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Abstract

We consider the discrete-time Arrow-Hurwicz-Uzawa primal-dual algorithm, also
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that, for every given compact set of initial conditions, there always exists a sufficiently
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1 Introduction
1.1 Problem overview, contribution, and literature review

In this article, we study the convergence and Lyapunov stability properties of the
following discrete-time first-order primal-dual algorithm

x"“:x’—y(Vf(xt)+Z)L§Vgi(xt)>, 1 e R, (1a)

i=1

AT = max {0, Al +ygi(x)], MW>0, i=1,...,r, (Ib)

in which 7 € N is the iteration counter, n, r € N are arbitrary, x’ € R” is the primal
variable, A; € R are the dual variables, f : R* — Rand g = (g1,..., &) : R" —
R" are convex functions, and y > 0 is a parameter called the stepsize. Algorithm (1)
gives an iterative procedure to compute a solution of the constrained optimization
problem

min f(x)
xeR? (2)
subj.to gi(x) <0, i=1,...,r,

and it is a slight variation of Uzawa’s original method [29]. In particular, when )»f +
ygi(x") > 0foralli = 1, ..., r,Egs. (1) take the form of a discrete-time version of the
Arrow-Hurwicz saddle-point dynamics [1] (see also [18]) applied to the Lagrangian
function of (2), which reads as

L(x, B)i=f () + Y higi(x).

i=1

Indeed, (1) can be rewritten in compact form as

aL
X =y -y (A, 1Y eRr",
ax

oL
A = max {0, A4 yﬁ(xt, )Lt)} , 20 e Rx>0)",

in which the max operator acts component-wise. Hence, (1) is a first-order Lagrangian
method.

In his original paper [29], Uzawa provided a proof of non-local stability and conver-
gence of (1). However, his arguments were later found wrong (see, e.g., [25, Sec. 1]).
Other existing proofs, which can be found, for instance, in [25] and the classical text-
book [2], only provide local convergence guarantees to a saddle point of the Lagrangian
function L. These results are based on the linear approximation of the algorithm around
the optimal point (see, e.g., [2, Sec. 4.4]) and, hence, can only guarantee convergence
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from a (possibly very small) neighborhood of the optimum, whose size is not guar-
anteed to increase as the stepsize y decreases. Nonlocal convergence results have
been obtained in [15, 16] at the cost, however, of adopting a diminishing stepsize. An
extension of the latter results to a stochastic setting is studied in [30] in the context
of distributed network utility maximization. Other nonlocal, yet approximate, conver-
gence bounds have been given in [23] under the assumption of gradient boundedness.
Finally, it is worth noticing that versions of (1) tailored for quadratic programs have
been widely studied in the context of imaging; see, e.g., [3]. Despite the numerous
results and the long history of Algorithm (1), to the best of the authors’ knowledge, a
purely discrete-time analysis providing nonlocal convergence and stability guarantees
is still missing.

Interestingly, guarantees of such kind do exist for the continuous-time version of
Algorithm (1), which is also known as saddle-point or saddle-flow dynamics. See,
for instance, references [4—7, 9, 11, 12, 26] and extensions covering the augmented
Lagrangian version [28] of (1) and its proximal regularization [10]. In particular,
in continuous time one can achieve global [5-7, 9, 11] and even exponential [4, 26]
convergence in some cases, resulting in a sharp distinction between the continuous- and
discrete-time domains. However, the results attained for continuous-time algorithms
are typically not preserved under (Euler) discretization and, therefore, cannot be used
to assess equivalent properties on their (first-order) discretization. In particular, the
continuous-time algorithms cited above, for which global and/or exponential stability
guarantees do exist, typically consist in differential equations defined by a vector field
that is discontinuous at some relevant points. Yet, continuity is generally required to
apply the basic discretization theorems (see, e.g., [27, Sects. 2.1.1 and 2.3]). Among the
continuous-time algorithms employing continuous vector fields and ensuring global
convergence it is worth mentioning [13, Eq. (5)] (see also [8]). However, a simple
counterexample, similar to that reported later in Sect. 1.2, can be used to show that
the Euler discretization of such an algorithm cannot be globally convergent. Hence,
also in these cases, the continuous-time results are not directly extendable to cover the
algorithms’ discretization.

In view of the above discussion, to the best of the authors’ knowledge, a nonlocal
stability and convergence proof for the discrete-time algorithm (1) is still an open, long-
standing problem, even under strong convexity of f and convexity of g (which we shall
assume later on). In this article, we aim to fill this gap by providing a purely discrete-
time semiglobal asymptotic stability analysis for (1). As shown in Sect. 1.2, global
convergence is generically not possible for Algorithm (1); hence, a semiglobal result
is the best one can achieve in the general case. Specific contributions are highlighted
in the next section.

1.2 Contributions

Under widely adopted regularity and convexity assumptions on f and g detailed
later in Sect.2.1, we prove that the minimizer of (2) (which is unique under the
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assumptions of the article) is semiglobally' Lyapunov stable and exponentially attrac-
tive for Algorithm (1). More specifically, we show that there exists an equilibrium
(x*, %) € R" x R” for (1), with x* being the optimal solution of (2) and A* the
corresponding optimal Lagrange multiplier, and that, for every arbitrary compact set
Eo € R"” x R" of initial conditions for (1), there exists y* > 0, such that, for all
y € (0, y™), the following properties hold:

1. Lyapunov stability: for every & > 0, there exists § > 0, such that |x® — x*| < §
and |20 — A*| < 8 imply |x! — x*| < e and [A' — A*| < e forall t € N.

2. Attractiveness: every solution 2 of (1) with (x2, A0) € Ey satisfies lim,_, o0 |x* —
x*| =0and lim,_,  |A! — A*| = 0.

3. Exponential (or linear) convergence: there exist o > 0 and i € (0, 1) (depending
on y and Eg) such that every solution of (1) with 0, 1% € B¢ satisfies

VieN, [(x',A) — (* M) <on[(x% 1% — (x*, ).

The previously-defined stability notion, known as Lyapunov stability [19], [17,
Ch. 4], is a continuity property of the algorithm’s trajectories with respect to variations
of the initial conditions. It guarantees that small deviations of the initial conditions
from the optimal point (x*, *) do not lead to large deviations from it along the
algorithm’s trajectories. We underline that Lyapunov stability, attractiveness, and expo-
nential convergence are guaranteed from an arbitrarily large compact initialization set
Eo, provided that y is chosen sufficiently small. This semiglobal result is strictly
stronger than its local counterpart that, indeed, would only guarantee the existence of
a (possibly very small) neighborhood Eg of (x*, A*) from which the previous proper-
ties hold. However, it is also weaker than a global result, for which a single y would
work for all possible initialization sets Eg. Nevertheless, we observe that the lack of
global convergence is not a shortcoming of our analysis; indeed, global convergence
is, in general, not possible for (1). This can be seen by means of a simple counterex-
ample. Take n = r = 1, f(x) = x? and g(x) = x> — 1. Fix y > 0 arbitrarily. Then,
every solution with initial conditions satisfying

14++2
Z—

x>2, 20 3)
2y
diverges. In fact from (1), one obtains that, for all € N,
x' 22, WP = (1 -2y —2pa) P 2 2P > 2,
1+2 = 14++/2
> —— AT = P> > —=.
2 +y(x P —1) =2 > 2

' We borrow the terminology from control theory (see, e.g., [14, Ch. 9]) and we say that a property P on
the solutions of (1) holds semiglobally if, for every arbitrary compact subset Eg € R"” x R of initial
conditions for (1), there exists y > 0, such that, for all y € (0, y), P holds for all the trajectories generated
by (1) that originate in E.

2 Here and throughout the article, a solution of (5) is meant as any function 7 — (x(¢), A(¢)) solving such
recursive equations.
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By induction, one thus obtains that (3) implies x’ > 2 and A" > %ﬁ forallt e N

and, moreover, that |x"H|2 > 2|Jc’|2 holds for all + € N. Hence, the trajectory x
diverges exponentially.

1.3 A systems-theoretic approach

Local stability and convergence results based on the linear approximation of the algo-
rithm’s equations cannot be easily extended to nonlocal results where the nonlinear
terms dominate. Instead, the analysis approach pursued in this article is based on the
theory of Lyapunov functions [17, Chapter 4], which is better suited to handle purely
nonlinear problems like the one considered in the paper. Finding a suitable Lyapunov
function is in general difficult, and a counterexample can be used to show that the
simple choice (x — x*)% 4+ (A — 1%)2, used by Uzawa in the aforementioned article
[29], would not work. In this direction, it helps to look at (1) from a different perspec-
tive. Namely, by ignoring the “max” in the equation of A, we can look at (1) as the
Euler discretization (with sampling time y) of the following continuous-time system
(consider r = 1 for simplicity)

—Vg(x)A = Vf(x),
g(x).

This is the equation of a nonlinear oscillator with Vg(x) playing the role of the
natural frequency, and —V f(x) that of a nonlinear damping term. It is well-known
[17, Example 4.4], that Lyapunov functions for nonlinear oscillators must have a cross-
term. This is what ultimately motivated the specific choice for the Lyapunov function
used in this article, formally defined in (25). In turn, the introduction of a suitable cross-
term, which can be seen as a modification of Uzawa’s Lyapunov candidate function,
turned out to be key for proving stability and convergence.

1.4 Organization and notation

Organization. In Sect. 2, we detail the basic assumptions and link the equilibria of (1)
to the optimal solution of (2). In Sect. 3, we state the main result of the paper proving
semiglobal exponential stability of the optimal equilibrium. Finally, the proof of the
main result is presented in Sect. 4.

Notation. Set inclusion (either strict or not) is denoted by C. If S is a set and ~ a
binary relation on it, for s € S we let S~;:={z € S : z ~ s}. The closed ball of
radius r centered at ¥ € R” is denoted by B, (¥):={x € R" : |x — %| < r}. We
identify linear operators R — R" with their matrix representation with respect to
the standard bases of R™ and R". If A, B € R"™" A > B means that A — B is
positive semidefinite. Given a scalar function f : R” — R, we define its gradient
as Vf() = @f()/ox1,...,0f()/0x,) € R". Given a vector field g : R" —
R", we let Vg(-):=[Vgi() -~ Vg ()] € R™". We equip R" with the standard
inner product (x | y):=>"_, x;yi, and we denote the induced Euclidean norm by
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[x]:=/(x|x). If x € R" and ~ is a binary relation on R, x ~ 0 means x; ~ 0
for all i = 1,...,n. Similarly, max{0, x}:=(max{0, x1}, ..., max{0, x,}) and, for
y € R", max{y, x}:=(max{yq, x1}, ..., max{y,,_, X, }). For notation convenience, we

write (x, y) in place of ((x, y)). For instance, B, (1, 2) is the closed ball of radius r
in R? centered at (1, 2) € R2. We denote by ()" the “shift” operator such that, for a
discrete-time signal x : N — R, x* () = x(¢ + 1). For brevity, in dealing with time
signals, we use the notation x’ in place of x(r).

2 The framework
2.1 Standing assumptions and optimality conditions

We consider Algorithm (1) and Problem (2) under the following assumptions.
Assumption 1 The functions f and g; satisfy the following properties:

A. f is strongly convex and twice continuously differentiable;
B. foralli =1,...,r, g; is convex and twice continuously differentiable;
C. there exists x € R” such that g;(x) <Oforalli =1,...,r.

The conditions asked by Assumption 1 are widely adopted [2]. In particular, they
imply that the optimization problem (2) has a unique solution, as established by the
lemma below.

Lemma 1 Suppose that Assumption 1 holds. Then, there exists a unique x* € R"
solving (2).

The proof of Lemma 1 is given in the Appendix. Throughout the article, we denote
by x* the unique optimal solution of (2). Moreover, we let

A ):=li e {l,...,r} : gi(x*) =0}
denote the set of indices of the active constraints at x*. Then, in addition to Assump-
tion 1, we assume that x* is a regular point in the following sense.
Assumption 2 The vectors {Vg;(x*) : i € A(x*)} are linearly independent.

Like Assumption 1, also Assumption 2 is customary [2]. In particular, Lemma 1
(hence, Assumption 1) and Assumption 2 imply that there necessarily exists a unique
A* € R” such that the so-called KKT conditions hold (see, e.g., [2, Prop. 3.3.1])

V") + Ve(rHar =0, (4a)
g(x*) <0, >0, Algi(x") =0, Vi=1,...,r. (4b)

1

Notice that Conditions (4) are also sufficient. Namely, if some (x*, A*) satisfies (4),
then x = x™* is the optimal solution of (2) (see, e.g., [2, Prop. 3.3.4]).
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2.2 Optimality and equilibria

Algorithm (1) can be rewritten in compact form as>
xt=x—yVL(x, 1), Y eRr", (5a)
AT =max {0, A +yg(x)}, A0 >0, (5b)

where L(x, A):=f(x)+ (A | g(x)) denotes the Lagrangian function associated with (2).
We remark that the initialization A’ > 0 is only assumed to simplify the analysis and
it is not necessary. Indeed, (5b) trivially implies A’ > O for all # > 1 even if 20 < 0.

The following lemma characterizes the equilibria of (5) in terms of the optimality
conditions (4).

Lemma2 (x,A) € R" x (Rx>0)" is an equilibrium of (5) if and only if it satisfies (4).

Proof The proof simply follows by noticing that x* = x if and only if VL (x, ) = 0,
which is (4a), and AT = A if and only if 0 = max{—A, yg(x)}, which is equivalent
to (4b) since A > 0. O

The discussion of Sect.2.1 and Lemma 2 ultimately imply that (5) has a unique
equilibrium (x*, A*) € R" x (R>0)" satisfying (4) and such that x* solves (2). In the
remainder of the article, we study the stability and exponential attractiveness properties
of such an equilibrium.

3 Main result

In this section, we state and discuss the main result of the article establishing semiglobal
exponential stability of the optimal equilibrium (x*, A*) for Algorithm (5).

Theorem 1 Suppose that Assumptions 1 and 2 hold. Then, for every compact subset
Bo € R" x (R>0)" of initial conditions for (5), there exists y > 0, and for every
y € (0,y), there exist £ = u(y) € (0,1) and o = o(y) > 0, such that every
solution (x, A) of (5) with x% 2% e 7 satisfies

VieN, | —x* A =) <ou|(x® —x* 20— ). (6)

The proof of Theorem 1 is presented in Sect. 4. Clearly, (6) implies that the optimal
equilibrium (x*, 1*) is Lyapunov stable for (5) and semiglobally exponentially attrac-
tive with the convergence rate p and the constant o depending on y. As shown in the
proof of the theorem (see, in particular, Sect.4.7) for a fixed y > 0, the constants u
and o are estimated as

1
M::\/l — min {2, yco, yzk%}, o:=V3un T,

3 With a slight abuse of notation, for ease of presentation we denote by VL(x, A):=dL(x, A)/dx the
gradient with respect to the x variable only.
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in which

_ 6(3K3 — min{y2h?, £2})
" min {2, yco, y2k3} min {y2h2, £2}’

for suitable positive constants cq, Ko, &, k2, ¢ defined in the proof of Theorem 1 (see
Sects. 4.1 and 4.2). In particular, cg is the convexity parameter of f such that (8) holds,
Ko > 0 is any scalar such that E¢ C EKO (x*, %) (see (7)), h:=min; g+ 18 (x|,
ko > 0 is the Lipschitz constant of (x, A) — VL(x, A) on a suitably-defined compact
superset of EKO (x*, M%) (see (9)), and ¢ > 0 is a possibly “small” scalar fixed in (18)
so that, for all x € R” satisfying |x — x*| < ¢, gi(x) < O forall i ¢ A(x*), and
Vga(x)TVga(x) is uniformly positive definite.

The above estimates of 1 and o highlight the worst-case dependency of the con-
vergence properties of the algorithm from the stepsize (y), the convexity properties
of the cost function (cg), the “size” of the domain of attraction (Kg), the smoothness
of the cost function and the constraint functions (k»), and the “regularity” (or inde-
pendence) of the active constraints (¢). In this respect, we observe that (6) only gives
a worst-case estimate of the error decrease, and it does not characterize exactly the
actual algorithm’s convergence rate.

4 Proof of Theorem 1

In this section, we prove Theorem 1. We organize the proof in seven subsections. In
Sects. 4.1 and 4.2, we first present some preliminary definitions and technical lemmas.
In Sect.4.3, we construct a Lyapunov candidate function that, unlike the one used
by Uzawa in [29], includes a cross-term proportional to (x — x* | Vg(x)(A — A%)).
In Sects. 4.4 and 4.5, we study the descent properties of such a Lyapunov candidate.
The analysis is divided into two cases, depending on how x is far from x*. It turns
out that the aforementioned cross-term is key to prove that the Lyapunov function
decreases when x is close to x*, as it produces a negative term proportional to |44 |
in the evolution equation of the Lyapunov candidate (see (46)). In turn, this term was
missing from Uzawa’s analysis in [29]. In Sect. 4.6, we use the Lyapunov candidate to
establish equiboundedness of the solutions and convergence to the optimum (x*, 1*).
Finally, in Sect.4.7, we prove the exponential bound (6).

We fix now, once and for all, an arbitrary compact set 9 € R" x (R>0)" for the
initial conditions of (5). We stress that E( can be any, arbitrarily large, compact set.

4.1 Preliminary definitions

Consider a Ky > 0 be such that

&l

(1]

0 € Bgy(x*, 1%). (N
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Let us fix once and for all
K >2Kg+1,
and define
H=Bg (x*, 1Y), %::{x eR" : I eR", (x,A) € %f}
Since f is strongly convex (Assumption 1-A), there exists cp > 0 such that
Vi eR, (x—x"|V/f(x)= V") = colx — ", ®)

Since £ is compact, the smoothness assumptions 1-A and 1-B together with the
optimality conditions (4) imply the existence of k1, k2, k3, k4 > O such that

Vx,§ €, 1g(x) —g®)| < kilx - &l
Y(x,A) €, |VL(x, )| < kp(|x — x*| 4+ |A — 1*)),

)
Vx,§ € Ay, IVf(x)=V[fE)=kslx —§&l
Vx,§ € Xy,  [Vg(x) — Vgl =< kalx — §I.
Moreover, we can define the following constants
ks:= sup |VL(x,A)|, ke:= sup |[Vg(x)|, k7:= sup [g(x)]. (10)

(x,\)ex xeHy xeHsy

Let r, < r denote the number of active constraints at x*. Without loss of
generality, we assume that these active constraints are associated with the indices
i € Ai={1,...,7r.}. Thus, we have g;(x*) = 0 foralli € A, and g;(x*) < O for all
iel={r,+1,...,r}). Let Aa:=(A1, ..., As,,) collect all multipliers associated with
active constraints, and A;:=(A,, +1, . . . , A,-) those associated with inactive constraints.
Let ga and g1 be defined accordingly. Then

ga(x™) =0, A >0, gi(x*) <0, A =0. (11)
and, for all (x, A) € R" x (R>0)",

AP = 2al? + 121, Vg()h = Vga()ra + Vi (12)
Moreover, Assumption 2 implies

Vea(x*) 'Vga(x*) > 0. (13)

Since Vg is continuous (Assumption 1-B), there exist g > 0 and &; > 0 such that the
following conditions hold

Vx e R, |x —x*| <& = Vgalx)'Vgax)>gql, (14a)
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Vx eR", |x—x"<& = gix)<0O. (14b)

For ease of notation, define

) q  kaks + ke (k3 + ka|A*])
oy = , o= + kiks,
kaks + ke (k3 + ka|A*]) 201
3kikoke + kokaks k1koke + 3kokaks
=, i =—",
2 2
a7 :=kake + +§(1<k4k6 + kaks + koke),  agi= g (kik + Kkakek3) . (15)
kok K kakek?
a9 1=ﬂ<% +k§) + koke,  a10:=p 426 2
148 +62 148 14268
ail ;:E k4k5+k2k6# +k2k671+k§+ﬂk§ ! + BKkake,
2 81 31 468,
in which we denote
k2 k2 0 ifr =r,
Bi=6=2, 8=, 52:={ o Lo (16)
9 Bat9 Tk < Ta
Next, define
h in|g; (x*)] 3 in)é i (17)
:= min |g; (x¥)], g:=min{g;, —— ¢,
ier '8 " 41 28)
(notice that 4 > 0 in view of (11)) and we fix once and for all (and arbitrarily)
& € (0, 8). (18)
Finally, with
_ 1 _ 1 _ 1 _ 1 (192)
=—, =—, = = a
" 16K ks v 2ks V3 16K ok v 2k7
_ 1 _ coe? (19b)
Y5 == Y6 := s
Bke B(4K§kaks +2Kokek7 + kskeK) + k7 + k3
2
- . €0 €0 - kz
Y7 := min , , Vg 1= , (19¢)
2(k7 +2k3 + Pon)” \ 2Bas } 2Bay
Z i ! % } % h (19d)
9 1= min ) ) 0=,
s 2/an 40+ Pk 70T dank
- o 1. co ko } - 2h
‘=miny —, =3 —, ————1¢, =—, 19¢
i 8a7 2V 10 24/2aqg viz Kk% (19¢)
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we fix arbitrarily, once and for all, the value of y as

y €O, y), y:=_ min_ . (20)
i=1,..., 12

The specific value of each of the above-defined constants is motivated by the deriva-
tions carried out in the following subsections. We stated all the definitions here to
highlight that no circular dependencies arise. Specifically, one can readily verify that:
(i) the constants Ky and K only depend on the optimal point (x*, A*) and the ini-
tialization set Eo; (ii) the constants k1, ..., k7, defined in (9)—(10), only depend on
the functions f and g, on (x*, A*), and on the previously-defined constant K (iii)
g and g7 in (14) only depend on g; (iv) B only depends on ky and ¢; (v) 81 and &2
only depend on B and ki, k2, ke; (vi) the constants «q, ..., a1 only depend on the
previously-defined quantities; (vii) i, € and, hence, €, only depend on g, x*, £, k| and
B; (viii) the remaining constants y1, ..., Y12 only depend on the previously-defined
constants.

4.2 Preparatory lemmas

In this subsection, we prove some preliminary technical lemmas that will be used in
the forthcoming analysis. For notational convenience, we let

X=x-x", =i — A"
In view of (5), these variables satisfy the recursion

Ft =% —yVL(x, 1), (21a)
AT =max{ -1, A +yg)}. (21b)

Since AT = max{0, A + yg(x)} > A + yg(x) and since A* > 0 in view of (4), we
have —2(AT | A*) < —2(A | A*) — 2y (1* | g(x)). Therefore, we can write

|77 = 1§ — yVL(x, V> = |F1? = 2p(X | VL(x, A)) + y*IVL(x, M)[*  (22a)
and

L2 = [t =2 = P -2 ) 4 P
< A yg)F = 2 [A%) = 2y (A* | g(x)) + A1)
< AP A PP =200 0% + 27 (A g(0) + ¥ Ig ()P
= AP+ 2y (A g(0) + ¥ Ig)

(22b)

Lemma 3 Suppose that Assumption 1 holds and let ¢y > 0 be given by (8). Then,

V(x,2) € R" x (R=0)", (¥|Vf(x)+ Vg)r) — (k] g(x) = col |-
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Proof Since A* > Oand (¥ |V f(x)) > (X | V f(x*))+col|X|? (see the strong convexity
condition in (8)), we can write

(X VL) + Vgr)n) — (k| g(x))
= (X |Vf(0) + (Vgx) & — g(x) | A) + (g(x) | A*)
> (F| VL) +col¥? + (Ve() TF — g(x) | A) + (g(x*) + Vg (x*) & | 1%)
= col¥F + (X | VL) + Ve + (g [ M)+ (Ve) % — g(x) | A)

=0 =0by 4) >—(g(x*) [ 1)=0
by (4) and (23) with(w,y)=(x*,x)

-2
> colx|”,

where, in the first inequality, we also used convexity* of the g; (cf. condition (23) with
the identification (w, y) = (x, x*)). O

Lemma 4 Suppose that Assumption 1 holds, and let y satisfy (20). Then, system (5)
satisfies

(x, 1) € Bag,(x*, A*) = (xT,2T) e ”.

Proof With reference to the constants introduced in (9)-(10), notice that, since y <
min{yi, y2, y3, v} (see 20) and Bog, (x*, 1*) € 7, then (19a), (21), and (22) imply

IF717 = [Z1> = 2y (F | VL(x, 1)) + 2 [VL(x, 0
- N 1
< | + y4Koks + y2kE < |5 + 3

- ~ ~ ~ ~ 1
PP < AP+ 2y (1 g() + y2g(0)* < 1A + y4Koky + y2k3 < A + 3

forall (x,A) € B, Ko (x*, A*). In the previous inequalities, we have used the fact that
y < min{yy, 2, ¥3, Y4} implies

y4Koks + y2k2 < 714Koks + prki =

y4Koky + k3 < 734Koks + 7ik3 =

Bl— -
Bl— -
N — | —

Combining the previous inequalities, we then get
TP AP < TP+ AP+ = 1GNNS @ DI+ 12K+ 1

which implies (x*, A7) € 7. O

4 Being each g; convex and ¥ 1 (Assumption 1-B), it satisfies

Vw,y e R, gi(w) =g () + Ve (w—y). (23)
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Lemma5 Every solution of (5) satisfies A' > 0 and |X'T' — X' < y|g(x")| for all
telN

Proof The fact that A’ > 0 for all # > 0 is obvious. Regarding the second claim, pick
i €{l,...,r}andr € N arbitrarily. From (21b), we obtain

AT = max {0, AL + ygi(x")} — A} (24)

First, assume that A} + yg;(x") > 0. Then (24) yields )1;“ - XZ’. = yg;(x"), hence
|X§+1 — Al = ylgi(x")|. On the other hand, suppose that A! + yg;(x") < 0. Since
)»5 > 0, then g; (x") < 0, and (24) implies

A = =A== =M =A<~y = ylgi ().

Hence, in both cases, |X§+1 — )~\§| < y|gi(x")|. As i was arbitrary, we obtain

P D D A =S Sl S T CO TS S FIED i

i=l,..., r i=1,..., r

which concludes the proof. O

4.3 The Lyapunov candidate
Next, we propose the Lyapunov candidate used later to establish stability and conver-

gence. In this part, we prove some of its basic properties. Specifically, with 8 defined
in (16), we define the Lyapunov candidate

V(x, )=IF12 4 A2 4 yB(F | Vg (x)R). (25)

The following lemma shows that V is positive definite with respect to (x*, A*).

Lemma 6 Suppose that Assumption 1 holds, and let y satisfy (20). Then,
1 ~ T2 3 ~ T2
V(x,A) € X, El(x,)»)l =V, = El(x,?»)l . (26)

Proof As for the upper bound in (26), notice that (x, 1) € % and y < ys (see (19b))
imply

. ~ - . ~ Bke . ~
V(x,4) < |37 + 22 + yBkelFIIAL < 1F1* + |A1* + y7<|x|2 + 1A%

3 . -
< 5(|x|2+ 12,
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in which, in the second inequality, we used the Young’s inequality |X| A] < %(I)?I2 +
[A[%). Similarly, we obtain

E12+ 1A = V(x, 2) — yB(E | V(D)) < V(x, 1) + yBkel%IIA|
l ~12 52
<V, M)+ 2(IXI + A1),
which gives the lower bound in (26). O
Next, we define
Qp:={(x,2) : V(x,2) < p}, (27)
with

3 2
=~ K2. 28
pi=5Ko (28)

Then, the following lemma shows that the level set 2, lies in between EKO (x*, A%)
and Bog, (x*, A*).

Lemma 7 Suppose that Assumption 1 holds, and let y satisfy (20). Then,
B, (x*,4") € @, C Bog, (x*, 1").

Proof In view of Lemma 6, we have
Y * K 3 2
(x, 1) € Bgy(x™, A7) = V(x,A) < EKO =p = (x,A) € Qp,

which proves the first inclusion. As for the second inclusion, we have

(x.2) €Q, = |(F.M)]* <2V(x, 1) <2p =3K;
= [(¥. 1] = V3K < 2K,
which implies (x, 1) € Bag, (x*, 1*). o
In the next two subsections, we show that the Lyapunov candidate V in (25) is

strictly decreasing on €2, along the solutions of (5). We subdivide the proof in two
cases, corresponding to the partition of €2, in the following two sets

Q={(r, ) ey x—x">¢}, 0={(x,}) e, [x—x|<¢],
(29)

where, we recall, € has been fixed to satisfy (18).

@ Springer



Semiglobal exponential stability of the discrete-time...

As a preliminary step, common to both cases, we combine the inequalities (22) to
obtain

V0T < 1FP 41+ 2 (1gR + VLG W)

~2y (R 1VLG,2) = (1 800)) + yBEET | VerHIh). (30)

4.4 Descent on .Q;a

We first focus on the last term of (30). In view of (21), and by adding and subtracting
proper cross terms, we obtain

yBET Ve HAT) = yB(F | Ve HAT) — y?B(VL(x, 1) | Vg(x)AT)
= yB(X | Ve(xDA) + yB(E | VexHAT = X))
—y2B(VL(x,1) | Vg(xT)it)
= yB(E | Vg()A) + yB(F | (Vg(xT) — Vg(x)A)
+yBE| Vg = 1)) — y2B(VL(x, 1) | Vg(xAt).
31

We recall that from Lemmas 4 and 7 it follows that
(x, M) €Q, = (x,1) € Bag, " 1) = (xT,aT) ex. (32)

Therefore, if (x, A) € €2, the bounds (9) and (10) apply to both (x, 1) and (x*, A ™).
In particular, we have

IVe(x™) = Vgl < yka| VL(x, M. (33)

Hence, as long as (x, 1) € 2,, we can further manipulate (31) by using (33), (9), (10)
and Lemma 5 to obtain

yBET I Ve(xMAT) < yB(X | Vg()R) + ¥ Bkal VL (x, )| F]|A|
+ ¥2Bko|% g (0| + v Bksks 3T
< yB(X|Vg()A) + y?B(4Kkaks + 2Kokeks + kskeK ),

in which we also used the fact that, since (x, A) € Q,, then |5»+| < K as implied by
Lemma 4. Hence, by using Lemma 3 and y < y (see (19b)), from (30) we obtain

Vix, )T = V(x, A
< —2ycold? +v2 (80 + VL (x W)
+ y2B (4K Fkaks + 2Kokeks + kskeK )
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IA

2y coli? + yz(ﬂ (4K 2kyks + 2Kokeks + kskeK ) + K2 + k§>

IA

—2ycolF|? + ycoe?.
Since (x, ) € Q¢ = |%)? > ¢2, we finally conclude that

V) et V@, DT = V(x,d) < —yee® <0. (34)

4.5 Descent on 958

Recall the decomposition of A in Ap and A1 (Sect.4.1), in which A = {1, ..., r,}
is the set of indices i associated with active constraints (i.e., satisfying g; (x*) = 0)
and I = {r, + 1, ..., r} that of indices i associated with inactive constraints (i.c.,
satisfying g; (x*) < 0). Notice that (11) implies A; = A;. Moreover, since Vg (x)A =
VgA(x)iA + Vgl(x)il = VgA(x))N\A + Vgi(x)A1, we can rewrite V as

V(x, ) = Valx,A) + Vi(x, L), 35)

in which
Va(x, M):=|Z + [Aal* + yB(F | Vga(X)Aa), (36a)
Vi, A):=l* + yB(E | Var(x)a). (36b)

Notice that V (x, 1) only depends on A, and not on Ay. In the next sections we analyze
the behavior of Va and Vj on Qgs.

4.5.1 Bounding V4 (x, 1)t on fo
With slight abuse of notation, define

VLaA(x, 2p):=V f(x) +Vga(x)ra, xj{::x — yVLaA(x, Xp), iX::xX —x*.
(37)

We notice that, in view of (37), if Ay = 0, then x+ = x;

With the previous definitions in mind, notice that (12) implies

VL(x,A) =VLa(x,2a) + Vgi(x)Ar,
FF =% —yVLa(x, k) = 5" + y V(o).

In addition, bounds analogous to (9) and (22b) hold for L and Aa. Hence,
using (12), (22a), and proceeding as in (22b), we obtain

Valx, VT <U(x, 1) + W(x, 1), (38)
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in which
UG =I5 + Bl + v (1A @ + VLaGr ) )
=2y (R VLG 2)) = (Ra | ga@)))
+yBES | Vea{)R}) 59
and

W(x, A):=& + & + & + éa,
Gii=y? (2VLaGr ) | Va100h) + Vel
&= =2y (x| Vgr(x)Ar),
&= — y?B(Var(x)hr | Vea(x L),
Er=yB(EL | (Veaxt) — Veaxiniy). (40)
We notice that U (x, ) only depends on A, and not on Aj.

In the following, we bound the two terms in (38) separately. As for U(x, A), we
start by noticing that (4a), (8), (9), and (11) imply

lga ()] = [ga(x) — ga(x™)| < ki|F], (41a)
VLA(X*, A%) = VL(x*, A*) =0, (41b)
IVLAGx, A)| = [VLA(x, ko) — VLAG®, 23] < ka(IF] + 1Aal), (41c)
(FIVLA(x, A8)) — (A | ga(x)) = colF]%, (41d)

forall (x, A) € ©,.Inparticular, (41d) can be derived by means of the same arguments
used to prove Lemma 3 in view of (41b). Moreover, we observe that

XN EQ, = (i}, 0N el = [P+ <K @)
The implications (42) can be proved as follows. By Lemma 7, (x,A) € Q, =
(x, 1) € Bak, (x*, 1*). Thus, |(%, (ka, 0)| < [(%, (ka. AD)| = |(¥, V)| < 2K where,
in the last equality, we have used A{ = 0. This implies (x, (Aa, 0)) € Byg, (x*, A%).
Moreover, by 37), A\ = 0 = xT = xj{. Therefore, from Lemma 4 we obtain

(x5, (a, 007 = (xT, (Aa, 0)1) € %, which proves (42).
Conditions (9), (37) and (42) also imply

Y(x,1) € Qp, [Vgalxi) — Vga(x)| < kalx — x| = yka|VLA(x, Ap)l, (43)

which will be useful later in the forthcoming computations.
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Next, by using (9), (41), and Lemma 3, we obtain

U, 3) = Va, %) = y2(18a0 + [VLa(, 20) )
— 27 (&1 VLG, 7)) = (Ra | ga)))

+yBELIVEA(DAL) — yB(F | Vga(x)ha)
< (%} + y22k3 — 2y co)|Z 1 + y22k3 | Ral?

+ 78 (1 VeaDAL) — (F 1 Vga(oia))
(44)

The last term in (44) can be expressed as

FHIVeaxDAL) — (R 1VegaAa) = T+ B+ T+ T+ T, (45)

in which
Fi=(F | (Vga(x) — Vga(x)Aa),
Toi=(% | Vga(x DAL — Aa)),
Fyi= — y(VLA(x, 2a) | Vea(x DAL — Xa)),
Thi=y (VLA (x, ka) | (Vga(x) — Vga(x))Aa),
Tsi= — y(VLA(X, Ap) | VEA(X)AA).
We now proceed in bounding all terms .7}, j = 1, ..., 5, one-by-one. With | defined

in (15), by using (43) and the Young’s inequality we obtain
I o | B 2 a1~ 9
T < ykal VLA, A)IXN|AA] < vhaks|X|[AA] < ykaks T P S Raln )
1

for all (x, 1) € 2,. Conditions (41), (42) and Lemma 5 also imply

T < IVEAGDIFIAL — Aal < vkelFllga ()| < ykikelZ|?,
T3 < V2 IVEAOIVLA(x, Aa)llga(x)] < y2kekaki (1F]* + |Z]|Aal)

3 . 1 -
< y?kikake <§|X|2 + §|)LA|2> ,

Ty < yIVLA(x, A)[IVEA(X) — Vea(xDIlxal
< Y2ka|VLA(x, An) Pl < y2kokaks (1% Aal + 12al?)

1 3.
< y?kokaks | =|Z1> 4+ Z|Aal?
< y“kokyks 2IXI ~|—2| Al” ),
for all (x, ) € Q,.
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Finally, by using (41b) and Vga(x)"Vga(x) > gl forall (x, 1) € QES (see (14)
and (18)), we obtain

Ts = —y(VLA(x, Aa) — VLA(X*, A3) | VA (xX)hA)
= —p(VF(x) = V") | VEaA(X)AA) — ¥IVEA(X)AAI?

— y{(Vga(x) — VEA(™)A% | Vaa(x)ia)
< vke(ks + kal X3 DI IAal — yqlial®

. Lo, ar: = 0
< yke(ks + k4|17]) ZTQM +7|)\A| —vqlial”, (46)

forall (x, 1) € QES.
In view of the previous bounds, and by using (15) and (16), we can further manip-
ulate (45) to obtain

(FH1VeaxDAL) — (X1 Vgax)ia)

kaks + ke (k3 + kq|\* 3k1koke + kokak -
<y 4ks + ke (k3 + ka| |)+k1k6+y 1kake + kakaks i
20[1 2
(kaks + ke (k3 + ka|A*]))ay kikoke + 3kokaks \ -
+V(—q+ 5 +y 5 |7al?

- 1 .
=y (a2 + J/¢>l3)|x|2 +v (-561 + J/Ol4) 7al?

forall (x, 1) € Qf)g.
Then, going back to (44), we get

U, = Va2 < v (( +288 + en) + y2pas — 2¢0 ) 15
1 ~
+y? (2k% +yBos — Eﬂq) Aal?

forall (x, 1) € Qgs. By using the definition of § given in (16) and y < 7 (see (19¢)),
we obtain

V(x, 1) € Q5F, U, A) — Valx, 1) < —ycoli* + y2(yBou — k3) lhal®.
By using y < yg (see 19c), we can finally write
)/2](2 -
VO ) € Q5 UG A) < Vale h) = yooliP = —22al.

Summarizing the bounds derived so far, from (38) we obtain
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27,2
ky ~
V(r ) € 57 VaG )T = Val ) = yeoldl? = T2 RAR + Wi ),
(47)
and we can now proceed in bounding W (x, 1).

With reference to the definition of W (x, A) in (40), we bound the terms &7, .. ., &4
one-by-one. Consider term &7. By using (9), (10), and (41c), we obtain

2(VLA(x, Apn) [ VgI(x)A1) < 2[VLA(x, AA)[[Vg1(x)[[A1]

< kake|%|? + kakeS1|Aal? + kake )?

146
81

forall (x, L) € Qgs , in which §; is defined in (16). As a consequence, we obtain

<g ~ ~ 1+6
V(x,2) € Q5 & <y’ (kzk6|x|2 + kakeS1|Aal* + koke 5 Ll +k§|xl|2>,
(48)
Next, as for &, we notice that A} > 0 and convexity of each g; (see (23)) imply
r r
(FIVam) = Y (FIV&@A) = Y AiF Vailx)
S S
i rr+ i=rq+ (49)
> Y hilgi(x) — gi(x) = (g1(x) — gi(x™) | 1)
i=rq+1
Hence,
V(x, 1) € 55, & < =2y(gi(x) — a1(x*) | An). (50)

Furthermore, regarding &3, by means of the same arguments of Lemma 5, one can
show that |)»X — Al < vigax)| < vki|x| for all (x, L) € Q;s (in which we also
used (41a). Thus, in view of Lemma 4,

(Vg1 | VeaxrHAL) < IVgi)lIVeax DIl (Aal + 1AL — Xal)

= K1l (17l + k|1

51 +28;

< k281|Aal* + k2 o Ial® +

21,212
v kikg .
%W,

which implies

- 1+ 268 v23kE
V(x, 1) € 25, & < py? (kéal|m2+ké - al? + =R 1 )
(51)
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Lastly, for what concerns &4, we use (42) to obtain |A | < K and |Vga(x™) —
VeA)] < kalxt — x| < yka|Vgr(x)ri| < ykake|ar| forall (x, 1) € Q5°. These
inequalities and (41c) imply

(TL 1 (Veax™) = Vega(riNAL) < IX51IVgatx™) — Vega(rDIIAL]
< y Kkake| % [|M1]
< y Kkake (I1X] + yIVLACx, 2A)]) (M
< y Kkaks((1 + yk)|%| + yka|Xa )11

(I+vk)? 5 yH3 -
Ska4k()( ; |)C|2+ 22|}»A|2+|)\I|2 ,

forall (x, 1) € QES. Hence, we obtain

1422 252
Vix, 1) € 257, £4sy2ﬁ1<k4k6< 2y 2|x|2+V22|xA|2+|A1|2 :

(52)
Using (40), (48), (50), (51), and (52), we obtain
W(x, 2) < =2y(gi(x) — g1(x™) [ A1)
k2k? Khkake (14 y2Kk2)\
7 (Kake + 28 . g Kb ) i
2 2
261
<k2k6 +k6 ﬂk + ﬂKk4k6)|?»I|
koksS1 + BK2S) + 4k6k2 ia
2k6d1 + Bkgdi VﬁTI B (53)
forall (x, 1) € Q3°.
Finally, we can further bound (47) using (53) as
Va(x, M) < Valx, 1) — 2p(g1(x) — gr(x*) | A1)
k?k2 Kkake (1 + y2k? 3
+V<V<k2k6+,33/2 St B (2 2) —co ) 151
+ 3 1+ 281
(k2k6 + k2 + k2 ——— + ﬂKk4k6>|)q|2
Kk4k6k2 k3
2 2 2
koked kS =
+)/<261+ﬂ61+1/ﬂ > > l7al?, (54)

forall (x, 1) € Qfs.
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4.5.2 Bounding Vi(x, A)* on S'Zf)s

Consider now the function V1, defined in (36b). We start noticing that, since = AL
then (1b) implies

Py 5 — %1 A (x) <0
Viel [P onp=] M P+ 78i(x) <
y (20 +78i(0))gi(x) i +ygi(x) > 0.

In view of (14b) and (18), gi(x) < O holds for alli € Tand all (x, 1) € Q;E. Thus,
Xi +vgi(x) > 0implies

Y (24 +v8i(0))gi(x) = ygi(hi + v (ki +ygi(x)gi(x) < ygi(x)A;.
Therefore, for every (x, 1) € pre, one has

r r
AR=TP= Y (P P) = Y max(—Iul ygiond
i=rqg+1 i=rqg+1
(55)

We now consider the increment of the cross term in Vi, which satisfies

FF VDAY — (%1 Varor) = (X (Verx™) — Vgr(x))a)
— Y(VL, ) | Verx A + (F | Var() (A — An).

We bound the three terms one by one. First, notice that (14b) and (55) imply |)\I+ | < |A1l
for all (x, 1) € QES. Hence, proceeding as in previous section, we obtain

. . kaks ¢ -
F (Va0 = Vaio)a)) < ykalFIVLGe )l < v =5 (19 + 1P
and

—y(VL(x, 2) | VeixHA) < yIVLG, MVl
< ykoke (15| + |A])|21]

koke (. - 1+8; + 682
< Y (|x|2+31|)»A|2+ TIMH2

for all (x, 1) € Qfs. Lastly, since (14b) implies )\l.+ — X <Oforalli € I and all
(x, 1) € Qfa, then using convexity of each g; (see (23)) as in (49), we obtain

(FIVa@ O] =)= D O = a)F Vi) < (i) — gix) [4] = )
i=rq+1
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forall (x, 1) € Qfg.
Combining the previous bounds and (55), we can write

Vite, VT = Vi, ) = 14712 = 1P + yBET I Ve HAT) — yB(E | Ve
r
< Y max{—|Ail% ygi A} + vBlaix) — qix*) | A — Ap)
i=rq+1
5 koke ~
n yzg (kaks + kake) 151> + 2851 %MAP

2B L+8 487 .
v <k4k5 + kake 5 A1l7, (56)

forall (x, 1) € Q3°.

4.5.3 Bounding V(x, A)* on szjE

Finally, we can merge the bounds (54) and (56) derived in previous Sects. 4.5.1 and
4.5.2 to obtain from (35) the following bound for V

r

V)T =V D+ Y max{—|n ygi(n)i)
i=rg+1

— 2y (g1(x) — g1(x™) | A1) + ¥B{gr(x) — gr(x*) | A" — A1)
+ ()/2017 + ytas — VCO)l)?I2 + y2aal?

k3 -
2 2 4 2
+ (y (81&9 - 2 ) + Y alO) |)\'A| ) (57)

for all (x, L) € Q;S, in which o7, ag, a9, a1g, o171 are defined in (15).
Grouping all terms involving A; fori € I (recall thatl = {r, + 1,...,r}), we can
rewrite (57) as

,
VEran sve+ 3 A+ (viar+yles - ye IR
i=rg+1

k3 -
2 2 4 2
+ (J/ (510!9 - ) +y 0610) [Aal”, (58)

Api=max{—|A; %, ygi (Or} + yrann |l
— 2y (gi (x) — & (X )NAi + ¥B(gi (x) — ()N — Ap).

in which

Next, we derive a bound for A;. For each i € I, we two cases may occur:
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Cl. —|x;|? = ygi(x)A;, which is true if and only if |A;| < y|g;(x)];
C2. —|Ai|? < ygi(x)A;, which is true if and only if [A;| > y|gi (x)|.

In the first case C1, we have max{—|A;|2, y g (x)A;} = —|A;|%. Since (14b) and (55)
imply |k;’| < |Xil|, and hence |)»l.+ — Ai|l < 2|Ai|, we can write

—2y(gi(x) — g (xX*NAi + yB(gi(x) — g (XN — X))
<2(1 4+ B)ylgi(x) — g (x)IAil

- - 1
<21+ Bkry xl[Ai| = (1 + Pkry <82|x|2 + 5|M|2> ,

for all (x, 1) € =%, in which §; is defined in (16). The above inequality and y < 9
(see (194d)) lead to

14+ Bk -
Cl = A < <J/20111+)/—( 85) ! —1> Ihi? + v (1 + ki 82|15
T -2
< =5kl 4y (L + pkisalE. (59)

In the second case C2, we have

max{—|4;[*, ygi (A} = ygi (DA = ygi (x)Ai + ¥ (g (x) — g (x*)A;.
Moreover, in view of (11), (17), and (18), g;(x*) = —|gi(x*)] < —h foralli € L

Hence, using again |)L;r — Xil < 2|Ail, and |X;] < K, and since (x, 1) € Q;E -
|X|] < &, we obtain

A = ygi(xA — y(gi(x) — (DA + yB(gi () — & (XN — A) + 2t Al
<y(yenk + 1 +2B)lgi(x) — g (x*)| — h)|A;]
<y(yank + (1 +2B)kie — h)|r;|

orall (x, A) € Q5°. Using y < y10 (see , an thus yields
for all (x, ) € Q°. Usi 710 (see (19d), (17) and (18)) thus yield

h h -
C2 = A < -y Ml < —y3lul+ra + B)k182|%|? (60)

forall (x, 1) € Q3°.
By joining (59) and (60), we thus obtain

1 -
Vi) € @5 A = 3 max [ —yhlal) + v (L + PP,

for all i € I Finally, including the latter inequality in (58), and using y < yii
(see (19e)) and the definition of 81 and §; (see (16)), we obtain

|
VA SV -5 Z;lmm[w% yhisl}
i=r,
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+ (v = r)( + Plidy + y2ar + yag — yeo ) 17

k2 s
+ (V2 (51069 - ?2) + V4Oélo> Al

|
=V —3 Y min{iklP yhinl]
i=rq+1

3 €0\ -2 2(.2 3k§ > 2
+J/(J/Ot7+)/ as—j)IXI +vy vl — == [AAl

(N 1,1 -
=V =3 3 min{Bl vkl = greolE = 2281
i=rq+1
(61)

forall (x, 1) € QES.

4.6 Equiboundedness and convergence

The lemma below summarizes the results of the previous subsections.

Lemma 8 Suppose that Assumptions 1 and 2 hold, and let y satisfy (20). Then

V(x’ )\')+ - V(xv )\')
. , 1 . 2 1 N YT I
< —min { yce?, EZ;]“““{'M' vl + gyeols + 2Bl
i=r,

forall (x, 1) € Q).
Proof The proof directly follows from (34) and (61) since 2, = SZ;E u Q§8 . O

Lemma 8 ultimately enables us to conclude that the following implications hold
forallt >0

AN eQ, = VETLATH < v M<p = LA e q,.
Since, in view of (7) and Lemma 7, we have
(x0. 20) € Bo € By, (", 1*) € Q,
then we claim by induction on 7 that every solution of (5) originating in E satisfies
vVt e N, (x", A1) € Q,. (62)
Relation (62) implies that all the trajectories of (5) originating in E( are equibounded.

Moreover, (62), Lemma 6, and Lemma 8 imply that every solution of (5) originating
in Eq satisfies V (x*, A') — 0 and (x’, A)) — (x*, A*).
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4.7 Convergence rate and exponential bound

We now conclude the proof of the theorem by establishing the claimed exponential
bound. As a first step, we prove the following lemma showing that, for every n > 0,
all solutions of (5) originating in E¢ enter into an invariant set where V(x, 1) <
% min {772, 52} in the same common time.

Lemma 9 Suppose that Assumptions 1 and 2 hold, and let y satisfy (20). For every
n > 0, let

;. 6Qp—min{n? %))
" min {2, yco, y?3} min {52, 62}

(63)
Then, every solution of (5) originating in Eq satisfies
t o4t . 2 2
Ve >T, V(x,k)fzmln{n,s}.
Proof Fix n > 0 arbitrarily and define
L 2 2}
=—m , .
v 5 in {n £

Pick a solution (x, A) of (5) originating in E¢, and let T € Nbe such that V (x*, A) > v
for all r € N_; and V(x;,A;) < v. The existence of such t is implied by the
convergence of (x, A) to (x*, A*) established in previous Sect.4.6. In view of (62),
Lemma 8 implies V (x!, A') < v for all ¢+ > 1. Therefore, to prove the lemma, it
suffices to show that T < T, with T defined in (63). By contradiction, suppose t > T.
Then, V (x', A') > v forall t € N<7.

Foreachr € N, let I} C I be the set of i € I'such that A} < yh. Let I} = T'\I}.

Then, we obtain (we omit the time dependency for readability)

)
> min {112 yhlal ] =122+ vh Y Dl
i=rq+1 iel

Moreover, Lemma 8 and Lemma 6 (see (26)) imply

Vi, )t —=V(x, 1)

i€l

1 I . - 5
< max I—ycoez, —E)/h Z [Ail — 1 min{2, yco, y2k3} (|x|2 + [hal? + A |2>}

1 . o
=max|—)’C082, —37h Y kil = 3 min(2, yeo, i3} (1. P - wz)]. (64)

i€l
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Since (x, 1) € ©, implies [A;| < K forall i € I, then y < y12 (see (19¢)) yields

1. 2,2 2 | Vzk% 2 vh
7 min{2, veo, Y2GHAL P = 2 D kil < 30| =Rl = oIk

i€l i€l

k3K
< %Z(y%—h) 2] < 0.

i€l

Hence, from (64) we obtain
Vix, A + _ _ 2 _l : 272
X, A) V(x,A) < max ycoE”, 5 min{2, yco, y k3}V(x, ).

Usingt < T = V(x',A") > v, we then obtain
VA
1
< V', A") — min {VCOSZ, 13 min{2, veo, y*k3} min{n?, 82}}

1 1 1
= V(&' A" — min {ycoez, Eycosz, Eyconz, 0 min{2, yzk%}min{nz, 52}}

1 1 1
= V(xt, A1) — min {Eycoez, Eyconz, T min{2, yzk%} min{nz, 82}}

1
=V - B min{2, y ¢, yzk%}min{nz, 7).

Namely,
VieNar, VLA™ < v, ) —x»)
in which
x =g min [2, veo, Y3}
v = % min {2, yco, yzk%} min {172, 82} .

AsV(x2, 219 <p (by Lemma 7) we thus obtain
V' ) <p—xnT =,

which contradicts V (x7, A7) > v, so that the proof follows.

]

The following lemma, instead, provides conditions for local exponential conver-

gence.
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Lemma 10 Suppose that Assumptions 1 and 2 hold, and let y satisfy (20). Let u €
[0, 1) and a € (0, p) be such that

Vi, ) <a = VT, AT < p’vix, ).

Finally, let T € N be such that every solution of (5) originating in Eq satisfies
V(xT,AT) < a. Then, every solution of (5) originating in B also satisfies

Vi eN, || < V37T E0, 30
Proof Pick a solution of (5) originating in Ep. Lemma 8 and (62) and imply
VixT, ATy < v(x% 1%). Moreover, as a < p, Lemma 8 implies V(x/, 1') <

VT, ATy <aforallt > T.
Hence, in view of Lemma 6, we obtain

Vi=T, V') <p?TDvel ol < 2 hvalad) < MZ(”T)%K)?O, Polk
= V=T, |F. )7 <2V’ a) <3200, 102
Instead, for ¢t < T, one has
1GNP <2v, A <2v(®, A% <3v(x®, 4% < 320Dy 0,10,

where we used the fact that, since u € [0, 1), then /LZ(I_T) > 1forallt <T. |

With Lemmas 9 and 10 at hand, we can now prove the claimed exponential bound.
First, assume that

1
Vix, 1) < a::z min {82, yzhz, 2,0} . (65)

Using |%]? < |(X, )2 < 2V (x, &) and |A;]? < |(X, )|? <2V (x, 1) foralli €I (in
view of Lemma 6), we get that (65) implies

(x, ) € 25,
vViel, [A| < yh,

and, hence,
Viel, min{|x]% Ak} =%

Then, we can manipulate (61) exploiting Lemma 6 to assert that, if (65) holds, then

1 1 B 1 -
Vit ah) < Vi) — Ew - ZVCOIXI2 - Zyzkﬁmﬁ

1 ~
= V) — gmin {2, yeo, 33} (197 + 13P)
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1
< <1 — 2 min [2, ¥ <o, y2k§}> Vix, A)
6
= u?V(x,n) (66)

with

1.
uzz\/l — g min {2, yeo, yzk%} e [0, 1).
Thus, we have established the implication
Vinh) a = Ve ah s w?ve (67)

a € (0, p) defined in (65).
Next, we apply Lemma 9 with

n:=yh,
obtaining that every solution of (5) originating in E( satisfies
Vi>T, VLA <a (68)

in which T has the expression (63) with n = yh.
The claim of the theorem finally follows from Lemma 10 in view of (65), (66), and
(68).

5 Conclusions

This article considered the long-standing open problem of nonlocal asymptotic sta-
bility of the popular discrete-time primal-dual algorithm (1) for convex, constrained
optimization. In particular, under due convexity and regularity assumptions, it is proved
that an optimal equilibrium exists, it is unique, and it is semiglobally asymptotically
stable. Namely, for every compact set of initial conditions, there exists a sufficiently
small stepsize, such that the sequences generated by the algorithm converge to the
optimal solution of the optimization problem and to the optimal Lagrange multipliers.
Moreover, convergence is exponential, and the optimal point is Lyapunov stable. As
shown in Sect. 1.2, global asymptotic stability cannot be established for the considered
algorithm, so as semiglobal guarantees are the best achievable in the general case.

The key idea inspiring the stability analysis pursued in the article was to look at
Algorithm (1) as a discrete-time dynamical system sharing many similarities with a
nonlinear oscillator. This motivated the usage of a non-trivial Lyapunov function with
a suitably-defined cross-term, unlike Uzawa’s previous attempt in [29].

Finally, it is worth remarking that the impossibility of global convergence of the
algorithm complicates the development of robustness corollaries, which cannot be
global in the size of the uncertainty. As a consequence, such shortfall poses new
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challenges in the design of distributed algorithms based on (1) and targeting, e.g.,
consensus optimization problems over networks [20-22, 24]. Future research will
mainly focus on this latter extension.
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A Proof of Lemma 1

First, notice that, since by 1-B each g; is continuous, then G;:={x € R" : g;(x) < 0}
isclosedforalli =1, ..., r.Hence, G:=N;=,.., G; is closed. Condition 1-C further
implies that G is nonempty.

Since, by 1-A, f is continuously differentiable and strongly convex, it has a global
minimum z € R" at which V f(z) = 0, and there exists m > 0 such that

Vw,y eR",  f(y) = f(w)+ VFw)(y —w) +mly —w|? (69)

In particular, (69) implies that, for all ¢ > f(z), f I f(2), c]) is compact.
Let (¢y)nen be an increasing sequence satisfying ¢, — o0. Then, (69) implies that

U 711/ @. e =R" (70)

neN

Indeed, pick x € R”". Since ¢, — o0, we can find n, € N sufficiently large so that
cn, = f(2) + IV f(x)|lx — z|. Then, (69) applied with w = x and y = z implies
fx) <cy,le,x € f‘l([f(z), ¢n, 1). In view of this, we can assume without loss
of generality that, foralln e N, & # A,,::f_l([f(z), D NG.

Since f is continuous and A, is compact and nonempty, for each n € N there exists
Xn € Ap satisfying x, = argmin, 4 f(x).

Since ¢,+1 > ¢, then A, € A, and, hence, f(x,+1) < f(x,). The sequence
(f (xn))nen is therefore decreasing and lower-bounded by f(z). Hence, it has a limit
Foor=1imy o0 f(x) = infery f (o)
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By using (69) with (w, y) = (z, x,,), we obtain

VneN, mlx, —zI* < f(x) — f(2) < f(x0) — f(2).

Hence, the sequence x,, has a converging subsequence that converges to some x* € R”
satisfying f(x*) = foo-

Since G is closed and x, € A, € G forall n € N, then x* € G. Thus, x* it is
feasible for (2).

In view of (70), for every x € G, there exists n € N such that x € Aj;. Hence,
f(x) = f(xi) = foo = f(x*). Since x € G was arbitrary, this shows that x* is a
minimum of f in G.

Finally, the uniqueness of x* follows by the fact that f is strongly convex and G is
a convex set since g; is convex foralli = 1, ..., r. Indeed, suppose x € G is another
point satisfying f(x) = f(x*) = fs. Then, |x — x*| > 0 and, since G is convex, for
every t € (0,1), tx + (1 —#)x* € G. Since f is strongly convex then this implies
that, for some m > 0,

FUx4+ 1 —0x*) <tf &)+ (1 —0) f(x*) —mt(1 — D)|F — x** < foo
=foo

which violates the fact shown earlier that f(x) > f forallx € G.
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