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Rayleigh-Bénard instability in a horizontal

porous layer with anomalous diffusion

A. Barletta

Department of Industrial Engineering, Alma Mater Studiorum Università di Bologna,

Viale Risorgimento 2, 40136 Bologna, Italy

(Electronic mail: antonio.barletta@unibo.it)

(Dated: 7 October 2023)

The analysis of the Rayleigh-Bénard instability due to the mass diffusion in a fluid-saturated horizontal porous

layer is reconsidered. The standard diffusion theory based on the variance of the molecular position growing

linearly in time is generalised to anomalous diffusion, where the variance is modelled as a power-law function

of time. A model of anomalous diffusion based on a time-dependent mass diffusion coefficient is adopted,

together with Darcy’s law, for momentum transfer, and the Boussinesq approximation, for the description of

the buoyant flow. A linear stability analysis is carried out for a basic state where the solute has a potentially

unstable concentration distribution varying linearly in the vertical direction and the fluid is at rest. It is

shown that any, even slight, departure from the standard diffusion process has a dramatic effect on the onset

conditions of the instability. This circumstance reveals a strong sensitivity to the anomalous diffusion index.

It is shown that subdiffusion yields instability for every positive mass diffusion Rayleigh number, while

superdiffusion brings stabilisation no matter how large is the Rayleigh number. A discussion of the linear

stability analysis based on the Galilei-variant fractional-derivative model of subdiffusion is eventually carried

out.

I. INTRODUCTION

Anomalous diffusion defines a class of processes

where the statistics of molecular dynamics departs sig-

nificantly from the standard Brownian motion theory,

giving rise to such phenomena as superdiffusion or

subdiffusion1,2. Anomalous diffusion is often termed

fractional diffusion when the governing equation in-

volves fractional derivatives. Unlike classical diffusion,

which is characterised by second-order spatial deriva-

tives in space and first-order in time, fractional diffusion

may be modelled by derivatives of non-integer order3,4.

In fact, the fractional derivative is a mathematical tool

aimed to capture the memory effects and the long-range

correlations typical of anomalous diffusion. Such effects

may be present in a wide variety of physical, biologi-

cal, and mathematical systems5. In fact, anomalous or

fractional diffusion has been utilised to describe various

geological processes, such as the spreading of contami-

nants in groundwater, the diffusion of gases in the atmo-

sphere, and the heat and mass transfer in porous rocks.

In particular, the transport of particles in complex media,

such as porous materials, disordered systems, or fractal

structures are typical situations where anomalous diffu-

sion features might emerge6. When modelling a process

of anomalous diffusion, the simplest approach does not

necessarily involve fractional derivatives provided that

the coefficient of diffusion, or diffusivity, is considered

as time dependent7–9.

At the molecular scale, the classical physical model

of a diffusion process follows the random walk statis-

tics where the variance in the random position of the

molecules, σ2
x , increases linearly with time, t, namely

σ2
x ∼ Dt, (1)

where D is a diffusion coefficient having necessarily the

SI units m2s−1. The proportionality between σ2
x and t

is the ultimate reason underlying the well-known struc-

ture of the standard diffusion equation1 with a first-order

derivative in time and second-order derivatives in the co-

ordinates leading to the Laplacian term, when the dif-

fusion process is isotropic. Anomalous diffusion may

be caused by a departure from the standard statistics of

molecular random walk devised in the theory of Brow-

nian motion8. The characteristic behaviour of molecular

random walk in anomalous diffusion is one where Eq. (1)

is generalised to

σ2
x ∼ Df t

r, (2)

where r is a positive dimensionless parameter which can

be either in the range r < 1 (subdiffusion), or in the range

r > 1 (superdiffusion), while r = 1 brings back to Eq. (1),

i.e., to a standard diffusion process. In Eq. (2), Df gener-

alises D as a fractional diffusion coefficient, where its SI

units are m2s−r. An example of superdiffusion is when

the anomalous behaviour is caused by occasional events,

or long molecular jumps, known as Levy flights10 al-

tering the local character of the diffusion process. In
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Eq. (2), one can think to a model where a time-dependent

diffusion coefficient D = Df r tr−1 is employed7–9.

The Rayleigh-Bénard instability in a horizontal fluid

layer or fluid-saturated porous layer is the phenomenon

of convective cellular flow that occurs in a system with a

layer of fluid heated from below and cooled from above.

Such a cellular flow pattern is possible only when the

fluid layer is subjected to a sufficiently large tempera-

ture difference between the boundary planes or, in di-

mensionless terms, when the Rayleigh number is large

enough11. The mass diffusion version of the Rayleigh-

Bénard instability is also a possible phenomenon, where

the mass diffusion of a solute substance replaces the

heat diffusion as the activation mechanism for the con-

vective cellular flow12. With either heat diffusion or

mass diffusion, the saturated porous medium version of

the Rayleigh-Bénard instability is also termed Horton-

Rogers-Lapwood (HRL) problem11,13–18. In particular,

the termohaline convection15 identifies a situation where

both heat and mass diffusion are present in determin-

ing the onset conditions for the cellular flow in the hor-

izontal fluid-saturated porous medium. A recent paper

by Karani et al. 19 explores the HRL problem by em-

ploying a model of heat diffusion where the advection

term is expressed through a fractional gradient of the

temperature field. Another recent study by Klimenko

and Maryshev 20 is focussed on the mass diffusion HRL

problem with the diffusion equation expressed according

to a two-phase fractional mobilisation/immobilisation

model, where the immobilisation of the diffusing solute

molecules means the adsorption of such molecules by

the porous solid matrix. The more general field of mi-

crofluidic effects possibly under conditions of local ther-

mal non-equilibrium has been widely investigated in the

last decades21–27. Further recent studies deal with other

relevant aspects of the mass diffusion interplay with con-

vective flows28–32.

The aim of this paper is to examine the effect of a de-

parture from the standard mass diffusion theory, as mod-

elled by an index r ̸= 1 in Eq. (2), on the onset con-

ditions for the solutal Rayleigh-Bénard instability in a

fluid-saturated porous layer. In Section II, very simple

and intuitive arguments leading to the anomalous diffu-

sion model, where the mass diffusivity is expressed as a

power-law function of time, are proposed. Such a sur-

vey, not aimed at mathematical rigour or generality, is

just meant as a quick tool for possible readers not specif-

ically familiar with the topic. Then, in Section III, the

mass diffusion equation is formulated by using a time-

dependent diffusivity, while Darcy’s law and the Boussi-

nesq approximation are employed as a model of buoy-

ant flow in the porous medium. It is well-known that,

according to the standard mass diffusion theory, the on-

set conditions of the solutal instability in the layer are

achieved when the mass diffusion Rayleigh number, Ra,

lies above the minimum of the neutral stability curve, i.e.,

for Ra > 4π213–18. The basic stationary state with a zero

velocity field is described in Section IV. Then, in Sec-

tion V, it is shown that a departure from the standard dif-

fusion process, Eq. (1), leading to an anomalous process

described by Eq. (2) with r ̸= 1, means a dramatic change

in the onset conditions for the instability of the basic sta-

tionary state. In particular, r < 1 (subdiffusion) entails

linear instability for every Ra > 0, while r > 1 (superdif-

fusion) means linear stability for every Ra > 0. This re-

sult implies an extreme sensitivity of the model to any de-

parture from the standard statistics of the mass diffusion

process. Finally, in Section VI, a discussion regarding

the linear stability analysis and the onset conditions for

the instability evaluated according to the Galilei-variant

fractional-derivative model of subdiffusion1 is presented.

II. A NAÏVE DESCRIPTION OF ANOMALOUS
DIFFUSION

In this section, we provide an informal description of

the physics behind the phenomenon of anomalous dif-

fusion. There is no aim at mathematical rigour or gen-

erality in the arguments reported, but only the objective

of providing a short survey for the benefit of the reader

not specifically familiar with the topic. The forthcoming

procedure is mostly a simplification of a similar layout

proposed by many authors, such as Henry, Langlands,

and Straka 8 , Sokolov 9 , Pomeau and Piasecki 33 .

A. The Langevin equation

The motion of a solute molecule into a milieu of base

fluid molecules subject to thermal agitation can be de-

scribed through the Langevin equation33,

m
d2xi(t)

dt2
=−γ

dxi(t)

dt
+Fi(t), (3)

where m is the mass of the molecule, γ is a positive

constant expressing the frictional coefficient and Fi(t)
is the ith component of the stochastic force acting on

the molecule. The friction force −γ dxi(t)/dt describes

the collective dissipative effect of the molecular milieu,

while the random force Fi(t) expresses a stochastic sig-

nal accounting for the random character of the motion

undergone by the solute molecule (see Fig. 1).

For the sake of simplicity and without any detri-

ment of the physical argument, we will consider a

one-dimensional motion meaning that the subscript i in

Eq. (3) will be hereafter omitted.
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FIG. 1. A qualitative sketch of a two-dimensional random

walk.

The Langevin equation is the extension of Newton’s

second law of dynamics to a case where the motion is

influenced by a random force, F(t). The statistical prop-

erties of F(t) are two: the average value ⟨F(t)⟩ evaluated

at any time t over an ensemble of identically prepared so-

lute molecules is zero; the stochastic function F(t) is not

correlated with the instantaneous position of the solute

molecule, x(t). In formulas, we have

⟨F(t)⟩= 0, ⟨x(t)F(t)⟩= ⟨x(t)⟩⟨F(t)⟩= 0. (4)

We evaluate the ensemble average ⟨·⟩ of the one-

dimensional version of Eq. (3), by using Eq. (4),

m
d2

dt2
⟨x(t)⟩=−γ

d

dt
⟨x(t)⟩. (5)

Equation (5) yields

d

dt
⟨x(t)⟩=

d

dt
⟨x(t)⟩

∣

∣

∣

∣

t=0

e−γ t/m. (6)

Hence, after a transient exponential decay, when t ≫
m/γ , ⟨x(t)⟩ can be approximated as a constant which can

be set to zero by adjusting the origin of the x axis,

⟨x(t)⟩≈ 0. (7)

Let us now multiply the one-dimensional version of

Eq. (3) by x(t) and evaluate its ensemble average. As

a consequence of Eq. (4), we obtain

m

〈

x(t)
d2x(t)

dt2

〉

=−γ

〈

x(t)
dx(t)

dt

〉

, (8)

Thus, by some straightforward mathematical manipula-

tions, we can rewrite Eq. (8) as

m
d

dt

〈

x(t)
dx(t)

dt

〉

−m

〈[

dx(t)

dt

]2〉

=−γ

〈

x(t)
dx(t)

dt

〉

. (9)

We can introduce the function

Y (t) =

〈

x(t)
dx(t)

dt

〉

=
1

2

d

dt
⟨[x(t)]2⟩, (10)

so that Eq. (9) reads

m
dY (t)

dt
+ γ Y (t) = m

〈[

dx(t)

dt

]2〉

. (11)

Standard diffusion theory is based on the assumption of

thermodynamic equilibrium at a constant temperature T .

Hence, following the equipartition theorem of statistical

mechanics, one can express the average kinetic energy

of the molecule, considered as a pointlike particle, in the

form

m

2

〈[

dx(t)

dt

]2〉

=
1

2
κBT, (12)

where κB = 1.380649×10−23 JK−1 is Boltzmann’s con-

stant. This means that the right hand side of Eq. (11) is a

constant, so that this equation can be easily integrated,

Y (t) =
κBT

γ
+

[

Y (0)−
κBT

γ

]

e−γ t/m. (13)

Once the damping effect of the exponential in time is

completed, i.e. when t ≫ m/γ , the function Y (t) turns

out to be a constant. Thus, Eqs. (10) and (13) allow one

to obtain

⟨[x(t)]2⟩−⟨[x(0)]2⟩ ≈
2κBT

γ
t. (14)

We note that, from Eqs. (7) and (14), the variance σ2
x of

the position x(t) of the molecule at a given time t can be

expressed as

σ2
x = ⟨[x(t)]2⟩−⟨x(t)⟩2 = ⟨[x(t)]2⟩ ≈

2κBT

γ
t, (15)

where it is implicitly assumed that the initial position

of the solute molecule is known with certainty, i.e.

⟨[x(0)]2⟩ = 0. One may introduce the diffusion coeffi-

cient D defined as

D =
1

2

dσ2
x

dt
≈

κBT

γ
, (16)

3
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FIG. 2. Illustration of the steps undergone by the one-dimensional random walker in the time interval [t −∆t, t].

so that Eq. (15) now reads

σ2
x = 2Dt. (17)

This description accounts for standard diffusion pro-

cesses. The anomalous diffusion deviates from this re-

sult due to the breakdown of the thermodynamic equi-

librium assumption. The lack of thermodynamic equi-

librium has several implications, such as the activation

of memory effects and relaxation phenomena. Overall,

the consequence is that the equipartition theorem cannot

be invoked and the right hand side of Eq. (12) is not a

constant any more. Thus, Eq. (12) now reads

m

2

〈[

dx(t)

dt

]2〉

=
1

2
h(t), (18)

where h(t) is a positive-definite memory function. In

other words, the instantaneous value of the average ki-

netic energy is not merely a function of the thermody-

namic state, but a function of the stochastic process un-

dergone so far by the solute molecule. Hence, Eqs. (11)

and (12) are to be reformulated as

m
dY (t)

dt
+ γ Y (t) = h(t). (19)

One of the simplest models with a non-constant memory

function h(t) is that where Eq. (19) entails Y (t) to be

given by a power-law function of t at sufficiently large

times (t ≫ m/γ),

Y (t) = Df r tr−1, (20)

where Df and r are real positive constants. We note

that, on account of Eqs. (19) and (20), the memory func-

tion h(t) can be approximated at large times as h(t) ≈
γ Y (t) = γDf r tr−1. Relying on Eqs. (10) and (20), one

has

⟨[x(t)]2⟩−⟨[x(0)]2⟩= 2Df t
r, (21)

instead of Eq. (14) and

σ2
x = 2Df t

r. (22)

instead of Eq. (17). Thus, one can make Eqs. (17)

and (22) formally equivalent by introducing a time-

dependent diffusion coefficient defined as

D =
1

2

dσ2
x

dt
= Df r tr−1. (23)

On average, the small step-sizes in position and time ∆x

and ∆t during the molecular random walk can be approx-

imated by employing the derivative dσ2
x /dt, namely

∆x2 ≈
dσ2

x

dt
∆t = 2D∆t. (24)

B. The master equation

Let us consider the probability density function

P(x, t). The probability for the randomly walking

molecule to be localised in an infinitesimal range be-

tween x and x+dx at time t is given by P(x, t)dx. Then,

by employing the average step-sizes defined by Eq. (24),

one can write

P(x, t)≈
1

2

[

P(x−∆x, t −∆t)

+P(x+∆x, t −∆t)
]

, (25)

where the approximation improves as the step-sizes ∆x

and ∆t become smaller and smaller. One can figure out

Eq. (25) by realising that the molecule is at (x, t) if, at

the preceding instant t −∆t, its position is one step back-

ward or one step forward from x (see Fig. 2). Here, the

two possibilities are statistically equivalent and, hence,

weighted with 1/2. There is a more rigorous version of

Eq. (25) where ∆x and ∆t are considered as statistical

variables with their own probability density1,8, but we

will not discuss this approach here as it does not sensibly

affect the conclusions to be achieved. We now employ a

Taylor series expansion at the lowest orders to write

P(x±∆x, t −∆t)≈ P(x, t)±
∂P(x, t)

∂x
∆x

−
∂P(x, t)

∂ t
∆t +

1

2

∂ 2P(x, t)

∂x2
∆x2

∓
∂ 2P(x, t)

∂x∂ t
∆x∆t +

1

2

∂ 2P(x, t)

∂ t2
∆t2

±O
(

∆x3
)

+O
(

∆x2∆t
)

±O
(

∆x∆t2
)

+O
(

∆t3
)

. (26)

By substituting Eq. (26) into Eq. (25), we obtain

∂P(x, t)

∂ t
∆t ≈

1

2

∂ 2P(x, t)

∂x2
∆x2

+
1

2

∂ 2P(x, t)

∂ t2
∆t2 +O

(

∆x2∆t
)

+O
(

∆t3
)

. (27)
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The approximation becomes equality when ∆x and ∆t

tend to zero, so that Eq. (24) provides a very accurate

evaluation of the ratio ∆x2/∆t. We divide Eq. (27) by

∆t and we take the limits ∆t → 0 and ∆x → 0. Thus, by

using Eq. (24), we obtain the master equation9

∂P

∂ t
= D

∂ 2P

∂x2
, (28)

with D expressed by Eq. (23). The product between

P(x, t) and the overall mass M of the solute substance

undergoing the random walk in the solvent molecular mi-

lieu yields the concentration field C(x, t) of the solute.

Thus, the master equation (28) is rewritten as the one-

dimensional diffusion equation

∂C

∂ t
= D

∂ 2C

∂x2
. (29)

Having in mind the physics behind this simple one-

dimensional argument, the generalisation to three dimen-

sions and to the case where the underlying molecular mi-

lieu is subject to a deterministic velocity field with jth

component u j is straightforward, so that Eq. (29) is writ-

ten as

∂C

∂ t
+u j

∂C

∂x j

= D∇2C. (30)

In Eq. (30) and thereafter, Einstein’s notation for the

sum over a repeated index is employed. Going three-

dimensional also means that the average kinetic energy

in Eq. (12) must include the contribution of the three

square derivatives of x(t), y(t) and z(t). Hence, as a con-

sequence of the equipartition theorem relative to a point-

like particle, the constant κBT/2 on the right hand side

of Eq. (12) must be multiplied by the number of degrees

of freedom, namely it is to be replaced by 3κBT/2.

III. MATHEMATICAL FORMULATION

Let us consider a horizontal fluid-saturated porous

layer with thickness H. The z axis is chosen as vertical,

so that the gravitational acceleration is g =−gêz with êz

the unit vector of the z axis and g the modulus of g. As

sketched in Fig. 3, the origin of the z axis is at the lower

boundary plane, z = 0, modelled as both impermeable

and with a uniform solute concentration C1. The upper

boundary plane, z = H, is also impermeable, but kept at

a uniform concentration C2 ̸=C1. The width of the layer

along the horizontal axes x and y is considered as infinite.

A. Anomalous mass diffusion in a fluid-saturated
porous medium

The standard local mass diffusion equation of a solute

in a fluid-saturated porous medium is formulated, start-

ing from Eq. (30), as17,18

φ
∂C

∂ t
+u j

∂C

∂x j

−φD∇2C = 0, (31)

with a constant D. We emphasise that u j now denotes the

jth component (with j = 1,2,3, or x,y,z) of the seepage,

or Darcy’s, velocity, while φ is the porosity of the solid

medium and x j stands for the jth Cartesian coordinate.

The generalisation to anomalous diffusion of Eq. (31) is

obtained by using Eq. (23), namely

φ
∂C

∂ t
+u j

∂C

∂x j

−φDf r tr−1∇2C = 0, (32)

identifying the standard diffusion as the special case r =
1 with Df = D.

B. Mass balance and momentum balance

The model of fluid flow in a porous medium is based

on Darcy’s law17,18, where the buoyancy force due to the

solutal diffusion is taken into account by adopting the

Boussinesq approximation17,18,34,35. The local mass and

momentum balance equations are thus given by

∂u j

∂x j

= 0, (33)

µ

K
ui =−

∂ p

∂xi

+ρgα(C−C0)δ3i, (34)

where p is the local difference between the pressure and

the hydrostatic pressure, µ , ρ and α are the dynamic vis-

cosity, the density and the solutal expansion coefficient

of the fluid, respectively, while K is the permeability of

the porous medium and δ3i is the 3ith component of Kro-

necker’s delta. The quantities µ , ρ , φ and K are positive,

while α can be either positive or negative. The refer-

ence concentration, C0, employed for the definition of the

buoyancy force in the local momentum balance Eq. (34)

is chosen as that prescribed at the top boundary, namely

C0 =C2.

C. Boundary conditions

The boundary conditions are meant to describe imper-

meability and uniform solute concentrations at z = 0,H.
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FIG. 3. A sketch of the fluid-saturated porous layer and of the boundary conditions.

They are expressed as

z = 0 : uz = 0, C =C1,

z = H : uz = 0, C =C2, (35)

where uz denotes the z component of the velocity.

D. Dimensionless quantities

The governing equations and boundary conditions

(32), (33)-(35) can be expressed in a dimensionless form

by adopting the scales defined in Table I and by employ-

ing, for the sake of simplicity, the same symbols for the

dimensionless and dimensional quantities,

∂u j

∂x j

= 0, (36)

ui +
∂ p

∂xi

−φRaCδ3i = 0, (37)

φ
∂C

∂ t
+u j

∂C

∂x j

−φr tr−1∇2C = 0, (38)

z = 0 : uz = 0, C = 1,

z = 1 : uz = 0, C = 0, (39)

where Ra in Eq. (37) denotes the mass diffusion Rayleigh

number defined as

Ra =
ρgα(C1 −C2)KH(2−r)/r

φ µDf
1/r

. (40)

Hereafter, the Rayleigh number will be considered as

positive or, equivalently, α(C1 −C2) will be considered

as positive, so that a downward dimensionless concen-

tration gradient identifies a potentially unstable solutal

stratification.

TABLE I. Scales adopted for the dimensionless analysis

Quantity Scale

coordinate H

time H2/rDf
−1/r

velocity H(r−2)/rDf
1/r

pressure µK−1H2(r−1)/rDf
1/r

concentrationa C1 −C2

a The dimensionless concentration is defined as (C−C2)/(C1 −C2)

IV. THE BASIC STATIONARY STATE

As in the classical analysis of the solutal Rayleigh-

Bénard problem in a saturated porous medium, the basic

stationary state is a zero velocity solution of Eqs. (36)-

(39) with a distribution of C depending just on the z co-

ordinate,

ui = 0, C = 1− z, p = φRa
(

1−
z

2

)

z, (41)

where the value of p at z = 0 has been conventionally set

to zero. Equation (41) describes a stationary motionless

state with a potentially unstable vertical stratification of

the concentration field C.

V. THE LINEAR STABILITY ANALYSIS

Let us now investigate the dynamics for the small-

amplitude perturbations of the basic state, Eq. (41), by

defining

ui = εUi, C = 1− z+ εχ,

p = φRa
(

1−
z

2

)

z+ εP, (42)
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where ε ≪ 1 is a positive perturbation parameter and

(Ui,χ,P) are the perturbation functions. Let us substitute

Eq. (42) into Eqs. (36)-(39) by neglecting terms O
(

ε2
)

,

so that we obtain

∂U j

∂x j

= 0, (43)

Ui +
∂P

∂xi

−φRaχδ3i = 0, (44)

φ
∂ χ

∂ t
−Uz −φr tr−1∇2χ = 0, (45)

z = 0,1 : Uz = 0, χ = 0. (46)

The eigenvalue problem (43)-(46) is invariant under ro-

tations around the vertical z axis, so that we can focus

on the y-independent solutions. By this argument, the

two-dimensional analysis of Eqs. (43)-(46) yields

∂Ux

∂x
+

∂Uz

∂ z
= 0, (47)

∂Ux

∂ z
−

∂Uz

∂x
+φRa

∂ χ

∂x
= 0, (48)

φ
∂ χ

∂ t
−Uz −φr tr−1∇2χ = 0, (49)

z = 0,1 : Uz = 0, χ = 0, (50)

where the x and z components of Eq. (44) have been re-

arranged in a vorticity formulation to encompass the de-

pendence on P, while the y component of Eq. (44) just

yields Uy = 0. Let us now introduce a streamfunction, ψ ,

defined as

Ux =
∂ψ

∂ z
, Uz =−

∂ψ

∂x
, (51)

so that Eq. (47) is identically satisfied and Eqs. (48)-(50)

yield

∇2ψ +φRa
∂ χ

∂x
= 0, (52)

φ
∂ χ

∂ t
+

∂ψ

∂x
−φr tr−1∇2χ = 0, (53)

z = 0,1 :
∂ψ

∂x
= 0, χ = 0. (54)

A. The normal modes

We now express ψ and χ as normal modes

ψ = A(t)eikx sin(nπz), χ = B(t)eikx sin(nπz),

for n = 1,2,3, . . . , (55)

and k denoting the wavenumber. Substitution of Eq. (55)

into Eqs. (52) and (53) yields

A(t) =
ikφRa

k2 +n2π2
B(t), (56)

dB(t)

dt
−

[

k2Ra

k2 +n2π2

− r tr−1
(

k2 +n2π2
)

]

B(t) = 0, (57)

while the boundary conditions (54) are identically satis-

fied. Equation (56) and integration of Eq. (57) lead to

{

A(t)
B(t)

}

=

{

A(0)
B(0)

}

exp
[(

k2 +n2π2
)

G(t)
]

, (58)

G(t) = St − tr, for S =
k2Ra

(k2 +n2π2)2
. (59)

Function G(t) is the key to tell stability from instability,

by inspecting its behaviour at large times.

B. Standard diffusion (r = 1)

It is evident from Eqs. (58) and (59) that, with r = 1,

parameter S determines the monotonic increasing or de-

creasing character of G(t) and, hence, the growth (S > 1)
or decay (S < 1) in time of the perturbation ampli-

tudes, A(t) and B(t). The threshold condition to insta-

bility is S = 1, yielding the well-known neutral stability

condition13–15,17,18,

Ra =

(

k2 +n2π2
)2

k2
, (60)

where the minimum value of Ra, i.e. the critical value

Rac = 4π2, is achieved with n = 1 and k = kc = π . No

instability is possible when Ra is subcritical.

C. Subdiffusion (r < 1) and superdiffusion (r > 1)

With r ̸= 1, parameter S has some importance only at

the early stages of the evolution in time of G(t). At large

times, G(t) is a monotonic increasing or decreasing func-

tion depending only on r being smaller or larger than 1,

respectively. Hence, the perturbations, A(t) and B(t), at

large times undergo an unbounded growth for subdiffu-

sion (r < 1) or a decay to zero for superdiffusion (r > 1),

lim
t→+∞

{

A(t)
B(t)

}

=

{

∞ for r < 1,

0 for r > 1,

∀S > 0. (61)
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FIG. 4. Plots of G(t) for S = 0.8. Colours from blue to magenta denote subdiffusion with values of r from 0.5 to 0.95 in steps of

0.05. Colours from green to orange denote superdiffusion with values of r from 1.05 to 1.5 in steps of 0.05. The black line is for

standard diffusion, r = 1.

FIG. 5. Plots of G(t) for S = 1.2. Colours from blue to magenta denote subdiffusion with values of r from 0.5 to 0.95 in steps of

0.05. Colours from green to orange denote superdiffusion with values of r from 1.05 to 1.5 in steps of 0.05. The black line is for

standard diffusion, r = 1.

Incidentally, whenever S ≤ 0, meaning Ra ≤ 0, Eqs. (58)

and (59) lead to the prediction of a decay to zero of the

perturbations independently of r. This result is quite rea-

sonable given that S ≤ 0 addresses cases of a stably strat-

ified fluid in the basic state.

Figures 4 and 5 display the trend of function G(t) for

either S = 0.8 (Fig. 4) or S = 1.2 (Fig. 5). Several values

of r are spanned in such figures describing both subdif-

fusion and superdiffusion, with a smaller or a larger time

range starting from t = 0 in the left hand frame and in the

right hand frame, respectively. Figure 4 illustrates a case

where standard diffusion predicts stability, S < 1. On the

other hand, Fig. 5 is relative to a case where standard

diffusion would yield instability, S > 1.

There is a simple heuristic argument explaining why

r < 1 yields instability under conditions where stan-

dard diffusion predicts stability, i.e., for 0 < S < 1. As

pointed out by several authors, as for instance Normand,

Pomeau, and Velarde 36 , the Rayleigh-Bénard instabil-

ity results from the synergic action of three physical ef-
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fects: the buoyancy, the diffusion and the viscous fric-

tion. The buoyancy force is powered by an inefficient

diffusion inasmuch as such inefficiency is responsible

for locally large concentration gradients. The initiat-

ing convection cells undergo an amplification in time,

leading to instability, only if the buoyancy force is so

intense as to prevail over the viscous damping. Sub-

diffusion (r < 1) makes the time-dependent diffusivity,

D = Df r tr−1, smaller and smaller as time increases, thus

creating conditions where the buoyancy force is increas-

ingly intense with time. Thus, a time exists where the

buoyancy force ends up to prevail over the viscous damp-

ing and the instability starts. A similar argument can eas-

ily be used to justify why superdiffusion (r > 1) yields

linear stability even when standard diffusion would pre-

dict instability (S > 1). For r > 1, a time always exists

where the diffusivity is so large and the buoyancy force

becomes consequently so weak that the viscous damp-

ing eventually prevails, thus switching off the initiating

convection cells.

With r ̸= 1, Eq. (59) shows that function G(t) has not

a monotonic behaviour for t > 0. In fact, its deriva-

tive vanishes at time t = (S/r)1/(r−1)
meaning a change

from an increasing trend to a decreasing trend or vice

versa. More precisely, t = (S/r)1/(r−1)
is a minimum for

subdiffusion (r < 1) and a maximum for superdiffusion

(r > 1). For subdiffusion, the transient damping at ear-

lier times followed by an asymptotic unbounded growth

at large times is a trend unlikely modified by the nonlin-

earity of the perturbation dynamics if not for a possible

nonlinear saturation eventually bounding the linearly un-

bounded growth. Things might be different for superdif-

fusion where the transient growth at earlier times can

mean a strong initial amplification of the initial pertur-

bation amplitudes A(0) and B(0). This transient growth

could drive the evolution from an initial linear behaviour

to a nonlinear one before reaching the maximum of the

amplitudes. The possible emergence of such a nonlin-

earity for t ≤ (S/r)1/(r−1)
might hinder the linear predic-

tions for the damping of the amplitudes A(t) and B(t) at

larger times.

VI. AN ALTERNATIVE FRACTIONAL DERIVATIVE
MODEL

An alternative model of subdiffusion (r < 1) could be

employed based on the use of the fractional time deriva-

tive in the mass balance equation for the solute, so that

Eq. (38) is replaced by

φD
r
t C+ξ u j

∂C

∂x j

−φ∇2C = 0, (62)

FIG. 6. Plots of the Mittag-Leffler function Er(s) versus s.

Coloured lines from blue to magenta are for values of r from

0.5 to 0.95 in steps of 0.05, while the black line is for r = 1.

where D r
t is the fractional time derivative of order r.

Equation (62) is grounded on the Galilei-variant frac-

tional diffusion-advection equation1,37, where ξ is an

advection-mobility dimensionless parameter, based on

an advection-mobility time constant τ , defined as

ξ =

[

(

Df

H2

)1/r

τ

]1−r

. (63)

The quantity τ is needed in the model for dimensional

consistency reasons whenever r ̸= 1. Compatibility with

standard diffusion is assured as, for r → 1, Eq. (63) yields

ξ → 1, whatever is the value of τ . Furthermore, D r
t f (t)

is assumed to be the Caputo derivative of a function f (t),
defined as8

D
r
t f (t) =

1

Γ(1− r)

∫ t

0
(t − s)−r d f (s)

ds
ds,

for 0 < r < 1, (64)

where Γ(·) is Euler’s Gamma function. With this ap-

proach, there is no change in the determination of the

basic state as Eq. (41) still yields a solution of Eqs. (36),

(37), (39) and (62). This is a consequence of the property

that the Caputo derivative of a time-independent quantity

is zero, a property not satisfied by other definitions of the

fractional time derivative4.

On perturbing the basic state given by Eq. (41),

Eqs. (52) and (54) are left unaltered, while Eq. (53) is

now replaced by

φD
r
t χ +ξ

∂ψ

∂x
−φ∇2χ = 0. (65)
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The use of the normal modes given by Eq. (55) leads to

Eq. (56) and

D
r
t B(t)−

[

k2ξ Ra

k2 +n2π2

−
(

k2 +n2π2
)

]

B(t) = 0, (66)

instead of Eq. (57). The solution of Eqs. (56) and (66)

can be expressed in terms of the Mittag-Leffler function

Er(·)
38,

{

A(t)
B(t)

}

=

{

A(0)
B(0)

}

Er(λ tr)

for λ =
k2ξ Ra

k2 +n2π2
−
(

k2 +n2π2
)

. (67)

The Mittag-Leffler function Er(·) is defined as38,

Er(s) =
∞

∑
n=0

sn

Γ(rn+1)
, for s ∈ C. (68)

It is evident from Eq. (68) that the Mittag-Leffler func-

tion can be considered as a fractional extension of the

exponential function. In fact, E1(s) = es. Just as the ex-

ponential function, Er(s) monotonically increases with

s ∈ R
39 as illustrated in Fig. 6. Function Er(s), for

1/2 ≤ r < 1, is compared in this figure with E1(s) = es.

For 1/2≤ r < 1, function Er(s) grows significantly faster

than the exponential with increasing s, for s > 0. On the

other hand, it decays to zero slower than the exponential

with increasing |s|, for s < 0. From these properties of

the Mittag-Leffler function, one is led to the conclusion

that instability happens for λ > 0. Then, by taking into

account Eq. (67), the neutral stability condition (λ = 0)
occurs with the n = 1 modes, provided that

Ra =

(

k2 +π2
)2

ξ k2
. (69)

The smaller is ξ the lower are the neutral stability values

of Ra. At the very least, the neutral stability condition

arises when k and Ra coincide with the critical values

kc = π, Rac =
4π2

ξ
. (70)

How such conditions for instability compare with those

for standard diffusion (r = 1,ξ = 1) depends entirely on

the value of ξ , which is a parameter to be determined ex-

perimentally. A possible agreement between the predic-

tions gathered from the time-dependent diffusivity model

established in Section V C and the predictions grounded

on Eqs. (69) and (70) suggests that Rac for 1/2 ≤ r < 1

should be smaller than 4π2, which is the critical value

for the standard diffusion case (r = 1,ξ = 1). In fact,

in Section V C, we proved that subdiffusion yields a

destabilising effect with respect to standard diffusion.

This argument could be corroborated only if subdiffu-

sion described through Eq. (62) means ξ > 1. However,

ξ is based on the advection-mobility time parameter τ
which, as suggested by Compte 40 , “must be handled

as a macroscopic parameter on an equal footing with”

the fractional diffusivity, Df . As such, only experimen-

tal data (currently unavailable to the best of the author’s

knowledge) may shed some light on the value of τ under

given circumstances, and the experimental analysis of

the Rayleigh-Bènard problem in a porous material may

be a case where an indirect measurement of τ can be ac-

complished through a measurement of Rac.

If a separate determination of (r,Df ,τ) serves to estab-

lish the effect of subdiffusion on the onset of the instabil-

ity, when subdiffusion is modelled through Eq. (62), one

can ground the instability predictions on a single param-

eter, ξ Ra. This product can be interpreted as a modified

Rayleigh number Ramod which, from Eqs. (40) and (63),

is expressed as

Ramod = ξ Ra =
ρgα(C1 −C2)KH

φ µDf τr−1
. (71)

One can realise that Ramod is nothing but the Rayleigh

number for standard diffusion in a porous medium when

the diffusion coefficient D is given by Df τr−1. Inter-

estingly enough, the predicted threshold condition to in-

stability is all about the value of Df τr−1 for subdiffu-

sion as compared to the value of the mass diffusivity

D for standard diffusion. On purely physical grounds,

this outcome can be compared with what has been ar-

gued in Section V C. We have gone into a constant dif-

fusivity D = Df τr−1 instead of a time-dependent diffu-

sivity D = Df r tr−1. The formal analogy turns out to

have significant effects. In fact, the parameter τ does

not change during the evolution in time of the perturba-

tions. As a consequence, the diffusivity D = Df r tr−1 de-

creases during the perturbation evolution, while the value

of D = Df τr−1 remains constant.

VII. CONCLUSIONS

The onset of the Rayleigh-Bénard instability in a hori-

zontal porous layer driven by a solute concentration gra-

dient has been studied by assuming an anomalous diffu-

sion process. The underlying molecular dynamics for the

solute species has been described in terms of a Brownian

motion. The positions of the random walker at a given

instant of time t have a statistical distribution whose vari-

ance increases in time with a power law, tr. The positive
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real index r modulates the departure from standard dif-

fusion processes, where the latter are characterised by

r = 1. Anomalous phenomena may be associated with

either r < 1 (subdiffusion) or r > 1 (superdiffusion).

The deduction of the balance equation for the anoma-

lous diffusion based on a time-dependent diffusivity co-

efficient, D = Df r tr−1 where Df is a constant, has been

surveyed and outlined. Then, the governing equations

for the buoyant mass-diffusion flow in a fluid-saturated

porous medium have been written. The basic stationary

state with zero velocity and a uniform vertical gradient of

the solute concentration has been defined, showing that

such a basic state does not depend on the anomalous dif-

fusion index r.

The linear stability analysis of the basic stationary

state has been studied by expressing the perturbations

in terms of normal modes with a time-dependent ampli-

tude. For standard mass diffusion, there exists a critical

Rayleigh number, Rac = 4π2, marking the transition to

instability. On the other hand, the main features of the

linear stability analysis for anomalous diffusion are the

following:

1) The evolution in time of the perturbation ampli-

tudes revealed that subdiffusion yields a destabil-

isation of the basic state with respect to the stan-

dard diffusion (r = 1). The basic state turns out

to be unstable for every positive Rayleigh number,

Ra > 0.

2) Superdiffusion is linearly stable for every Ra > 0,

even if a transient growth of the perturbation am-

plitudes occurs at earlier times of the evolution.

Such a transient growth may well drive the lin-

ear evolution of the amplitude into a nonlinear do-

main, thus biasing the linear predictions at later

times. In fact, the amplitude peaks achieved in the

transient growth become larger and larger as the

Rayleigh number increases above its standard dif-

fusion critical value, Rac = 4π2.

3) Features 1) and 2) revealed a strong sensitiv-

ity of the instability phenomenon to every, even

slight, departure from the standard diffusion pro-

cess, with either subdiffusion or superdiffusion

characteristics.

A fractional-derivative model of subdiffusion has been

also employed for testing its predictions relative to the

linear stability of the basic state. It has been noted that

a new dimensionless governing parameter ξ is needed

in this fractional derivative model. Such a parameter

modulates the advection term in the mass diffusion equa-

tion. A solution for the linear stability analysis has been

determined by adopting the Caputo fractional derivative

with respect to time. It has been shown that the time-

dependent perturbation amplitudes do not evolve expo-

nentially, as is usual for linear stability analyses, but ac-

cording to the Mittag-Leffler function of order r, where

the argument is proportional to tr. The instability oc-

curs when the Rayleigh number is larger than the criti-

cal value, Rac = 4π2/ξ . Such a critical value is com-

patible with that deduced for the special case of stan-

dard mass diffusion processes. In fact, by definition,

it turns out that ξ = 1 when r = 1. Experimental data

allowing for the evaluation of ξ , to date unavailable in

the literature, might clarify whether subdiffusion effects

are destabilising according to the fractional derivative

model, inasmuch as predicted by the time-dependent dif-

fusivity model. From another viewpoint, the experimen-

tal investigation of the Rayleigh-Bénard instability could

be a method for an indirect determination of the dimen-

sionless parameter ξ for subdiffusion processes.
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