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A novel algebraic procedure for the non-parametric identification of the material model by means of dynamical
test measurements is proposed. An extended Standard Linear Solid (SLS) material model is taken into account to
model the material linear visco-elastic behavior. It consists of the series arrangement of fractional Kelvin model
elements adopting real parameters and integer and non-integer order time differential operators, and of hys-
teretic Kelvin model elements adopting complex parameters and integer order time differential operators.
Hysteretic Kelvin model elements are introduced to take account of the material hysteretic behavior. The ma-
terial E(j-w) complex modulus, is analytically modeled as the ratio of pseudo polynomials (non-integer power
terms) in the j-» Fourier variable. A multi-step, iterative, material model identification technique is here pro-
posed to identify the unknown polynomial coefficients and the non-integer exponent values starting from E(j-)
material discrete estimates from input-output dynamical measurements made on a beam specimen at different @
frequency values. Computational, nonphysical SLS elements resulting from the application of the identification
procedure can be found and eliminated, so that a low order optimal model result. Some results obtained by
applying the proposed identification technique with real experimental measurements are shown and discussed.

1. Introduction standard beam linear theory of elasticity @i/f = &i/f(E(j-w), ®, geometry,

density, BC) [2], so that the E(j-w) = E(ﬁ/f(w)) can be estimated from
ﬁ/)?(jw) measured values. The contribution of the beam inertial forces

and of the test instrument elasto-inertial response can also be taken into
account, in order to increase the accuracy of the E(j-w) estimate, and

The material uniaxial ¢ stress v/s ¢ strain unknown frequency
function, 6/ = E(j-w), where 6 refers to the Fourier transform oper-
ator, j = v/—1, and w is the circular frequency, can be experimentally

estimated by means of input-output measurements made on a beam
specimen in stationary forced vibration conditions and in low strain
response conditions. Dynamic Mechanical Analysis (DMA) test systems
are generally used for this task [1], and homogeneous, uniform beam
specimens made with the material under study, excited in a flexural,
tension or compression experimental set-up under known boundary
conditions (BC) at the beam ends, are generally taken into account. The
beam is harmonically excited at a fixed o frequency value by means of a
fforce in correspondence of a fixed axial position. Both the |f| amplitude,
the |u| displacement amplitude in correspondence of the same or a
different axial position, and the displacement Ap/w time delay with
respect to the excitation are measured, so that the complex

i/f = (dl|/|f|)-exp( —j-Ap) frequency response (FRF) ratio can be esti-
mated from measurements made at different @ values. From the

* Corresponding author.

some techniques are known [3,4]. The resulting material E(j-w) estimate
obtained from a specific DMA test specimen is expected to be consistent
and can be used to simulate the response of any structure under linearity
assumptions. Under multiaxial stress-strain conditions, e.g., when solid
or thin-walled shell structures are taken into account, other material
parameters should be experimentally estimated, such as the G(j-w) share
complex modulus from within dynamical measurements in uniaxial
shear conditions. Nevertheless, in some conditions, i.e., when isotropic
materials associated to a stationary Poisson coefficient with respect to
frequency are considered, the material E(j-w) complex modulus only,
fully describes the material multiaxial ¢ = D-€ stress v/s strain rela-
tionship [5,6].

While E(j-wk), ok € 2= [w1,...,0n,] estimated discrete values can

be used as the effective material model in the frequency domain for
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some engineering tasks, a continuous E(j-w) model is generally needed in
most engineering applications, e.g. when the relaxation material
response has to be obtained from E(j-w) or when such discrete material
model needs to be interpolated or extrapolated outside the Q frequency
measurement range. Many different E(j-w) continuous models can be
found in the scientific literature. A classical approach yields the SLS
model [7,8] consisting in N (N referring to the SLS model order) linear
viscoelastic Kelvin elements arranged in series [5,9-11]. Since most
basic low order models, consisting of N <2 elements, such as the
Maxwell, Kelvin, Zener SLS models, show limitations in describing the
material dynamical behavior when a wide frequency range is taken into
account, such basic models are generally not consistent when used to
model both the stress-strain relaxation and the high frequency vibra-
tional behavior of a structure made with the material under study. The
basic SLS material model parameters that result in an optimal fit for a
mid to high frequency vibrational process, result in a poor fit for a
quasi-static dynamical process, e.g., when stress or strain relaxation
responses are considered [1,3]. The behavior associated with slow and
fast dynamic response cannot generally be modeled by means of SLS low
order models. More detailed examples of such limitation are presented
in Section 2. It also appears that SLS low order models cannot accurately
model some composite or functionally graded materials (FGM) even in a
restricted frequency range. High order SLS models consisting of N > 2
real Kelvin elements [1,5,7] can be used to deal with the previously
outlined limitations. It appears that, by increasing N, the dynamic
behavior of some structures made of composite or functionally graded
materials can be effectively modeled [4,5,7,11-14].

It can be found that the E~1(j-w) strain to stress ratio model derived
from assuming real Kelvin elements (real, positive elastic and viscous
parameters) can be expressed as the ratio of two rational polynomial
functions with real coefficients in the complex j-w variable [3,4,15]. It
can also be found [3] that, in partial fraction form, real negative poles
and real positive residues result.

Nevertheless, it was found by the authors of this paper [3] that
continuous E~!(j-w) resulting from an extended low order SLS model
associated to complex poles and residues may better fit E~1(j-ay)
experimentally estimated values from testing of non-conventional ma-
terials such as composite and FGM materials. SLS models associated to
complex poles and residues include hysteretic Kelvin elements, a hys-
teretic Kelvin element being a generalization of the standard Kelvin
element where both the elastic and the viscous parameters are associ-
ated with complex values. The authors of this paper used this approach
in some previous works [16] to model the internal shear friction in
multi-layer composite beam specimens. It must be taken into account
that a hysteretic model is not physical since it is not causal (non-null
strain response to a Dirac stress impulse at t < 0 typically results), the
imaginary part of the time response to a step input and of the free
vibrational response are not null since E(j-0) # (E(—j-)) , where ()" is
the complex conjugate operator. It results that the hysteretic model
cannot be used to simulate a quasi-stationary behavior (j-©—0), nor the
free vibrational response of a structure but can be effectively used to
model the dynamical response of the same structure under a forced
vibrational excitation as it occurs in most engineering applications
[17-23].

Material models employing fractional derivatives were investigated
in many works [6,24-30]. It was found that the relaxation behavior of
some materials, such as most polymers [31], can be optimally modelled
by means of a low order generalized SLS model employing fractional
derivative operators. As a result, a reduced number of elements is
generally needed to accurately fit experimental measurements in both
quasi-static (relaxation) and high frequency vibrational behavior with
respect to the SLS approach. In Section 2 the critical comparison be-
tween the expected behavior of a slender beam made of a material
following a fractional SLS material model and of a SLS material model is
shown.
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Numerical parametric identification of the parameters of a SLS
model is a non-trivial task and some techniques were proposed in the
past [32-36]. It should be outlined that the model identification task
associated to N >2 may be difficult from the experimental and
computational standpoint, since the resulting high number of unknown
parameters to be identified may require many test measurements in an
extended Q range and an ill conditioned system of nonlinear equations
may result in the identification problem.

A non-parametric approach, based on the application of the Levy’s
technique [37], was recently proposed by these authors [4], making it
possible to identify the optimal N order and the physical parameters
associated to each SLS element, starting from E(j-wk), ok € (@1, ..., Ony]
experimentally estimated values. Nevertheless, such technique cannot
be applied to identify an extended SLS model including fractional and
hysteretic elements. The identification of the parameters of an extended
SLS model was mainly dealt with nonlinear optimization techniques in
the past [38-45]. Nevertheless, since the accuracy of the result strongly
depends on the choice of the starting set of the unknown model
parameter values needed by the optimization algorithm, the effective-
ness of this approach is low and its application is practically limited to
the identification of N < 2 low order models [43,44,46].

The E~1(j-) strain to stress ratio model associated to a fractional SLS
model can be expressed as the ratio of pseudo polynomials (non-integer
power terms) in the j-w Fourier variable or the ratio of two polynomials
in the (j-w)'/?, D € N [47], where the denominator polynomial order is
greater or at least equal to the numerator polynomial order. The para-
metric identification of the coefficients of E~1(j.-w) polynomials was
proposed in the past by some researchers. A technique based on the
Levy’s approach was proposed by Kapp [47], but D and the order of the
two polynomials is required to be known in advance. The optimal so-
lution is obtained by least squares minimization of the error associated
with a system of linear equations but the optimal model size does not
result from the application of this approach, so this technique cannot be
applied as-is to identify an extended SLS model.

A material iterative model identification procedure is here proposed.
The number of both the fractional and hysteretic Kelvin elements, and
the derivative non-integer order associated to any fractional element
constituting the extended SLS model to be identified is not a priori
assumed, meaning that a non-parametric identification procedure re-
sults. The parameters of the fractional and hysteretic Kelvin elements
can be identified as well. The procedure makes it possible to eliminate
computational, non-physical results, mainly due to the experimental
noise in input data and to the signal processing numerical noise, so that a
minimal model order is generally expected to result.

Some application test cases are discussed in detail to show the
effectiveness of the proposed technique.

2. Dynamical behavior of structures made of materials following
SLS and fractional SLS models

A Kelvin model, corresponding to a N = 1 SLS model, is first taken
into account, its constitutive equation being:

o0 = B (04401, @

where () is the time derivative operator, material ¢ and ¢ refer to stress
and strain in uni-axial conditions, E,, § refer to the elastic and viscous
Kelvin model parameters. By assuming o(t > 0) = o0y, o(t <0) =
e(t < 0) =0, the creep relaxation response ¢(t) exponentially converges
to ¢(t = o) = 09 /Eo, with time constant /Ey[5]. By assuming that the
7. creep relaxation time satisfies the following condition:

= 9 (1 —exp( =2 E2)) = 95%-£(r = 00) = 0.95.2
= & <1 exp( rcﬂ))795%8(1—00)—0.951507 @
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Table 1
HDPE beam specimen data.
Density (kg/ma) Length (m) Width (m) Thickness (m) Eq (Pa)
945 1.65 0.04 0.011 1.0810°
Table 2
Reference SLS model example cases.
Case Model parameters
SLS N a; E; [Pa] Pi [Paes®]
(A) 1 1.08010° 3.60010°
1 5.40010° 1.9510'!
(B) 2 1 2.80010%° 8.35¢10'°
1 1.02010° 3.97¢10%°
© 2 1 1.05010'° 1.38010°
Fractional SLS N a; E; [Pa] Pi [Paes”]
(D) 1 0.9 1.08¢10° 1.70010'°
(E) 1 0.5 1.08010° 9.75010°%
) 1 0.2 1.08010° 1.85010°
@ 1 0.1 1.08010° 1.450108
0.1 2.16010° 1.10010°
) 2 0.2 2.16010° 6.20010°
it follows that f viscous parameter satisfies Eq. (3):
7. E 7. E
ﬂ _ ‘e 0 ~ c'=0 . (3)
In(20) 3

It can be shown [3,5] that the free response of a uniform homoge-
neous beam structure, whose material model follows Eq. (1), is the sum
of exponentially decaying harmonic functions with associated natural
frequency f,, and of overdamped exponentially decaying functions. It
can be found that 7; modal damping ratios linearly vary with respect to
Wn, = 2-7-f,, modal natural frequencies [2]:

0= min(“;‘gﬂ : 1), 0
Lo

so that the viscous f coefficient should also satisfy Eq. (4):

_2:Eyn,

B

/ o (5)
Combining Egs. (3,4):

n; = min(1.5-7.-m,, 1). (6)

This result is typically not consistent with respect to the behavior of
structures made of most known viscoelastic materials. As a matter of
example, if High Density Polyethylene (HDPE) is considered, E, =1.08-
10° Pa and 7, ~ 100 s result, and from Eq. (6), overdamped free vibra-
tions (; = 1) analytically result if f,, > (3-m7.) " ~0.001 Hz holds. In
our laboratory facility experimental forced vibration input-output

100 e S S
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20 LN /
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measurements were made on a uniform HDPE homogeneous beam,
clamped-free boundary conditions, whose related data are reported in
Table 1. Test FRF data were locally fitted by means of the circle fitting
technique [20], and #; € [0.01,0.04] modal damping ratio values were
identified as being almost constant in the f,, € [0, 7k] Hz wide frequency
range, such result being not consistent with the values deriving from the
creep time relaxation experimental estimate (Eq. (6)).

By modeling the HDPE material by means of a fractional Kelvin
model:

B

o(t) = Eo- <e(z) +E—O~ﬁg(t)> ;7 O<ac<l, (@]

the creep relaxation ¢(t) response does not coincide with an exponential
function anymore (Appendix A, Eq. A.1) and also the free response of a
uniform, homogenous beam specimen is not the sum of underdamped
and overdamped exponentially decaying harmonic functions anymore.
The 7; modal damping ratios and wp, circular frequencies of a uniform,
homogenous beam specimen whose material follows Eq. (7) are not
defined anymore when fractional derivative operators are adopted, but
equivalent parameters may be defined as well by means of the procedure
shown in Appendix A. Such procedure makes it possible to evaluate the
equivalent damping ratio with respect to a given material model but an
arbitrary beam structure, so 7 = n(w) can be numerically estimated with
respect to any @ value.

The equivalent damping ratio estimates (@), numerically obtained
by means of the procedures described in Appendix A, by taking into
account the different material models reported in Table 2 and the beam
data in Table 1, are reported and compared with the experimental re-
sults in Figs. 1-2. In all of the example cases reported in Table 2 the
material model data are consistent with the same HDPE material
assumption: Eg ~ 1.08-10° Pa and 7, ~ 100 s.

Fig. 1 shows n; = n;(fn, = wn,/27) experimental and numerical results
found with respect to (A-C) cases. The equivalent damping value esti-
mates significantly increase with respect to frequency in the (A), (B)
example cases (red and blue curves) related to a SLS model, and mostly
overdamped free vibrations (1; = 100%) result. It appears that these
numerical results are not consistent with respect to the experimental
evidence (black curve). Even in the (C) example case (SLS model, N = 2,
green curve), the consistency with the experimental results is only ob-
tained in a limited frequency range (Fig. 1b). Fig. 2 shows n; = 1;(fa,)
experimental and numerical results found with respect to (D-H) cases.

In (D-G) cases, #; monotonically increase with respect to wp,, and the
higher the fractional derivative order the higher the #,. value results. H
case appears to better fit experimental data results (Fig. 2b), since
n; = n;(wp,) is not strictly increasing with wp, circular frequency. It was
found that structures made of a material following the SLS model, any N
order, always exhibit high damping or overdamped behavior in the low
and high frequency range, while a low N order, fractional SLS model can
effectively be used to fit experimental measurements in a wide frequency

104 102

Fig. 1. (a) Damping ratio versus natural frequency: HDPE experimental results (black), (A) (red), (B) (blue) and (C) (green) example cases; (b) detail of (a).



S. Amadori and G. Catania

100

80

60

n.[%]

40

20

ok
107

f [Hz]

(a)

n.[%]

Materials Today Communications 35 (2023) 106159

Fig. 2. (a) Damping ratio versus natural frequency: HDPE experimental results (black), (D) (purple), (E) (blue), (F) (green), (G) (red) and (H) (cyan) example cases;

(b) detail of (a).
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Fig. 3. Extended SLS model.
range.

3. Extended SLS material model identification from dynamical
test measurements

The extended SLS material model taken into account in in this work
results from a series arrangement of Ny fractional Kelvin and Ny hys-
teretic Kelvin elements (Fig. 3), so that Eq. (8) holds:

€= E+) & &= ——, &, = -

e Ei+(jo)"p; E;+j-o-p,
G 1 . 1 Sy 1 G ?
== =0(j-w)= @ = (i) (;>
6 E(jw) () ;Ei-i-(j-w) ’~ﬂi+;Eq+j~w-ﬂs c p+ 6/u

(8

where N = Ny +Npy is the extended SLS model order. Real valued posi-
tive elastic and dissipative parameters (E;, f;,i = 1...Nr) and non-integer
differential operators (0 < a; < 1) are assumed in the fractional Kelvin
elements, and complex valued elastic and dissipative parameters (E;, f;,
s = 1...Ny) are assumed in the hysteretic Kelvin elements. Standard
Kelvin elements can be modeled with fractional, @; = 1, Kelvin ele-
ments.
The fractional and hysteretic contributions can be referred to as

oja) = B = (5), + (), = 6rG0) + Outjo).

g o

)

where O(j-wi), ok € [@1...0n,] Nx complex data can be estimated from
€/ DMA test measurements, as it was previously outlined in the
introduction.

The hysteretic Oy contribution is non-physical as it was previously
indicated in the introduction.

The model identification problem can be stated as follows: find
model parameters E;, f;,ai, i = 1...Np, E;, f;,s = 1...Ny best fitting the
following Nx nonlinear equations in the unknown model parameters:

O, = (")(]C()k) = (")p(j'a)k) + @H(ja)]\)

Nr 1

B ZE,- + (o) -; * ZE: +j e

i=1 s=1

Nu 1

k=1..Ny. (10)

The ©r contribution can be expressed as the ratio of two polynomial
functions of the j-w complex variable, if standard Kelvin elements are
considered (¢; = 1, Vi), and same result applies with respect to the @y
contribution. Some algebraic techniques, based on the Levy’s approach,
are known from literature for the identification of the unknown pa-
rameters of the Op(j-w) in partial fraction form from experimental
O(j-wy) test measurements [20], and this approach was applied in the
past by these authors for the identification of the parameters of a SLS
model [4]. The difference between measured and model estimated
Or(j-wi) values at any measured circular frequency w, value can be
modelled by means of a residual polynomial in the j-® complex variable,
whose optimal order can result from a least square best fit approach. It
should be outlined that this approach, while meaningful from a math-
ematical fit standpoint is not coherent with respect to the extended SLS
material model considered in this work.

A technique able to identify the optimal Op(j-w) model fitting
O(j-wy),Vk experimental data is shown. The model error vector A®
obtained as the difference between experimental O(j-wx) data and
Or(j-wy) data values estimated from the identified model, Vk, is then
used to identify the Oy(j-w) hysteretic model proposed. Two different
identification techniques are thus proposed in the following sections to
separately identify the Or(j-w) and @y(j-w) contributions.

3.1. O identification

3.1.1. Op model equivalent formulation
The @r model defined in Eq.8 leads to a highly nonlinear equation of
the a;, E;, #; model unknown parameters. An equivalent @y formulation
is obtained and proposed here in order to be compatible with the linear
identification approach that will be described in Section 3.1.2.
Fractional derivative order is assumed for any O element:
n;

==,

o i=LeoNe 1<m <D an

where n;,D € N, and D value is assumed to be high enough to approxi-
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mate @; unknown value, Vi. From Egs. (8,11):

05 (j-0) i 1 NZ 1/p; i R;
‘W) = . a; = N = i )
" i=1 Ei + (j-w) Pi =1 (j.w 3 5 a4 tv
(o) +ﬂ- (12)
q= (j"’))lbv Vi= %7 R = l/ﬁn
where R;, y; € R". Since:
q"+y = H(q —Ziy),
s=1
1 m(e2(s=1) .
Z[.s:(yi)"" i ,s:l,.,n,-, lzls'vNF;
ENE (13)
L (B
al = = (7).
2.
Aarg(z) = arg(zi1) —arg(zi) = n—ﬂ Vs <n;, i=1,.,Np,
and:
qn, + y; g q— le
Fis = qllm { [ir (l] - Zi.:):| = # a4
v q 7i H (zi,s Zl/)
#=1
C#s
From Eq. (12):
oy ni
TV (a-2e),  a# 7 as)
q — Zis pa
C#s

and from Eqs.14-15:

lim <u> ] —ar) = 2. (16)

a=zis \ 4 — Zig i Tis
C#s

Function g(q) = ¢" is defined, so that from Eqgs. (12-16) the following
results can be obtained, Vi, s:

glg=1z) = ()" = -7 a7
dg niet (zs)" ey,
(g = . = = 1
i (q=2) =ni-(z) me - (18a)
P BN )t {1 BT (q"' . 7") & (18b)
dq 9=%us g — Zig 4= \qd — Zis Tis
From Eq. (18a-b):
Ri'zi,: Zis
tis = ———= —"—
’ niy; ni-E;
Iraa| = ! (E)Z;
i,s ni-E; \f; ni.(E;,,fl.ﬂi)%7 (19)

afg(r,-,.‘) = aIg(z,-_,.‘) + 7, Vs <n

2-m
, Vs < m;.
n

i

Aarg(r;) = arg(”i.s+1) - arg(ri.x) =

From Egs. (12,13) Of can be expressed in partial fraction form:
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- q"+q" by +. by 4z
q"+> 4 b =
=0

m—1
¢
n, a m—
~ Tig fguq ‘ " a1+ +ag r;
Or=> |2~

s=1 q—7Zis

Nr

m:E ni; r:[r17-~~7rm]:|:rl.17~~~-rln17 rNF,n,VF}a
i=1

2=z, 2] = {211, ,zl,nl,...,zNF,nNF]

(20)
Since n; €N and R;, y; € R7, it follows that as, by e R*, V7.

3.1.2. ©p non-parametric model identification technique
It is assumed that @, measurement test estimates at circular fre-
quency wy, k =1,...,Nx, are available, and:

a = (o). 1)

The optimal @y fractional SLS material model (Eq. (20)) fitting
measured values can be found by arbitrarily choosing m and by identi-
fying the a, and b, real unknowns (£ = 0...m — 1), best fitting the
experimentally estimated values:

m—1
¥ (a)-ar

@k:H’T , k=1...Ny. (22)
(q)" + ; (q:)be
=0

A system of Ny linear equations in (a,, b/), 2-m unknowns, results:

m—1 m—1

(q0)-ar — > O () -br = Op(q0)"- (23)

0 =0

S
Il

If a large set of test measurements, e.g., Ny> 2-m, and high m value
is taken into account, the numerical solution of Eq. (23) is expected to be
ill-conditioned, requiring the pseudo inversion of a high order
Vandermonde-like coefficient matrix. To increase the system matrix
condition and improve the computational accuracy of the solution, a

normalized variable u = (a)/wNX)l/ P € [0,1] is introduced:

_ |(Jk‘

Uy = s U € [07 1]7
|q’VX|
@ = (o) = |gu| € = Mk'|qu|'d'¢ ’ @4
(q) = (”k)f"‘JNx‘K'ej"’"f; ¢ = _D
From Eq. (23,24):
m—1
(ux) |qu| e af*Z@k uy) 1£]1v | &by = O ()" |, |-
/=0
m-1 -
(i) e~ — Z@k~(uk)f~e"¢'(f’m)~bf = O ()", k=1..Ny,
=0 =0
af = ‘qu‘ 7m.af7 bf = |qu|f7m'bf .
(25)

where the following linear transformation was used in Eq. (25) for
computational purposes:

a:[ao 7 ¥ am,l]r,b:[bo b/ bm,l}r;
q= [(wNX)—m/D (wNX)(K—m)/D

a= diag(q)-a, b= diag(q)-b .

(wn) 7P " € R (26)

A linear system of 2-Ny real equations in the a, b real unknowns
results:
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Table 3
(I) Test case model identification results.

Materials Today Communications 35 (2023) 106159

Reference model

Identified model

E/Ey(j-0)
[ E; [Pa] Pi [Paes”] I E; [Pa] B; [Paes?] quadratic error fit
0.1 9.08010° 6.42010° 0.1 9.0810° 6.4210° 6
Np =2 Np =2 2.24 10"
F 0.2 5.25.10° 4.95.10° F 0.2 5.25.10° 4.95.10° 410
Table 4
(L) Test case model identification results.
Reference model Identified model E/Eo(j-0)
a; E; [Pa] Pi [Paes”] I E; [Pa] i [Paes”] quadratic error fit
Np=1 0.25 1.08010° 3.850107 Np=1 0.2 1.08¢10° 3.860108
1.58010'+ 7.500107+ 10 5 -
Ny =1 1 Ny =1 1 1.58010 7.49010 2.93010
+j#6.03.10° +je1.11.107 +je1.70.10° +je1.16.107
20— * ml m—1 i
18 . » no, a;(z¢)
. i i=0
® ry = qllnz Z e (qg—2z2)| =5 (29)
16 —Z, P - i
X y i=1 ! 11 (ze — )
14 x i=1
® i#l
12 X
¥ ~ ~ 4T ~ ~ 1T .
£10 % The Z, = ﬁi_h...,zi‘ni] S (Z)m, ri = [f,-_h...,riﬂi] S (r)m 1= 1(Np)m
s N subsets belonging to i-th fractional Kelvin element, o; = n;/D fractional
] % order, can be found by means of the procedure reported in Appendix B.
% ~ ~ . .
< The z;, T; elements exhibit constant modulus and constant Aarg() rela-
4 3 .
. . tive phase (Egs. (13,19)):
2 N
N . ~ . ~
ob | n; = size| z; | = size (r,-),
-1 0 1 2 3 4 5 6
Ypn i [H7] x10'

Fig. 4. () test case O stability plot, identified stable and unstable solutions
marked according to Table. B.1.

Re(A) —Re(B)] [a] [Re(0)
Im(A) —Im(B) ] . LN, - Im(0) :
[ dm u el 9 (1-m) (u )m—l.e,/¢
A= )
Le ™ uy - ()" e (27)
[O,-eTtm @y - 1m Or-(u )" e
b= )
L Ony-e 7™ Oy otty, -1~ O, (1, )" e
0=[6(u)" Oy ()" 1"

The &, b unknown real coefficients can be obtained by least squares
solving Eq. (27) by means of a Singular Value Decomposition (SVD) based
technique, so that from Eq. (26) a = (diag(q)) -
results as well.

It should be outlined that since the solution can be found with respect
to any m assumed value, a = (a),,, b = (b),, . An iterative approach,
based on the evaluation of the stability of (a),, (b),, solution is pro-
posed herein [15]. For any m = 1,2,3,..., M.y, the system (z),,, poles can
also be evaluated from (b),, as the m zeros of the following polynomial
function:

A b = (diag(q) b

"+ 7" byt +.. b = 0. (28)

as follows:

System (r),, residues can be evaluated from (z),,, (a),,

~ 2n ~ 2n
A i) ~—, A ( i) ~—
arg (z) . arg(r, .

i i

(30)

Zis| =~ const, Tis

~ b4
~ const, arg( z;; | ~—; Vs,
n

arg (?,-‘.\.) ~ arg (E,\) +m; Vs,

The parameters associated to i-th fractional Kelvin element can be
identified from Egs. (13,19):

Zf’;l |Zs| 1 ( n; ) " n; E;

=5 =E\<i =) - i =0 Yi=

b R; S |Zi,.\| * D ! B
(31)

E=—F—r
ned |r,‘_)|

The identified fractional elements being stable with respect to
different m values can be selected as the constituents of the extended SLS
model, while the other identified fractional elements, only resulting
from the computational evaluation can be discarded. The stability
approach, commonly used in most modal analysis procedures [20], is
adopted, making it possible to automatically or manually select stable
solutions taking into account user defined tolerance values.

The Or(j-w) model {{Ei, f1, a1,r1,R1}, s {Ep),s Bive), s F(e)s
}/(NF)M’R(NF)"\}}M isidentified, and is compared to {{E1, 1, a1,71,R1}, ...,
LENe) 1 BitNe)y s A Ne)m 12 Y(Np)yy s RNe), y }Ime1 DY evaluating the sta-
bility with respect to «a;, y;, Ri;. The stability properties of
{Ei, B;, ai,v; Ri}, i-th solution associated with the m-value identification
step can be associated to a marker according to the Table B1 specifications
and plotted in the stability graph with respect to y,,; = |E; /ﬂi\l/ % fre-
quency abscissa value and m ordinate value. The stability procedure is
detailed in Appendix B.

To show the effectiveness of the stability approach, Nx = 1000
simulated measurements are numerically evaluated from (I) (Table 3)
and (L) (Table 4) test cases, in the w € [1071,10%] Hz frequency range. A
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Fig. 5. () test case: E(j-w) simulated measurements (black) and identified
model fit (red).
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Fig. 6. (L) test case O stability plot, identified stable and unstable solutions
marked according to Table. B.1.
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Fig. 7. (L) test case: E(j-w) simulated measurements (red), (Nr=1) fractional
SLS model fit (black), (Ny=1, Ny=1) extended SLS model fit (green).

stability diagram is shown in Fig. 4 reporting model solutions obtained
with respect to the (I) test case simulated measurements, identification
parameters are D = 10, my,,x = 20. Two fractional SLS element stable
solutions are found, corresponding to the Ny = 2 identified fractional
SLS model reported in Table 3, showing an excellent agreement with
reference values. Fig. 5 shows E(j-w) plot from the ©(j-wx) simulated
measurements and the model identified Of(j-w) estimate, where the
error difference between measured and the model identified estimate is
negligible.

Fig. 6 reports the stability diagram obtained from model identifica-
tion obtained with respect to (L) test case simulated measurements,
identification parameters are D = 4, my,x = 10. A single fractional, SLS
element stable solution is found starting from m = 4, corresponding to
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Fig. 8. (L) test case @y stability plot, identified stable and unstable solutions
marked according to Table. B.1.

the Ny = 1 identified fractional SLS model reported in Table 4, showing
a good agreement with reference values. Fig. 7 shows the simulated
measurements plot and the @p(j-w) model identified plot, the error dif-
ference between the two curves being mainly due to the lacking
contribution of the still unidentified hysteretic model component.

It should be outlined that a O physical model, being consistent with
thermodynamic isothermal assumptions, must satisfy the following
conditions [6]:

ROGw) " >0, SO(w) " >0, 0<o<cw. (32)

Some more restrictions on the fractional SLS {E;, §;, ai,7;,Ri},, pa-
rameters should apply from Eq. (32), and their evaluation will be
considered in our future research. It should be outlined that all of the
identification results shown in this paper respect the Eq. (32) condition,
since test data consisting in E(j-wy) material measured estimates appears
to respect Eq. (32) condition as well.

3.2. Oy identification

3.2.1. ©y model formulation
From Eq. (8-9) the hysteretic Kelvin elements contribution is:

@H(j'w):zh, l/ﬂz :ZH Ri

i:lj.a)JrE jo-z
B , (33)
E:
i = 7*17 Rz = 1 i
Bi /"

where E;,3;,R;,zi € C. From Eq. (33), Ox(j-®) can also be expressed as the
ratio of two polynomials:

Ny—1

PN () IV o R & Ve 34
H = " Nu o \Nu—1 - Ny—1 ’
‘w) " + (oo “dyy—1 + ... +d, a ;
R LR I
i=0

and since R;, z; € C, it follows that a;, b; € C, Vi.

3.2.2. Oy non-parametric model identification technique
Oy(j-w) can be estimated from Eq.10:

m—1 . ;
> (o) -a;
i=0

m—1

(ran)™ + Z (i)' -bi

A@k = Qk — @p(]'~a)k) = @H(j-wk) = s k= lNX

(35)

The optimal @y hysteretic SLS material model fitting A©j values can
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Table 5
Numerical fractional SLS model identification results.
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Reference model

Identified model

Case E/Eo(j-w)
a E; [Pa] fi [Paes”] Ny o E; [Pa] fi [Paes”] quadratic error fit
0.3 9.13¢10° 3.37e10° 0.3 9.13¢10° 3.382010° o
oD Np=2 0.2 6.03010° 1.5210° Np=2 0.2 6.03¢10° 1.5203010° 3.6e10
0.5 9.2110'° 1.04010° 0.5 9.21e10'° 8.02010°
(N) Np = 0.75 1.01e10"! 3.11e10"! Np =3 0.75 1.01e10"! 3.11e10"! 2.15010™
0.25 9.41e10° 8.02010° 0.25 9.41e10° 8.02010°
(0) B 0.25 2.25010° 4.2110° B 0.25 2.25010° 4.20010° "
(no S/N) Np=2 0.5 9.15¢10° 9.3110° Np=2 0.5 9.15¢10° 9.3210° 22310
(0) ~ 0.25 2.25010° 4.21e10° . 0.25 2.10010° 3.78¢10° 2
(90 dB S/N) N =2 0.5 9.15¢10° 9.3110° Np =2 0.5 9.35¢10° 1.03107 1.05410
)X 10° 3% 10° ‘
=15 -
g ! g
51 T X% S
&0 ~
0 L n 0 |- "
10° 10 107" 10° 10" 10 10° 10 107 107 107! 10° 10! 10° 10° 10*
5210 . 271" ;
—_ —1.5 ¥
g4 £
E2- B E
= =05
0\ I 0 T I}
10° 107 107! 10° 10! 10 10° 10 107 107 107! 10° 10! 10° 10° 10*

Frequency [Hz]

Fig. 9. (M) example case: E(j-w) model (red), identified model fit (black).
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Fig. 10. (N) example case: E(j-w) model (red), identified model fit (black).

be found by arbitrarily choosing m and by identifying the a;, b;i =

0...m — 1, complex unknowns, best fitting the A®values. A complex
system of Ny linear complex equations in the 2-m, a;, b;, i =0...m — 1,
complex unknowns results:

m—1 m—1

Z (-on)"-a; — ZA@k'(j'wk)i'bi = A0, (j-r)™; (36)
i=0

=0
k=1...Ny.
To increase the system matrix condition and improve the computa-

tional accuracy of the solution, a normalized variable u = (w/wy,) €
[0,1] is introduced. From Eq. (36):

Frequency [Hz]

Fig. 11. (O) example case: E(j-w) model with 90 dB S/N added noise (red),
identified curve fit (black).

Table 6
specimen experimental data.

Section
Area [m?]

Bearfl Material Length
specimen [m]

Density

Eo [Pa] [kg/m?]

Loxeal instant

47 gel® (85 %

volume ratio)

and steel Py
(BS1) powder (10 pm 1.75010

mean grain size,

15 % volume

ratio) mix

9.02010°°  1.70010°  2.00e10°

Loxeal 31-10®

(60 % 31-

component and

30 % 10-

component

volume 2
(BS2) fractions) and 1.75+10

carbon fibers

(length

60-300 um, 10

% volume

fraction) mix

5.84e10°°  2.38e10° 1.11e10°
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Fig. 12. (BS1) test case: E(j-w) measurement data (red), SLS model fit (blue),
fractional SLS model fit (black), extended SLS model fit (green).
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—1 m—1

()" (j-wwy ) -a; — ZA@k'(“k)i'(i'wa)i'bi = A6, (u)" - (j-ony )"

i=0

3

o

n—1 m—1

(ue)'-a; — ZA@k'(uk)i’zi =46, (m)",
B

3

o

D= (ron) " ai, b= () b

Q2

k= 1...Ny,
(37)

where the following linear transformation was used in Eq. (37) for
computational purposes:

9
6210 5 ‘ -
e S
zs :
& ; | s L
) k o
T4
-7
3 L L L L L J
0 20 40 60 80 100 120 140 160 180 200
5 X 10°
= \
&= " N 0 |
@lr « LA 1 0 50100 200 300 400 500 600 700 800 900 1000
E £ x 7w Time [s]
—_ - = = > 2 B8
0 20 40 60 on 100 (H izo 140 160 180 200 Fig. Al. 7. evaluation for (Al) example case.
requency [Hz
Fig. 13. (BS2) test case: E(j-w) measurement data (red), SLS model fit (blue),
fractional SLS model fit (black), extended SLS model fit (green). Table A1
(A1) example case model parameters.
o E; [Pa] B; [Paes?]
0.3 5010 10108
Ng= 3 0.8 1e10'° 50100
0.5 70100 3e10°
Table 7
Experimental test cases: extended SLS model identification results.
Case Extended SLS model E/Eo(j-w)
o E; [Pa] fi [Paes”] Ep [Pa] 7 [s] quadratic error fit
0.1 1.7310° 1.65010°
Ny =2 0.2 1.12¢10'3 2.78010'2 5 12 3
(BS1) N 1 3.13010'262.07010'2 1.82010%+02.69¢10° 173410 2.01+10 6.84+10
H= 1 -3.56010'%je2.66010'! 2.45010°-j03.37010°
N 0.2 5.97710'° 2.672010'°
= 0.1 2.484010° 1.503010°
(BS2) 1 -1.67010'%je7.6410"" 6.84010%-j01.7410° 2.3810° 1.69010'° 1.2301072
Ny =3 1 -1.31010'2je1.06010"! 1.52010%%je1.57010°
1 1.07010'%-je2.3910"! 5.87010%+j02.47010°
Table 8
Experimental test cases: SLS model identification results.
Case SLS model E/Eo(j-0)
@ E; [Pa] pi [Paes] Ep [Pa] 7. [s] quadratic error fit
9 6
! 5.41e10 1.02410 3.67010° 1.38¢107! 3.010102
(BS1) N=3 1 3.42010%° 1.93010°
1 1.7110'° 1.62010°
9 S
®52) N2 ! 518410 8.92¢10 4.47¢10° 6.400107 1.31e107
1 3.57¢1010 2.48010°
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Fig. A2. Example case (Al):(w)estimated values.
Table B1
Solution stability conditions.
Stability evaluation Condition Marker
Unstable ‘ (i)m _ 1| > tols, ‘ Ri), — 1‘ > tol X
(}/t’)mfl (R/)m,l
. - R;
y stability ‘ (L)m _ 1| < tols, ‘ Ri)m — 1‘ > tol O
(76)m-1 (Re)m-1
i1 . R;
R stability ‘7(7‘)’" - 1‘ > tol;, ‘ (Rim__ 1‘ < tol; *
(7/)5#1 (legan
Full stability \(y(’)i"'f 1| < tol;, ‘(}g - 1‘ < tol, o
Jm-1 ¢ )m—1
10 — X X 8—
9 o
8 x o
i 5
6 ~
g
5
4 N
3 x X
2 x
1
0 1000 2000 3000 4000  S000 6000 7000 8000 9000
Xy ; [(HZ]

m,i

Fig. B1. O stability plot example, identified stable and unstable solutions,

marked according to Table. B.1.

a= [ao e 4 Ap—1 ]T,b = [bo bi ... bu ]T§
—m —m - T n
q= [(U)Nx) (wa)f (a)Nx) : ] eR ;
a = diag(q)-a, b= diag(q)-b .
From Eq. (37), in compact form:
[C —D]-F} —-L
b
~ - - - T ~ ~ ~ T
a=q a; anr ] b= [bu b; bm—l}
o ! 46, A6,-u™
C= , D=|.. ,
U ! ABy, ABy, iy !
L= [46,u] A0y 1"

The 2-m @, b unknown complex coefficients can be obtained by least

(38)

(39

10
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squares solving Eq. (39) by means of a singular value decomposition
(SVD) based technique, so that from Eq. (38) a = (diag(q))'a, b =
(diag(q))™"-b results as well. Since the solution can be found with
respect to any m assumed value, it results thata = (a),,, b = (b),, . The
same iterative approach previously adopted in Section 3.1.2, based on
the evaluation of the stability of (a),,, (b),, solution is proposed herein.
Foranym =1,2,3,...,My,, the system (z),, poles can be evaluated from
(b),, as the m zeros of the following polynomial function:

2" by by = 0. (40)
System (R),, residues can be evaluated from (z),,, (a),, as follows:
m—1 .
m R. Z(] ai'(zf)l
Ry = li Lo —z)| =
T ot ;jw -z U Zf)] ﬁ (2 —2) (41)
i=1
i#t

The parameters associated to the i-th hysteretic Kelvin element can
be identified from Eq. (33):

p.=1/R, E = —z/R; i=1.. (42)

m.

The identified hysteretic elements being stable with respect to
different m values can be selected as the constituents of the hysteretic
SLS model, while the other identified hysteretic elements, only resulting
from the computational evaluation, can be discarded. The stability
approach used in Section 3.1.2, detailed in Appendix B, is adopted,
making it possible to automatically or manually select stable solutions
taking into account user defined tolerance values.

As a matter of example, the Oy(j-w) identification results obtained
with respect to the simulated measurements from the (L) model case and
the O identified model are presented, m,,x = 10. The stabilization di-
agram is shown in Fig. 8: a single hysteretic SLS element stable solution
is found starting from m = 5. The Ny =1 identified hysteretic SLS
model contribution is reported in Table 4, and the Of(j-w)+Ou(j-»)
model identified curve plot is shown in Fig. 7, showing that an excellent
agreement with the reference model 6(j-w) curve plot is obtained.

4. Numerical validation of the identification procedure

The identification procedure is applied to three numerical test cases,
whose model reference parameters are reported in Table 5. Ny = 10*
measurements are simulated from the reference models, in the Q =
[10-3,10*] Hz frequency range, and numerically generated random
noise, assuming a S/N = 90 dB signal to noise ratio, is added to simu-
lated measurements with respect to (O) test case. Identification pa-
rameters are: (M) D = 10, my.x = 20, (N) D =4, my,x = 20, (0)D =4,
Mmax = 10. The identified model results are reported in Table 5, and
O(j-w) curve plot estimates from the reference and the identified model
are shown in Figs. 9-11: an excellent agreement of the identified models
with respect to the (M-N) reference models were obtained, and a good
agreement was also found with respect to the (O) reference model
simulated measurements with noise.

5. Experimental test case applications

Two BS1 and BS2 polymeric composite material beam specimens are
experimentally tested in flexural forced vibration response condition by
means of a TA Instruments DMAQ800 system, operating at T = 35 °C in
the multi-frequency and strain control experimental mode with
clamped-sliding boundary conditions, Nx = 202, 2 = [1072,2-102] Hz.
The maximum strain value of (0.05 # 0.01)% was maintained constant
during the measurement test. The material of the (BS1) specimen is
obtained by mixing a commercially available ethyl cyanoacrylate
polymeric resin and an environmentally sustainable steel powder ob-
tained from recycled machining waste chip. The material of the (BS2)
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specimen is obtained by mixing a commercially available epoxy dual
component resin material Loxeal 31-10® and recycled carbon fibers.
BS1 and BS2 specimen data are reported in Table 6.

Since BS1, BS2 specimen material is not homogeneous, the identifi-
cation of the equivalent homogenized material model is here taken into
account. A calibration procedure, proposed by the authors in previous
works [4,15]. is applied to the test measurements in order to take into
account of the dynamic contribution of the instrument frame, and of the
inertial contribution of the distributed mass of the beam and of the
moving mass of the instrument force measuring system. E(jwy), o € 2
discrete material estimates from measurement data are plotted in
Figs. 12,13.

The BS1, BS2 optimal extended SLS model was obtained by fitting
experimental data with the identification procedure described in Section
3 and in Appendix B. Identification parameters are: (BS1) D = 10, My
=10 for Op(jw) and my,x = 25 for Oy (jw), (BS2) D = 10, my,, = 20 for
OF(jw) and my,x = 25 for Oy(jw). Extended SLS models are reported in
Table 7 and the E(jo) = (0r(jo) + Ou(jw))~" continuous extended SLS
model curve fits are shown in Figs. 12,13 and compared to experimental
data.

A SLS model was identified by means of the procedure previously
presented by these authors [4], and the results are reported in Table 8
and Figs. 12-13. The identified model was compared to the optimal
extended material model fit plots.

From the identified models, E is estimated from Eq. (A.7) and 7,
creep relaxation time is estimated by applying the procedure described
in Appendix A and these results are also reported in Tables 7 and 8.

6. Conclusions

A procedure for the non-parametric identification of the extended
SLS model of the material of an experimentally tested beam specimen
was proposed in this work. The model takes into account of the equiv-
alent elastic and viscous properties of the material under investigation,
in a wide dynamical frequency range, from the quasi-static behavior
(relaxation response) to the low to high frequency vibrational behavior.

The identification technique proposed in this work is non-
parametric, since the Ny optimal number of fractional Kelvin elements
is assumed as unknown but can be obtained as a result at the end of the
identification procedure. The technique is mainly based on an algebraic
approach, leading to a numerically well-conditioned linear systems of
equations in the frequency domain, to be solved by least square standard
SVD procedures, and on the automatic or semi-automatic evaluation of
stabilization diagrams in order to find the N optimal model order.

The SLS model was also extended to take into account of the material

Appendix A. Creep relaxation time and damping ratio estimate
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hysteretic behavior, typically occurring at medium to high test fre-
quencies, in order to better fit test data when the contribution of SLS and
fractional SLS model elements appears to be ineffective, but a non-
physical, non-causal material model result and such result may not be
acceptable in some contexts.

The identification procedure was tested with respect to some
numerically generated test data with simulated noise, and results
showed that the procedure was effective in all of the example cases taken
into consideration. The procedure is also efficient, since it does not
require computationally expensive numerical nonlinear optimization
procedures, but it only deals with the solution of some low order over-
determined systems of linear equations.

Some experimental test cases dealing with non-conventional com-
posite materials, quite common in some modern engineering applica-
tions, are proposed, showing that a good model fit in the frequency
domain can be obtained with a limited number of extended SLS material
model elements and that material creep relaxation can also be effec-
tively estimated from the identified model. Poor results obtained by
identifying these same experimental data test sets by assuming a SLS
Kelvin model are reported to justify the proposed identification of an
extended SLS model.
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From Eq. (8), ¢(t) strain output response of the i-th element of a N order fractional SLS material model to a oy stress step input, assuming the Caputo

fractional derivative definition holds, is [27,44,48]:

_ B 0" . _b
o(t) =E (8,-([) + E at"’ei(t) =060 ; T,= E
(4]

£m(-2)))

where M, () is the Mittag-Leffler function [48]:
k

LN Z
S T

&(1) =

M, (z) = exp(z),

where I'() is the gamma function. The total ¢(t) strain output response is:

11

(A1)

(A.2)
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:,Zj;ei(t)zﬂo',Z::{Ei,-(l_M"‘<(_TLI>%>)}' (A3)

If a N order SLS material model is taken into account, ; = 1, Vi and Eq. (A.4) holds:

et):ﬁ:ei(z):aoéjEii-(1—exp<—%)>. (A.4)

i=1

The 7. creep relaxation time can be defined as follows:

e(r = 1.) = 0.95-(t—00) = 0.95-22 (A.5)
0
or:
E-ii- o (%) )] =005 (A.6)
0 - Ei a; ; . ) .
where:

(A7)

E ' = ‘ZEI.'

As an example, Fig. A1 shows how 7, can be estimated from the (A1) material example case (Table Al).
Free vibration v(t) response of a slender uniform, homogeneous beam specimen made of a N-elements SLS material, normal boundary conditions at
the beam ends [2,3], excitation and response at the same axial position, can be analytically expressed as:

Z Cirexp(4 ZAV, , (A.8)

where an exponentially decreasing harmonic function Av;(t) results from the contribution of any occurring (4., 4;), (Cr, C,) complex conjugate pairs
in v(t):

Av,(t) = Coe™' + Clet' =y, -exp( — 1@, 1) sin(w,,,q/l -7 -t+(p,)
9?(/1) . (A.9)

n, = L], 1, =— R =G|, ¢, =arg(C,)

It results that , damping factors vary with respect of the assumed material order and parameters, and also with respect to the beam specimen

geometry and boundary conditions. The beam flexural FRF between F transverse excitation and ¥ transverse displacement can be expressed by means
of the modal approach [3,15]:

v\ Vi e Vi
F(w) ;(JW) +k2 o5 ;(JW) +k2 @5
E(w) E(w)
) (A.10)
N
Z El]/ﬁ' = Ey-0(j-0)
i= J /}

where nm is the number of modal terms approximating 7/F(w) when o € [0, @mq] is assumed, k; and w;result from the system solution by assuming

E(w) =1 [2,3]. The wq circular frequency, specimen related, constant value depends on the beam geometry, E, and the material density.
It must be observed that for a N order SLS material model, Eq. (8), Z(j-w) can be expressed by means of the ratio of two polynomial functions [4]:

ay1-G-0)" + .+ (o) + ao

2(i-w) = (A.11)
(J ) (]w)N+bN,1(/a))N++b1(/a)) ero
From Eqgs. (A.10,A.11):
v, B v, B v (v 1G0)' ™+ + @) _
(-w)* + K -op- ! K-a? G0)" +bya-(oo) " by (o) (v (o) ao) kg (o) + by (@) 4+ bo)
0 E () (o) + —— T
aN,l'(‘]'Cl)) +.+a
CANI(jw) + +Ql(]w +C10 %
G-V + .+ diy-(-o) + dig Jw = pig
(A.12)

The 1, damping ratio values can be estimated from p; poles as follows [3]:
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My = _;7 WOy = }pi-5|7 (A.lB)

where any p;;, p;, complex conjugate pair is associated to 1, @y, values, while real p;; poles are associated to 7, = 1.
Eq. (A.10) results as the sum of rational functions and a partial fraction form results as well:

(@) = fn:ci,zvfl'(i'm)lvil .t cir(o) tao - NZHL
B i=1 (i'w)NJrl +.+dii-(joo) +dig ' )0 —Dis ' (A.14)

so that Eq. (A.14) also results as the ratio of polynomial functions, where the polynomial order of the denominator is greater than the polynomial order
of the numerator, so that a partial fraction form holds:

D)~ o+ er-(o) + .+ o (o) + '*Z‘ R

F do + di-(j-0) + . + ds-(-0) + S0P (A.15)
Re(p;

n=- ‘(p), w,, = |pi.
pil

An equivalent 7/ f‘(w) FRF expression can be obtained as well by adopting a different approach [4]. From the Euler-Bernoulli homogeneous,
uniform beam, with normal boundary conditions, the equation of motion in the frequency domain is obtained:

U - o | Byl
67541/(57 (1}) - ZA(w)Ay(évw) = 07 Z= w(z)(_;(w) = Z(w!w0)7 Wy = p;L4) (A~16)

where ¢ = x/L refers to the normalized displacement, L to the beam length, p to the density, S to the section area, I to the section moment. The U(¢, @)
solution that satisfies Eq. (A.16) is:

V(& @) = Cy-sin(z-€) + Cy-c08(z-E) + Cs- sinh(z-E) + Cy-cosh(z-€) (A17)

Taking into account of the following boundary conditions, being consistent with a typical test measurement architecture: clamped beam at one end
(¢ =0), T = —F shear and null M moment at the opposite beam end (¢ = 1), the terms Cj, Cz, C3, C4terms from Eq. (A.17) can be obtained by imposing
the following conditions, agreeing the previously cited boundary conditions:

50,0) =0, 2250,w) =0,

Lo (A.18)
2 = 3 .

Lz()a_y(l w)=0, L?()a_y(l w) = —F.

[T 8

The resulting response function at £ = 1 end is:
Vo) = 1 (sin z- cosh z — sinh z- cos z) (00j),
a - mpad 0 [E(0) P 1+ cosz coshz PR o A19)
O(nj0) = mpas-L = SEL0n.0)): cosh(eln,0)) — sinh(e(on. ) cos(e(on 0))

F @' [Z(j-0)]"7 (1 4 cos(z(a, ))- cosh(z(wo, @)))

where mj is the total mass of the beam. It should be outlined that 7/F(w) from Eq. (A.19) corresponds to the exact solution, according to the model
assumptions. Moreover, it also results that, from Eqs. (A.14,A.19):

s

1 R, R

v

= ) =————=® =~ s .
F (w_m) r) mB'CUg5 ((UO.CU) Jw—=p, JO—Pp, | |
and:

R, :
- +-
jo—p, jo-—p

D(wy, 0—>0,,) ~ ]Ng, = R,-my-\/@y , (A.21)

where w, = |p,| is the natural frequency of a beam vibrational mode associated to a complex conjugate pole pair.

Starting from 7/F (), @i € £ measurement range from a known beam specimen, many numerical identification techniques [20], some developed
by these authors in previous [3,15], can be employed to identify p,, R, parameters from Eq. (A.20), so that wp,, #, values can be found as well.

Since wp,, 1, are expected to vary with respect to Z(w) material model and to the beam geometry, Ey, p values only affecting mg, w, values, the pole
identification technique can be iteratively applied from a &(@o, wx), @i € £2 discrete set of analytically computed values at different @, values, so that
identified wy, circular frequencies may assume any value in a known range. The 7, values obtained by applying the previously defined identification
technique are thus associated to w,, frequency value.

This same procedure can be used to estimate #(w) = 5,(wn,) for a beam specimen made of a material following a fractional SLS material model. It

should be outlined that in this case Eq. (A.14) does not hold anymore, since 7/F(w) results as the ratio of pseudo-polynomial functions where the
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exponent associated to each term of these functions is not expected to be integer anymore. By using Eq. (A.14) to approximately fit 7/F(w) and &(wo,

), (w) estimates can be obtained for beam specimens made of a material following a fractional SLS material model. Fig. A2 refer to () identified
estimate results related to example case (Al).

Appendix B. Non-parametric material model identification by the stability diagram approach

From 6 = O(jok), ok € 2 discrete measurement set and from Eqs. (10, 12, 20), assuming a N order fractional SLS model:

(= (o)) = &,

. v o mfa . ®.1)
Z:EH/wkﬁ :;qzi+7i:; ;qﬁzm :;q,ﬁzf’ B

where Nr € N, D € N, E;, ff;, Ri, v; € R", nj € N; i=1...Ny are the model parameters to be identified. From Eq. (26-29) 2, € (z),,, ¢ € (r),, poles
and residues can be obtained with respect to any m value. The Z; = [Zi1,..., %in|" € (2), Fi = i1, Tim )" € (r),, i = 1...(Ng),, subsets belonging to the
i-th fractional SLS element, fractional order «; = n;/D, should satisfy Eq. (30). Taking into account of numerical and experimental noise, z;, T; are
required to satisfy the following inequality conditions:

Zis— 2r
arg (f—l) ‘ — —‘ < toly,
Zis n;

T 2
arg (L]) ‘ - —n' < toly, , s =2,.,n. (B.2)
n;

Tis

)
arg| =~ || —~«
Zil

tol, and tol,, tolerance values are associated to the experimental and numerical noise of the specific identification test case considered. The o;
fractional exponents, E; average moduli and f; average viscous coefficient values associated to the i-th fractional Kelvin element can be found from Egs.
(30,31). The 2, € (z),,, 1, € (r),, solutions not satisfying Eq. (B.2) can be associated with a minimum order fractional Kelvin element if the following
inequality conditions hold:

2|

— 1' <1ol,,

|Z[,s|

— 1‘ < tol,,

S fOlph

arg(Z.1)| — nﬁ’ < 10l '

||larg(z¢)| — | < toly,, |arg(re)| < toly, (B.3)

and from Eq. (30,31):

1 E 1 E
PTRTRS TR ED
The (Np),, order, fractional SLS model associated to the previously described m order fitting procedure is expected to include physical and
nonphysical, computational components if high m values and noisy test measurements are taken into account.
For m = 1,..., M., the (E;, f;, ai),, solution stability properties are evaluated with respect to (Ez, f;, @y = i)p_1; € : min/(|(El-)m — (Ef)m |).
Stability conditions are reported in (Table B1).
The tol; choice depends on the numerical and experimental noise associated to the identification procedure. The solutions related to (E;, §;, ai),,

fractional element can be plotted in a stabilization diagram by means of the marker defined in Table B1 with respect to ( y,,; = (|E: /ﬂi|1/ %) s )

coordinates. Fig. B1 refers to a stabilization diagram example. Stable (E;, f;, a;),, solutions can be automatically or iteratively user selected from any
column of stable solutions found in the stability plot. The total number of fully stable, selected choices, identifies the Ny unknown value.
The stabilization approach can be easily applied to the @y hysteretic SLS model identification procedure as well.
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