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1 Theory

The moduli space of stable maps to a projective variety X compactifies the space of smooth curves in X by al-
lowing maps from nodal curves. %O,n (P", d) is a smooth connected DM stack with a normal crossing bound-
ary divisor — paralleling the Deligne—Mumford—Knudsen compactification of the moduli space of curves.
On the other hand, the geometry of ]g,n(X, B) is in general hard to describe. Zg,n(lP', d) is fundamental
in that it contains .#g n(X, f) whenever i: X — P and i, = d¢, where ¢ is the class of a line. In positive
genus, the moduli space of stable maps to projective space consists of various components, and it is not of
pure dimension, which prompted the development of virtual fundamental classes. If the degree is higher
than the Riemann-Roch bound d > 2g - 2, the locus of maps f: C — P" with C smooth is smooth and
connected, giving rise to a main component. Its dimension can be computed via standard deformation the-
ory, and is known as the expected dimension of the moduli space (it is the dimension of the virtual class).
Boundary components — usually larger — arise when C is reducible and the line bundle f* &pr (1) is special
on a subcurve of C. Originating from a closure, the main component does not have a natural modular in-
terpretation; in fact, it is in general hard even to describe its geometric points. In genus one, this task was
carried out by Vakil and Zinger: the general point of a boundary component of ./ 1 ,(IP", d) represents a map
from (E, q1, ..., qik) Uq ||(Ri, gi), where E is an elliptic curve and R; = P! are rational tails, such that E is
contracted and the rational tails have positive degree (corresponding to any partition of d into k parts). The
condition for such a map to be smoothable is that the lines {df( TRI.,q,.)}f.‘:1 span a subspace of dimension at
most k — 1in Tpr sg). The classical example is that of plane cubics; see [9].

A modern viewpoint on this problem has been developed by Ranganathan, Santos-Parker, and Wise [7]:
though the main component does not have a modular interpretation, they constructed a birational model
dominating it which has one (it is a reincarnation of Vakil-Zinger’s desingularisation). Roughly speaking, it
adds to a stable map f: C — PP’ the data of a contraction C — C to a curve with an isolated Gorenstein sin-
gularity such that f factors through C and the factorisation f: C — P’ does not contract the minimal genus
one subcurve (core) of C. The inspiration is tropical: the dual graph [ of C is a rational forest emanating from
the core; we can think of C — C as contracting a disc around the core. The locations where the edges of
the tropicalization of C cross the disc determine a logarithmic modification of the moduli space of curves,
and in turn of stable maps. This construction builds on work of Smyth [8], who classified isolated Gorenstein
singularities of genus one, and their semistable models. These singularities consist of the cusp, and the sin-
gularity you obtain by imposing a general linear dependence relation on the tangent vectors to a rational
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m-fold point (the union of the coordinate axes in A™). Smyth called them elliptic m-fold points. We can thus
rephrase smoothability as follows: a stable map f: C — P, contracting the minimal elliptic subcurve and
having k rational tails of positive degree, is smoothable if and only if there exists an elliptic k-fold point C
through which f factors without contracting the core of C. A characterisation of smoothability for genus one
stable maps in this spirit is also given in [4, Proposition 2.6].

Similar but more robust techniques have led us to construct in [3] a modular desingularisation of
%Z,n(lpr, d)main:

Theorem. There exists a log smooth and proper DM stack V% , »(P", d) over C, with locally free log structure
and a birational morphism to .4, ,(P", d)™", parametrising

« a pointed admissible hyperelliptic cover

ll): (C)DR9pl,--*9pn) - (T9DB, lp(pl)’ ---ylp(pn))

where C is a prestable curve of arithmetic genus two, Dg and Dg are length six (ramification and branch)
divisors, and (T, Dg + Y(p)) is a stable rational tree;

eamapf: C - P’;
« a bubbling destabilisation C C and a contraction C — C to a curve with Gorenstein singularities, such
that f factors through f : C — P, and the latter is non-special on any subcurve of C.

Upon studying the image of 2", ,(P", d) in Zz, 2(IP", d), we can therefore deduce which stable maps from a
curve of genus two are smoothable. In the present note, we shall do so in the case of degree 4 curves in IP2.

1.1 Singularities

There are two families of isolated Gorenstein singularities of genus two [2]. Those with at most three branches
are classically known among the (planar) ADE singularities. In the following table, we include a parametri-
sation as a subalgebra of R = C[[t1]] x- - - X C[[tm ] (m represents the number of branches) and local equations
for each of them (here [k] denotes the set {1, ..., k}). In the table below we give explicit generators x; for the
singularity; these are considered modulo m% for type I singularities, and modulo m% for type II singularities.

‘ typel ‘ typell
xx=tel0e...et) X1=t1000...0tn
X=00he...0t X=00he...0t
Parametr. Xm1=0@®...0tn 1@t Xm1=0@®...0tn 1@t
Xm=08...008 (2 (y=008 ifm=2)
(mod (t4,...,t4)) (mod (£3,...,£)).
m=1 XS_yZ(AZJ); 3
m=2 x(x3 - x3) (Ds); m=2 Yy -x) (A25);
_ N . m =3 x1x2(x2 — x7) (De);
Equations m=3 (Xg(xl —Xz), X3 _X‘lXZ): ms>4 <X3(X.f —Xz)
m>4 (X —X1X2, - !
i ~ X1z Xi(Xj = Xk)) ielm-11;
Xi(Xj = XK)) ielm); jkelm—-11\{i}
Jikelm=-11\{i}

Note that every singularity of type I with m > 2 contains a genus one cusp, while every singularity of
type Il with m > 3 contains a tacnode; we call the corresponding branches special. It will be relevant to our
discussion that the special branch(es) of a type I (respectively type II) singularity C has preimage in C attached
to a Weierstrass (respectively two conjugate) point(s) of the contracted genus two subcurve, as follows from
a semistable reduction analysis [2, Proposition 4.3,4.4].
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In genus two, we are led to consider factorisation through non-reduced curves as well. Classically, a rib-
bon is a scheme R with underlying reduced structure Ryeq = P1, and square-zero ideal sheaf .# = 7 /g such
that .# is a line bundle on Ryeq. For us, an (my, . . . , my)-tailed ribbon consists of a ribbon of genus 2 — k glued
at k general double points with a rational m;-fold point (i = 1, ..., k), see [3, Example 2.21]. There are exact
sequences

k k
0- 0c— oroPop — PEC" e cCle]) -0, (1)
i=1 i=1
and
0— % =0pi(k-3) > Or - Opr > 0. 2

Local equations around an m-tailed point are given by

CllX1, -+« Xm, Y/ (XiXj, (Xi = X))V )1<i<jcm -

Roughly speaking, the general one-parameter smoothing of a ribbon is not normal (it is singular along R), and
its semistable model is the normalisation, restricting to the hyperelliptic cover over the ribbon. In particular,
the tail attaching points must correspond under the hyperelliptic cover.

1.2 Irreducible components of M, (P', d)

We draw the weighted dual graph of the general member of all possible irreducible components of M, (P", d).
Our running convention is that a white vertex corresponds to a contracted component, a gray one to a genus
two subcurve covering a line two-to-one, and a black vertex corresponds to a non-special subcurve. Vertices
are labelled with their genus and weight.

(1) main is the closure of the locus of maps from a smooth curve of genus two;

g=0,d;
) DEdi) = g_z,d_0<4g-o,dz
g=0,dx

g=0,d;
=0,d
(3) WPp@r-ndi) = 4 g=2,dy=2 £ ’
g=0,dx
g=1, g§=0,d;
(4) dogldienndi) = 1 g=1,d, =9 §=0.4

g=1, g=0,d,
(5) (@iivding)gdo £ldotndany) -9 §=0.dz:
g=0,da,

(6) br:dog(dl,...,dk) — g:O, d()

This is taken from the first author’s PhD thesis [1], and is implicit in [5].

In order to compute the dimension of the boundary components, it is useful to recall that they are the
image under clutching of products (fibred over IP") of irreducible components of stable map spaces of lower
genus and/or degree. Since the gluing morphisms are finite, such a description allows us to compute the
dimensions.

« For completeness, we recall that the dimension of main coincides with the virtual dimension vdim =
B-n+d(r+1).
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+ DWi:d0) i the image under gluing of
Mo x Moa(P, dy) xpr Mo (P, da) xpr -+ xpr o1 (P, di)

where the maps to IP" are the evaluation morphisms. Since all the spaces are smooth and the evaluation
maps are flat, we can easily compute that the dimension of this component is dim) = d(r+ 1) +r—k+3.

« bypp(di.....di) is the image under gluing of

——main

My (P, 2) xpr Mo, 1 (P, dr) xpr Mo,1(P", d3) xpr -+ xpr M o,1(P", di);

the component %;im(lP’, 2) is actually smooth, but of dimension higher than the expected one, i.e.
2r + 4 + k (we have to choose a line in IP’, the 6 ramification points, and the markings) instead of r + 5 + k
(which comes out of the virtual dimension computation); all the other spaces are smooth and so we can
compute the dimension: dimy = d(r + 1) — k + 2.

o dog(dr,...di) jg the image of
— —main — — —
M1 X M1y (P, do) xpr M o,1 (P, dy) xpr M o,1(PT, dy) Xpr -+ xpr M 0,1(P", di);
while ]1,1(&”, dop) has several components of different dimensions, the main component is irreducible
of the expected dimension; note that we do not have to consider what happens when the maps degenerate
further and become of degree zero on the genus one curve of weight dg since these cases are included in
the irreducible component D(@1>+-d); the dimension is dimy = d(r + 1) — k + 2.

« The description for the remaining two types of components is analogous and thus we omit it; again the
only remark to make for the last case is that for the genus one curve carrying weight do we can restrict to
main. The dimensions are respectively dim) = d(r + 1) + r — (k1 + k2) + 1 and dim) = d(r + 1) — k + 1.

1.3 The algorithm to compute the intersection with main

Given the smooth modular compactification constructed in [3], we can characterise the closed points of
m;i,m(lf’r, d) as those in the image of the map 7’2", ,(P", d) — ﬂz,n(]Pr, d). To determine whether a closed
point [f: C — P'] such that H(C, f* ¢pr(1)) # O lies in the boundary of the main component we proceed as
follows:

(i) Promote C to a hyperelliptic admissible cover C’ i T over the standard log point Spec(N — C) in all

possible ways, where C’ is obtained by sprouting from C, and T is a rational tree.

Remark 1.1. Enhancing the prestable curve C to a hyperelliptic admissible cover over the standard log point
involves a series of choices of both an algebro-geometric and a tropical nature. First of all, there is in general
more than one way to destabilise the curve C to make it into the source of a hyperelliptic admissible cover
C' — T: combinatorially, this amounts to choosing which irreducible components support the Weierstrass
points; where exactly these lie gives some continuous moduli — note that, given a generic smoothing of C,
all this information is determined. Once the combinatorial type is fixed, it determines a cone in the tropical
moduli space of admissible covers: the cone is isomorphic to IRE&T”, where T is the dual graph of T, and E(T)
its edge set. In [3] we construct a finite polyhedral subdivision of this cone such that the combinatorial and
analytic type of the bubbling destabilization C — C’ and the Gorenstein contraction C — C are constant on
every cone. The classically minded reader may think that the contraction depends on the ratios among the
smoothing parameters of the nodes, although in a rather manageable fashion. Let us remark that, by simply
looking at the analytic type of the contraction C — C and at the induced weight on C, we can often identify
some analytic types through which factorisation is not possible, and thus discard several strata of the log
modification A,.

(ii) Check if the sections of HO(f* ¢pr(1)) descend to C, where we have denoted by f the map induced by f on
the destabilisation C — C.
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By construction, if f descends to C, its degree is sufficiently high that it is unobstructed over the moduli
space of aligned admissible covers (see the next lemma); since the latter is smooth, smoothability of the map
follows from that of the curve.

For the benefit of the reader, we recall some conditions ensuring that a map from a Gorenstein curve
f: C > P’ satisfies HX(C, f* 0pr (1)) = O (together with the conditions for a map to descend to a ribbon).

Lemma 1.2. [3, Lemma 2.33, 2.34] The obstructions H(C, f* 0pr (1)) vanish if:

(1) Isolated singularities. f has positive degree on every subcurve of genus one (so in particular on the special
branches of a genus two singularity), and has degree at least three on every subcurve of genus two.

(2) Non-reduced curves. If the ribbon R is contracted, there are at least two tails (with distinct attaching
points) of positive degree; moreover, if k is the number of such tails, the images of their tangent vectors in
Tpr 7r) SPan a linear subspace of dimension at most k — 2.
If the ribbon R is hyperelliptic (i.e. mapped by f two-to-one to a line £ < "), there is at least one tail of
positive degree; moreover, if k is the number of such tails, the images of their tangent vectors span a linear
subspace of dimension at most k — 1 after projecting away from €.

Let Z denote an irreducible component of M, (P, d) (see § 1.2 for a complete list), and let Z° denote the
open locus where the weighted dual graph of the curve is generic, i.e. as depicted in the previous section.

Lemma 1.3. Every component of mz(]P’, d)main n z is in the closure of a component of mz(]Pr, dymain  ze

Proof. For the proof of this lemma we refer freely to the results of [3]. Let <4 (IP", d) be the space of all aligned
admissible maps. The main component of the latter is #%°, ,(PP", d), and it is unobstructed over the moduli
space of aligned weighted admissible covers .. Let Z be a boundary component of % (", d). Note that this
space may have more irreducible components than the space of stable maps, due to the moduli of lifting C to
an admissible cover C' — T. Still, it is enough to argue that Z n »% 2,n(P", d) is contained in the closure of
Z°NVZ (P, d).

So, let us consider [f] € Z n V% (P, d). We observe that not all nodes of the source curve can be
smoothed independently due to the alignment. On the other hand, all the nodes corresponding to edges
of the dual graph of the source curve which are identified by the aligning function A (see [3, § 3]) can be
smoothed simultaneously. In particular, all the nodes corresponding to edges of the dual graph which are
entirely contained in the strict interior of a connected component of the support of A, respectively outside its
support, can be smoothed simultaneously.

Tropically, smoothing has the effect of setting the corresponding edge lengths to zero. We are left with a
generic dual graph, in which every connected component of the support of A contains a unique vertex, and
all remaining vertices are on the circle and have positive weight. Comparing with § 1.2 this concludes the
proof. O

2 Practice

2.1 Classification of singular plane quartics

Our analysis is based on Chung-Man Hui’s thesis [6], in which he classified the singularities of plane quartics,
their normal forms, and the dimension of the corresponding strata. For the benefit of the reader, we collect the
results of [6] in the table below. From left to right we indicate: the geometric genus (in the reducible case the
geometric genus of the irreducible components), the number of singular points, the analytic singularities that
can occur, and the dimension of the strata in the linear system of quartics where such singularities appear;

we use these in the computation of dim Z n M below.
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dg | Iceing) | Analytic Sing. dim strata
2 1 A1, A, 13, 12
1 1 As, Ay 11, 10
irreducible 1 2 A2, A1Ay, A2 12, 11, 10
quartics 0 1 As, A¢, D4, Ds, Eg 9, 8, 10, 9, 8
0 2 A1As, AsAs, A1As, AsA, 10, 9, 9, 8
0 3 A3, A2Ay, A1A2, A3 11, 10, 9, 8
1u0 1 As 9
1u0 2 A1As3 10
cubic 1U0 3 A3 11
and ouo 1 D¢, E7 8,7
line ouo 2 A1Dy, A1A5, A1D5, A2A5 9 8,8,7
ouo 3 A2A3, A1ArAs 9, 8
ouo 4 A%, A3A; 10, 9
ouo 1 Az 7
two ouo 2 AqAs, A2 8, 8
conics ouo 3 A2A; 8
ouo 3 AY 10
ououo 2 A1Dg, 7
conic and ououo 3 A2Dy, 8
two lines ououo 4 AAs 8
ououo 5 A3 9
ouououo 1 planar 4-fold 6
four lines ouououo 4 Asz. 7
oLououo 6 A2 8

Moreover, the following non-reduced singularities appear: a conic and generic double line (this stratum
has dim = 7); a conic and a tangent double line (this stratum has dim = 6); three generic lines, one of which
is a double line, (this stratum has dim = 6); three concurrent lines, one of which is a double line, (this stratum
has dim = 5); a double conic (this stratum has dim = 5); two double lines (this stratum has dim = 4); two
lines, one of which is triple (this stratum has dim = 4); a quadruple line (this stratum has dim = 2).

2.2 Applying the algorithm to M, (IP?, 4)

The moduli space M5 (IP2, 4) has more than twenty irreducible components; in this note we analyse them and
their intersection with main. In the illustrations we adopt the following convention: gray components are con-
tracted, dashed lines come from sprouting, blue points are branch points of a finite cover, blue components
correspond to the hyperelliptic cover of a genus two curve.

We warn the reader that, for the sake of conciseness, after giving full details for the computations in the
first couple of instances, we will largely omit the parts which are similar in the remaining cases.

Main. Plane quartics have arithmetic genus 3. The main component of M, (P2, 4) parametrises (the normal-
isation of) nodal quartics. It has dimension 13.

,,,,,,,,

Figure 1: M (P2, 4)™" dim = 13
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DA component. The general member contracts the genus two core, and restricts on the rational tail to the
normalisation of a three-nodal quartic (the core can be contracted to any point of the latter). The dimension
is 16. The intersection with main has two components.

Ti/"—f /"/‘(’Z)’fff/ f V2 /
< pr-w-m-v — SNAS
\ / / / /
Z,g=2

DA

TF ., ey - ,
S ,\/M/ TST— RPp
S L) S /

T !/,,Ef,,d A !/,,,,A,l,/
VA

—mai
DD A M, general core

Figure 2: D™, dim = 16; D™ AM™", dim = 12

———mal
D@ A M, Weierstrass tail

There are only two types of admissible cover which appear enhancing C; moreover, once the lift to an
admissible cover is chosen, there is no subdivision to be made (since there is only one tropical parameter),
and the log structure is the minimal one. The cases are:

« thenode TN Z is generic, then sprouting the conjugate point and contracting Z we obtain an A5 dangling
singularity (contracting the dangling P! gives the unibranch non-Goreinstein singularity with analytic

local ring C[[£3, t4, t°])),

« the node is Weierstrass and the choice of the other ramification point on T (namely the choice of lifts to
an admissible cover) determines the contraction to an A4 singularity (there is an A; worth of moduli of
attaching data in this second case [2])*.

If f factors through f: C — P2 for C one of the above, then C is a partial normalization for f(C), which we
can assume reduced for f with generic weighted dual graph (by Lemma 1.3). Looking at the classification of

irreducible quartics of geometric genus zero we deduce that the only possibilities are:

« either the quartic contains an Eg-singularity (with local equations x* + y3): intersecting f(C) with the
coordinate lines we see that the sections defining the map vanish with order 3 and 4 at the point mapping
to the singularity; these descend to sections of a complete linear system of bidegree (4, 0) on an As-

singularity;

« or the quartic is of type A; — A4 and the rational tail is attached to a Weierstrass point of the core. The
core is contracted to the non-rational singularity; moreover in this case the image determines a unique
C with an A, singularity through which factorisation holds.

By Lemma 1.2, in any of the cases where factorisation occur H! (f : Op2(1)) vanishes, hence the maps admitting

factorisation are indeed in the image of the non-obstructed locus. In any case, the dimension is

12 =(dim E¢ stratum) + dim(M; 1) = 8 + 4
=dim(A4A; stratum) + dim(W,,1) =9 + 3

1 The two cases correspond to different irreducible components of A, (P2, 4) lifting D™ : combinatorially, they are distinguished
by the sixth Weierstrass point lying either on the core or on the tail.
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re WV,,1 denotes the divisor in M ; where the marking is Weierstrass. Hence the intersection is a divisor

in main. See Figure 2.

DG,

1) com ponent. The image is the union of a nodal cubic with a line; the dimension is 15. The smoothable

locus has three components (see Figure 3).

T, 3

—f’_f oo TTT 7 / f oo TTT 7 /

b // // n H // //

< Z AVAYE o

2 \ 1 i/, B ﬂ@, ] 7// L/ 7777777 //

Z,8=2

'D(B,l)
T, | 3 _7 3 T 3
e N P | e N e e
TR:> r—= J/ ng—) + f(Z) )/ T, %l — )
—_ =\ / \ 7/ / -
T, Y- 1 i,,jj,),,,/ 2\ 1 S = J \1 L,,fi@),,,/
Z Z

DGU AM", general core DED A M, Weierstrass tail DED A M, conjugate tails

Figure 3: DGV, dim = 15; DGD A M, dim = 12

Again, let us start by examining which singularities can appear.

The tails Ty, T>, on which the map has degree 3 and 1 respectively, are attached to generic points of the
core, and there is a unique lift to an admissible cover 1 : C ’1 — R; of this combinatorial type obtained
by sprouting the conjugate points of T; n Z. Enhancing the dual graph to a tropical admissible cover
and letting the edge lengths 13, I, vary in the cone 0; = ]Rio, we find five possibilities? for the analytic
singularities of C. For the benefit of the reader, we add a picture of all the singularities in Figure 4.

T, Ty Ty
T, Ty T, T,
Ty Ty T, T,
T,
T, Ty

Figur

e 4: Singularities type that can appear for the lift C; il—» T1

Note that factorisation through the last three singularities on the right does not occur. Sections of a line
bundle on T; descend to a contracted ribbon with two tails if and only if they ramify (i.e. vanish with
order at least two) at the nodes T; N Z, and this cannot happen since we only have linear sections of T5.
In the two right-most cases the line bundle on the genus one subcurve given by the special branches
would have degree one, so there is no morphism of the prescribed degree from these singularities to IP2.

T, is attached to a Weierstrass point, and a lift to an admissible cover C ’2 ﬁ) R, is determined by the
position of the other ramification point on T;. Enhancing the dual graph to a tropical admissible cover

2 Th
obtai

e [3] subdivision of 01 has seven cones, but for three of them what changes is only the aligning function A, not the singularity
ned via contraction and push-out.
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and letting the edge lengths 11, [ vary in 0,, we find five possibilities for the singularities of C, three of
them have already appeared for the previous choice of lift to an admissible cover (the last three on the
right of Figure 4) and we have discussed that factorisation through them does not occur. There are two
new possibilities for C: either it has a D5 singularity and T is the special (cuspidal) branch; or it has a
dangling D5 singularity and T, is nodally attached to the weight O line of the singularity;

« Lifting C to an admissible cover with T, Weierstrass is not interesting, as the new analytic singularity we
find has a cuspidal special branch of degree one, and thus factorisation cannot occur.

« The T; are attached to conjugate points, and a lift to an admissible cover C ; ﬁ R;3 is defined choosing an
identification of T1 and T, with their image under the two-to-one cover. In this case, once we have chosen
the admissible cover, there is no alignment, the log structure is the minimal one, and the contraction
gives an As singularity.

Since we can assume that f has generic weighted dual graph, its restriction to the non-contracted components
is birational onto its image in IPZ; as in the previous case, if the map factors then Cisa partial normalization
of f(C). Looking at the classification of singularities of quartics which decompose as a rational cubic and a
line we see that the only possibilities are:

« either the core is general, and the image has an E7-singularity (local equation y(y? — x3), i.e. the union
of a cuspidal cubic with its reduced normal cone; it is the image of a complete linear system of degree
(3, 1, 0) on a type II5 singularity, where the special branches are the first and third ones).

« Or the attaching point of the degree 3 tail is Weierstrass, and the image has a Ds-singularity (a cuspidal
cubic with a general line through the cusp).

« Or the two attaching points are conjugate, and the image is of type A; — As (a nodal cubic with a flex
line).

In any case, the image determines uniquely the singularity C through which we have factorisation.

Note that factorisation through a sprouted D5 singularity or a sprouted II5 singularity is also possible. In
both cases there is only a non-constant section on the degree 3 special branch which vanishes of order 3 at
the singular point, hence the map covers 3 : 1 a line; these loci correspond to the degeneration of the cubic
to a triple line and are contained in the closure of the components of the intersection listed above.

Again, by Lemma 1.2, in any of the cases where factorisations occur Hl()_c : Op2(1)) vanishes, hence the
maps admitting factorisation are indeed in the image of the non-obstructed locus.

In all three cases the dimension is

12 =(dim E; stratum) + dim(ﬂz,z) =7+5
=(dim D5 A stratum) + dim(Wz,z) =8+4
=(dim AsA; stratum) + dim(/C,,,) = 8 + 4

where Wz,z, Ez,z are respectively the divisors in Mz,z where one of the markings is Weierstrass, and where
the two points are conjugate. This a divisor in main.

D@ component. The image is the union of two conics; the dimension is 15. The intersection with main has
two components (See Figure 5.)

« the two attaching points are conjugate and the image is of type A; — As (the conics intersect at two
points, of multiplicity one and three respectively); note that the map determines the As singularity to
factor through;

« the core is general and the image consists of a line (covered two-to-one) with a conic tangent to it at one
of the branch points of the double cover (the image of a complete linear system of degree (2, 2,0) on a
type II3 singularity); the lift to the admissible cover is unique since T; has only one special point, and
the choice of ramification determines the II5 singularity to factor through.

In any case, the dimensionis 8 + 4 =7 +5 = 12.
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Note that in this case it was not necessary to consider the lift to an admissible cover with one of the two
tails being attached to a Weierstrass point. Indeed, in that case we would have that the map factors through
a D5 singularity if it restricts to a two-to-one cover ramified at the node on the Weierstrass tail (say it is T1)
and f(T,) is a conic tangent to f(T1) at f(Z), i.e. the factorisation conditions are like in the II5 singularity case.
This locus is in the closure of the second component of the intersection, corresponding to degeneration of

the genus two source curve into the divisor W, ,.

D2.1%) component. The image consists of a conic and two lines, all concurrent in a point (where the core is
contracted). The dimension is 14. The smoothable locus consists of three components (see Figure 6).

T A e T T
zZ,g=2
D2.1?)

T, | 2 Ty~ T, | 2

= _f P / h="2s N / = _f (1)
e T D || D ey || e T T
N / f(T5) n~_1 / La1 T
=T\ 5 oo 9 S T ’ ST (CONY (P

D1 A A" conjugate tails D@1 A ™" general core (I1,)

Figure 6: D21 dim = 14; D) A M, dim = 12

2 ——main .
D) A M, general core (ribbon)

« Either the attaching point of the degree 2 tail is conjugate to another attaching point, in which case
factoring through a type II5 (i.e. D¢) singularity implies that the corresponding line is tangent to the

conic at the concurrency point;
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« or the core is general, and the (partially destabilised) map factors through a type II, singularity with
special branches the degree 2 tail T; and its conjugate (obtained by sprouting); this implies that the
image is the union of three concurrent lines, one covered two-to-one with one ramification point over
the singular point;

« or the core is general, and factoring through a contracted ribbon (which in the modification C — C is the
image of the irreducible genus 2 component) with three tails shows that the image is the union of a conic
with a tangent line (the two degree 1 tails must map to the same line).

In any case the dimensionis 7 +5=5+1+ 6 = 6 + 6 = 12. See Figure 6.

Note that we did not consider the lifts of C to an admissible cover such that one of the tails is attached to
a Weierstrass point. For T, and T3, this is simply because there is no factorisation through a singularity with
special cuspidal branch of degree one; if instead it is T; that is attached to a Weierstrass point, then a map
factoring through an I5 singularity will have for image three concurrent lines, with T; covering its image two
to one, and ramifying at the node. The latter however is the same factorisation condition we saw in case two
above.

DAY component. The image consists of four concurrent lines. The dimension is 13. The intersection with
main has only one component consisting of maps factoring through a contracted ribbon with four tails. We
will show that, if we just look at the valuation of the sections around the nodes, we can always construct
some ribbon with four tails to which they descend. However, we will see that there is an extra condition on
cross-ratios, matching that of the four lines with that of the four nodes under the hyperelliptic projection on
the core.

To verify the first claim, denote by L the line bundle which restricts to the trivial one on the core, and has
degree 1 on every tail.

Let V be a subspace of the space H°(C, L), of sections vanishing along Z. For V to be smoothable it is
necessary and sufficient that it has codimension 2 in H°(C, L)o. The sections extending to a given smoothing
span a codimension 2 subspace in H(C, L), because the dimension of the space of global sections on the
generic fibre is 3, and it is 5 on the nodal curve. Hence the codimension 2 condition is necessary. We now
want to argue that it is also sufficient by showing that we can always construct a tailed ribbon C, to which the
sections in V descend.

We will see that a tailed ribbon C = R Ug; T; to which these sections descend is completely determined by
a choice of tangent vectors on the tails, which is itself determined by a choice of local coordinates.

The sheaf of regular functions on C is defined as the kernel of a morphism

ore (P, o1, > P, Cleil/e?

where Og = 0p: & Op1(1), and the second summand gives regular functions on the ribbon vanishing on the
reduced curve. The morphism v restricted to the tails T; only depends on the behaviour of the functions to
the first order, and it is thus fully determined by a choice of tangent vectors on the tails. Once v is defined on
the tails, in order to determine C, we may choose an identification of the sections of the ribbon vanishing on
the reduced curve H°(R, &p: (1)) with the two dimensional vector space V. For any such choice, the sections
of V descend to C by construction.

To see that factorisation through a given ribbon involves a condition on the cross ratio, consider a general
smoothing f: ¢ — ]Pf\ over the spectrum of a discrete valuation ring A (sometimes called trait in this note).
The image of the general fibre ), is a cubic with one node, whose limit at 0 is the point x where the core Z of
%y is contracted, i.e. the concurrency point of the four lines. Let us blow P2 up at x. We thus obtain a diagram:

% -1 Bl P2

N

¢ — P?
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The strict transform of 4, intersects the exceptional divisor E transversely at two points p; and p,. Write
f*E = p1 + p2 + aZ. Matching with a tail T; of %, we get

1=fE-T; = a.
Now, matching with Z we get
~deg(fiz) = f*E - Z = deg(py + pz + Z) = deg(¥ 1, pi - X1y 4))

where g;j denotes a node of %p. In particular, ]‘] z: Z — E has to be the hyperelliptic cover. This shows that, for
amap in D) to be smoothable, the cross-ratio of the image lines in P? and that of the tail attaching points
(after hyperelliptic map) must coincide. This cuts the dimension down by one to 12. Note that the condition
on the cross-ratio only depends on the marked curve (Z, C\Zn Z) and on its image along f, but not on the
choice of a smoothing.

4£ component. The general point of this component has a reducible core, consisting of an elliptic curve E;
normalising a two-nodal quartic, and another elliptic curve E, contracted anywhere on it. The dimension
is 14. Smoothability is really a genus one problem: a map is smoothable if its image contains a cusp, i.e. it is
of type A1 — A,. The dimension is 12. See Figure 7.

,,,,,,,,,,,,,,,,

Ei,g=1,d=4
4E

JE2 )y
Sgy e

——main

“enM

Figure 7: %S, dim = 14; %S n M, dim = 12

3£ component. The image consists of a smooth cubic E; and a general line; the second elliptic curve E, is
contracted to one of the three intersection points. The dimension of the boundary component 3™ is 13. At
the intersection with main, we see those maps such that the line is tangent to the cubic. This is again a divisor
in main, so it has dimension 12. See Figure 8.

222 com ponent. The map restricts to the two-to-one cover of a line on E1, and the embedding of a conic on
the rational tail; the dimension of this component is 13. The intersection with main has two components:

« factoring through a tacnode means that the line is tangent to the conic;

« sprouting, or equivalently replacing E, with a cusp on E;, means that the conic intersects the line in one
of the four branching points of the two-to-one cover.

Both have dimension 12. See Figure 9.

Note that if we instead consider the sprouting at E1 N E3, i.e. it is the rational component, then factorisa-
tion imposes that the map restrict to a two-to-one cover of a line on the rational component with a ramifica-
tion point at the intersection with the line f(E1). These maps are in the closure of the first component of the
intersection.
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Figure 9: 2@, dim = 13;26@D n M, dim =12

2201%) component. This is the locus generically parametrising maps f: E; UE, UT; U T, — P2 where E, UE,
is, as in the example above, a reducible core given by two nodally attached elliptic curves, with f contracting
E, and with degree 2 on E, and T; rational tails attached to E; on which the map has degree 1. This locus
has dimension 12 and it is actually contained in main, since the image determines the elliptic 3-fold point
through which the map factors.

£4E component. The general image is a three-nodal quartic, and the two elliptic curves are contracted any-
where. The dimension is 15. The intersection with main consists of one component: a map f whose weighted
dual graph is generic for this component is smoothable if and only if the elliptic curves are contracted to cusps,
and the image is of type A; — A%. Note that VZ,(IP?, 4) has general fibre P! over this locus, corresponding to
the comparison of the height (i.e. the values taken by A) of the two elliptic curves. The factorisation property
does not depend on it. See Figure 10. The dimension is 11.

£3£M component. In general, the image is a one-nodal cubic with a general line. The dimension is 14. A map
is smoothable if its image consists of a cuspidal cubic (where E is contracted to the cusp) with a tangent line,
type A1 — A, — As. The dimension is 11. See Figure 11.
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Figure 11: E36W  dim = 14; 3D A M, dim = 11

£2£@ component. The generic points of this component correspond to maps from a source curve C = E; U
B UE; u T where E; and E, are two elliptic curves contracted by the map and separated by a rational bridge
B on which the map has degree 2, and T is a rational tail attached to E>.

The image consists of two conics. The dimension is 14. The intersection with main consists of two com-
ponents, both of dimension 11: in both cases E; (which is the elliptic curve without rational tail attached) is
replaced by a cusp, forcing the separating bridge to doubly cover a line, with one ramification point situated
at the attaching of E;. Then (see Figure 12):

« either E; is replaced by a tacnode, in which case the second conic has to be tangent to the line;

« or there is a sprouting and the conic has to pass through the second ramification point of the two-to-one
cover.

260, component. The image consists of a conic and two lines, all of them concurring in a point. The di-
mension is 13. A map is smoothable if the separating bridge covers a line two-to-one, and E; is attached to
one of the ramification points. This locus has dimension 11. See Figure 13.

M g22M component. The image consists of a conic and two lines. The intersection with main has three com-
ponents, all of dimension 10: the separating bridge covers a line two-to-one; and the other lines can either
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Figure 13: £261%) dim = 13; £261) A M™", dim = 11

be equal (tangent) to this one, or meet it in a branch point of the cover. Again, we note that aligning creates
two-dimensional fibres, entirely contained in the factorisation locus. See Figures 14 and 15.

M E1EK component. Here Y uy + Y s = 3. These components meet main where D¥1UWUH2 do, We refer the
reader to the above discussion of such loci.

br=4¢ component. The image is a three-nodal quartic, the elliptic curve is contracted to one of the nodes.
The dimension is 13. A map is smoothable if the image contains a tacnode (to which the elliptic component
is contracted); the image has type A; — A3. The dimension is 12. See Figure 16.

br=3 c(1) component. The image is a nodal cubic with a line passing through the node. The dimension is 12.
This locus is contained in main, as the image determines the elliptic 3-fold point through which the map
factors.

Note that in this case, as well as in the next two examples, the factorisation condition is in fact a genus
one condition.

br=22(2) component. A degree 2 map can be non-injective only if it is the double cover of a line, so the image
consists of a line and a conic; the elliptic curve is contracted to their intersection point. The dimension is 12,
and this locus is contained in main.
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Figure 15: Inconsequential alignment and factorisation.

br=2£(1%) com ponent. This component has dimension 11, and it is contained in main.The non-disconnecting
bridge maps two to one to a line and the rational components map to concurrent lines, i.e. the image is a
3-fold singularity.

br=1cH component. Since we cannot have a non-injective degree one morphism, the generic point of this
component actually corresponds to a map from a source curve C = RuU Z U T# where: the core Z, on which the
map is constant, is given by the union of an elliptic curve E and a non-separating bridge B; there is a rational
tail R on which the map has degree one cleaving to B; the rest of the degree is distributed among some tails
T* cleaving to E. In particular these loci lie in the closure of the components D™W"* with one degree 1 tail
studied before, so they intersect main within DM,

hypp(2) component. The core covers a line two-to-one, and the tail embeds as a conic. The dimension is 13.
Factoring through a hyperelliptic ribbon, we see that the map on the tail must be ramified at the node, i.e. it
must be the double cover of a line ramified at the attaching point. The dimension is 11. See Figure 17. Note
that this locus remains unaltered in VZ, (P2, 4).

hypp(1%) component. The image consists of aline £ (doubly covered by the core) together with two other lines.
The dimension is 12. The locus is entirely contained in main. Note that aligning introduces a 1-dimensional
fibre. On the other hand, if xo denotes the coordinate vanishing along ¢, xo will only descend to one of the
possible ribbons (so, the correct ribbon is determined by the image of the map).
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