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Abstract—Ultrasonic Structural Health monitoring systems are
typically implemented through phased arrays featuring a large
number of piezoelectric transducers. However, the permanent
installation of such a large number of transducers could hamper
the widespread field deployment of SHM systems. To this aim, a
possible solution is in the shaping of the piezoelectric transducer
electrodes to achieve the capability of steering the ultrasonic
beam by simply controlling the central frequency of the actuated
pulse. This solution enables the imaging of large 2D areas by
actuating just two differential signals. In this work, some recent
realizations of Frequency steerable transducers (FSATs) will be
presented, detailing the design, simulation, and experimental
characterization strategy and the signal processing techniques
which can be applied on the acquired signals. It will be shown
that FSATs offer several features, such as inherent hardware
directivity, and reduced sidelobes, which are essential in the
realization of the next generation of ultrasonic Structural Health
Monitoring systems.

Index Terms—Structural Health Monitoring, Lamb waves,
Piezoelectric transducers.

I. INTRODUCTION

Lamb waves inspection systems have been thoroughly in-
vestigated in recent years [1]. The typical implementations
of these systems are based on the usage of large network of
piezoelectric transducers operated as phased arrays to steer the
ultrasonic beam along multiple directions. The beam steering
is achieved through constructive/destructive interference be-
tween the multiple emitting/receiving elements of the array.
Such procedure is commonly referred to as beam-forming.
The beampattern of the array can be dynamically altered
by using beam-steering techniques such as the delay-and-
sum algorithm. In the GW SHM context, Deutsch et al. [2]
developed a phased-array self-focusing method, by which the
delay times are adjusted to focus the beam exactly on the
defect. In this context Giurgiutiu and Bao [3] proposed the
Embedded Ultrasonic Structural Radar (EUSR) to avoid an
heavy and complex multichannel phased excitation equipment.
Alternatively, phased-arrays can exploit tomography tech-
niques. Schwartz et al. [4] proposed a tomographic approach
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for the structural health monitoring of aircrafts. However, a
high computational cost is required by these methods. The
beam-steering techniques may be based on the actuation
of short-time and broad band pulses but this requires the
tackling of the multimodal and dispersive propagation of Lamb
waves. Vice-versa monochromatic and single mode signals
can be excited, to counteract dispersion. However, long-lasting
sinusoidal waves using may implicate reduced radial resolution
and ambiguity issues in presence of multiple scatters to be
detected.

As anticipated, in order to reduce the mainlobe beam width,
phased arrays typically require a large number of sensors [5].
This involves complex wiring and multiplexing circuitry one
to control each transducer. Further issues are related to the
intensive signal processing and large amounts of recorded data.
As conclusion, the phased array solution, due to the large
number of requested sensors, the sensors-system weight, the
high installation costs, the hardware complexity and the sig-
nificant computational cost, is often unsuitable for embedded
applications, as those required in the aeronautical or aerospace
fields.

A possible solution to tackle these limitations is in the
shaping of the piezoelectric transducer electrodes to achieve
the capability of steering the ultrasonic beam by simply
controlling the central frequency of the actuated pulse.

These devices, called Frequency steerable transducers
(FSATs), will be reviewed in this paper and it will be
shown how the electrode shapes design methodology could
be adapted to remove the 180° degrees ambiguity which
characterizes the first realizations of the frequency steering
concepts [6], and how the concept could be extended to
transmit and sense wide band signals.

In the next sections, it will be shown how the shaped
transducer may offer several features, such as inherent hard-
ware directivity, and reduced sidelobes, which are essential in
the realization of the next generation of ultrasonic Structural
Health Monitoring systems.

II. PIEZOELECTRIC TRANSDUCER MODELING

In thin-wall structures, ultrasonic waves may propagate as
Lamb waves. Implicit transcendental equations [7], [8] can



Fig. 1. Model of an arbitrarily shaped piezo-sensor, bonded on the top surface
of a thin plate.

be solved numerically to determine a countable infinity of
wave-number functions kn(ω) and hence the phase and group
velocities of the propagating waves.

Lamb waves can be excited and acquired with different
sensing technologies, such as laser and vibrometers. Among
these technologies, the one based on the usage of piezoelectric
transducers bonded to the inspected structure is very com-
monly adopted.

The modeling of the transduction effect have been thor-
oughly investigated by multiple authors and it is briefly
reviewed here, following the notation proposed by Senesi and
Ruzzene in [9].

In the vast majority of the current applications, piezoelectric
transducers come with circular or rectangular shapes, however
the adopted model is applicable to arbitrarily shaped sensors,
and the results can be extended to the case of transducer used
as actuators, on the basis of acoustic reciprocity principles.

The problem at hand is schematically depicted in Fig. 1
where we have a mechanical structure (a thin plate whose area
is Ω), and a bonded piezo-sensor of size ΩP and thickness tP .

The constitutive equations of a piezoelectric sensor are given
by: {

σ = CEε− eTE
D = eσε+ εεE

(1)

where the mechanical stress and strain vectors are given by

σ = [σ11, σ22, σ33, τ13, τ23, τ12]
T

ε = [ε11, ε22, ε33, γ13, γ23, γ12]
T (2)

In these equations, D and E are respectively the electric
displacement and the electric field vectors, while eσ is the
piezo-coupling matrix evaluated at constant stress, εε is the
permettivity matrix at constant strain and, CE is the stiffness
matrix at constant electric field. The shape of the transducers
can be described by a the function ϕ(x) of the spatial
coordinate x.

ϕ(x) =

{
1, if x ∈ ΩP

0, if x ∈ Ω− ΩP
. (3)

It can be supposed that each piezo-patch is characterized by
a single polarization and the following assumptions are made:

• ”through-the-thickness” polarization, i.e. D1 = D2 = 0.

• ”plain strain”, i.e. strain in the x3-coordinate is neg-
ligible. Therefore, the strain vector consists in ε =
[ε11, ε22, γ12]

T .
Under these assumptions, (1) can be re-written as:

D3 = ϕ(x)bTD = ϕ(x)bT [eσε+ εεE] (4)

where b = [0, 0, 1]
T . As a consequence, the D3 component

of the electric displacement field in (1) is:

D3 = ϕ(x)bT
[
dσCEε+

(
εσ − dσCEdσT

)
E
]

(5)

In sensing mode, the piezo-transducer can be modeled as a
ideal capacitor, assuming E1 = E2 = 0 and the voltage varies
linearly across the thickness (tp):

E =
V

tp
b (6)

By using (6), and integrating (5), the following equation for
the measured voltage V can be derived:

V =
tp

AP

[
bT

(
εσ − dσCEdσT

)
b
]bTdσCE

∫
Ω

εϕ(x)dx

(7)
where AP is the area of the piezo-patch.
The out-of-plane displacement of a wave propagating in the

plate can be expressed as:

u(x, ω) = U0(ω)e
−jk0(ω)·x (8)

where U0(ω) denotes the amplitude and the polarization
of the wave at frequency ω, and k0(ω) = k0(ω)i

′
1 =

k0(ω) (cos θi1 + sin θi2) is the considered wave vector at
angle θ. Assuming that the only strain component is given
by:

ε1′1′ =
du′

1

dx′
1
= jU1′0(ω)k0(ω)e

−jk0(ω)x′
(9)

The strain in (7) can be written as:

ε = ε1′1′r(θ) (10)

where r(θ) =
[
cos2θ, sin2θ, 0

]
. Substituing Eqs. 10 and 9

into Eq. 7, the voltage V (ω) becomes:

VP (ω) = jU1′0(ω)k0(ω)HP (θ)DP (ω, θ) (11)

where:

HP (θ) =
tpb

TdσCEr(θ)

AP

[
bT

(
εσ − dσCEdσT

)
b
] (12)

and

DP (k0(ω)) =

∞∫
−∞

∞∫
−∞

e−jk0(ω)·xϕP (x)dx (13)



define two different contributions to the frequency piezo-
response. The first quantity. HP (θ), is related only to the
piezoelectric material properties. For the case of monolithic
PZT, the quantity HP can be assumed constant for the different
direction θ.

Conversely, the quantity DP describes the effect of the
transducer shaping in the wavenumber domain, since it de-
pends on the function ϕP (x). Therefore, DP determines
the directional propertiesof the sensor. For this reason, it is
referred to as Directivity function.

It is worth noting that the Directivity function can be seen
as the 2D-Fourier Transform (2D-FT). Let us consider as
an example a circular piezo-sensor of radius R, then (13)
provides:

DP (k0, θ) = 2πR2 J1(Rk0(ω))

Rk0(ω)
≈ 2πR2sinc(Rk0(ω)) (14)

where J1(·) is the first kind Bessel function of first order and
k0(ω) is the wave vector of the propagation mode of Lamb
waves (e.g., A0 or S0 mode). Observe that the function in
(14) does not depend on θ. Therefore, defining the sensor
beampattern at frequency ω as;

d(ω, θ) =
|DP (ω, θ)|

maxθ [|DP (ω, θ)|]
(15)

it can be concluded that d(ω, θ) = 1. Alternatively, it is
possible to design the transducer shape so that its beampattern
is anisotropic and influenced by the actuated frequency, as
discussed in the next Section.

III. THE REALIZATION OF INHERENTLY DIRECTIONAL
TRANSDUCERS

The key idea for the FSAT design stems from the invert-
ibility of the Fourier transform: indeed, it is conceivable to
impose an arbitrary Directivity function, and consequently the
sensor beampattern, by determining the shape function from
the inversion of (13), i.e.:

ϕP (x) = F−1 {DP (k0(ω))} (16)

where F−1 denotes the Inverse bi-dimensional FT.
This idea was put in place for the first time by Senesi and

Ruzzene in [9]. In this work, the Directivity function was
designed so that at each excited frequency, the beampattern
was oriented toward a specific direction or angle. This was
achieved by designing the directivity function as a combination
of multiple first order Bessel functions J1(x) arranged on two
symmetrical spirals (see figure 2):

DP [k0, θ] = −j
a

N

N∑
n=1

[
J1(a|k0 − kn|)
a|k0 − kn|)

− J1(a|k0 + kn|)
a|k0 + kn|)

]

(17)
where a is a spatial dimension and kn is the wave vector
associated with the angle θn, according to the following
relation:

kn = [km + (kM − km)
θn − θm
θM − θm

](cosθni1 + sinθni2) (18)

With this arrangement the peaks of the Bessel functions
are spaced by constant arc-lengths throughout the spiral [10].
Therefore, increasing wavenumbers, and consequently fre-
quencies, leads to beampatterns oriented at increasing angles
θn.

Note that the Directivity function in (17) is Hermitian with
respect to the origin, i.e. its amplitude is symmetric and its
phase is anti-symmetric. Such property is essential to generate
a real shape function with the inverse Fourier Transform.

It is worth highlighting some important facts:
• Finite extension of the transducers. The superposition

of Bessel functions in (17) is instrumental to generate
shape functions with finite extension. More specifically,
the spatial dimension a determines the radius of the trans-
ducer. However, Bessel functions have secondary maxima
which generate detrimental sidelobes in the transducer
beam pattern. Moreover, the smaller is a, the larger is
the width of the main lobe. Therefore there is a trade-
off involved between the transducer dimensions and their
directivity.

• Quantization of the shape function. The inverse FT
of the Directivity function is not necessarily a discrete
function whose values are just 0s ore 1s as requested from
the definition in (3). Conversely, the inversion generates
shape functions which are continuously modulated in
amplitude and that can be positive or negative (or null).
In [11], Senesi et al. achieved a feasible F-SAT by
applying a binary quantization procedure to the shape
function resulting from (16) so that all values higher than
a positive threshold are set to 1, and all ones lower than a
negative threshold are set to -1. Since it not conceivable
to apply opposite polarities, this solution implies that
the FSAT consists in two distinct patches (associated to
the positive and negative values of the quantized shape
function, respectively) whose signals (either actuated or
received) must be considered in phase opposition.

• Practical realization The FSAT design concept was
validated with different realizations. The first solutions
presented in literature were based on metallized PVDF
(polyvinylidene fluoride) sheets. The shaping of the elec-
trodes on the upper surface can be achieved with a laser
cut as in [12], [13]. Alternatively, metallic electrodes
shape can be printed on PVDF films, as proposed in [6],
or by using litographic procedures as in [14].

• Trading-off angular and radial resolutions The design
criterion may show some limitations in the damages
detection and localization tasks. In fact, an intrinsic trade-
off between the distance and angle estimation accuracy
can be observed: due to the fact that the beam steering
is obtained as a simple function of the excited frequency,
the broader is the frequency content of the excited pulse
the wider is the uncertainty for angle estimation. Vice-
versa, the range evaluation requires broadband excitation
signals to increase its estimation accuracy, as well known
in Radar antennas Theory ( [15]). Further details on this
trade-off were analyzed in [16].



Fig. 2. Design procedure of FSAT, and beampattern achieved by actuating the transducer with monochromatic signals at different frequencies.

• 180° ambiguity Finally, another important issue is related
to the 180° ambiguity in the DoA estimation: due to the
symmetry of the Directivity function it is impossible to
determine whether a wave is received from angle θ or
θ + 180°. Similarly, in actuation, waves are transmitted
simultaneously in opposite directions.

In the next Section, some possible modifications and exten-
sions of the design procedure will be introduced to show how
the mentioned limitations can be overcome.

IV. A NEW GENERATION OF FREQUENCY STEERABLE
TRANSDUCERS

A. Unidirectional FSATs

A novel Sensor has been presented in [17] to detect guided
waves propagating along a single direction, avoiding the 180°
ambiguity.

Such result was achieved by subdividing the shape function
in two parts, referred to as real (ϕReP (x)) and imaginary
(ϕImP (x)). Let us suppose that both of them may generate
waves along direction k = ±kc, so that:

F {ϕReP (x)}
.
= DR =

AR

(
ejφ1δ (k+ kc) + e−jφ1δ (k− kc)

)
F {ϕImP (x)}

.
= DI =

AI

(
ejφ2δ (k+ kc) + e−jφ2δ (k− kc)

)
(19)

where AR, AI and φ1, φ2, are the amplitude and phases at
kc, respectively.

Let us suppose to excite a cosine wave with a unitary
amplitude on the real part with frequency ωc, corresponding to
the kc value via the dispersion curve of a certain structure to
be monitored. Then, let us suppose to apply on the imaginary
part the same signal with a pi/2 phase shift. Such signals can
be represented in the phase domain in this way:

UR(ω) = δ (ω + ωc) e
−jφ + δ (ω − ωc) e

+jφ

UI(ω) = −jδ (ω + ωc) e
−jφ + jδ (ω − ωc) e

+jφ (20)

By using the model in (11) for the piezo-sensor frequency
response and, without lack of generality, discarding the con-
stants and the known scale function factors (i.e ±j, k0(ω) and
HP (θ)), the frequency responses 11 for ω > 0 and ω < 0 are
given by:

VP (ω>0)(ω) = UR(ω>0)(ω)DR(k(ω)) + UI(ω>0)(ω)DI(k(ω))
VP (ω<0)(ω) = UR(ω<0)(ω)DR(k(ω)) + UI(ω<0)(ω)DI(k(ω))

(21)
Therefore:

VP (k, ω) =[
ARe

jφ
(
e−jφ1δ (k+ kc) + ejφ1δ (k− kc)

)
+jAIe

jφ
(
e−jφ2δ (k+ kc) + ejφ2δ (k− kc)

) ]
·

· δ (ω − ωc) + δ (ω + ωc) ·

·
[

ARe
−jφ

(
e−jφ1δ (k+ kc) + ejφ1δ (k− kc)

)
−jAIe

−jφ
(
e−jφ2δ (k+ kc) + ejφ2δ (k− kc)

) ]
(22)



Fig. 3. Design procedure of an unidirectional FSAT, and beampattern achieved by actuating the transducer with monochromatic signals at different frequencies.

Finally, observe that if the two parts of the shape function,
ϕP (x), are designed so that:{

AR = AI

φ2 = φ1 − π/2
(23)

the k − ω response is Hermitian. The corresponding excited
Lamb wave is given by:

Vp(ω<0)(k, ω) = ARe
j(φ1+φ)δ (k+ kc) δ (ω + ωc)

Vp(ω>0)(k, ω) = ARe
−j(φ1+φ)δ (k− kc) δ (ω − ωc)

(24)

which, indeed, corresponds to a unidirectional Lamb wave,
excited in direction kc.

In essence, the two parts of the sensor are characterized
by a phase shift equal to pi/2 in k-space , an additional
pi/2 shift is generated by the different actuations ont the
two parts, such that Lamb waves excited by the two parts
interfere constructively and destructively in direction kc and
−kc, respectively.

Taking into account that F−1δ (k− kc) = e−jkcx a simple
way to generate the two quadrature parts is to take the real
and imaginary parts of e−jkcx. It is also worth noting that
the implemented device can be used to sense unidirectionally
the Lamb waves by applying a π/2 phase shift to the signal
acquired by the imaginary patch and then adding the signal
acquired by the real patch.

The procedure illustrated for a single specific wavenumber
(kc) can be repeated to actuate multiple waves by: i) generat-
ing a suitable non- Hermitian Directivity function, ii) perform-
ing the Fourier inverse trasformation and then generating the
two parts from the real and imaginary components resulting
from the anti-trasformation.

Note that, the described procedure produces again contin-
uously modulated shape functions for the two parts which
must be quantized. A possible realization of this solution
is presented in [18] (see Figure 3), in which the directivity
function is designed in the following way:

DP (k) =

N∑
n=1

Ker(kn) (25)

where Ker(kn) are Gaussian kernels centered in kn whose
locations may be arranged as in (18).

The inverse transform emerges as a complex function
ϕp(x1, x2) , encompassing the real (Re) and imaginary (Im)
parts. Employing complex thresholding of this function [19],
the configuration of electrodes for the piezoelectric transducer
can be determined. Each individual point within the spatial
domain of ϕp(x1, x2) is attributed to four distinct electrodes:

ϕ̄p(x1, x2) =
E1 if Re(ϕp(x1, x2)) > |Im(ϕp(x1, x2))|+ δ

E2 if Re(ϕp(x1, x2)) < −|Im(ϕp(x1, x2))| − δ

E3 if Im(ϕp(x1, x2)) > |Re(ϕp(x1, x2))|+ δ

E4 if Im(ϕp(x1, x2)) < −|Re(ϕp(x1, x2))| − δ

(26)

where δ represents an arbitrary positive value.
It is worth noting that, if we transform back in the

wavenumber domain the quantized shaped function, the result-
ing function shows some deviation with respect to the original
directivity function [6].

In order to address this problem, it is necessary to define a
sensor shape function which is continuously modulated in its



values. Techniques developed in image processing to quantize
grey scale images with a bit per pixel, can be fruitfully adopted
for the transducer design purpose. In particular, the so called
half-toning technique can be used (see [20], [21]) to modulate
the piezoelectric load by properly patterning the metalization
layers of the transducers [22], [17].

B. Novel Solutions for the directivity function

As mentioned in Section II, a potential drawback of the
spiral arrangement of the directivity function of FSATs is
in the fact that signals actuated or sensed along a given
direction are narrowband. However, the transducer design
procedure described in the previous paragraphs is compatible
also with different arrangements of the Directivity function.
For example, in [17], we imposed the Directivity function (and
so the same frequency response) of a piezo-disk in the [0–90]°
angular sector and 0 elsewhere. Then, via the 2D-Inverse FT
(IFT), it is possible to obtain the shape function illustrated in
Figure 4. The beampattern of this transducer generates and
senses waves just in one quadrant.

Alternatively, in [23], a transducer capable of generating or
sensing propagating waves along a reduced set of angles was
proposed to minimize the effect of multi-path interference.
In addition, three different Gaussian Kernels were defined
at each chosen direction, in order to enlarge the available
bandwidth of the signals which are transmitted or received
along the different directions, allowing for enhanced versatility
and flexibility in wave generation. The directivity function of
such transducer, along with a photo of the transducer prototype
and the related beampattern as a function of the actuated
frequency, are depicted in Figure 5.

C. Novel realizations based on PZT plates

In [24], an experimental validation of a shaped PZT trans-
ducer, obtained via the screen-printing technique, is provided.
Piezoceramic transducers outperform those realized PVDF in
terms of efficiency in guided wave actuation. Moreover, the
screen printing applied to PZT plates allows the realization of
electrodes characterized by very small spatial features (around
200/250 µm), and, at the same time, to limit the manufacturing
cost.

It is worth noting that, in the practical usage of these
devices, it must be taken into account the effect of the
transducer thickness (hence stiffness) and also the glue layer
thickness [25] to properly predict how the radiation pattern is
influenced by the spectral content of the actuated signal.

V. CONCLUSIONS

A possible solution to tackle the complexity of beamforming
based on phased arrays is in the shaping of the piezoelectric
transducer electrodes to achieve the capability of steering the
ultrasonic beam by simply controlling the central frequency
of the actuated pulse.

Indeed, Frequency steerable transducers exploit the design
of the directivity function to generate and receive waves along

different directions corresponding to the frequency of excita-
tion/incoming wave. In this work, it has been discussed how
the electrode shapes design methodology could be adapted to
remove the 180° degrees ambiguity which characterizes the
first realizations of the frequency steering concepts [6], and
how the concept could be extended to transmit and sense wide
band signals. The realization of the FSAT electrodes via half
toning techniques may further improve the directivity of the
implement transducers.

ACKNOWLEDGMENT

The research described in this article was the result of
collaborations spanning more than a decade with numerous
researchers, among whom the authors would like to mention
Massimo Ruzzene, Matteo Senesi, David Gottfried, Emanuele
Baravelli, Alessandro Marzani, Antonio Palermo, Nicolò Spe-
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