domain.
However, nondegenerate cases are covered by our results as well. Note also that, in the case b(t) = ¢, one has classical smoothing
results for the solutions of the Cauchy problem for general dispersive equations of the form (1), while, in the case b(r) = t*,a > 0,
and m = 2, where m is the order of the operator, some weighted local smoothing estimates have been recently derived in [15]. We
remark that, with respect to the homogeneous smoothing effect proved in [15] where a finite time domain is considered, here the
homogeneous smoothing effect holds globally in time.

We stress that weighted smoothing estimates hold for non dispersive equations as well, and that our class covers such cases too.
For non dispersive equations non standard smoothing results were obtained by Sugimoto and the second author in [35], where it
was conjectured that, given an operator of the form L = 9, +ia(t, D,), an invariant estimate of the form

o i t ¢ «
[I{x)~* |V a(t, Dx)||/291/0 a(l’Dx)dA¢||L2(R1x]R;) < C”(P”LZ(]Rn)s 3

holds. In fact, following this idea, they proved a weighted homogeneous smoothing effect for time dependent nondegenerate
equations of the form (1), with B(¢) > 0, by means of comparison principles (for nondegenerate operators) and canonical transforms.
The smoothing result we prove here extends the latter to the more general degenerate setting, also supporting the above conjecture.
Estimates of the form (3) were called universal estimates in [35].

The strategy we use to prove smoothing estimates relies on the use of comparison principles. Comparison principles have been
previously used in [34] to derive global homogeneous smoothing estimates for nondegenerate Schrodinger operators. However the
results in [34] are not suitable to threat our degenerate case, therefore we need to derive a more general version of the comparison
principles proved in [34] to be applied to our setting. Roughly speaking, these principles (following [34]) allow to compare (in
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a suitable sense) the homogeneous solutions of the IVP for £, and £, provided that a and 4 are comparable (in a suitable
sense) and that f satisfies condition (H) (see Section 2). The requirement on the function f, namely condition (H), is crucial both
to obtain comparison principles and to derive smoothing estimates for £, ,. Indeed, the function f(r) = ¢, which always satisfies
condition (H), gives rise to operators L ; ; having constant coefficients and satisfying well-known smoothing estimates. This property,
in combination with our comparison principles, will be the key point to derive the weighted smoothing effect of the degenerate
Schrédinger operator L ,.

As previously mentioned, this paper is also devoted to the investigation of local and global weighted Strichartz estimates for
L,,. As far as the authors know this is the first time that Strichartz estimates for time-degenerate Schroédinger operators are studied.
In [37] the author remark that their (homogeneous) estimates hold true when the coefficients depend on time as well, but there
is no mention to the possible degeneracy of the latter. Moreover, their result would give, as opposite to our, estimates being not
weighted in time. On the other hand, to the author knowledge, Strichartz estimates for space-variable coefficient operators have
been used in combination with the smoothing effect to solve semilinear problems, hence forcing the use of smoothing spaces in the
inhomogeneous Strichartz inequality (see [30]). In our case, instead, the independence of the space variable, and the use of suitable
weighted norms, permit to derive the exact analogue of the (local in time) inequalities holding for constant coefficient operators,
of course in the corresponding time-weighted mixed Lebesgue spaces and with the corresponding nonlinearity.

Here we obtain both local and global (in time) time-weighted Strichartz estimates. However, the two versions (local and global)
differ in terms of the involved weighted norms. This apparent slight difference forces us to use the local weighted Strichartz estimates
to deal with the semilinear IVP

{a,u +ib' () Au = u|b' (O] |ulPu, @
u(0, x) = up(x),
which we prove to be locally well-posed.

It has been shown that nonlinear equations of the form (4) have interesting applications in physics. We recall that the propagation
of electro-magnetic waves in nonlinear optical waveguides, as well as ground-state Bose-Einstein condensates, can be described by
a nonlinear Schrodinger system. Exact projective solutions of the generalized nonlinear Schrédinger system

Ly g+ c@ulul® + V(©Ox*u=0

have been studied, for instance, in [6] (see also references therein), where suitable conditions on the time-dependent functions b,
¢ and V allowed to show either the existence of a canonical soliton solution or the existence of a deformed soliton solution. The
presence of specific time-dependent coefficients seems to be able to stabilize the solution and to manipulate the soliton behavior.
Schrodinger equations of the same form have been also studied in [18] (see also references therein), where the existence of dark
soliton solutions is shown. We will not investigate this problems here, instead we will focus on the local well posedness of (4) (with
a general degenerate functions b) and on the regularity properties of the solution.

Let us finally recall that in [15], in the specific case c(t, x) = 0, which coincides with our case when #'(¢) = 1* and a > 0, the local
well posedness of the semilinear IVP is shown for the nonlinearity N(u) = uulu|’~!, hence independent of ¥ (f), while in general
the same nonlinearity as in (4) is considered, that is N(u) = u|b (t)|ulu|?"!. Since the well-posedness results in [15] derive from
the smoothing effect, the regularity properties of the solution established there are different from the integrability information we
recover here by employing Strichartz estimates.

In order to make our exposition more clear, we state below the main results of the paper.

Comparison principles.
In the following statements we will often assume what we shall call condition (H).
(H) A function f € C'(R) is said to satisfy condition (H) if

- f(0)=0;
— f is strictly monotone;

- lim,_, f(t) = co.

Theorem 1.1. Let b € C'(R) be such that b(0) = 0 and let a,a € C'(R") be real-valued functions such that, for almost all
& = (&,...,&) € R"™! we have that a(¢,,&"),a(&,,&") are strictly monotone in &, on the support of a measurable function y on R™.
Let 0,7 € CO(R") be such that, for some A > 0

@l 1@l -

10;, a(@)|'? = 10, @)

for all ¢ € suppy such that 0z a#0 and 0z @ #0. Then, for all f € C'(R) satisfying condition (H), we have
(i) if b satisfies (i) or (ii) of Lemma 2.1, then

IE4G]

<cA|lf'ol

1/2 i
4D )o(D )P p(x, XN 2 )
X

1/2 i (1)l ~
P40 )e(D)e VTP (%1, X 2 g 6)
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forall x|, %, € R, where C =1 or C = \/k + | if b satisfies (i) or (ii) of Lemma 2.1, respectively. Consequently, for any measurable function
w on R, we have

' 01~ (x ) 2 (D)e(D)e™ P () | p2r xrer) Q)
s -
< CAJIF' 1 () 2(D,) (D) DX ()| 125, .

1/2

Finally, if (5) holds with equality and if b satisfies (H), then we get equalities in the previous relations.
(ii) if b and c satisfy (iii) of Lemma 2.1, then

lle@d @)

< cA|lf' ol

1/2 i
P4 (D)o (D™ P x|, 3 o 1y
X'

172 i i ~
P 4Dz, 7D OTPD (%1, X g
where C depends on the properties of b and c. Consequently, for any measurable function w on R, we have
@' 0] w(x) 2 (D)D) ™ PP o)l 2 sy ®)
12 e
< CAYF' 1)) 2(D,) (D) DX ()| 25, .

172

Conversely, if y € C'(R"), @ # 0 on a set of positive measure, b satisfies condition (H), and (6) (for some x1,%; € R) or (7) is satisfied
for all ¢, then (5) holds.

Theorem 1.2 (Radially Symmetric Case). Let a,d € C' (R, ) be real-valued strictly monotone on the support of a measurable function y on
R,, and let b, f € C'(R) vanish at 0, with f satisfying condition (H). Let also o,7 € CO(R,) be such that

lo@l 17

1/2 = 12
|l | a(l

9)

for all p € suppy where dipa(p) #+0 and dip&(p) # 0. Then we have
(i) If b satisfies hypothesis (i) or (ii) of Lemma 2.1 then

12D DIE' 06 (| D, e P UPxD ()| 2, ey (10
2 .
< CAlLx (DDA D1 2| Dx e DX () | 12 )

1/2

where C =1 or C = +/(k + 1) if b satisfies (i) or (ii) of Lemma 2.1 respectively.
Moreover, for any measurable function w on R", we have

loGe) (1D DI O1' 26| D D™D ()] 25 e an
< CAJo@) r(ID DO 21D, DT QLD o) g -

where C is the constant in (10). Finally, if (9) holds with equality and if b satisfies (H), then we get equalities in the previous relations.
(ii) If b and c satisfy hypothesis (iii) of Lemma 2.1 then

(D DIt DI D)™ *IPxD ()| L2 sy
A o
< C" Al AD DI O 21D, e VT IPD ()| 2 e

where C' depends on b and c.
Moreover, for any measurable function w on R", we have

loxx) 2(I D, Dlet' O (| D e *IPxD ()| 12 sy
1 e
< C" Ao (1D DI O 71D D VT IPD o) 2 i

where C' is the same constant as above.
Conversely, if y € CO(R+), w # 0 on a set of R" with positive measure, b satisfies condition (H), and (10) (for some x,%) or (11) is
satisfied for any ¢ and the norms are finite, then inequality (9) holds.

1/2

1/2

172

Weighted smoothing estimates.

Theorem 1.3. Let m > 0, and let b € C'(R) be such that it vanishes at 0. Then, for all x € R”" and for all ¢ € L*(R"), we have
() If n =1 and b satisfies (i) or (ii) of Lemma 2.1, we have

1/2 m=1 m
sup 15/ D, T PO )l 2 ) < Clloll 2, -
xeR
and, if n =2,

sup [|[5"()]

x1€R

1/2 2=l ib()Dy. | Dy, |}
D2 PP 120 gl o ey < Cllol g,
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(ii) If n =1 and b and c satisfy (iii) of Lemma 2.1, we have
1/2 m-1 . m
sup et 011012 "1 gl 2 < Clolage,,
XE

and, if n =2,

, e
12 oHODs, 1D |

sup [[le®d’ @)

m—1
D17
x| €R

1
<P||L2(]RX2 xR) = Clleol L2(R2)

Theorem 1.4. Let n> 1 and b € C'(R) be such that it vanishes at 0. Then, for all x € R" and for all ¢ € L*(R"),
(i) If b satisfies (i) or (ii) of Lemma 2.1, we have

1/2 Ly
sup 16" ()| 1D, 12" 0% pll 25wk, < Clloll 2
X
J

where x' = (xy, ... X[ Xj s e s X))
(ii) If b and c satisfy (iii) of Lemma 2.1, we have

1/2

1
5 ib(t)A
sup 1@ 1'*1D 12 P04 gl 2(s iy < Clloll 2, -
u

J

’_
where x' = (g5 ve s Xjgs Xjg s vne s Xy

Theorem 1.5. Let n > 2 and let b, f € C'(R) be such that they satisfy condition (H). Then, for all ¢ € L*(R"), we have

_ 1/2
17118 ()1

. 2
|D, |Pefb®IDx] ol 2@ smy < Cllollagn), (12)
for1—n/2 < p<1/2, and
— 1/2 i m
Wx1%21 £/ )21 D% D" g o g any < Cllpll 2 (13)

for (m—n)/2 <a<(m—1)/2.
Moreover (31), (13), (12), (33) and (32) (with € > 0 sufficiently small) are equivalent. Finally, for m > 0 and for any a,f > 0, we
have, for all ¢ € L*(R") such that suppp C {£ € R" : |£] < 1},

_ 172 i 2
Nx =116 @1 2D P ™10 ) 2 ) = a4
m _ 172 —1 m
S I O 2D O ) o
and, for all ¢ € L*(R"),
_ 172 i m
1) 21 £/ O 21D | O )l 2 g ey (15)
—m/2 1/2 i D™
< N2 /@1 21D, 1% D" ] 12 )
< sup "<x>m—m/2|f/(t)|1/2|DX|aezf(r>|DxI’”(M”Lz(]R xRy
>0 e
where @,(x) = ">@p(Ax) and a < m/2 in the last estimate. The previous norms are finite for suitable a and g (that is as in (12), (13))

and the operators |x|*™/2| f'(1)|"/?| D, % O™ and (x)e=m/2| f'(5)|'/%| D, | %/ OIP<I" have the same norms as mapping from L2R") to
L2(R, x R™).

Remark 1.6. In Theorem 1.5 we assume that both b and f satisfy condition (H). This request is made in order to have the
equivalence of (31), (13), (12), (33) and (32). If b does not satisfy (H) the estimates above still hold without equivalence. The
results in the case when b does not satisfy condition (H) are stated explicitly in Section 3 as corollaries of Theorem 1.5.

Strichartz estimates.

Theorem 1.7 (Global Weighted Strichartz Estimates). Let b € C'(R) be vanishing at 0. Then, for any (q, p), (4, p) admissible pairs such
that 2 < q, §, p, p < oo, the following estimates hold
(i) if b satisfies hypothesis (i) or (ii) of Lemma 2.1, then we have

the weighted homogeneous Strichartz estimate

g
1011204l 015 < CO1a PPN 2y 16)
the dual weighted homogeneous Strichartz estimate

I / 18(5)] /AP ag (5)dsl > < Cln. . lgl a7
R e

il i
q gp >
Lol
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and the weighted inhomogeneous Strichartz estimate

1 1/d i(b()— .
e @'/ /]R 16/ ()T OO (5)ds] a1 < Clng, .G PN, - (18)
¢ Lx
(ii) if b and c satisfy hypothesis (iii) of Lemma 2.1, then we have
the weighted homogeneous Strichartz estimate
g

Nt O™ gl 015 < C1a DIl 2 (19)

the dual weighted homogeneous Strichartz estimate
1/d —ib(s o
I 1 @1 e < Cng.p. gDl (20)
¢ Lx

and the weighted inhomogeneous Strichartz estimate

ey )]/ /R e (9] /1 MO (5)asl g g < COna.p. 0Dl @D

For the endpoint version of Theorem 1.7 see Section 4.

Theorem 1.8 (Local Weighted Strichartz Estimates). Let b € C'([0,T]) be vanishing at 0 and such that it satisfies condition (i) or (ii)
of Lemma 2.1. Then, on denoting by L:’ LY := L4([0,T]; LP(R")), we have that for any (q, p) admissible pair such that 2 < q,p < oo, the
following estimates hold

N O™ 4] 015 < Cll 20, (22)

1 e 2 < 1012 23)

1B @)1 /0 r Bl MO g(sydsl g0 < CIYI gl g (24)
and

I /0 t 18'(5)] O g (s)ds]) o2 < CNIBN "'gnL;,/ e (25)

with C = C(n, q, p) or = C(k,n,q, p) when b satisfies (i) or (ii) of Lemma 2.1, respectively.
Local well-posedness.

Theorem 1.9. Let1 <p< %+1 and b € C'([0, +o0)) be vanishing at 0 and it is either strictly monotone or such that #{t € [0, T]; b’ (1) = 0}
is finite for any T < co. Then for all uy € L*(R") there exists T = T(||ug|l,, n, u, p) > 0 such that there exists a unique solution u of the IVP
(4) in the time interval [0, T] with

ue C(0, T L*®") () L0, T1; L2 (R™)
and q = %. Moreover the map u, — u(-,1), locally defined from L*(R") to C([0,T); L*(R")), is continuous.

We conclude this introduction by giving the plan of the paper.

Comparison principles for operators in our class are the subject of Section 2. In particular, Section 2 will be devoted to the
proof of Theorems 1.1 and 1.2 and to some corollaries. We remark that these results give the suitable refinement of the comparison
principles introduced by Sugimoto and the second author in [34] (more abstract spectral comparison principles have been derived
in [2]).

In Section 3 we will then show the application of the tools developed in Section 2 to the derivation of smoothing estimates
for the operators £, , with a(D) = |D,|" or a(D) = D, |D,, |"=1. We will show that the result in Theorem 1.3 can be obtained by
comparison with the standard case. Here we also prove Theorem 1.4 representing the natural extension to the degenerate setting
of the classical homogeneous smoothing effect for constant coefficient Schrédinger operators (m = 2). In addition, once again by
comparison with the classical case, we prove global weighted smoothing estimates for operators of the form £, » equivalent to
those obtained by Chihara in [5], by Sugimoto in [40] and by Walther in [43] for operators of the form Lyip,m- This result is stated
in Theorem 1.3.

Weighted Strichartz-type estimates for time-degenerate Schrodinger operators £, , are studied in Section 4. We first prove
the global weighted Strichartz estimates in Theorem 1.7 with the standard range of admissible exponents (g, p). Then we prove
Theorem 1.8 giving (different) local Strichartz estimates in the nonendpoint case.

Finally, in Section 5, we employ the local in time Strichartz estimates of Section 4 to prove Theorem 1.9 about the local well-
posedness of the semilinear IVP with a nonlinearity of the form N = N(B,u) = |B || u|’~'u. We will conclude Section 5 by giving
some examples of operators to which our smoothing and local well-posedness results apply.
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Notations. In what follows, to simplify the notation, we shall write #’(¢) in place of B(¢) in (1) and we will write Eq. (1) in the form
Ly, =0, —ib (Na(D),

where b € C'(R) will be, according to the previous definition, such that 5(0) = 0. Moreover we shall write lim,_, , b(f) = co when
either lim,_,, ,, b(t) = +co or lim,_,, , b(t) = Fco.

2. Comparison principles

In this section we shall derive comparison principles for time-degenerate equations. In particular, we shall make use of the key
result proved in [34] to obtain a weighted version of comparison principles suitable to our case.

Recall that, given a partial differential operator a(D) (not necessarily elliptic) with symbol a(¢), and a functions b € C'(R)
vanishing at 0, we can define the operator L, , as in (1) and consider the initial value problem (IVP)

Lyu=0,

u(0, x) = @(x),
with t € R and x € R". By standard Fourier analysis methods it is easy to see that the solution operator, that we denote by ¢*®e(D),
is given by

eib(l)a(D)(p(x) = / lb(t)a(E)Hx 5A(§)d§ (26)
Rn

where @ stands for the Fourier transform of the function ¢.

Our goal here is to consider two operators £, and £ ; ;, both of the previous form, and to compare a suitable norm of ") ¢(x)
with a suitable norm of e/ p(x). This way, by suitably choosing f and 4, we can derive the smoothing effect for £, , from that
for £, ;. In particular we shall say that £, , and L, ; are comparable when the norms mentioned above are comparable.

In order to obtain comparison principles for time-degenerate operators of the form (1) the following lemma will be needed.

Lemma 2.1. Letn,p > 1, and let b € C!(R) be such that b(0) = 0. Let also a € C'(R") and ¢ € CO(R"). Then we have that
(i) If b is strictly monotone then, for all u, € Lf{(R”),
|||b’<t>|‘/”a(Dx>e"b(’>”<D>uo||L¢<R) < o (D )" Pugll o).
where equality holds if b also satisfies lim,_, , b(t) = oo
(i) If b’ is such that §{t € R;b'(t) = 0} = k > 1, then, for all uy € L2(R"),
1 O (D,)e™ Py | 1y < COON(D Y™ Pt | 1,

with C(k) = (k + 1)!/7.

(iii) Let b’ be such that there exists an increasing sequence of positive times {1, },cy and a decreasing sequence of negative times {f) } ey
such that b'(t,) = V' (tk) = 0, and set t, = to = 0, with b’ possibly vanishing at 0 as well. Then, for any function ¢ € C(R) such that
Yieo SUP[y, 10y 1O, Yo SUp( ) le(t)] < C < oo, we have, for all uy € L2(R"),

1 i .
le®p O o(D )™ Pyl 1z, < ) 7la(D )" Pyl 11z,

Proof of (i). By using the change of variables ¢ = b~!(s) and denoting by A the set A := b~'(R), we have

1 .
1B O] 5(D, )PPy |7 / 15 (0)] |6(D )™ 04P) g di
R

LI(R)
Y6 o)l

4 BOG)

< [ 10Dl ds = oD ) P,
R 1

lo(D,)e’** Py | ds

where we used that b is strictly monotone. Note that, if b satisfies lim,_, ,, b(f) = oo, that is, A = (Fo0, +00) when b is strictly increasing
or strictly decreasing respectively, then we have an equality. []

Proof of (ii). In this case we proceed by splitting the time domain into regions where the change of variables in time is allowed.
Then, denoting by I, = (—,1,], I} = [t;,+o0) and by I =1t;,14] for j=1,...,k—1, we have

k
1 |
IO oD gl =3 [ B OlIoD )
j=0/1;

L7 (R)

’ 1
/ |b (b (S))| | (Dx)eim(Dx)uMpdS
t=b~ 1(5) 1’ b'(b=1(s))
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<(k+1) /R lo(D,)e™ ™ Pug|Pds = (k + Dlla(D e Pug)? .
1
which gives (ii). [J

Proof of (iii). We shall adopt here the following notations: L=t 1 ; (tﬁ_ l,t '] will be positive and negative time intervals
respectively, ¢; := sup I, lel, and c :=sup,s |c|. By using the propertles of the function ¢ we have
J

1o /P ib(t)a(D)
e @1 oD )™ Puglty

= Z / le(b (1)||o (D, )ePDPx)y | dr+z / le@)b (0)]|6(D,)e?O* Py, |” dy
j=01j

(e}

< ch/ 16 (O)16(D,)eP 0Py P dt + 2"; /, B (0) || 6(D,)eP ey P dt
P I; P I
J= J ]—0 J

o0 o0
< z ¢ IIU(DX)e””(D*)uoII'ip + z c//' "6(Dx)elsa(DX)u0”ip
=b"1(s) ;= s j=0 s

< 2C|la(D e *Pu | .
1

which gives (iii). [J

Remark 2.2. The homogeneous smoothing effect for £, |» can be derived from the standard case after application of Lemma 2.1
above. In fact, the strength of Lemma 2.1 is to reduce the possibly degenerate case L, i to the classical nondegenerate case
L, |p . However, we will obtain the homogeneous smoothing effect for £, = as a consequence of the validity of comparison
principles for operators of the general form £, ,.

In Theorem 2.3 below, we will state a crucial result from which a series of comparison principles will be derived. This theorem
is the suitable generalization of Theorem 2.1 in [34] in our time-degenerate setting. For the sake of completeness we recall here
Theorem 2.1 in [34].

Theorem 2.1 of [34]. Let f € C'(R") be a real-valued function such that, for almost all &' = (&,,...,&,) € R"™™L, f(&,,&) is strictly
monotone in &; on the support of a measurable function ¢ on R". Then we have
lo@)?

= Qny / P 2O e
RVI

D.)e!'f(Dx)
lo(D e P ey X 10/ 79, @I

L2(R, xR 1y
for all x; € R, where x' = (x,,...,x,) € R*"L
Theorem 2.3. Let b € C'(R) be such that b(0) = 0 and a € C'(R") such that, for almost all &' = (&, ...,&,) € R\, a(&,,&') is strictly

monotone in &, on the support of a measurable function ¢ on R". Then, for all x, € R and with x' = (x,, ..., x,), we have that
(i) if b is strictly monotone then

1/2 b _ ~ 2 Lo
oD O 40 3 5y < 2 [ 106 2
¢l
Moreover, if b is strictly monotone and lim,_, ., b(t) = oo, we have
2
101 1/2 ib()a() ’ _ — ~ o2 108 .
P MGl b

(i) If b’ is such that #{t € R;b'(t) =0} = k > 1, then

- a(©)
oD I O] e 1, X35, < Vi + D) / 2er (%N de;
l
(iii) If &' is such that there exists an increasing sequence of positive times {1, },ey and a decreasing sequence of negative times {f) }ien
such that b' (1) = V' (t;() = 0, and we set t;, = t6 = 0, with b’ possibly vanishing at 0 as well, then, for any function ¢ € C(R) such that
Yo SUP[y, 1,y 1€, Yo SUp( ) le(®)] < C < oo, we have
2 1o

oDl D201, )l 2 oy < V2EQR)™ / PO 5 o 4
64

Proof. The proof follows by Lemma 2.1 and by application of Theorem 2.1 in [34] giving the desired inequalities in the case
b=t 0O

With Lemma 2.1 and Theorem 2.3 at our disposal, we can now prove Theorem 1.1 giving a comparison principle for the operators
L,, and L, or, equivalently, a comparison principle for the associated solutions e!b0alD) (%) and e/ WD) (x), when f satisfies
condition (H).
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Proof of Theorem 1.1. Applying Theorem 2.3 first, then using (5) and finally the equality given by point (i) of Theorem 2.3
(holding when (H) is satisfied) the proof follows. []

From Theorem 2.3 we immediately obtain the following results for n =1 and n = 2.

Corollary 2.4. Let b € C'(R) be such that b(0) = 0 and let a,d € C'(R) be real-valued functions strictly monotone on the support of a
measurable function y on R. Let 6,7 € CO(R) be such that there exist A > 0 such that
IG(é‘)l1 <4 If(f)l1 o 27)
0:a(6)|"/ 10;a(&)|"/
for dll ¢ € suppy such that d;a # 0 and 9;a # 0. Then, for all f € C I(R) satisfying condition (H), we have
(i) Let n = 1. If b satisfies hypothesis (i) or (ii) of Lemma 2.1, then
N5 012 (D, )6(D, )™ P2 ()] 2

1/2 i a I~
< CANS O 1(D)2(D ) TP ()| 2 g .

for all x,x € R, where C =1 or C = \/k + 1 if b satisfies (i) or (ii) of Lemma 2.1, respectively. Consequently, for any n > 1 and for any
measurable function w on R", we have

o' @)1
< CAllS O

2 (x) (D)o (D)™ PD () | 25 ) (28)

1/2 i a(D;
P (x) 7(D (D) PP ()| 25, .

Finally, if (27) holds with equality and if b satisfies (H), then we get equalities in the previous relations.
(ii) Let n = 1. If b and c satisfy hypothesis (iii) of Lemma 2.1, then

1/2 i
le@d' 01" 2(D)a(D )P ()] 12z
1/2 i a I~
< CANS O 1 (D )T(D )l TP ()| 2 g .

for all x,x € R, where C depends on the properties of b and c. Consequently, for any n > 1 and for any measurable function o on R", we
have

1/2

He®d' @)
< CA|lf O

@(x) 1 (D;)o(D;)e" PP ()| 12, k) (29)
1/2 i F(DFD,;

2w 1(D;) «(D;)e VPD )] 123, i)

Conversely, if y € C/(R) and w # 0 on a set of positive measure, b satisfies condition (H), and one of the estimates in (i) is satisfied for

all ¢ and the norms are finite, then inequality (27) holds.

Corollary 2.5. Let b € C'(R) be such that b(0) = 0 and let a,d € C'(R?) be real-valued functions strictly monotone on the support of a
measurable function y on R2. Let 6,7 € CO(R?) be such that, for some A > 0, we have

o@ @l (30)

10z, a@)|'? = 1o, )"

for all & € suppy such that 0z a # 0 and 9, a # 0. Then, for all f € C I(R) satisfying condition (H), we have
(i) Let n = 2. If b satisfies hypothesis (i) or (ii) of Lemma 2.1, then

o' '
< CAJlf @)

ib(ta(Dy, Dy
)((DXI,DXZ)O'(DXI,DXZ)e’ (0a(Dy, Dy,

1/2

)
(p(x)”Lz(RzXsz)
if(a(Dy, Dy)
(D, Dy )7(Dy, s Dx2)etf(t>a( 1°Px) (%), x,)| LRXR,,)"
for all x,%; € R, where C =1 or C = \/k + 1 if b satisfies (i) or (ii) of Lemma 2.1, respectively. Consequently, for any n > 1 and for any

measurable function w on R"~!, we have

(IE4G]
< CAllf o

1/2 - i .
(%) 7(D;. DYo(D;, D)e™ PP ()| 125, )
() 1(D;. DYT(D;. D! DIPiPO ()| 25 )

Where %, = (X[, ..., X4_{, X1, ..., x,). Finally, if (30) holds with equality and if b satisfies (H), then we get equalities in the previous
relations.
(ii) Let n = 2. If b and c satisfy hypothesis (iii) of Lemma 2.1, then

ey ()]

< cAllf ol

ib(t)a(Dy, .Dy,
)((DXI,DXZ)G(DXI,DXZ)e' (a(Dy, ‘2)(p(x)||L2(R,><]RX2)

1/2 if(0a(Dy, .D

x(D,. D, )(D, . D, )e Do)l 2,

for all x,,%, € R, where C depends on the properties of b and c. Consequently, for any n > 1 and for any measurable function w € R", we
have
1/2

@' 0] ") 2(D;, DIo(D;, D)e™ ™ PiPP o) g, )

9
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172

< CAllS O o) 2(D;, DD, Dye! DM PrPO )| 1 s

where %) = (X1, ..., X1, Xpqps s X))
Conversely, if y € CO(R?), o # 0 on a set of R""! with positive measure, b satisfies condition (H) and one of the estimates in (i) is
satisfied for all ¢, then inequality (30) holds.

Remark 2.6. Notice that, by virtue of the previous results, one can compare time-degenerate operators with different degeneracies
(i.e. £, and L ;), provided that b and f satisfy suitable conditions. This will therefore allow comparisons between the standard
Schrodinger operator £, 4 and time-degenerate Schrodinger operators of the form £, ,. Observe also that, even if f has to satisfy
condition (H), f can still generate a time-degenerate operator, as, for instance, in the case f(r) = £>.

The radially symmetric case. In the radially symmetric case comparison principles similar to the previous ones can be obtained.
Below we prove the suitable generalization to our case of the comparison principle holding in the nondegenerate radially symmetric
case proved in [34]. The result proved below is stated in Theorem 1.2 in the Introduction.

Proof of Theorem 1.2. The proof follows by Lemma 2.1 and Theorem 2.5 in [34]. The converse part holds only if b satisfies (H),
since, in this case,

(D DIB' O o (1D, D™ PP o) 2 g )
= 12D Do DD PP () L2 i)

and the result follows again from Theorem 2.5 in [34]. []

1/2

3. Application of comparison principles to smoothing estimates

In this section we will show how to use comparison principles to obtain smoothing estimates for L, provided that it is
comparable to an operator £ ;, with L, ; satisfying smoothing estimates.

In addition, if the operators £, , and L, ; are equivalent in some sense, that is, if conditions of the form (5) hold in both directions,
then we have an equivalence between the compared quantities and one has that one operator satisfies a smoothing estimate if and
only if the other one satisfies the suitable corresponding smoothing estimate. In this case, as we shall see below, in order to obtain
equivalent norms we will need to restrict ourselves to the case when b, f € C!(R) and are such that they satisfy condition (H), since,
otherwise, the equivalence given by (5) would not be enough to get the equivalence of the associated weighted norms.

Here we shall specify the analysis to the case a(D) = |D,|™ and @(D) = |DX|’ , with |D,| the Fourier multiplier with symbol |¢|,
to show first that weighted smoothing estimates can be derived by comparison, and, afterwards, that smoothing estimates are all
equivalent, or, more precisely, that weighted smoothing estimates for different operators can be derived by equivalence.

We start by showing, by comparison, some smoothing estimates in the cases n = 1 and n = 2 (n is the space-dimension). When
n = 1 we consider Ly ipm and Ef,IDxl” with /,m > 0, and we set a(¢) = |£|" and a(&) = |€|'. We then consider o(¢) = |§|mT_l and

-1
(&) = |£| 2 and have that (5) is satisfied, since
le@l  _ /1 _ 1=l
d 1/2 myd o~ e 1/2
|d—§a(§)l |a_5“(§)|
When n = 2 we can make similar choices for the quantities above, and have, again, that (5) is satisfied.
It is important to observe that we are allowed to consider f = ¢ and / = 1. This choice, in combination with the estimate

1Pl 12 = lloll 2, allows to prove Theorem 1.3 about the homogeneous smoothing effect for time-degenerate Schrédinger-type
1 x
operators.

Proof of Theorem 1.3. The proof follows by application of comparison principles. As regards point (i) when » = 1, denoting by
X+ = Xwr,, we have that

1/2 ml m
sup 18011 D7 P g o g
X

1/2 m-1 m
= sup (24 (D) + 2 (DOIE O] | D] 7 eI g
X

1/2

m=1 . m
<sup IO 7, DOID,| = ") o
X

1/2

' moL ib(t)| Dy |
+SI;P|||b O x-(DY|Dy| 7 e X uoller(]R)-

Now, by point (i) of Corollary 2.4 with ¢,.(D,) = x.(D,)o(D,), f(t) = t, aD,) = |D,| and 7(§) = 1, together with the estimate
||ei"DX'<ﬂ||Lg = lloll 2, we get

1/2 i m
sup 116' (0120 (D)™ gl 2 ) < Cllell 25
X

10
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which proves point (i) when n = 1.
As regards point (i) when » = 2, it follows by application of point (i) of Corollary 2.5 with f =1, a(¢) = &, and 7(¢) = 1. In fact,
denoting by y, = Ir,, > We have

-1 . m—1
12 25t GibODs Dy, |

. .
ID,, 172 e

124 (D) + 2 (DB @)

=Clol 2,

Ol ey < Cle" ol 2,

which gives the result.
The proof of point (ii) reads exactly the same, the only difference is that we use point (ii) of Corollary 2.4 and point (ii) of
Corollary 2.5 when n =1 and n = 2 respectively. []

Observe that Theorem 1.3 applied to the case b(t) = ¢ gives the standard results proved by Linares and Ponce in [28].

Remark 3.1. Note that when n = 1, by (i) of Corollary 2.4, if f and b satisfy (H), then, for all ¢ such that either supp @ C [0, +o0)
or supp @ C (—0,0] (i.e. a(¢) and a(&) are strictly monotone on supp @), we have

m-1 172 m / (=28 1/2 !
DT 0O PP gl 2 gy = [ NIDL T 17 OF 2O gl gy, VxR,

where, of course, the case f = b is possible.

In the case n = 2, under the same hypotheses on the functions » and f (possibly b = f) as before, we can apply point (i) of
Corollary 2.5 and get, for all ¢ such that either r,(supp @) C [0,+o0) or z,(supp $) C (—o0,0] (where =, is the canonical projection
on REZ),
1/2,ib0)Dy 1D,y "=

m=1 1
Dy, = 16 @) ol <z,

-1

= 1/2 if()Dy, |Dy,| 2
= DI T 17 "2 PPl g .

for all x € R? and for all ¢ (for which the previous norms are well defined), where, again, the case f = b is possible.

These properties show that, if the two operators are equivalent in some sense, that is if the weighted norms are equivalent, then
one operator satisfies a smoothing estimate if and only if the other one satisfies the suitable corresponding smoothing estimate. An
equivalence relation between the norms is established by the properties of the functions b and f and by relation (5). In particular,
due to the previous identities, we can say that the weighted norms associated with £, » and £ | p,|l are equivalent if (5) holds
with equality and if both b and f satisfy condition (H).

Point (i) of Theorem 1.3 applied to the case n = 1, m = 2, gives the natural extension of the standard homogeneous smoothing
effect holding for Schrodinger operators.

Moreover, once again by using comparison principles, one can immediately prove the multidimensional smoothing estimate in
Theorem 1.4. We omit the proof of Theorem 1.4 since it follows by application of the procedure used in Theorem 1.3.

In the sequel we will establish other smoothing type estimates by using results obtained by Sugimoto in [40] and by Walther
in [43] combined with the comparison principles obtained above. In particular it was proved by Sugimoto in [40] that, given n > 2
and 1 —n/2 < f < 1/2, for all ¢ € L>(R") we have

_ it D |2
Hx1P~1D, PPl gl 2 sy < Cllol p2gany- (31)
Notice that the previous result is a consequence of the result by Kato and Yajima in [21] showing that, for all ¢ € L>(R")
_ ; 2
Hx1?~ D, e Pl gl 2 ey < Clloll2nys  1/2-€<p<1/2, (32)
with 0 < € < 1/2. To see this it is enough to observe that, by Theorem B* in [38],
_ it D. 2 e e D
xP=M 1D PPl ol 2 ny < WX /2707 D274 1P )| 2 ey
< C 2 MmNy .
& ”Q’”L (R?)

As mentioned before, we will also make use of a result by Walther (Theorem 4.1 in [43]) in which he shows that, for n,m > 1,
and for all ¢ € L2(R") such that supp® C {£ € R" : |£] < 1}, the following estimate holds

Iy 225" ol 12 ey < Cllol 2 (33)

We can now prove Theorem 1.5.

Proof of Theorem 1.5. Recall that, by Lemma 2.1, if b € C!(R) is such that it satisfies (H), then
_ i 2 _ I
Nx1P=118' 01?1 D, PP ) oy = Nx 1P D PP ol 2 - 34)
therefore, by Theorem 1.1 in [40] (i.e. (31)), we also have, for n>2, 1 —n/2 < f < 1/2 and ¢ € L*R"),

1/2

_ ; 2
"|x|ﬁ 1|b,(t)| |Dx|ﬁelbm|DXI q’”LZ(R,xRZ‘C) < C"(P”LZ(]R;),

11
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which gives (12) and the equivalence of (31) and (12).
In particular, by point (i) in Theorem 1.2, with b satisfying (H), m > 0, and ¢ € L*(R") such that suppp C {é € R" : |£]| < 1}, we
have

_ 1/2 i 2
Nxl?= 16 121D Pe ™12 ] 2

m _ 1/2 —1 i m
=/ FHP 17 @1 2D P O g

m - 1/2 i m
@=m2+p-1) \/ 2 Il 217 01 21D, 1% O )l 2 g ey

(where f = b is allowed) which gives (14). Similarly, by Corollary 2.4, for all ¢ € L*(R") (whose Fourier transform does not
necessarily have compact support), we have

_ 1/2 i 2
NxI?= 16 @1 21D P ™12 ] 2

_ 1/2 i 2
= <||m+<Dx>|x|ﬁ 1 @]/ |D, P01 P g

1/2
B=111 /21 1B oibIDLI 2
+ llxr_(DO)Ix|" 6D 7| Dy | e (ﬂlle(Rszm)

m - 1/2 i m
<Oy [ZU 1 2D O ) o
that implies, by (12),
— 1/2 i m
Wx1%21 £/ )12 D% D" g 2 any < Clloll 2

for (m—n)/2 < a < (m —1)/2, which gives (13) and the equivalence of (13) and (12), and, as a consequence, that of (13) and (31).
The equivalence of (12) and (13) with (32) is derived from the equivalence of (32) and (31). The latter equivalence is immediate,
since, as previously observed, (32) implies (31) while the opposite is trivial.
As regards the equivalence with (33), on the one hand we have that (33) is implied by (13) (with « = 0) together with property
(34) and the trivial inequality (x)~"/2 < |x|”"/ 2. On the other hand, (33) implies (13). In fact, given y € G0, 1) such that y(p) =1
for p < 1/2, we have, by comparison,

— 1/2 ; m
) 2 2 (D DI O 1D, 1% O gl 2 oy <

H - 1/2 — i “
VKT 2D DI @110 )

U _ 1/2 i ;
\/ S I 2D DI ) 21D, 1% O ol 2 )

(mf2=a=u)
= \/g 1) ™2 (1D DIDL PV ol 12 )

which, by (33), gives
1) (1D, D)L ()]

From the latter we get (13), since

1/2 i m
/ |Dx|aelf(f)|Dx| (ﬂ"LZ(R,xR;) < Cloll 2gen)-

_ 1/2 i m
Nx 1“2 £ @)1 D |2 O o)l 2 en)
. _ — 1/2 i m
= lim A2 e/ )T gD O] 21D, 1% 0" g o )

1/2

_ : m
< sup () "2 (1D DI O] 71D, 1T P g, [ 2 e ny < Csup ;]| 2y
>0 >0

with @,(x) = A"2¢(ix), which gives, in particular, inequality (13) (since [¢@,] r2@n = l@ll2@n)- Finally, from the previous
inequality, we also obtain (15), that is,

— 1/2 i m
Wx1%21 £/ )11 D% D" ) o )
< sup [ (1) 21 £ 021D |7 O g o
>0
which concludes the proof. []

Notice that all these results coincide with the classical ones when f(¢) = b(t) = ¢ (see [21,24,28,34,43]). From Theorem 1.5 we
derive the following corollaries.

Corollary 3.2. Letn>1,m >0, s> 1/2 and b € C'(R) be such that it satisfies (H). Then, for all ¢ € L*(R"),

- 1/2 — i m
1¢x,) = 15" @121 D, |02 PO o)l 2 ny < ol 2 am-

12



S. Federico and M. Ruzhansky Nonlinear Analysis 242 (2024) 113500

Letn>2,m>0, s>1/2and b € C'(R) be such that it satisfies (H). Then, for all ¢ € L>(R")

s 1/2 /2 m-1
1))~ 1B/ ()] / |Dn|(m )/2 gib(®)D} D, (P”LZ(R,ng) < el 2@n)-

Corollary 3.3. Let m >0, (m—n+1)/2 <a < (m—1)/2 and b € C'(R) be such that it satisfies (H). Then, for all ¢ € L>(R"),

—m/2 1/2 —1)/2 i m_plm
Nx 17215/ 0] /21D, | "= D2 ORI o) o oy < 0l 2

where D' = (D,, ..., D,).

When b does not satisfy condition (H) we can get, by comparison, the same smoothing estimates. However, it is important to
stress that we do not have equivalences in this case (i.e. when b does not satisfy condition (H)).

Corollary 3.4. Let n>2 and let b, f € C'(R) be such that they vanish at 0, with f satisfying condition (H). Then, for all ¢ € L*(R") we
have
(i) If b satisfies hypothesis (i) or (ii) of Lemma 2.1 then
_ 1/2 i 2
Ix 12118 0]/ D |1 P @l 2@, xrny < Cllel 2gnys
for1-n/2<p<1/2, and

1/2

_ i m
[IEYN m/2|b,(1)| |Dx|aelb(t)|DX| ol L2(R,xR") < C”(P"LZ(Rg)»

for (m—n)/2 < a < (m—1)/2. Finally, for m > 0 and for any a, f > 0, we have
— 1/2 i 2
Nx1P=118' 01?1 D, 1P o o o

_ 1/2 —1 i m
< CllxP U O 2D O g o .

(ii) If b and c satisfy hypothesis (iii) of Lemma 2.1 then
_ 1/2 i 2
IxIP= e@p' @)/ D |PeO1Px] ol 2@ xeny < Clol g,
for1—n/2 < p<1/2, and
- 1/2 i m
Nx1*=21e@b 0]/ 1 D, 1% ™12 g 12 gn) < Clloll 2
for (m—n)/2 < a < (m—1)/2. Finally, for m > 0 and for any a, f > 0, we have

1/2

— i 2
1P~ e @ 1D, PP g 1 gy

_ 1/2 —1 i m
< CllxP U @1 2D 4P O g o .

Corollary 3.5. Let b € C'(R) be vanishing at 0. Then, for all ¢ € L*>(R"), we have the following properties.
(i) Let n > 1,m > 0 and s > 1/2. If b satisfies hypothesis (i) or (ii) of Lemma 2.1 then
—5 2 _ : m
1) 16 121D, D20 gl 2 g gy < Cllpll 2.
Moreover, if n >2,m> 0 and s > 1/2, then

- 1/2 —1)/2 i m-1
1)~ 16/ @121 D, | D2 MO ) o oy < Cllpll 2y

(ii) Let n > 1,m > 0 and s > 1/2. If b and c satisfy hypothesis (iii) of Lemma 2.1 then
- 1/2 - i m
1¢x,) " 1@t 0]/ D, |71/ 2M01 il @l 2@ ey < Clloll L2gn-

Moreover, if n >2,m> 0 and s > 1/2, then

nlm—l

— 1/2 — i
{x1) > e@b' @) / |D,|™ D/2ibOD; 1D (p”LZ(RzXRfG) < Clloll 2.

Corollary 3.6. Let m >0, (m—n+1)/2 < a < (m—1)/2 and let b € C'(R) be vanishing at 0. Then, for all ¢ € L*(R"), we have the
following properties
(i) If b satisfies hypothesis (i) or (ii) of Lemma 2.1 then

—m/2 1/2 —1)/2 i m_yplm
Wx1*=7215' ()] 721D, | "= D2 ORI =D T ) 5 oy < Clloll 2 gam-

where D' = (D,, ..., D,).
(ii) If b and c satisfy hypothesis (iii) of Lemma 2.1 then

_ " o i
Nx 1%/ ()’ (1)]'/?| D, | =D/ PO 1D D g 5 oy < Cllll L2 gam)-

where D' = (D,, ..., D,).
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4. Weighted Strichartz estimates

In this section we shall prove Theorems 1.7 and 1.8 giving weighted Strichartz estimates for operators of the form £, 4, where,
recall, b is vanishing at 0 and satisfies the conditions considered before.
Notations. For brevity we shall denote L{L} := LY(R; L{(R")), and, sometimes, if not confusing, we shall use the same notation
L1LY := L{([0,T]; LY(R")) when considering a fixed time interval. Similarly for the mixed spaces LyL! := L7(R";L!(R)) and
LYLT = LY@ LY([0,TY)). Finally we shall denote p’ the conjugate exponent of p.

Definition 4.1 (Admissible Pairs). Given n > 1 we shall call a pair of exponents (g, p) admissible if 2 < ¢, p < o0, and

2+f=2, with (g, p,n) # (2,,2).
q9 p 2

Proof of Theorem 1.7. The proof is a combination of standard results and duality arguments. We first recall that, by Lemma 2.1,
we have

||b/(t)1/qeib(r)Aw||L:,L,X, = ||b/(t)l/4”eib(r)4w"L£ I E CIIe”AwIIL:zL:XJ,
where C depends on the properties of b (see Lemma 2.1). Therefore we immediately get (16) from the standard case, that is,
16 (1) /2ePD4 g Lr < Clle™gl] 712 < €O g, ploll 2 gy,

where the last inequality corresponds to the classical homogeneous Strichartz estimate. Note that the application of the classical
homogeneous Strichartz estimate, in particular, gives us the standard range for the admissible pairs.

As regards (17), it follows by duality and by (16) applied on the admissible pair (g, ). Moreover, one can actually see (by duality)
that (17) and (16) are equivalent. L

As for (18), it is given by duality, Hélder’s inequality and (17). In fact, given y € L! L} we have

/ / b (/e < / b’(s)l/‘7e"<”<')—”“>>4g(s)ds> w(t, x)dx dt
R, JR: R

< / b ()77 94 g(s, x)ds]) 2 | / b (1) /1e= P04y 1, x)dt] 2

R ~ JR, x
S C.p.3. Pl Wl
which gives (18) (by duality). Moreover, one has, once again, equivalence between (18) and (17). The other cases covered by (19),
(20) and (21) follow by using the same procedure. []

The advantage of the weighted Strichartz estimates in Theorem 1.7 is that one can recover the standard range for the
admissible exponents. Moreover, since the estimates in Theorem 1.7 are all equivalent (that is one implies the other, see the
proof of Theorem 1.7), and since the endpoint case is solved in the standard Schrdédinger case (see [22]), which, in particular,
immediately gives (16) and its generalizations, we can conclude that the estimates in Theorem 1.7 hold true in the endpoint case
(g.p,n) = (2, nzTnz’") as well. We then have the following theorem.

Theorem 4.2 (Endpoint Weighted Strichartz Estimates). Let b € C'(R) be such that it satisfies hypothesis (i), (ii), or (iii) of Lemma 2.1.
Then, if b satisfies hypothesis (i) or (ii) of Lemma 2.1, we have that (16), (17) and (18) are still satisfied for (g, p,n) = (2, % n) and/or

G, p,n) = (2, %,n), with n > 3. If b satisfies hypothesis (iii) of Lemma 2.1 we have that (19), (20) and (21) are still satisfied for
(@.p.m) = (2, 25, n) and/or (q, p,n) = (2, 2=, n), with n > 3.

In order to use Strichartz estimates to prove well-posedness results we need to be able to define a suitable functional space to be
used within the contraction argument. The global estimates obtained before do not allow for a good definition of such a functional
space. This is because the norms involved on the right hand side and on the left hand side of the inequalities above are not of the

same kind. However, by localizing in time, we can obtain local Strichartz estimates useful to our purpose.
We prove below Theorem 1.8 giving the local Strichartz estimates for L ,.

Proof of Theorem 1.8. We give the proof in the case when b satisfies condition (i) of Lemma 2.1 first. Estimate (23) trivially
follows by the unitarity of e?*¥4, whereas estimate (22) follows by change of variables. In fact we have
Vg )
"lb’(t)l /qelb(t)ACUHLfL{: < ”e”A(P”L;’(l()j'J;Lg) Sn,q,p ”(P”L)Z‘,

where in the last inequality we applied the standard homogeneous Strichartz estimate (notice that the first inequality is an equality
if b is strictly monotone).
As regards estimate (24), by using the change of variables ¢’ = b(¢) and s’ = b(s), we have

t b(r)
1 ii — S IVA
e @)l / |0 ()| PO g (s)d s app < | / g (NS | oyt
0 0 !
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R A ’ N
= /0 JRICE)! x(sHEsds "Lf,([().fj;Lf:)

where g = gob™!, T = K(T) and y = Ljo,py- We then analyze the last quantity and, by using the properties of the Schrédinger group
e"4 we have

b(T) b(T)
; /_ J - . /_ ! -
L] e g oyasy <1 [ 1O g oy

b(T)
AT !
= / — |"“ iy 14 CDEEON 45" o

~ 1/4
< ¢, q,p>||g|| Cn,a, plIe' 1 gl
H-L-S

poo < VN
LYQOTELY) T ) Ly L

where H-L-S stands for the application of the Hardy-Littlewood-Sobolev inequality, and we get (24).
We are now left with the proof of (25). We first consider the Li-norm and have

t t
[ oo sgsasiz, =1 [ 1wl iz,
0 x 0 x

t t
= / < / |b’(s)|e—"b“>“g(s)ds> < / |b'(s/)|e—fb<s’)4g(s/)ds/)dx
R" 0 0

t t
1/q 1 i _h(o!
< / 1B/ gy N1 ()1 / 1B/ (") OO g ()| o ds
0 x 0

1 !
< Cog.pl'""gl?,
by (24)

X

which, in particular, gives (25). This concludes the proof in the case when b satisfies (i) of Lemma 2.1.
We now consider the case when b satisfies (ii) of Lemma 2.1. Once again estimate (23) is immediate. As for (24), we consider
0=Ty <T, <T, <+ <Ty <Tyyy =T such that ¥'(T;) =0 for j = 1,..., k, so that b is strictly monotone on [T},T},,], and we have

1/q
k
101 1/4 ib(t)A _ 1o 1/4 iba g
o' 1™l g p = ;}nww S P
=

k
e
< 2 IO Ol Lo 1, )

=
itA
Wz Z el Laqz,.

< (k+DCm g plell 2,

which proves the estimate. We now prove (22) combining the previous procedure and the arguments in Theorem 1.8. By splitting
the time interval again, we have

t
(CIOTR /0 1B(5)e PO N Ag()ds | 0,

k '
1eoi1/a ’ i(b(1)—b(s))A
< F ol [ 1O s, 1,
=
where, by the same procedure used in the proof of (24), each therm satisfies

t
1eny1/a ’ i(b(1)—b(s))A
Iy ol / 15 (5)le O LT

1 1/q
SIE'1 gl S gl

! /
L"([TT+JL”) Ly’

and we can conclude

1 1
1601 1™l 01 < e+ C0 0. DI g1 g -

Finally, estimate (25) follows by the same arguments used in the proof of (25). []
5. Local well-posedness of the semilinear Cauchy problem

We can now apply the results of Section 4 to obtain the local well-posedness of the semilinear Cauchy problem

{a,u + b () Au = p|b @) ul”u,

u(0, x) = up(x), (35)

15
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where b € C!([0, +0)) vanishes at 0 and is either strictly monotone or has a finite number of critical points in any finite time interval
[0,T1], for any T < oo.
Below we prove Theorem 1.9 about the local well posedness of the IVP (35) that was stated in the Introduction.

Proof of Theorem 1.9. We shall prove the result by using the standard fixed point argument. We consider the space

Xp = {u € C(0, T]; L*R") () L0, T1; LI RM); Jlull y, < o0}
where

llly, 2= lull oo g2 + W'D %ull g, oo

Xr - LPLY it

and LYL} := L9([0,T]; L;(R")), and prove that the map
t

D) = eib(’)AuO + ;4/ |b'(s)|ei(b(’)_b(s))A|u|”_1uds
0

is a contraction.

Let g = % so that (¢, p + 1) is an admissible pair. Then, by Theorem 1.8 (depending on the properties of b = b(r)), we have

t
1 1 i —b(s —
B 1/ @@l a1 < Clugll 2 + L5 @) / 16/ ()| PO =Ly sl g e
tx x 0 tx

1 !
< Cllugll 2 + Clulll1b' @) e IIMII‘;

p+l ” Lq,
x '

T , 1/4'
= Cllugll 2 + Clul {/0 |b/(f)|||u||p3,+1df}

L

T 4 rla
< Cllugll 2 + ClulT' =" #=D/ {/0 &' 0] » ||u||‘;,,_+1dt}

1 1)/4 r A+-4—1) o
= Cllugll 2 + Clu|T' =0V {/0 1B’ ||u||"Lp+1dt}

X

—n(p— (L -1)-2 1
< Cllugll 2 + ClulT' =@/ (sup (6057~ ) 116" @) ull?,
¥ [0.7] LLf

< Cllugll 2 + C(T)IMIIIMII']T.

o
where 1 —n(p — 1)/4 > 0 and L > 1 and C(T) := T!-"w-D/4 <SUP[0,T1 G l) \. 0 as T \, 0. Note also that, once again by

pq’
Theorem 1.8 and by the computations above, we have

ni/d
12 oo 12 . ol 2 + Clpf 1671 ul "L;"L(XP*“/”’

<
by (19), (21
< Cllugll 2 + C(T)Iﬂlllull”T,
where C(T) is the same constant given before. Putting the two estimates together we finally have that

2@, < Clugll 2 +2CD) ullull .

with C = C(n, ¢, p, k) and k denoting the number of critical points of 5. Therefore, given B(R) C X, a ball of radius R in X, with
R = R(|lupll ;2), we get, for T sufficiently small, that @ sends B(R) into itself.
Now we prove that @ is a contraction. Given u, v solution of (35) with initial data u,, and u, v € B(R), we have

t
1 i —b(s — —
1w - @), = lullle' 1" / 1/ ()] O wlul? ™ — v]old s o 2
0

+ Ll o] /0 Bl olol"Ddsl g pin
= luld +1D).
For the term /1 we have
1< 1Y Q=" + o)~y - O o L oevre

T . L , 1/¢
<C YOI Nul”,, + 1olP, ) Ju—=0o|? | dt
{/0 LG ||L,;+1 | ||L,,+1) [ ”L‘;“

X

Tl =d fa/d o] ot N (1 ¢\
<c / 150 Wl 17,) (1@ b= ol e )
0 x X x
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T At fOUd » » a/q-2 (q-2)/q
<C /O <|b’(t)| @i Al + IIUIIPLMI)) dt

T 1 1/q
x ( /0 150 q||u—u||i€+ldr>
T _ _ a(p-1)/(q-2)
<c { (/ (1 Dy ) dt)
o r

T (@-2)/q
1/d' =1/ /(p—1 a(p—1)/(q-2) 1
+</0 (1@ O ) dt 114 = )l g

Since (p — 1)/(¢ — 2) < 1, by Holder’s inequality we have

T (q-2)/q
Vd' <1/ /(p—1 a(p—-1/(q-2)
(/ (|b’(t)|< /4 =1/91/(p )||M||Ln+l>
0 .
g 1/q'=1/a)1/(p=1) g\
<1 ([ (wol il g )')
o .

T @-2/o-D) (-1/q
<T* [/ @O ),
0 Ly

X

@2/0-0-1 ([T oo
< T sup |p'|'“7 (/ Ib’(l)lllullq,,+1>
[0.T] 0 L

@-2)/q

x

+1 —
LIL%

1 — —
=l < el
t

-1
where C(T) := T*supy g |V |@2/e-D=1  pas T \, 0, and @ = (q_‘”(;i 1)) > 0. Repeating the previous estimate for the term
containing the [|v| [+l WE obtain

p-1 p—1
11 < C(T)(IIMIIXT + ”U”xT Nu —vllx, -
By the computations above it follows that the quantity I can be estimated exactly as the quantity 77, so we get

oW = @@y, < CDIuldlully + 1ol Hllu=vlx,
<20()| | R lu = vl x,.»

where, recall, R = R(||u]| L;). Finally, eventually by choosing T smaller than before, we get that @ is a contraction, so we have
existence and uniqueness of the solution in X.

To see that the solution depends continuously from the initial data, we consider u and v solutions of (35) with initial data u,
and v, respectively. Then

t
u(t) — v(t) = 4y — vy) + p / |6/ (5)] OBy =t — plp|P~lyds,
0

where, recall, u € Bg, with Ry = R(llupllz2) = ¢;llupll,2, and v € Bg, with R, = Ry(llvgll12) = ¢;llvgll 2 (with suitable constants ¢,
X X
and ¢,). Since, by the arguments above,

0114 = 00l g < Clltg = will 2 + Claal1817 ™ 017 = Ol o
< Cllug = vz + COUIAI’! + Nl DB = 0l g .
< Cllug = vl 2 + )l 2 + ool 2"~ 1B/ = )l et

we have

(1= calutduo 2 + ool 27 ) 1814w = Ol a1 < Cllitg = vl 2.
Then, if [luy — vyl 12 is small enough, we get

1= CDlulluol 3 + ool 12077 2 1= COIullg = wol ' 2 ¢ > 0
which gives

61/ = 0l et < elltg = 01l 2
where ¢ > 0 is a new suitable constant. Finally, since

1/¢ -1 -1
= 0l o 2 < Cllitg = w2 + CAMIT ' Q™" + 1ol = 0l
¢ Lx
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by the previous computations we have
_ <C _
"“ U”L;”L,% —C”“O UOllLia

which concludes the proof. []

Remark 5.1. Theorem 1.9 shows that, if either the initial data or the time 7 is small enough, then we have local well-posedness
of the IVP (35) even in presence of a function #’ vanishing at a finite number of times in [0, T']. In particular, if 5’ vanishes at more
than one point, and we consider a very small initial data, then the solution very likely exists in a time interval [0, T] containing more
than one degenerate point. Conversely, if 5’ vanishes at more than one point and T is very small, then the picture may coincide
with the one we observe when b is strictly monotone, since we may cross no more than one time-degeneracy.

Remark 5.2. By standard arguments (see [29]) one can also get the local well-posedness in L? for p = §+ 1, that is in the L2-critical
case. The global well-posedness in the critical case can be derived via Proposition 5.1 in [29].

Remark 5.3. Even if Theorem 1.9 refers to a NLIVP with a certain nonlinearity, by following the steps above, one can conclude
the same local well-posedness in presence of nonlinear terms of the form N (u) = |A(t)||u|”"'u, where h € C!(R) and |A(t)| < C|¥ (1)
for some C > 0.

Let us now show a few examples of operators that fall in our case.

Example 5.4. The most natural example we can give is the one generalizing the standard Schrodinger operator, that is, when
b(t) = t**! /(a + 1) with a > 0. In fact, for « = 0, we recover exactly the classical case. For any a > 0, b is strictly monotone on each
finite time interval [0, T'], therefore the IVP (35) associated with the operator
Lya=Lan1 A= 0, +it* A,
a+l
is locally solvable by means of Theorem 1.9.

It is worth to mention that operators of this form (possibly containing a gradient term in x) have been analyzed by Cicognani
and Reissig in [7] who proved the local well posedness of the associated linear Cauchy problem both in Sobolev and Gevrey spaces.
Moreover, the first author and Gigliola Staffilani proved in [15] the local smoothing effect for operators of this form (possibly
containing a gradient term in x and a more general b(¢)) and proved the local well-posedness of the associated nonlinear Cauchy
problem both with polynomial and with derivative nonlinearities.

Example 5.5. An other example that falls in the case when b is strictly monotone in [0, T], for any 0 < T < oo, is when b(f) = ' —t—1.
Once again we have that the IVP (35), with

Lya=Ly 1 4=0+i( — D4,

is locally solvable. Note also that the operator is degenerate at ¢ = 0.

Example 5.6. In this example we consider b(r) = sin(r). This function satisfies our hypotheses since it vanishes at 0 and #{r €
[0,T];'(t) =0} = k > 1 for any 0 < T < co. Then the IVP (35) for the operator

Lya= [’cos(t),A 1= 0,u —isin(r)A
is locally solvable by Theorem 1.9. Similarly, one can consider other trigonometric functions, as, for instance, b(t) = sin(t) — f,
b(t) = sin(¢) cos(t) and more complicated ones.
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