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A B S T R A C T 

Combining cosmological probes has consolidated the standard cosmological model with per cent precision, but some tensions 
have recently emerged when certain parameters are estimated from the local or primordial Universe. The origin of this behaviour 
is still under debate; ho we ver, it is crucial to study as many probes as possible to cross-check the results with independent methods 
and provide additional pieces of information to the cosmological puzzle. In this work, by combining several late-Universe probes 
(0 < z < 10), namely, Type Ia supernovae, baryon acoustic oscillations, cosmic chronometers, and gamma-ray bursts, we aim to 

derive cosmological constraints independently of local or early-Universe anchors. To test the standard cosmological model and 

its various extensions, considering an evolving dark energy equation of state and the curvature as a free parameter, we analyse 
each probe individually and all their possible permutations. Assuming a flat Lambda cold dark matter ( � CDM) model, the full 
combination of probes provides H 0 = 67 . 2 

+ 3 . 4 
−3 . 2 km s −1 Mpc −1 and �m 

= 0.325 ± 0.015 [68 per cent confidence level (C.L.)]. 
Considering a flat wCDM model, we measure w 0 = −0 . 91 

+ 0 . 07 
−0 . 08 (68 per cent C.L.), while by relaxing the flatness assumption 

( � CDM model, 95 per cent C.L.) we obtain �k = 0 . 125 

+ 0 . 167 
−0 . 165 . Finally, we analytically characterize the de generac y directions and 

the relative orientation of the probes’ contours. By calculating the figure-of-merit, we quantify the synergies among independent 
methods, estimate the constraining power of each probe, and identify which provides the best contribution to the inference 
process. Pending the new cosmological surv e ys, this study confirms the e xigenc y for new emerging probes in the landscape of 
modern cosmology. 

Key words: cosmological parameters – dark energy – cosmology: observations – distance scale – methods: statistical – software: 
data analysis. 
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 I N T RO D U C T I O N  

t the beginning of the twenties of the third millennium, the
isco v ery of the accelerated expansion of the Universe radically
hanged our understanding of its origin and evolution. To date, the
hysical nature of the energy driving this expansion – commonly
alled dark energy – and of most of the matter components in the
niverse – referred as cold dark matter (CDM) – still animates the
ebate within the scientific community. 
Despite the fact that we are still unsure of the exact nature of these

omponents, with the advanced technologies at our disposal we are
ble nowadays to precisely measure their effects on the observable
niv erse. F or e xample, it has been observ ed that the total energy
udget of the cosmos roughly matches its critical value, so that the
atness of the Universe is inferred with an extremely high level of
recision (Planck Collaboration et al. 2021 ). The properties of the
osmological fluid responsible for the current accelerated expansion
an also be measured, although to accurately study its possible
emporal evolution we have to wait until more advanced surveys
tart to observe the sky, such as Euclid (Laureijs et al. 2011 ), Vera
 E-mail: fabrizio.cogato@inaf.it 
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ubin Observatory (LSST Science Collaboration et al. 2009 ), and
ancy Grace Roman Space Telescope (Spergel et al. 2013 ). 
Moreo v er, another new fact emerged recently in the already

omplicated weaving of modern cosmology: The present-day ex-
ansion velocity (the Hubble constant, H 0 ) presented a significant
iscrepancy when measured with independent probes, leading to the
ell-known Hubble tension (Verde, Treu & Riess 2019 ). Currently,

his tension is mostly driven by the difference between the H 0 

stimated with Cepheids and Type Ia supernovae (SNe, H 0 =
3.04 ± 1.04 km s −1 Mpc −1 , Riess et al. 2022 ) and with the analysis
f cosmic microwave background (CMB) radiation from the ESA
ission Planck ( H 0 = 67.36 ± 0.54 km s −1 Mpc −1 , Planck Collabo-

ation et al. 2021 ), but some pieces of evidence suggest a dichotomy
etween late- and early-Universe cosmological probes (Abdalla et al.
022 ). To solve this tension, several alternative models have been
roposed (Di Valentino et al. 2021 ) that, ho we ver, need a deeper
nd more detailed comparison with observations (Sch ̈oneberg et al.
022a ). Of course, before abandoning the standard cosmological
odel, a detailed assessment of the possible systematic effects is

ecessary. To address this delicate topic, one of the most studied
ethods is definitively the statistical combination of cosmological

robes. 
The combination of probes is hardly a new concept in cosmology.

ince an additional cosmological component was measured by Riess
© The Author(s) 2023. 
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Figure 1. Redshift distribution of data collected in this work. 
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t al. ( 1998 ) and Perlmutter et al. ( 1999 ), this method has been widely
sed to increase the precision of cosmological parameters inference 
Bridle et al. 2001 ; Linder 2006 ; Davis et al. 2007 ; Lampeitl et al.
010 ; Suzuki et al. 2012 ; Huterer & Shafer 2018 ; Sch ̈oneberg et al.
022b ; Brieden, Gil-Mar ́ın & Verde 2023 ). Essentially, by combining 
he likelihoods obtained from independent probes, it is possible to 
xploit the different constraint powers of each observable to alleviate 
he de generac y among cosmological parameters and thus impro v e
ur capability to investigate a wide range of models. Currently, only 
 few probes have been so e xtensiv ely studied that they now represent
he standard for any cosmological analysis, including CMB, Type Ia 
Ne, and baryon acoustic oscillations (BAOs). While the former 
amples the early stages of the cosmos ( z ∼ 1100), the others are
bserved at low-redshift up to z ∼ 2.5. 
In this paper, Type Ia SNe and BAOs are analysed in synergy

ith two of the new emerging methods recently developed in the 
ontext of late-Universe cosmological probes (Moresco et al. 2022 ). 
n the one hand, cosmic chronometers (CCs) provide independent 
easurements of the Hubble parameter and, thus, are able to probe 

he cosmic expansion history up to z ∼ 2. On the other, gamma-
ay bursts (GRBs) offer the opportunity to extract the cosmological 
ignal up to z ∼ 10. Hence, the scope of this work is to provide
 detailed study of these late-Universe probes, analysing the most 
ecent data collections and combining them to obtain new and precise 
osmological constraints that are completely independent of the 
tandard approach in modern cosmology , namely , the CMB (Planck 
ollaboration et al. 2021 ) or the three-rung distance ladder (Brout
t al. 2022 ). 

Our approach essentially consists of a probe-by-probe combi- 
ation through which we aim to monitor the potential systematic 
ffects and compare the constraining power of each probe. In fact, 
ur general purpose is to consolidate and extend the constraints 
rom these late-Universe probes (especially for the emerging ones), 
nsure the robustness of the combination technique, and finally obtain 
eliable estimates of cosmological parameters that are noteworthy in 
he modern cosmology landscape. 

Finally, we seek to define a mathematical framework to properly 
ssess the complementarity between different cosmological probes 
nd ef fecti v ely e xploit the synergies among their constraint powers.
n practice, starting from the idea developed by Linder ( 2006 ), the
eculiar de generac y affecting each probe is e v aluated by looking
t the confidence contours’ orientation on the parameter planes. 
rom the largest eigenvalue of the covariance matrix associated 
ith these contours, we trivially calculate the relative orientation of 
ifferent probes and, by means of the figure-of-merit (FoM) defined 
y Albrecht et al. ( 2006 ) and Wang ( 2008 ), e v aluate the ef fects of
robes combination. From this perspective, we derive some useful 
nsights on the most ef fecti ve combination to impro v e the inferential
rocess as a function of the cosmological model. 
To summarize, the physics explored by an experiment is strictly 

efined by the orientation of confidence contours in a particular 
arameter space. Hence, by fixing the parameter space and the 
robes to constrain it, the falsifiable models are closely related to 
he de generac y directions affecting those probes. This is the key
oncept behind our work: Different experiments are sensitive to 
ifferent physical phenomena; therefore, it is crucial to correctly 
ombine as many independent cosmological probes as possible in 
rder to explore the whole parameter space and a v oid any biased
etermination of the underlying cosmology. 
The paper is organized as follows: In Section 2 , we briefly

escribe the main features of each probe and model, as well as
he Bayesian framework within which the analysis was carried 
ut. Section 3 presents the results of the cosmological inference, 
ith special attention to the impact and reliability of the probe-by-
robe strategy. Then, in Section 4 an original study of synergies
nd complementarities between probes is presented, while Section 5 
ummarizes the main outcomes of our work. 

 DATA ,  MODELS,  A N D  M E T H O D S  

.1 Late-Uni v erse data 

ombining ‘standard rulers, candles, and clocks’ is an old recipe 
Heavens, Jimenez & Verde 2014 ) to extract the cosmological 
ignal using e xclusiv ely low-redshift data with a model-independent 
pproach (see also Moresco et al. 2016b and Benisty & Staicova
021 ). Aiming to extend this pioneering work, we select the most
pdated and complete late-Universe data sets available today. More 
pecifically, this work is based on the analysis of two primary probes,
uch as Type Ia SNe and BAOs, which are combined with two new
merging methodologies, namely CCs and GRBs, that have recently 
ro v en their strength and reliability (Moresco et al. 2022 ). 
As shown in Fig. 1 , our data set allows us to span a wide redshift

ange 0 < z < 2 with most of the probes, where GRBs observations
xtend it up to z ∼ 10. Hence, we extract the cosmological signal
rom a time frame currently not deeply explored in the literature. 

.1.1 Type Ia SNe 

ype Ia SNe are one of the most powerful and suggestive astrophysi-
al events observed in the cosmos. The most recent and complete SNe
ollection is the so-called Pantheon + sample (Brout et al. 2022 ),
n which 1701 observations (0.001 < z < 2.26) of 1550 SNe are
ollected. 

Follo wing K essler & Scolnic ( 2017 ), the brightness of these
bjects is standardized through the definition of the distance modulus 
as 

= m 

corr 
B − M (1) 

here m 

corr 
B is the apparent magnitude taking into account several 

orrection terms, such as selection bias, dust e xtinction, light-curv e
olour , and stretch parameter , while the nuisance parameter M is
he absolute magnitude of a fiducial SNe. Since μ is related to the
uminosity distance D L through the following equation: 

( z) = 5 log 10 

(
D L ( z) 

1 Mpc 

)
+ 25 (2) 

y measuring the apparent magnitudes m B of an SNe sample it
s possible to constrain the cosmological parameters thanks to the 
MNRAS 527, 4874–4888 (2024) 
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eneric expression 

 L ( z) = 

(1 + z) √ | �k | 
S k 

(√ 

| �k | 
∫ z 

0 

c d z ′ 

H ( z ′ ) 

)
(3) 

here �k is the curvature parameter, H ( z) is the Hubble parameter,
nd the function S k is defined as 

 k ( χ ) = 

⎧ ⎨ 

⎩ 

sin ( χ ) for �k < 0 → closed Universe , 
χ for �k = 0 → flat Universe , 

sinh ( χ ) for �k > 0 → open Universe . 
(4) 

ue to the intrinsic de generac y between H 0 and the nuisance
arameter M , SNe are not able to constrain the expansion rate of the
niverse. At the same time, SNe have been widely used in the past

hree decades to precisely infer the energy budget of the Universe. 
Following the same procedure reported in Brout et al. ( 2022 ), we

o not consider the nearby Hubble diagram ( z < 0.01) in order
o a v oid an y systematics due to unmodelled peculiar v elocities.
herefore, our final cosmological sample includes 1590 observations
ith their associated covariance matrix. 

.1.2 Baryon acoustic oscillations 

ensity fluctuations in the primordial photobaryonic fluid affect the
ormation of large-scale structures in the more recent stages of the
niverse. In fact, after the photobaryonic decoupling ( z ∼ 1100), the
aryons at the boundary of the gravitational potential wells preferably
luster at a distance from the centre of the CDM haloes fixed by the
ength of the radius r d of the sound horizon calculated at the time of
ecoupling. As a consequence of this phenomenon, in the late-time
atter distribution it is most probably to find two galaxies separated

y a distance r d , and this particular feature, known as BAOs,
epresents an incredible and versatile way to infer cosmological
arameters. Considering r d as a standard ruler, it is possible to
easure different types of observables: the Hubble distance D H ( z)
c / H ( z), the transverse comoving distance D M 

( z) ≡ D L ( z)/(1 +
), or the v olume-a veraged distance D V ( z) ≡ [ zD H ( z) D 

2 
M 

( z)] 1 / 3 ,
epending on the direction (radial and/or transverse) along which
he BAOs signal is observed. 

In this framework, we select a sample (0 < z < 2.4) of ‘BAO-
nly’ measurements – collected in Alam et al. ( 2021 ) – carried out
rom different surv e ys by Ross et al. ( 2015 ), Alam et al. ( 2017 ), Gil-

ar ́ın et al. ( 2020 ), du Mas des Bourboux et al. ( 2020 ), de Mattia
t al. ( 2021 ), and Hou et al. ( 2021 ). Here, ‘BAO-only’ means that
he measurements are uncalibrated, i.e. the value of r d is assumed
s a constant parameter to be inferred and is not calibrated through
arly-time Uni verse observ ations. The observ ables D H , D M 

, and D V 

re indeed scaled by a factor r −1 
d which, as explained by Brieden,

il-Mar ́ın & Verde ( 2023 ), is assumed to be a constant and isotropic
ength. 

Hence, like SNe, BAOs are a very useful tool for measuring the
nergy budget of the Universe whilst they are insensitive to the
ubble constant H 0 . 

.1.3 Cosmic chronometers 

he method of CCs, introduced for the first time in Jimenez & Loeb
 2002 ), measures the Hubble parameter as 

 ( z) = − 1 

1 + z 

d z 

d t 
. (5) 

hile the redshift z is a directly observable quantity, the variation
f the look-back time d t is determined by analysing the spectra
NRAS 527, 4874–4888 (2024) 
r photometry of a particular population of massive and passive
alaxies whose majority of stars were formed in the early stages of
heir evolution. 

The reason why this method has been increasingly used in
osmological analyses relies on its independence from cosmology.
ssuming only the validity of the general relativity, the cosmological
rinciple, and the Weyl postulate, with CCs measurements we are
ble to directly track the history of the cosmic expansion H ( z).
hus, CCs are consolidating their role in the modern cosmological

ramework thanks to the relatively simple needs and the minimal
osmological assumptions they use. 

As summarized in the re vie w by Moresco et al. ( 2022 ), there are
everal methods to derive d t measurements from the CCs observa-
ions: the full-spectrum fitting (see e.g. Jiao et al. 2023 ; Tomasetti
t al. 2023 ), the Lick indices analysis (see e.g. Borghi, Moresco &
imatti 2022 ), and the calibration of specific spectroscopic features

see e.g. Moresco et al. 2012 , 2016a ; Moresco 2015 ). More recently, it
as been demonstrated the possibility of using photometric surv e ys
o retrieve accurate H ( z) measurements by selecting CCs with a
achine learning approach (Jimenez et al. 2023 ). 
Until now, this method has provided 32 measurements of the

ubble parameter o v er the redshift range 0.07 ≤ z ≤ 1.965 (Moresco
t al. 2022 ). 

.1.4 Gamma-ray bursts 

espite their great success in measuring cosmological parameters,
he SNe observations do not go beyond z ∼ 2. Thanks to the
bserv ational ef forts of the last decades, a ne w interesting kind
f distance indicator emerged allowing us to investigate stages
f the Universe out of the reach of the standard cosmological
robes. This is the case of long GRBs, the most energetic e xplosiv e
v ents observ ed in the cosmos, produced by the core-collapse
f peculiar massive stars (see e.g. Piran 2004 ; Kumar & Zhang
015 ; Le v an et al. 2016 ). The combination of their origin, huge
rightness, and redshift distribution extending up to more than z

9 makes these phenomena very powerful probes for cosmology.
RBs are characterized by a prompt emission, lasting typically

rom a few seconds up to a few minutes, during which most
f the energy is radiated in X-/gamma-rays, and a multiwave-
ength afterglow emission spanning from gamma-rays to radio
nd fading on time-scales ranging from several hours to several
ays. 
Certainly, GRBs are not standard candles. Also, the emission
echanisms at work, especially during the prompt phase, are not

et fully understood and only some aspects of the progenitors’
odels are known. But, the disco v ery and deep inv estigation of

mpirical correlations between radiated energy (or peak luminosity)
nd spectral (or temporal) properties is consolidating the role of these
vents in modern observational cosmology (see e.g. Amati & Della
alle 2013 ; Dainotti & Amati 2018 , and for a recent re vie w Moresco
t al. 2022 ). In this context, the most investigated correlation for
RBs’ physics and cosmology is by far the ‘Amati relation’ (Amati

t al. 2002 , 2008 ; Amati 2006 ; Amati & Della Valle 2013 ) between
he photon energy at which the time-integrated νF ν spectrum of the
-/gamma-rays prompt emission peaks, i.e. the cosmological rest-

rame peak energy E p, i = E p (1 + z), and the isotropic-equi v alent
adiated energy E iso . The E p, i – E iso (‘Amati’) correlation takes the
orm 

og 

[
E p, i 

keV 

]
= b + a log 

[
E iso 

10 52 erg 

]
(6) 
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Figure 2. GRBs data taken from Amati et al. (in preparation). 
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here a and b are constants to be inferred. While E p, i is directly
xtracted from the measured prompt spectrum, the quantity E iso is 
elated to the luminosity distance through the following relation: 

 iso = 4 πD 

2 
L ( z)(1 + z) −1 

∫ 10 4 / (1 + z) 

1 / (1 + z) 
E N ( E) d E = 

= 4 πD 

2 
L ( z)(1 + z) −1 S bolo (7) 

here N ( E ) is the Band function (Band et al. 1993 ) and S bolo is the
easured bolometric fluence. 
Therefore, such a relation represents a remarkable tool to infer 

osmological parameters since it correlates two observable quantities 
 E p and S bolo ), one of which ( S bolo ) depends on them according to
quation ( 7 ). Although it is very highly significant, the Amati relation
equation 6 ) is characterized by a scatter of the data around the
est-fitting power-law which significantly exceeds the level expected 
rom Poissonian fluctuations and underestimated systematics in the 
easurement of the two quantities. Thus, an additional parameter 
int has to be considered to take into account the intrinsic scatter of

he correlation. Moreo v er, as already stated for BAOs and SNe, the
ntrinsic de generac y between H 0 and the nuisance parameter b does
ot allow us to infer the Hubble constant value from the ‘Amati’
elation. 

In our multiprobes cosmological analysis, we introduce GRBs 
hrough the Amati relation based on the updated E p, i – E iso data set by
mati et al. (in preparation), which includes 264 GRBs observations 
p to redshift values z ∼ 9 and is represented in Fig. 2 . 
The values of E p, i and E iso of these GRBs are based on mea-

urements of fluence and spectral parameters by the main GRBs 
etectors operated since the first measurements on GRBs redshifts in 
997 up to end of 2022: CGRO/BATSE, BeppoSAX/GRBM, HETE- 
, Swift/BAT, Fermi/GBM, and Konus-WIND. The sample was built 
y updating and integrating the early compilation by Amati et al. 
 2008 ) with the measurements reported in more recent systematic 
pectral analysis and catalogues (Amati, Frontera & Guidorzi 2009 ; 
ruber et al. 2011 ; Atteia et al. 2017 ; Tsv etko va et al. 2017 ; Fana
irirsa et al. 2019 ; Katsukura et al. 2020 ; Minaev & Pozanenko 2020 ;
sv etko va et al. 2021 ) and, for the latest GRBs, in GCN Circulars. 1 

n order to get the most robust possible sample, selection criteria 
ere applied to the considered data sets, including the total duration 
f the event, the energy band of the detector, the signal-to-noise ratio
f the fluence measurement, and the integration time of the GRBs
pectrum with respect to the total burst duration. More details will 
e provided in Amati et al. (in preparation). 
 https:// gcn.gsfc.nasa.gov/ gcn3 archive.html 

3

A  

o

.2 Cosmological models 

o provide a detailed study on the extensions of the standard
osmological Lambda cold dark matter ( � CDM) model, we focus
ur attention on a specific family of cosmological models that, in the
DM framework, investigate the null curvature hypothesis ( �k ≡ 0) 
nd the assumption of dark energy as a cosmological constant � ( w 

−1). In the more general case, the DE EoS is described by the
PL model developed by Chevallier & Polarski ( 2001 ) and Linder
 2003 ) in the early 2000s. This is a two-parameter model describing
he variation with redshift z of the parameter w as 

( z) = w 0 + w a 

(
z 

1 + z 

)
. (8) 

ithout any a priori assumption on the curvature of the Universe,
he evolution of the cosmic expansion is thus described through the
ollowing equation: 

 ( z) = H 0 

√ 

�m 

(1 + z) 3 + �k (1 + z) 2 + �� 

f ( z) (9) 

here f ( z) ≡ (1 + z) 3(1 + w 0 + w a ) e −3 w a z 
1 + z and �k ≡ 1 − �m 

− �� 

.
ere, even if not indicated, all the components to the energy budget
i are referred to their value at z = 0, e.g. �m 

≡ �m, 0 . 
Therefore, three different DE EoS are derived by simply fixing 

articular parameters in equation ( 8 ), namely: 

(i) w 0 w a CDM corresponds to all free parameters; 
(ii) wCDM corresponds to w a ≡ 0; and 
(iii) � CDM corresponds to w 0 ≡ −1 and w a ≡ 0; 

and, for each of them, the null (or flat) curvature case is investigated
s well by imposing �� 

≡ 1 − �m 

in equation ( 9 ). 

.3 Bay esian framew ork 

o constrain cosmological parameters we base our strategy on a 
tatistical approach known as Markov chain Monte Carlo (MCMC). 
n this framework, once the likelihood functions are defined and the
osterior distributions are constructed through the priors’ definition 
reported in Table 1 ), a random walk into the parameter space
etermines the best-fitting values of the parameters. 
In this paper, we apply the widely used EMCEE software, i.e. a

ure-Python implementation of the Goodman & Weare’s MCMC 

ampler (F oreman-Macke y et al. 2013 ). We v erified the conv ergence
f our chains considering the Gelman–Rubin criterion with R < 0.01.
We consider more conserv ati ve priors on nuisance parameters 

.r.t. those from the literature. In particular, the prior on M is roughly
 times wider than the one imposed by Brout et al. ( 2022 ). Moreo v er,
o a v oid biases, the starting points of the MCMC have been selected
ith a random extraction within the prior intervals. 
The best-fitting value ˆ θ and the 68 per cent (95 per cent) confidence

evel (C.L.) of each parameter are extracted from the sampled 
istribution by marginalizing o v er the other ones and taking the 50th
ercentile and 16th (2.5th) and 84th (97.5th) percentiles, respectively. 

 C O S M O L O G I C A L  C O N S T R A I N T S  

.1 Single probes 

s a first step, we test the relative strength and constraining power
f each separate cosmological probe. 
MNRAS 527, 4874–4888 (2024) 

https://gcn.gsfc.nasa.gov/gcn3_archive.html


4878 F. Cogato et al. 

M

Table 1. Priors on the cosmological parameters explored with the MCMC method in the analyses involving BAOs, CCs, SNe, and GRBs data. The symbol U 

indicates a uniform prior between the indicated extremes. 

Cosmological parameters Nuisance parameters 

H 0 �m 

�� 

w 0 w a r d M a b σ int 

[km s −1 Mpc −1 ] – – – – [Mpc] – – – –

U (0, 100) U (0, 1) U (0, 1) U ( −5, −0.3) U ( −5, 5) U (50, 250) U ( −25, −15) U (0, 3) U (0, 5) U (0, 1) 

Figure 3. Contour plots (at 68 per cent and 95 per cent C.L.) and one-dimensional (1D) marginalized distribution inferred from Alam et al. ( 2017 ), Hou et al. 
( 2021 ), Gil-Mar ́ın et al. ( 2020 ), and the combination of all BAOs data collected in this work. The left panel shows the �m 

− �� 

plane ( � CDM), while the right 
panel shows the �m 

− w plane (flat wCDM). Dashed lines represent the reference value of each parameter, �m 

= 0.3, �� 

= 0.7, and w = −1.0. 
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.1.1 Baryon acoustic oscillations 

s already discussed, our BAOs’ sample is composed of a diverse
et of observations coming from a wide variety of spectroscopic
urv e ys and cosmological quantities, namely D H ( z )/ r d , D M 

( z )/ r d ,
nd D V ( z)/ r d . 

We first analysed the individual BAO data sets and compared the
erived constraints, to verify the consistency of the results. Alam
t al. ( 2021 ) verified that the correlation between data is negligible
nd, moreo v er, pro vided a collection of covariance matrices for
hose subsamples whose systematics were computed, namely, Alam
t al. ( 2017 ), Gil-Mar ́ın et al. ( 2020 ), and Hou et al. ( 2021 ). To
emonstrate how the combination of different BAO probes allows
s to significantly impro v e the cosmological measurements; in
ig. 3 , we show the constraints obtained from the main (separate)
AOs data, revealing how the synergies between various observables
ould be fundamental to achieving better precision in the inference
rocess. Then, to analyse the full BAO data sets we combine the
ikelihood functions of the different measurements as 

n L BAO = ln L Ross + ln L Alam 

+ ln L Gil-Mari‘n + 

+ ln L du Mas de Bourboux + ln L de Mattia + ln L Hou (10) 

here the exact form of the likelihood function depends on whether
r not the subsample is provided with a covariance matrix, i.e. 

n L ∝ −1 

2 

N ∑ 

i= 1 

[
x i − y i 

σi 

]2 

(11) 
NRAS 527, 4874–4888 (2024) 
r 

n L ∝ −1 

2 

N ∑ 

i= 1 

N ∑ 

j= 1 

[(
x i − y i 

)
Cov −1 

ij 

(
x j − y j 

)]
(12) 

here the sum runs on the N measurements in the data set. 
y i ≡ y ( θ , z i ) represents the theoretical value – depending on the

osmological parameters θ – of the observable x i ≡ x ( z i ). Finally,
i is the Gaussian-assumed error of the i th measurement and Cov ij 

s the matrix describing the variation of the i th measurement with
espect to the j th one. 

In Table 2 , we report the main cosmological constraints from BAOs
ata, among which we highlight the significance of the inferred values
f �m 

. On the other hand, this BAOs collection does not precisely
onstrain �� 

and the DE EoS parameters w 0 and w a , because of
he strong de generac y between parameters that quickly grows as the
odel dimension increases. Our results fully agree with those carried

ut by Alam et al. ( 2021 ). 2 

.1.2 Type Ia SNe 

s explained above, Brout et al. ( 2022 ) applied a cut to the full Pan-
heon + sample and to the associated covariance matrix. Following
heir approach, our analysis is restricted to 1590 observations from

https://svn.sdss.org/public/data/eboss/DR16cosmo/tags/v1_0_1/
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Table 2. Main cosmological results (best-fitting and 68 per cent C.L. values) from the analyses of BAOs, SNe, CCs, and GRBs data. Note that r d and H 0 values 
are, respectively, in units of Mpc and km s −1 Mpc −1 . Empty values correspond to parameters not constrained by the corresponding cosmological model. The 
values of �k ( ≡ 1 − �m 

− �� 

) are directly extracted by combining the marginalized distributions of �m 

and �� 

. 

Flat � CDM � CDM Flat wCDM wCDM Flat w 0 w a CDM w 0 w a CDM 

BAO 

�m 

0 . 316 + 0 . 030 
−0 . 027 0 . 274 + 0 . 051 

−0 . 046 0 . 278 + 0 . 044 
−0 . 051 0 . 244 + 0 . 058 

−0 . 058 0 . 299 + 0 . 057 
−0 . 104 0 . 245 + 0 . 077 

−0 . 094 

�� 

– 0 . 581 + 0 . 094 
−0 . 098 – 0 . 632 + 0 . 135 

−0 . 132 – 0 . 593 + 0 . 147 
−0 . 138 

�k – 0 . 142 + 0 . 134 
−0 . 130 – 0 . 122 + 0 . 163 

−0 . 156 – 0 . 159 + 0 . 168 
−0 . 161 

w 0 – – −0 . 73 + 0 . 16 
−0 . 19 −0 . 77 + 0 . 20 

−0 . 27 −0 . 69 + 0 . 23 
−0 . 27 −0 . 76 + 0 . 26 

−0 . 55 

r d 160 . 4 + 62 . 3 
−47 . 7 163 . 0 + 59 . 6 

−45 . 0 157 . 6 + 59 . 5 
−42 . 6 152 . 2 + 67 . 0 

−40 . 2 159 . 4 + 57 . 7 
−47 . 9 153 . 5 + 59 . 0 

−41 . 9 

SN 

�m 

0 . 331 + 0 . 018 
−0 . 017 0 . 300 + 0 . 053 

−0 . 057 0 . 296 + 0 . 064 
−0 . 085 0 . 276 + 0 . 058 

−0 . 066 0 . 340 + 0 . 087 
−0 . 149 0 . 238 + 0 . 096 

−0 . 103 

�� 

– 0 . 616 + 0 . 080 
−0 . 084 – 0 . 484 + 0 . 329 

−0 . 197 – 0 . 364 + 0 . 201 
−0 . 110 

�k – 0 . 083 + 0 . 136 
−0 . 126 – 0 . 215 + 0 . 260 

−0 . 307 – 0 . 392 + 0 . 167 
−0 . 278 

w 0 – – −0 . 91 + 0 . 16 
−0 . 17 −1 . 24 + 0 . 42 

−0 . 72 −0 . 92 + 0 . 15 
−0 . 17 −1 . 50 + 0 . 53 

−0 . 75 

M −19 . 2 + 0 . 4 −0 . 6 −19 . 2 + 0 . 4 −0 . 6 −19 . 1 + 0 . 4 −0 . 7 −19 . 3 + 0 . 5 −0 . 6 −19 . 2 + 0 . 5 −0 . 5 −19 . 2 + 0 . 5 −0 . 6 

CC 

H 0 66 . 4 + 5 . 3 −5 . 2 65 . 6 + 5 . 6 −5 . 5 70 . 7 + 10 . 3 
−8 . 0 69 . 7 + 11 . 2 

−8 . 5 73 . 1 + 12 . 4 
−8 . 8 69 . 9 + 11 . 2 

−8 . 2 

�m 

0 . 337 + 0 . 075 
−0 . 063 0 . 313 + 0 . 151 

−0 . 164 0 . 304 + 0 . 083 
−0 . 071 0 . 173 + 0 . 163 

−0 . 100 0 . 301 + 0 . 090 
−0 . 079 0 . 154 + 0 . 158 

−0 . 093 

�� 

– 0 . 589 + 0 . 268 
−0 . 303 – 0 . 459 + 0 . 233 

−0 . 239 – 0 . 444 + 0 . 228 
−0 . 240 

�k – 0 . 101 + 0 . 436 
−0 . 399 – 0 . 372 + 0 . 276 

−0 . 354 – 0 . 402 + 0 . 273 
−0 . 322 

GRB 

�m 

0 . 317 + 0 . 211 
−0 . 133 0 . 341 + 0 . 189 

−0 . 135 0 . 299 + 0 . 245 
−0 . 148 0 . 288 + 0 . 164 

−0 . 117 0 . 305 + 0 . 265 
−0 . 140 0 . 297 + 0 . 178 

−0 . 126 

�� 

– 0 . 347 + 0 . 335 
−0 . 244 – 0 . 358 + 0 . 305 

−0 . 241 – 0 . 328 + 0 . 289 
−0 . 226 

�k – 0 . 245 + 0 . 278 
−0 . 270 – 0 . 300 + 0 . 241 

−0 . 231 – 0 . 324 + 0 . 227 
−0 . 230 

w 0 – – −2 . 21 + 1 . 46 
−1 . 83 −2 . 58 + 1 . 59 

−1 . 70 −2 . 68 + 1 . 54 
−1 . 57 −2 . 79 + 1 . 59 

−1 . 43 

a 0 . 478 + 0 . 022 
−0 . 019 0 . 478 + 0 . 019 

−0 . 021 0 . 48 + 0 . 021 
−0 . 021 0 . 475 + 0 . 02 

−0 . 019 0 . 48 + 0 . 021 
−0 . 02 0 . 477 + 0 . 022 

−0 . 021 

b 1 . 95 + 0 . 20 
−0 . 36 2 . 0 + 0 . 17 

−0 . 31 1 . 94 + 0 . 19 
−0 . 36 1 . 98 + 0 . 18 

−0 . 32 1 . 92 + 0 . 19 
−0 . 31 1 . 98 + 0 . 18 

−0 . 28 

σ int 0 . 213 + 0 . 011 
−0 . 011 0 . 213 + 0 . 011 

−0 . 011 0 . 214 + 0 . 012 
−0 . 012 0 . 213 + 0 . 011 

−0 . 011 0 . 214 + 0 . 011 
−0 . 011 0 . 214 + 0 . 012 

−0 . 011 

w

l
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3 Publicly available here: https:// github.com/ PantheonPlusSH0ES/ 
DataRelease/ tree/ main/ Pantheon%2B Data/ 5 COSMOLOGY/ chains . 
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hich we construct the likelihood function as 

n L SN ∝ −1 

2 

1590 ∑ 

i= 1 

1590 ∑ 

j= 1 

[
( m 

corr 
B − μth ) i · Cov −1 

ij · ( m 

corr 
B − μth ) j 

]

(13) 

here μth = 5 log 10 D L ( θ , z) + M , with θ and M , respectively,
epresenting the cosmological and nuisance parameters. 

Table 2 shows the main results of the SNe analysis. Through the
ost updated SNe sample, we derive precise constraints on both the 

ensity parameters �m 

and �� 

but also on the DE EoS parameter w 0 .
bviously, such precision shows a decreasing trend as the complexity 
f the model increases and the cosmological parameters become 
ore degenerate with each other. As already mentioned and widely 

emonstrated in the literature, SNe do not constrain the Hubble 
onstant as this parameter is strongly degenerate with M . A more
etailed analysis of this feature is given in Section 3.3.2 . 
The agreement between our results and those obtained by the 
riginal authors 3 further demonstrates the reliability of our imple- 
entation of the Bayesian approach. Moreo v er, we e xtend their

nalysis also to the wCDM and w 0 w a CDM models, finding no
ignificant deviations from the standard cosmological model. 

.1.3 Cosmic chronometers 

s proof of the great effort in the last decade to make this probe
ncreasingly reliable and robust, Moresco et al. ( 2020 ) compute the
ull covariance matrix for CCs taking into account several potential 
ystematic errors, such as young stellar population, uncertainty in 
he stellar population synthesis models, and estimate of the stellar 

etallicity. Exploiting the framework built into that work, we write 
MNRAS 527, 4874–4888 (2024) 
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he likelihood function as 

n L CC ∝ −1 

2 

32 ∑ 

i= 1 

32 ∑ 

j= 1 

[
( H obs − H th ) i · Cov −1 

ij · ( H obs − H th ) j 

]

(14) 

rom which it is possible to infer cosmological parameters con-
idering both statistical and systematic uncertainties. The analyses
f the � CDM models show how this method could provide H 0 

easurements with a precision up to ∼ 9 per cent , although far
rom the one obtained by the current main probes – such as local
epheid variables (SH0ES, Brout et al. 2022 ; Riess et al. 2022 )
r CMB (Planck Collaboration et al. 2021 ). Unfortunately, the
urrent number of observations is not enough to keep such good
recision when increasing the number of free parameters of the
odel. Therefore, when used to probe more complicated extensions,

his method becomes less sensitive to the physical properties of the
niverse, such as the curvature or the DE EoS. It is worth noting how
Cs are more sensitive to the de generac y between �m 

and �� 

than to
he one between �m 

and the DE EoS parameters. In fact, the inferred
alue of �m 

in the flat w 0 w a CDM case shows a significantly higher
evel of precision compared with the one obtained in the � CDM
odel. The results reported in Table 2 are in agreement with those

oming from the literature (e.g. Moresco et al. 2016a , b , 2022 ). 

.1.4 Gamma-ray bursts 

o extract the cosmological signal from this probe, we exploit the
mati relation based on the most updated and robust data set, as
escribed in Section 2.1 . Following the same approach adopted by
mati et al. ( 2008 ) and Amati & Della Valle ( 2013 ), we construct

he likelihood function as 

n L GRB ∝ 

1 

2 

263 ∑ 

i= 1 

{
ln 

[
1 + a 2 

2 π ( σ 2 
p, i + σ 2 

iso + σ 2 
int ) 

]
+ (15) 

−
[ 
log E p, i − a log E iso − b 

] 2 
σ 2 

p, i + σ 2 
iso + σ 2 

int 

}

here σp, i = 

σE p, i 

ln (10) ·E p, i 
( σiso = 

σE iso 
ln (10) ·E iso 

) and σE p, i ( σE iso ) represent the
ncertainty on the measurement of E p, i ( E iso ). We refer the reader
o Reichart et al. ( 2001 ) for more details about the definition of
he likelihood function. Since the values of E iso shown in Fig. 2
re calculated from equation ( 7 ) by assuming a fiducial flat � CDM
osmology with H 0 = 70 km s −1 Mpc −1 and �m 

= 0.3, we impose 

 iso = E 

fid 
iso ·

[ D L ( θ, z) 

D L ( H 0 = 70 km s −1 Mpc −1 , �m 

= 0 . 3 , z) 

] 2 
(16) 

here θ are the parameters of the generic model and E 

fid 
iso are those

easurements shown in Fig. 2 . In this way, we are thus able to
 v oid any problem of circularity and to constrain the cosmological
arameters in a way as reliable as robust. 
The results from the analyses of GRBs are reported in the bottom

anel of Table 2 . Our work extends the ones from the literature by
nvestigating a wider class of cosmological models, finding results
ully consistent with those obtained by Amati et al. ( 2008 ), Amati &
ella Valle ( 2013 ), and Moresco et al. ( 2022 ). Considering the
at � CDM model we further confirm that also GRBs indicate
 value of �m 

around 0.3, even if the level of precision is not
omparable with the other probes. We find, as expected, that for
ore complicated models the constraining power of this probe

ecreases. At the same time, the prospect of probing the cosmos
NRAS 527, 4874–4888 (2024) 
p to a very high redshift ( z 	 1) makes GRBs one of the most
romising emerging probes. Indeed, while on the one side, they
llow us to study a phase of the Universe not yet sampled by
tandard probes, on the other side, these e vents re veal completely
ifferent de generac y directions compared with other probes, which
an be exploited to break degeneracies among parameters and achieve
ore accurate constraints. For example, looking at the orientation of

he 2D contours in the �m 

− �� 

plane ( � CDM) reported in Fig.
 b, it should be evident the different orientations of the confidence
ontours of GRBs and SNe. Although the cosmological observable
the luminosity distance D L ( z) – is the same, such a difference

n the orientation of the contour is essentially due to the different
edshift distributions (see Fig. 1 ), as well as to the distinct nuisance
arameters these two probes adopted to constrain the cosmological
nes. 

.2 Towards the full probes combination 

fter analysing the individual probes separately, we apply a probe-
y-probe combination technique to highlight the different constrain-
ng powers attainable from the various combinations of cosmological
robes. 
In Fig. 4 , the distribution of the best-fitting values (and 68 per cent

.L.) obtained with this approach is shown as a function of the entire
et of cosmological parameters. Two things catch immediately the
ye. First, we note that there is a small variance and good agreement
etween the constraints derived from different combinations of
robes. Then, it is evident how the error bars decrease as the number
f probes involved in the combination increases. An exception can be
ound in the H 0 column where the red dots (triplets) corresponding to
he BAO + SN + GRB combination show an uncertainty significantly
reater than the yellow dots (doublets). However, this behaviour is
xpected since, as already highlighted, we are considering probes
ostly insensitive to the Hubble constant. 
This analysis is fundamental to assess the degeneracies affecting

ach probe (and their combination) and, also, how these features
mpact cosmological inference and mutate according to the models.
ndeed, the dispersion and the uncertainties of measurements increase
s the cosmological model becomes more complicated, as can be seen
rom the comparison of the flat � CDM and w 0 w a CDM distributions
f the �m 

measurements. 
As can be also deduced from Table 2 , we note a marginal trend

f our results (at 68 per cent C.L.) of preferring solutions with
yperbolic geometry ( �k > 0, �� 

< 0.7) when the curvature of
he Universe is left free, as also seen by Moresco et al. ( 2016b ),
lam et al. ( 2017 ), and Brout et al. ( 2022 ). Ho we ver, at 95 per cent
.L. the curvature constraints are compatible with a flat geometry. 
Furthermore, regarding the w 0 distribution, it is worth noticing

hat increasing the number of combined probes the inferred value
ends to w 0 ∼ −1. Moreo v er, we note that there are combinations of
robes that are less constraining (e.g. CC + GRB) but, also in these
ases, the results agree with a dark energy component in the form of
 cosmological constant � . 

Finally, looking at the w a distribution and the large error bars,
t should be evident that current cosmological data are not able to
ccurately constrain this parameter, even if they exclude a significant
art of the parameter space, namely, w a < −1 and w a > 2. 

.3 The full combination of probes 

rom the probe-by-probe combination analysis, we found a generic
onsistency between the results obtained from the various methods,
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Figure 4. Distribution of the best-fitting value (and 68 per cent C.L.) of cosmological parameters inferred from the progressive combination of probes. Each 
column shows the constraints obtained for the different cosmological parameters as a function of the cosmological model analysed. Dots with different colours 
indicate a different number of probes involved in the analysis: individual probes (1x) in dark blue, a couple of probes (2x) in orange, and a triplet of probes 
(3x) in red. In particular, from top to bottom, each panel (i.e. each model) reports the measurements obtained by GRB, SN, CC, BAO, SN + GRB, CC + GRB, 
BAO + GRB, CC + SN, BAO + SN, BA O + CC, BA O + CC + SN, CC + SN + GRB, BAO + SN + GRB, and BAO + CC + GRB. Vertical shaded regions report the value 
of cosmological parameters inferred from BAO + CC + SN + GRB in the most general w 0 w a CDM model (see Table 3 ). Regions with diagonal line patterns 
indicate those cosmologies not constraining those specific parameters, e.g. the �� 

parameter is not constrained by ‘flat’ models. 
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o the next step is to simultaneously combine all probes to further
ncrease the precision of the inference. 

The likelihood function is constructed through the standard ap- 
roach: 

n L full = ln L BAO + ln L CC + ln L SN + ln L GRB (17) 

here ln L BAO , ln L SN , ln L CC , and ln L GRB are built from equations
 10 ), ( 13 ), ( 14 ), and ( 15 ), respectively. The cosmological constraints
rom the BAO + CC + SN + GRB combination (full, in short) are
eported in Table 3 , while in Fig. 5 we show some specific projections
f the sampled posterior distributions. 
The combination of these late-Universe probes shows immediately 

ts potential in the modern cosmological context. Assuming a flat 
 CDM model, we precisely constrain (at 68 per cent C.L.) the

tandard cosmological parameters as 

BAO+CC+SN+GRB 

]{H 0 = 67 . 2 ± 3 . 3 km s −1 Mpc −1 

�m 

= 0 . 325 ± 0 . 015 
(18) 

howing remarkable precision on both parameters, especially if we 
onsider that they are obtained without any restrictive prior. 

As suggested by Fig. 5 a, CC is the only considered probe sensitive
o the Hubble constant. For this reason, it is maybe more interesting
o note how by combining CCs with BAOs, SNe, and GRBs we are
ble to impro v e the percentage precision on H 0 from 8 per cent to 5
er cent. On the other hand, the noticeable result achieved for �m 

is
ssentially driven by the high precision of BAOs and SNe constraints.
We note also the tendency of the BAO + CC + SN + GRB com-
ination to prefer a Universe with ne gativ e curvature ( k = −1 ⇒
k > 0), but this trend is not significant at 95 per cent C.L, and

herefore does not represent a statistically significant deviation from 

he standard paradigm. Finally, considering the most complicated 
odel, i.e. w 0 w a CDM, the DE EoS seems to be consistent with a

osmological constant � , even though Fig. 5 f demonstrates how the
D marginalized distribution of w a appears particularly asymmetric, 
ith the peak of the distribution around w a ∼ 1. 

.3.1 Comparison with literature results 

t is very interesting to compare our results with the ones in the
iterature considering other (combinations of) probes. 

First of all, our measurement of the Hubble constant in the
at � CDM cosmology is fully consistent with the early–Universe 
TT,TE,EE + lowE + lensing) inference derived by Planck Collabo- 
ation et al. ( 2021 ): 

CMB 

]
H 0 = 67 . 36 ± 0 . 54 km s −1 Mpc −1 (68 per cent C.L.) 

(19) 

nd, instead, slightly deviates at 68 per cent C.L. from the latest value
ound by Brout et al. ( 2022 ) from the combination of local Cepheid
ariables and Pantheon + SNe: 

SH0ES 

]
H 0 = 73 . 6 ± 1 . 1 km s −1 Mpc −1 (68 per cent C.L.) . 

(20) 
MNRAS 527, 4874–4888 (2024) 
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M

Table 3. Constraints on cosmological and nuisance parameters (best-fitting and 68 per cent C.L. values) from the combination of BAOs, CCs, SNe, and GRBs 
data. Note that r d and H 0 values are, respectively, in units of Mpc and km s −1 Mpc −1 . Empty values correspond to parameters not constrained by the related 
cosmological model. The values of �k ( ≡ 1 − �m 

− �� 

) are directly extracted by combining the marginalized distributions of �m 

and �� 

. 

Flat � CDM � CDM Flat wCDM wCDM 

Flat 
w 0 w a CDM w 0 w a CDM 

BAO + CC + SN + GRB 

H 0 67 . 2 + 3 . 4 −3 . 2 67 . 0 + 3 . 2 −3 . 4 67 . 5 + 3 . 3 −3 . 4 66 . 9 + 3 . 5 −3 . 4 67 . 7 + 3 . 5 −3 . 3 66 . 8 + 3 . 3 −3 . 3 

�m 

0 . 325 + 0 . 015 
−0 . 015 0 . 279 + 0 . 034 

−0 . 033 0 . 299 + 0 . 027 
−0 . 028 0 . 276 + 0 . 033 

−0 . 032 0 . 258 + 0 . 058 
−0 . 101 0 . 23 + 0 . 058 

−0 . 091 

�� 

– 0 . 596 + 0 . 053 
−0 . 055 – 0 . 601 + 0 . 095 

−0 . 102 – 0 . 627 + 0 . 137 
−0 . 124 

�k – 0 . 125 + 0 . 081 
−0 . 083 – 0 . 122 + 0 . 117 

−0 . 109 – 0 . 148 + 0 . 118 
−0 . 111 

w 0 – – −0 . 91 + 0 . 07 
−0 . 08 −0 . 98 + 0 . 11 

−0 . 16 −0 . 87 + 0 . 09 
−0 . 09 −0 . 96 + 0 . 14 

−0 . 18 

w a – – – – 0 . 47 + 0 . 36 
−0 . 66 0 . 61 + 0 . 42 

−0 . 83 

M −19 . 4 + 0 . 1 −0 . 1 −19 . 4 + 0 . 1 −0 . 1 −19 . 4 + 0 . 1 −0 . 1 −19 . 4 + 0 . 1 −0 . 1 −19 . 4 + 0 . 1 −0 . 1 −19 . 4 + 0 . 1 −0 . 1 

a 0 . 479 + 0 . 018 
−0 . 018 0 . 475 + 0 . 019 

−0 . 018 0 . 478 + 0 . 019 
−0 . 019 0 . 475 + 0 . 019 

−0 . 018 0 . 479 + 0 . 017 
−0 . 018 0 . 475 + 0 . 018 

−0 . 019 

b 2 . 05 + 0 . 03 
−0 . 03 2 . 05 + 0 . 03 

−0 . 03 2 . 06 + 0 . 03 
−0 . 03 2 . 05 + 0 . 03 

−0 . 03 2 . 06 + 0 . 03 
−0 . 03 2 . 05 + 0 . 03 

−0 . 03 

σ int 0 . 213 + 0 . 011 
−0 . 011 0 . 213 + 0 . 012 

−0 . 011 0 . 213 + 0 . 012 
−0 . 011 0 . 212 + 0 . 011 

−0 . 011 0 . 213 + 0 . 012 
−0 . 011 0 . 213 + 0 . 011 

−0 . 011 

r d 147 . 7 + 7 . 3 −7 . 0 147 . 3 + 7 . 6 −6 . 6 146 . 3 + 7 . 7 −6 . 8 147 . 3 + 7 . 8 −7 . 1 146 . 1 + 7 . 4 −7 . 2 147 . 6 + 7 . 5 −7 . 1 
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lthough we do not achieve enough precision to disentangle between
he H 0 current values of the Hubble tension, we note that our
esults prefer solutions leaning towards a CMB-like measurement.

oreo v er, the y show remarkable stability (in terms of precision δH 0 )
s the model dimension increases. 

Since it is known the strong model dependence of the constraints
rom CMB power spectrum (TT,TE,EE + lowE), we also compare
ur H 0 measurement with a cosmological independent result, such
s the combination between CMB lensing and BAOs (Planck Col-
aboration et al. 2021 ). With a prior on the baryon density ( �b h 2 =
.0222 ± 0.0005), the standard cosmological model is constrained
68 per cent C.L.) as 

CMB lensing+BAO 

] { 

H 0 = 67 . 9 ± 1 . 3 km s −1 Mpc −1 

�m 

= 0 . 303 ± 0 . 017 
(21) 

ith respect to which our late-Universe analysis, without applying
n y restrictiv e prior, is e xtremely competitiv e for what concerns both
 0 and �m 

. 
By further looking at the literature results, it clearly emerges

ow our approach represents a worthy rival to the standard probes
sually combined in modern cosmology. In fact, by assuming a flat
CDM model and combining CMB (TT,TE,EE + lowE) with some
AOs data – including Ross et al. ( 2015 ), Alam et al. ( 2017 ), du
as des Bourboux et al. ( 2020 ), and Hou et al. ( 2021 ) – and the

antheon + sample, Brout et al. ( 2022 ) have inferred (at 68 per cent
.L.) 

CMB+BAO+SN(Pantheon+) 
] { 

�m 

= 0 . 316 + 0 . 005 
−0 . 008 

w 0 = −0 . 978 + 0 . 024 
−0 . 031 

(22) 

hile, by excluding BAOs data, they found 

CMB+SN(Pantheon+) 
] { 

�m 

= 0 . 325 + 0 . 010 
−0 . 008 

w 0 = −0 . 982 + 0 . 022 
−0 . 038 

(23) 

ith a precision on both parameters about 2 times greater than those
chieved in this work. In addition, by analysing the same combina-
NRAS 527, 4874–4888 (2024) 
ions in the case of an evolutionary DE EoS (flat w 0 w a CDM), they
ound the following constraints: 

CMB+BAO+SN(Pantheon+) 
]

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

�m 

= 0 . 318 + 0 . 009 
−0 . 005 

w 0 = −0 . 841 + 0 . 066 
−0 . 061 

w a = −0 . 65 + 0 . 28 
−0 . 32 

(24) 

CMB+SN(Pantheon+) 
]

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

�m 

= 0 . 318 + 0 . 012 
−0 . 014 

w 0 = −0 . 851 + 0 . 092 
−0 . 099 

w a = −0 . 70 + 0 . 49 
−0 . 51 

. (25) 

n all these cases, the CMB power spectrum acts as the main driver
f the high precision achieved. Especially for high-dimensional
odels, it is hence essential to emphasize once again the extreme

ele v ance of a combination of late-Universe probes, since this method
as pro v en its reliability in providing cosmological results that are
ompetitive with those from standard cosmological literature. Such a
ele v ant outcome is essentially driven by the different cosmological
ependencies depicted by each probe selected for this work. As
hown in Fig. 5 , according to which observable and empirical
elationship they make use of to constrain cosmological parameters,
istinct probes show different oriented contours. So, the combination
f many different probes can exploit several constraining powers
n order to break (or, at least, to alleviate) some of the parametric
egenerations characterizing every cosmological model. The striking
xamples of this behaviour are observed in Figs 5 c and e where
he pronounced orthogonality between BAOs and SNe (supported
lso by the contribution of CCs and GRBs constraints) significantly
ncreases the precision on the cosmological parameter estimation. 

All these considerations are underlying the fundamental role
layed by probes combination in the modern cosmological context
nd its innov ati ve potential to address some of the still open
uestions. As we will study and deeply analyse in Section 4 , in a
cenario dominated by strong parametric degenerations it is worth
mplementing the combination of probes as a tool to break them and
mpro v e the inference of cosmological parameters. 
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Figure 5. Contour plots (at 68 per cent and 95 per cent C.L.) and 1D marginalized distribution inferred from CCs (red), SNe (cyan) GRBs (violet), BAOs 
(green), and their full combination (grey). Each panel shows the most significant parameter plane according to the cosmological model. Dashed black lines are 
associated with the reference values: H 0 = 70 km s −1 Mpc −1 , �m 

= 0.3, �� 

= 0.7, w 0 = −1, and w a = 0. 
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Figure 6. Overlap of the 2D contours (at 68 per cent and 95 per cent C.L.) of different probes in a flat � CDM model. We show CMB (Planck Collaboration 
et al. 2021 , yellow), SH0ES (Brout et al. 2022 , blue), BAOs (green), SNe (cyan), and full (grey) contours in the H 0 − r d (left panel) and H 0 − M (right panel) 
planes. Note that M contours are shown in absolute value. 
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.3.2 A nuisance parameters’ perspective on the Hubble tension 

n this work, in addition to the cosmological ones, we also constrain
ome nuisance parameters, such as the absolute magnitude M of a
ducial SNe, the radius r d of the sound horizon e v aluated at the
ecoupling epoch, as well as the slope a and the intercept b of
he ‘Amati’ relation. The dependence of the observables on these
uantities introduces a de generac y with the Hubble constant. For
his reason, it is possible to constrain H 0 only when SNe, BAOs,
r GRBs are combined with H 0 -sensitive probes, such as the CCs
Moresco et al. 2022 ). Another way to break the de generac y is to
se an external calibrator able to constrain the nuisance parameters,
amely, the observation of local Cepheid variables (Brout et al. 2022 )
or calibrating the absolute magnitude M of SNe, or the CMB power
pectrum (Planck Collaboration et al. 2021 ) to directly measure the
ength of r d . 

Starting from this consideration, we derive two important conse-
uences. First of all, including CC data allows us to obtain more
recise measurements of nuisance parameters and to calibrate the
Ne, BAOs, and GRBs methods. The effects of the CC-calibration
n other probes can be seen by observing how the precision on
uisance parameters increases passing from the individual probes
nalysis (Table 2 ) to the full combination one (Table 3 ). At the same
ime, considering the full probes combination, we notice that the
nferred precision on H 0 is almost constant, contrary to what would
e expected as the dimension of the analysed cosmological model
ncreases. It is interesting to notice (looking at Table 2 ) that similar
ehaviour is observed also for nuisance parameters from individual
robe analyses (i.e. M for SNe, r d for BAOs, and b for GRBs).
his effect points to the fact that these nuisance parameters do not
epend on the cosmological model, but only on observational data.
herefore, a possible explanation would be that in the case of the full
ombination of probes, the uncertainties on H 0 cannot be reduced
elo w a gi ven threshold gi ven by the intrinsic scatter in the SNe,
AO, and GRB data, representing a plateau in the H 0 error (see
able 3 ). 
Secondly, as already established by several works, such as Ef-

tathiou ( 2021 ), Alam et al. ( 2021 ), or Favale, G ́omez-Valent &
igliaccio ( 2023 ), the difference between values of the current

xpansion rate of the Universe found by Planck Collaboration et al.
NRAS 527, 4874–4888 (2024) 
 2021 ) and Riess et al. ( 2022 ) may also be read as a discrepancy
etween the inferred values of the nuisance parameters of the BAOs
nd SNe methods, i.e. r d and M , respectively. From this perspective,
ig. 6 sho ws ho w our combination of late-Universe probes seems

o prefer values of r d and M consistent with those obtained with the
n verse distance ladder , i.e. through a calibration from CMB data
Planck Collaboration et al. 2021 ), rather than those found from the
hree-rung distance ladder in the local Universe (Brout et al. 2022 ).
ndeed, considering a flat � CDM model, from the full combination
e measured these two parameters as 

BAO+CC+SN+GRB 

] {
r d = 148 ± 7 Mpc 
M = −19 . 4 ± 0 . 1 mag 

(26) 

howing a small deviation to results obtained by Alam et al. ( 2021 ) 

 d = 136 ± 3 Mpc (27) 

nd by Brout et al. ( 2022 ) 

 = −19 . 24 ± 0 . 03 mag (28) 

rom the calibration of the sound horizon r d and the absolute
agnitude M through the three-rung distance ladder. 

 SYNERGI ES  A N D  COMPLEMENTARI TIES  

e conclude our analysis with an analytical quantification of the
ontributions of different data sets to the inference of cosmological
arameters. Our intention is to figure out the role of each probe in
he impro v ement of precision of the various parameters, quantify the
omplementarities between them, and study how to exploit synergies
n order to maximize the constraint powers of cosmological data. 

.1 Degeneracy and orthogonality 

s implicitly assumed, every data set has a peculiar constraining
ower reflected in different orientations of the contours that each
robe shows in specific planes (see Fig. 5 ). 
Here, we define a method to describe the geometric properties of

ontours within the parameter space. The first step is the determina-
ion of the de generac y direction, i.e. the orientation of the contours
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Figure 7. Example of the calculation of de generac y directions and relative 
orientation α. The contours obtained from the CCs and SNe analyses of the 
flat � CDM model are shown in the H 0 − �m 

plane. 
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Table 4. Relative orientation α and orthogonality κ between BAOs, CCs, 
SN, and GRBs on particular parameter planes within the parameter space. 

Flat � CDM � CDM Flat wCDM 

H 0 − �m 

�m 

− �� 

�m 

− w 

α κ α κ α κ 

BA 

̂ O C C 31.3 ◦ 0.35 7.7 ◦ 0.09 17.8 ◦ 0.20 

BA 

̂ O S N 0.1 ◦ 0.00 13.5 ◦ 0.15 2.5 ◦ 0.03 

BA 

̂ O G RB 0.7 ◦ 0.01 36.7 ◦ 0.41 12.7 ◦ 0.14 

C 

̂ C S N 31.4 ◦ 0.35 5.8 ◦ 0.06 20.3 ◦ 0.23 

C 

̂ C G RB 30.6 ◦ 0.34 44.4 ◦ 0.49 30.6 ◦ 0.34 

S ̂ N G RB 0.8 ◦ 0.01 50.2 ◦ 0.56 10.2 ◦ 0.11 
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n a defined parameter plane. For this purpose, we extract from the
CMC samples the marginalized 2D distribution of the posterior for 

 given combination of cosmological parameters and then estimate 
he counter-clockwise angle β of the contours as the inclination of the 

ajor axis of the ellipse defined by the eigenvalues and eigenvectors 
f the 2D contour. We then define the de generac y direction as the
ine – passing through the 50th percentile of the distribution – with 
lope 

 ≡ tan 
(
β
)

. (29) 

t is then straightforward to determine the relative orientation of the 
ontours of different probes by considering the acute angle α between 
wo different de generac y directions. As a result, geometrically 
peaking, we quantify the orthogonality factor κ between two probes 
y defining 

 ≡ 2 α

π
(30) 

o that two perfectly orthogonal (parallel) contours are characterized 
y κ = 1 ( κ = 0). 
Because of the different ranges spanned by the various cosmologi- 

al parameters (see Table 1 ), when calculating the relative orientation 
, we normalize the sampled distributions to one to a v oid scale bias
nd impro v e the accurac y on κ. In practice, while we do nothing for
he energy density parameters, we renormalize the range of H 0 and 
 0 to one (equi v alently to considering h ). Specifically 

 Norm 

≡ d MC − p min 

p max − p min 
(31) 

here d MC is the original MCMC distribution, p min and p max are the
xtremes of the prior intervals. 

As an example, in Fig. 7 , the relative orientation α of the SNe and
Cs contours is shown in the H 0 − �m 

plane for the flat � CDM
odel. As reported in Table 4 , these two probes have an orthogonality

actor κ = 0.35 corresponding to a relative orientation α = 31.4 ◦. 
Ob viously, because the accurac y of this estimate strongly depends 

n the calculation of the covariance ellipse from the MCMC 
ampling, the method implemented here is not sensitive to distri- 
utions significantly deviating from the multivariate Gaussian. For 
his reason, in Table 4 we show only those parameter planes in
hich contours are approximately ellipsoidal and not extremely 
idespread, i.e. flat � CDM, � CDM, and flat wCDM (see Fig. 5 ). 

.2 Figure-of-merit 

ince the evidence of a new component emerged in the cosmological
nergy budget, the scientific community has developed several tools 
o quantify how future experiments could improve the measurement 
f dark energy properties (Albrecht et al. 2006 ; Linder 2006 ;
lbrecht & Bernstein 2007 ; Wang 2008 ; Sartoris et al. 2016 ). 
Considering a cosmological model C described by a set of 
 parameters f C ≡ { f 1 , f 2 , ..., f N } , the FoM associated with the
onstraints provided by a given probe is defined as 

oM C ≡ 1 √ 

det Cov ( f C ) 
(32) 

here Cov is the covariance matrix between the measured f C 
arameters. Generally speaking, if the posterior is a multi v ariate
aussian distrib ution, the v olume that it occupies within the entire

osmological parameter space is proportional to the inverse of the 
oM. As suggested by Linder ( 2006 ), the volume of the probability
istribution represents a suitable way to e v aluate ho w dif ferent probes
onstrain the parameter space. But we shall keep in mind that it can
e used as a proxy of the precision achieved by a chosen data set
nly in the Gaussian approximation, i.e. as long as the posterior
istribution is a multi v ariate Gaussian. 
Here, we focus on the main set of cosmological parameters rele v ant 

o our analysis. In particular, as already done for the contours shown
n Fig. 5 , the results obtained for those specific parameters planes
re shown in Table 5 . 

The most rele v ant results we obtained are the following: 

(i) Through this approach, we quantified the gain in terms of FoM
hat the full combination achieves w.r.t. the individual probes. Indeed, 
he FoM v alues retrie ved by the BAO + CC + SN + GRB inference
re systematically higher than the sum of FoM from the individual
ata sets, with a maximum gain of about 3 times for the flat wCDM
nd w 0 w a CDM cases. 

(ii) The capability of CCs to measure H 0 makes them the most
owerful probe (among the one considered) in the H 0 − �m 

plane 
flat � CDM), even if the constraint on �m 

is weaker w.r.t. the ones
rom BAOs and SNe (see Table 2 ). Although SNe are not able to
onstrain H 0 , the FoM of SNe and CCs are essentially the same,
MNRAS 527, 4874–4888 (2024) 
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Table 5. FoM obtained for particular planes within the parameter space by BAOs, CCs, SNe, GRBs, and their combination BAO + CC + SN + GRB. 

FoM 

Flat � CDM � CDM Flat wCDM wCDM Flat w 0 w a CDM w 0 w a CDM 

H 0 − �m 

�m 

− �� 

�m 

− w 0 �� 

− w 0 w 0 − w a w 0 − w a 

BAO + CC + SN + GRB 20.8 827.6 890.0 118.8 19.1 6.8 

BAO 2.0 264.9 142.2 21.8 5.4 1.1 

CC 4.1 35.1 14.2 3.6 0.5 0.3 

SN 3.9 428.8 253.3 13.5 4.3 0.6 

GRB 0.2 25.6 3.6 3.0 0.3 0.4 
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mphasizing the fundamental contribution that SNe provide for those
nalyses aiming to measure �m 

precisely. 
(iii) BAOs and SNe are undoubtedly the most powerful probes that

ne should exploit whatever the cosmological model considered.
hile in the flat � CDM, � CDM, and flat wCDM models, SNe

epresent by far the most constraining probe; in the other models,
he situation is reversed and BAOs achieve higher precision. In terms
f contribution to the FoM, this makes the BAO + SN combination
ominant on all parameter planes, but flat � CDM. For example, in
he � CDM case, this combination reaches around 90 per cent of the
 oM achiev ed by BAO + CC + SN + GRB. 
(iv) The contribution of GRBs to the FoM in the H 0 − �m 

lane (flat � CDM) is minimal. This can also be confirmed by
ooking at the FoM obtained with the BAO + CC + SN combination,
hich is roughly the same as the full combination. Conversely,

heir contribution increases for the other models, with a maximum
f 25.6 in the �m 

− �� 

plane ( � CDM). In fact, the wider the
ange of redshift sampled by the probe, the more sensitive the
robe is to changes in density and DE EoS parameters, remarking
ow the extension in redshift of GRBs observations (see Fig. 1 )
s fundamental to better constrain both the energy budget of the
niverse and the dark energy properties. 

Ho we ver, we emphasize that the Gaussian approximation hypoth-
sis is not consistent with the more complicated models ( wCDM, flat
 0 w a CDM, and w 0 w a CDM) where 1D marginal distributions begin

o be strongly asymmetric (see Fig. 5 ). Therefore, for these models,
he FoM values reported in Table 5 should be taken as an indication of
he relative gain of the full combination, but they are not informative
f the volume occupied by the posteriors in the parameter space. 

 C O N C L U S I O N S  

n this work, we demonstrated how the combination of some late-
niverse cosmological probes, such as BAOs, CCs, Type Ia SNe,

nd GRBs, could be profitably exploited in modern cosmological
nalysis to obtain precise constraints completely independent of
arly-Universe or local anchors, such as the CMB or the three-rung
istance ladder. 
The main results can be summarized as follows. 

(i) Firstly, we developed, tested, and validated a Bayesian code
o derive the posterior distribution of a variety of cosmological
arameters (considering different cosmological models of increasing
omple xity) considering sev eral different probes. Once we demon-
trated the reliability of our analysis by reproducing the main results
oming from the literature for each one of the individual probes,
e applied a probe-by-probe combination procedure aiming at

xtracting the cosmological signal from any combination achie v able
NRAS 527, 4874–4888 (2024) 
ith our selection of probes. This approach has been useful to ensure
hat no remarkable biases and no systematic effects were affecting
he Bayesian analyses. 

(ii) Surely, BAOs and SNe, as the most robust and widely studied
robes, are found to contribute significantly to most of the results.
 or e xample, in the � CDM case, the y are respectiv ely found to
e responsible for ∼ 30 per cent and ∼ 50 per cent of the FoM
nd reach around 90 per cent when combined together. At the same
ime, they are restricted to a relatively small redshift range ( z
 1.5) and, if uncalibrated, they are not sensitive to the Hubble

onstant H 0 . From this perspective, it is not surprising the need to
ombine additional probes and better capitalize different sensitivities
o cosmological parameters in order to break degeneracies and go
eyond individual constraint powers. In this study, CCs and GRBs
re the new emerging probes strongly contributing to thinning out
hat fog not allowing to see possible deviations to the standard
osmology. 

(iii) CCs offer a cosmology-independent constraint on H 0 , �m 

,
nd curv ature, e v en if with a smaller F oM compared with BAOs
nd SNe. It is ho we ver interesting to underline that their constraints
llowed us to break the degeneracies between the Hubble constant
nd some of the nuisance parameters of other probes, like M for
Ne and r d for BAOs, and enhance the constraints on all of them. For
xample, in a flat � CDM model, by including CCs in the combination
f BAOs and SNe, the uncertainty on H 0 decreases from about 5.5
CC-only) to about 3.5 km s −1 Mpc −1 (BAO + CC + SN) while the
etermination of �m 

impro v es from 0 . 330 + 0 . 078 
−0 . 061 to 0 . 326 + 0 . 015 

−0 . 014 . 
(iv) The wide redshift range co v ered by GRBs (0 < z < 10) has

een pivotal to improving the constraints on the energy composition
f the Universe and the dark energy equation of state, as these
uantities are pro v en to be better measured by having a larger redshift
everage. In particular, adding GRBs to the combination of the other
robes enhances the constraints making the posterior distributions
ore Gaussian. For example, considering a flat wCDM model, while
AO + CC + SN measures w 0 = −0 . 906 + 0 . 068 

−0 . 084 , the full combination
rovides w 0 = −0 . 907 + 0 . 072 

−0 . 077 . 
(v) By analysing the full combination of probes

BAO + CC + SN + GRB) that sample an extremely wide range of
osmic redshift (0 < z < 10), we derived interesting and precise
onstraints on the properties of the Universe. Without imposing any
estrictive priors, some of the main results (at 68 per cent C.L.) are: 

(a) flat � CDM H 0 = 67.2 ± 3.3 �m 

= 0.325 ± 0.015 
(b) � CDM �m 

= 0.279 ± 0.034 �� 

= 0.596 ± 0.055 
(c) flat wCDM �m 

= 0.299 ± 0.028 w 0 = −0.91 ± 0.08 
(d) wCDM �� 

= 0.601 ± 0.099 w 0 = −0.98 ± 0.14 
(e) flat w 0 w a CDM w 0 = −0.87 ± 0.09 w a = 0.47 ± 0.51 
(f) w 0 w a CDM w 0 = −0.96 ± 0.16 w a = 0.61 ± 0.63 
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(vi) By relaxing the assumption of flatness, we obtained remark- 
ble but no statistically significant deviations from the null curvature 
aradigm. Indeed, such a combination seems al w ays to prefer (at
8 per cent C.L.) a hyperbolic Universe: �k = 0.125 ± 0.082 
 � CDM), �k = 0.122 ± 0.113 ( wCDM), and �k = 0.148 ± 0.115
 w 0 w a CDM). 

(vii) As a matter of fact, current data are not ready (yet, see
oresco et al. 2022 ) to provide competitive constraints on H 0 to

olve the well-known tension. At the same time, the great contribution 
o H 0 constraints provided by CCs reveals an important feature of

odern cosmological analyses. When combining probes that lack 
irect constraining power on H 0 , careful consideration must be 
iven to the impact of nuisance parameters used to calibrate their 
osmological observables. Notably, the full combination analysis 
eveals that the precision on H 0 is inherently constrained by the 
nherent scatter within data derived from probes insensitive to H 0 , 
ike BAOs, SNe, and GRBs. Consequently, probes like CCs play 
n essential role in calibrating these H 0 -insensitive probes, if one 
ants to explore independent kinds of calibrators. At the same 

ime, precisely and accurately measuring cosmological observables 
ike the Hubble diagram or the Amati relation directly impacts the 
ata scattering, thereby enhancing the precision of H 0 measurements 
btained through the combination of both sensitive and insensitive 
robes. 
(viii) For the first time in literature, by introducing the orthog- 

nality factor κ between contours, we quantified the de generac y 
irections and the relative orientation of probes on each parameter 
lane. Studying the FoM, we provided a clear quantification of the 
onstraint powers of each probe. 

In conclusion, the precision achieved by combining a limited 
ample of late-Universe probes has shown extreme competitiveness 
ompared with the combination of probes sampling from both the 
arly and late Universe, such as CMB, BAOs, and SNe. This is
xtremely important in view of currently ongoing and future large 
urv e ys, like Euclid (Laureijs et al. 2011 ), Vera Rubin Observatory
LSST Science Collaboration et al. 2009 ), and Nancy Grace Roman 
pace Telescope (Spergel et al. 2013 ), which data exploitation will 
urther increase the ef fecti veness of the inference process and, 
hus, facilitate the transition from precision cosmology to accurate 
osmology (Peebles 2002 ; Verde 2014 ). 

We acknowledge here two possible follow-ups of this work for 
he next future, which are currently beyond the scope of this paper.
irst, the amplitude of matter perturbation (through the parameter σ 8 ) 
ould be included amongst the late-Universe analyses by adding the 
edshift space distortion probe (Benisty 2021 ; Aubert et al. 2022 ) to
he combination process. This step would be fundamental to studying 
he degeneration of σ 8 with the other cosmological parameters and 
ould provide an independent perspective to the current tension 
n S 8 ≡ σ 8 ( �m 

/0.3) 0.5 (Abdalla et al. 2022 ; Poulin et al. 2023 ).
econd, studying other emergent cosmological probes, especially the 
nes able to measure the Hubble constant independently – such as 
ra vitational wa v es (Abbott et al. 2017 ) or kilono vae (Sneppen et al.
023 ), would certainly be an excellent way to verify the systematics
nvolved in the inference process, and contemporaneously enhance 
he precision of the estimation of the current expansion rate of the
niverse. 
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