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ABSTRACT

Combining cosmological probes has consolidated the standard cosmological model with per cent precision, but some tensions
have recently emerged when certain parameters are estimated from the local or primordial Universe. The origin of this behaviour
is still under debate; however, it is crucial to study as many probes as possible to cross-check the results with independent methods
and provide additional pieces of information to the cosmological puzzle. In this work, by combining several late-Universe probes
(0 < z < 10), namely, Type Ia supernovae, baryon acoustic oscillations, cosmic chronometers, and gamma-ray bursts, we aim to
derive cosmological constraints independently of local or early-Universe anchors. To test the standard cosmological model and
its various extensions, considering an evolving dark energy equation of state and the curvature as a free parameter, we analyse
each probe individually and all their possible permutations. Assuming a flat Lambda cold dark matter (ACDM) model, the full
combination of probes provides Hy = 67.2735 kms~! Mpc~! and Q,, = 0.325 + 0.015 [68 per cent confidence level (C.L.)].
Considering a flat wCDM model, we measure wy = —0.91f8:8§ (68 percent C.L.), while by relaxing the flatness assumption
(ACDM model, 95 per cent C.L.) we obtain €, = 0.125%)1¢7_ Finally, we analytically characterize the degeneracy directions and
the relative orientation of the probes’ contours. By calculating the figure-of-merit, we quantify the synergies among independent
methods, estimate the constraining power of each probe, and identify which provides the best contribution to the inference
process. Pending the new cosmological surveys, this study confirms the exigency for new emerging probes in the landscape of
modern cosmology.

Key words: cosmological parameters —dark energy — cosmology: observations — distance scale — methods: statistical — software:

data analysis.

1 INTRODUCTION

At the beginning of the twenties of the third millennium, the
discovery of the accelerated expansion of the Universe radically
changed our understanding of its origin and evolution. To date, the
physical nature of the energy driving this expansion — commonly
called dark energy — and of most of the matter components in the
Universe — referred as cold dark matter (CDM) — still animates the
debate within the scientific community.

Despite the fact that we are still unsure of the exact nature of these
components, with the advanced technologies at our disposal we are
able nowadays to precisely measure their effects on the observable
Universe. For example, it has been observed that the total energy
budget of the cosmos roughly matches its critical value, so that the
flatness of the Universe is inferred with an extremely high level of
precision (Planck Collaboration et al. 2021). The properties of the
cosmological fluid responsible for the current accelerated expansion
can also be measured, although to accurately study its possible
temporal evolution we have to wait until more advanced surveys
start to observe the sky, such as Euclid (Laureijs et al. 2011), Vera
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Rubin Observatory (LSST Science Collaboration et al. 2009), and
Nancy Grace Roman Space Telescope (Spergel et al. 2013).

Moreover, another new fact emerged recently in the already
complicated weaving of modern cosmology: The present-day ex-
pansion velocity (the Hubble constant, Hy) presented a significant
discrepancy when measured with independent probes, leading to the
well-known Hubble tension (Verde, Treu & Riess 2019). Currently,
this tension is mostly driven by the difference between the Hy
estimated with Cepheids and Type la supernovae (SNe, Hy =
73.04 & 1.04 kms~! Mpc ™!, Riess et al. 2022) and with the analysis
of cosmic microwave background (CMB) radiation from the ESA
mission Planck (Hy = 67.36 £ 0.54 kms~! Mpc~!, Planck Collabo-
ration et al. 2021), but some pieces of evidence suggest a dichotomy
between late- and early-Universe cosmological probes (Abdalla et al.
2022). To solve this tension, several alternative models have been
proposed (Di Valentino et al. 2021) that, however, need a deeper
and more detailed comparison with observations (Schoneberg et al.
2022a). Of course, before abandoning the standard cosmological
model, a detailed assessment of the possible systematic effects is
necessary. To address this delicate topic, one of the most studied
methods is definitively the statistical combination of cosmological
probes.

The combination of probes is hardly a new concept in cosmology.
Since an additional cosmological component was measured by Riess
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etal. (1998) and Perlmutter et al. (1999), this method has been widely
used to increase the precision of cosmological parameters inference
(Bridle et al. 2001; Linder 2006; Davis et al. 2007; Lampeitl et al.
2010; Suzuki et al. 2012; Huterer & Shafer 2018; Schoneberg et al.
2022b; Brieden, Gil-Marin & Verde 2023). Essentially, by combining
the likelihoods obtained from independent probes, it is possible to
exploit the different constraint powers of each observable to alleviate
the degeneracy among cosmological parameters and thus improve
our capability to investigate a wide range of models. Currently, only
afew probes have been so extensively studied that they now represent
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the standard for any cosmological analysis, including CMB, Type la
SNe, and baryon acoustic oscillations (BAOs). While the former
samples the early stages of the cosmos (z ~ 1100), the others are
observed at low-redshift up to z ~ 2.5.

In this paper, Type Ia SNe and BAOs are analysed in synergy
with two of the new emerging methods recently developed in the
context of late-Universe cosmological probes (Moresco et al. 2022).
On the one hand, cosmic chronometers (CCs) provide independent
measurements of the Hubble parameter and, thus, are able to probe
the cosmic expansion history up to z ~ 2. On the other, gamma-
ray bursts (GRBs) offer the opportunity to extract the cosmological
signal up to z ~ 10. Hence, the scope of this work is to provide
a detailed study of these late-Universe probes, analysing the most
recent data collections and combining them to obtain new and precise
cosmological constraints that are completely independent of the
standard approach in modern cosmology, namely, the CMB (Planck
Collaboration et al. 2021) or the three-rung distance ladder (Brout
et al. 2022).

Our approach essentially consists of a probe-by-probe combi-
nation through which we aim to monitor the potential systematic
effects and compare the constraining power of each probe. In fact,
our general purpose is to consolidate and extend the constraints
from these late-Universe probes (especially for the emerging ones),
ensure the robustness of the combination technique, and finally obtain
reliable estimates of cosmological parameters that are noteworthy in
the modern cosmology landscape.

Finally, we seek to define a mathematical framework to properly
assess the complementarity between different cosmological probes
and effectively exploit the synergies among their constraint powers.
In practice, starting from the idea developed by Linder (2006), the
peculiar degeneracy affecting each probe is evaluated by looking
at the confidence contours’ orientation on the parameter planes.
From the largest eigenvalue of the covariance matrix associated
with these contours, we trivially calculate the relative orientation of
different probes and, by means of the figure-of-merit (FoM) defined
by Albrecht et al. (2006) and Wang (2008), evaluate the effects of
probes combination. From this perspective, we derive some useful
insights on the most effective combination to improve the inferential
process as a function of the cosmological model.

To summarize, the physics explored by an experiment is strictly
defined by the orientation of confidence contours in a particular
parameter space. Hence, by fixing the parameter space and the
probes to constrain it, the falsifiable models are closely related to
the degeneracy directions affecting those probes. This is the key
concept behind our work: Different experiments are sensitive to
different physical phenomena; therefore, it is crucial to correctly
combine as many independent cosmological probes as possible in
order to explore the whole parameter space and avoid any biased
determination of the underlying cosmology.

The paper is organized as follows: In Section 2, we briefly
describe the main features of each probe and model, as well as
the Bayesian framework within which the analysis was carried

log(1l +2)

Figure 1. Redshift distribution of data collected in this work.

out. Section 3 presents the results of the cosmological inference,
with special attention to the impact and reliability of the probe-by-
probe strategy. Then, in Section 4 an original study of synergies
and complementarities between probes is presented, while Section 5
summarizes the main outcomes of our work.

2 DATA, MODELS, AND METHODS

2.1 Late-Universe data

Combining ‘standard rulers, candles, and clocks’ is an old recipe
(Heavens, Jimenez & Verde 2014) to extract the cosmological
signal using exclusively low-redshift data with a model-independent
approach (see also Moresco et al. 2016b and Benisty & Staicova
2021). Aiming to extend this pioneering work, we select the most
updated and complete late-Universe data sets available today. More
specifically, this work is based on the analysis of two primary probes,
such as Type Ia SNe and BAOs, which are combined with two new
emerging methodologies, namely CCs and GRBs, that have recently
proven their strength and reliability (Moresco et al. 2022).

As shown in Fig. 1, our data set allows us to span a wide redshift
range 0 < z < 2 with most of the probes, where GRBs observations
extend it up to z ~ 10. Hence, we extract the cosmological signal
from a time frame currently not deeply explored in the literature.

2.1.1 Type la SNe

Type Ia SNe are one of the most powerful and suggestive astrophysi-
cal events observed in the cosmos. The most recent and complete SNe
collection is the so-called Pantheon + sample (Brout et al. 2022),
in which 1701 observations (0.001 < z < 2.26) of 1550 SNe are
collected.

Following Kessler & Scolnic (2017), the brightness of these
objects is standardized through the definition of the distance modulus
W as

p=mg"— M (1)

where my™ is the apparent magnitude taking into account several

correction terms, such as selection bias, dust extinction, light-curve
colour, and stretch parameter, while the nuisance parameter M is
the absolute magnitude of a fiducial SNe. Since u is related to the
luminosity distance Dy through the following equation:
Dy(z)

z)=51lo — | +25 2
w(z) 210 ( Mpc (2)
by measuring the apparent magnitudes mp of an SNe sample it
is possible to constrain the cosmological parameters thanks to the
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generic expression

1+2) /z cdz/)
D =— S Q —_— 3
L(2) I k(\/| k  H@) 3

where €2, is the curvature parameter, H(z) is the Hubble parameter,
and the function Sy is defined as

sin(x) for Q < 0 — closed Universe,
Si(x) = X for Q; =0 — flat Universe, 4)
sinh(yx) for €, > 0 — open Universe.

Due to the intrinsic degeneracy between H, and the nuisance
parameter M, SNe are not able to constrain the expansion rate of the
Universe. At the same time, SNe have been widely used in the past
three decades to precisely infer the energy budget of the Universe.

Following the same procedure reported in Brout et al. (2022), we
do not consider the nearby Hubble diagram (z < 0.01) in order
to avoid any systematics due to unmodelled peculiar velocities.
Therefore, our final cosmological sample includes 1590 observations
with their associated covariance matrix.

2.1.2 Baryon acoustic oscillations

Density fluctuations in the primordial photobaryonic fluid affect the
formation of large-scale structures in the more recent stages of the
Universe. In fact, after the photobaryonic decoupling (z ~ 1100), the
baryons at the boundary of the gravitational potential wells preferably
cluster at a distance from the centre of the CDM haloes fixed by the
length of the radius r, of the sound horizon calculated at the time of
decoupling. As a consequence of this phenomenon, in the late-time
matter distribution it is most probably to find two galaxies separated
by a distance 7y, and this particular feature, known as BAOs,
represents an incredible and versatile way to infer cosmological
parameters. Considering r; as a standard ruler, it is possible to
measure different types of observables: the Hubble distance Dy(z)
= c/H(z), the transverse comoving distance Dy (z) = Dp(2)/(1 +
7), or the volume-averaged distance Dy(z) = [zDH(z)Dfﬂ(z)]'/ 3
depending on the direction (radial and/or transverse) along which
the BAOs signal is observed.

In this framework, we select a sample (0 < z < 2.4) of ‘BAO-
only’ measurements — collected in Alam et al. (2021) — carried out
from different surveys by Ross et al. (2015), Alam et al. (2017), Gil-
Marin et al. (2020), du Mas des Bourboux et al. (2020), de Mattia
et al. (2021), and Hou et al. (2021). Here, ‘BAO-only’ means that
the measurements are uncalibrated, i.e. the value of r; is assumed
as a constant parameter to be inferred and is not calibrated through
early-time Universe observations. The observables Dy, Dy, and Dy
are indeed scaled by a factor r;' which, as explained by Brieden,
Gil-Marin & Verde (2023), is assumed to be a constant and isotropic
length.

Hence, like SNe, BAOs are a very useful tool for measuring the
energy budget of the Universe whilst they are insensitive to the
Hubble constant H,.

2.1.3 Cosmic chronometers

The method of CCs, introduced for the first time in Jimenez & Loeb
(2002), measures the Hubble parameter as
1 dz
l+zdt’
While the redshift z is a directly observable quantity, the variation
of the look-back time dt is determined by analysing the spectra

H(z) = &)
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or photometry of a particular population of massive and passive
galaxies whose majority of stars were formed in the early stages of
their evolution.

The reason why this method has been increasingly used in
cosmological analyses relies on its independence from cosmology.
Assuming only the validity of the general relativity, the cosmological
principle, and the Weyl postulate, with CCs measurements we are
able to directly track the history of the cosmic expansion H(z).
Thus, CCs are consolidating their role in the modern cosmological
framework thanks to the relatively simple needs and the minimal
cosmological assumptions they use.

As summarized in the review by Moresco et al. (2022), there are
several methods to derive df measurements from the CCs observa-
tions: the full-spectrum fitting (see e.g. Jiao et al. 2023; Tomasetti
et al. 2023), the Lick indices analysis (see e.g. Borghi, Moresco &
Cimatti 2022), and the calibration of specific spectroscopic features
(seee.g. Moresco etal. 2012, 2016a; Moresco 2015). More recently, it
has been demonstrated the possibility of using photometric surveys
to retrieve accurate H(z) measurements by selecting CCs with a
machine learning approach (Jimenez et al. 2023).

Until now, this method has provided 32 measurements of the
Hubble parameter over the redshift range 0.07 < z < 1.965 (Moresco
et al. 2022).

2.1.4 Gamma-ray bursts

Despite their great success in measuring cosmological parameters,
the SNe observations do not go beyond z ~ 2. Thanks to the
observational efforts of the last decades, a new interesting kind
of distance indicator emerged allowing us to investigate stages
of the Universe out of the reach of the standard cosmological
probes. This is the case of long GRBs, the most energetic explosive
events observed in the cosmos, produced by the core-collapse
of peculiar massive stars (see e.g. Piran 2004; Kumar & Zhang
2015; Levan et al. 2016). The combination of their origin, huge
brightness, and redshift distribution extending up to more than z
~ 9 makes these phenomena very powerful probes for cosmology.
GRBs are characterized by a prompt emission, lasting typically
from a few seconds up to a few minutes, during which most
of the energy is radiated in X-/gamma-rays, and a multiwave-
length afterglow emission spanning from gamma-rays to radio
and fading on time-scales ranging from several hours to several
days.

Certainly, GRBs are not standard candles. Also, the emission
mechanisms at work, especially during the prompt phase, are not
yet fully understood and only some aspects of the progenitors’
models are known. But, the discovery and deep investigation of
empirical correlations between radiated energy (or peak luminosity)
and spectral (or temporal) properties is consolidating the role of these
events in modern observational cosmology (see e.g. Amati & Della
Valle 2013; Dainotti & Amati 2018, and for a recent review Moresco
et al. 2022). In this context, the most investigated correlation for
GRBs’ physics and cosmology is by far the ‘Amati relation” (Amati
et al. 2002, 2008; Amati 2006; Amati & Della Valle 2013) between
the photon energy at which the time-integrated vF, spectrum of the
X-/gamma-rays prompt emission peaks, i.e. the cosmological rest-
frame peak energy E,; = E,(1 + z), and the isotropic-equivalent
radiated energy Ejy,. The E; ; — Eis, (‘Amati’) correlation takes the
form

1 EP,i —b+al Eiso (6)
Flkev] T @8 | 102 erg
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Figure 2. GRBs data taken from Amati et al. (in preparation).

where a and b are constants to be inferred. While E, ; is directly
extracted from the measured prompt spectrum, the quantity Ej, is
related to the luminosity distance through the following relation:

10*/(142)

Eis E N(E)dE =

4 DXz)(1 +2)7! /

1/(1+z)
47 DL (2)(1 4 2) ™" Spolo (7

where N(E) is the Band function (Band et al. 1993) and Sy, is the
measured bolometric fluence.

Therefore, such a relation represents a remarkable tool to infer
cosmological parameters since it correlates two observable quantities
(Ep and Spolo), one of which (Syo10) depends on them according to
equation (7). Although it is very highly significant, the Amati relation
(equation 6) is characterized by a scatter of the data around the
best-fitting power-law which significantly exceeds the level expected
from Poissonian fluctuations and underestimated systematics in the
measurement of the two quantities. Thus, an additional parameter
oint has to be considered to take into account the intrinsic scatter of
the correlation. Moreover, as already stated for BAOs and SNe, the
intrinsic degeneracy between H and the nuisance parameter b does
not allow us to infer the Hubble constant value from the ‘Amati’
relation.

In our multiprobes cosmological analysis, we introduce GRBs
through the Amati relation based on the updated E,, ; — Ej;, data set by
Amati et al. (in preparation), which includes 264 GRBs observations
up to redshift values z ~ 9 and is represented in Fig. 2.

The values of E,; and Ej,, of these GRBs are based on mea-
surements of fluence and spectral parameters by the main GRBs
detectors operated since the first measurements on GRBs redshifts in
1997 up to end of 2022: CGRO/BATSE, BeppoSAX/GRBM, HETE-
2, Swift/BAT, Fermi/GBM, and Konus-WIND. The sample was built
by updating and integrating the early compilation by Amati et al.
(2008) with the measurements reported in more recent systematic
spectral analysis and catalogues (Amati, Frontera & Guidorzi 2009;
Gruber et al. 2011; Atteia et al. 2017; Tsvetkova et al. 2017; Fana
Dirirsa et al. 2019; Katsukura et al. 2020; Minaev & Pozanenko 2020;
Tsvetkova et al. 2021) and, for the latest GRBs, in GCN Circulars.!
In order to get the most robust possible sample, selection criteria
were applied to the considered data sets, including the total duration
of the event, the energy band of the detector, the signal-to-noise ratio
of the fluence measurement, and the integration time of the GRBs
spectrum with respect to the total burst duration. More details will
be provided in Amati et al. (in preparation).

Thttps://gen.gsfc.nasa.gov/gen3_archive.html
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2.2 Cosmological models

To provide a detailed study on the extensions of the standard
cosmological Lambda cold dark matter (ACDM) model, we focus
our attention on a specific family of cosmological models that, in the
CDM framework, investigate the null curvature hypothesis (2; = 0)
and the assumption of dark energy as a cosmological constant A (w
= —1). In the more general case, the DE EoS is described by the
CPL model developed by Chevallier & Polarski (2001) and Linder
(2003) in the early 2000s. This is a two-parameter model describing
the variation with redshift z of the parameter w as

w(z)=w0+wu(1j_z>. ®)

Without any a priori assumption on the curvature of the Universe,
the evolution of the cosmic expansion is thus described through the
following equation:

H(z) = Hov/Qu(1 + 2 + (1 4 2> + Q4 f(2) ©)

where f(z) = (1 4 z)30twotwale=3a iz and Q= 1 — Q — Q4.
Here, even if not indicated, all the components to the energy budget
; are referred to their value at z = 0, e.g. Q2 = Q2 0.

Therefore, three different DE EoS are derived by simply fixing
particular parameters in equation (8), namely:

(1) wow,CDM corresponds to all free parameters;
(ii) wCDM corresponds to w, = 0; and
(iii) ACDM corresponds to wy = —1 and w, = 0;

and, for each of them, the null (or flat) curvature case is investigated
as well by imposing 2, =1 — Q,, in equation (9).

2.3 Bayesian framework

To constrain cosmological parameters we base our strategy on a
statistical approach known as Markov chain Monte Carlo (MCMC).
In this framework, once the likelihood functions are defined and the
posterior distributions are constructed through the priors’ definition
(reported in Table 1), a random walk into the parameter space
determines the best-fitting values of the parameters.

In this paper, we apply the widely used EMCEE software, i.e. a
pure-Python implementation of the Goodman & Weare’s MCMC
sampler (Foreman-Mackey et al. 2013). We verified the convergence
of our chains considering the Gelman—Rubin criterion with R < 0.01.

We consider more conservative priors on nuisance parameters
w.r.t. those from the literature. In particular, the prior on M is roughly
5 times wider than the one imposed by Brout et al. (2022). Moreover,
to avoid biases, the starting points of the MCMC have been selected
with a random extraction within the prior intervals.

The best-fitting value 6 and the 68 per cent (95 per cent) confidence
level (C.L.) of each parameter are extracted from the sampled
distribution by marginalizing over the other ones and taking the 50th
percentile and 16th (2.5th) and 84th (97.5th) percentiles, respectively.

3 COSMOLOGICAL CONSTRAINTS

3.1 Single probes

As a first step, we test the relative strength and constraining power
of each separate cosmological probe.

MNRAS 527, 4874-4888 (2024)
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Table 1. Priors on the cosmological parameters explored with the MCMC method in the analyses involving BAOs, CCs, SNe, and GRBs data. The symbol &/

indicates a uniform prior between the indicated extremes.

Cosmological parameters

Nuisance parameters

Hy Qm Qp wo Wy rq M a b O int
[km 57! MpC_l] - - — — [Mpc] — — _ _
U(0, 100) U, 1) U, 1) U-5, —0.3) U(-5,5) U(50, 250) U(-25, —15) Uu(, 3) U, s) U, 1)
Alam == Alam—
Hou = Hon=—
Gil-Marin=— Gil-Marin =
Combho=— Combo=—

(2) ACDM

Q s

(b) flat wCDM

Figure 3. Contour plots (at 68 per cent and 95 per cent C.L.) and one-dimensional (1D) marginalized distribution inferred from Alam et al. (2017), Hou et al.
(2021), Gil-Marin et al. (2020), and the combination of all BAOs data collected in this work. The left panel shows the Q, — Q2 plane (ACDM), while the right
panel shows the Q;, — w plane (flat wCDM). Dashed lines represent the reference value of each parameter, Q2 = 0.3, 24 = 0.7, and w = —1.0.

3.1.1 Baryon acoustic oscillations

As already discussed, our BAOs’ sample is composed of a diverse
set of observations coming from a wide variety of spectroscopic
surveys and cosmological quantities, namely Dy(z)/ry, Dm(2)/74,
and Dv(Z)/rd.

We first analysed the individual BAO data sets and compared the
derived constraints, to verify the consistency of the results. Alam
et al. (2021) verified that the correlation between data is negligible
and, moreover, provided a collection of covariance matrices for
those subsamples whose systematics were computed, namely, Alam
et al. (2017), Gil-Marin et al. (2020), and Hou et al. (2021). To
demonstrate how the combination of different BAO probes allows
us to significantly improve the cosmological measurements; in
Fig. 3, we show the constraints obtained from the main (separate)
BAOs data, revealing how the synergies between various observables
could be fundamental to achieving better precision in the inference
process. Then, to analyse the full BAO data sets we combine the
likelihood functions of the different measurements as

In ['BAO = In ERoss + In £Alam + In ﬁGil-Man“n +
+1In Edu Mas de Bourboux In L:de Mattia + In ['Hou (10)

where the exact form of the likelihood function depends on whether
or not the subsample is provided with a covariance matrix, i.e.

1< Xi — Vi ’
= (i1

i=1
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or
L
In £ « —3 ZZ |:(xi — yi) Covl.;1 (xj - )’j) (12)
i1 j=1

where the sum runs on the N measurements in the data set.

vi = y(0, z;) represents the theoretical value — depending on the
cosmological parameters 6 — of the observable x; = x(z;). Finally,
o; is the Gaussian-assumed error of the ith measurement and Cov;;
is the matrix describing the variation of the ith measurement with
respect to the jth one.

In Table 2, we report the main cosmological constraints from BAOs
data, among which we highlight the significance of the inferred values
of Q. On the other hand, this BAOs collection does not precisely
constrain 2, and the DE EoS parameters wy and w,, because of
the strong degeneracy between parameters that quickly grows as the
model dimension increases. Our results fully agree with those carried
out by Alam et al. (2021).2

3.1.2 Type la SNe

As explained above, Brout et al. (2022) applied a cut to the full Pan-
theon 4 sample and to the associated covariance matrix. Following
their approach, our analysis is restricted to 1590 observations from

ZPublicly available here: https://svn.sdss.org/public/data/eboss/DR 1 6cosmo/
tags/v1_-0_1/.
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Table 2. Main cosmological results (best-fitting and 68 per cent C.L. values) from the analyses of BAOs, SNe, CCs, and GRBs data. Note that r; and Hy values
are, respectively, in units of Mpc and kms~! Mpc~!. Empty values correspond to parameters not constrained by the corresponding cosmological model. The
values of Q (=1 — Qm — Q4) are directly extracted by combining the marginalized distributions of Q, and €24.

Flat ACDM ACDM Flat wCDM wCDM Flat wow,CDM wow,CDM
BAO
+0.030 +0.051 +0.044 +0.058 +0.057 +0.077
§2m 031624 027 027425046 0-278 4 051 02447 0ss 029974104 02452004
0.094 0.135 0.147
Qa - 0.581% 00s 0.632%013 - 0.593%0) 134
S : 0.142 13 0.122731% - 0.1590 1%
+0.16 +0.20 +0.23 +0.26
wo - - —0.73%519 —0.7775 %7 —0.697)%7 —0.76Z55
ra 160.47623 163.0+32: 157.67392 152,269 159.41377 153.57379
SN

+0.018 +0.053 +0.064 +0.058 +0.087 +0.096
Qm 0-33170,017 0-300—0.057 0'296—0.085 0'276—0.066 0-34070.149 0-23870.103
0.080 +0.329 +0.201
Qa - 0.6161 0084 0.484705 - 0.3647010%
o - 0,083+ 13 0215439 - 03924047
+0.16 +0.42 +0.15 +0.53

wo - - —0.917518 —1.2475%3 —-0.927013 —1.5079>3
0.4 0.4 0.4 0.5 0.5 0.5

M —19.275¢ —19.2%5¢ —19.1753 -19.3102 —19.2%)2 —19.2792

cc
Ho 66.4733 65.613°% 70715 69.714 73115 69.9145?
+0.075 +0.151 +0.083 +0.163 +0.090 +0.158
Qm 0~337—0,063 0‘313—0.I64 0304—0.071 0. 173—0.100 0-301—0.079 0. 154—0.093
0.268 0.233 0.228
Qa - 0.589%) 303 0.459%033 - 0.4447%0535
o - 0,101 037249308 - 0.402+313
GRB

+0.211 +0.189 +0.245 +0.164 +0.265 +0.178
m 0-31770,133 0-341—0.135 0'299—0.148 0-28870.117 0-30570.140 0'297—0.126
+0.335 +0.305 +0.289
Qa - 0-34770,244 0-35870.241 - 0'328—0.226
o - 0.2454557 0.30045%3; - 0.3247027
wo - - 2214} 25815 26815 27913
+0.022 +0.019 +0.021 +0.02 +0.021 +0.022

a 0‘478—0,019 0'478—0.021 O‘48—0.021 0‘475—0.019 0'48—0‘02 0'477—0.021

+0.20 +0.17 +0.19 +0.18 +0.19 +0.18

b 1.95%0 3¢ 20104 1.94 1981035 192404 1.98%0%
0.011 0.011 0.012 0.011 0.011 0.012

Cint 0.213%5011 0.213%0011 0.214%0015 0.213%)011 0.21410 011 0.214%5 017

which we construct the likelihood function as

1 1590 1590
InLox o =2 > {(mf;’“ — )i - Covy' - (mg™ — )

i=1 j=1

13)

where ug = SlogioDL(0, z) + M, with 6 and M, respectively,
representing the cosmological and nuisance parameters.

Table 2 shows the main results of the SNe analysis. Through the
most updated SNe sample, we derive precise constraints on both the
density parameters 2, and €2 but also on the DE EoS parameter wy.
Obviously, such precision shows a decreasing trend as the complexity
of the model increases and the cosmological parameters become
more degenerate with each other. As already mentioned and widely
demonstrated in the literature, SNe do not constrain the Hubble
constant as this parameter is strongly degenerate with M. A more
detailed analysis of this feature is given in Section 3.3.2.

The agreement between our results and those obtained by the
original authors® further demonstrates the reliability of our imple-
mentation of the Bayesian approach. Moreover, we extend their
analysis also to the wCDM and wow,CDM models, finding no
significant deviations from the standard cosmological model.

3.1.3 Cosmic chronometers

As proof of the great effort in the last decade to make this probe
increasingly reliable and robust, Moresco et al. (2020) compute the
full covariance matrix for CCs taking into account several potential
systematic errors, such as young stellar population, uncertainty in
the stellar population synthesis models, and estimate of the stellar
metallicity. Exploiting the framework built into that work, we write

3Publicly  available  here: https:/github.com/PantheonPlusSHOES/
DataRelease/tree/main/Pantheon%2B_Data/5_COSMOLOGY/chains.
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the likelihood function as
| 22
In Lo 3 Z Z |:(H0bs — Hy)i - Covjj' - (Hos — Hun);
i=1 j=I

(14)

from which it is possible to infer cosmological parameters con-
sidering both statistical and systematic uncertainties. The analyses
of the ACDM models show how this method could provide Hy,
measurements with a precision up to ~ 9 per cent, although far
from the one obtained by the current main probes — such as local
Cepheid variables (SHOES, Brout et al. 2022; Riess et al. 2022)
or CMB (Planck Collaboration et al. 2021). Unfortunately, the
current number of observations is not enough to keep such good
precision when increasing the number of free parameters of the
model. Therefore, when used to probe more complicated extensions,
this method becomes less sensitive to the physical properties of the
Universe, such as the curvature or the DE EoS. It is worth noting how
CCs are more sensitive to the degeneracy between Q,,, and €2, than to
the one between €2,, and the DE EoS parameters. In fact, the inferred
value of 2, in the flat wow,CDM case shows a significantly higher
level of precision compared with the one obtained in the ACDM
model. The results reported in Table 2 are in agreement with those
coming from the literature (e.g. Moresco et al. 2016a, b, 2022).

3.1.4 Gamma-ray bursts

To extract the cosmological signal from this probe, we exploit the
Amati relation based on the most updated and robust data set, as
described in Section 2.1. Following the same approach adopted by
Amati et al. (2008) and Amati & Della Valle (2013), we construct
the likelihood function as

263 1+ az
tn Lor o 2 Z {ln [277(%2,:‘ + 0%+ O-i%n):| " 1

i=1

2
[long,,- —alogEis, — b]
U&i + Uéo + Gi%n }

m%ﬁ (Oigo = ln(‘;g)i?"Eim) and o, (0g,,) represent the
uncertainty on the measurement of Ej, ; (Eis,). We refer the reader
to Reichart et al. (2001) for more details about the definition of
the likelihood function. Since the values of Ejy, shown in Fig. 2
are calculated from equation (7) by assuming a fiducial flat ACDM
cosmology with Hy = 70 kms~! Mpc~! and Q,, = 0.3, we impose

[ D8, 2)
Dy(Hy =70km s~ Mpc™!, @, =03, 2)

where o;,; =

Eiso = Eﬁd .

2
|” ae
where 6 are the parameters of the generic model and E¢ are those
measurements shown in Fig. 2. In this way, we are thus able to
avoid any problem of circularity and to constrain the cosmological
parameters in a way as reliable as robust.

The results from the analyses of GRBs are reported in the bottom
panel of Table 2. Our work extends the ones from the literature by
investigating a wider class of cosmological models, finding results
fully consistent with those obtained by Amati et al. (2008), Amati &
Della Valle (2013), and Moresco et al. (2022). Considering the
flat ACDM model we further confirm that also GRBs indicate
a value of @, around 0.3, even if the level of precision is not
comparable with the other probes. We find, as expected, that for
more complicated models the constraining power of this probe
decreases. At the same time, the prospect of probing the cosmos
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up to a very high redshift (z 3> 1) makes GRBs one of the most
promising emerging probes. Indeed, while on the one side, they
allow us to study a phase of the Universe not yet sampled by
standard probes, on the other side, these events reveal completely
different degeneracy directions compared with other probes, which
can be exploited to break degeneracies among parameters and achieve
more accurate constraints. For example, looking at the orientation of
the 2D contours in the 2, — Q4 plane (ACDM) reported in Fig.
5b, it should be evident the different orientations of the confidence
contours of GRBs and SNe. Although the cosmological observable
— the luminosity distance Dy (z) — is the same, such a difference
in the orientation of the contour is essentially due to the different
redshift distributions (see Fig. 1), as well as to the distinct nuisance
parameters these two probes adopted to constrain the cosmological
ones.

3.2 Towards the full probes combination

After analysing the individual probes separately, we apply a probe-
by-probe combination technique to highlight the different constrain-
ing powers attainable from the various combinations of cosmological
probes.

In Fig. 4, the distribution of the best-fitting values (and 68 per cent
C.L.) obtained with this approach is shown as a function of the entire
set of cosmological parameters. Two things catch immediately the
eye. First, we note that there is a small variance and good agreement
between the constraints derived from different combinations of
probes. Then, it is evident how the error bars decrease as the number
of probes involved in the combination increases. An exception can be
found in the Hy column where the red dots (triplets) corresponding to
the BAO+SN + GRB combination show an uncertainty significantly
greater than the yellow dots (doublets). However, this behaviour is
expected since, as already highlighted, we are considering probes
mostly insensitive to the Hubble constant.

This analysis is fundamental to assess the degeneracies affecting
each probe (and their combination) and, also, how these features
impact cosmological inference and mutate according to the models.
Indeed, the dispersion and the uncertainties of measurements increase
as the cosmological model becomes more complicated, as can be seen
from the comparison of the flat ACDM and wow,CDM distributions
of the €2, measurements.

As can be also deduced from Table 2, we note a marginal trend
of our results (at 68 percent C.L.) of preferring solutions with
hyperbolic geometry (2, > 0, 2, < 0.7) when the curvature of
the Universe is left free, as also seen by Moresco et al. (2016b),
Alam et al. (2017), and Brout et al. (2022). However, at 95 per cent
C.L. the curvature constraints are compatible with a flat geometry.

Furthermore, regarding the w, distribution, it is worth noticing
that increasing the number of combined probes the inferred value
tends to wy ~ —1. Moreover, we note that there are combinations of
probes that are less constraining (e.g. CC + GRB) but, also in these
cases, the results agree with a dark energy component in the form of
a cosmological constant A.

Finally, looking at the w, distribution and the large error bars,
it should be evident that current cosmological data are not able to
accurately constrain this parameter, even if they exclude a significant
part of the parameter space, namely, w, < —1 and w, > 2.

3.3 The full combination of probes

From the probe-by-probe combination analysis, we found a generic
consistency between the results obtained from the various methods,
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Figure 4. Distribution of the best-fitting value (and 68 per cent C.L.) of cosmological parameters inferred from the progressive combination of probes. Each
column shows the constraints obtained for the different cosmological parameters as a function of the cosmological model analysed. Dots with different colours
indicate a different number of probes involved in the analysis: individual probes (1x) in dark blue, a couple of probes (2x) in orange, and a triplet of probes
(3x) in red. In particular, from top to bottom, each panel (i.e. each model) reports the measurements obtained by GRB, SN, CC, BAO, SN+GRB, CC+GRB,
BAO+GRB, CC+SN, BAO+SN, BAO+CC, BAO+CC+SN, CC+SN+GRB, BAO+SN+GRB, and BAO+CC+GRB. Vertical shaded regions report the value
of cosmological parameters inferred from BAO+CC+SN + GRB in the most general wow,CDM model (see Table 3). Regions with diagonal line patterns
indicate those cosmologies not constraining those specific parameters, e.g. the €24 parameter is not constrained by ‘flat’ models.

so the next step is to simultaneously combine all probes to further
increase the precision of the inference.

The likelihood function is constructed through the standard ap-
proach:

In Lin = In Lpao + In Lec + In Loy + In Lorp (17)

where InLpao, InLsN, InLcc, and InLgrp are built from equations
(10), (13), (14), and (15), respectively. The cosmological constraints
from the BAO4+CC+SN + GRB combination (full, in short) are
reported in Table 3, while in Fig. 5 we show some specific projections
of the sampled posterior distributions.

The combination of these late-Universe probes shows immediately
its potential in the modern cosmological context. Assuming a flat
ACDM model, we precisely constrain (at 68 percent C.L.) the
standard cosmological parameters as

Hy=67.2+3.3 kms~! Mpc™!

Qn =0.325 +0.015 (18)

[BAO+CC+SN+GRB | {

showing remarkable precision on both parameters, especially if we
consider that they are obtained without any restrictive prior.

As suggested by Fig. 5a, CC is the only considered probe sensitive
to the Hubble constant. For this reason, it is maybe more interesting
to note how by combining CCs with BAOs, SNe, and GRBs we are
able to improve the percentage precision on H, from 8 percent to 5
per cent. On the other hand, the noticeable result achieved for 2, is
essentially driven by the high precision of BAOs and SNe constraints.

We note also the tendency of the BAO+CC+SN + GRB com-
bination to prefer a Universe with negative curvature (k = —1 =
Q; > 0), but this trend is not significant at 95 percent C.L, and
therefore does not represent a statistically significant deviation from
the standard paradigm. Finally, considering the most complicated
model, i.e. wow,CDM, the DE EoS seems to be consistent with a
cosmological constant A, even though Fig. 5f demonstrates how the
1D marginalized distribution of w, appears particularly asymmetric,
with the peak of the distribution around w, ~ 1.

3.3.1 Comparison with literature results

It is very interesting to compare our results with the ones in the
literature considering other (combinations of) probes.

First of all, our measurement of the Hubble constant in the
flat ACDM cosmology is fully consistent with the early—Universe
(TT,TE,EE+lowE + lensing) inference derived by Planck Collabo-
ration et al. (2021):

[CMB| Hy=67.36+0.54kms™' Mpc™' (68 per cent C.L.)

19)
and, instead, slightly deviates at 68 per cent C.L. from the latest value
found by Brout et al. (2022) from the combination of local Cepheid
variables and Pantheon + SNe:

[SHOES | Hy=73.6+1.1kms ' Mpc™" (68 percentC.L.).

(20)
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Table 3. Constraints on cosmological and nuisance parameters (best-fitting and 68 per cent C.L. values) from the combination of BAOs, CCs, SNe, and GRBs
data. Note that r; and Hy values are, respectively, in units of Mpc and kms~! Mpc~!. Empty values correspond to parameters not constrained by the related

cosmological model. The values of Q2 (= 1 — Qmn — Q4) are directly extracted by combining the marginalized distributions of 2, and €24.
Flat
Flat ACDM ACDM Flat wCDM wCDM wow,CDM wow,CDM
BAO+CC+5SN + GRB
Hy 67.2+34 67.0+32 67.5+33 66.9733 67.7733 66.8733
2 032570513 027975653 029975058 027615632 02587510} 02375551

2, - 0.596042 0.601°01%3 - 0627013
% - 0125433 e - o5 g
wo - - —0.91553 —~0.98516 —~0.87°509 —0.96%51
wa - - - 0471056 0617053
M —19.4101 —19.4701 —19.4%04 —19.4%01 —19.4%01 —19.4101
a 047970013 047515013 047875513 047515013 047970513 047515515
b 2051053 205153 2067553 2057553 2061053 2051553
T 0213551} 02137551} 0213551} 0212*551) 02137551} 02137551}
ra 147.7713 147.37)¢ 146.3771 147.3718 146.1774 147.6713

Although we do not achieve enough precision to disentangle between
the Hy current values of the Hubble tension, we note that our
results prefer solutions leaning towards a CMB-like measurement.
Moreover, they show remarkable stability (in terms of precision §Hy)
as the model dimension increases.

Since it is known the strong model dependence of the constraints
from CMB power spectrum (TT,TE,EE + lowE), we also compare
our Hy measurement with a cosmological independent result, such
as the combination between CMB lensing and BAOs (Planck Col-
laboration et al. 2021). With a prior on the baryon density (Qyh?> =
0.0222 £ 0.0005), the standard cosmological model is constrained
(68 percent C.L.) as

Hy=0679+13kms™' Mpc™!
[CMB lensing+BAO | 0 — 030340017 21

with respect to which our late-Universe analysis, without applying
any restrictive prior, is extremely competitive for what concerns both
Hj and Q,,,.

By further looking at the literature results, it clearly emerges
how our approach represents a worthy rival to the standard probes
usually combined in modern cosmology. In fact, by assuming a flat
wCDM model and combining CMB (TT,TE,EE + lowE) with some
BAOs data — including Ross et al. (2015), Alam et al. (2017), du
Mas des Bourboux et al. (2020), and Hou et al. (2021) — and the
Pantheon + sample, Brout et al. (2022) have inferred (at 68 per cent
CL)

Q= 0.316 *59%
[CMB+BAO+SN(Pantheon+)] { 008 (22)
wy = —0.978750%
while, by excluding BAOs data, they found
Q= 0.325 F5:010
[CMB+SN(Pantheon+) | " (23)
wy = —0.9827992

with a precision on both parameters about 2 times greater than those
achieved in this work. In addition, by analysing the same combina-
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tions in the case of an evolutionary DE EoS (flat wow,CDM), they
found the following constraints:

Qm = 0.318 7099

[CMB+BAO+SN(Pantheon+)] ¢ wy = —0.8417(0% (24)
w, = —0.657033
Qn =0.318 5012
[CMB+SN(Pantheon+)] { wo = —0.85170055 . (25)
w, = —0.7010¥

In all these cases, the CMB power spectrum acts as the main driver
of the high precision achieved. Especially for high-dimensional
models, it is hence essential to emphasize once again the extreme
relevance of a combination of late-Universe probes, since this method
has proven its reliability in providing cosmological results that are
competitive with those from standard cosmological literature. Such a
relevant outcome is essentially driven by the different cosmological
dependencies depicted by each probe selected for this work. As
shown in Fig. 5, according to which observable and empirical
relationship they make use of to constrain cosmological parameters,
distinct probes show different oriented contours. So, the combination
of many different probes can exploit several constraining powers
in order to break (or, at least, to alleviate) some of the parametric
degenerations characterizing every cosmological model. The striking
examples of this behaviour are observed in Figs 5c and e where
the pronounced orthogonality between BAOs and SNe (supported
also by the contribution of CCs and GRBs constraints) significantly
increases the precision on the cosmological parameter estimation.

All these considerations are underlying the fundamental role
played by probes combination in the modern cosmological context
and its innovative potential to address some of the still open
questions. As we will study and deeply analyse in Section 4, in a
scenario dominated by strong parametric degenerations it is worth
implementing the combination of probes as a tool to break them and
improve the inference of cosmological parameters.
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Figure 5. Contour plots (at 68 percent and 95 percent C.L.) and 1D marginalized distribution inferred from CCs (red), SNe (cyan) GRBs (violet), BAOs
(green), and their full combination (grey). Each panel shows the most significant parameter plane according to the cosmological model. Dashed black lines are
associated with the reference values: Hy = 70 km g1 Mpc_] ,Q2m =0.3,2, =0.7, wg=—1,and w, = 0.
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Figure 6. Overlap of the 2D contours (at 68 per cent and 95 per cent C.L.) of different probes in a flat ACDM model. We show CMB (Planck Collaboration
et al. 2021, yellow), SHOES (Brout et al. 2022, blue), BAOs (green), SNe (cyan), and full (grey) contours in the Hy — ry4 (left panel) and Hy — M (right panel)

planes. Note that M contours are shown in absolute value.

3.3.2 A nuisance parameters’ perspective on the Hubble tension

In this work, in addition to the cosmological ones, we also constrain
some nuisance parameters, such as the absolute magnitude M of a
fiducial SNe, the radius r; of the sound horizon evaluated at the
decoupling epoch, as well as the slope a and the intercept b of
the ‘Amati’ relation. The dependence of the observables on these
quantities introduces a degeneracy with the Hubble constant. For
this reason, it is possible to constrain Hy only when SNe, BAOs,
or GRBs are combined with Hy-sensitive probes, such as the CCs
(Moresco et al. 2022). Another way to break the degeneracy is to
use an external calibrator able to constrain the nuisance parameters,
namely, the observation of local Cepheid variables (Brout et al. 2022)
for calibrating the absolute magnitude M of SNe, or the CMB power
spectrum (Planck Collaboration et al. 2021) to directly measure the
length of ry.

Starting from this consideration, we derive two important conse-
quences. First of all, including CC data allows us to obtain more
precise measurements of nuisance parameters and to calibrate the
SNe, BAOs, and GRBs methods. The effects of the CC-calibration
on other probes can be seen by observing how the precision on
nuisance parameters increases passing from the individual probes
analysis (Table 2) to the full combination one (Table 3). At the same
time, considering the full probes combination, we notice that the
inferred precision on H is almost constant, contrary to what would
be expected as the dimension of the analysed cosmological model
increases. It is interesting to notice (looking at Table 2) that similar
behaviour is observed also for nuisance parameters from individual
probe analyses (i.e. M for SNe, r, for BAOs, and b for GRBs).
This effect points to the fact that these nuisance parameters do not
depend on the cosmological model, but only on observational data.
Therefore, a possible explanation would be that in the case of the full
combination of probes, the uncertainties on Hy cannot be reduced
below a given threshold given by the intrinsic scatter in the SNe,
BAO, and GRB data, representing a plateau in the H, error (see
Table 3).

Secondly, as already established by several works, such as Ef-
stathiou (2021), Alam et al. (2021), or Favale, Gomez-Valent &
Migliaccio (2023), the difference between values of the current
expansion rate of the Universe found by Planck Collaboration et al.
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(2021) and Riess et al. (2022) may also be read as a discrepancy
between the inferred values of the nuisance parameters of the BAOs
and SNe methods, i.e. r; and M, respectively. From this perspective,
Fig. 6 shows how our combination of late-Universe probes seems
to prefer values of r; and M consistent with those obtained with the
inverse distance ladder, i.e. through a calibration from CMB data
(Planck Collaboration et al. 2021), rather than those found from the
three-rung distance ladder in the local Universe (Brout et al. 2022).
Indeed, considering a flat ACDM model, from the full combination
we measured these two parameters as

rq = 148 =7 Mpc

[BAO+CC+SN+GRB | { M = —19.4 £ 0.1 mag

(26)

showing a small deviation to results obtained by Alam et al. (2021)
rq = 136 =3 Mpc (27)
and by Brout et al. (2022)

M = —19.24 £ 0.03 mag (28)

from the calibration of the sound horizon r; and the absolute
magnitude M through the three-rung distance ladder.

4 SYNERGIES AND COMPLEMENTARITIES

We conclude our analysis with an analytical quantification of the
contributions of different data sets to the inference of cosmological
parameters. Our intention is to figure out the role of each probe in
the improvement of precision of the various parameters, quantify the
complementarities between them, and study how to exploit synergies
in order to maximize the constraint powers of cosmological data.

4.1 Degeneracy and orthogonality

As implicitly assumed, every data set has a peculiar constraining
power reflected in different orientations of the contours that each
probe shows in specific planes (see Fig. 5).

Here, we define a method to describe the geometric properties of
contours within the parameter space. The first step is the determina-
tion of the degeneracy direction, i.e. the orientation of the contours
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Figure 7. Example of the calculation of degeneracy directions and relative
orientation «. The contours obtained from the CCs and SNe analyses of the
flat ACDM model are shown in the Hy — 2, plane.

on a defined parameter plane. For this purpose, we extract from the
MCMC samples the marginalized 2D distribution of the posterior for
a given combination of cosmological parameters and then estimate
the counter-clockwise angle 8 of the contours as the inclination of the
major axis of the ellipse defined by the eigenvalues and eigenvectors
of the 2D contour. We then define the degeneracy direction as the
line — passing through the 50th percentile of the distribution — with
slope

m = tan (B) . (29)

It is then straightforward to determine the relative orientation of the
contours of different probes by considering the acute angle « between
two different degeneracy directions. As a result, geometrically
speaking, we quantify the orthogonality factor s« between two probes
by defining

2a
b4

n =

(30)

so that two perfectly orthogonal (parallel) contours are characterized
by =1 (3x=0).

Because of the different ranges spanned by the various cosmologi-
cal parameters (see Table 1), when calculating the relative orientation
o, we normalize the sampled distributions to one to avoid scale bias
and improve the accuracy on . In practice, while we do nothing for
the energy density parameters, we renormalize the range of H, and
wy to one (equivalently to considering /). Specifically
dnorm = M (1)

Pmax — Pmin
where dyc is the original MCMC distribution, ppi, and py. are the
extremes of the prior intervals.

As an example, in Fig. 7, the relative orientation o of the SNe and
CCs contours is shown in the Hy — 2, plane for the flat ACDM
model. As reported in Table 4, these two probes have an orthogonality
factor »x = 0.35 corresponding to a relative orientation o = 31.4°.

Obviously, because the accuracy of this estimate strongly depends
on the calculation of the covariance ellipse from the MCMC
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Table 4. Relative orientation « and orthogonality > between BAOs, CCs,
SN, and GRBs on particular parameter planes within the parameter space.

Flat ACDM ACDM Flat wCDM
Hy — Qn Qm — Qp Qn —w
o ” o » o »

BAO CC 31.3° 0.35 7.7° 0.09 17.8° 0.20
BAO SN 0.1° 0.00 13.5° 0.15 2.5° 0.03
BAO GRB 0.7° 0.01 36.7° 0.41 12.7° 0.14
CC SN 31.4° 0.35 5.8° 0.06 20.3° 0.23
CC GRB 30.6° 0.34 44.4° 0.49 30.6° 0.34
SN GRB 0.8° 0.01 50.2° 0.56 10.2° 0.11

sampling, the method implemented here is not sensitive to distri-
butions significantly deviating from the multivariate Gaussian. For
this reason, in Table 4 we show only those parameter planes in
which contours are approximately ellipsoidal and not extremely
widespread, i.e. flat ACDM, ACDM, and flat wCDM (see Fig. 5).

4.2 Figure-of-merit

Since the evidence of a new component emerged in the cosmological
energy budget, the scientific community has developed several tools
to quantify how future experiments could improve the measurement
of dark energy properties (Albrecht et al. 2006; Linder 2006;
Albrecht & Bernstein 2007; Wang 2008; Sartoris et al. 2016).

Considering a cosmological model C described by a set of
N parameters fe = {fi1, f2, ..., fn}, the FOM associated with the
constraints provided by a given probe is defined as

1
J/det Cov( fc)

where Cov is the covariance matrix between the measured f¢
parameters. Generally speaking, if the posterior is a multivariate
Gaussian distribution, the volume that it occupies within the entire
cosmological parameter space is proportional to the inverse of the
FoM. As suggested by Linder (2006), the volume of the probability
distribution represents a suitable way to evaluate how different probes
constrain the parameter space. But we shall keep in mind that it can
be used as a proxy of the precision achieved by a chosen data set
only in the Gaussian approximation, i.e. as long as the posterior
distribution is a multivariate Gaussian.

Here, we focus on the main set of cosmological parameters relevant
to our analysis. In particular, as already done for the contours shown
in Fig. 5, the results obtained for those specific parameters planes
are shown in Table 5.

The most relevant results we obtained are the following:

FoMc = (32)

(1) Through this approach, we quantified the gain in terms of FoM
that the full combination achieves w.r.t. the individual probes. Indeed,
the FoM values retrieved by the BAO4+CC+SN + GRB inference
are systematically higher than the sum of FoM from the individual
data sets, with a maximum gain of about 3 times for the flat wCDM
and wow,CDM cases.

(ii) The capability of CCs to measure Hy, makes them the most
powerful probe (among the one considered) in the Hy — 2, plane
(flat ACDM), even if the constraint on €2, is weaker w.r.t. the ones
from BAOs and SNe (see Table 2). Although SNe are not able to
constrain Hy, the FoM of SNe and CCs are essentially the same,
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Table 5. FoM obtained for particular planes within the parameter space by BAOs, CCs, SNe, GRBs, and their combination BAO+CC+SN + GRB.

FoM
Flat ACDM ACDM Flat wCDM wCDM Flat wow,CDM wow,CDM
Hy — Qn Qm — Q2 Qm — wo Qp — wo wo — Wy wo — Wy
BAO+CC+SN + GRB 20.8 827.6 890.0 118.8 19.1 6.8
BAO 2.0 264.9 142.2 21.8 54 1.1
CcC 4.1 35.1 14.2 3.6 0.5 0.3
SN 39 428.8 253.3 13.5 43 0.6
GRB 0.2 25.6 3.6 3.0 0.3 0.4

emphasizing the fundamental contribution that SNe provide for those
analyses aiming to measure 2., precisely.

(iii) BAOs and SNe are undoubtedly the most powerful probes that
one should exploit whatever the cosmological model considered.
While in the flat ACDM, ACDM, and flat wCDM models, SNe
represent by far the most constraining probe; in the other models,
the situation is reversed and BAOs achieve higher precision. In terms
of contribution to the FoM, this makes the BAO+4-SN combination
dominant on all parameter planes, but flat ACDM. For example, in
the ACDM case, this combination reaches around 90 per cent of the
FoM achieved by BAO4-CC+SN + GRB.

(iv) The contribution of GRBs to the FoM in the Hy — Q,
plane (flat ACDM) is minimal. This can also be confirmed by
looking at the FoM obtained with the BAO+4CC + SN combination,
which is roughly the same as the full combination. Conversely,
their contribution increases for the other models, with a maximum
of 25.6 in the Q,, — Q4 plane (ACDM). In fact, the wider the
range of redshift sampled by the probe, the more sensitive the
probe is to changes in density and DE EoS parameters, remarking
how the extension in redshift of GRBs observations (see Fig. 1)
is fundamental to better constrain both the energy budget of the
Universe and the dark energy properties.

However, we emphasize that the Gaussian approximation hypoth-
esis is not consistent with the more complicated models (wCDM, flat
wow,CDM, and wyw,CDM) where 1D marginal distributions begin
to be strongly asymmetric (see Fig. 5). Therefore, for these models,
the FoM values reported in Table 5 should be taken as an indication of
the relative gain of the full combination, but they are not informative
of the volume occupied by the posteriors in the parameter space.

5 CONCLUSIONS

In this work, we demonstrated how the combination of some late-
Universe cosmological probes, such as BAOs, CCs, Type la SNe,
and GRBs, could be profitably exploited in modern cosmological
analysis to obtain precise constraints completely independent of
early-Universe or local anchors, such as the CMB or the three-rung
distance ladder.

The main results can be summarized as follows.

(i) Firstly, we developed, tested, and validated a Bayesian code
to derive the posterior distribution of a variety of cosmological
parameters (considering different cosmological models of increasing
complexity) considering several different probes. Once we demon-
strated the reliability of our analysis by reproducing the main results
coming from the literature for each one of the individual probes,
we applied a probe-by-probe combination procedure aiming at
extracting the cosmological signal from any combination achievable
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with our selection of probes. This approach has been useful to ensure
that no remarkable biases and no systematic effects were affecting
the Bayesian analyses.

(ii) Surely, BAOs and SNe, as the most robust and widely studied
probes, are found to contribute significantly to most of the results.
For example, in the ACDM case, they are respectively found to
be responsible for ~ 30 per cent and ~ 50 per cent of the FoM
and reach around 90 per cent when combined together. At the same
time, they are restricted to a relatively small redshift range (z
< 1.5) and, if uncalibrated, they are not sensitive to the Hubble
constant Hy. From this perspective, it is not surprising the need to
combine additional probes and better capitalize different sensitivities
to cosmological parameters in order to break degeneracies and go
beyond individual constraint powers. In this study, CCs and GRBs
are the new emerging probes strongly contributing to thinning out
that fog not allowing to see possible deviations to the standard
cosmology.

(iii) CCs offer a cosmology-independent constraint on Hy, Q2p,
and curvature, even if with a smaller FoM compared with BAOs
and SNe. It is however interesting to underline that their constraints
allowed us to break the degeneracies between the Hubble constant
and some of the nuisance parameters of other probes, like M for
SNe and r, for BAOs, and enhance the constraints on all of them. For
example, in a flat ACDM model, by including CCs in the combination
of BAOs and SNe, the uncertainty on Hy decreases from about 5.5
(CC-only) to about 3.5 kms~! Mpc~! (BAO+CC + SN) while the
determination of §2,, improves from 0.33010.0% to 0.3267013.

(iv) The wide redshift range covered by GRBs (0 < z < 10) has
been pivotal to improving the constraints on the energy composition
of the Universe and the dark energy equation of state, as these
quantities are proven to be better measured by having a larger redshift
leverage. In particular, adding GRBs to the combination of the other
probes enhances the constraints making the posterior distributions
more Gaussian. For example, considering a flat wCDM model, while
BAO4CC + SN measures wy = —0.906+00%8 the full combination
provides wy = —0.9070073.

(v) By analysing the full combination of probes
(BAO+CC+SN + GRB) that sample an extremely wide range of
cosmic redshift (0 < z < 10), we derived interesting and precise
constraints on the properties of the Universe. Without imposing any
restrictive priors, some of the main results (at 68 per cent C.L.) are:

(a) flat ACDM Hy = 67.2 & 3.3 Q,, = 0.325 & 0.015

(b) ACDM ., = 0.279 £ 0.034 Q, = 0.596 % 0.055
(c) flat wCDM @y, = 0.299 = 0.028 wo = —0.91 & 0.08
(d) wCDM 2, = 0.601 £ 0.099 wo = —0.98 & 0.14

(e) flat wow,CDM wy = —0.87 & 0.09 w, = 0.47 + 0.51
(f) wow,CDM wy = —0.96 & 0.16 w, = 0.61 %+ 0.63
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(vi) By relaxing the assumption of flatness, we obtained remark-
able but no statistically significant deviations from the null curvature
paradigm. Indeed, such a combination seems always to prefer (at
68 percent C.L.) a hyperbolic Universe: €; = 0.125 £+ 0.082
(ACDM), € = 0.122 £ 0.113 (wCDM), and 2; = 0.148 £ 0.115
(wow,CDM).

(vii) As a matter of fact, current data are not ready (yet, see
Moresco et al. 2022) to provide competitive constraints on Hj to
solve the well-known tension. At the same time, the great contribution
to Hy constraints provided by CCs reveals an important feature of
modern cosmological analyses. When combining probes that lack
direct constraining power on Hy, careful consideration must be
given to the impact of nuisance parameters used to calibrate their
cosmological observables. Notably, the full combination analysis
reveals that the precision on Hj is inherently constrained by the
inherent scatter within data derived from probes insensitive to Hy,
like BAOs, SNe, and GRBs. Consequently, probes like CCs play
an essential role in calibrating these Hy-insensitive probes, if one
wants to explore independent kinds of calibrators. At the same
time, precisely and accurately measuring cosmological observables
like the Hubble diagram or the Amati relation directly impacts the
data scattering, thereby enhancing the precision of Hy measurements
obtained through the combination of both sensitive and insensitive
probes.

(viii) For the first time in literature, by introducing the orthog-
onality factor s between contours, we quantified the degeneracy
directions and the relative orientation of probes on each parameter
plane. Studying the FoM, we provided a clear quantification of the
constraint powers of each probe.

In conclusion, the precision achieved by combining a limited
sample of late-Universe probes has shown extreme competitiveness
compared with the combination of probes sampling from both the
early and late Universe, such as CMB, BAOs, and SNe. This is
extremely important in view of currently ongoing and future large
surveys, like Euclid (Laureijs et al. 2011), Vera Rubin Observatory
(LSST Science Collaboration et al. 2009), and Nancy Grace Roman
Space Telescope (Spergel et al. 2013), which data exploitation will
further increase the effectiveness of the inference process and,
thus, facilitate the transition from precision cosmology to accurate
cosmology (Peebles 2002; Verde 2014).

We acknowledge here two possible follow-ups of this work for
the next future, which are currently beyond the scope of this paper.
First, the amplitude of matter perturbation (through the parameter o'g)
could be included amongst the late-Universe analyses by adding the
redshift space distortion probe (Benisty 2021; Aubert et al. 2022) to
the combination process. This step would be fundamental to studying
the degeneration of o3 with the other cosmological parameters and
could provide an independent perspective to the current tension
on Sy = 03(2m/0.3)%3 (Abdalla et al. 2022; Poulin et al. 2023).
Second, studying other emergent cosmological probes, especially the
ones able to measure the Hubble constant independently — such as
gravitational waves (Abbott et al. 2017) or kilonovae (Sneppen et al.
2023), would certainly be an excellent way to verify the systematics
involved in the inference process, and contemporaneously enhance
the precision of the estimation of the current expansion rate of the
Universe.
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