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ABSTRACT

This Supplementary Material provides all the proofs of the main Theorems in the main text.

1 Proof of Theorem 1

1.1 Ring Network

In this case yi j = y(δ j,i+1 +δ j,i−1). We can study analytically the equilibrium of the system after an idiosyncratic

shock of size ε on one bank: z = (a− ε,a, . . . ,a), a > s and ε > (a− s). Denoting φ
⋆ the equilibrium we have

that φ ⋆
1 ⩽ φ ⋆

2 ⩽ . . . ⩽ φ ⋆
n . Let

n̄(φ ⋆) = max{i : φ
⋆
i < 1} (1)

the number of insolvent banks. As soon as n̄ < n, it should be φn = 1 and thus:

φ1 = fy,s(y+a− ε)

φi = φi−1 +
a− s

y
= φ1 +(i−1)

a− s
y

, i = 2, . . . , n̄

φi = 1, i > n̄.

It holds as soon as n̄ < n, i.e. fy,s(y+a− ε)+(n−1) a−s
y > 1, whose solution is

ε < ε
⋆ = n(a− s) or y < y⋆ = (n−1)(a− s), (2)
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exactly as in1. This is the equilibrium in the small shock (ε < ε⋆) or low exposure (y < y⋆) regime, where ε⋆ is

the total system’ liquidity in absence of shocks. In this regime the extension of the contagion is, from Equation 2,

E(φ ⋆) = n̄(φ ⋆)/n = ⌊1+
y

a− s
(1− fy,s(y+a− ε))⌋/n, (3)

which is linearly step-wise increasing with ε until min(ε⋆,y+(a− s)). Analogously the total distress is

D(φ) =
∥1−φ

⋆∥
n

≈ n̄(φ)(1−φ ⋆
1 )

2n
(4)

which grows quadratically in ε up to the transition. On the contrary, when ε > ε⋆ and y > y⋆, it is n̄ = n. In this

regime it should be at the same time φn = φ1 +(n−1) a−s
y and φ1 = (φn +

a−s−ε

y )+. The only possibility is that:

φ1 = 0

φi = (i−1)
a− s

y
, i > 1.

This solution is independent from ε since the distress propagation is already maximal: E(φ ⋆) = 1 and D(φ ⋆) =

1− (a−s)(n−1)
2y = 1− 1

2
y⋆
y .

1.2 Fully connected network

In this case, every pair of banks is connected, and the junior liability of a bank is equally distributed among

its neighbors, i.e. yi j =
y

n−1 , ∀i ̸= j. Again, we can study analytically the equilibrium of the system after an

idiosyncratic shock of size ε on one bank: z = (a− ε,a, . . . ,a), a > s and ε > (a− s). In fact, in this case, all the

updating rules in Eq. (3) of the Main text for non shocked banks have the same structure. Thus, we can make an

ansatz for the equilibrium and search for a solution of the form:

φi =

φs if i = 1,( shocked bank)

φns if i > 1,( non shocked bank),
(5)

where (φs,φns) satisfying:

φs = fys(a− ε + yφns)

φns = fys(a+
y

n−1
φs + y

n−2
n−1

φns). (6)
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Equation (6) do not admit solutions if both φs,φns ∈ (0,1). The two possibilities are

φns = 1 =⇒ φs =

(
1− ε − (a− s)

y

)+

φs = 0 =⇒ φns = (n−1)
(a− s)

y
=

y⋆

y
. (7)

The latter is admissible as soon as y > y⋆ and φs = 0, implying ε > n(a− s) = ε⋆, thus corresponding to the large

shock large exposure regime. On the contrary, y < y⋆ or ε < ε⋆, the first solution holds, corresponding to an

equilibrium where the shocked bank is insolvent while the rest of the system has absorbed the distress. In this

second case, the solution is independent from ε for ε > y+(a− s), corresponding to the maximum distress that

bank 1 can propagate given its (limited) debt. The extension of contagion and overall financial distress can be

easily computed starting from the analytical solutions 7. In particular, their maximum values in the large shock

regime are E(φ ⋆) = 1 and D(φ ⋆) = 1− ( 1+(n−1)y⋆/y
n )≈ 1− y⋆/y < Dring.

2 Existence of a unique equilibrium

In this section we prove that in the presence of Coco’s the system admits an unique equilibrium in terms of the

fitness vector. Given τ ∈ [0,1), η ∈ [0,1], e ∈ Rn and S a n×n stochastic matrix, i.e. Si j ∈ [0,1] and ∑i Si j = 1

∀ j = 1, . . . ,n, let’s define the continuous map F : [0,1]n −→ [0,1]n as

φ −→ F(φ) = η +(1−η)min[1,e+(1− τ)Sφ ]+. (8)

If we identify Si j = yi j/y and ei = [(1− τ)z− s]/y, this is exactly the general propagation rule in the presence of

Cocos and equity liquidation. We have the following

Theorem 2.1. F admits an unique fixed point in [0,1]n.

Proof. First of all F is a continuous map on a convex compact set, therefore a fixed point exists for the Brouwer

theorem. The uniqueness comes from the fact that F is a contractive map. In fact, given φ , φ̂ ∈ [0,1]n it holds

∥F(φ)−F(φ̂)∥1 = (1−η)
∥∥min[1,e+(1− τ)Sφ ]+−min[1,e+(1− τ)Sφ̂ ]+

∥∥
1

⩽ (1−η)
∥∥min[1,e+(1− τ)Sφ ]−min[1,e+(1− τ)Sφ̂ ]

∥∥
1

⩽ (1−η)(1− τ)
∥∥S(φ − φ̂)

∥∥
1 , (9)

where we introduced ∥x∥1 = ∑i |xi| and where we used that |v+−w+|⩽ |v−w| and |min(u,v)−min(u,w)|⩽ |v−

w|. Since
∥∥S(φ − φ̂)

∥∥
1 ⩽ ∥S∥1 ∥φ − φ̂∥1 and ∥S∥1 = max j(∑i |Si j|) = 1, it holds ∀φ , φ̂ ∈ [0,1]n

∥F(φ)−F(φ̂)∥1 ⩽ (1−η)(1− τ)∥φ − φ̂∥1 < ∥φ − φ̂∥1, (10)
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if τ ∈ (0,1]. The case τ = 0 (and η = 0) corresponds to the propagation rule in absence of Cocos that has been

proved to have a unique equilibrium under mild conditions in1, 2.

3 Proof of Theorem 2

First, we need the following propositions:

Proposition 3.1. In a ring network with z = (a− ε,a, . . . ,a) it holds ∀i = 1, . . . ,n−1

φ
⋆
i = 1 =⇒ φ

⋆
i+1 = 1.

Proof. For any i = 1, . . . ,n − 1, φ ⋆
i = 1 means that ((1 − τ)a − s)/y + (1 − τ)φ ⋆

i−1 − δi1(1 − τ)ε/y ⩾ 1, i.e.

((1− τ)a− s)/y ⩾ 1− (1− τ)φ ⋆
i−1 ⩾ 1− (1− τ). ]= Thus:

(1− τ)φ ⋆
i +

(1− τ)a− s
y

= (1− τ)+
(1− τ)a− s

y
⩾ 1,

implying φ ⋆
i+1 = 1. At τ = 0 the proposition is true simply because the sequence φ ⋆

i is weakly increasing.

Proposition 3.2. For any b ∈ R, ε ⩾ 0 and λ ∈ [0,1], given φ(y,ε) = (1− τ)(1− ε/y)+b/y, then the portion of

the positive (y,ε) plane defined by the stability condition:

(1−λ )min(φ(y,ε),1)++b
λ

τy
⩾ 1

is the intersection of the regions defined by y ⩽ y⋆
λ

, ε ⩽ ε⋆
λ
(y) and ε ⩽ ε⋆(y) with:

y⋆
λ

=
bλ

τ

ε
⋆
λ
(y) = b

(
λ

τ
+

1
1− τ

)
− (y− y⋆

λ
)

(
1

(1− τ)(1−λ )
−1
)

ε
⋆(y) =

b− τy
1− τ

.

The low exposure regime is identified by y⋆
λ

, the small shock regime by ε⋆
λ
(y) and the no-shock regime by ε⋆(y),

which is correctly independent from λ , encoding the network structure.

Proof. (1) If φ(y,ε)⩾ 1, i.e. ε⋆(y), then the condition is fulfilled, because ε ⩾ 0 implies b ⩾ τy and the l.h.s. is a

convex combination of two numbers larger than 1. (2) If bλ/τy ⩾ 1, i.e. y ⩽ y⋆
λ

the condition is fulfilled simply

because (1−λ )φ(y,ε) is always positive. This is also a necessary and sufficient condition when φ(y,ε)⩽ 0 (3) If
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φ(y,ε) ∈ [0,1] then we have straightforwardly the condition ε ⩽ ε⋆
λ
(y), since

(1−λ )φ(y,ε)+b
λ

τy
⩾ 1 =⇒ (1−λ )

(
(1− τ)(1− ε

y
)+

b
y

)
+b

λ

τy
⩾ 1

=⇒ (1−λ )((1− τ)(y− ε)+b)+
bλ

τ
⩾ y

=⇒ y(1− (1−λ )(1− τ))+ ε(1−λ )(1− τ)⩽ b
(
(1−λ )+

λ

τ

)
=⇒ (y− y⋆

λ
)(1− (1−λ )(1− τ))+ ε(1−λ )(1− τ)⩽ b

(
(1−λ )+

λ

τ
(1−λ )(1− τ)

)
This must be a stronger condition if instead φ(y,ε)⩾ 1 and is also a stronger condition when φ(y,ε)⩽ 0, since in

this case

(1−λ )min(φ(y,ε),1)++b
λ

τy
⩾ (1−λ )φ(y,ε)+b

λ

τy
⩾ 1.

For this reason, the desired region is just the intersection of (1), (2) and (3), together with the conditions of positive

ε and y.

3.1 Ring Network

We follow the same analysis of the previous section (i.e. in absence of CoCo). Again, yi j = y(δ j,i+1 +δ j,i−1) and

z = (a− ε,a, . . . ,a). We assume no triggers in absence of shocks, i.e.:

Ei

Vi
=

a− s
a+ y

⩾ τ =⇒ (1− τ)a− s ⩾ τy ⩾ 0. (11)

Moreover, we consider the situation where the size of the shock is at least responsible of the first bank triggering,

i.e.

a− ε − s
a+ y

⩾ τ =⇒ ε ⩾ ε
⋆(y,τ) = (a+ y)− s+ y

1− τ
, (12)

where ε⋆(y,τ coincides with the no-shock threshold of Proposition 3.2. Since φ ⋆
i = 1 =⇒ φ ⋆

i+1 = 1, see

Proposition 3.1, we can define as in the previous case:

n̄(φ ⋆) = max{i : φ
⋆
i < 1} (13)

as the number of non-triggered banks. As soon as n̄ < n, it should be φn = 1 and thus:

φ1 = fy,s((1− τ)(y+a− ε))

φi = (1− τ)φi−1 +
(1− τ)a− s

y
= (1− τ)i−1

φ1 +
(1− τ)a− s

y

i−2

∑
k=0

(1− τ)k i = 2, . . . , n̄

φi = 1, i > n̄. (14)
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Defining λ r
τ = 1− (1− τ)n−1, this solution holds as soon as:

φn = (1−λ
r
τ )φ1 +λ

r
τ

(1− τ)a− s
τy

⩾ 1. (15)

The previous condition is satisfied if y ⩽ y⋆r (τ) or ε ⩽ ε⋆r (y,τ), where (Proposition 3.2, with b = (1− τ)a− s and

λ = λ r
τ ),

y⋆r (τ) =
λ r

τ

τ
[(1− τ)a− s] (16)

ε
⋆
r (y,τ) =

(
λ r

τ

τ
+

1
1− τ

)
[(1− τ)a− s]− (y− y⋆r )

(
1

(1− τ)(1−λ r
τ )

−1
)

(17)

In the limit τ → 0, since λ r
τ

τ
→ (n−1), we retrieve the results of the previous section y⋆r (τ)→ y⋆ = (n−1)(a− s)

and ε⋆r (y,τ)→ ε⋆ = n(a− s). We can compute the extension of the triggering contagion as φn̄ = 1, bringing to:

E(φ ⋆) = n̄(φ ⋆)/n =
log((φ∞ −1)/(φ∞ −φ1))

n log(1− τ)
, (18)

where φ∞ = (1−τ)a−s
τy and φ1 as in (14).

3.2 Complete network

In this case, we can again make the ansatz

φ
⋆
i =

φ ⋆
s if i = 1,( shocked bank)

φ ⋆
ns if i > 1,( non shocked bank),

(19)

where (φ ⋆
s ,φ

⋆
ns) the solution of:

φs = fys((1− τ)(a− ε + yφns))

φns = fys((1− τ)(a+
y

n−1
φs + y

n−2
n−1

φns).

In the safe case, where the trigger doesn’t propagate through the entire network, the solution must be

φ
⋆
s = fys((1− τ)(a− ε + y)) φ

⋆
ns = min(1,φns)

+ = 1

φns =
(1− τ)a− s

y
+

1− τ

n−1
φs +

(1− τ)(n−2)
n−1

φns

= (1−λ
c
τ )φs +

λ c
τ

τ
[(1− τ)a− s] , (20)
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where we have defined

λ
c
τ =

τ(n−1)
1+ τ(n−2)

. (21)

This solution exists if φns ⩾ 1, i.e. again using Proposition 3.2 with b = (1− τ)a− s and λ = λ c
τ , if and only if

y ⩽ y⋆c(τ) or ε ⩽ ε⋆c (y,τ), where

y⋆c(τ) =
λ c

τ

τ
[(1− τ)a− s] (22)

ε
⋆
c (y,τ) =

(
λ c

τ

τ
+

1
1− τ

)
[(1− τ)a− s]− (y− y⋆c)

(
1

(1− τ)(1−λ
f

τ )
−1

)
. (23)

We have

lim
τ→0

y⋆c(τ) = lim
τ→0

y⋆r (τ) = y⋆ = (n−1)(a− s) (24)

and

lim
τ→0

ε
⋆
c (y,τ) = lim

τ→0
ε
⋆
r (y,τ) = ε

⋆ = n(a− s). (25)

4 Cocos with equity liquidation

4.1 Ring Network

Computations similar to those in the previous section bring to

ε
⋆
r (τ,η) = [(1− τ)(a+ y)− (s+ y)]

(
(1−η)(1−C(η ,τ)n)

Cn(η ,τ)(1−C(η ,τ))

)
(26)

with C(η ,τ) = (1−η)(1− τ). In fact as soon as φn = 1 we have ∀i ⩽ n̄

φi = η +(1−η) fy,s((1− τ)h(φi−1)) = A+Cφi−1

= Ci−1
φ1 +A

i−2

∑
k=0

Ck =Ci−1
φ1 +A

1−Ci−1

1−C

with A = η +(1−η)b/y and C = C(η ,τ) = (1−η)(1− τ). The critical threshold in the ring network is the

solution of the equation φn(ε) = 1, i.e.

Cn−1
φ1(ε)+A

1−Cn−1

1−C
= 1 (27)

where φ1(ε) = A+C(1− ε/y). Straightforward manipulations bring equation (26)
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4.2 Complete Network

In the case of the complete network we have that

ε
⋆
c (τ,η) = [(1− τ)(a+ y)− (s+ y)]

(
n− τ −η(1− τ)

(1−η)(1− τ)2

)
. (28)

In fact in this case the critical shock is the solution of the equation φns(ε) = 1, i.e.

φns(ε) = η +(1−η) fys((1− τ)(a+
y

n−1
φs(ε)+ y

n−2
n−1

)) = 1, (29)

where

φs(ε) = η +(1−η)
(1− τ)(a− ε + y)− s

y
. (30)

Solving in ε equation (28) follows straightforwardly.

5 Networks with macroscopic structures

In this Section we analyze the behavior of the contagion in the case of more realistic interbank networks, in

particular with some level of degree heterogeneity induced by a macroscopic structure. To this aim we have

generated from the well known Stochastic Block Model3 random networks with a given community or core-

periphery structure. For simplicity, banks are divided in two groups, and links are introduced with a probability

that depends on the groups the two nodes belong. For the community structure case, nodes of the same group have

a probability pin to be connected, while there’s a probability pout to connect two nodes from different groups.

Fig S1: Extent of contagion in a network with two assortative communities of banks.

In Fig. S1 the extent of contagion (in presence and absence of Cocos) is shown. In this experiment we

fix the mean degree of the network, and we change the strength of the community structure with a parameter
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ρ ∈ [0,1] such that pout = ρ pin. For ρ ∼ 1, the structure is weak, and we retrieve the result of the paper for the

corresponding level of connectivity. When ρ = 0, the communities are disconnected, and we retrieve the result of

the paper but for a halved system. For 0 < ρ < 1, it is evident a first jump of the contagion to the first neighbors of

the shocked bank, followed by a slower propagation of the distress that slowly invade also the second communities.

Note that, both the speed of the contagion and its maximum extent, depend on ρ and, therefore, on the two levels

of connectivity pout and pin: a smaller pout can reduce the maximum impact of the contagion but, at the same

time, can increase the sensibility to the shock size.

The situation is pretty similar in the case of networks with a core-periphery structure. In this case the two

groups of banks represent the core (big banks usually too big to fail banks) and the periphery (small banks). Core

banks are connected among them with probability pc. A peripheral bank can be connected to a core bank with

probability ppc, and two peripheral banks are connected with probability pp, with

pc ⩾ ppc ⩾ pp.

In our experiment, shown in Fig. S2, we fix again as before the mean connectivity of the network and then we

assumed pp = 0, ppc = ρ pc, ρ ∈ [0,1].

Fig. S2: Extent of contagion in a network of banks with a core-periphery structure, where a bank in the core is

shocked.

The Figure shows the extent of contagion and Cocos triggering in the case where a core bank experienced a

liquidity shock. The distress propagation is very similar to that of a networks with two assortative communities.

Obviously, the situation is completely different when a peripheral bank suffers a liquidity distress. In this situation,

the trigger of a contagion is typically very difficult if ppc is too small.

From this analysis it appears that the results explained in the main manuscript are highly robust. First order

effects on the extent of contagion can be explained in terms of the (few) different levels of connectivities in the
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networks.
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