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A B S T R A C T 

We present the first high-resolution zoom-in simulation of a Milky-w ay-lik e halo extracted from the Aquarius Project in the 
Fuzzy Dark Matter (FDM) framework. We use the N -body code AX-GADGET, based on a particle-oriented solution of the 
Schr ̈odinger–Poisson equations, able to detail the complexity of structure formation while keeping track of the quantum effects 
in FDM. The halo shows a cored density profile, with a core size of several kpc for an FDM mass of m χ = 2.5 h × 10 

−22 eV/ c 2 . 
A flattening is observed also in the velocity profile, representing a distinct feature of FDM dynamics. We provide a quantitative 
analysis of the impact of fuzziness on subhaloes in terms of abundance, mass, distance, and velocity distribution functions, and 

their evolution with redshift. Very interestingly, we show that all collapsed structures, despite showing a flat density profile at 
z = 0, do not reach the solitonic ground state at the time of formation: on the contrary, they asymptotically converge to it on 

a time-scale that depends on their mass and formation history. This implies that current limits on FDM mass – obtained by 

applying simple scaling relations to observed galaxies – should be taken with extreme care, since single objects can significantly 

deviate from the expected asymptotic behaviour during their evolution. 

Key words: (cosmology:) dark matter – methods: numerical. 

1  I N T RO D U C T I O N  

Among the many unanswered questions about the fundamental 
processes go v erning the evolution of our Universe, the ones regarding 
the elusive nature of dark matter are some of the most puzzling. 
Its extremely weak interaction (or a lack thereof) with standard 
matter and its low intrinsic velocity are the two main properties 
of the standard Cold Dark Matter (CDM) cosmological model, both 
necessary to a v oid unobserved electromagnetic dark matter signals 
and to be consistent with the formation of large-scale structures. 
These properties, ho we ver, can be associated with several physical 
entities or reproduced by several processes. 

In fact, many possible sources have been historically investigated 
– with different success – as possible candidates for dark matter (see 
e.g. Bertone, Hooper & Silk 2005 ), such as astrophysical objects 
(e.g. like Massive Compact Halo Objects (MACHOs) Alcock et al. 
1993 ), physical ef fecti ve mechanisms (e.g. like Modified Ne wtonian 
dynamics (MOND) Milgrom 1983 ), as well as new fundamental 
particles beyond the standard model of particle physics, like Weakly 
Interacti ve Massi ve Particles (WIMPs; Jungman, Kamionko wski & 

Griest 1996 ). 
The WIMP model, in particular, was regarded as the most 

promising model of dark matter for many years, due to the following 

� E-mail: matteo.nori@nyu.edu 

peculiar coincidence: assuming the interaction between dark and 
standard matter to be weak enough to a v oid electromagnetic detection 
but strong enough to ensure thermal equilibrium in the early universe 
before the eventual decoupling of the dark component, the mass of 
such dark matter particle would fall in the 100–1000 GeV/ c 2 range, 
which is coincidentally similar to the range associated with a weak 
force (see e.g. Kamionkowski 1998 ). 

With the advent of new cosmological surv e ys of the Cosmic Mi- 
crowave Background like Wilkinson Microwave Anisotropy Probe 
(WMAP, Bennett et al. 2013 ) and Planck (Planck Collaboration XIII 
2016 ), the WIMP particle-based model was still considered as one 
of the front-runner models for dark matter. Nevertheless, the lack of 
a detection in this mass range after many years of continuous search 
by dedicated particle accelerator experiments like the Large Hadron 
Collider (LHC, see e.g. Albert et al. 2017 ; Danninger 2017 ; Buonaura 
2018 ) has been eroding the consensus surrounding WIMPs, in fa v our 
of other particles in mass ranges previously unexplored. 

Among these, an interesting dark matter candidate could be linked 
to the axion particle (see again Kamionkowski 1998 ), arising from 

the CP-symmetry breaking in quantum chromodynamics (QCD) 
(Peccei & Quinn 1977a , b ). From the QCD axion – which is tightly 
related to the strong CP problem – a more general concept of a 
pseudo-scalar bosonic particle can be derived to encompass a much 
broader class of axion-like particles (ALPs). Within this category 
spanning o v er an astonishingly wide range of masses of the order 
10 −24 –10 0 eV/ c 2 , there are particles that can be regarded as well- 
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moti v ated dark matter candidates well below the WIMP mass scale 
(see Ferreira 2021 , for a recent and comprehensive review on the 
subject). 

The general ALP dynamics is characterized by a w ave-lik e 
quantum self-interaction that is mainly set by its mass. The latter 
is, in fact, related both to the timing of the dynamical regimes ALPs 
exhibit with respect to the background cosmic dynamics as well 
as to the the strength of the self-interaction and its consequences for 
structure formation. In particular, the ALP mass sets the cosmological 
epoch at which the associated dark matter component exits from the 
oscillatory regime – which is a peculiar feature of the axion potential 
– and begins to cluster, thus affecting in different ways the evolution 
of large-scale structures when ALP role as a dark matter candidate 
is considered (see e.g. Sikivie 2008 ). 

A crucial distinction concerning the relative timing of the end of 
the oscillatory regime with respect to the time of matter–radiation 
equality can be then drawn for ALPs with mass abo v e or below 

10 −10 eV / c 2 . Abo v e this value, dark matter begins to cluster before 
equality, thus ef fecti v ely se gre gating a large fraction of the total dark 
matter content in gravitationally bound axion miniclusters by the 
time of baryon decoupling from radiation (see e.g. the early works 
of Kolb & Tkachev 1993 , 1994 ). On the contrary, for lower values 
of the mass, the density distribution of the ALP field at matter–
radiation equality can be essentially described by adding a small- 
scale correction to the usual CDM density distribution related to its 
self-interaction (Hu, Barkana & Gruzinov 2000 ). 

The clustering process differs in the ALP dark matter and CDM 

models, as the typical w ave-lik e dynamics of the ALP acts as an 
ef fecti ve net repulsive force below a certain scale, thus admitting 
a non-degenerate self-gravitating stable solution – called soliton –
whose properties scale with the ALP mass (see e.g. Marsh 2016 ). 
In recent years, a wide range of experiments have been designed to 
detect QCD axions or ALPs and to investigate their possible link 
to dark matter (see e.g. Banerjee et al. 2020 , for a recent o v erview): 
these include, e.g. resonant cavity experiments at various frequencies 
(McAllister et al. 2017 , ORGAN; ADMX, Braine et al. 2020 ), 
dielectric haloscopes (MADMAX, Majorovits et al. 2020 ), detection- 
induced magnetic flux oscillations (ABRA CAD ABRA, Ouellet et al. 
2019 ), and NMR-based techniques (CASPEr, Graham & Rajendran 
2013 ; ARIADNE, Arvanitaki & Geraci 2014 ). 

In this work, we focus on the lower end of the ALP mass spectrum 

– in the range of 10 −24 –10 −19 eV/ c 2 – whose associated dark matter 
models are often referred to as Fuzzy Dark Matter (FDM). Masses in 
this range are often conveniently expressed in units of m 22 , where m 22 

≡ 10 −22 eV/ c 2 . As previously mentioned, the w ave-lik e interaction 
of FDM acts as a net repulsive force and thus power is erased 
with respect to the fiducial CDM matter power spectrum at matter–
radiation equality, ef fecti vely smoothing out density perturbations 
at small scales and thus leading to fewer collapsed structures at 
lower redshifts (Hu et al. 2000 ). Moreo v er, the particle mass is so 
light that the associated de Broglie wavelength and – as a direct 
consequence – the self-gravitating objects that can be formed are 
comparable with the galactic scales (see again Hu et al. 2000 ). These 
features are of particular cosmological interest, since FDM could be 
simultaneously involved in the development of a constant-density 
core in the innermost region of dark matter profiles – originally 
related to the cusp–core differentiation of Oh et al. ( 2011 ), which 
can be solved only in some mass ranges by the presence of baryons 
(see e.g. Tollet et al. 2016 ) – and the suppression of the typical CDM 

o v erabundance of galactic satellites (Klypin et al. 1999 ). 
Numerical simulations of structure formation within FDM models 

have been initially performed by means of highly numerically 

intensi ve Adapti ve Mesh Refinement (AMR) algorithms able to solve 
the Schr ̈odinger–Poisson (SP) equations o v er a grid (see e.g. Schive, 
Tsai & Chiueh 2010 ; Mocz et al. 2017 ; Schive et al. 2018 ), leading 
to impressive and very detailed results on the properties of individual 
FDM-collapsed objects (see e.g. Woo & Chiueh 2009 ; Schive, 
Chiueh & Broadhurst 2014 ; Veltmaat, Niemeyer & Schwabe 2018 ). 
Ho we ver, the computational cost of such an approach hindered the 
possibility to extend the investigation of late-time structure formation 
to large cosmological volumes. To address this issue, N -body codes 
were developed, initially only including the (linear) suppression 
in the initial conditions but neglecting the integrated effect of the 
FDM interaction during the subsequent dynamical evolution (see 
e.g. Schive et al. 2016 ; Armengaud et al. 2017 ; Ir ̌si ̌c et al. 2017 ) – i.e. 
basically treating FDM as standard dark matter with a suppressed 
primordial power spectrum, similarly to what is routinely done in 
Warm Dark Matter (WDM) simulations (Bode, Ostriker & Turok 
2001 ; Schneider et al. 2012 ). 

In this manuscript, we present a high-resolution Milky-w ay-lik e 
dark matter system simulated in the FDM scenario; in particular, the 
system consists of a zoom-in simulations taken from the Aquarius 
project (Springel et al. 2008 ) (halo A – resolution level 3). The 
Aquarius project has been a cornerstone in understanding the 
relationship between halo and subhaloe properties, and it has been 
used as a benchmark for investigating other dark matter models 
beyond CDM in the past (as, e.g. WDM; Lovell et al. 2014 ). The 
main goal of this work is the analysis of the system properties and 
FDM specific observables and their evolution in time as resulting 
from the complex non-linear structure formation process in an FDM 

cosmology. 
The zoom-in approach consists of a rationalized distribution of 

resolution elements within the simulation box, which allows to detail 
a region of interest – normally, a collapsed structure – with high 
resolution, while efficiently keeping track of its environment (see 
e.g. Katz et al. 1994 ; Navarro & White 1994 ). In this sense, zoom- 
in simulations represent an intermediate step bridging single-object 
simulations and bigger fixed-resolution cosmological simulations. 
By adopting this method, it is then possible to retain information 
about the cosmological context while reaching a higher resolution 
than a homogeneously represented N -body simulation. 

The paper is organized as follows: in Section 2 , we present the 
theoretical background related to FDM models; in Section 3 , we 
detail the numerical aspects of this work, related to the simulation 
and the data production; in Section 4 , we then present the main results 
of this work, regarding the halo and subhaloes; finally, in Section 5 , 
we summarize our findings, discuss them, and draw our conclusions. 

2  T H E O RY  

In this section, we collect the fundamental equations that go v ern 
FDM dynamics. We here detail also the specific properties and 
scaling relations that are rele v ant to this work and that characterize 
FDM-collapsed structures. 

2.1 FDM models 

In FDM models, the mass of the dark matter particle is so tiny 
that the associated De-Broglie wavelength is of astrophysical scales, 
requiring the dynamical treatment of dark matter to take into account 
quantum interactions. FDM is thus usually described through a 
quantum bosonic field ˆ φ, under the assumption of condensation (Hu 
et al. 2000 , 2017 ). 
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The Gross–Pitaevskii–Poisson equation describing the evolution 
of a massive bosonic field ˆ φ reads (Gross 1961 ; Pitaevskii 1961 ) 

i 
� 

m χ

∂ t ˆ φ = − � 
2 

m 

2 
χ

∇ 

2 ˆ φ + � ̂

 φ, (1) 

where m χ represents the typical mass of the FDM particle and � is 
the Newtonian gravitational potential, which satisfies the standard 
Poisson equation 

∇ 

2 � = 4 πGρb δ/a, (2) 

where δ = ( ρ − ρb )/ ρb is the comoving density contrast with respect 
to the comoving background density ρb (Peebles 1980 ). Together, 
equations ( 1 ) and ( 2 ) form the so-called Schr ̈odinger–Poisson (SP) 
system. 

The system can be recast from a field description into a mathe- 
matically equi v alent fluid one – associating the field amplitude and 
phase with fluid density ρ and a fluid v elocity v , respectiv ely – with 
the use of the Madelung transformation (Madelung 1927 ) 

ρ = 

∣∣ ˆ φ
∣∣2 

(3) 

v = 

� 

m χ

� 

∇ ̂

 φ

ˆ φ
. (4) 

In the frame of an expanding universe – with a and H = ȧ /a being 
the usual cosmological scale factor and Hubble function, respectively 
– we refer to x as the comoving distance and to the velocity u as the 
comoving equi v alent of v . The real and imaginary parts of equation 
( 1 ) then translate into a continuity equation 

ρ̇ + 3 H ρ + ∇ · ( ρu ) = 0 (5) 

and a modified Euler equation 

u̇ + 2 H u + ( u · ∇ ) u = −∇� 

a 2 
+ 

∇Q 

a 4 
, (6) 

where an additional potential Q – accounting for the w ave-lik e 
behaviour of the field – appears alongside the usual gravitational 
potential � . 

The so-called Quantum Potential Q (QP hereafter) has the form 

Q = 

� 
2 

2 m 

2 
χ

∇ 

2 √ 

ρ√ 

ρ
= 

� 
2 

2 m 

2 
χ

(∇ 

2 ρ

2 ρ
− |∇ρ| 2 

4 ρ2 

)
(7) 

and accounts for the purely quantum behaviour of the field (Bohm 

1952 ). It is interesting to remark that, from a theoretical point of view, 
the quantum nature of dark matter that sources the QP is present in 
the usual Euler equation used to describe CDM as well: ho we ver, it 
is just safely negligible in the classical limit, as the factor � 2 /m 

2 
χ is 

extremely small for the typical eV–GeV mass ranges that has been 
historically considered for the CDM particle (see e.g. Bertone et al. 
2005 ; Feng 2010 ). 

2.2 FDM: scaling relations 

The modified Euler–Poisson (mEP) system composed by equations 
( 5 ), ( 6 ), and ( 2 ) that go v erns self-gravitating FDM dynamics ⎧ ⎪ ⎨ 

⎪ ⎩ 

ρ̇ + 3 H ρ + ∇ · ( ρu ) = 0 

u̇ + 2 H u + ( u · ∇ ) u = −∇� 

a 2 
+ 

∇Q 

a 4 ∇ 

2 � = 4 πGρb δ/a 

(8) 

is the fluid-equi v alent of the SP system. It admits a spherically sym- 
metric time-independent one-parameter family of solutions ρsol ( r ) 
that has no analytical form. The ground-state solution is usually 

referred to as the solitonic core, as its density profile saturates to a 
constant value in the centre. Despite the lack of an analytical form, 
it can be well approximated (see e.g. Schive et al. 2014 ) by 

ρsol ( r, ρc , R c ) = ρc 

[ 

1 + α

(
r 

R c 

)2 
] −8 

, (9) 

where ρc is the core density and 

R c : ρsol ( r = R c ) = ρc / 2 (10) 

is the half-density comoving radius, simply referred to as core radius, 
which is set by construction choosing the constant α = 

8 
√ 

2 − 1. 
The mEP system of equation ( 8 ) is invariant under the coordinate 

transformation via a generic constant λ (Ji & Sin 1994 ) 

{ x , t, u , ρ, M, �, E} 
→ 

{
λ˜ x , λ2 ˜ t , λ−1 ˜ u , λ−4 ˜ ρ, λ−1 ˜ M , λ−2 ˜ � , λ−3 ˜ E 

}
, (11) 

where we also included the mass M and the energy E of the system. 
It is possible to see that such transformation sets some scaling 

relations, in particular, the core density ρc , its radius R c , and its mass 
M c are thus linked through 

R c ∝ 

(
a m 

2 
χ ρc 

)−1 / 4 
(12) 

thanks to the intrinsically symmetric nature of the system (see e.g. 
Cha vanis 2011 ; Cha vanis & Delfini 2011 , for a thorough analytical 
and numerical study). 

In this work, we specifically use the term FDM cores to describe 
the one-parameter discreet family of spherically symmetric solutions 
– each associated with a different energy level – that satisfy the 
scaling relation R c ∼ ( a ρc ) −1/4 , with the solitonic core representing 
the densest ground-state solution (see e.g. Appendix B in Hui et al. 
2017 ). 

In a cosmological context, the linear density perturbation δk in 
Fourier space satisfies 

δ̈k + 2 H ̇δk + 

( 

� 
2 k 4 

4 m 

2 
χa 4 

− 4 πGρb 

) 

δk = 0 (13) 

that directly sets the typical scale 

k Q 

( a) = 

( 

16 πGρb m 

2 
χ

� 2 

) 1 / 4 

a 1 / 4 (14) 

for which the gravitational pull is balanced by the QP repulsion, 
sometimes referred as quantum Jeans scale in analogy with the 
homonym classical one (Chavanis 2012 ). This scale decreases as the 
Uni verse e volves, ef fecti vely shifting the scale of balance between 
quantum repulsion and gravitational attraction towards smaller and 
smaller values. As a result, dark matter structures that are able to 
collapse are thus characterized by a central core in the density profile, 
as the quantum interaction is able to sustain it against gravitational 
collapse even at lower redshifts, while a typical Navarro–Frenk–
White (NFW) density profile is reco v ered at larger distances, where 
the contribution of quantum interaction is negligible compared to the 
gravitational one. 

The scaling relation of equation ( 12 ) was first explicitly in- 
vestigated in an astrophysical scenario with dedicated numerical 
simulations by Schive et al. ( 2014 ), where it was confirmed to 
hold for a sample of haloes at different redshifts in the mass 
range 10 9 −10 11 M 	/h, simulated by directly solving the Schr ̈odinger 
equation on a three-dimensional grid. 

Many following works by different groups using a grid-based 
approach (see e.g. Schwabe, Niemeyer & Engels 2016 ; Du et al. 

D
ow

nloaded from
 https://academ

ic.oup.com
/m

nras/article/522/1/1451/7127711 by U
niversità di Bologna - Sistem

a Bibliotecario d'Ateneo user on 25 June 2024



1454 M. Nori, A. Macci ̀o and M. Baldi 

MNRAS 522, 1451–1463 (2023) 

2017 ; Mocz et al. 2017 ; May & Springel 2021 ; Chan et al. 2022 ) 
confirmed the statistical validity of the relation for individual sys- 
tems. The scaling relation was found to be generally valid also in N - 
body simulations (Nori & Baldi 2020 ), although a statistically higher 
normalization constant with respect to other works was observed, 
due to a possible correlation between the normalization and the 
dynamical state and/or mass of the specific system. 

3  N U M E R I C A L  M E T H O D S  

In this section, we introduce and describe the simulations presented 
in this work and the numerical algorithms used in the simulation 
process. 

3.1 Zoom-in simulations and IC set-up 

The results discussed in the present work are extracted from two 
simulations of the same individual system. In particular, we will 
systematically compare the main results of one of the haloes of the 
Aquarius Project (Springel et al. 2008 , halo Aq-A-3) – simulated 
within the CDM scenario – with the one obtained from its re- 
simulated counterpart in the FDM context. 

The two simulations are zoom-in simulations, meaning that their 
initial conditions are based on a rationalized distribution of resolution 
elements – particles, in the case of N -body codes – belonging to a 
collapsed object extracted from a parent low-resolution cosmological 
simulations. 

In terms of initial conditions, the distribution of initial density 
perturbations have been modified accordingly to the FDM case. The 
typical suppression of the initial power spectrum induced by FDM 

w as tak en into account by providing a suitable initial power spectrum 

for the desired FDM cosmology. To calculate the cosmological initial 
power-spectrum at the initial redshift, we used axionCAMB (Hlozek 
et al. 2015 ), assuming the totality of matter to be fuzzy with a boson 
mass of m 22 = 2.5 h . Such a low value for m 22 is chosen to amplify 
the effects on a MW-like system and it represents a proof of concept, 
as it is ruled out by current constraints on FDM mass (e.g. from 

Lyman- α forest constraints; Nori et al. 2019 ). 
The suppression of the initial power spectrum in the FDM case 

can be visualized in Fig. 1 , where the transfer functions T ( k) = √ 

P ( k ) /P CDM 

( k ) ratios are plotted at the initial redshift z = 127. For 
the interested readers, we included the transfer function of a WDM 

model that has the same half-mode wave number k hm 

– defined as the 
value of k for which T ( k hm 

) = 0.5 – corresponding to a WDM mass 
of m WDM 

∼ 0.84 keV/c 2 (we used equations 5 –6 in Viel et al. 2005 ). 
It is worth noting, ho we ver, that a similar suppression in the initial 
power spectrum should not be hastily used to draw comparisons 
between WDM and FDM models, especially in the properties of 
structures at low redshift. In fact, FDM features an intrinsically 
different dynamic (i.e. the additional non-linear quantum interaction) 
with respect to WDM, whose integrated effects should be cautiously 
taken into account. The remaining simulation technical details of the 
CDM and FDM simulations are consistent, as originating from the 
same set-up. In particular, the high resolution region is characterized 
by a gravitational softening of ε ∼ 120 pc and M p ∼ 5 × 10 4 M 	
particle mass (see Springel et al. 2008 , Table 1, Aq-A-3). 

In terms of dynamical evolution, the two simulations ef fecti vely 
share the same background cosmology with the only exception being 
the dark matter dynamics. The original halo from Springel et al. 
( 2008 ) was simulated using P-GADGET3 and its FDM counterpart 
has been simulated with a modified version of P-GADGET3 that 
include FDM phenomenology called AX-GADGET (Nori & Baldi 

Figure 1. Transfer function of the initial power spectrum, in the FDM ( m 22 = 

2.5 h ) and CDM case. A WDM model with the same half-mass mode k hm 

as 
FDM, corresponding to m WDM 

= 0.84 keV/c 2 , is displayed for the interested 
readers. 

2018 ). The modified code makes use of the P-GADGET3 Smoothed 
Particle Hydrodynamics (SPH) routines to solve FDM dynamics 
in the Madelung framework; interested readers can find more 
information on the code in Nori & Baldi ( 2018 ) (as well as in Nori 
et al. 2019 ; Nori & Baldi 2020 ). 

The differences observed in the final properties between the two 
simulations are then to be considered as consequences of the two 
main aspects that differentiate FDM from CDM phenomenology; on 
the one hand, the smoother density distribution of the early FDM 

universe at small scales, encoded in the simulations as a suppression 
of the initial FDM power spectrum, on the other hand, the additional 
QP term in the equations of motion of dark matter. 

As a final note, we report the cosmological background parameters 
used in the FDM simulation as well as in the original CDM one from 

Springel et al. ( 2008 ): �m = 0.25, � 

= 0.75, H 0 = 73 km/s/Mpc 
together with the initial power-spectrum parameters n s = 1 and σ 8 = 

0.9. 

3.2 Halo identification, merger tree construction, and 

fragmentation correction 

To identify collapsed objects and build the merger tree, we use the 
same methods (based on the SUBFIND code) as in Springel et al. 
( 2008 ). The SUBFIND code relies on a Friends-of-friends algorithm 

(Davis et al. 1985 ) tailored to identify halo systems, which are then 
subdivided and disentangled in subhaloes based on binding energy 
criteria. On a technical level, we impose a minimum number of 64 
particles for subhaloes to be included in the analysis. 

In the following, we will refer to the o v erall dark matter system 

centred in the potential minimum as the halo, while we refer to the 
substructures within the halo as subhaloes. 

The information related to the evolution of structures is encoded 
by the merger tree, reconstructed from the several snapshots of the 
simulation taken at different redshifts. Making use of the constant 
and unique numerical identifier of each particle in the simulation, it 
is possible to track the evolution of particles ensembles, associating 
progenitors, and descendants (i.e. haloes that share a large number 
of particles at different redshifts), and identify merger events where 
multiple haloes coalesce into one. By comparing each snapshot with 
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the previous one, it is also possible to quantify at a given snapshot 
the share of mass of an object that has been accreted via merger with 
other objects, quantity that we define as M merged . 

It is important to know that not all the collapsed objects that are 
present in the FDM simulations can be safely taken in consideration. 
In fact, a known problem that affects N -body simulations with 
suppressed initial condition at small scales is the so-called numer- 
ical fragmentation problem (Wang & White 2007 , and references 
therein), which indicates the formation of small collapsed objects 
that have numerical origin and do not arise from the gravitational 
evolution of primordial physical o v erdensities. 

To filter subhaloes from this spurious contamination, we use the 
same approach based on cuts in number of particles, mass, and shape 
used in Nori et al. ( 2019 ) (and based in turn on Wang & White 2007 ; 
Lo v ell et al. 2014 ). In practice, this requires to impose a cut-off in 
mass, the number of particles, and the shape on FDM subhaloes; 
these cuts are a conserv ati ve way to safely regard the remaining 
sample as physically meaningful. 

The empirical estimate for the mass cut-off scales with the 
dimensionless power spectrum peak scale k peak and the interparticle 
distance d (Wang & White 2007 ; Lo v ell et al. 2014 ) as 

M CUT ∼ 5 ρb d / k 
2 
peak (15) 

abo v e which it is possible to say that most of the haloes have a 
physical origin. In the case of our FDM simulation, this value is 
approximately M CUT ∼ 5 × 10 8 M 	/h representing ∼10 4 particles (a 
factor 10 higher than the cut-ff in the number of particles suggested 
by Lo v ell et al. ( 2014 )). As for the shape, the halo particles are traced 
back to their original position in the initial conditions and the ratio of 
the minor and major semi-axes – obtained by computing the inertia 
tensor of the equi v alent triaxial ellipsoid and defined as sphericity 
s – is used as a constraint. A cut-off is imposed to s in the initial 
condition, below which the haloes are considered spurious; in this 
work, we use the value s CUT = 0.16 of Lo v ell et al. ( 2014 ) that we 
verified being valid also in the FDM case in Nori et al. ( 2019 ). 

4  RESULTS  

In this section, we present the results obtained from the Aquar- 
ius FDM zoom-in simulation and we compare it with its CDM 

counterpart. In the comparison between the two, we highlight the 
specific effects introduced by the different dark matter behaviour. 
In particular, we first detail the global properties of subhaloes, their 
cumulative distributions in terms of mass, position, and velocity in 
FDM and CDM cosmologies. We then focus on the specific FDM 

properties of the halo and subhalo cores to characterize the evolution 
of their features. 

4.1 FDM versus CDM comparison of global properties 

As a first visual comparison, in Fig. 2 we present two density maps 
at z = 0 of the CDM (left panels) and FDM (right panels) high- 
resolution region of 3.5 kpc/h per side (top panels) and a zoom of 
0.7 kpc/h per side on the main system (bottom panels). The difference 
between the two scenarios in terms of number of structures is striking, 
especially for the large number of small structures that characterize 
CDM and are not present in FDM. To highlight this feature in a 
three-dimensional space, a density rendering is displayed in Fig. 3 . 
The images depict the main halo at z = 0 for the CDM (left) and 
FDM (right) simulations, within a box of 0.7 kpc/h side, using the 
same iso-density contour lev el. F or the interested readers, a 360 ◦

rotating version of Fig. 3 can be found in the online materials. 

The following detailed statistical analyses on the properties of 
subhaloes take into account the effect of the numerical fragmentation 
in the FDM simulation. In fact, not all the FDM systems represent 
a physical collapsed object as they may be the artificial result of 
numerical noise in the initial conditions, as discussed in Section 3.2 . 
Depending on the situation, we will include a comparison with the 
subsample of CDM subhaloes that satisfies the same requirement 
M sat > M CUT (referred as CDM-CUT) to specifically compare FDM 

and CDM results in the same mass range. In our analysis, we include 
all SUBFIND structures – isolated haloes and subhaloes – whose 
distance is less than 400 kpc/h from the halo centre, which is 
approximately ∼1.5 times the virial radius in the CDM case. For 
the remainder of this paper, we refer to all of these structures as 
subhaloes for brevity. 

4.1.1 Number and mass of subhaloes 

As visually clear from Fig. 2 , the Milky-way like system under 
consideration presents significant differences in the number of 
subhaloes when comparing the FDM and CDM frameworks. 

First of all, let us consider the number of subhaloes and the 
mass share they represent with respect to the whole system. These 
quantities are collected and displayed in Fig. 4 as functions of time. 
The upper left panel shows the total number of subhaloes N 

tot 
sat found 

in the FDM and CDM simulations, as well as the subsample CDM- 
CUT, identified by solid orange, solid blue, and dashed blue lines, 
respecti vely; the lo wer left panel represents the ratio between FDM 

and the CDM and CDM-CUT samples. Using the same colour- 
coding, the right panels display the total subhalo mass contribution 
M 

tot 
sat – i.e. the sum of the mass of all subhaloes – again presented 

both in absolute values (upper right panel) and relative terms (lower 
right panel). Poissonian statistical errors are depicted as shaded 
areas. 

In the FDM scenario, there is a great reduction in the total number 
of subhaloes with respect to CDM, as expected. In this particular 
system and for the FDM boson mass m χ under consideration, the ratio 
is found to be stable in the 0 . 1 − 0 . 3 per cent range. When comparing 
FDM and CDM-CUT subhaloes belonging to the same mass range, 
the ratio is two dex larger, approximately 10 − 30 per cent . These 
ratios appear to be rather constant throughout the simulation. 

The mass share found in subhaloes is reduced as well; ho we ver, 
in this case a trend is noticeable: the total subhalo mass in FDM 

is approximately ∼ 20 per cent the one in CDM around redshift z 
∼ 2, but this difference becomes less pronounced in time, with a 
value of ∼ 60 per cent at redshift z = 0. Restricting the analysis on 
the same mass range, after an initial suppression, FDM approaches 
CDM-CUT and the two become statistically consistent after z ∼ 0.5. 

The relative number and mass of subhaloes found in FDM 

and CDM and their evolution are consistent with two specific 
physical effects introduced by the FDM cosmology. On the one 
hand, the typical absence of FDM o v erdensities at small scales at 
high redshift directly translates in a lower number of substructures 
that are eventually able to form; on the other hand, as the quan- 
tum Jeans scale becomes smaller and smaller, gravity o v ertakes 
the repulsive effect of QP and the most massive subhaloes –
that dominate the FDM and CDM-CUT samples – are able to 
non-linearly accrete more and more mass, eventually reaching a 
similar final mass as their CDM counterparts (see Nori & Baldi 
2018 ). 

The impact of such rapid catch-up is even more noticeable in 
the evolution of the SubHalo Mass Function (SHMF). The SHMF at 
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Figure 2. Density maps at z = 0 of the CDM (left panels) and FDM (right panels) of the high-resolution region in a 3.5 Mpc/h side cube (top panels) and a 
zoom of 0.7 Mpc/h side on the main system (bottom panels). 

redshift z = 0 is displayed in the left panel of Fig. 5 for FDM (orange) 
and CDM (blue), respectively, with the shaded region representing 
the Poissonian error associated with the finite number of objects. 
To better visualize the evolution of the SHMF in time, in the right 
panel of Fig. 5 the SHMFs are displayed at various redshift using 
a gradient in the colour shades – ranging from the lightest shade at 
z = 4 to the darkest at redshift z = 0. Poissonian error is omitted in 
this case to impro v e readability. The mass cut imposed in the FDM 

case is visualized by a change in colour and linestyle (solid orange 
to dashed grey). 

Comparing the evolution of the SHMFs, it is possible to see that the 
number of CDM subhaloes grows consistently across all mass bins 
maintaining the scaling M 

−0 . 9 
sat (one of the main results of the original 

Aquarius paper, Springel et al. 2008 ). On the contrary, the number of 
subhaloes in FDM – starting well below the CDM counterpart due 
to the power suppression in the initial conditions – evolves unevenly, 
with the higher mass end growing much faster than the lower end 

and ef fecti v ely o v erlapping with the CDM SHMF at low redshift, 
due to the gravitational catch-up effect. 

To summarize, these results on the number and mass of subhaloes 
confirm that in FDM the number of subhaloes is reduced, in particular 
at the expenses of the smallest subhaloes. When considering the most 
massive subhaloes, the reduction in number and mass share is less 
pronounced with respect to CDM in the same mass range, altough still 
observable. Even though these massive subhaloes are the most likely 
to host an observable bright baryonic counterpart, the considerable 
departure of the HMFs is very likely to translate in an observable 
difference in the luminosity function (as shown for other dark matter 
models as WDM in Macci ̀o & Fontanot 2010 ). In fact, the number 
of dark matter subhaloes found for the FDM mass m 22 = 2.5 h is 
lower than the number of luminous Milky-way satellites observed 
(see data collected in Pace, Erkal & Li 2022 , and references therein) 
and expected by extrapolation (Newton et al. 2018 ; Nadler et al. 
2020 ). 
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Figure 3. Density renderings of the main halo in the CDM (left) and FDM (right) scenario. Colours represent iso-density surfaces at different density values 
within a box of 1 Mpc/h. A movie of the 360 ◦ rotation around the y-axis can be found in the online supplement material. 

Figure 4. Evolution of the total number of subhaloes (left panels) and their 
total mass (right panels) in time. The results obtained for the CDM (solid 
blue), the CDM-CUT (dashed blue), and the FDM (solid orange) samples 
are displayed in absolute terms in the top panels. Bottom panels show the 
ratio of the quantities abo v e (solid and dashed lines for the FDM/CDM and 
FDM/CDM-CUT, respectively). 1 σ statistical errors are included as shaded 
regions. 

4.1.2 Distance and velocity distribution 

The different dynamics introduced in the FDM scenario has an impact 
not only on the number and mass of subhaloes, as we detailed in the 
previous subsection, but also on the o v erall properties of subhaloes 
in terms of position and velocity. 

The pair-wise distributions of distance, velocity, and mass are 
displayed in Fig. 6 where points in the parameter spaces represent 
subhaloes found at redshift z < 1. Integrated distributions in mass 
are collected in the right panels (the stacking on redshift is meant to 
a v oid a low-count statistics in the FDM case). The FDM (orange) 
and CDM (blue) points at various redshifts are once again depicted 
using a gradient in the colour shading. 

The vertical dashed line in the left panels represents the mass cut 
M CUT applied to the FDM and CDM-CUT samples. For comparison, 
the integrated distributions – each depicted with its own shaded 1 σ
confidence region – are plotted alongside the integrated distribution 
of the CDM-CUT subsample that satisfy M sat > M CUT (dashed blue 
line). 

In the FDM scenario, subhaloes can be found at larger distances 
with respect to CDM-CUT, with a statistical shift of ∼50 kpc/h 
separating the peak of the two distributions obtained in the same 
mass range (note also that the peak of the CDM-CUT distri- 
bution itself is ∼50 kpc/h shifted farther away from the centre 
with respect to the total CDM one). Other than the peak itself, 
the difference in the distributions seems to be more prominent 
in the tails: FDM subhaloes are statistically found at larger dis- 
tances than CDM and are scarse in the vicinity of the centre of 
the system. The velocity distributions are statistically consistent 
with each other, with a small preference for low velocity in 
FDM with respect to the CDM case, although not dramatically 
significant. 

Ultimately, the combined analysis of these distributions confirms 
that subhaloes in FDM are statistically found at a larger distance 
from the centre and do not reach the high velocities observed 
in CDM. This is due to the lack of low-mass subhaloes that in 
CDM case contribute to the high velocity and to small distance 
tails of the two distributions. Low-mass subhaloes in FDM are in 
general less numerous than the ones in CDM as small o v erdensities 
are not present in the initial conditions. Ho we ver, the fe w lo w- 
mass subhaloes that are indeed able to form in FDM are found 
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Figure 5. SHMF of the CDM (blue) and FDM (orange) systems, at redshift z = 0 (left) and at multiple redshifts (right). In the latter, different redshift from 

z = 4 and z = 0 are identified by a gradient in the colour shade, from lightest to darkest. In the left panel, we also show the Poissonian error (shaded region), 
not present in the right panel for readability purposes. The FDM SHMF is represented by a grey dashed line for masses below the mass cut M CUT . 

Figure 6. Distributions of subhalo properties in terms of distance, velocity, and mass in the FDM (orange) and CDM (blue) simulations. The vertical dashed 
line in left panels represents the mass cut M CUT . Integrated distributions of subhaloes in distance and velocity in the two simulations are featured on the right 
side each with its own shaded 1 σ confidence region, where the distribution of CDM subhaloes with M sat > M CUT is added for comparison (dashed blue). To 
a v oid a very low count statistics in the FDM case, subhaloes in snapshots at redshift z < 1 are here stacked together. 

statistically farther away from the halo and have a lower velocity. 
This is a strong indication that the properties of subhaloes are also 
affected by dynamic processes in the evolution of the system, most 
possibly through an enhanced stripping effect e x erted by the halo 
on small and close subhaloes in the FDM cosmology. For example, 
enhanced stripping rates have been found in simulations of WDM 

models, that like FDM ones reduce the concentration of dark matter 
subhaloes (Lo v ell et al. 2021 ). Moreo v er, we acknowledge that 

numerical investigations suggest that haloes in N -body simulations 
can be stripped or even disrupted by resolution effects (e.g. van 
den Bosch & Ogiya 2018 ; Errani & Navarro 2021 ), even though 
the selection related to numerical fragmentation should in principle 
discard the majority of subhaloes where resolution effects are most 
prominent. Ultimately, full hydro simulations will be needed to probe 
the effects of the different dynamical evolution of the stellar content 
in subhaloes, since dark matter and stars react differently to stellar 
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Figure 7. Radial dark matter density profiles of the MW-analogue halo in 
FDM (orange) and CDM (blue). Profiles at different redshifts are displayed 
with a gradient in shading, as in Fig. 5 . 

stripping (Pe ̃ narrubia, Navarro & McConnachie 2008 ; Macci ̀o et al. 
2021 ). 

4.1.3 Properties of the halo 

Let us now focus on the properties of the halo. Given its high mass 
and large size, its global properties are less affected by the additional 
physics of FDM – that has only an impact on the inner region – with 
respect to subhaloes. In fact, the total mass of the halo in the FDM and 
CDM scenarios are comparable at all redshifts within a ±20 per cent 
range, with the largest deviations coming from different timings in the 
major merger e vents. Ne vertheless, a de viation in the radial profiles 
induced by the typical repulsive FDM interaction is indeed expected. 

In Fig. 7 , the radial density profile of the Milky-w ay-lik e analogue 
is displayed both for the FDM (orange) and CDM models (blue). 
The lower and upper radial limits are 3.5 kpc/h (i.e. approximately 
3 times the softening length ε) and the virial radius, respectiv ely. F or 
the two scenarios, profiles at multiple redshifts are displayed with a 
shade gradient – i.e. going from lighter to darker shades from z = 2.5 
to z = 0 – to visually represent the evolution of the profile in time. 

As clearly visible, while the CDM profile is consistent with an 
NFW profile, the FDM one features the typical combination of a 
core in the centre and an NFW tail. This comes as no surprise, as 
it is known that the stable configuration of FDM haloes is indeed 
characterized by a core sustained by the repulsive effect of the QP, 
as described in Section 2.2 . As an additional check on the accuracy 
of the profiles, we calculated the Power radius (Power et al. 2003 ) 
at z = 0 for the FDM case and compared it to the CDM one (as 
done in Springel et al. 2008 , Section 2.4). The radius found is 
∼0.8 kpc/h, which is approximately 1.8 times its CDM counterpart 
due to the different number of particles in the central region: this is 
one order of magnitude lower than the size of the FDM core R c = 

8.47 kpc/h and thus it does not affect the results discussed in the 
following. 

In this cored configuration, the phase of the wave-function –
related to the fluid velocity in the Madelung formulation – is 
position independent; thus, a core in the density distribution is 
paired with a plateau in the velocity distribution (Hui et al. 2017 ). 
Heuristically, as the FDM core is defined as the solution for which 

Figure 8. Radial dark matter velocity profiles of the MW-analogue halo in 
FDM (orange) and CDM (blue). Profiles at different redshifts are displayed 
with a gradient in shading, as in Fig. 5 . 

the gravitational self-attraction is compensated by an opposite force 
at all points, no velocity gradient is needed for the core self- 
sustainment, contrary to the CDM case. To highlight this peculiar 
effect, the velocity radial profiles are shown in Fig. 8 for the halo 
in the CDM (blue) and FDM (orange) scenarios, with the same 
radial limits and shade gradient to represent different redshift as in 
Fig. 7 . 

Regarding the CDM model, the velocity profile is consistent with 
an NFW density profile. In fact, in CDM we can use the following 
qualitative estimate: assuming virialization, the velocity profile v( r ) 
given by a power-law density distribution ρ( r ) ∼ r −n is related to 
the mass M ( r ) enclosed within r as v( r) ∼ √ 

M( r) /r , thus v( r ) ∼
r −n /2 + 1 . Since the NFW density profile is characterized by a double 
power -law beha viour with inner ρ( r ) ∼ r −1 and outer ρ( r ) ∼ r −3 

scalings, the velocity profile observed v( r ) ∼ r + 1/2 and v( r ) ∼ r −1/2 

are indeed consistent with predictions. 
In FDM, instead, it is not possible to invoke the same simple 

estimate as the scaling v( r) ∼ √ 

M( r) /r is obtained by assuming 
equilibrium between the kinetic and gravitational energy only, while 
the quantum energy typical of FDM should be included in this case. 
In the outskirts of the halo of the NFW-like tail, the velocity profiles 
of FDM and CDM are consistent with each other as the quantum 

energy contribution is negligible in the integration – being dominant 
only in the innermost region – while inside the core the different 
dynamics translates in a velocity plateau , as previously discussed. 

While the inner cored feature in the dark matter density profile can 
be reproduced dynamically by many dark matter scenarios alternative 
to CDM, this very interesting feature in the velocity profile is directly 
linked to the presence of an additional interaction that FDM has in 
common with other dark matter models – as e.g. Self-interacting 
Dark Matter models (Robertson et al. 2019 ) – and sets FDM apart 
from models that produce density cores without self-interaction – as 
e.g. thermal WDM. Indeed, even though it may be hard to observe, 
this is a clean feature to discriminate CDM and non self-interacting 
dark matter models as WDM from FDM. Of course, given that 
this work is restricted to a dark-matter-only scenario, this peculiar 
feature might be potentially observable in astrophysical systems 
where the baryonic content is negligible, as dwarf galaxies or smaller 
systems. 
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Figure 9. Evolution of the core properties in the ( ρc , R c ) parameter space. 
The scaling R c ∼ ( a ρc ) −1/4 is here given as a reference for the slope with no 
particular normalization. 

4.2 Specific FDM core properties 

In the previous section, we verified that the halo hosts an FDM 

core associated with a velocity plateau, identifying the solution of 
the spherical mEP system of equation ( 8 ). In this section, we now 

tackle the specific properties of the core in more detail, including the 
subhaloes in this analysis. 

Before presenting the results, let us first recall our expectations 
about the solitonic state of an FDM core. In a purely ideal and 
isolated case, a spherically symmetric core solution in an excited 
state should eventually relax and reach the solitonic state – i.e. the 
ground state of the system – exhibiting a purely quantum transition 
between discreet excitation levels associated with sudden energetic 
emissions. Of course, the discreet nature of this quantum process is 
less dramatic when considering a not-idealized and rather chaotic 
physical system such as the formation of dark matter structures, with 
a large number of degrees of freedom – e.g. intrinsic and collective 
motion, morphological asymmetry, etc. – so that excited systems are 
able to slowly dissipate energy and their relaxation process to reach 
the ground state is rather smooth. 

It is thus reasonable to imagine that the inner cored structure forms 
in the early stages of the o v erall system collapse as a result of the 
competing gravitational and quantum potentials, yet not necessarily 
in its energetic ground state. In time, with the system relaxation and 
assuming no external energy input, the core may eventually dissipate 
its excess energy and gradually reach its solitonic state. 

Having this in mind, let us focus on the trajectory of the core 
of halo in the ( ρ, R c ) parameter space, represented in Fig. 9 . 
Here, only the direct progenitor line is considered, meaning that 
no secondary progenitor branchings are depicted. The position of the 
core properties in this parameter space is once again displayed for 
several redshifts from z = 4 to z = 0 using a shade gradient from 

lightest to darkest. 
It is possible to see that evolution of the halo core properties in 

time is characterized by an initial stalling phase (roughly from z = 

4 to z = 1 in this case) when the density increase is accompanied by 
only a marginal decrease in radius. After that, the radius decreases 
more rapidly and the typical scaling R c ∼ ( a ρc ) −1/4 – presented in 

the plot as a dashed line with no particular normalization – is reached 
and maintained until the end of the simulation. 

As another important result of this work, we observe that the 
process for the core to reach a stable scaling does not seem to 
be necessarily instantaneous. Of course, the following question 
naturally arises: are there processes that are able to delay the onset 
and the eventual stabilization of the expected core scaling? 

To tackle this question, let us broaden the sample under consider- 
ation and include the subhaloes in this analysis. All 34 subhaloes in 
our simulations feature an FDM core and serve as valid solutions of 
the mEP system. Using the conserv ati ve cuts M CUT = 5 × 10 8 M 	/h 
and s CUT = 0.16 to account for numerical fragmentation, we restrict 
our analysis on 12 out of the 34 subhaloes belonging to the system at 
redshift z = 0, noting that the remaining 22 represent < 3 per cent 
of the total mass found in subhaloes at that redshift. In the following, 
we are going to study the halo and subhalo cores as part of a 
single sample, not taking into consideration the great difference in 
age and environment within which these objects have evolved. We 
acknowledge that this might be a very important factor, but this is 
something that only a broader study encompassing a large sample of 
complex systems (with data on subhaloes) can address, thus falling 
beyond the scope of this work. 

In Fig. 10 , the position in the ( ρc , R c ) parameter space of the halo 
and the selected subhaloes are displayed, including the secondary 
progenitor branches reco v ered from the merger tree analysis (pro- 
genitors and descendants in the figure are linked by faint grey lines). 
As reference, the R c ∼ ( a ρc ) −1/4 scalings with the normalization of 
Schive et al. ( 2014 ) (dotted line) and Nori & Baldi ( 2020 ) 1 (dot- 
dashed line) are plotted. 

The point size is related to the halo mass, while colour is 
representative of a different observable for each panel: these represent 
the scale factor a in the top panel and the fraction of mass accreted 
via merger from the previous snapshot M merged / M in the bottom one, 
with M merged as defined in Section 3.2 . 

Regarding the distribution of the core properties in the parameter 
space and its relation with redshift (first panel of Fig. 10 ), it is possible 
to notice that trajectories are characterized by four o v erall features: 

(i) all cores eventually reach the expected R c ∼ ( a ρc ) −1/4 scaling 
in terms of slope; 

(ii) the normalization factor of the final scaling relation is not the 
same for every core, seemingly showing a positive correlation with 
the system mass and/or age; 

(iii) cores of similar mass and forming at similar redshift seem to 
share similar trajectories; 

(iv) in few cases, trajectories exhibit sudden and abrupt deviations, 
especially at the nodes of merger tree. 

The results in Fig. 10 suggest that all cores end up following the 
R c ∼ ( a ρc ) −1/4 scaling at lower redshifts. In terms of normalization, 
more massive subhaloes tend to follow a scaling with a higher 
normalization than the less massive ones, with a factor ∼5 of 
difference o v er almost four orders of magnitude in mass. This 
higher normalization factor is also coupled with a more pronounced 
initial phase of marginal radius decrease (as noted in the halo). 
More massive subhaloes that formed at a higher redshift thus take 
statistically more time to reach their final scaling with respect to low 

mass (and low redshift) ones. 
Interestingly, the subhaloes in the same mass range of Nori & 

Baldi ( 2020 ) are consistent with the scaling found in that work, 

1 Specifically κ1/4 from Table 4 (Nori & Baldi 2020 ). 
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Figure 10. Evolution of the core properties in the ( ρc , R c ) parameter space space. Point size is related to mass, while the colour represent a different observable 
for each panel; these are the scale factor a (top panel) and the fraction of mass accreted via merger M merged / M from the previous redshift (bottom panel). The 
black lines represent the typical R c ∼ ( a ρc ) −1/4 scaling with Schive et al. ( 2014 ) (dotted) and Nori & Baldi ( 2020 ) (dotted dashed) normalization. 

proving the consistency of the results of different systems and 
different resolutions. In Nori & Baldi ( 2020 ), this scaling was studied 
considering a collection of zoom-in systems with different masses 
across two orders of magnitude, finding that the o v erall scaling 
relation was generally tilted and influenced by the state of relaxation 
of the systems. Given the results obtained in this work, we can 
conclude that the tilt in the o v erall scaling relation observed in 

Nori & Baldi ( 2020 ) originated from calculating a single slope using 
systems that reached the same scaling relation but at different times 
and with different normalizations (it is possible indeed to recognize 
a posteriori this effect in the left panels of Fig. 6 in Nori & Baldi 
( 2020 )). 

The sudden deviation that some trajectories exhibit are prefer- 
entially found at merger events – highlighted in the bottom panel. 
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Indeed, it would be reasonable to claim that merger events might 
play an important role in delaying the realization of the scaling and 
even temporarily disrupting it. The amount of mass accreted via 
merger also appears to be more rele v ant in the initial stalling phase, 
supporting a potential role in this sense. 

Ho we ver, it is important to stress that the hierarchical formation 
of structures – that holds also in FDM cosmologies – comes with an 
intrinsic positive correlation between the mass of objects, their age, 
and the number/importance of merger ev ents the y e xperienced, so it 
impossible at this stage to conclude which one of these properties 
has a direct causal effect on the normalization of the FDM scaling. 
Moreo v er, ev en if this correlation is physically reasonable and seems 
to be consistently present in simulations of different systems and 
resolutions, it is impossible to exclude – as well as to confirm – a 
possible numerical origin, mainly related to the SPH nature of the 
algorithm. This, in fact, could be only tested in a direct comparison 
between simulations of the same system with a particle-based and a 
grid-based approach, which still is somehow difficult to design due 
to the different numerical limits on scale and resolution that the two 
methods have. 

5  C O N C L U S I O N S  

In this work, we presented a high-resolution simulation of the 
formation and evolution of a Milky-w ay-lik e halo extracted from the 
Aquarius project in the framework of FDM cosmologies. With the 
use of the N -body code AX-GADGET, we were able to simulate such 
a complex system, with a massive central object and a considerable 
population of subhaloes, without neglecting the typical quantum 

interaction of FDM. 
We first detailed the global properties of subhaloes, presenting 

– for the first time in the literature – a self-consistent SHMF in 
an FDM system. In the comparison with its CDM counterpart, the 
o v erall number of subhaloes is greatly reduced, especially for the 
least massive ones. The total mass found in subhaloes is reduced 
as well. In terms of distance and velocity, subhaloes in FDM are 
statistically found at larger distances and have lower speed. 

With the FDM mass m χ = 2.5 h × 10 −22 eV/ c 2 adopted in this 
work – chosen to highlight the effect of FDM dynamics on galaxy 
formation processes as a proof of concept – the number of dark matter 
subhaloes in FDM is well below the number of luminous satellites 
observed (see data collected in Pace et al. 2022 , and references 
therein) and expected by extrapolation (Newton et al. 2018 ; Nadler 
et al. 2020 ). Of course, a larger value of the FDM mass would 
enhance the number of dark matter subhaloes, thus representing a 
viable model in terms of number of luminous counterparts. 

The halo exhibits the typical cored structure of FDM in the radial 
density profile. Its dark matter radial velocity profile is characterized 
by a flattening in the core region: this feature, that to our knowledge 
is observed in this work for the first time for FDM, is indeed a 
specific feature of FDM that sets the model apart from other non 
self-interacting dark matter models such as WDM, although being 
hardly observable at the moment. 

Studying the evolution of the radius and density of this core, 
we observe that the theoretical scaling relation R c ∼ ( a ρc ) −1/4 is 
asymptotically approached, after an initial stalling phase where the 
radius only marginally decreases. 

Finally, the evolution of the core properties of the halo was framed 
in a broader context by studying the combination of the core in the 
halo as well as the cores of subhaloes. The properties of all cores 
satisfy the scaling relations, although the specific normalization was 
unexpectedly found to mildly correlate with the system mass – or 

equi v alently with age or merger events, as these properties are all 
related to each other. 

This work shows that the properties of cores that theoretically 
follow rather simple FDM scaling relations exhibit a more complex 
behaviour, characterized in some cases by a delayed establishment 
of the scaling relation (and not immediate from formation on- 
wards). Such scaling is also not necessarily universal in terms of 
normalization, when systems across multiple orders of magnitude 
in mass are considered. The interplay between subsystems and the 
peculiar history of each subsystem can indeed play a role in such 
dif ferentiation. These ef fects seem to be more pronounced for the 
most massive systems in our analysis, thus suggesting that the 
indiscriminate use of the scaling relations to confirm or rule out 
FDM models in comparison with observations might be incorrect 
when the extrapolation extends indefinitely over various orders of 
magnitude in mass. 
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