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A B S T R A C T   

In this study, a comprehensive study on the vibration behaviour of functionally graded thick microplates with 
material imperfections is presented for free and forced vibrations within a quasi-3D model and the modified 
couple stress (MCS) theory. Axial, transverse, rotation, and stretching motions are considered for modelling the 
thick microplate in the framework of the modified power-law scheme and quasi-3D and MCS theories. The 
microplate deformation is assumed to be infinitesimal and is modelled using the linear strain–displacement 
relationships. Using a virtual work method, the governing motion equations are derived. For fourfold coupled 
(axial-transverse-rotation-stretching) characteristics, the partial differential equations components are dis
cretised via trigonometric expressions and the corresponding natural frequencies and time histories (time- 
dependent deflections) are determined numerically. The methodology and model are initially validated through 
a comparative analysis between the natural frequencies of the macrolevel simplified structure and those obtained 
using finite element software. Additionally, the simulation is compared, for validation purposes, with other 
simplified versions from the literature. Once model’s validity is confirmed, an investigation into the quasi-3D free 
and forced vibrations of the structure is conducted for the new model. The results demonstrate the considerable 
effect of thickness stretching and material imperfection on the vibration characteristics of the poroelastic thick 
microplates.   

1. Introduction 

Microplates: Microsystems have become increasingly popular in a 
wide range of applications, thanks to their energy consumption, weight, 
and low cost, all of which have been greatly enhanced by recent tech
nological developments. Microsystems have found notable applications 
in various fields, one of which is microelectromechanical systems 
(MEMSs) [1], encompassing resonators [2,3], actuators [4,5], energy 
harvesters [6], energy absorption [7], sensors [8], semiconductors [9], 
switches [10], and motors [11]. Furthermore, MEMS are widely 
employed in medicine [12], for instance, in the areas of neurology, 
urology, monitoring, diagnosis, surgery, cardiology, and drug delivery 
[13,14]. One of the fundamental elements utilised in the fabrication of 
MEMS is microplates [15,16]. In particular, microplates fabricated from 
functionally graded material (FGM) have attracted significant attention 
in the MEMS field recently [17–19], owing to the current advancements 
in micromachining for producing composite structures [20]. 

FGM structures: Recently, there has been a growing interest in 

inhomogeneous or non-uniform materials that exhibit continuously or 
logarithmically varying material properties in at least one direction 
[21–23], and differ from the way that geometric properties are varied to 
build up non-uniform structures [24,25], and is referred to as FGMs by 
scientists. FGMs are often combined of two distinct materials selected to 
achieve a target property or to optimise the performance of a particular 
device. These materials offer several advantages over homogeneous 
materials, including the ability to engineer materials with superior 
properties to suit engineering applications [26]. Despite the possibility 
of fabricating microstructures made of FGMs through advances in ad
ditive manufacturing techniques [27], this remains a costly option. That 
is why theoretical analysis of MEMS made of FGM has attracted signif
icant attention [28–30], and is considered a critical element in the 
development of such microsystems. 

Quasi-3D and miniature influences: There are various theories gov
erning the static and dynamic status of continuous structures, such as 
beams, plates, and shells, considering the transverse shear effect. These 
theories include the first-, second-, and third-order shear deformation 
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theories [31–33], and other refined high-order shear deformation the
ories, with and without considering the thickness stretching effect (via a 
quasi-3D model) to examine the mechanics of such structures under 
thermal and/or mechanical loads. Experimental observations have 
revealed that the mechanical characteristics of microstructures are size- 
dependent, resulting in alterations in their mechanical performance 
when compared to macrostructures. Moreover, regardless of the type of 
classical (scale-independent) theories, the application of classical con
tinuum mechanics to investigate these properties can be inaccurate. 
Hence, researchers have focused on the theoretical development to 

incorporate small-scale influences in the framework of nonclassical 
theories. The MCS theory has been proposed to incorporate the size and 
has widely been used in various investigations [34–36]. This theory aims 
to consider the influence of small-scale effects on the behaviour of 
structures, which is particularly relevant for microstructures. 

Porosity: Material imperfections or porosities (micro-voids) are one 
of the common imperfections seen in FGM fabrication because of ma
terial build-up due to manufacturing challenges, operation, or technical 
problems over time. For instance, research conducted by Zhu et al. [37] 
demonstrated that shrinkages may arise between adjacent compositions 

Fig. 1. A schematic of quasi-3D poroelastic thick microplate (a), and cross section of the microplate (b).  
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of metal and ceramic phases during the sintering process of FGMs, which 
could result in the formation of porosities within the material. 
Furthermore, when employing the multi-step sequential infiltration 
technique to produce FGMs, the porosities were predominantly found in 
the middle zone of the FGM structures due to the difficulty in fully 
infiltrating the secondary material into this zone, as compared to the top 
and bottom zones where infiltration was simpler and left fewer poros
ities [38]. Consequently, considering porosity influences on the me
chanics of engineering structures composed of FGMs is important. 
Scientists have attempted to develop models that account for porosity; 
for instance, Wattanasakulpong and Chaikittiratana [39] proposed a 
modified power-law rule that incorporates porosity volume fraction as a 
parameter. To date, there are many investigations have been devoted to 
understanding the mechanics of imperfect FGMs in both macro and sub- 
micron structures. Briefly reviewing macroscale FGMs considering voids, 
in a recent study presented by Kumar et al. [40], a meshfree technique 
on dynamics and stability analyses of heterogeneous plates was devel
oped. Rezaei et al. [41] analysed the free vibration behaviour of FGM 
plates with porosities via a refined higher-order shear deformable 
model. A detailed study on the oscillation characteristics of FGM plates 
with variable thickness and porosities can be found in Ref. [42]. In some 
recent studies, the free oscillation analysis of FGM plates and shells 
considering material imperfections has been investigated by Su et al. 
[43,44]. There have been some studies in the literature which focused 
on the effect of viscosity; for example, free vibration and damping an
alyses of porous FGM multi-layered plates with a viscoelastic core has 
been studied by Zhang et al. [45]. Liang and Wang [46] studied the 
viscoelastic wave characteristics of FGM multi-layered plates with po
rosities. Dynamic response of viscoelastic FGM beams with porosities 
under pulse load has been assessed by Akbas et al. [47]. Allah and 
Timesli [48] examined the nonlinear dynamics of viscoelastic FGM 
plates with linear and nonlinear porosity distributions. Downsizing to 
nano/microstructures, Shojaeefard et al. [49] investigated both vibra
tions and thermal buckling analyses of FGM plates with material im
perfections. Mirjavadi et al. [50] assessed the dynamics of 
heterogeneous microshells of cylindrical shape with porosities under a 
moving load. The results demonstrate that the strain gradients, porosity 

percentage, and velocity of moving load, alter forced vibration charac
teristics of the system largely. Phung-Van et al. [51] examined the 
porosity-dependent nonlinear transient behaviour of FGM nanoscale 
plates via an isogeometric analysis. Chen et al. [52] studied the 
nonlinear bending behaviour of imperfect composite microplates with a 
central cut-out using isogeometric finite element modelling. Guo et al. 
[53] analysed the dynamic behaviour of porous FGM microplates on an 
elastic foundation under moving load with acceleration. There have also 
been studies in the literature that included the effect of viscosity; for 
example, Farokhi and Ghayesh [54] highlighted that the viscoelastic 
property highly affects the resonant position of viscoelastic imperfect 
microbeams. Jalaei and Civalek [55] studied the instability of magnet
ically viscoelastic FGM nanobeams with porosities. Moving-load excited 
response of imperfect FGM nanoplates resting on viscoelastic foundation 
has been studied by Liu et al. [56]. 

To date, the available research has not considered quasi-3D free and 
forced vibrations of poroelastic microplates in the framework of MCS theory 
(for example see Refs. [57,58]). Therefore, the current research study 
addresses this gap and presents the effects of thickness stretching and 
the length scale parameter on the natural frequencies and time histories 
(time-dependent deflection) in moderately thick and thick poroelastic 
microplates. More specifically, via use of MCS theory which in
corporates miniature size effects, a quasi-3D model of the microplate is 
developed. This manuscript is organised as follows: Section 2 presents 

Fig. 2. Variation of Young’s modulus through z-axis, (E = E(z)/Ec,ϕ = 0.50), based on the formulation from Ref. [59].  

Table 1 
Comparison of natural frequencies (Hz) of an isotropic macroplates.  

(m,n)  Formula ANSYS [67] Discrepancy (%) 

(1,1)   494.4296  492.4218  0.41 
(1,2)   1235.3997  1232.172  0.26 
(2,1)   1235.3997  1232.172  0.26 
(2,2)   1975.5630  1967.460  0.41 
(1,3)   2468.5581  2464.870  0.15 
(3,1)   2468.5581  2464.870  0.15 
(2,3)   3207.3821  3196.093  0.35 
(3,2)   3207.3821  3196.093  0.35 
(1,4)   4191.2362  4187.344  0.09 
(4,1)   4191.2362  4187.344  0.09  
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the modified power-law rule of mixtures, kinematic fields, proposed 
plate theory, MCS constitutive equation and equilibrium expression of 
the proposed model. Section 3 explains on the solution procedure and 
numerical solutions for simply supported boundary condition by using a 
set of trigonometric functions. Section 4 illustrates validation studies 
and numerical results discussing effects of thickness stretching effect, 
length scale parameter, material composition, geometry parameters, 
and porosity level on natural frequency, and time history of poroelastic 
microplates. Conclusions are summarised in Section 5. 

2. Mathematical formulations of poroelastic microplate 

2.1. Material properties 

Consider a poroelastic micro-size simply supported plate (with sim
ply supported conditions at the edges) of width b, length a, and thickness 
h (Fig. 1). We assume an inhomogeneous microplate with continuous 
variation in their constituents and even distribution of porosity through 
the thickness. A modified micromechanical model is used to estimate the 
effective mechanical properties (density ρ, and Young’s modulus E) as 
[39] 

E(z) =
[(

Ec − Em)(
z
h
+

1
2
)

n
+ Em

]

(1 − ψz), (1)  

ρ(z) =
[(

ρc − ρm)(
z
h
+

1
2
)

n
+ ρm

]

(1 − ψz), (2)  

where c and m represent the ceramic and metal phases, n denotes the 
degree of continuous variation through-thickness, and ψz is a function 
for porosity distribution that in the current study a cosine function is 
used as [59] 

ψz = ϕcos
[
π(z

h
)
]
, (3)  

in which ϕ is porosity magnitude. Fig. 2 shows the variation of Young’s 
modulus versus power law index. 

2.2. Kinematics via a quasi-3D model in the MCS theory framework 

This section develops a quasi-3D theory in the framework of the MCS 
theory for a poroelastic microplate. The displacement field is [60] 

Table 2 
Dimensionless natural frequencies (ω̂mn = ωmnh

̅̅̅̅̅̅̅̅̅
ρ/G

√
) of isotropic square macroplate, (a = 10, b/a = 1, h/a = 0.10, E = 30 MPa, ρ = 1 kg/m3, ν = 0.3).  

Model  (m,n)         

(1,1) (1,2) (2,2) (2,3) (3,3) (2,4) (1,5) 
Zhou et al. [68]  0.0932 0.2226 0.3421 0.5239 0.6889 0.7511 0.9268 
Jha et al. [69]  0.0932 0.2226 0.3421 0.5240 0.6892 0.7515 0.9275 
Benahmed et al. [70]  0.0932 0.2229 0.3425 0.5248 0.6904 0.7528 0.9294 
Current study  0.0932 0.2226 0.3421 0.5241 0.6892 0.7515 0.9275  

Table 3 
Dimensionless fundamental frequency of perfect FGM square microplates, (Ec =

14.4 GPa, Em = 1.44 GPa, ρc = 12200 kg/m3, ρm = 1220 kg/m3, ν = 0.38, h =
17.6 μm, b/a = 1).  

n a/ 
h 

Model ℓ/h         

0.0  0.2  0.4  0.6  0.8 
0 5 Thai et al. [71]  5.9671  6.3957  7.5366  9.1264  10.9718   

Jung et al. [72]  5.3871  5.7797  6.7996  8.1595  9.6451   
Current study  5.4216  5.8446  6.9600  8.4968  10.2640  

10 Thai et al. [71]  6.1103  6.5491  7.7174  9.3453  11.2349   
Jung et al. [72]  5.9301  6.3559  7.4807  9.0261  10.7848   
Current study  5.9413  6.3774  7.5357  9.1456  11.0105 

1 5 Thai et al. [71]  5.2960  5.7810  7.0383  8.7406  10.6773   
Jung et al. [72]  4.8744  5.3239  6.4600  7.9298  9.4998   
Current study  5.0830  5.5396  6.7245  8.3292  10.1519  

10 Thai et al. [71]  5.3953  5.8894  7.1702  8.9045  10.8775   
Jung et al. [72]  5.2697  5.7518  6.9920  8.6477  10.942   
Current study  5.5019  5.9729  7.2032  8.8824  10.8027  

Table 4 
Dimensionless natural frequencies of poroelastic microplates versus length-to-thickness ratio and material length-scale parameter, (h = 17.6 μm, b/a = 1, n = 1, 
ϕ=0.5).    

ℓ/h = 0.1  ℓ/h = 0.2  ℓ/h = 0.3  ℓ/h = 0.5  

a/h   CPT (εz = 0)  εz ∕= 0  CPT (εz = 0)  εz ∕= 0  CPT (εz = 0)  εz ∕= 0  CPT (εz = 0)  εz ∕= 0 
(m,n)=(1,1) 
4   4.4008  3.9678  4.6698  4.2510  5.0864  4.6828  6.2330  5.8440 
10   4.6575  4.6194  4.9429  4.9030  5.3850  5.3420  6.6036  6.5504 
20   4.6975  4.7511  4.9853  5.0348  5.4312  5.4749  6.6604  6.6912 
50   4.7088  4.7906  4.9973  5.0743  5.4443  5.5148  6.6765  6.7333 
100   4.7104  4.7964  4.9991  5.0801  5.4462  5.5206  6.6788  6.7394 
(m,n)=(1,2) 
4   10.0560  8.3233  10.6649  9.0359  11.6046  10.0976  14.1628  12.8605 
10   11.4506  10.9821  12.1519  11.6908  13.2384  12.7826  16.2328  15.7661 
20   11.6935  11.7086  12.4099  12.4178  13.5199  13.5167  16.5798  16.5475 
50   11.7639  11.9480  12.4847  12.6572  13.6014  13.7582  16.6798  16.8028 
100   11.7741  11.9838  12.4955  12.6930  13.6131  13.7942  16.6942  16.8409 
(m,n)=(2,2) 
4   14.8786  11.8041  15.7662  12.9586  17.1282  14.6447  19.9089  18.9191 
10   18.0248  16.8128  19.1282  17.9462  20.8373  19.6844  25.5456  24.4031 
20   18.6301  18.4775  19.7716  19.6122  21.5399  21.3681  26.4145  26.2017 
50   18.8093  19.0714  19.9618  20.2062  21.7473  21.9674  26.6693  26.8363 
100   18.8352  19.1625  19.9893  20.2973  21.7773  22.0592  26.7061  26.932  
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⎧
⎨

⎩

u1
u2
u3

⎫
⎬

⎭
=

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

u(x, y) − z
∂w(x, y)

∂x
+ f (z)ψ1(x, y)

v(x, y) − z
∂w(x, y)

∂y
+ f (z)ψ2(x, y)

w(x, y) + f ′(z)ψ3(x, y)

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

, (4)  

in which ui: i = 1,2,3 denote the displacements in x-, y-, and z-directions, 
u, v, and w are mid-plane displacements, ψ1, ψ2, ψ3 are rotations of 
normal to the mid-plane about y-axis, x-axis, and z-axis, respectively. f 
(z)=z(1-4/3(z/h)2) is the thickness function which represents related to 
the shear distribution along the thickness. In academic literature, the 
analysis of composite plates has primarily disregarded the influence of 
thickness stretching. However, many researchers, (e.g., Zenkour [61], 
Matsunaga [62] and Carrera et al. [63]) have explored the effect of 
thickness stretching in composite plates. This present study focuses on 
investigating the quasi-3D free and forced vibrations of poroelastic 
microsystem plates within the framework of the MCS theory. 

According to the assumed displacement field in Eq. (4), the general 
strain displacement equations are [60] 

εxx =
∂u1

∂x
=

∂u
∂x

− z
∂2w
∂x2 + f (z)

∂ψ1

∂x
,

εyy =
∂u2

∂y
=

∂v
∂y

− z
∂2w
∂y2 + f (z)

∂ψ2

∂y
,

εzz =
∂u3

∂z
= f ″(z)ψ3,

γyz =
∂u3

∂y
+

∂u2

∂z
= f ′(z)(ψ2 +

∂ψ3

∂y
),

γxz =
∂u3

∂x
+

∂u1

∂z
= f ′(z)(ψ1 +

∂ψ3

∂x
),

γxy =
∂u1

∂y
+

∂u2

∂x
=

∂u
∂y

+
∂v
∂x

− 2z
∂2w
∂x∂y

+ f (z)(
∂ψ2

∂x
+

∂ψ1

∂y
).

(5) 

The kinetic energy in variational form of the poroelastic microplate 
is given by 

δT =
1
2

∫

V
(u̇iδu̇i)dV, (i = 1, 2, 3), (6)  

where dV is an infinitesimal volume. The strain energy in a variational 
form for a poroelastic microplate is expressed by the MCS theory as [64] 

δU =

∫

V
(m : δχ + σ : δε)dV, (7)  

in which {m, χ, σ, ε} are the deviatoric part of the symmetric couple 
stress tensor, the symmetric curvature tensor, the stress tensor, the strain 
tensor. The symmetric curvature tensor χ is [65] 

χ =
1
2
(∇θ + (∇θ)T

), (8)  

in which 

θ =
1
2

curl(u) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
2
(
∂u3

∂y
−

∂u2

∂z
)

1
2
(
∂u1

∂z
−

∂u3

∂x
)

1
2
(
∂u2

∂x
−

∂u1

∂y
)

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (9) 

Utilising Eq. (4) together with Eqs. (8) and (9) yields the components 
of the symmetric curvature tensor as 

χxx =
∂2w
∂x∂y

+
1
2

f ′(z)(
∂2ψ3

∂x∂y
−

∂ψ2

∂x
),

χyy = −
∂2w
∂x∂y

+
1
2

f ′(z)(
∂ψ1

∂y
−

∂2ψ3

∂x∂y
),

χzz =
1
2

f ′(z)(
∂ψ2

∂x
−

∂ψ1

∂y
),

χyz =
1
2

{
1
2

f″(z)(ψ1 −
∂ψ3

∂x
) +

1
2
(

∂2v
∂x∂y

−
∂2u
∂y2 + f (z)(

∂2ψ2

∂x∂y
−

∂2ψ1

∂y2 ))

}

,

χxz =
1
2

{
1
2
f ″(z)(

∂ψ3

∂y
− ψ2) +

1
2
(
∂2v
∂x2 −

∂2u
∂x∂y

+ f (z)(
∂2ψ2

∂x2 −
∂2ψ1

∂x∂y
))

}

,

χxy =
1
2

{
∂2w
∂y2 +

1
2
f ′(z)(

∂2ψ3

∂y2 −
∂ψ2

∂y
+

∂ψ1

∂x
−

∂2ψ3

∂x2 ) −
∂2w
∂x2

}

.

(10) 

The fundamental relations about an isotropic system can be 

Fig. 3. Dimensionless fundamental frequency of poroelastic microplate against the material gradation constant and length-to-thickness ratio (h = 17.6 μm, ℓ/h = 0.2, 
b/a = 1, ϕ=0.5). 
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Fig. 4. Dimensionless fundamental frequency of poroelastic microplate versus different length-scale parameters for different length-to-thickness ratios (h = 17.6 μm, 
b/a = 1, n = 1, ϕ=0.5). 

Fig. 5. Dimensionless fundamental frequency of poroelastic microplate against material composition and imperfections (h = 17.6 μm, a/h = 5, b/a = 1, ℓ/h = 0.2).  
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Fig. 6. Dimensionless natural frequencies of poroelastic microplate for (1,1) and (1,2) vibration modes versus width-to-length ratio (h = 17.6 μm, a/h = 4, ℓ/h = 0.2, 
n = 1, ϕ=0.5). 

Fig. 7. Time history comparison of a square macroplate (b/a = 1, a/h = 20, E = 71 GPa, ρ = 2699 kg/m3, ν = 0.34, Ω = 100 rad⋅s− 1).  
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Fig. 8. Time history (a), and phase plot (b) diagram of poroelastic microplate (h = 17.6 μm, a/h = 4, b/a = 1, ℓ/h = 0.2, Ω = 7*1e7 rad⋅s− 1, n = 1, ϕ=0.5).  
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Fig. 9. Time history (a), and phase plot (b) diagram of poroelastic microplate versus size-dependence, (h = 17.6 μm, a/h = 4, b/a = 1, Ω = 7*1e7 rad⋅s− 1, n =
1, ϕ=0.5). 
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Fig. 10. Time history (a), and phase plot (b) diagram of poroelastic microplate against material composition and imperfections (h = 17.6 μm, a/h = 4, b/a = 1, ℓ/h 
= 0.2, Ω = 7*1e7 rad⋅s− 1). 
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formulated by [66] 

σij = λδijεkk + 2μεij, (11)  

mij = 2μℓ2χij, (12)  

where μ and λ denote the Lamé constants, and ℓ is the material length- 
scale parameter. For the poroelastic microplate, Eq. (11) reduces to 

σxx =Q11

{
∂u
∂x

− z
∂2w
∂x2 + f (z)

∂ψ1

∂x

}

+Q12

{
∂v
∂y

− z
∂2w
∂y2 + f (z)

∂ψ2

∂y

}

+Q13{f″(z)ψ3},

σyy =Q21

{
∂u
∂x

− z
∂2w
∂x2 + f (z)

∂ψ1

∂x

}

+Q22

{
∂v
∂y

− z
∂2w
∂y2 + f (z)

∂ψ2

∂y

}

+Q23{f″(z)ψ3},

σzz =Q31

{
∂u
∂x

− z
∂2w
∂x2 + f (z)

∂ψ1

∂x

}

+Q32

{
∂v
∂y

− z
∂2w
∂y2 + f (z)

∂ψ2

∂y

}

+Q33{f″(z)ψ3},

τyz =Q44

{

f ′(z)(ψ2+
∂ψ3

∂y
)

}

,

τxz =Q55

{

f ′(z)(ψ1+
∂ψ3

∂x
)

}

,

τxy =Q66

{
∂u
∂y

+
∂v
∂x

− 2z
∂2w
∂x∂y

+ f (z)(
∂ψ2

∂x
+

∂ψ1

∂y
)

}

,

(13)  

in which 

Q11 = Q22 = Q33 =
1 − ν

ν
νE(z)

(1 − 2ν)(1 + ν),

Q12 = Q21 = Q13 = Q31 = Q23 = Q32 =
νE(z)

(1 − 2ν)(1 + ν),

Q44 = Q55 = Q66 =
E(z)

2 + 2ν.

(14) 

By inserting Eq. (10) into Eq. (12), we have 

mxx =
E(z)ℓ2

1 + ν

{
∂2w
∂x∂y

+
1
2
f ′(z)(

∂2ψ3

∂x∂y
−

∂ψ2

∂x
)

}

,

myy =
E(z)ℓ2

1 + ν

{

−
∂2w
∂x∂y

+
1
2
f ′(z)(

∂ψ1

∂y
−

∂2ψ3

∂x∂y
)

}

,

mzz =
E(z)ℓ2

1 + ν

{
1
2
f ′(z)(

∂ψ2

∂x
−

∂ψ1

∂y
)

}

,

myz =
E(z)ℓ2

2 + 2ν

{
1
2

f″(z)(ψ1 −
∂ψ3

∂x
) +

1
2
(

∂2v
∂x∂y

−
∂2u
∂y2 + f (z)(

∂2ψ2

∂x∂y
−

∂2ψ1

∂y2 ))

}

,

mxz =
E(z)ℓ2

2 + 2ν

{
1
2
f ″(z)(

∂ψ3

∂y
− ψ2) +

1
2
(
∂2v
∂x2 −

∂2u
∂x∂y

+ f (z)(
∂2ψ2

∂x2 −
∂2ψ1

∂x∂y
))

}

,

mxy =
E(z)ℓ2

2 + 2ν

{
∂2w
∂y2 +

1
2
f ′(z)(

∂2ψ3

∂y2 −
∂ψ2

∂y
+

∂ψ1

∂x
−

∂2ψ3

∂x2 ) −
∂2w
∂x2

}

.

(15) 

Using Eqs. (5), (10), (13), and (15) and inserting them into the po
tential energy (Eq. (7)), the strain energy of a poroelastic quasi-3D 
microplate via the MCS theory is given by 

Fig. 11. Time history of poroelastic microplate versus excitation frequency (h = 17.6 μm, a/h = 4, b/a = 1, ℓ/h = 0.2, n = 1, ϕ=0.5).  
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δU =

∫

V

{

σxx(
∂δu
∂x

− z
∂2δw
∂x2 + f (z)

∂δψ1

∂x
)+σyy(

∂δv
∂y

− z
∂2δw
∂y2 + f (z)

∂δψ2

∂y
)

+σzz(f ″(z)δψ3)+ τyz(f ′(z)(δψ2 +
∂δψ3

∂y
))+ τxz(f ′(z)(δψ1 +

∂δψ3

∂x
))

+ τxy(
∂δu
∂y

+
∂δv
∂x

− 2z
∂2δw
∂x∂y

+ f (z)(
∂δψ2

∂x
+

∂δψ1

∂y
))

}

dV

+

∫

V

{

mxx(
∂2δw
∂x∂y

+
1
2
f ′(z)(

∂2δψ3

∂x∂y
−

∂δψ2

∂x
))+myy(−

∂2δw
∂x∂y

+
1
2
f ′(z)(

∂δψ1

∂y
−

∂2δψ3

∂x∂y
))

+mzz(
1
2
f ′(z)(

∂δψ2

∂x
−

∂δψ1

∂y
))

+2myz(

{
1
4
f ″(z)(δψ1 −

∂δψ3

∂x
)+

1
4
(
∂2δv
∂x∂y

−
∂2δu
∂y2 + f (z)(

∂2δψ2

∂x∂y
−

∂2δψ1

∂y2 ))

})

+2mxz(

{
1
4
f ″(z)(

∂δψ3

∂y
− δψ2)+

1
4
(
∂2δv
∂x2 −

∂2δu
∂x∂y

+ f (z)(
∂2δψ2

∂x2 −
∂2δψ1

∂x∂y
))

})

+2mxy(
1
2

{
∂2δw
∂y2 +

1
2

f ′(z)(
∂2δψ3

∂y2 −
∂δψ2

∂y
+

∂δψ1

∂x
−

∂2δψ3

∂x2 ) −
∂2δw
∂x2

})}

dV.

(16) 

Considering an external mechanical load, the virtual work can be 
formulated as 

δW = −

∫

A
qδu3dA. (17) 

Using the Hamilton’s Principle 
∫ t2

t1
(δU − δT + δW)dt = 0, (18) 

yields to the following 

∂Nxx

∂x
+

∂Nxy

∂y
+

1
2

∂2Rxz

∂x∂y
+

1
2

∂2Ryz

∂y2 = I1
∂2u
∂t2 − I2

∂3w
∂x∂t2 + I4

∂2ψ1

∂t2 , (19)  

∂Nxy

∂x
+

∂Nyy

∂y
−

1
2

∂2Rxz

∂x2 −
1
2

∂2Ryz

∂x∂y
= I1

∂2v
∂t2 − I2

∂3w
∂y∂t2 + I4

∂2ψ2

∂t2 , (20)  

∂2Mxx

∂x2 +
∂2Myy

∂y2 +2
∂2Mxy

∂x∂y
−

∂2Rxx

∂x∂y
+

∂2Ryy

∂x∂y
−

∂2Rxy

∂y2 +
∂2Rxy

∂x2 − q

= I1
∂2w
∂t2 + I2(

∂3u
∂x∂t2 +

∂3v
∂y∂t2) − I3(

∂4w
∂x2∂t2 +

∂4w
∂y2∂t2)+ I5(

∂3ψ1

∂x∂t2 +
∂3ψ2

∂y∂t2)+ I7
∂2ψ3

∂t2 ,

(21)  

∂Oxx

∂x
+

∂Oxy

∂y
− Pxz +

1
2

∂Syy

∂y
−

1
2

∂Szz

∂y
+

1
2

∂Sxy

∂x
+

1
2

∂2Txz

∂x∂y
+

1
2

∂2Tyz

∂y2 −
1
2
Uyz

= I4
∂2u
∂t2 − I5

∂3w
∂x∂t2 + I6

∂2ψ1

∂t2 ,

(22)  

∂Oxy

∂x
+

∂Oyy

∂y
− Pyz −

1
2

∂Sxx

∂x
+

1
2

∂Szz

∂x
−

1
2

∂Sxy

∂y
−

1
2

∂2Txz

∂x2 −
1
2

∂2Tyz

∂x∂y
+

1
2
Uxz

= I4
∂2v
∂t2 − I5

∂3w
∂y∂t2 + I6

∂2ψ2

∂t2 ,

(23)  

− Lzz +
∂Pxz

∂x
+

∂Pyz

∂y
−

1
2

∂2Sxx

∂x∂y
+

1
2

∂2Syy

∂x∂y
−

1
2

∂2Sxy

∂y2 +
1
2

∂2Sxy

∂x2 +
1
2

∂Uxz

∂y
−

1
2

∂Uyz

∂x

= I7
∂2w
∂t2 + I8

∂2ψ3

∂t2 ,

(24)  

in which 

Nij =

∫ h
2

− h
2

σijdz,

Mij =

∫ h
2

− h
2

zσijdz,

Oij =

∫ h
2

− h
2

f (z)σijdz,

Pij =

∫ h
2

− h
2

f ′(z)σijdz,

Lij =

∫ h
2

− h
2

f ″(z)σijdz,

Rij =

∫ h
2

− h
2

mijdz,

Sij =

∫ h
2

− h
2

f ′(z)mijdz,

Tij =

∫ h
2

− h
2

f (z)mijdz,

Uij =

∫ h
2

− h
2

f ″(z)mijdz,

(25)  

and 

(I1, I2, I3, I4, I5, I6, I7, I8)

=

∫ h
2

− h
2

ρ(z)(1, z, z2, f (z), zf (z), [f (z)]2, f ′(z), [f ′(z)]2)dz.
(26) 

One may derive the governing motion equations in terms of 
displacement components by inserting Eqs. (13) and (15) into Eq. (25), 
and also inserting the resultants into Eqs. (19)-(24), which are presented 
in Appendix A. 

3. Solution procedure 

This paper uses a numerical technique that relies on trigonometric 
functions to assess vibration modes. The kinematic boundary condition 
for the poroelastic quasi-3D microplates is considered as simply sup
ported at the edges. 

3.1. Free vibration analysis 

To approximate axial-transverse-rotation-stretching characteristics 
and satisfy the simply supported conditions at all edges of the micro
plate, the following series are used. 

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

u(x, y)
v(x, y)
w(x, y)
ψ1(x, y)
ψ2(x, y)
ψ3(x, y)

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

=
∑∞

m=1

∑∞

n=1

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Umncos
mπx

a
sin

nπy
b

Vmnsin
mπx

a
cos

nπy
b

Wmnsin
mπx

a
sin

nπy
b

Ψ1
mncos

mπx
a

sin
nπy
b

Ψ2
mnsin

mπx
a

cos
nπy
b

Ψ3
mnsin

mπx
a

sin
nπy
b

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

exp(iωt), (27)  

in which ω denotes the natural frequency, denotes the associated 
amplitudes. 
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3.2. Forced vibration analysis 

While satisfying the boundary conditions, the displacement compo
nents are described by the following expressions 

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

u(x, y)
v(x, y)
w(x, y)
ψ1(x, y)
ψ2(x, y)
ψ3(x, y)

⎫
⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

=
∑∞

m=1

∑∞

n=1

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Umncos
mπx

a
sin

nπy
b

Vmnsin
mπx

a
cos

nπy
b

Wmnsin
mπx

a
sin

nπy
b

Ψ1
mncos

mπx
a

sin
nπy
b

Ψ2
mnsin

mπx
a

cos
nπy
b

Ψ3
mnsin

mπx
a

sin
nπy
b

⎫
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

sin(Ωt), (28)  

herein Ω represents the excitation frequency. The assumption is made 
that the load is distributed sinusoidally as a dynamic load, and it is 
represented by the following expression: 

q =
∑∞

m=1
Qmnsin

mπx
a

sin
nπy
b

sin(Ωt), (29)  

in which Qmn is associated with a sinusoidal distribution that is given by 

Qmn = q0, (30)  

with q0 is the intensity of the distributed load. 

4. Results and discussions for free and forced vibrations 

The free and forced vibrations of poroelastic micro-sized plates are 
studied. The microplate is made of FGMs (Al/SiC) with Young’s moduli 
(Em = 71 GPa, and Ec = 427 GPa), and mass density (ρm = 2699 kg/m3, 
and ρc = 3100 kg/m3). Poisson’s ratio ν is taken as 0.30 along the 
thickness. For simplicity, this paper presents the results of free vibration 
in the following dimensionless form. 

ωmn = ωmna2/h
̅̅̅̅̅̅̅̅̅̅̅̅

ρc/Ec

√

. (31)  

4.1. Free vibration analysis 

Study 1: Various numerical validations for a simpler version of the 
system. 

As the first part of the study, the natural frequency of thin-elastic 
macroplate is analysed using the solution procedure outlined in Sec
tion 3 (ignoring length-scale parameter, being functionally graded as 
well as the porosity) and is evaluated through a comparative analysis 
with the results obtained from a finite element software. The plate is 
assumed to be fabricated of Aluminum (Al 99.9) with dimensions 0.10 
× 0.10 × 0.001 m, and simply supported conditions at all the edges. The 
natural fundamental and (1,2), (2,1), (2,2), (1,3), (3,1), (2,3), (3,2), 
(1,4), and (4,1) frequencies are shown in Table 1. Comparison of the 
current findings with those obtained from ANSYS [67] shows a very 
good agreement between the results. 

Table 2 tabulates the comparison of the dimensionless natural fre
quencies with those of Zhou et al. [68], Jha et al. [69], and Benahmed 
et al. [70] via 3D exact and quasi-3D theories for a square macroplate 
where the effects of length scale parameter, being functionally graded 
and material imperfection are cancelled. For all the data, good agree
ments can be observed. 

Table 3 shows the dimensionless fundamental frequency for FGM 
square microplates without porosity imperfections. The present results 

are in very good agreement with those obtained by Thai et al. [71], and 
Jung et al. [72] via classical and higher-order shear deformable plate 
theories in the framework of the MCS theory. 

Study 2: Influence of thickness stretching (via the quasi-3D poroe
lasticity) on the natural frequencies. 

In Table 4, the effect of small-scale parameters and length-to- 
thickness ratio on the dimensionless natural frequencies of a simply 
supported poroelastic microplate is tabulated using a quasi-3D theory 
and also classical plate theory (CPT). For the natural frequencies, it can 
be seen that increasing the small-scale parameter increases the fre
quency of the system and this conclusion is independent of vibration 
modes. It also can be seen that including the thickness stretching affects 
the responses, especially those of thicker microplates. 

To have an even further understanding of the stretching effect, the 
variations of the dimensionless fundamental frequency of the microplate 
have been plotted in Fig. 3 for both CPT and quasi-3D models when 
varying the material gradation constant and the length-to-thickness 
ratio. 

Study 3: Influence of size-dependence on the natural frequencies. 
Influence of the length scale parameter on the dimensionless 

fundamental frequency of the poroelastic microplate is plotted versus 
the length-to-thickness ratio in Fig. 4. As seen in this figure, an increase 
in the length scale parameter results in a higher dimensionless funda
mental frequency for all the cases. Moreover, as the value of the length- 
to-thickness ratio increases, the difference in fundamental frequency 
between different cases becomes smaller. 

Study 4: Influence of material composition and porosity imperfec
tions on the natural frequencies. 

Fig. 5 illustrates the variations in the dimensionless fundamental 
frequency versus the material composition representative (n) and 
porosity (voids) level (ϕ). It can be seen that, for this specific porosity 
distribution, an increase in the material imperfection level results in a 
notable change in the frequency. Furthermore, increasing the material 
gradation constant causes a prominent effect on microsystem’s response, 
which aligns perfectly with the nature of the materials used. 

Study 5: Influence of geometrical parameters on the natural 
frequencies. 

Fig. 6 presents the influence of the length-to-width ratio of the 
poroelastic quasi-3D microplate on the dimensionless natural fre
quencies. Moreover, this effect is particularly significant for the (1,2) 
vibrational mode in comparison to the fundamental mode. 

4.2. Forced vibration analysis 

Study 1: Numerical validations with simpler models. 
The time history, which refers to the time-dependent central 

deflection, of a macrosize square plate (with no length-scale effects, not 
being functionally graded, without material imperfection) is obtained 
here. We compare and validate it against the results obtained for a 
Kirchhoff plate theory by Papargyri-Beskou and Beskos [73] and illus
trated in Fig. 7, showing very good agreement. 

Study 2: Influence of thickness stretching on time histories. 
A comparison between the present quasi-3D model (εz ∕= 0) and CPT 

(εz = 0) for time history and phase plot diagram of a thick micro-size 
plate is depicted in Fig. 8. From this figure, it has been observed that 
the thickness stretching has an important influence on the behaviour of 
the poroelastic microplate, especially for higher values of amplitude. 

Study 3: Influence of size-dependence on time histories. 
Fig. 9 illustrates the effect of size-dependence on the forced dynamic 

response of the poroelastic microplate. The results demonstrate that an 
increase in the small-scale length scale parameter leads to an elevation 
in body’s stiffness, subsequently causing a reduction in the amplitude of 
vibrations. In other words, as the small-scale parameter grows, the phase 
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plot trajectory becomes smaller. 
Study 4: Influence of material composition and porosity imperfec

tions on time histories. 
To illustrate the sensitivity of the forced vibration, Fig. 10 depicts the 

variation of transverse deflection over time for several material grada
tion constants and porosity levels. As seen, increasing the material 
gradation constant and porosity level leads to an increase in the 
amplitude. 

Study 5: Influence of excitation frequency on time histories. 
Effects of excitation frequency on the dynamic response of the quasi- 

3D microsystem are illustrated in Fig. 11. Increasing the excitation fre
quency results in an increment in both the amplitude value and the 
number of oscillations. In other words, as the excitation frequency ap
proaches the resonant frequency, the transverse deflection becomes 
larger, and the oscillations occur at a faster rate. 

5. Conclusions 

In this paper, a quasi-3D model for poroelastic microplate structures 
was developed to study the free and forced vibrations. A combination of 
a higher-order quasi-3D shear deformable model, together with the MCS 
theory, was used to formulate the poroelastic microplate system. Using 
Hamilton’s principle, the governing motion equations (in-plane and out- 
of-plane including stretching) were derived, which possess fourfold 
coupled (axial-transverse-rotation-stretching) characteristics. By using a 
numerical technique, a set of trigonometric functions was applied to 
solve the governing equations and the accuracy of the model was vali
dated, showing very good accuracy. Effect of thickness stretching, ma
terial composition and imperfections, and length-scale parameters were 
studied on the natural frequency and time history perspectives. Based on 
the analysis of the parameters examined within the microsystem range, 
it was determined that: for the free vibration analysis, it was shown that, 
for the study cases, the thickness stretching, material composition and 
imperfections have important effects on the response of the microplate, 
especially for thick microplates; for example, considering the stretching 
effect (versus CPT) alter the natural frequencies. Moreover, it was 
observed that an increase in the small-scale length scale parameter of the 
poroelastic microstructure leads to an increase in the dimensionless 
fundamental natural frequency of the microplate. Additionally, a higher 

dimensionless fundamental frequency was achieved by increasing the 
length-to-thickness ratio. 

The forced vibration analysis, on the other hand, demonstrated that 
by increasing the small-scale length scale parameter in the examined 
scenario, the amplitude of vibrations decreases, hence causing the phase 
plot trajectory to become smaller. Furthermore, for the considered ma
terial composition and porosity distribution model, increasing the 
power-law index and porosity level results in an increase in the ampli
tude. Moreover, as the excitation frequency approaches the resonant 
frequency, the transverse vibration amplitude increases, and the oscil
lations occur at a faster rate. 
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Appendix A 

A11
∂2u
∂x2 − B11

∂3w
∂x3 + D11

∂2ψ1

∂x2 + A12
∂2v

∂x∂y
− B12

∂3w
∂x∂y2 + D12

∂2ψ2

∂x∂y

+E13
∂ψ3

∂x
+ A66(

∂2u
∂y2 +

∂2v
∂x∂y

) − 2B66
∂3w

∂x∂y2 + D66(
∂2ψ2

∂x∂y
+

∂2ψ1

∂y2 )

+
1
4

{

A00(
∂4v

∂x3∂y
−

∂4u
∂x2∂y2) + D00(

∂4ψ2

∂x3∂y
−

∂4ψ1

∂x2∂y2) + E00(
∂3ψ3

∂x∂y2 −
∂2ψ2

∂x∂y
)

}

+
1
4

{

A00(
∂4v

∂x∂y3 −
∂4u
∂y4) + D00(

∂4ψ2

∂x∂y3 −
∂4ψ1

∂y4 ) + E00(
∂2ψ1

∂y2 −
∂3ψ3

∂x∂y2)

}

= I1
∂2u
∂t2 − I2

∂3w
∂x∂t2 + I4

∂2ψ1

∂t2 ,

(A1)  
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A66(
∂2u
∂x∂y

+
∂2v
∂x2) − 2B66

∂3w
∂x2∂y

+ D66(
∂2ψ2

∂x2 +
∂2ψ1

∂x∂y
) + A21

∂2u
∂y∂x

− B21
∂3w

∂x2∂y
+ D21

∂2ψ1

∂x∂y
+ A22

∂2v
∂y2 − B22

∂3w
∂y3 + D22

∂2ψ2

∂y2 + E23
∂ψ3

∂y

−
1
4

{

A00(
∂4v
∂x4 −

∂4u
∂x3∂y

) + D00(
∂4ψ2

∂x4 −
∂4ψ1

∂x3∂y
) + E00(

∂3ψ3

∂x2∂y
−

∂2ψ2

∂x2 )

}

−
1
4

{

A00(
∂4v

∂x2∂y2 −
∂4u

∂x∂y3) + D00(
∂4ψ2

∂x2∂y2 −
∂4ψ1

∂x∂y3) + E00(
∂2ψ1

∂x∂y
−

∂3ψ3

∂x2∂y
)

}

= I1
∂2v
∂t2 − I2

∂3w
∂y∂t2 + I4

∂2ψ2

∂t2 ,

(A2)  

B11
∂3u
∂x3 − F11

∂4w
∂x4 + G11

∂3ψ1

∂x3 + B12
∂2v

∂x2∂y
− F12

∂4w
∂x2∂y2 + G12

∂3ψ2

∂x2∂y
+ H13

∂2ψ3

∂x2

+B21
∂3u

∂x∂y2 − F21
∂4w

∂x2∂y2 + G21
∂3ψ1

∂x∂y2 + B22
∂3v
∂y3 − F22

∂4w
∂y4 + G22

∂3ψ2

∂y3 + H23
∂2ψ3

∂y2

+2B66(
∂3u

∂x∂y2 +
∂3v

∂x2∂y
) − 4F66

∂4w
∂x2∂y2 + 2G66(

∂3ψ2

∂x2∂y
+

∂3ψ1

∂x∂y2)

− 2A00
∂4w

∂x2∂y2 − J00(
∂4ψ3

∂x2∂y2 −
∂3ψ2

∂x2∂y
) − 2A00

∂4w
∂x2∂y2 + J00(

∂3ψ1

∂x∂y2 −
∂4ψ3

∂x2∂y2)

− A00
∂4w
∂y4 −

1
2
J00(

∂4ψ3

∂y4 −
∂3ψ2

∂y3 +
∂3ψ1

∂x∂y2 −
∂4ψ3

∂x2∂y2) + A00
∂4w

∂x2∂y2

+A00
∂4w

∂x2∂y2 +
1
2
J00(

∂4ψ3

∂x2∂y2 −
∂3ψ2

∂x2∂y
+

∂3ψ1

∂x3 −
∂4ψ3

∂x4 ) − A00
∂4w
∂x4 − q

= I1
∂2w
∂t2 + I2(

∂3u
∂x∂t2 +

∂3v
∂y∂t2) − I3(

∂4w
∂x2∂t2 +

∂4w
∂y2∂t2) + I5(

∂3ψ1

∂x∂t2 +
∂3ψ2

∂y∂t2) + I7
∂2ψ3

∂t2 ,

(A3)  

D11
∂2u
∂x2 − G11

∂3w
∂x3 + K11

∂2ψ1

∂x2 + D12
∂2v

∂x∂y
− G12

∂3w
∂x∂y2 + K12

∂2ψ2

∂x∂y
+ L13

∂ψ3

∂x

+D66(
∂2u
∂y2 +

∂2v
∂x∂y

) − 2G66
∂3w

∂x∂y2 + K66(
∂2ψ2

∂x∂y
+

∂2ψ1

∂y2 ) − N55(ψ1 +
∂ψ3

∂x
)

+
1
2

{

− 2J00
∂3w

∂x∂y2 + N00(
∂2ψ1

∂y2 −
∂3ψ3

∂x∂y2)

}

−
1
2

{

N00(
∂2ψ2

∂x∂y
−

∂2ψ1

∂y2 )

}

+
1
2

{

J00
∂3w

∂x∂y2 +
1
2
N00(

∂3ψ3

∂x∂y2 −
∂2ψ2

∂x∂y
+

∂2ψ1

∂x2 −
∂3ψ3

∂x3 ) − J00
∂3w
∂x3

}

+
1
4

{

L00(
∂3ψ3

∂x∂y2 −
∂2ψ2

∂x∂y
) + D00(

∂4v
∂x3∂y

−
∂4u

∂x2∂y2) + K00(
∂4ψ2

∂x3∂y
−

∂4ψ1

∂x2∂y2)

}

+
1
4

{

L00(
∂2ψ1

∂y2 −
∂3ψ3

∂x∂y2) + D00(
∂4v

∂x∂y3 −
∂4u
∂y4) + K00(

∂4ψ2

∂x∂y3 −
∂4ψ1

∂y4 )

}

−
1
4

{

M00(ψ1 −
∂ψ3

∂x
) + E00(

∂2v
∂x∂y

−
∂2u
∂y2) + L00(

∂2ψ2

∂x∂y
−

∂2ψ1

∂y2 )

}

= I4
∂2u
∂t2 − I5

∂3w
∂x∂t2 + I6

∂2ψ1

∂t2 ,

(A4)  
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+D21
∂2u
∂x∂y

− G21
∂3w

∂x2∂y
+ K21

∂2ψ1

∂x∂y
+ D22

∂2v
∂y2

− G22
∂3w
∂y3 + K22

∂2ψ2

∂y2 + L23
∂ψ3

∂y

+D66(
∂2u
∂x∂y

+
∂2v
∂x2) − 2G66

∂3w
∂x2∂y

+ K66(
∂2ψ2

∂x2 +
∂2ψ1

∂x∂y
) − N44(ψ2 +

∂ψ3

∂y
)

−
1
2

{

2J00
∂3w

∂x2∂y
+ N00(

∂3ψ3

∂x2∂y
−

∂2ψ2

∂x2 )

}

+
1
2

{

N00(
∂2ψ2

∂x2 −
∂2ψ1

∂x∂y
)

}

−
1
2

{

J00
∂3w
∂y3 +

1
2

N00(
∂3ψ3

∂y3 −
∂2ψ2

∂y2 +
∂2ψ1

∂x∂y
−

∂3ψ3

∂x2∂y
) − J00

∂3w
∂x2∂y

}

−
1
4

{

L00(
∂3ψ3

∂x2∂y
−

∂2ψ2

∂x2 ) + D00(
∂4v
∂x4 −

∂4u
∂x3∂y

) + K00(
∂4ψ2

∂x4 −
∂4ψ1

∂x3∂y
)

}

−
1
4

{

L00(
∂2ψ1

∂x∂y
−

∂3ψ3

∂x2∂y
) + D00(

∂4v
∂x2∂y2 −

∂4u
∂x∂y3) + K00(

∂4ψ2

∂x2∂y2 −
∂4ψ1

∂x∂y3)

}

+
1
4

{

M00(
∂ψ3

∂y
− ψ2) + E00(

∂2v
∂x2 −

∂2u
∂x∂y

) + L00(
∂2ψ2

∂x2 −
∂2ψ1

∂x∂y
)

}

= I4
∂2v
∂t2 − I5

∂3w
∂y∂t2 + I6

∂2ψ2

∂t2 ,

(A5)  

− E31
∂u
∂x

+ H31
∂2w
∂x2 − L31

∂ψ1

∂x
− E32

∂v
∂y

+ H32
∂2w
∂y2 − L32

∂ψ2

∂y
− M33ψ3

+N55(
∂ψ1

∂x
+

∂2ψ3

∂x2 ) + N44(
∂ψ2

∂y
+

∂2ψ3

∂y2 ) −
1
2

{

2J00
∂4w

∂x2∂y2 + N00(
∂4ψ3

∂x2∂y2 −
∂3ψ2

∂x2∂y
)

}

+
1
2

{

− 2J00
∂4w

∂x2∂y2 + N00(
∂3ψ1

∂x∂y2 −
∂4ψ3

∂x2∂y2)

}

−
1
2

{

J00
∂4w
∂y4 +

1
2
N00(

∂4ψ3

∂y4 −
∂3ψ2

∂y3

+
∂3ψ1

∂x∂y2 −
∂4ψ3

∂x2∂y2) − J00
∂4w

∂x2∂y2

}

+
1
2

{

J00
∂4w

∂x2∂y2 +
1
2

N00(
∂4ψ3

∂x2∂y2 −
∂3ψ2

∂x2∂y
+

∂3ψ1

∂x3 −
∂4ψ3

∂x4 ) −

(A6)  

in which 
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Aij =

∫ h
2

− h
2

Qijdz

Bij =

∫ h
2

− h
2

zQijdz

Dij =

∫ h
2

− h
2

f (z)Qijdz

Eij =

∫ h
2

− h
2

f ″(z)Qijdz

Fij =

∫ h
2

− h
2

z2Qijdz

Gij =

∫ h
2

− h
2

zf (z)Qijdz

Hij =

∫ h
2

− h
2

zf″(z)Qijdz

Kij =

∫ h
2

− h
2

f 2(z)Qijdz

Lij =

∫ h
2

− h
2

f (z)f″(z)Qijdz

Mij =

∫ h
2

− h
2

f ″(z)f ″(z)Qijdz

Nij =

∫ h
2

− h
2

f ′(z)f ′(z)Qijdz

A00 =

∫ h
2

− h
2

(
E(z)ℓ2

2 + 2ν)dz

D00 =

∫ h
2

− h
2

f (z)(
E(z)ℓ2

2 + 2ν)dz

E00 =

∫ h
2

− h
2

f ″(z)(
E(z)ℓ2

2 + 2ν)dz

J00 =

∫ h
2

− h
2

f ′(z)(
E(z)ℓ2

2 + 2ν)dz

K00 =

∫ h
2

− h
2

f 2(z)(
E(z)ℓ2

2 + 2ν)dz

L00 =

∫ h
2

− h
2

f (z)f″(z)(
E(z)ℓ2

2 + 2ν)dz

M00 =

∫ h
2

− h
2

f″(z)f ″(z)(
E(z)ℓ2

2 + 2ν)dz

N00 =

∫ h
2

− h
2

f ′(z)f ′(z)(
E(z)ℓ2

2 + 2ν)dz

(A7)  
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