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A B S T R A C T

We provide a comprehensive theoretical study of the radio-frequency (rf) spectra of a two-component Fermi gas
with balanced populations in the normal region of the temperature-vs-coupling phase diagram. In particular, rf
spectra are analyzed in terms of two characteristic peaks, which can be either distinct or overlapping. On the
BEC side of the crossover, these two contributions are associated with a fermionic quasi-particle peak and a
bosonic-like contribution due to pairing. On the BCS side of the crossover, the two peaks are instead associated
with interactions between particles occurring, respectively, at high or low relative momenta. Through this
two-peak analysis, we show how and to what extent the correlation between the widths of the rf spectra and
the pair size, previously identified in the superfluid phase at low temperature, can be extended to the normal
phase, as well as how the temperature-vs-coupling phase diagram of the BCS-BEC crossover can be partitioned
in a number of distinct physical sectors. Several analytic results for the shape and widths of the rf spectra are
also derived in appropriate temperature and coupling limits.
Introduction

Radio-frequency (rf) spectroscopy is widely used in experiment
with ultra-cold Fermi gases, both as a tool for their preparation (for
instance, to adjust the populations of hyperfine levels), or as a probe of
their physical properties [1,2]. With rf spectroscopy, mean-field shifts
and scattering lengths were measured in Refs. [3,4] across the Fano–
Feshbach resonance that drives the BCS-BEC crossover, while in Ref. [5]
the binding energy of the molecules formed on the BEC side of the
crossover was measured.

From a many-body physics perspective, a surge of interest was
initially motivated by the work of Ref. [6], where rf spectroscopy was
used with the aim of measuring the pairing gap across the BCS-BEC
crossover. Subsequently, several experimental papers have appeared on
the subject [7–13], accompanied by a number of theoretical papers
which contributed to the physical interpretations of rf spectra [14–
25]. The conclusion of these experimental and theoretical studies about
the original aim of Ref. [6] was that extracting the pairing gap from
the rf spectra is actually hindered by several concurring effects which
contribute to shaping the rf spectra.

From a different perspective, Ref. [10] has showed that what can
be extracted from the shape of rf spectra is the Cooper pair size at low
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temperature along the BCS-BEC crossover [26–28]. In addition, a recent
experimental work [13] has reported rf spectra of the unitary Fermi gas
in a uniform box over a wide temperature range (up to several times
the Fermi temperature 𝑇F), showing a gradual evolution from quantum
to classical physics.

Here, we provide a comprehensive theoretical study of the rf spectra
of a two-component Fermi gas with balanced populations in the normal
region of the temperature-vs-coupling phase diagram. In particular,
we are able to interpret the rf spectra in terms of two characteristic
peaks, which can be either distinct or overlapping (or, sometimes, even
completely covering each other). On the BEC side of the crossover, the
two peaks are associated with a bosonic-like contribution due to pairing
and with a fermionic quasi-particle peak. This sharp characterization of
the two peaks evolves as one moves to the BCS side of the crossover.
More generally, the two peaks are associated with contributions to
the single-particle self-energy resulting from low- and high-energy
scattering processes, respectively.

Through this two-peak analysis, we show that the correlation be-
tween the widths of the rf spectra and the pair size, that was previously
identified in the superfluid phase at low temperature [10], persists also
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in the normal phase in an appropriate region of the phase diagram.
More generally, we exploit the two-peak analysis to partition the
normal region of the temperature-vs-coupling phase diagram of the
BCS-BEC crossover into a number of distinct sectors, where the two-
component Fermi gas effectively behaves in different ways. In addition,
through this analysis we obtain several useful analytic results about the
shape and width of rf spectra in appropriate temperature and coupling
regions.

Our calculations of rf spectra are based on a diagrammatic 𝑡-matrix
pproach, which has previously been validated against experimen-
al rf spectroscopy data in both three [11,29–32] and two [33–36]
imensions.

The article is organized as follows. Section ‘‘Rf spectra within a
any-body approach’’ describes the theoretical approach adopted to

btain the rf spectra and the two-peak analysis that we have imple-
ented to interpret the results. Section ‘‘Rf spectra and phase diagram’’
escribes the ensuing partitioning of the temperature-vs-coupling phase
iagram in different sectors and discusses the physical features of
ach sector (as summarized in Fig. 11 therein). Section ‘‘Concluding
emarks’’ gives our conclusions. The Appendices report several results
f analytic calculations, which are of help in extracting the relevant
hysical features from the rf spectra. Appendix ‘‘Bound state contribu-
ion to the self-energy’’ discusses how the bound-state contribution to
he self-energy is computed and provides its analytical expression in the
EC limit. Appendix ‘‘Comparison with an alternative fitting method-
logy used in momentum-resolved photoemission spectroscopy’’ de-
ives the momentum-resolved rf spectra for a thermal assembly of
on-interacting molecules (thus generalizing the experimental fitting
unction introduced in Ref. [37]), and compares it favorably with the
ow- and high-temperature BEC limits of the momentum-resolved rf
pectra obtained by our 𝑡-matrix approach. Appendix ‘‘Shape and width
f the ‘‘pairing peak’’ at high temperature in the BEC region’’ provides
nalytical expressions for the rf spectra at high temperature in the BEC
imit. An asymptotic expression is also found for the corresponding full
idth at half maximum (FWHM) in an appropriate temperature regime.
ppendix ‘‘Width of rf spectra in the Boltzmann limit when 𝑇 ≫ 𝜀0
r 1 ≪ 𝑇 ≪ 𝜀0 and 𝑎F < 0’’ derives the FWHM of the rf spectra in
he Boltzmann limit at unitarity and in the weak-coupling (BCS) limit.
hroughout, the reduced Planck constant ℏ and the Boltzmann constant
B are set equal to unity for convenience.

f spectra within a many-body approach

In this Section, we describe the theoretical many-body scheme that
e have adopted for calculating the rf spectra in the normal region
f the temperature-vs-coupling phase diagram. In addition, from an
nalysis of the rf spectra obtained in this way at several temperatures
or given coupling, we identify the presence of a ‘‘fixed point’’ in the
pectra that reveals the presence of two underlying peaks. We also
how how important physical information can be extracted from this
wo-peak analysis. We emphasize that our analysis is performed for
homogeneous Fermi gas, and is thus relevant for experiments using

ither a box-like trapping potential [13,38–41] or tomographic recon-
truction of the homogeneous rf signal from the original trap-averaged
ne [7,9,10].

heoretical formalism for rf spectroscopy in the normal phase of a balanced
ermi gas

We consider a two-component atomic Fermi gas, corresponding to
balanced mixture of atoms of the same species of mass 𝑚 in two

ifferent hyperfine levels (labeled by an effective spin variable 𝜎 =↑, ↓)
nd mutually interacting through a contact interaction, as described by
he Hamiltonian:

̂ =
∑

𝑑𝐫 𝜓̂†
𝜎 (𝐫)

(

−∇2 )

𝜓̂𝜎 (𝐫) + 𝑣0 𝑑𝐫 𝜓̂†
↑ (𝐫)𝜓̂

†
↓ (𝐫)𝜓̂↓(𝐫)𝜓̂↑(𝐫) . (1)
2

𝜎 ∫ 2𝑚 ∫
Here, 𝜓̂𝜎 (𝐫) is a field operator with spin projection 𝜎 and 𝑣0 is the
are interaction strength (𝑣0 → 0− when the contact interaction is
egularized in terms of the two-fermion scattering length 𝑎F [42,43]).

This model was first considered to describe the BCS-BEC crossover
n a 3D attractive Fermi gas in Ref. [42] and then used extensively in
he literature on the BCS-BEC crossover. In particular, in the context of
ltra-cold Fermi gases this model can be justified from first principles
s an effective model describing the system when the interaction is
odulated by a broad Fano–Feshbach resonance [44].

adio-frequency spectral intensity and single-particle spectral function

In rf spectroscopy, a radio-frequency pulse is used to transfer atoms
rom one of the two hyperfine level (say, level ↓) to a third final state
. For given detuning frequency 𝜔𝛿 = 𝜔rf −𝜔↓𝑓 of the rf field 𝜔rf from

he bare atomic transition frequency 𝜔↓𝑓 , the experiment measures the
umber of atoms per unit time 𝑁rf (𝜔𝛿) transferred from |↓⟩ to |𝑓 ⟩.
nder the standard experimental conditions of a weak rf field and of a

mall detuning frequency 𝜔𝛿 compared with the bare atomic transition
requency 𝜔↓𝑓 , the rotating-wave approximation is applicable such that
he interaction Hamiltonian with the rf electromagnetic wave with
agnetic field component 𝐁rf (𝑡) = 𝐁0

rf cos(𝜔rf 𝑡) reads

̂ ′(𝑡) =
𝛺𝑅
2 ∫ 𝑑𝐫 𝑒−𝑖𝜔rf 𝑡𝜓̂†

f (𝐫)𝜓̂↓(𝐫) + h.c. , (2)

where 𝛺R = |⟨f |𝝁 ⋅ 𝐁0
rf |↓⟩| is the Rabi frequency and 𝝁 the total

magnetic moment operator of the atom.
The assumption of weak rf field justifies also the use of linear-

response theory to calculate 𝑁rf (𝜔𝛿), which is thus given by [15,18,
21,22]

𝑁rf (𝜔) = −
𝛺2

R
2 ∫ 𝑑𝐫 ∫ 𝑑𝐫′ Im𝛱R

↓f (𝐫, 𝐫
′, 𝜔 + 𝜇↓ − 𝜇f + 𝜔↓f ) (3)

here 𝛱R
↓f (𝐫, 𝐫

′, 𝜔′) = ∫ 𝑑𝑡 𝑒𝑖𝜔′𝑡𝛱R
↓f (𝐫, 𝐫

′, 𝑡) is the Fourier transform at
requency 𝜔′ of the retarded correlation function
R
↓f (𝐫, 𝐫

′, 𝑡) = −𝑖𝜃(𝑡)⟨[𝜓̂†
↓ (𝐫, 𝑡)𝜓̂f (𝐫, 𝑡), 𝜓̂

†
f (𝐫

′, 0)𝜓̂↓(𝐫′, 0)]⟩. (4)

ote that the time evolution of the field operators in Eq. (4) is deter-
ined by the grand-canonical Hamiltonian 𝐾̂ = 𝐻̂ −

∑

𝑠 𝑁̂𝑠𝜇𝑠 (where
=↓, ↑,f). The rf spectrum (3) obeys the sum rule [20]
+∞

−∞
𝑁rf (𝜔)𝑑𝜔 =

𝛺2
R
2
𝜋(𝑁↓ −𝑁f ) , (5)

where 𝑁↓ and 𝑁f are the total numbers of atoms in the states |↓⟩ and
|f⟩ at equilibrium (i.e., before the rf field is applied). For the two-
component balanced mixture of interest here, 𝑁↓ = 𝑁↑ = 𝑁∕2 and
𝑁f = 0.

For a uniform system confined in a volume 𝑉 , in the absence of
final-state interaction between the state 𝑓 and the states (↑, ↓), the
spectral intensity reduces to [14,15,18,30]

𝑁rf (𝜔𝛿) =
𝑉 𝛺2

R𝜋
2 ∫

𝑑𝐤
(2𝜋)3

𝐴(𝐤, 𝜉𝑘 − 𝜔𝛿)𝑓 (𝜉𝑘 − 𝜔𝛿) , (6)

where 𝜉𝑘 = 𝑘2∕(2𝑚) − 𝜇 with chemical potential 𝜇, 𝑓 (𝑥) = [exp(𝑥∕𝑇 ) +
1]−1 is the Fermi function at temperature 𝑇 , and 𝐴(𝐤, 𝜔) is the single-
particle spectral function at wave vector 𝐤 and frequency 𝜔 which is
determined by the retarded Green’s function 𝐺R(𝐤, 𝜔):

𝐴(𝐤, 𝜔) = − 1
𝜋
Im𝐺R(𝐤, 𝜔) . (7)

In the following, it is convenient to introduce dimensionless quan-
ities by expressing energies (and frequencies) in units of the Fermi
nergy 𝐸F and wave vectors in units of 𝑘F, where 𝐸F = 𝑘2F∕(2𝑚) and
𝑘F = (3𝜋2𝑛)1∕3, 𝑛 = 𝑁∕𝑉 being the particle number density. One may
thus define the dimensionless spectral intensity

𝐼rf (𝜔̄𝛿) =
2𝐸F

2
𝑁rf (𝜔̄𝛿) , (8)
𝜋𝑁↓𝛺R
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such that the sum rule (5) reads

∫

∞

−∞
𝑑𝜔𝛿 𝐼rf (𝜔̄𝛿) = 1, (9)

while Eq. (6) becomes

𝐼rf (𝜔̄𝛿) = 3∫

∞

0
𝑑𝑘̄ 𝑘̄2𝐸F𝐴(𝐤̄, 𝜉𝑘̄ − 𝜔̄𝛿)𝑓 (𝜉𝑘̄ − 𝜔̄𝛿) . (10)

In the above expressions, the rotational invariance of the Hamilto-
nian (1) has been exploited and the over-line indicates dimensionless
quantities.

Choice of the single-particle self-energy

Theoretical calculations of the single-particle spectral function 𝐴
(𝐤, 𝜔) require a specific choice of the single-particle self-energy. As
mentioned in the Introduction, in the following we shall adopt the (non-
self-consistent) 𝑡-matrix approximation [45–50] for the self-energy,
which has previously been validated against experimental rf spec-
troscopy data in both three [11,29–32] and two [33–36] dimensions.
This choice of the self-energy takes into account the effects of pairing
fluctuations in the normal phase of an attractive Fermi gas, and is given
by the following expression [48,49]:

𝛴(𝐤, 𝜔𝑛) = ∫
𝑑𝐐
(2𝜋)3

𝑇
∑

𝜈
𝛤0(𝐐, 𝛺𝜈 )𝐺0(𝐐 − 𝐤, 𝛺𝜈 − 𝜔𝑛) . (11)

Here, 𝜔𝑛 = (2𝑛 + 1)𝜋𝑇 and 𝛺𝜈 = 2𝜋𝜈𝑇 (𝑛, 𝜈 integer) are fermionic and
bosonic Matsubara frequencies, respectively, 𝐺0(𝐤, 𝜔𝑛) = (𝑖𝜔𝑛 − 𝜉𝑘)−1 is
the bare fermionic single-particle propagator, and

𝛤0(𝐐, 𝛺𝜈 ) = −
{

𝑚
4𝜋𝑎F

+ ∫
𝑑𝐤

(2𝜋)3

×

[

𝑇
∑

𝑛
𝐺0(𝐤, 𝜔𝑛)𝐺0(𝐐 − 𝐤, 𝛺𝜈 − 𝜔𝑛) −

𝑚
𝑘2

]}−1

(12)

is the pair (or particle–particle) propagator. Note that in Eq. (12) we
have used the regularization of the contact interaction in terms of the
scattering length 𝑎F [42,43].

Analytic continuation of the self-energy (11) from Matsubara to
eal frequencies is required to obtain dynamical quantities, like the
ingle-particle spectral function 𝐴(𝐤, 𝜔) of interest. This is achieved by

introducing the spectral representation of the pair propagator [48,49,
51]

𝛤0(𝐐, 𝛺𝜈 ) = −∫

∞

−∞

𝑑𝛺
𝜋

Im𝛤𝑅0 (𝐐, 𝛺)
𝑖𝛺𝜈 −𝛺

, (13)

where the pair spectral function Im𝛤𝑅0 (𝐐, 𝛺) is, in turn, obtained
by analytic continuation of the right-hand side of Eq. (12) with the
replacement 𝑖𝛺𝜈 → 𝛺 + 𝑖0+.

By entering Eq. (13) into Eq. (11), performing the sum over the
Matsubara frequency 𝛺𝜈 , and then letting 𝑖𝜔𝑛 → 𝜔 + 𝑖0+, one obtains
the following expression for the imaginary part of the self-energy on
the real frequency axis [48–50]

Im [𝛴(𝐤, 𝜔)] = −∫
𝑑𝐐
(2𝜋)3

Im
[

𝛤𝑅0
(

𝐐, 𝜔 + 𝜉𝐐−𝐤
)]

×
[

𝑏
(

𝜔 + 𝜉𝐐−𝐤
)

+ 𝑓
(

𝜉𝐐−𝐤
)]

. (14)

here 𝑏(𝜔) and 𝑓 (𝜔) are the Bose and Fermi distribution functions,
espectively. The real part of 𝛴 is then obtained via a Kramers–Kronig
ransform. The self-energy that results in this way is then inserted
nto the Dyson’s equation 𝐺−1 = 𝐺−1

0 − 𝛴 to yield the single-particle
pectral function, which in terms of the real and imaginary parts of the
elf-energy reads:

(𝐤, 𝜔) = − − 1 Im𝛴(𝐤, 𝜔)
. (15)
3

𝜋 [𝜔 − 𝜉𝑘 − Re𝛴(𝐤, 𝜔)]2 + [Im𝛴(𝐤, 𝜔)]2
or a given choice of temperature, density, and scattering length, the
hemical potential 𝜇 is determined by inverting the density equation
𝑛
2
= ∫

𝑑𝐤
(2𝜋)3 ∫ 𝑑𝜔𝑓 (𝜔)𝐴(𝐤, 𝜔) , (16)

r by its equivalent version in Matsubara space
𝑛
2
= ∫

𝑑𝐤
(2𝜋)3

𝑇
∑

𝑛
𝐺(𝐤, 𝜔𝑛)𝑒𝑖𝜔𝑛0

+
. (17)

omparison between the results obtained by using alternatively Eq. (16)
r Eq. (17) provides us with a check on the numerical calculations.

It should be mentioned that the present non-self-consistent 𝑡-matrix
pproach, when the Dyson’s equation is expanded to first order, co-
ncides with the diagrammatic approach introduced by Nozières and
chmitt-Rink in their foundational work on the BCS-BEC crossover [52]
as first noticed in Ref. [53]). It thus shares with Ref. [52] the same
orrect behavior for the superfluid critical temperature obtained in
erms of the Thouless criterion [54], 𝛤0(0, 0)−1 = 0), and accordingly
ecovers the expected BCS and BEC transition temperatures in the two
pposite limits of the BCS-BEC crossover. In these limits, the self-energy
ecomes small compared to the chemical potential 𝜇, thus justifying

the expansion of the Dyson’s equation and making the two (non-
self-consistent 𝑡-matrix and Nozières and Schmitt-Rink) approaches
equivalent to each other [55]. In addition, as first pointed out in
Ref. [56], for all coupling strengths the 𝑡-matrix approach recovers in
the high-temperature limit the leading contribution due to interaction
in the virial expansion [57–59] and is thus correct to second order in
the small parameter provided by the fugacity 𝑧 = 𝑒𝛽𝜇 .

Note that, when physical quantities are made dimensionless accord-
ing to the procedure described above, all quantities depend just on
𝑇 ∕𝑇F and the dimensionless coupling parameter (𝑘F𝑎F)−1, which drives
the crossover from the BCS to BEC regimes, corresponding to (𝑘F𝑎F)−1 ≲
−1 and (𝑘F𝑎F)−1 ≳ +1, respectively. The so-called unitarity limit, where
the scattering length diverges and (𝑘F𝑎F)−1 = 0, then corresponds to the
middle of the crossover region in between the BCS and BEC regimes.

Finally, we recall that alternative 𝑡-matrix approaches have been
onsidered in the literature, corresponding to different level of self-
onsistency in the self-energy (see Ref. [60] for a comprehensive dis-
ussion of the different schemes), at the extremes of which are the
on-self-consistent 𝑡-matrix approach and the fully self-consistent one.
he fully self-consistent approach compares better with experimental
nd Quantum Monte Carlo results for static thermodynamic quanti-

ties [13,61–65]. On the other hand, it is known from many-body
theory of condensed-matter systems that for dynamic quantities like
the spectral weight function, the inclusion of self-consistency in the
Green’s function without the simultaneous inclusion of vertex cor-
rections may lead to incorrect physical results, especially in relation
to insulating gap and pseudogap phenomenology (see Sec. VII.B of
Ref. [66] for a recent discussion). This is the reason that underlies our
choice of the non-self-consistent 𝑡-matrix approach for the calculation
of (frequency-dependent) rf spectra.

Discovering of a fixed point in the rf spectra

A recent experimental study of the rf spectral intensity of the
homogeneous unitary Fermi gas in a box potential has observed a single
peak for all temperatures, from the low-temperature superfluid regime
to the high-temperature Boltzmann gas regime [13]. The experiment
was performed with a choice of the hyperfine states in 6Li which
makes negligible the final-state interactions between the state 𝑓 and
the states (↑, ↓). The presence of a single peak in the spectra at unitarity
contrasts with the early observation of two peaks in experiments with
inhomogeneous Fermi gases trapped in harmonic potentials (and also
in the presence of strong final-state interactions) [6]. Our calculations
confirm the appearance of a single peak for the homogeneous unitary
Fermi gas from the superfluid critical temperature up to the high-

temperature Boltzmann regime (see Fig. 1(b)). This feature is also found
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Fig. 1. Top panels: Dimensionless rf spectral intensity 𝐼rf as a function of detuning frequency 𝜔𝛿 (in units of 𝐸F), for different temperatures and three representative couplings
across the BCS-BEC crossover. The meaning of the empty circles is explained in the text. Bottom panels: Two-component fit of the spectra in the corresponding top panels for the
representative case with 𝑇 = 𝑇F.
𝜆
u
t

𝛺

g

𝑡

for weaker coupling values, as shown in Fig. 1(a) for (𝑘F𝑎F)−1 = −0.5.
On the other hand, already for the stronger coupling (𝑘F𝑎F)−1 = +0.5
two peaks appear in the spectra (as shown in Fig. 1(c)).

An interesting feature, which is common to the temperature evo-
lution of the spectra for all coupling values, is the presence of a
‘‘fixed point’’ in the spectra. Specifically, for given coupling, spectra at
different temperatures intersect each other at a point, which is marked
by an empty circle in the top panels of Fig. 1. The presence of this fixed
point may be interpreted quite naturally in terms of two peaks that
underly all spectra, even when just a single peak appears in the spectra
(which is the case of unitarity and of the BCS side of the crossover).
This interpretation is supported by the generic analysis made in Fig. 2,
that shows the family of curves 𝑦𝜆(𝑥) = 𝜆𝑔1(𝑥)+(1−𝜆)𝑔2(𝑥) with varying
parameter 0 ≤ 𝜆 ≤ 1. The family is obtained by two generating curves
𝑔1(𝑥) and 𝑔2(𝑥) (in the example of Fig. 2, two Lorentzian curves with
different centers and widths are considered). One sees that all curves
pass through the same fixed point, suggesting that also the rf spectra
could be generated by two underlying single-peak structures.

Out of this proof-of-principle scheme, we have devised a fitting
procedure to identify the two components directly from the rf spectra
with suitable fitting functions, as described in detail in Section ‘‘Fitting
procedures of the rf spectra along the BCS-BEC crossover’’. The out-
comes of this procedure for a representative temperature are shown in
the bottom panels of Fig. 1. Note that, while the two fitting components
are clearly visible already in the rf spectra for coupling (𝑘F𝑎F)−1 = 0.5,
at unitarity the two components partially overlap each other producing
the shoulder structure visible in the rf spectra. On the other hand, at
(𝑘F𝑎F)−1 = −0.5 no shoulder structure is visible in the rf spectra because
one component hides completely the other one.

Fitting procedures of the rf spectra along the BCS-BEC crossover

In this subsection, we outline the procedure that we have imple-
mented for selecting the appropriate fitting functions and the associated
fitting procedure to analyze the rf spectra along the BCS-BEC crossover.

To this end, it is first instructive to examine the retarded pair
propagator 𝛤R(𝐐, 𝛺) for real frequency 𝛺. Analytic continuation 𝑖𝛺 →
4

0 𝜈 w
Fig. 2. Family of curves 𝑦𝜆(𝑥) = 𝜆𝑔1(𝑥) + (1 − 𝜆)𝑔2(𝑥) with varying parameter 0 ≤
≤ 1 (top panel). Each curve is analyzed through a linear combination of the two

nderlying generating curves 𝑔1(𝑥) and 𝑔2(𝑥), as illustrated in the bottom panels for
hree representative values of 𝜆.

+ 𝑖0+ in the expression (12) yields

Re
[

𝛤R
0 (𝐐, 𝛺)−1

]

= Re
[

𝑡2(𝐐, 𝛺)−1
]

+ ∫
𝑑𝐤

(2𝜋)3

𝑓
(

𝜉𝐤+ 𝐐
2

)

𝑘2
2𝑚 − 𝛺−𝛺th

2

(18)

Im
[

𝛤R
0 (𝐐, 𝛺)−1

]

= Im
[

𝑡2(𝐐, 𝛺)−1
]

×

⎡

⎢

⎢

⎢

⎣

1 + 1

𝛽𝑄
√

𝛺−𝛺th
4𝑚

log

⎛

⎜

⎜

⎜

⎝

1 + 𝑒
−𝛽

(

𝛺
2 +𝑄

√

𝛺−𝛺th
4𝑚

)

1 + 𝑒
−𝛽

(

𝛺
2 −𝑄

√

𝛺−𝛺th
4𝑚

)

⎞

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎦

, (19)

where  stands for the principal part value, 𝛽 = 1∕𝑇 is the inverse
temperature, and the off-shell two-body 𝑡-matrix in vacuum 𝑡2(𝐐, 𝛺) is
iven by

2(𝐐, 𝛺)−1 = − 𝑚
4𝜋𝑎F

+ 𝑚3∕2

4𝜋
√

𝛺th −𝛺 − 𝑖0+ (20)

𝑄2
− 2𝜇 and 𝑄 = |𝐐|.
ith 𝛺th = 4𝑚
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Fig. 3. Imaginary part of the pair propagator Im[𝛤 R
0 (𝐐 = 0, 𝛺)] (in units of 𝑁−1

0 with
0 = 𝑚𝑘F∕(2𝜋2)) as a function of coupling (𝑘F𝑎F)−1 and frequency difference 𝛺 − 𝛺th

in units of 𝐸F) for (a) 𝑇 = 𝑇F and (b) 𝑇 = 3𝑇F (where 𝑇F is the Fermi temperature).

The imaginary part (19) of the retarded pair propagator plays
ssentially the role of a pair spectral function. This can be seen from
ig. 3, which shows Im[𝛤R

0 (𝐐, 𝛺)] as a function of coupling (𝑘F𝑎F)−1 and
frequency difference 𝛺 − 𝛺th with center-of-mass momentum 𝐐 = 0
for two representative temperatures 𝑇 = 𝑇F and 𝑇 = 3𝑇F. When two
particles are not bound together, their energy is limited from below by
the center-of-mass kinetic energy 𝛺th =

𝑄2

4𝑚 −2𝜇 measured with respect
to the single-particle chemical potential. Bound pairs appear instead
below threshold as a Dirac-delta peak, as it is observed in Fig. 3 on the
BEC side of the crossover (𝑘F𝑎F)−1 ≳ 0.5.

Moving toward the unitarity regime 0.0 ≲ (𝑘F𝑎F)−1 ≲ 0.5, no
stable pairs are found unless their kinetic energy or the temperature
are sufficiently large, such that Pauli exclusion effects due to the
surrounding medium become irrelevant and weakly-bound molecules
can form as if they were in vacuum. For smaller momenta or tem-
peratures, Re[𝛤R

0 (𝐐, 𝛺)−1] has a zero above the threshold 𝛺th of the
continuum, leading to a resonance peak of Im[𝛤R

0 (𝐐, 𝛺)]. The closer to
threshold the resonance is, the more pronounced this peak becomes,
up to the point that the zero crosses 𝛺th and a bound state forms.
We regard these states close to threshold as quasi-bound states, given
their similarity and proximity to stable bound states. Physically, they
represent unstable and relatively short-lived molecules in the medium.
When crossing unitarity and moving toward the BCS side, they evolve
into virtual states [67–69] in the medium. Way above threshold, on the
other hand, pair spectral functions share the same high-frequency tail,
which represents the spectral distribution of a continuum of two-body
5

scattering states.
Fig. 4. Imaginary part of the self-energy at 𝑘∕𝑘F =
√

𝑇 ∕𝑇F ≃ 1.9 as a function of the
frequency difference 𝜔− 𝜉𝑘 (in units of 𝐸F), for (𝑘F𝑎F)−1 = 0.5 and 𝑇 ∕𝑇F = 3.5. The full
unction Im𝛴 (full line) is separated in its unbound (dashed line) and bound (dotted
ine) contributions.

The above considerations lead us to identify two different types
f two-particle states, namely, bound (B) or quasi-bound (QB) states
hich occur at low energy (below or close to threshold), and high-
nergy scattering (S) states. These different two-particle states have
mportant effects on the fermionic single-particle properties. Accord-
ngly, we separate the expression (14) of the single-particle self-energy
nto a bound (bnd) part originating from the polar contribution and an
nbound (ubn) part originating from the continuum contribution of the
air spectral function Im[𝛤R

0 (𝐐, 𝛺)]:

m
[

𝛴bnd(𝐤, 𝜔)
]

= −∫
d𝐐
(2𝜋)3

[

𝑏
(

𝜔 + 𝜉𝐐−𝐤
)

+ 𝑓
(

𝜉𝐐−𝐤
)]

× Im
[

𝛤 polar
0

(

𝐐, 𝜔 + 𝜉𝐐−𝐤
)

]

(21)

m
[

𝛴ubn(𝐤, 𝜔)
]

= −∫
d𝐐
(2𝜋)3

[

𝑏
(

𝜔 + 𝜉𝐐−𝐤
)

+ 𝑓
(

𝜉𝐐−𝐤
)]

× Im
[

𝛤 cont
0

(

𝐐, 𝜔 + 𝜉𝐐−𝐤
)]

(22)

where by our definition

Im
[

𝛤 polar
0 (𝐐, 𝛺)

]

=
{

Im
[

𝛤R
0 (𝐐, 𝛺)

]

𝛺 < 𝛺th
0 𝛺 > 𝛺th

(23)

Im
[

𝛤 cont
0 (𝐐, 𝛺)

]

=
{

0 𝛺 < 𝛺th
Im

[

𝛤R
0 (𝐐, 𝛺)

]

𝛺 > 𝛺th .
(24)

Fig. 4 shows an example of Im[𝛴(𝐤, 𝜔)] as a function of frequency,
or a choice of temperature and coupling such that the discrete and
ontinuum contributions are equally important. Here, the wave vector
s fixed at a representative thermal value 𝑘∕𝑘F =

√

𝑇 ∕𝑇F, while the
frequency 𝜔 is shifted by the free dispersion 𝜉𝑘.

We will now show that one can split the single-particle self-energy
into two different contributions corresponding to the above two types
of two-particle states.

Bound/quasi-bound-state contribution to the self-energy

In order to disentangle the different contributions to Im𝛴(𝐤, 𝜔) in
the way anticipated above, we first consider the BEC limit in which
the pair propagator acquires a simple polar form. This allows us to
derive an analytic expression Im𝛴bnd

BEC for the BEC limit of the bound
contribution to Im𝛴 (we refer to Appendix ‘‘Bound state contribution to
the self-energy’’ for details). In particular, two contributions Im𝛴bnd

BEC =
Im𝛴bnd

B + Im𝛴bnd
F can be identified, which read:

Im 𝛴̄bnd
B (𝐤̄, 𝜔̄) = −𝛩(𝜉𝑘̄ − 𝜔̄ − 𝜀̄∗0)

𝑊
16𝜋2𝛽𝑘̄

log
⎛

⎜

⎜

1 − e−𝛽
(

𝜉+
𝑘̄
+𝜔̄

)

−𝛽
(

𝜉−+𝜔̄
)

⎞

⎟

⎟

(25)

⎝1 − e 𝑘̄ ⎠
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Im 𝛴̄bnd
F (𝐤̄, 𝜔̄) = −𝛩(𝜉𝑘̄ − 𝜔̄ − 𝜀̄∗0)

𝑊
16𝜋2𝛽𝑘̄

log

(

1 + e−𝛽𝜉
−
𝑘̄

1 + e−𝛽𝜉
+
𝑘̄

)

. (26)

ere, the overline signifies that all quantities are dimensionless (to
ase comparison with Appendix ‘‘Bound state contribution to the self-
nergy’’), 𝛩 is the unit step function, 𝑊 = 64𝜋2

𝑘F𝑎F
is the pole weight,

𝜉±
𝑘̄

= [𝑘̄ ±
√

2(𝜉𝑘̄ − 𝜔̄ − 𝜀̄∗0)]
2 − 𝜇̄, and the (dimensionless) energy 𝜀̄∗0 =

𝜀∗0∕𝐸F reduces to the (dimensionless) two-body binding energy 𝜀̄0 =
𝜀0∕𝐸F = 2∕(𝑘F𝑎F)2 in the BEC limit. Distinguishing 𝜀∗0 from 𝜀0 is useful
because the expressions (25)−(26) can be used to describe the bound
state contribution to Im𝛴 even away from the BEC limit, provided that
𝜀∗0 (as well as 𝑊 ) are treated as fitting parameters that recover the
above values only in the BEC limit.

Considering further the unbound part, one sees from Fig. 4 that
Im𝛴ubn

B is peaked at 𝜔 ≃ 𝜉𝑘 with a different decay on the two sides
of the peak, namely, exponential for 𝜔 ≲ 𝜉𝑘 and algebraic for 𝜔 ≳ 𝜉𝑘.
One can verify from the expression (22) of the unbound self-energy
that single-particle states with frequency 𝜔 ≲ 𝜉𝑘 originate mainly from
two-particle states of the two-body continuum near threshold, while
single-particle states with higher frequency 𝜔 ≳ 𝜉𝑘 originate mainly
from two-particle scattering states away from threshold. Accordingly,
we may associate the range 𝜔 ≲ 𝜉𝑘 with quasi-bound (QB) states and
the range 𝜔 ≳ 𝜉𝑘 with scattering (S) states.

Note also from Fig. 4 that the range 𝜔 ≲ 𝜉𝑘 associated with QB states
almost coincides with the range where the bound state contribution
associated with B states is present, and that for 𝜔 ≪ 𝜉𝑘 the unbound
part shares the same asymptotic behavior of the bound part. Taking
advantage of this similarity, the analytic expressions (25) and (26) can
be considered appropriate fitting functions to describe both B and QB
states. After applying the fitting procedure, we will actually verify that
B states are well described by the contribution (25) and QB states by
the contribution (26).

Scattering states contribution to the self-energy

We are now left with the last energy sector 𝜔 ≳ 𝜉𝑘 associated with
the high-energy S states. In this case, we focus on the continuum part
of the pair propagator (24), corresponding to the range of frequencies
𝛺 > 𝛺th.

We first note that in this frequency range Re[𝑡2(𝐐, 𝛺)−1] = −𝑚𝑘F
4𝜋

(𝑘F𝑎F)−1. For temperatures not too close to 𝑇𝑐 , one can neglect the wave
ector and frequency dependence of Re[𝛤𝑅0 (𝐐, 𝛺)−1], effectively reduc-

ing it to a shift of the coupling constant appearing in Re[𝑡2(𝐐, 𝛺)−1].
ccordingly, we can approximate Re[𝛤R

0 (𝐐, 𝛺)−1] ≃ −𝑚𝑘F
4𝜋 (𝑘F𝑎F)−1eff ,

hile retaining the full wave vector and frequency dependence of
m[𝛤R

0 (𝐐, 𝛺)−1] given by Eq. (19). For clarity, we rename the propa-
ator obtained in this way 𝛤 𝑠0 (𝐐, 𝛺). The effective coupling constant
𝑘F𝑎F)−1eff then constitutes a further parameter of the fitting procedure.

Once the above pair propagator is inserted in the expression (22)
of self-energy, it produces a continuum of unbound states that in-
cludes both quasi-bound and scattering states. Quasi-bound states, on
the other hand, have been already taken into account by the fitting
function (26). We thus multiply the right-hand side of Eq. (22) of the
unbound self-energy by the Fermi function

𝐹 (𝐤, 𝜔) = 1
exp

[(

𝜉𝐤 − 𝜀∗0 − 𝜔𝑠(𝑘) − 𝜔
)

∕𝑇𝑠
]

+ 1
, (27)

which selects states with energy above the boundary 𝜉𝑘 − 𝜀∗0 between
QB and S states. The boundary value is then adjusted by adding a wave
vector dependence 𝜔𝑠(𝑘) = 𝛼 𝑘2 so as to make the merging of the two
(QB and S) sectors as smooth as possible, where 𝛼 and 𝑇𝑠 are additional
fitting parameters.
6

h

Overall fitting procedure for the rf spectra
By putting together all the above approximate expressions for the

different contributions to Im𝛴(𝐤, 𝜔), we obtain eventually the semi-
analytic function 𝑆(𝐤, 𝜔)

𝑆(𝐤, 𝜔) = 𝑆B∕QB(𝐤, 𝜔) + 𝑆S(𝐤, 𝜔) (28)

𝑆B∕QB(𝐤, 𝜔) = Im𝛴bnd
B (𝐤, 𝜔) + Im𝛴bnd

F (𝐤, 𝜔) (29)

𝑆S(𝐤, 𝜔) = 𝑈 (𝐤, 𝜔)𝐹 (𝐤, 𝜔) (30)

ith Im𝛴bnd
B (𝐤, 𝜔) and Im𝛴bnd

F (𝐤, 𝜔) given by Eqs. (25) and (26), respec-
ively, and

(𝐤, 𝜔) = −∫
d𝐐
(2𝜋)3

Im
[

𝛤 𝑠0
(

𝐐, 𝜔 + 𝜉𝐐−𝐤
)]

(31)

×
[

𝑏
(

𝜔 + 𝜉𝐐−𝐤
)

+ 𝑓
(

𝜉𝐐−𝐤
)]

, (32)

ith 𝐹 (𝐤, 𝜔) given by Eq. (27). The component 𝑆B∕QB is meant to repre-
ent both bound B and quasi-bound QB states (described by Im𝛴bnd

B and
m𝛴bnd

F , respectively) with 𝜔 ≲ 𝜉𝑘 − 𝜀∗0. The scattering component 𝑆S is
eant to represent a continuum of scattering states with 𝜔 ≳ 𝜉𝑘 − 𝜀∗0.

The function 𝑆(𝐤, 𝜔), that depends on the five parameters (𝑊 , 𝜀∗0 ,
𝑘F𝑎F)−1eff , 𝛼, 𝑇𝑠), is then used to fit the calculated rf spectra as follows:

(i) From the approximate expression 𝑆(𝐤, 𝜔) for Im𝛴(𝐤, 𝜔), a cor-
responding approximate expression for Re𝛴(𝐤, 𝜔) is obtained
via a Kramers–Kronig transform and the single-particle spectral
function 𝐴(𝐤, 𝜔) given by Eq. (15) is calculated;

(ii) The latter is then plugged into the expression (10) to obtain the
rf spectral intensity 𝐼f it (𝜔);

(iii) A least-square method is used to obtain the best values of the
five fitting parameters, where 𝜒2 =

∑

𝑖[𝐼rf (𝜔𝑖) − 𝐼f it (𝜔𝑖)]2 is
the quantity to be minimized. Here, the frequencies {𝜔𝑖, 𝑖 =
(1,… , 𝑁)} are chosen on a sufficiently dense grid, so to follow
all the features of the curve 𝐼(𝜔𝑖). (Typically, we take 𝑁 = 1000
in the interval [−20𝐸F, 20𝐸F].)

Recall in this context that the thermodynamic parameters (𝜇, 𝑇 )
ntering the expression of 𝑆(𝐤, 𝜔) are not fitting parameters. The tem-
erature 𝑇 is set as an input parameter at the outset of the numerical
alculation, while the chemical potential 𝜇 is obtained by solving the
umber Eq. (16).

The outcome of the above fitting procedure is shown in Fig. 5 for a
umber of representative values of coupling and temperature. One sees
hat the fitting procedure reproduces quite well the numerical rf curves
n all cases here considered, revealing at the same time the underlying
wo-peak structure of the spectra as we had anticipated in Section
‘Discovering of a fixed point in the rf spectra’’. Depending on the
alues of temperature and coupling, one peak may become dominant
ver the other one. For fixed coupling, the scattering component (30)
ecomes progressively more important as the temperature increases,
ventually reaching the unitary Boltzmann-gas regime 𝑇 ≫ 𝜀0 (see
ppendix ‘‘𝑇 ≫ 𝜀0’’), which is characterized in practice by a single
eak. For fixed temperature, by increasing the coupling toward the
EC side ((𝑘F𝑎F)−1 ≫ 𝑇 ∕𝑇𝐹 ) the bound component dominates, as
xpected for a gas of bosonic molecules (see Appendix ‘‘Comparison
ith an alternative fitting methodology used in momentum-resolved
hotoemission spectroscopy’’). A single peak dominates also in the
ermi liquid regime |(𝑘F𝑎F)−1| ≫ 𝑇 ∕𝑇𝐹 with (𝑘F𝑎F)−1 < 0 (not shown
n Fig. 5).

It is, finally, worth mentioning that in appropriate regimes our
itting procedure can be related to the fitting scheme introduced in
ef. [37] to interpret momentum-resolved rf spectroscopy. Specifically,

n Appendix ‘‘Comparison with an alternative fitting methodology used
n momentum-resolved photoemission spectroscopy’’ we show how the
ound part of our fitting spectral function reduces to the incoher-
nt part of the spectral function of Ref. [37], both in the BEC and

igh-temperature regimes.
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Fig. 5. Temperature and coupling evolution of the two fitting components to the dimensionless rf spectral intensity 𝐼rf throughout the BCS-BEC crossover. The sum of the
bound/quasi-bound (dotted line) and scattering (dashed line) contributions gives rise to the function (full line) that fits the calculated rf spectral intensities 𝐼rf (circles) as a
function of the detuning frequency 𝜔𝛿 (in units of 𝐸F).
a
t

Fig. 6. Dimensionless rf spectral intensity 𝐼rf as a function of detuning frequency 𝜔𝛿
(in units of 𝐸F) at 𝑇 = 𝑇F for several values of the coupling (𝑘F𝑎F)−1.

Widths of rf peaks and pair size

The evolution of the rf spectra with coupling at fixed temperature
shown in Fig. 6 emphasizes the gradual formation of the double-peak
structure discussed above. Specifically, while for negative couplings
a single peak is present, for positive couplings two peaks are clearly
visible. For the latter couplings, the peak at negative detuning fre-
quency 𝜔𝛿 (roughly) corresponds to a nearly-free fermion added to the
system, while the peak at positive detuning frequency is associated with
fermions excited from pairs.

To deepen the analysis of the rf spectra, we have determined the
full-width at half-maximum (FWHM) 𝐸w of the peaks in the spectra.
In particular, for couplings from weak to unitarity we have calculated
𝐸 for the single peak which is present in the rf spectra, while for
7

w

Fig. 7. FWHM 𝐸w (in units of 𝐸F) as a function of temperature on the negative
coupling side of the crossover (full lines with symbols). Dashed lines: fits to the low-
temperature dependence of 𝐸w with the expression 𝐵∕(2𝑚𝜉pair )2, where 𝐵 is a constant
nd 𝜉pair is the calculated temperature-dependent pair size (see below). Dotted lines: fits
o the low-temperature dependence of 𝐸w∕𝐸F with 𝐵′

√

𝑇 ∕𝑇F, where 𝐵′ is a constant.
Dashed-dotted lines: high-temperature benchmarks for 𝐸w obtained in the Boltzmann
limit when 𝑒𝛽𝜇 ≪ 1. Full black line: extremely asymptotic high-temperature result
𝐸w∕𝐸F = 1.25 (𝑇 ∕𝑇F)−1∕2.

positive couplings we have separately considered 𝐸w for both peaks. In
this second case, the fitting procedure discussed above has been crucial
to disentangle the contribution of the two peaks.

The resulting widths 𝐸w are shown in Figs. 7 and 8 as a function of
temperature for a number of representative couplings in the crossover
region. In particular, Fig. 7 corresponds to negative couplings for which
a single peak is present, while Fig. 8 corresponds to positive couplings
for which two peaks are present. Accordingly, Fig. 8 is split in two
panels that separately report 𝐸 for (a) the B/QB peak (which can
w
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Fig. 8. FWHM 𝐸w (in units of 𝐸F) as a function of temperature on the positive coupling
ide of the crossover. (a) 𝐸w for the B/QB (pairing) peak (full lines with symbols); fits
o the low-temperature dependence of 𝐸w with the expression 𝐵∕(2𝑚𝜉pair )2 (dashed
ines); high-temperature benchmarks (dashed-dotted lines). (b) 𝐸w for the S (quasi-
article) peak (full lines with symbols); high-temperature benchmarks (dashed-dotted
ines); extremely asymptotic high-temperature result 𝐸w∕𝐸F = 1.25 (𝑇 ∕𝑇F)−1∕2 (full black
ine).

e interpreted as a ‘‘pairing peak’’ in this coupling range) and (b) the
peak (which can be interpreted as a ‘‘quasi-particle peak’’ in this

oupling range).
In this context, we recall that Ref. [10] has proposed to correlate

he width 𝐸w of the rf spectra to the Cooper pair size 𝜉pair in the
uperfluid phase. Specifically, by calculating rf spectra and thermody-
amic quantities within the BCS theory at zero temperature, it was
ound in Ref. [10] that the width 𝐸w is proportional to the energy
cale 1∕(2𝑚𝜉2pair ), with 𝜉pair calculated like in Refs. [26,70]. In addition,
he constant of proportionality 𝐵 between 𝐸w and 1∕(2𝑚𝜉2pair ) was
ound to be relatively weakly dependent on coupling (increasingly
onotonically from about 0.3 in the BCS limit to about 1.9 in the BEC

imit [10]). The experimental spectra reported in the same work at low
emperature in the superfluid phase have confirmed qualitatively this
ind of behavior, by finding a progressively increasing 𝐸w from the
CS to the BEC regimes which reflects the expected shrinking of the
air size [26,70].

We are here in a position to extend the comparison between the
idth 𝐸w of the rf spectra and the energy scale 1∕(2𝑚𝜉2pair ) to finite
emperature in the normal phase. Such an extension requires an appropri-
te definition of the pair size 𝜉pair in the normal phase, for which one
annot rely on a BCS formalism like in Ref. [10]. To this end, we rely
n the definition of the pair size given in Ref. [27]

2
pair =

∫ 𝑑𝐫𝑔↑↓(𝐫)𝐫2

∫ 𝑑𝐫𝑔↑↓(𝐫)
, (33)

hich is based on the knowledge of the pair correlation function

(𝐫) = ⟨𝜓̂†(𝐫)𝜓̂†(0)𝜓̂ (0)𝜓̂ (𝐫)⟩ − (𝑛∕2)2 (34)
8

↑↓ ↑ ↓ ↓ ↑ t
Fig. 9. Pair size (or pair correlation length) 𝜉pair (in units of 𝑘−1F ) as a function of
emperature (in units of 𝑇𝐹 ) for different couplings throughout the BCS-BEC crossover.

hat can be used to calculate 𝜉pair also in the normal phase [28]. As
nticipated in Section ‘‘Theoretical formalism for rf spectroscopy in
he normal phase of a balanced Fermi gas’’, we find it appropriate to
alculate a non-dynamical quantity like the pair correlation function
↑↓(𝐫) in terms of the fully self-consistent 𝑡-matrix approach as detailed
n Ref. [71] at the single-particle level, which is consistent with the
rescriptions by Kadanoff and Baym [72,73].

The corresponding results for 𝜉pair are shown in Fig. 9 as a function
f temperature for several couplings. These results for 𝜉pair can then
e used to obtain the energy scale 1∕(2𝑚𝜉2pair ), to be compared with
he width 𝐸w of the overall single peak of the rf spectra from weak
oupling to unitarity as shown in Fig. 7, or of the B/QB (pairing) peak
or positive couplings past unitarity as shown in Fig. 8(a). One sees
rom these figures that in the unitarity regime −0.5 ≲ (𝑘F𝑎F)−1 ≲
.5 the quantity 𝐵∕(2𝑚𝜉2pair ) follows closely the width 𝐸w even in the

normal phase here considered, up to temperatures as high as 𝑇F (which
s significantly higher than the critical temperature 𝑇𝑐). The fitting
arameter 𝐵 is found to increase monotonically from 0.4 at (𝑘F𝑎F)−1 =
0.5 to 1.3 at (𝑘F𝑎F)−1 = +0.5, in line with the mean-field results at
ero temperature presented in Ref. [10].

Just about the upper limit of the unitarity regime, the low-temper-
ture dependence of 𝐸w is seen from Fig. 8(a) to change its concavity,
rom negative for (𝑘F𝑎F)−1 < 0.6 to positive for (𝑘F𝑎F)−1 > 0.6.
nterestingly, the value (𝑘F𝑎F)−1 = 0.6 corresponds to the coupling
trength that separates the pseudo-gap from the molecular phase, as
dentified in Ref. [30] by the disappearance of an underlying Fermi
urface (see in particular Ref. [28] for a precise identification of such
coupling strength). Above this value of the coupling strength, 𝐸w is

een from Fig. 8(a) to remain essentially flat over a wide temperature
ange, which becomes progressively more extended as the coupling
ncreases. This finding is consistent with one’s expectation that in the
olecular limit the width 𝐸w of the pairing peak should be determined

y the binding energy 𝜖0 over an extended temperature range. The
nergy scale 1∕(2𝑚𝜉2pair ) has instead a more pronounced temperature
ependence even in the molecular limit, thereby disrupting the cor-
espondence with 𝐸w in this limit. On physical ground, this is due to
he fact 𝜉pair extracted from 𝑔↑↓(𝐫) like in Eq. (33) includes also some
egree of bosonic correlations between different pairs, which become
ncreasingly important in the molecular limit. The width 𝐸w is instead
ess sensitive to bosonic correlations, being determined by a fermionic
uantity such as the single-particle spectral function.

Also in the weak-coupling regime (𝑘F𝑎F)−1 < −0.5 of the normal
hase, the identification of 𝐸w with 𝐵∕(2𝑚𝜉2pair ) appears no longer
ossible. This is actually not surprising, since in the BCS regime pairing
orrelations are expected to be established only below 𝑇𝑐 . In this
eak-coupling regime, we have instead found that, from 𝑇𝑐 up to

2
emperatures of the order of 1∕(𝑚𝑎F), the width 𝐸w can be fitted by the
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expression 𝐸w∕𝐸F = 𝐵′
√

𝑇 ∕𝑇F (cf. dotted lines in Fig. 7). This square
root behavior of 𝐸w(𝑇 ), which can be proven analytically when the
Boltzmann limit 𝑧 = 𝑒𝛽𝜇 ≪ 1 and weak-coupling condition 𝑇 ≪ 1∕(𝑚𝑎2F)
(with 𝑎F < 0) are simultaneously satisfied (see Appendix ‘‘1 ≪ 𝑇 ≪ 𝜀0
with 𝑎F < 0’’), is found in Fig. 7 to hold even down to 𝑇𝑐 deep in the
quantum regime.

The dashed-dotted lines in Figs. 7 and 8 provide a high-temperature
benchmark to our numerical calculations. Specifically, in Figs. 7 and
8(b) the benchmark is obtained by calculating the rf signal using the
lowest-order expansion of the 𝑡-matrix self-energy in powers of the
fugacity 𝑧, namely, by using expression (77) for Im𝛤R

0 and replacing
the Fermi and Bose functions appearing in Eq. (14) by Boltzmann
functions (we refer to Ref. [74] for a systematic discussion of the high-
temperature expansion of the self-energy). For the high-temperature
benchmark in Fig. 8(a), on the other hand, an expansion that focused
on this minor feature is required since the pairing peak is a minor and
sub-leading feature of the rf signal at high temperature. This expansion
is performed in Appendix ‘‘1 ≪ 𝜀0 ≪ 𝑇 ’’, leading to the expression
[cf. Eq. (76)]:

𝐸w = 1.89

(

𝜀0 + 𝐶
𝐸2
F
𝑇

)

. (35)

n Appendix ‘‘1 ≪ 𝜀0 ≪ 𝑇 ’’ the result 𝐶 = 32∕(9𝜋𝑘F𝑎F) for the coeffi-
ient 𝐶 is obtained in the limit 𝑇 ≫ 𝜀0 ≫ 1. We have empirically found
hat the high-temperature expression (35) holds even for small values
f 𝜀0, provided the coefficient 𝐶 is interpreted as a fitting parameter.
he dashed-dotted lines in Fig. 8(a) obtained in this way is indeed

n good agreement with our numerical results for 𝐸w. Note that the
igh-temperature limit 𝐸w = 1.89𝜀0 of the expression (35) corresponds
xactly [9] to the FWHM obtained from the rf line shape of Feshbach
olecules in vacuum [75], which also coincides with the BEC limit of

he rf signal obtained from BCS theory at zero temperature [9,20].
The point that we would like to emphasize here is that our two-

eak analysis of the rf spectra allows us to isolate at all temperatures
he feature produced by bound molecules, even when their number,
nd thus their contribution to the rf spectra, becomes progressively
mall due to their thermal dissociation. This small fraction of molecules
ill be essentially non-interacting with the medium due to the large
inetic energy associated with their center-of-mass motion at high
emperature. It is for this reason that their contribution to the rf signal
ecovers the line shape of Feshbach molecules in vacuum.

Finally, the full black line in Figs. 7 and 8(b) corresponds to the
niversal result 𝐸w∕𝐸F = 1.25(𝑇F∕𝑇 )1∕2, which is expected to be
eached by the quasi-particle peak in the Boltzmann limit with the
urther condition 𝑇 ≫ 1∕(𝑚𝑎2F) (see Appendix ‘‘𝑇 ≫ 𝜀0’’). One sees
rom Figs. 7 and 8 that, apart from unitarity and the nearby coupling
𝑘F𝑎F)−1 = −0.25, this result provides an extreme asymptotic approxi-
ation which is reached at very high temperatures only. At unitarity,

n the other hand, this result accounts for the temperature dependence
f 𝐸w already at temperatures a few times 𝑇F. This is in agreement

with the experimental finding of Ref. [13], where the high-temperature
expression 𝐸w∕𝐸F = 1.2(𝑇F∕𝑇 )1∕2 was found to compare well with
experimental data already at 𝑇 ≃ 2𝑇F.

The above high-temperature result can be understood in terms of the
kinetic theory of gases in the following way. Within a relaxation time
approximation [76], one obtains for the relaxation time 𝜏 = 1∕(𝑛𝜎⟨𝑣⟩),
where ⟨𝑣⟩ ∝

√

𝑇 ∕𝑚 is the thermally averaged velocity of the atoms and
∝ [1∕𝑎2F + 𝑘

2
𝑇 ]

−1 is an effective cross section. When 𝑇 ≫ 𝑇F, the wave
vector 𝑘𝑇 can be approximated by its thermal expression 𝑘𝑇 ∝

√

𝑚𝑇 .
n addition, the width 𝐸w∕𝐸F ∝ 𝜏−1 of the rf spectra is proportional to
he inverse relaxation time. In this way, one obtains:

w∕𝐸F ∝

√

𝑇 ∕𝑇F
(𝑘F𝑎F)−2 + 𝑇 ∕𝑇F

. (36)

t is interesting to note that the expression (36) recovers both the
extreme) high-temperature behavior 𝐸w ∝ 1∕

√

𝑇 as well as the low-
temperature behavior 𝐸 ∝

√

𝑇 , and that it locates the position of
9

w

Fig. 10. Weights of the B/QB and S contributions to the rf spectra (full line and
dashed line with symbols, respectively) as a function of temperature for three different
couplings.

the maximum of 𝐸w(𝑇 ) at 𝑇 ∕𝑇F ∝ (𝑘F𝑎F)−2 consistently with what is
eported in Figs. 7 and 8(b).

As a final remark, we mention that under the typical conditions
f the rf-spectroscopy experiments, the separation between different
yperfine levels for, e.g., 6Li atoms is about 80 MHz while typical Fermi
nergies are of the order of 10 kHz [1,13]. This implies that, even at the
ighest temperatures (of the order of 10𝑇F) considered in the present
ork, thermally induced transitions between different hyperfine levels
re completely frozen.

eights of the rf peaks

The weights of the two peaks extracted from the rf spectra can
lso be determined by using our fitting procedure. These weights are
btained by calculating the integral over the frequencies, separately for
ach of the two fitting functions.

Fig. 10 shows the results of this calculation for three couplings about
nitarity. As a general trend, we observe that the B/QB contribution,
hich is dominant at low temperature, progressively gives the way to

he S contribution at larger temperature. The temperature at which
he two contributions exchange their relative importance is smallest at
nitarity (with a value slightly below 2𝑇F) and progressively increases
n both sides of unitarity.

It might at first appear surprising that the temperature range, within
hich the B/QB contribution is dominant, somewhat increases its
xtension with respect to unitarity not only when moving into the
EC regime but also in the BCS regime. However, this finding can be
xplained as follows. Recalling that the B/QB contribution is associated
ith the low-energy part of the pair propagator, in the BEC regime

his corresponds to the isolated pole associated with molecular binding,
uch that the B/QB contribution can be interpreted as a pairing peak.
n the BCS regime where this pole is not present, on the other hand,
he low-energy part of the pair propagator corresponds to the region
hich is complementary to the high-energy/high-frequency tail of the
air propagator. Owing to the presence of the term 𝑚∕(4𝜋𝑎F) in the
xpression (12) of the pair propagator, this tail is pushed to increasingly
igh-frequencies as the scattering length 𝑎F → 0 in the weak-coupling
imit, thereby enlarging the region in which the B/QB contribution is
ominant.

f spectra and phase diagram

The results that we have obtained by our fitting procedure, for the
idths and weights of the two peaks emerging from the rf spectra, allow
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Fig. 11. Temperature-vs-coupling phase diagram encompassing the BCS-BEC crossover
of an ultra-cold Fermi gas, organized into sectors (from A to F) whereby the rf spectra
acquire distinctive features that reveal their underlying dominant physical origin.
Numbers within parentheses indicate the number of visible peaks in the rf spectra
for the corresponding sector. Black line (full when it separates two sectors/sub-sectors,
dashed otherwise): a dispersive pole appears in the retarded pair propagator 𝛤 R. Blank
area at low temperature: superfluid phase, not considered in the present work.

us to identify different physical sectors in the temperature-vs-coupling
phase diagram of an ultra-cold Fermi gas. The final outcomes of this
analysis are summarized in Fig. 11. We now describe in detail this
kind of partitioning of the phase diagram, by illustrating the physical
features associated with the different sectors of Fig. 11.

In general, the evolution from one to another sector turns out to
be a smooth crossover, and as such it is represented in Fig. 11 by a
continuous evolution from one to another color [77]. Note also that
the number appearing within parentheses in the label of a given sector
indicates whether one or two peaks are visible in the ‘‘bare’’ rf spectra
(that is, before our two-peak fitting procedure is implemented on these
spectra).

Sector A: weakly-interacting Fermi gas

In this sector, the rf spectra show a single peak with Lorentzian
shape, that can be associated with the presence of well-defined quasi-
particles. In particular, these quasi-particles correspond to a weakly-
interacting Fermi gas, which is characterized by the width 𝐸w of the
peak increasing with temperature as

√

𝑇 ∕𝑇F. As discussed in Section
‘‘Rf spectra within a many-body approach’’ (cf. in particular the dotted
lines in Fig. 7), this behavior occurs on the weak-coupling side of
the BCS-BEC crossover (that is, for (𝑘F𝑎F)−1 ≲ −0.5) and from low
to intermediate temperatures (with respect to 𝑇𝐹 ). In particular, the
upper temperature boundary of this sector, which is set by 𝐸w(𝑇 )
departing from its low-temperature benchmark ∝

√

𝑇 ∕𝑇F, increases
quite rapidly when going deeper in the weak-coupling regime. The
analytic calculation reported in Appendix ‘‘1≪ 𝑇 ≪ 𝜀0 with 𝑎F < 0’’ in
the weak-coupling limit shows that such a square-root behavior holds
for 𝑇F ≪ 𝑇 ≪ (𝑚𝑎F)−2, thus explaining the rapid increase of the upper
boundary of this sector when progressing toward the weak-coupling
limit.

Sector B: weakly-interacting Boltzmann gas

In this sector, the rf spectra show a single peak, whose width
𝐸w develops a maximum as a function of temperature that becomes
increasingly broader and less pronounced as the coupling decreases.
10
This sector corresponds to a crossover region between the low- and
high-temperature benchmarks of 𝐸w(𝑇 ) discussed in Section ‘‘Widths
of rf peaks and pair size’’. Given its temperature and coupling ranges,
this sector can be identified as a weakly-interacting Boltzmann gas.

Specifically, the lower boundary of sector B for coupling (𝑘F𝑎F)−1 ≤
−0.5 is determined by the upper boundary of the sector A just discussed,
while for coupling (𝑘F𝑎F)−1 > −0.5 the boundary with sector E is set by
the condition 𝑇 = 𝑇F that separates the Boltzmann from the quantum
degenerate regime. The right boundary of sector B is determined by
the appearance of a visible second peak in the rf signal (which marks
the access to sector D). In practice, the (sharp) boundary with sector
D as identified by the black line in Fig. 11 is determined by the
appearance of a dispersive pole in the retarded pair propagator 𝛤R,
which reflects the formation of molecules in a many-body environment.
The region to the right of this black line is where such a molecular
state is found for all values of the pair momentum 𝐐 (see Appendix
‘‘Bound state contribution to the self-energy’’ for details). Finally, the
upper boundary of sector B is determined by the condition that the
B/QB and S contributions to the rf spectra have equal weights.

Sector C: weakly-interacting Bose gas

In this sector, the rf spectra show two peaks, which are approxi-
mately separated by the two-fermion binding energy 𝜀0. In addition, the
peak at larger detuning frequencies is dominant and can be interpreted
as a pairing (molecular) peak. This sector thus corresponds to the region
of the phase-diagram that can be effectively associated with a weakly-
interacting Bose gas. In this sector, the width 𝐸w of the pairing peak is
essentially flat as a function of temperature and roughly proportional
to the binding energy 𝜀0, as discussed in Section ‘‘Widths of rf peaks
and pair size’’.

Specifically, the upper boundary of sector C is set by determining
when the weight of the bosonic contribution to the pairing peak equals
the rest of the spectral weight of 𝐼rf , thereby indicating the presence of
a significant number of unbound fermions above this boundary. The
boundary with sector E is given by the vertical line at (𝑘F𝑎F)−1 =
0.6, which (as mentioned above) corresponds to the coupling strength
above which the width 𝐸w becomes essentially flat as a function of
temperature and proportional to 𝜀0.

Sector D: fermion-dimer mixture

In this sector, the rf spectra show two peaks approximately separated
by the two-fermion binding energy 𝜀0, similarly to sector C. However,
in sector D the pairing (molecular) peak is no longer dominant over
the quasi-particle peak associated with unbound fermions. Sector D
thus corresponds to a fermion-dimer mixture, where bosonic dimers
coexist with their fermionic constituents. This mixture provides an in-
termediate state between a gas of bosonic molecules (dimers) occurring
at low temperature, and a completely dissociated classical gas of the
constituent atoms occurring at high temperature.

Like for sector B, the upper boundary of sector D is determined by
the criterion that the B/QB and S contributions to the rf spectra have
equal weights, signaling entrance to the classical regime.

Sector E: degenerate unitary Fermi gas region

In this sector, information on the pair size 𝜉pair can be extracted
from the rf spectra, thereby extending to the normal phase what was
previously found to hold in the superfluid phase at 𝑇 = 0 [10].
Specifically, as discussed in Section ‘‘Widths of rf peaks and pair size’’,
the single peak which is visible in the sub-sector E(1), or the pairing
peak in the sub-sector E(2) where two peaks are instead visible, displays
a width 𝐸w proportional to 𝜉−2pair .

Sector E is located in the coupling region −0.5 ≲ (𝑘F𝑎F)−1 ≲ +0.6
around unitarity and for temperature 𝑇 ≲ 𝑇F. It can thus be identified
as a quantum degenerate unitary Fermi gas.
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Sector F: high-temperature Boltzmann gas

In this sector, the rf spectra show a single peak, with a width 𝐸w
ollowing the high-temperature Boltzmann-gas benchmark (cf. Fig. 7
nd Fig. 8(b)). In this sector, the quasi-particle S peak (here associated
o almost free fermions) is dominant over the B/QB contribution. This
ccurs even in the presence of a dispersive pole in the retarded pair
ropagator 𝛤R (region to the right of the dashed line in Fig. 11), since
he kinetic energy dominates over the interaction energy in this high-
emperature region. At unitarity (or, more generally, for extremely
igh-temperature 𝑇 ≫ 1∕(𝑚𝑎2F)), the analytic expression 𝐸w ≃ 1.25

√

𝑇
can

be obtained for the width (see the result (85)), which is in quite good
agreement with the experimental result 𝐸w ≃ 1.2

√

𝑇
found in Ref. [13].

oncluding remarks

In this article, we have provided a thorough analysis of the rf spectra
f a two-component normal Fermi gas with balanced spin populations
hroughout the BCS-BEC crossover. The key discovery of the presence
f a ‘‘fixed point’’ in the rf spectra for different temperatures at given
oupling has suggested us to analyze these spectra in terms of two
nderlying peaks, even when only a single peak is apparent in the
pectra.

To this end, we have developed a fitting procedure that is explicitly
nspired by the structure of the self-energy obtained within a 𝑡-matrix
pproach in the BEC limit. This kind of analysis has allowed us to
how that, in an appropriate region of the temperature-vs-coupling
hase diagram, the size of precursor pairs in the normal phase can be
xtracted from the widths of the rf spectra, extending to the normal
hase what was previously found in Ref. [10] for the size of Cooper
airs in the superfluid phase. Interestingly, a very recent experimental
ork [78], has applied precisely this idea to interpret the microwave

pectra of the unitary Fermi gas in the normal phase close to the critical
emperature. Our analysis provides a theoretical grounding to such an
xtension to the normal phase of the results of Ref. [10].

More generally, we have found how the temperature dependence of
he widths of the rf spectra (either of the overall single peak resulting
rom the sum of two peaks or of the two separate peaks, depending
n the coupling strength), together with the relative weights of the
wo peaks as extracted from our fitting procedure, reveal information
n the underlying physical sector in the temperature-vs-coupling phase
iagram.

In addition, in appropriate temperature and coupling limits we have
erived a number of analytic results for the shape and widths of the
f spectra (as detailed in the Appendices), which have been of help
n extracting the relevant physical features from the rf spectra. These
nalytic results have also enabled us to make a useful comparison with
fitting methodology previously introduced in Ref. [37] to interpret

xperimental momentum-resolved photoemission spectra.
A notable byproduct of the present work is the independent cal-

ulation of the pair size 𝜉pair in the normal phase as a function of
emperature, yielding the results presented in Fig. 9. This calculation
as required to compare the width 𝐸w extracted from the rf spectra
ith the energy scale 1∕(2𝑚𝜉2pair ). To this end, we have extracted 𝜉pair

rom the correlation function 𝑔↑↓(𝐫) obtained following the prescrip-
ions by Kadanoff and Baym [72,73] for a diagrammatic theory to
e ‘‘conserving’’, which require the use of fully self-consistent Green’s
unctions. For the calculation of a static quantity like 𝑔↑↓(𝐫) we found
t appropriate to resort to a fully self-consistent 𝑡-matrix approach [60,
1], extending previous calculations based on the non-self-consistent
ersion of the same approach [28]. By contrast, the rf spectra have
hroughout been obtained within the non-self-consistent version of the
-matrix approach. This is because, as discussed in Section ‘‘Theoretical
ormalism for rf spectroscopy in the normal phase of a balanced Fermi
as’’, it is known from many-body theory of condensed-matter systems
hat for dynamic quantities (like the single-particle spectral function
11
utilized in Eq. (10)) the inclusion of self-consistency for the Green’s
function without the simultaneous inclusion of vertex corrections may
lead to incorrect physical results.

In this respect, it is relevant to point out that, although our analysis
was based on a specific (𝑡-matrix) approximation for the calculation of
the rf spectra, the proposed fitting procedure was inspired by the struc-
ture acquired by the self-energy in coupling or temperature regimes
where the 𝑡-matrix approximation is known to become asymptotically
xact (i.e., in the molecular limit [45,55] or at high-temperature [56,
8,79]). For these reasons, we believe that our fitting procedure could
rovide a reliable scheme to interpret rf spectra under quite general
onditions.
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ppendix. Bound state contribution to the self-energy

In this Appendix, we show how the bound-state contribution to the
elf-energy is computed and also provide its analytical expression in the
EC limit, justifying in this way Eqs. (26) and (25) of Section ‘‘Fitting
rocedures of the rf spectra along the BCS-BEC crossover’’. From this
ppendix onwards, all expressions are given in terms of dimensionless
uantities, such that wave vectors are in units of 𝑘F = (3𝜋2𝑛)1∕3,
nergies and frequencies in units of 𝐸F = 𝑘2F∕(2𝑚), temperatures in

units of 𝑇F, and the pair propagator 𝛤 (𝐐, 𝛺) in units of (2𝑚𝑘F)−1.
ccordingly, we drop the overline to label dimensionless quantities.

Above the threshold for the formation of a two-fermion bound state
which in a many-body environment is temperature and momentum
ependent, cf. Ref. [80]), the pair propagator develops a pole at energy
p below the two-body continuum threshold 𝛺th = 𝐐2

2 − 2𝜇 where its
imaginary part is infinitesimal. The dispersion 𝛺p is determined by the
anishing of the real part of the inverse of 𝛤R

0 given by Eq. (18):

1
8𝜋

⎛

⎜

⎜

⎝

1
𝑘F𝑎F

−

√

𝛺th −𝛺p

2

⎞

⎟

⎟

⎠

+∫
𝑑𝐤

(2𝜋)3

𝑓 (𝜉𝐤+ 𝐐
2
)

𝑘2 −
𝛺p−𝛺th

2

= 0 . (37)

The numerical solution to the above equation is shown in Fig. 12 for
(𝑘F𝑎F)−1 = 0.25. Remarkably, this solution follows quite closely the
simple form 𝛺p(𝐐) ≃ 𝛼 𝐐2

2 − 𝜇∗B with 𝛼 ≃ 1 for all temperatures and
couplings for which one remains above threshold. Here, the quantity
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Fig. 12. Energy dispersion of the bound state for several temperatures when (𝑘F𝑎F)−1 =
.25. The line passing through the circles defines a temperature-vs-momentum region
ithout bound states.

∗
B ≡ −𝛺p(𝐐 = 0) represents an effective pair chemical potential, which
educes to the free-boson chemical potential 𝜇B = 2𝜇 + 𝜀0 in the BEC
imit.

Depending on coupling strength and temperature, pairs may not
orm for small momenta 𝐐 due to the Pauli exclusion principle, as
hown in Fig. 12 at low temperatures. Nevertheless, their effective
hemical potential 𝜇∗B can always be obtained by extrapolation. Note
urther from Fig. 12 that, if a pole is present for given coupling and
emperature at 𝐐 = 0, it then is present for all values of 𝐐. For this
eason, the black line in Fig. 11 (full or dashed, depending on the
ector), which marks the presence of a dispersive pole in the retarded
air propagator, is obtained by determining when a solution to Eq. (37)
t 𝐐 = 0 first appears upon increasing the coupling strength at given
emperature.

Recalling the form (21) of the bound part of the self-energy, we
ewrite it by setting 𝐐 = 𝐤 + 𝐩

m
[

𝛴bnd(𝐤, 𝜔)
]

= − ∫
d𝐩

(2𝜋)3
[

𝑏
(

𝜔 + 𝜉𝐩
)

+ 𝑓
(

𝜉𝐩
)]

× Im
[

𝛤 polar
0

(

𝐤 + 𝐩, 𝜔 + 𝜉𝐩
)

]

(38)

where, aiming at performing first the integral over the angle 𝜃 between
𝐤 and 𝐩, we cast the pair spectral function in the form

Im
[

𝛤 polar
0 (𝐐, 𝛺)

] |

|

|

|

|

𝐐=𝐤+𝐩
𝛺=𝜔+𝜉𝑝

⟶ 𝑊𝑝,𝐤,𝜔𝛿
(

cos 𝜃 − cos 𝜃p
)

|

|

|

|

|

𝐐=𝐤+𝐩
𝛺=𝜔+𝜉𝑝

. (39)

Here, cos 𝜃p is defined by the solution to the equation

𝛺 −𝛺p(𝐐)
|

|

|

|

|

𝐐=𝐤+𝐩
𝛺=𝜔+𝜉𝑝

= 0 (40)

and 𝑊𝑝,𝐤,𝜔 defined by

𝑊𝑝,𝐤,𝜔 = 𝜋∕
|

|

|

|

|

|

𝜕 Re[𝛤R
0 (𝐐, 𝛺)−1]
𝜕 cos 𝜃

|

|

|

|

|

|

𝐐=𝐤+𝐩
𝛺=𝜔+𝜉𝑝

cos 𝜃=cos 𝜃p

= 𝜋∕
|

|

|

|

|

|

2𝑝𝑘
𝜕 Re[𝛤R

0 (𝐐, 𝛺)−1]

𝜕𝐐2

|

|

|

|

|

|

𝐐=𝐤+𝐩
𝛺=𝜔+𝜉𝑝

cos 𝜃=cos 𝜃p

≡ 𝑊
2𝑝𝑘

.

Integration over cos 𝜃, subject to the constraint |

|

|

cos 𝜃p
|

|

|

≤ 1, in turn
efines the integration interval

[

𝑝−𝑘 , 𝑝
+
𝑘
]

of the radial variable 𝑝, with

𝑝±𝑘 =
|

|

|

|

𝑘 ±
√

2(𝜉𝑘 − 𝜔 − 𝜀∗0)
|

|

|

|

, (41)

where 𝜀∗ ∗ ∗
12

0 ≡ 𝜇B − 2𝜇 (with 𝜀0 → 𝜀0 in the BEC limit).
We are thus left with the expression

Im
[

𝛴bnd(𝐤, 𝜔)
]

= −∫

𝑝+𝑘

𝑝−𝑘

d𝑝
4𝜋2

𝑊
𝑝
2𝑘
𝛩(𝜉𝑘 − 𝜔 − 𝜀∗0)

×
[

𝑏
(

𝜔 + 𝜉𝑝
)

+ 𝑓
(

𝜉𝑝
)]

, (42)

here the integral can be computed analytically provided 𝑊 does not
epend on 𝑝. This is what occurs in the BEC limit where the Fermi
unction in Eq. (37) can be neglected, such that in Eq. (41)

𝜕 Re[𝛤R
0 (𝐐, 𝛺)−1]

𝜕𝐐2
=
(

64𝜋
𝑘F𝑎F

)−1
(43)

yielding 𝑊 = 64𝜋2∕(𝑘F𝑎F). Away from the BEC limit, we may still
ontinue to consider 𝑊 as a constant that does not depend on 𝑝,
rovided we now interpret it as a fitting parameter. In this way, after
ntegrating over 𝑝 and defining 𝜉±𝑘 = (𝑝±𝑘 )

2 − 𝜇, the self-energy (38)
ecomes

Im
[

𝛴bnd(𝐤, 𝜔)
]

= − 𝑊
16𝜋2

1
𝛽𝑘
𝛩(𝜉𝑘 − 𝜔 − 𝜀∗0)

×
⎡

⎢

⎢

⎣

log
⎛

⎜

⎜

⎝

1 − e−𝛽
(

𝜉+𝑘 +𝜔
)

1 − e−𝛽
(

𝜉−𝑘 +𝜔
)

⎞

⎟

⎟

⎠

+ log

(

1 + e−𝛽𝜉
−
𝑘

1 + e−𝛽𝜉
+
𝑘

)

⎤

⎥

⎥

⎦

. (44)

Note that the expressions (25) and (26) arise from the first and second
log term within brackets in Eq. (44), respectively. Note also that,
although the second log term in Eq. (44) is exponentially small in the
BEC limit, it is important to keep it when using Eq. (44) as a fitting
function away from the BEC limit.

Appendix. Comparison with an alternative fitting methodology
used in momentum-resolved photoemission spectroscopy

In this Appendix, we consider the momentum-resolved version of
the rf spectra and compute it explicitly in the molecular (BEC) limit.
In this limit, an incoherent pairing peak, originating from the bound
part of the self-energy given by Eqs. (25) and (26), clearly develops as
a feature well-separated from the coherent (quasi-particle) peak (see
Section ‘‘Rf spectra within a many-body approach’’ C-2). Here, we
show that this incoherent pairing peak, once resolved in momentum,
coincides with the momentum-resolved photoemission spectrum of a
thermal assembly of non-interacting molecules, previously discussed in
Ref. [37].

In Ref. [37], the momentum-resolved photoemission spectroscopy
(PES) signal (𝑘, 𝐸) at momentum 𝑘 and energy 𝐸 was modeled fol-
lowing a Fermi liquid approach typical of solid-state systems, in terms
of as a two-mode function:

(𝑘, 𝐸) = 𝑍coh(𝑘, 𝐸) + (1 −𝑍)inc(𝑘, 𝐸) . (45)

ere, the first term describes a quasi-particle state with spectral weight
and the second term corresponds to an incoherent background of

ollective excitations. In the BEC limit, these two components have
heir rf counterparts in the S (quasi-particle) peak and B/QB (pairing)
eak of the double-peak structure, respectively, that were discussed in
he main text.

We are interested in the incoherent component of the spectrum,
hich is strictly related to the existence of atomic pairs. In Ref. [37],

he incoherent part inc(𝑘, 𝐸) of the PES signal was obtained as the
issociation spectrum of a classical (Boltzmann) gas of independent
iatomic molecules with binding energy 𝐸p, in thermal equilibrium
t temperature 𝑇p (we use here the notation of Ref. [37]). By com-
ining the probability for a molecule to be in a given center-of-mass
omentum state with the rf line shape obtained in Ref. [75] for the
issociation of a single weakly-bound molecule into two free atoms,
he following analytic expression
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inc(𝑘, 𝐸) = 𝛩
(

−𝐸p − 𝐸 + 𝑘2
)

8 𝑘

√

𝐸p

𝑇p

×

e
𝐸p+𝐸−3𝑘2

𝑇p sinh

(

2𝑘
√

2(−𝐸p−𝐸+𝑘2)
𝑇p

)

𝜋3∕2
(

𝐸 − 𝑘2
)2

(46)

esults for the incoherent part of the PES signal. The dimensionless PES
ignal (𝑘, 𝐸) is normalized so that
∞

0
𝑑𝑘∫

∞

−∞
𝑑𝐸 (𝑘, 𝐸) = 1, (47)

nd the same normalization is used for inc(𝑘, 𝐸).
We now show that expression (46) can be directly recovered from

he incoherent part of our momentum-resolved rf spectra (PES signal)
n the molecular (BEC) limit. To this end, we recall that the normalized
imensionless PES signal (𝑘, 𝐸) is connected with the (dimensionless)
pectral weight function 𝐴(𝑘, 𝜔) as follows (cf. Eq. (10)):

(𝑘, 𝐸) = 3𝑘2𝐴(𝑘, 𝜔)𝑓 (𝜔) (with 𝜔 = 𝐸 − 𝜇) . (48)

s mentioned above, the expression (46) was obtained in Ref. [37] by
escribing the original Fermi gas in terms of a classical gas of bosonic
olecules with density 𝑛B ≃ 𝑛∕2. Physically, this is achieved in the BEC

imit 𝜀0 ≫ 1 when 𝑇 ≪ 𝜀0 for a molecular description of the gas to be
alid, but at the same time when 𝑇 ≫ 1 for a Boltzmann distribution
o apply to the molecular gas.

Under these circumstances, the fermionic part (26) of the self-
nergy becomes negligible with respect to the bosonic part (25), since
≃ −𝜀0∕2 and 𝛽𝜇 → −∞. In addition, the bosonic part takes the form

m
[

𝛴bnd
B (𝐤, 𝜔)

]

= − 𝑊
16𝜋2𝛽𝑘

𝛩(𝜉𝑘 − 𝜔 − 𝜀∗0)
[

e−𝛽
(

𝜉−𝑘 +𝜔
)

− e−𝛽
(

𝜉+𝑘 +𝜔
)]

(49)

with 𝑊 = 64𝜋2
𝑘F𝑎F

. To obtain this expression, in Eq. (25) we have

onsidered e−𝛽
(

𝜉±𝑘 +𝜔
)

≪ 1 consistently with the assumption 1≪ 𝑇 ≪ 𝜀0.
Although in this limit we may also take 𝜀∗0 → 𝜀0 in the result (49), for
later use we prefer to keep the more general expression (49).

The remaining unbound part of the self-energy (22) is thermally
suppressed and can then be neglected. In addition, since |𝜔 − 𝜉𝑘| >
𝜀∗0 ≃ 𝜀0 when Im

[

𝛴bnd
B (𝑘, 𝜔)

]

≠ 0, it follows that in the molecular limit
𝜔−𝜉𝑘 is dominant with respect to the self-energy in the denominator of
Eq. (15), such that the incoherent part of the spectral function reduces
to

𝐴inc(𝑘, 𝜔) = − 1
𝜋
Im𝛴bnd

B (𝑘, 𝜔)
(

𝜔 − 𝜉𝑘
)2

. (50)

he Fermi function 𝑓 (𝜔) in Eq. (48) can also be ignored since 𝜔 <
𝑘 − 𝜀∗0 ≃ 𝑘2 − 𝜀0

2 , so that 𝑓 (𝜔) ≠ 1 only for 𝑘2 ≳ 𝜀0 ≫ 1. In this way we
obtain:

inc(𝑘, 𝐸) = 3 𝑘2𝐴(𝑘, 𝜔 = 𝐸 − 𝜇)

= 3𝑘2
(

− 1
𝜋

)

− 4
𝑘F𝑎F𝛽𝑘

[

−e−𝛽
(

𝜉+𝑘 +𝐸−𝜇
)

+ e−𝛽
(

𝜉−𝑘 +𝐸−𝜇
)]

(𝐸 − 𝑘2)2
. (51)

By using the result (cf. Eq. (41))

𝜉±𝑘 + 𝐸 − 𝜇 = (𝑝±𝑘 )
2 − 2𝜇 + 𝐸

= 3𝑘2 − 𝜀∗0 − 𝐸 − 𝜇∗B ± 2𝑘
√

2(𝑘2 − 𝐸 − 𝜀∗0), (52)

and replacing 𝜀∗0 and 𝜇∗B respectively by 𝜀0 and 𝜇B in the BEC limit,
fter a simple algebra the expression (51) becomes:

inc(𝑘, 𝐸) = 𝛩
(

𝑘2 − 𝐸 − 𝜀0
)

𝑇 e
𝜇B
𝑇 24 𝑘

√

𝜀0
2

×

e
𝜀0+𝐸−3𝑘

2

𝑇 sinh

(

2𝑘
√

2(𝑘2−𝐸−𝜀0)
𝑇

)

. (53)
13

𝜋(𝐸 − 𝑘2)2
Finally, by solving the number Eq. (17) in the limit 1≪ 𝑇 ≪ 𝜀0, where
it reduces to (cf. Eq. (68) of Ref. [[55]])
𝑛
2
= ∫

𝑑𝐐
(2𝜋)3

e𝛽(𝜇B−𝑄
2∕2), (54)

and recalling the expression 𝑛 = 1∕3𝜋2 for the dimensionless den-
sity, we get e

𝜇B
𝑇 = 1

3

√

2
𝜋 𝑇

− 3
2 . In this way, we eventually obtain the

expression

inc(𝑘, 𝐸) = 𝛩
(

𝑘2 − 𝐸 − 𝜀0
)

8𝑘
√

𝜀0
𝑇

e
𝜀0+𝐸−3𝑘

2

𝑇 sinh

(

2𝑘
√

2(𝑘2−𝐸−𝜀0)
𝑇

)

𝜋
3
2 (𝐸 − 𝑘2)2

.

(55)

This has exactly the form (46) reported in Ref. [37], with the identifi-
cation 𝜀0 → 𝐸p and 𝑇 → 𝑇p.

Appendix. Shape and width of the ‘‘pairing peak’’ at high temper-
ature in the BEC region

In this Appendix, we are interested in the shape of the ‘‘pairing
peak’’ of 𝐼rf (𝜔𝛿) at high temperature, in the coupling range 𝑎F > 0 and
0 ≫ 1 where the system at low temperature would be assimilated to a
EC of molecules. Two different cases need be considered.

ase 1≪ 𝑇 ≪ 𝜀0

This regime corresponds to that considered in Appendix ‘‘Com-
arison with an alternative fitting methodology used in momentum-
esolved photoemission spectroscopy’’ for the momentum-resolved case.
n this regime, the self-energy and the incoherent part of the spectral
unction are given by Eqs. (49) and (50), respectively. Replacing 𝜔 =
𝜉𝑘 − 𝜔𝛿 therein, after some algebra the rf intensity (10) becomes

𝐼rf (𝜔𝛿) = 𝛩(𝜔𝛿 − 𝜀∗0)
3
𝜔2
𝛿

(

4𝑇
𝜋𝑘F𝑎F

)

e𝛽𝜇
∗
B

× ∫

∞

0
𝑑𝑘 𝑘

⎡

⎢

⎢

⎢

⎣

e−

(

√

2𝑘−
√

𝜔𝛿−𝜀
∗
0

)2

𝑇 − e−

(

√

2𝑘+
√

𝜔𝛿−𝜀
∗
0

)2

𝑇

⎤

⎥

⎥

⎥

⎦

, (56)

where we have dropped the Fermi function as we did when deriving
Eq. (51). The integral over 𝑘 can be readily computed, yielding

𝐼rf (𝜔𝛿) =
2
𝜋

√

2
𝑘F𝑎F

𝛩(𝜔𝛿 − 𝜀0)

√

𝜔𝛿 − 𝜀0
𝜔𝛿2

(57)

where we have utilized the results 𝜀∗0 → 𝜀0, 𝜇∗B → 𝜇B, and e𝛽𝜇B =
1
3

√

2
𝜋 𝑇

− 3
2 .

The result (57) coincides with the excitation spectrum obtained in
Ref. [75] for the bound-free transition of a stationary molecule when
the final-state interaction can be neglected. From this result one obtains
the value 𝐸w = 1.89 𝜀0 of the FWHM. Recall that the same result is
recovered from the mean-field (BCS) theory in the BEC limit at zero
temperature (see, e.g., Ref. [23]). This is because as long as 𝑇 ≪ 𝜀0
all molecules remain bound, and their thermal motion is irrelevant in
determining the rf intensity.

Case 1≪ 𝜀0 ≪ 𝑇

In this regime one has |𝜇| ≫ 𝑇 ≫ 𝜀0. Accordingly, for the pairing
peak 𝜔𝛿 is of the order of 𝜀0 ≪ |𝜇|. One thus has 𝛽(𝜉𝑘 − 𝜔𝛿) ≫ 1 and
the Fermi function in Eq. (10) can be approximated by the Boltzmann
factor e−𝛽(𝜉𝑘−𝜔𝛿 ).

In addition, the bosonic contribution of the bound part of the
self-energy (25) becomes negligible with respect to the fermionic con-
tribution (26), the latter taking the form:

Im[𝛴bnd(𝑘, 𝜔)] = − 4 𝑇 𝛩(𝜉𝑘 − 𝜔 − 𝜀∗)
[

e−𝛽𝜉− − e−𝛽𝜉+
]

. (58)
F 𝑘F𝑎F 𝑘 0



Results in Physics 57 (2024) 107358L. Pisani et al.

𝐴

l

𝐼

t
w

i
i
d
w
t
t
s

𝜀
‘
e

−

y

∫

W
g

𝜀

𝜀

r

The above bound part of the self-energy determines the pairing peak of
the intensity 𝐼rf (𝜔𝛿) through the single-particle spectral function

bnd(𝑘, 𝜔) = − 1
𝜋
Im[𝛴bnd

F (𝑘, 𝜔)]

(𝜔 − 𝜉𝑘)2
, (59)

where, to leading order, in the denominator we have neglected 𝛴(𝑘, 𝜔)
with respect to |𝜔 − 𝜉𝑘| ≥ 𝜀∗0 ≃ 𝜀0 ≫ 1. [Specifically, it can be shown
that in the pairing peak region 𝛴(𝑘, 𝜔) is smaller at least by a factor
1∕(𝑇

√

𝜀0) with respect to |𝜔 − 𝜉𝑘|.]
With the result (59) for the single-particle spectral function, we are

eft to evaluate the following expression:

rf (𝜔𝛿) = 𝛩(𝜔𝛿 − 𝜀∗0)
3e𝛽𝜔𝛿
𝜔2
𝛿

(

4𝑇 e2𝛽𝜇
𝜋𝑘F𝑎F

)

∫

∞

0
𝑑𝑘 𝑘e−𝛽𝑘

2

×

[

e−𝛽
(

𝑘−
√

2(𝜔𝛿−𝜀∗0 )
)2

− e−𝛽
(

𝑘+
√

2(𝜔𝛿−𝜀∗0 )
)2
]

. (60)

After integrating over 𝑘, this leads to

𝐼rf (𝜔𝛿) =
6𝑇

3
2 e2𝛽𝜇

√

𝜋𝑘F𝑎F
e𝛽𝜀

∗
0𝛩(𝜔𝛿 − 𝜀∗0)

√

𝜔𝛿 − 𝜀∗0
𝜔𝛿2

(61)

= 32e𝛽𝜀
∗
0

3𝑘F𝑎F(𝜋 𝑇 )
3
2

𝛩(𝜔𝛿 − 𝜀∗0)

√

𝜔𝛿 − 𝜀∗0
𝜔𝛿2

, (62)

where in the last line we have used the high-temperature expression
𝑒𝛽𝜇 = 4

3
√

𝜋
𝑇 −3∕2 (and one could further approximate e𝛽𝜀

∗
0 ≃ 1 since

𝜀∗0 ≃ 𝜀0 ≪ 𝑇 ).
Note that, on the BEC side of the crossover, the overall shape (62)

of the pairing peak at high temperature coincides with that obtained at
low temperature (namely, for 𝑇 ≪ 𝜀0, cf. Eq. (57)), when the system
can be effectively described as a gas of non-interacting molecules.
This is because at high temperature only a small fraction of molecules
remain bound (as the weight proportional to 𝑇 −3∕2 in Eq. (62) shows),
but the kinetic energy associated with the center-of-mass motion of
these molecules is large and dominates the interaction effects. The
shape of the rf spectra originating from these molecules thus coincides
with that in vacuum. In particular, since when 𝛽|𝜇|≫ 1 one has 𝜀∗0 ≃ 𝜀0,
he same value 𝐸w = 1.89𝜀0 obtained from Eq. (57) is recovered also
hen 𝑇 ≫ 𝜀0.

It is worth to inquire further on how the above value 𝐸w = 1.89𝜀0
s approached for increasing temperature. To this end, we need to take
nto account two types of effects, originating from (i) the temperature
ependence of 𝜀∗0 and (ii) the corrections introduced by the self-energy
hich we have neglected in the denominator of the expression (59) for

he spectral weight function. We will show that the contributions due to
hese two effects are of the same order of magnitude but have opposite
ign.

We first estimate the contribution of the effect (i). Recalling that
∗
0 ≡ 𝜇∗B − 2𝜇 as well as the definition 𝜇∗B ≡ −𝛺p(𝐐 = 0) (see Appendix
‘Bound state contribution to the self-energy’’), 𝜀∗0 is seen to satisfy the
quation:

1
8𝜋

⎛

⎜

⎜

⎝

1
𝑘F𝑎F

−

√

𝜀∗0
2

⎞

⎟

⎟

⎠

+ ∫
𝑑𝐤

(2𝜋)3
𝑓 (𝜉𝑘)

𝑘2 +
𝜀∗0
2

= 0 . (63)

For sufficiently high temperature when 𝛽|𝜇| ≫ 1, the integral in
Eq. (63) can be neglected yielding 𝜀∗0 = 2∕(𝑘F𝑎F)2 = 𝜀0, as anticipated
above. The next correction to 𝜀∗0 is obtained by evaluating the integral
in Eq. (63) by replacing 𝑓 (𝜉𝑘) with 𝑒−𝛽𝜉𝑘 , neglecting 𝜀∗0 ≪ 𝑇 in the de-
nominator, and using the high-temperature expression 𝑒𝛽𝜇 = 4

3
√

𝜋
𝑇 −3∕2,

ielding

𝑑𝐤
(2𝜋)3

𝑓 (𝜉𝑘)

2 𝜀∗0
≃ 1

3𝜋2
1
𝑇
. (64)
14

𝑘 + 2
R

Fig. 13. Function 𝜎(𝑥) ≡ 𝐷+(𝑥)∕𝑥, where 𝐷+ is the Dawson function [81].

ith this correction, and neglecting still higher-order terms, Eq. (63)
ives

∗
0 = 𝜀0 −

32
3𝜋

1
𝑘F𝑎F

1
𝑇
, (65)

implying that, to the leading order at high temperature, 𝜀∗0 approaches
0 like 𝑇 −1.

To estimate the contribution of the effect (ii), we need to evaluate
Re[𝛴(𝑘, 𝜉𝑘 − 𝜔𝛿)] in the region of the pairing peak, when 𝜔𝛿 is of
the order of 𝜀0. In this region, we have numerically verified that
the contribution to Re[𝛴(𝑘, 𝜉𝑘 − 𝜔𝛿)] obtained via the Kramers–Kronig
transform of Im𝛴unb is negligible with respect to that obtained from
Im𝛴bnd itself. We thus have

Re[𝛴(𝑘, 𝜉𝑘 − 𝜔𝛿)] =
1
𝜋
∫ 𝑑𝜔

Im𝛴bnd
F (𝑘, 𝜔)

𝜔 − 𝜉𝑘 + 𝜔𝛿
(66)

= 8𝑒𝛽𝜇
𝜋𝑘F𝑎F

𝑇
𝑘
∫

∞

0
𝑑𝑦 𝑦 𝑒

−𝛽(𝑘+𝑦)2 − 𝑒−𝛽(𝑘−𝑦)2

𝑦2 − 2(𝜔𝛿 − 𝜀∗0)
(67)

= 16𝑒𝛽𝜇
𝜋𝑘F𝑎F

√

𝑇
𝑘̃
𝑒−𝑘̃

2∫

∞

0
𝑑𝑦̃ 𝑦̃

𝑒−𝑦̃2 sinh(2𝑘̃𝑦̃)
𝑦̃2 − 2𝛽(𝜔𝛿 − 𝜀∗0)

, (68)

where we have set 𝜔 = 𝜉𝑘−𝜀∗0−𝑦
2∕2 from line (66) to line (67), as well

as 𝑦 =
√

𝑇 𝑦̃ from line (67) to line (68), and we have further defined
𝑘̃ ≡ 𝑘∕

√

𝑇 . In the denominator of the expression (68) we can neglect
2𝛽(𝜔𝛿 − 𝜀∗0) because, in the region of the peak, 𝜔𝛿 − 𝜀∗0 = 𝑂(𝜀0) ≪ 𝑇 .
Integration over 𝑦̃ then yields

Re[𝛴(𝑘, 𝜉𝑘 − 𝜔𝛿)] =
16𝑒𝛽𝜇

√

𝑇
√

𝜋𝑘F𝑎F

1
𝑘̃
𝐷+(𝑘̃) (69)

= 64
3𝜋𝑘F𝑎F

𝜎(𝑘̃)
𝑇

(70)

where 𝜎(𝑘̃) ≡ 𝐷+(𝑘̃)∕𝑘̃ with 𝐷+ the Dawson function [81]. A plot of the
function 𝜎(𝑥) is shown in Fig. 13 for convenience. With this result for
Re[𝛴(𝑘, 𝜉𝑘 − 𝜔𝛿)], the integral (60) is now modified to read:

𝐼rf (𝜔𝛿) = 𝛩(𝜔𝛿 − 𝜀∗0)
(

12𝑇 e2𝛽𝜇e𝛽𝜔𝛿
𝜋𝑘F𝑎F

)

∫

∞

0
𝑑𝑘 𝑘e−𝛽𝑘

2

× e−𝛽
(

𝑘−
√

2(𝜔𝛿−𝜀∗0 )
)2

− e−𝛽
(

𝑘+
√

2(𝜔𝛿−𝜀∗0 )
)2

(

𝜔𝛿 +
64

3𝜋𝑘F𝑎F

𝜎
(

𝑘∕
√

𝑇
)

𝑇

)2
. (71)

In the denominator of (71) we have neglected the term originating
from Im[𝛴bnd

F (𝑘, 𝜉𝑘 − 𝜔𝛿)] because it is smaller by a factor 𝜀0∕𝑇 with
espect to the smallest term we have retained (which originates from
e[𝛴(𝑘, 𝜉 − 𝜔 )]).
𝑘 𝛿
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Fig. 14. Comparison between the full numerical calculation of 𝐸w for the pairing peak
when (𝑘F𝑎F)−1 = 1.5 (full line) and the asymptotic expressions (76) and (75) (dashed
line and dashed-dotted line, respectively).

The term containing 𝜎(𝑘∕
√

𝑇 ) in the denominator of Eq. (71) is
mall compared to 𝜔𝛿 ≥ 𝜀∗0 by a factor 1∕(

√

𝜀0𝑇 ), so that we can expand
he expression (71) and obtain a correction proportional to 1∕(𝜔𝛿)3. We

can thus replace 𝜎(𝑘∕
√

𝑇 ) in the denominator of (60) by a constant
alue 𝜎0, by requiring that the coefficient of the term proportional to
∕(𝜔𝛿)3 coincides with that obtained by keeping the full expression for
(

𝑘∕
√

𝑇
)

. This requirement leads us to the result

0 =
∫ ∞
0 𝑑𝑘̃ 𝑘̃ e

−2𝑘̃2 sinh
(

2𝑘̃
√

2𝛽(𝜔𝛿 − 𝜀∗0)
)

𝜎(𝑘̃)

∫ ∞
0 𝑑𝑘̃ 𝑘̃ e−2𝑘̃

2 sinh
(

2𝑘̃
√

2𝛽(𝜔𝛿 − 𝜀∗0)
)

. (72)

In this expression we can further approximate sinh(𝑥) ≃ 𝑥 since 𝛽(𝜔𝛿 −
𝜀∗0)≪ 1 and 𝑘̃ = 𝑂(1), yielding

0 =
∫ ∞
0 𝑑𝑘̃ 𝑘̃

2 e−2𝑘̃2𝜎(𝑘̃)

∫ ∞
0 𝑑𝑘̃ 𝑘̃2 e−2𝑘̃

2
=

√

𝜋∕2∕12
√

𝜋∕2∕8
= 2

3
. (73)

n this way, we obtain for the temperature correction to expres-
ion (62):

rf (𝜔𝛿) =
32e𝛽𝜀

∗
0

3𝑘F𝑎F(𝜋 𝑇 )
3
2

𝛩(𝜔𝛿 − 𝜀∗0)

√

𝜔𝛿 − 𝜀∗0
(

𝜔𝛿 +
𝑠0
𝑇

)2
(74)

where 𝑠0 = 128∕(9𝜋𝑘F𝑎F). With a simple change of variable, the
resulting FWHM turns out to be

𝐸w = 1.89
(

𝜀∗0 +
𝑠0
𝑇

)

, (75)

which using the expansion (65) for 𝜀∗0 becomes eventually:

𝐸w ≃ 1.89
(

𝜀0 +
32

9𝜋𝑘F𝑎F
1
𝑇

)

. (76)

The comparison between the high-temperature expansion (76) and
he full numerical calculation of 𝐸w for the pairing peak when (𝑘F𝑎F)−1

1.5 is shown in Fig. 14. One sees that the numerical 𝐸w approaches
he asymptotic expression (76), albeit rather slowly. The reason for
his slow approach resides in the approximation (65) for 𝜀∗0. The next-
rder correction to Eq. (65) yield the term 32

3
√

𝜋
1

(𝑘F𝑎F)2
1

𝑇 3∕2 which is still
significant even at the highest temperature (𝑇 = 20) considered in
Fig. 14. On the other hand, the less asymptotic expression (75), where
𝜀∗0 is obtained by Eq. (63) with 𝑓 (𝜉𝑘) ≃

4
3
√

𝜋𝑇 3∕2 𝑒
−𝛽𝑘2 , reproduces quite

ell the numerical 𝐸 already at 𝑇 ≃ 10.
15

w

Fig. 15. Function 𝐹 (𝑥) as defined by Eq. (84).

ppendix. Width of rf spectra in the Boltzmann limit when 𝑻 ≫ 𝜺𝟎
or 𝟏 ≪ 𝑻 ≪ 𝜺𝟎 and 𝒂𝐅 < 𝟎

In this Appendix, we derive the FWHM of the rf spectra in the
Boltzmann (high-temperature) limit (𝑇 ≫ 1, such that 𝑧 = 𝑒𝛽𝜇 ≪ 1)
in two different regimes: (i) 𝑇 ≫ 𝜀0 and (ii) 1≪ 𝑇 ≪ 𝜀0 with 𝑎F < 0.

Quite generally, statistical effects of the medium on two-particle
interactions become negligible in the Boltzmann limit. One is thus
allowed to approximate the 𝑡-matrix by its counterpart in vacuum given
by the expression (20), yielding:

Im
[

𝛤𝑅0 (𝐐, 𝛺)
]

=
8𝜋

√

2
√

𝛺 − 𝑄2

2 + 2𝜇

𝜀0 +𝛺 − 𝑄2

2 + 2𝜇
. (77)

In addition, in both the regimes (i) and (ii) that we are considering, the
single-particle spectral function is dominated by the quasi-particle peak
located about 𝜔 = 𝜉𝑘, since at high temperature the self-energy provides
a small correction to the free-particle dispersion. The imaginary part of
the self-energy given by Eq. (14) at 𝜔 = 𝜉𝑘 then acquires the form

Im
[

𝛴
(

𝐤, 𝜉𝑘
)]

= −∫
𝑑𝐐
(2𝜋)3

16𝜋𝑄𝑒−𝛽𝜉𝐐+𝐤

2𝜀0 +𝑄2
, (78)

here the term containing the Bose function in Eq. (14) has been
eglected being smaller by a factor 𝑧 than the term with the Fermi func-
ion. In addition, the Fermi function, has been replaced by a Boltzmann
actor and the change of variable 𝐐 → 𝐐+2𝐤 has been performed. The
ngular integration can then be done analytically, yielding

m
[

𝛴
(

𝑘, 𝜉𝑘
)]

= −16𝑒−𝑘̃2

3𝜋
3
2 𝑘 ∫

∞

0
𝑑𝑄̃

𝑄̃2𝑒−𝑄̃2 sinh(2𝑘̃𝑄̃)
2𝜀̃0 + 𝑄̃2

, (79)

where we have defined 𝑄̃ ≡ 𝑄∕
√

𝑇 , 𝑘̃ = 𝑘∕
√

𝑇 , 𝜀̃0 = 𝜀0∕𝑇 , and used
𝛽𝜇𝑇

3
2 = 4

3
√

𝜋
. Similarly to Appendix ‘‘Shape and width of the ‘‘pairing

peak’’ at high temperature in the BEC region’’, two different cases need
be considered at this point.

Case 𝑇 ≫ 𝜀0

When 𝑇 ≫ 𝜀0, 𝜀̃0 can be neglected in Eq. (79), yielding

Im
[

𝛴
(

𝑘, 𝜉𝑘
)]

= −16𝑒−𝑘̃2

3𝜋
3
2 𝑘 ∫

∞

0
𝑑𝑄̃𝑒−𝑄̃

2
sinh(2𝑘̃𝑄̃) (80)

= − 8
3𝜋

erf(𝑘∕
√

𝑇 )
𝑘

≡ −𝛾𝑘 , (81)

a result that was first obtained in Ref. [82] for the unitary Fermi gas

(for which 𝜀0 = 0). The form (81) can be utilized for the single-particle
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Fig. 16. Function 𝐺(𝑥) as defined by Eq. (89).

spectral function entering the expression (10) of the rf intensity, giving

𝐼rf (𝜔𝛿) = 3∫

+∞

0
d𝑘 𝑘2 1

𝜋
𝛾𝑘

𝜔2
𝛿 + 𝛾

2
𝑘

𝑒−
𝑘2
𝑇 𝑒𝛽𝜇 . (82)

o obtain this result for 𝐼rf (𝜔𝛿), we have:
(a) approximated Im

[

𝛴
(

𝑘, 𝜉𝑘 − 𝜔𝛿
)]

≃ Im
[

𝛴
(

𝑘, 𝜉𝑘
)]

;
(b) neglected Re

[

𝛴
(

𝑘, 𝜉𝑘 − 𝜔𝛿
)]

because it is sub-leading with re-
spect to Im

[

𝛴
(

𝑘, 𝜉𝑘 − 𝜔𝛿
)]

as far as the width of the peak is concerned;
(c) set 𝑒𝛽𝜔𝛿 = 1 in the Boltzmann factor since around the peak 𝜔𝛿 is

of order 𝛾𝑘 ≪ 𝑇 .
Changing further the integration variable to 𝑘̃ = 𝑘∕

√

𝑇 and using
𝛽𝜇𝑇 3∕2 = 4

3
√

𝜋
, we obtain eventually

𝐼rf (𝜔𝛿) =
3
2

√

𝑇
𝜋
𝐹 (

√

𝑇𝜔𝛿) (83)

with

𝐹 (𝑥) = ∫

+∞

0

erf(𝑘̃)∕𝑘̃
(3𝜋𝑥∕8)2 + erf(𝑘̃)2∕𝑘̃2

𝑘̃2𝑒−𝑘̃
2
𝑑𝑘̃ . (84)

Numerical integration of this expression yields the plot of 𝐹 (𝑥)
shown in Fig. 15. From this plot one gets that the half-peak value 𝐹 (0)∕2
is obtained for |𝑥| ≃ 0.624, which corresponds to the FWHM

𝐸w = 2 × 0.624
√

𝑇
≃ 1.25

√

𝑇
(85)

for the peak of 𝐼rf (𝜔𝛿). This result is in quite good agreement with
the experimental behavior 1.2

√

𝑇
found in Ref. [13] at unitarity, and

s consistent with the relaxation time 𝜏 ∝ 𝑇 1∕2 previously found in
efs. [82,83].

ase 1≪ 𝑇 ≪ 𝜀0 with 𝑎F < 0

This condition implies a weak coupling strength (𝑘F𝑎F)−1 ≪ −1
nd a high temperature compared to 𝑇F, although still smaller than
he energy scale 𝜀0 = (𝑚𝑎2𝐹 )

−1. Under these circumstances, 𝑄̃2 can be
neglected with respect to 𝜀̃0 in the denominator of Eq. (79), resulting
in

Im
[

𝛴
(

𝑘, 𝜉𝑘
)]

= −
2
√

𝑇
(

𝑘F𝑎F
)2

3𝜋
𝑔(𝑘̃) (86)

with

𝑔(𝑘̃) =
(

𝑘̃ + 1
)

erf(𝑘̃) + 𝑒−𝑘̃
2
∕
√

𝜋 . (87)
16

2𝑘̃
nce the self-energy (86) is inserted into the expression of the single-
article spectral function needed in Eq. (10) for the rf intensity (and
gain dropping Re𝛴), we obtain eventually:

𝐼rf (𝜔𝛿) =
6

√

𝜋
1

(𝑘F𝑎F)2
√

𝑇
𝐺

(

𝜔𝛿
√

𝑇 (𝑘F𝑎F)2

)

(88)

ith

(𝑥) = ∫

+∞

0
d𝑘̃

𝑔(𝑘̃)
(3𝜋𝑥∕2)2 + 𝑔(𝑘̃)2

𝑘̃2𝑒−𝑘̃
2 (89)

Numerical integration of this expression yields the plot of 𝐺(𝑥)
hown in Fig. 16. From this plot one gets that the half-peak value 𝐺(0)∕2
s obtained for |𝑥| ≃ 0.320, which corresponds to the FWHM

w ≃ 0.64(𝑘F𝑎F)2
√

𝑇 (90)

for the peak of 𝐼rf (𝜔𝛿). A somewhat analogous result was obtained
in Ref. [84] for the viscosity relaxation time 𝜏𝜂 in the same regime
1≪ 𝑇 ≪ 𝜀0 (with 𝑎 < 0), for which

1
𝜏𝜂

=
32

√

2

15
√

𝜋3
(𝑘F𝑎F)2

√

𝑇 ≃ 0.54(𝑘F𝑎F)2
√

𝑇 . (91)
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