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A B S T R A C T 

Radio relics are giant sources of diffuse synchrotron radio emission in the outskirts of galaxy clusters that are associated with 

shocks in the intracluster medium. Still, the origin of relativistic particles that make up relics is not fully understood. For most 
relics, dif fusi ve shock acceleration (DSA) of thermal electrons is not efficient enough to explain observed radio fluxes. In this 
paper, we use a magnetohydrodynamic simulation of galaxy clusters in combination with Lagrangian tracers to simulate the 
formation of radio relics. Using a F okker–Planck solv er to compute the energy spectra of relativistic electrons, we determine the 
synchrotron emission of the relic. We find that re-acceleration of fossil electrons plays a major role in explaining the synchrotron 

emission of radio relics. Particles that pass through multiple shocks contribute significantly to the o v erall luminosity of a radio 

relic and greatly boost the ef fecti ve acceleration ef ficiency. Furthermore, we find that the assumption that the luminosity of a 
radio relic can be explained with DSA of thermal electrons leads to an o v erestimate of the acceleration efficiency by a factor of 
more than 10 

3 . 
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 I N T RO D U C T I O N  

strophysical shock waves are one of the major mechanisms for
article acceleration in the Universe and they occur on very different
cales, from supernovae scales up to the scales of galaxy clusters. At
ll these scales, the underlying acceleration mechanism is generally
elieved to be diffusive shock acceleration (DSA; e.g. Blandford &
ichler 1987 ). DSA is based on Fermi’s theory that cosmic ray

CR) particles can be accelerated by shocks as they are scattered
y plasma irregularities between the upstream and the downstream
egions (Fermi 1949 ). 

Galaxy clusters are astrophysical objects where particle acceler-
tion is observed. Among other components such as dark matter
 ∼80 –85 per cent ) and g alaxies, g alaxy clusters are essentially
omposed of the intracluster medium (ICM, ∼15 –20 per cent ), a
0 7 –10 8 K hot plasma visible in the X-ray spectrum (van Weeren
t al. 2019 ). Mergers between galaxy clusters produce shocks in
he ICM, which are associated with diffuse synchrotron sources that
re called radio relics. Evidence for a connection between relics
nd shocks stems from X-ray observations (e.g. Brunetti & Jones
014 ; van Weeren et al. 2019 ). The CR electrons that are accelerated
y DSA emit synchrotron radiation (Ensslin et al. 1998 ; Roettiger,
urns & Stone 1999 ). While the connection between shock and radio

elic is widely accepted, many details of the acceleration mechanism
tself are yet unclear. 

One major issue is the lack of understanding of the acceleration
fficiencies at work. The acceleration efficiency measures how much
 E-mail: da vid.smolinski@hs.uni-hamb urg.de 
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inetic energy dissipated at the shock goes into the acceleration of the
articles, i.e. electrons in case of radio relics. Most of our knowledge
f the acceleration efficiencies originates from studies of supernova
emnants. The underlying shocks of supernova remnants show very
ifferent characteristics than shocks that produce radio relics. Shocks
f supernovae have Mach numbers of M > 10 3 . For these strong
hocks, the acceleration efficiencies and the ratio of CR protons
o CR electrons are relatively well known (Jones 2011 ; Morlino &
aprioli 2012 ; Caprioli & Spitko vsk y 2014 ). In contrast, the shocks
nderlying radio relics are weak shocks with Mach numbers of M
 3–5. In this case, the acceleration efficiency is not really known.
urrent models assume less than a few per cent for the acceleration
fficiencies (Kang & Jones 2005 ; Kang & Ryu 2013 ; Ha et al. 2018 ;
ittor et al. 2020 ). These estimates are based on direct constraints

rom γ -ray observations (Ackermann et al. 2010 , 2014 , 2016 ). 
Observations of a number of relics suggest that much higher

cceleration efficiencies are required to explain the high radio
uminosities, provided that particles are accelerated from the thermal
ool. For some relics, these efficiencies are so high that they violate
onservation of energy (Botteon et al. 2020 ). 

In order to solve this problem, different hypotheses have been
roposed, among others, the re-acceleration of a pre-existing popu-
ation of CR electrons (Kang & Ryu 2011 ; Kang, Ryu & Jones 2012 ;
inzke, Oh & Pfrommer 2013 ). In this case, the CR electrons are
ot accelerated from the thermal pool, but from an already mildly
elativistic seed population. Previous encounters with shock waves
r active galactic nuclei (AGNs) have been proposed as a source for
uch a population of fossil CR electrons (e.g. Bonafede et al. 2014 ;
i Gennaro et al. 2018 ). This hypothesis is supported by observations
f a connection between a radio relic and an AGN (van Weeren et al.
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017 ). Ho we ver , the A GN scenario is only feasible if the A GN jets
re predominantly composed of electrons and positrons to keep the 
umber of CR protons low enough to explain their non-detection in 
he γ -rays (Vazza et al. 2015 ; Abdulla et al. 2019 ). 

Here, we show that the multishock scenario (MSS) can explain the 
igh acceleration efficiency of radio relics (Inchingolo et al. 2022 ). In
he MSS, it is assumed that a fraction of the cosmic rays that form the
elic have undergone previous episodes of shock acceleration. The 
hocks that the cosmic rays have previously encountered could be 
ccretion shocks, or shocks from previous mergers or other violent 
rocesses in the ICM. MSS has been studied before in various 
ontexts (e.g. Melrose & Crouch 1997 ; Kang 2020 ; Siemieniec- 
zieblo & Bilinska 2021 ; Inchingolo et al. 2022 ). Using an analytical

pproach, Melrose & Crouch ( 1997 ) and Siemieniec-Ozieblo & 

ilinska ( 2021 ) showed that the CR spectra produced by MSS
epend on many factors, such as the distance between two shocks
ut, most prominently, the Mach number of the shocks. Using a 
osmological simulation, Inchingolo et al. ( 2022 ) have shown that 
he MSS can explain the high luminosities of radio relics. Yet, it is
till unclear whether the MSS can also explain the unrealistically 
igh acceleration efficiencies that are inferred for several radio relics 
ssuming acceleration from the thermal pool. Moreo v er, it has been
hown that the shock obliquity, i.e. the angle between the shock 
ormal and the upstream magnetic field, plays a crucial role in the
hock acceleration of thermal electrons (Guo, Sironi & Narayan 
014a , b ). It is still unknown how the shock obliquity affects the
SS. 
In this paper, we compute the acceleration efficiencies that would 

e inferred for a radio relic that has been produced by MSS. To this
nd, we use a cosmological simulation to study the evolution of CR
lectrons during the formation of a massive galaxy cluster. Using 
agrangian tracer particles, we follow the spectral evolution of CR 

lectrons that form a radio relic. We compute the relic’s emission
ith and without the re-acceleration of CR electrons. To understand 

he effect of re-acceleration, we compare the acceleration efficiencies 
nferred from the radio luminosity to the model efficiencies. Finally, 
e study the role of the shock obliquity in the MSS. 
This paper is organized as follows: In Section 2 , we describe the

umerical set-up used for the galaxy cluster simulation, as well as the
ools and methods used for our analysis. In Section 3.1 , we e v aluate
he properties of the selected relic. In Section 3.2 , we present the
esults of the radio spectra; from these, we compute in Section 3.3
he synchrotron emission of the relic. In Section 3.4 , we study the
cceleration efficiencies one would get from observation versus the 
iven model. Section 4 summarizes our results. 

 SIMULATIONS  

.1 Cosmological simulations in ENZO 

n order to produce realistic simulations of the formation of a 
assive galaxy cluster, we use the magnetohydrodynamic (MHD) 

ode ENZO (Bryan et al. 2014 ). We take a simulation from the San
edro-cluster catalogue (Wittor et al. 2021 ). The simulation starts at 
 redshift of z = 30. 

On the root grid, our simulation co v ers 140 Mpc h −1 sampled
ith 256 3 cells and 256 3 dark matter particles; this corresponds to a

esolution of � x ≈ 0.547 Mpc h −1 . Furthermore, we add five levels
f nested grids centred at the final location of the galaxy cluster of
nterest. We use the MUSIC code to initialize the five nested grids
Hahn & Abel 2011 ). 
On the fifth level, our simulation covers 6.56 Mpc h −1 sampled
ith 384 cells, corresponding to a resolution of � x ≈ 17.09 kpc h −1 .
t redshift 1, we add one additional layer of adaptive mesh refinement

AMR) in ENZO . As the AMR criterion, we use the MustRefineRegion
riterion, implemented in ENZO . The sixth level covers a volume of
.73 Mpc h −1 , which is sampled with a uniform spatial resolution
f � x ≈ 8.55 kpc h −1 . The AMR region is centred on a galaxy
luster with a total mass M ≈ 1.5 × 10 15 M � that experiences several
ergers. 
For the MHD solver, we use the local Lax–Friedrichs Riemann 

olver to compute the fluxes in the piecewise linear method. We
nitialized a magnetic field of 10 −7 G in each direction at the start of
he simulation ( z = 30). We use Dedner cleaning in order to produce
hysically correct magnetic fields (Dedner et al. 2002 ; Donnert et al.
018 ). In this paper, we use the following cosmological parameters:
 = 0.6766, �� 

= 0 . 69, �m 

= 0.31, and �b = 0.05, in agreement
ith the latest results from Planck Collaboration I ( 2020 ). 

.2 Lagrangian tracer particles simulated with CRATER 

n post-processing, we track the cosmic rays using Lagrangian 
racers. To this end, we use the Lagrangian code CRATER that
omputes the spatial and temporal evolution of cosmic rays. For 
ore details regarding CRATER , we refer the reader to W ittor , Vazza &
r ̈uggen ( 2016 , 2017a ) and Wittor et al. ( 2017b ). In the beginning,
e initialize the tracer particles such that they follow the distribution
f the ICM and we injected a total of ∼2.1 × 10 6 tracers at a redshift
f z = 1. Furthermore, at runtime, CRATER injects new particles
ollowing the continuous infall of matter from the boundaries of 
he computational domain. The result is that at redshift z = 0, the
luster is sampled with ∼17.7 × 10 6 tracers. The corresponding gas 
ass that is associated with a single tracer is then m trac = 4.7 ×

0 7 M �. In order to assign the various gridded physical quantities,
uch as magnetic fields or densities, to the tracer particles, we use
 cloud-in-cell interpolation with correction factors on the velocity 
see Wittor 2017 ). 

In order to detect when the tracer particles experience a shock,
e use a temperature-jump-based shock finder that is based on the
ankine–Hugoniot jump conditions (W ittor 2017 ; W ittor , Vazza &
r ̈uggen 2017a ). The Mach number for each shock is then given by

Wittor et al. 2020 ) 

 = 

√ 

4 

5 

T new 

T old 

ρnew 

ρold 
+ 

1 

5 
. (1) 

he calculation is applied to a tracer at two consecutive time-steps.
he subscripts ‘old’ and ‘new’ here indicate the different values 
efore and after the shock. The tracers also keep track of the pre-
hock obliquity, which is the angle between the vector of the local
agnetic field and the shock normal, i.e. 

 pre = arccos 

(
� v · B pre 

| � v || B pre | 
)

, (2) 

here B pre is the pre-shock magnetic field. The velocity jump 
etween pre- and post-shock gas is given by � v = v post − v pre . 

.3 Evolution of the electron spectra 

n order to model the CR electron spectra, we use the ROGER 

1 code
Vazza et al. 2021 , 2023 ). With ROGER , we solve the time-dependent
MNRAS 526, 4234–4244 (2023) 
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iffusion-loss equation for the population of relativistic electrons
epresented by the Lagrangian tracers, under the assumption of negli-
ible CR diffusion. ROGER uses the standard Chang & Cooper ( 1970 )
nite difference scheme, coded in parallel using the programming

anguage JULIA . We used N b = 57 momentum bins equally spaced in
og( p ) in the p min ≤ p ≤ p max momentum range, where P = γ m e v 

nd p = P /( m e c ) is the normalized momentum of electrons. We chose
 min = 2, p max = 10 6 , p cut ≈ 8 × 10 5 , and d log( p ) = 0.1. Considering
he Fokker–Planck equation without injection and escape terms, we
an calculate the spectrum of our relativistic electrons. Here, N ( p )
epresents the number density of relativistic electrons as a function
f momentum for each tracer, and obeys 

∂ N 

∂ t 
= 

∂ 

∂ p 

[
N 

(∣∣∣∣ p 

τrad 

∣∣∣∣ + 

∣∣∣∣ p 

τc 

∣∣∣∣ + 

p 

τadv 
−

∣∣∣∣ p 

τacc 

∣∣∣∣
)]

. (3) 

 numerical solution can be found via (cf. Chang & Cooper 1970 ) 

 ( p, t + d t) = 

N ( p, t) / d t + N ( p + d p, t + d t) ̇p 

1 / d t + ṗ / d p 

+ Q inj . (4) 

s described in Vazza et al. ( 2023 ), the solver subcycles between
he time-steps of the CRATER outputs, in order to resolve the rapid
ooling at high relativistic momenta. 

Here, we give a short summary of the gain and loss terms of
quation ( 3 ), and we refer to Vazza et al. ( 2021 , 2023 ) for more
etails. τ rad , τ c , and τ adv are the time-scales for radiative losses,
oulomb losses, and adiabatic e xpansion, respectiv ely. We ne glect
remsstrahlung because it is significantly less important. Moreo v er,
R electrons can gain energy via Fermi-I-type acceleration, i.e.
SA. In our case, we neglected Fermi-II-type acceleration since

t is believed to play a minor role in relics. 
For the injection of the particles, we use a power-law momentum

istribution, i.e. 

 inj ( p) = K inj p 

−δinj 

(
1 − p 

p cut 

)δinj −2 

. (5) 

 inj ( p ) denotes the momentum spectrum of injected electrons, i.e.
he number of injected CR electrons per normalized momentum p ,
here K inj is a unitless normalization factor, δinj = 2( M 

2 + 1)/( M 

2 

1) is the slope of the input momentum spectrum, and p cut is the
ut-off momentum. Since we are using a power-law spectrum, a
ut-off momentum is necessary to limit the momentum range in
he range of interest. Abo v e this limit, the cooling time-scale gets
horter than the acceleration time-scale. For all plausible choices,
he acceleration time-scale is determined by the energy-dependent
if fusion coef ficient, yielding acceleration time-scales that are many
rders of magnitude smaller than the cooling time-scales. The power-
aw assumption is very useful for the reason that it allows us to
implify the injection of new particles. A new population of particles
an simply be added to equation ( 4 ) without integrating a source
erm. Following this, the total cosmic ray energy per tracer particle,
 CR , is computed by integrating the product of the power law Q inj ( p )
nd T ( p) = m e c 

2 · (√ 

1 + p 

2 − 1 
)

 CR = 

∫ p cut 

p inj 

Q inj ( p ) T ( p )d p . (6) 

he integration yields an expression for E CR : 

 CR = 

K inj m e c 
2 

δinj − 1 

[
B x 

2 

(
δinj − 2 

2 
, 

3 − δinj 

2 

)
+ p 

1 −δinj 

cut 

(√ 

1 + p 2 cut − 1 

)]
. (7) 

ere, B x ( a , b ) is the incomplete Bessel function and x = 1 / (1 + p 

2 
cut )

see Pinzke et al. 2013 ; Vazza et al. 2023 ). 
NRAS 526, 4234–4244 (2023) 
In order to determine the normalization factor K inj in equation ( 5 ),
e equated a fraction η of the kinetic energy flux dissipated at the

hock multiplied with the tracer area element and the shock crossing
ime, t cross = d x t / v d , with the total CR energy of each tracer, E CR .
ere, v d is the downstream velocity of the gas. That is, we demand

hat 
1 

2 
η( M, � ) 

(
ρu v 

3 
s d x 

2 
t 

)
t cross = E CR . (8) 

Here, ρu is the pre-shock gas density, v s is the shock velocity, and
 x 2 t is the surface associated with the tracers. d x t is calculated for
ach tracer by taking the cubic root of 

 x 3 t = d x 3 /n tracer , (9) 

here d x 3 denotes the volume initially associated with every tracer
nd n tracer denotes the number of tracers in every cell. η( M , � ) is the
R acceleration efficiency and is given by 

( M , � ) = 

1 

2 

(
tanh 

(
� − � c 

δ

)
+ 1 

)
˜ η( M ) ξe . (10) 

ere, the efficiency, η, depends on the pre-shock obliquity, � , the
lectron to proton ratio, ξ e , and the Mach number, M , since ˜ η depends
n M . ˜ η denotes the acceleration efficiency that remains by factoring
ut the angular dependence. In our model, the acceleration efficiency
( M , � ) depends on the pre-shock obliquity and therefore on the

ocal magnetic field topology. Following B ̈oss et al. ( 2023 ), we used
= π /18, and we set � c = π /3 and � c = π /4 in the cases of

e-acceleration and acceleration, respectively. Since we are using
lectrons, the sign of � and � c is switched in comparison to B ̈oss
t al. ( 2023 ). For ˜ η( M), we used the polynomial approximation
resented in Kang & Ryu ( 2013 ). For the weak ICM shocks, the
lectron-to-proton ratio is very uncertain (Vazza et al. 2023 ). Hence,
e use ξe = ( m p /m e ) (1 −δinj ) / 2 (Pinzke et al. 2013 ). 
Ignoring the cut-off in the momentum spectrum, the fraction of

R electrons to thermal electrons is roughly given by 

N CR 

N th 
≈ K inj 

∫ 
p 

−δinj d p 

M tracer /μe m p 
≈ ημe m p v 

2 
s p 

1 −δinj 
min 

m e c 2 β
≈ 10 −5 , (11) 

here μe is the mean mass per (thermal) electron, M tracer is the mass
f a single tracer particle, and β is the value of the incomplete Bessel
unction from equation ( 7 ), which we take to be 0.1. Moreo v er, in
he last part of equation ( 11 ), we assumed v s = 1000 km s −1 , δinj =
.3, and η = 10 −5 . 

ROGER also models the process of re-acceleration by shocks, which
lays a major role for our work. Upon dif fusi ve shock re-acceleration,
he CR momentum spectrum, N 0 ( p ), evolves as 

( p) = ( δinj + 2) p 

−δinj 

∫ p max 

p min 

N 0 ( x ) x 
δinj + 1 d x , (12) 

hich subsequently ages until the next re-acceleration event (cf.
arkevitch et al. 2005 ; Kang & Ryu 2011 ; Kang et al. 2012 ). 

.4 Synchr otr on emission 

e use two different aproaches for the calculation of the synchrotron
adiation. For the first approach, we use the function given in Hoeft &
r ̈uggen ( 2007 ) (cf. equation 32 in the referenced paper). This allows
s to compute the radio emission analytically for each tracer: 

d P 

d ν
= C An e , −4 ξe ν

δinj / 2 
1 . 4 T 

3 / 2 
d 

B 

1 + δinj / 2 

B 

2 
CMB + B 

2 
η( M) . (13) 

ere, C is a normalization factor, A is the assumed surface area of
he shock that produces the relic, n e, −4 is the number density of the
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lectrons in units of 10 −4 cm 

−3 , ξ e is the fraction of CR electrons
o protons, ν1.4 is the observing frequency in units of 1.4 GHz, T d is
he downstream temperature, δinj is the spectral index, B is the local 

agnetic field at the position of the tracer, and B CMB is the magnetic
eld strength of the cosmic microwave background. The magnetic 
eld of the cosmic microwave background is given by B CMB = 3.2 ·
1 + z) 2 μG. Equation ( 13 ) is computed using the quantities recorded
y the tracers. 
The first approach to the calculation of the radio emission does 

ot include re-acceleration of fossil electrons. Moreo v er, Hoeft & 

r ̈uggen ( 2007 ) derived equation ( 13 ) under the assumption of a
uasi-stationary balance between the energy gains and losses of CR 

lectrons. Ho we ver, the resolution of our simulation is below the
lectron cooling length of the ICM, that is 10–100 kpc (e.g. Hoeft &
r ̈uggen 2007 ; Kang et al. 2012 ). Hence, the assumption of a quasi-

tationary balance is not applicable, and the spectral evolution of 
R electrons must be carefully modelled. Nevertheless, we use the 
pproach for the calculation of the radio emission in our algorithm 

hat clusters the tracers belonging to the same relic (see Section 2.5 ).
In the second approach, we compute the synchrotron power as the 

onvolution of the aged CR spectrum N ( γ ) and the modified Bessel

unction F 

(
ν
νc 

)
: 

 ( ν) = 

2 π
√ 

3 e 2 νL 

c 

∫ γ2 

γ1 

d γN ( γ ) F 

(
ν

νc 

)
. (14) 

Here, νL is the Lamor frequency and νc = (3/2) γ 2 νL is the 
haracteristic frequency. The synchrotron function F ( ν/ νc ) is given 
y 

 ( x) = x 

∫ ∞ 

x 

d x ′ K 5 / 3 ( x 
′ ) , (15) 

sing x = ν/ νc and the modified Bessel function K 5/3 . To compute
quation ( 14 ), we used the analytical approximation derived by 
ouka & Ouichaoui ( 2014 ): 

 ( ν) = P 1 F p ( x, � ) , (16) 

ith P 1 = π
√ 

3 e 2 νL γ
−p+ 1 
1 C/c and the parametric function F p ( x ,

 ), where x is the dimensionless frequency x = ν/ ν1 and � is the
atio of the Lorentz factors � = γ 2 / γ 1 . We are using a form of the
quation that leads to small errors of ∼10 per cent (compare fourth 
orm in Section 3.4; Fouka & Ouichaoui 2014 ). They describe the
arametric function F p by two fitting functions that depend on x : 

 p ( x, � ) = 

{ 

F p ( x) − � 

−p+ 1 F p ( x/� 

2 ) , for x < x c √ 

π
2 � 

−p+ 2 x −1 / 2 exp 
(−x 

� 2 

) [ 
1 + a p 

(
x 

� 2 

)−1 
] 

for x ≥ x c . 
(17) 

The fitting formula for F p ( x ) is given by 

 p ( x) ≈ κp x 
1 / 3 exp 

(
a 1 x 

2 + a 2 x + a 3 x 
2 / 3 

)
+ C p x 

−( p−1) / 2 
[
1 − exp 

(
b 1 x 

2 
)]p/ 5 + 1 / 2 

. (18) 

For the values of the constants, we refer the reader to Fouka &
uichaoui ( 2014 ). For CR spectra steeper than p ≥ 6, the synchrotron

mission is negligible and set to P ( ν) = 0 in this model. 

.5 HOP halo finder for grouping the tracer particles 

n order to find a relic in our simulation, we search for a spatially
onnected radio-emitting structures in the outskirts of the simulated 
luster. Specifically, we search for structures that have a high radio 
ower and have the typical shape of a relic. To this end we use
n HOP algorithm, which is a group-finding algorithm used to find 
tructures in N -body simulations (Eisenstein & Hut 1998 ). 
The HOP algorithm uses the local density of the individual 
articles in order to jump to the neighbour with the next highest
ensity. This happens until there is no neighbour with a higher density 
han the particle itself. All particles that are connected via jumps
o this particle are considered a group. We use the HOP algorithm
ncluded in the yt-astro-analysis toolkit (Turk et al. 2011 ; Smith et al.
022 ). 
In our case, instead of the density we use the radio luminosity.

or the computation of the radio luminosity, we used equation ( 13 ),
hich allows for a fast and efficient computation. However, equation 

 13 ) neglects the contribution of cosmic rays, that already underwent
ome amount of cooling, to the radio emission. Yet, these particles
ust be accounted for, when using equation ( 14 ) to compute the relic

mission. Hence, we assign all particles to the relic that are located
nside a cell that contains shocked particles. 

 RESULTS  

.1 Properties of the selected radio relic 

o compare the radio luminosity and the acceleration efficiencies for 
ingle- and multishock scenarios, we searched for giant radio relics 
n the simulation using the HOP algorithm (cf. Section 2.5 ). We have
dentified the largest and most powerful relic in our simulation. The
elic forms at a time of ∼12.8 Gyr (or redshift z = 0.071) and has a
ength of 0.93 Mpc. Moreo v er, the relic has a similar size and radio
ower as its observed counterparts. Hence, it is a good candidate for
ur study. The relic is sampled by 4707 tracer particles. The spatial
volution and formation of the relic can be seen in Fig. 1 . 

We measured the magnetic field strength, the gas density, the Mach
umber and the gas temperature in the relic’s region, tracer based.
he magnetic field strength in the radio relic is ∼0.09 ± 0.04 μG.
he thermal gas in this relic has temperatures around ∼4.9 ± 0.6 ×
0 7 K. The typical Mach number of the shocked tracers in the relic
s ∼2.3 with a standard deviation of ∼0.8. The fraction of tracer
articles in the relic that have experienced at least one shock in the
.6 Gyr prior to the formation of the relic is around 89 per cent. 
In Fig. 2 , we plot the radio emission of the whole cluster using

he Hoeft & Br ̈uggen ( 2007 ) model, which is used for finding the
tructures using the HOP halo finder. Since the axis scaling of
igs 1 (c) and 2 is the same, the selected relic can be identified with

he structure around x [12.63 kpc] ≈ 150 and between y [12.63 kpc]
75 and y [12.63 kpc] ≈ 150. 
In Fig. 3 , we plot the evolution of the density, the temperature, the
agnetic field strength, and Mach number of the tracers associated 
ith the relic. It is evident that the particles that make up the relic

nter the high-resolution volume very late. The first particles enter 
t 12.17 Gyr. The Mach number of the shock peaks at 12.77 Gyr,
ut particles also experience shocks between 12.17 and 12.77 Gyr. 
he passage of shocks can also be seen as peaks in the density and

emperature plots. 
In Fig. 4 , the histogram shows the number of times a tracer has

xperienced a shock in its lifetime (i.e. until 12.77 Gyr). The majority
 ∼55 per cent ) of particles have been shocked only once, i.e. by the
hock that produces the relic itself. The second biggest fraction 
re particles that have experienced two shocks ( ∼25 per cent ). 
11 per cent of particles have never experienced a shock but they 

till lie within the relic v olume. ∼7 per cent ha v e e xperienced three
hocks and ∼2 per cent hav e e xperienced four shocks. No tracer
article has experienced more than four shocks. 
Following these results, the time range in which multiple shock 

vents occur is below the cooling time of the CR electrons. Therefore,
MNRAS 526, 4234–4244 (2023) 
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Figure 1. Evolution of the projected density (in grey) overlaid with the projected position of the tracer particles forming the relic. Plot (a) at z = 0.119 and plot 
(b) at z = 0.106 show the formation of the relic. Plot (c) shows the moment of the highest luminosity of the relic at z = 0.071. Plot (d) shows the evolution of 
the relic at z = 0. 
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t is plausible that the MSS has a significant impact on the evolution
f the relic. 

.2 The evolution of the electron spectrum 

sing the methods described in Section 2.4 , we compute the evolu-
ion of the energy spectrum of the particles belonging to the relic. We
plit the computation of the electron spectra into four cases: In the first
ase (model A), we used re-acceleration with no cut on the obliquity.
n the second case (model B), we used re-acceleration in combination
ith a cut on the obliquity. In the third case (model C), we used only

cceleration from the thermal pool with no cut on the obliquity. In the
ourth case (model D), we used only acceleration from the thermal
ool in combination with a cut on the obliquity. In models C and D,
NRAS 526, 4234–4244 (2023) 
e take only the last shock that a particle suffers into account. By
nly considering the last shock, the particles only experience direct
cceleration and no re-acceleration. The last shock that a particle
xperiences coincides with the shock that is associated with the relic.
or all models applies that there are multiple injections, owing to the
ontinuous infall of matter. By using the obliquity cut according
o equation ( 10 ), only quasi-perpendicular shocks are considered.
n the case that no obliquity cut is used, the dependence on � for
cceleration efficiency is omitted, and equation ( 10 ) simplifies to
( M, � ) = ˜ η( M). Fig. 5 shows the electron spectrum at z = 0.071,

he time at which the relic appears. For all four spectra, we find a
pectral index in the range of δinj = 2.8 ± 0.6. This corresponds
o the Mach numbers for radio relic, which should be between

2 and 3. The difference between the acceleration spectra and the
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Figure 2. Radio emission of the entire galaxy cluster region, using the 
Hoeft & Br ̈uggen ( 2007 ) model. The model is used to find structures inside 
the cluster by applying an HOP finder on the calculated radio emissions. The 
Hoeft & Br ̈uggen ( 2007 ) radio emission is only used for finding structures. 
For the analysis of the relic, we used a more elaborated model, as described. 
The large structure near the centre corresponds to the relic we use for the 
analysis. 
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pectra including re-acceleration is substantial. We see in the middle 
ection of the plot a difference between the spectra as big as 10 2 .
egardless of whether re-acceleration is used or not, the spectrum is
 factor of 3 smaller when the obliquity cut is used. 

.3 Radio luminosity of the relic 

n this section, we calculated the synchrotron luminosity for each 
racer at a frequency of 1400 MHz. Fig. 6 shows a map of the relic
t 1400 MHz. As described in Section 3.2 we examine four different
ases. For these cases, the total radio luminosities are listed in Table
 . In addition, we split the contribution to the total radio luminosity of
he tracers by the number of shocks experienced for the four different
ases. This can be seen in Table 1 . 

In models A and B, the tracers that hav e e xperienced three shocks
roduce the highest radio luminosity. In both cases, the luminosity 
f the particles shocked three times makes up about ∼62 per cent of
he total luminosity of the relic. Ho we ver, these particles constitute
nly a small fraction, ∼8 per cent , of the particles that contribute to
he radio emission of the relic (not including the particles that have
ot been shocked). The obliquity also has an impact on the radio
uminosity because fewer particles experience acceleration and re- 
cceleration. In the acceleration cases (models C and D), the total 
uminosity of the relic has just 2 per cent of the luminosity of the relic
ith re-acceleration. Ho we ver, in the case of acceleration (models C

nd D), the luminosity of particles shocked once is larger than in the
e-acceleration case since in the simple acceleration case all particles 
re just shocked once. We have also made spatial comparisons of
he radio luminosity to analyse which part of the radio luminosity 
elongs to which tracer family. Compared to the ratios between the 
e-acceleration and acceleration models, the ratios between the cases 
ith and without obliquity cut are rather small and in the range of
85 per cent . 
By comparing Figs 6 and 7 , we can e v aluate where each tracer

amily is located within the relic. Both the family of thrice-shocked 
racers and the family of tracers that have been shocked four times
re locally confined. On the other hand, the family of the tracers
hocked only once is spread across the entire relic region. The family
f twice-shocked tracers occupies a small subregion inside the relic. 
We also computed the evolution of the radio luminosity of the relic

see Fig. 8 ). In the evolution, the luminosity of the two models that
se only acceleration (C and D) is lower than in the models that also
se re-acceleration (A and B). The importance of re-acceleration can 
e seen in the offset between the lines at the time when the luminosity
ncreases strongly at t = 12.77 Gyr. Models with re-acceleration are
y a factor of ∼10 2 –10 3.5 more luminous than those without re-
cceleration. On the other hand, the difference between the cases 
ith and without obliquity cut is small o v er time. The difference
etween the models are in the range of ∼1–3. 

.4 Acceleration efficiencies 

e now compare the input acceleration efficiencies to those that 
ould be inferred from the resulting radio luminosities. 
In order to calculate the acceleration efficiencies and compare 

he measured efficiencies to the input efficiencies of our model, 
e follow the approach of Botteon et al. ( 2020 ). The acceleration

fficiencies measure the fraction of kinetic energy dissipated at 
he shock that goes in the acceleration of CR. This is shown by
quation ( 8 ). Re-arranging equation ( 13 ) gives us an expression for
he acceleration efficiency as in Botteon et al. ( 2020 ): 

ηe ( M) = 

P 1 . 4 

C An e , −4 
ξe 

0 . 05 

(
T d 

7 keV 

) 3 
2 ν

− s 
2 

1 . 4 

(
B CMB 
μG 

)2 
+ 

(
B 
μG 

)2 

(
B 
μG 

)1 + 

s 
2 

. (19) 

n this formula, P 1.4 represents the radio power at 1.4 GHz that we
btained from the calculation of the synchrotron radiation. n e, −4 is the
lectron number density in units of 10 −4 cm 

−3 . All other variables are
he same as we introduced them in Section 2.4 . In the form presented
ere, C = 6.4 × 10 34 erg s −1 Hz −1 . This constant is valid under the
ssumption of the further taken normalizations on A , n e , ξ e , T d , and
oth magnetic fields. Using this approach, we obtain the acceleration 
fficiency determined directly from the radio luminosity, as it is done
or real observations. 

In our particle-based approach, there is a distribution of efficiencies 
ecause each tracer particle has its own acceleration efficiency. 
omparing the distribution of efficiencies to the efficiency deter- 
ined for the entire relic from the total luminosity is not very
eaningful. Therefore, the spectral index was determined for the 

elic, from which the radio Mach number can be determined, as
 radio = 

√ 

(1 − s) / ( −1 − s) . For this Mach number, we derive the 
cceleration efficiency of the underlying model. For our simulation, 
e model the efficiencies as in Kang & Ryu ( 2013 ) so that we can

hen compare the input and output efficiencies. 
In equation ( 19 ), we used the radio-weighted average values of

he magnetic field and temperature, measured by the tracers. Here, 
e used the radio-weighted averages, because they are biased to 

he brighter parts of the relics and, hence, better characterize what
ould be first picked up by observations. We computed the radio

pectral index using the six frequencies ν = 50, 140, 650, 1400,
000, 10 000 MHz. In the following, we will mark this efficiency
ith ηobs 

e . 
We summarized the inferred acceleration efficiencies for the dif- 

erent models in Table 2 . For the models that include re-acceleration,
he inferred efficiencies are too high for a standard DSA scenario
nd they would violate energy constraints. 
MNRAS 526, 4234–4244 (2023) 
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Figure 3. Evolution of the mean value, the maximum value, and the standard deviation for the density, temperature, magnetic field strength, and Mach number 
(only the shocked tracers) for the tracers of the selected relic. The mean value is plotted as the dotted line, the standard deviation is plotted as the area around 
the mean value, and the maximum value is represented by the solid line, for all quantities. 

Figure 4. Histogram of the shock history for the particles forming the relic 
at z = 0.071, the moment the relic appears. 
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NRAS 526, 4234–4244 (2023) 
In model A, the acceleration efficiency is ηobs 
e = 7 . 17 ± 0 . 21,

hereas in model B, with the cut on the obliquity, the acceleration
fficiency is ηobs 

e = 6 . 71 ± 0 . 20. 
Observ ations sho w that acceleration ef ficiencies greater than 1 can

e found for many of the known radio relics (e.g. Botteon et al. 2020 ).
n the other hand, the acceleration efficiencies for the models using
nly acceleration (C and D) are in the range of ∼(5.6–6.8) × 10 −2 , so
hey are physical and reasonable for DSA from the thermal pool. The
cceleration efficiency values following the approach of Botteon et al.
 2020 ) ( ηobs 

e derived from equation 19 ) of models A and B are clearly
nphysically high. In the re-acceleration model, the Mach number
nd acceleration efficiency of the shock cannot be inferred from the
adio spectral index and the radio po wer, respecti vely, based on the
xpectation of the simple version of DSA model. This is because
he CR electrons do not come from the dissipated kinetic energy at
he shock (cf. equation 8 ). This means that the right-hand side of
quation ( 8 ) changes because E CR is much larger since there is an
dditional power-law tail in the integral of E CR that comes from a
revious acceleration. Equating this boosted E CR to the left-hand side
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Figure 5. Electron spectra for the tracers composing the relic at redshift 
z = 0.071. The blue line (model A) represents the case of a relic using re- 
acceleration without an obliquity cut, the orange (model B) line represents 
the case of a relic using re-acceleration in combination with an obliquity 
cut, the green line (model C) represents the case of a relic using acceleration 
without an obliquity cut, and the red line (model D) represents the case of a 
relic using acceleration in combination with an obliquity cut. 

Figure 6. Radio emission of the relic for the case of re-acceleration with 
an obliquity cut (model B). For a better view, the plot is turned by 90 ◦ in 
comparison to Fig. 1 . 
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f equation ( 8 ), the left-hand side, i.e. the acceleration efficiency η,
hen becomes quite high. 

By comparing the efficiencies of model A to model C and model
 to model D, we see how re-acceleration changes the observed 
cceleration efficiency. In the radio-weighted case, the ratio between 
he acceleration efficiency of model A to model C is ηobs , A 

e /ηobs , C 
e ≈

07 and the ratio between model B to model D is ηobs , A /ηobs , C ≈ 118.
e e 

Table 1. Radio luminosity for the different cases split up b
acceleration, a tracer particle experiences only the last sh
one shock. 

Number of shocks Model A Model
(erg s −1 Hz −1 ) (erg s −1 H

1 3.2 × 10 30 2.8 × 1
2 2.7 × 10 31 1.5 × 1
3 1.1 × 10 32 9.3 × 1
4 3.7 × 10 31 3.7 × 1

Total luminosity 1.8 × 10 32 1.5 × 1
n contrast to those values, the obliquity cut itself does not show big
ifferences in the efficiencies and therefore the ratio between models 
 and B and also between models C and D is small. 
Moreo v er, we hav e the kno wledge of which acceleration ef ficien-

ies have been included in the simulation. We can compute the
cceleration efficiency directly by calculating the radio Mach number 
rom the spectral index and inserting it into the model of Kang & Ryu
 2013 ). In the following, we will call these efficiencies ηmodel 

e . The
etermination of ηmodel 

e allows us to easily compare the acceleration 
fficiencies that went into the model to the acceleration efficiencies 
ne would measure, i.e. ηobs 

e . 
Below the inferred acceleration efficiencies in Table 2 , we present

he efficiencies that went into the simulation as described previously. 
or the models with re-acceleration, the acceleration efficiencies 

hat went into the simulation are ηmodel 
e = (3 . 7 ± 0 . 5) × 10 −3 and

model 
e = (3 . 4 ± 0 . 5) × 10 −3 for models A and B, respectiv ely. F or
he models only using acceleration, the values are slightly higher, 
model 
e = (8 . 0 ± 1 . 0) × 10 −3 for both models C and D since the radio
ach number inferred from the spectral index is higher. 
We now compare the efficiencies one would observe to those of the

nderlying model. We calculated the ratios, and the results are shown
n the bottom row of Table 2 . In model A, the observed acceleration
fficiency is ∼1946 times higher than the acceleration efficiency that 
ent into the model. In model B, the observed acceleration efficiency

s around ∼1971 times higher than the model acceleration efficiency. 
n contrast, such high ratios do not show up in the acceleration
odels C and D. The ratios here reach maximal values of 8.4. The

bliquity cut again plays a minor role. In general, for brighter radio
elics, a typical observed radio power is ∼10 32 erg s −1 Hz −1 . A radio
ower of ∼10 30 erg s −1 Hz −1 , on the other hand, is very low and
nlike most of known radio relics. Therefore, it can be assumed that
lso for real radio relics the MSS plays a major role. The ratios of
cceleration efficiencies suggest that for many real radio relics, the 
ctual acceleration efficiencies may be below the (large) acceleration 
fficiencies required to match the observed emission with the DSA 

odel, under the simplistic assumption of direct acceleration by 
eak shock waves. 

 C O N C L U S I O N S  

n this paper, we studied the evolution of radio relics in a cos-
ological MHD simulation. Our aim was to test the influence of
ultiple shocks on the luminosity and the observed acceleration 

fficiencies in radio relics. We used Lagrangian tracer particles 
o follow the evolution of shock-accelerated CR electrons in the 
imulation. Applying a no v el HOP halo finder, we selected all tracers
hat produce a radio relic. The simulated relic has properties that are
imilar to its observed counterparts. We used a Fokker–Planck solver 
o follow the evolution of the electron spectra under the influence of
MNRAS 526, 4234–4244 (2023) 

y the number of shocks experienced. In the case of 
ock, there are no tracers that experience more than 

 B Model C Model D 

z −1 ) (erg s −1 Hz −1 ) (erg s −1 Hz −1 ) 

0 30 3.5 × 10 30 3.0 × 10 30 

0 31 – –
0 31 – –
0 31 – –

0 32 3.5 × 10 30 3.0 × 10 30 

2024
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Figure 7. Showing the radio luminosity of the relic filtered for the tracer families. Panels (a)–(d) show the radio luminosity caused by tracers that are shocked 
once, twice, three times, and four times, respectively. The tracers that have suffered three shocks contribute most to the radio luminosity. Again, the plot is turned 
by 90 ◦ in comparison to Fig. 1 . 

Figure 8. Evolution of the radio luminosity for models A–D. The relic 
appears at t = 12.77 Gyr as seen in the steep rise of the luminosity. 
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ooling and re-acceleration. Using the corresponding synchrotron
mission, we investigated the underlying acceleration efficiencies. 

F or man y relics, the estimated acceleration efficiencies are unphys-
cally high (e.g. Botteon et al. 2020 ). In extreme cases, these relics
NRAS 526, 4234–4244 (2023) 
ho w acceleration ef ficiencies larger than 1, implying that energy
onservation is violated. 

We only focus on the re-acceleration of fossil electrons in an MSS.
he diffusion of CR electrons is not included. The combination of
 cosmological simulation and Lagrangian tracer particles allowed
s to follow the evolution of shock (re-)accelerated cosmic rays
uring a galaxy cluster merger. In MSS, the relic luminosity is
50 times larger than in the case of acceleration from the thermal

ool. Hence, we confirm the results by Inchingolo et al. ( 2022 ).
o we ver, in our case, the relic emission is dominated by particles

hat have experienced three shocks and not two shocks, as seen
y Inchingolo et al. ( 2022 ). The three-shock family of tracers
akes up ∼62 per cent of the luminosity of the relic. Confining

cceleration and re-acceleration to quasi-perpendicular shocks did
ot significantly affect the relic’s luminosity. Hence, the obliquity
eems to play a minor role in the MSS. 

In the second step of our analysis, we compared the acceleration
fficiencies inferred from the radio luminosity (i.e. the mock-
bserv ed efficienc y, cf. equation 19 ) to the acceleration efficiencies
rom the underlying model. If the relic forms in an MSS, the observed
cceleration efficiency is 7.2 ± 0.2. This apparent efficiency is 1.9

10 3 times larger than the efficiency of the underlying model.
n the other hand, if the relic forms in a single-shock scenario,

.e. particles experience only one shock, the observed efficiency is
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Table 2. The acceleration efficiencies with the underlying quantities for the four models. In the first rows, the acceleration efficiencies are calculated 
from the radio luminosity, following the approach that is also used in observations. We used the radio-weighted average values of the downstream 

temperature T d and the magnetic field B for the computation of the efficiency ηobs 
e . In the rows below, we computed the efficiencies that went into the 

model by using the spectral index s radio . In the bottom row, we compared the measured efficiencies to the efficiencies the model used. 

Model A Model B Model C Model D 

Reacc. no oc. Reacc. oc. Acc. no oc. Acc. oc. 

Radio-weighted average 

〈 T d 〉 4.9 × 10 7 K 4.9 × 10 7 K 4.1 × 10 7 K 4.2 × 10 7 K 

〈 B 〉 8.6 × 10 −2 μG 8.6 × 10 −2 μG 1.3 × 10 −1 μG 1.3 × 10 −1 μG 

ηobs 
e 7.2 ± 0.2 6.7 ± 0.2 (6.7 ± 0.1) × 10 −2 (5.7 ± 0.1) × 10 −2 

Model acceleration efficiencies 

s radio 1.40 ± 0.02 1.41 ± 0.02 1.25 ± 0.02 1.25 ± 0.02 
Mach 2.5 ± 0.1 2.4 ± 0.1 3.0 ± 0.1 3.0 ± 0.1 
ηmodel 

e (3.7 ± 0.5) × 10 −3 (3.4 ± 0.5) × 10 −3 (8.0 ± 1.0) × 10 −3 (8.0 ± 1.0) × 10 −3 

Ratio of model to obs. efficiencies 

ηobs 
e /ηmodel 

e 1945.9 1970.6 8.4 7.1 
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6.7 ± 0.1) × 10 −2 . The ratio between observed efficiencies and the 
odel efficiencies is in our case smaller than 8.5. Again, the obliquity

as little influence on the results. 
We conclude that if a relic is dominated by re-accelerated elec- 

rons, the radio luminosity is significantly boosted and the inferred 
cceleration efficiency is larger than the actual efficiency of the 
hock acceleration process. The reason behind the high acceleration 
fficiencies lies in the interpretation of the (mock) observations ( ηobs ).
or calculating the acceleration efficiencies from observations, it is 
ssumed that only direct acceleration plays a role. If re-acceleration 
s taken into account, the acceleration efficiency drops significantly 
 ηmodel ). On the other hand, if a relic is produced by acceleration
rom the thermal pool, the inferred acceleration efficiency mirrors the 
ctual efficiency of the shock acceleration. Hence, the determination 
f the acceleration efficiency is a non-trivial task. Especially in the 
ase of re-acceleration, η cannot be derived from observations in the 
ustomary manner because we do not know the acceleration history 
f the cosmic rays. We note that this should be independent of the
rigin of re-accelerated particles, i.e. previous shock acceleration or 
jection from AGNs. 
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