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Abstract

In this paper, we introduce the notion of horizontally affine, h-affine in short, function
and give a complete description of such functions on step-2 Carnot algebras. We show
that the vector space of h-affine functions on the free step-2 rank-n Carnot algebra
is isomorphic to the exterior algebra of R". Using that every Carnot algebra can be
written as a quotient of a free Carnot algebra, we shall deduce from the free case a
description of h-affine functions on arbitrary step-2 Carnot algebras, together with
several characterizations of those step-2 Carnot algebras where h-affine functions are
affine in the usual sense of vector spaces. Our interest for h-affine functions stems from
their relationship with a class of sets called precisely monotone, recently introduced
in the literature, as well as from their relationship with minimal hypersurfaces.
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1 Introduction

In this paper, we introduce the notion of horizontally affine function and give acomplete
description of such functions on step-2 Carnot algebras, or equivalently on step-2
Carnot groups. In the free step-2 rank-n case, we shall see that the vector space
of horizontally affine functions is isomorphic to the exterior algebra of R”. Using
the known fact that every step-2 Carnot algebra can be written as a quotient of a
free step-2 Carnot algebra, we shall next deduce from the free case a description of
horizontally affine functions on arbitrary step-2 Carnot algebras, together with several
characterizations of those step-2 Carnot algebras where h-affine functions are affine
in the usual sense of vector spaces.

To introduce the discussion, let us recall some definitions. We refer to Sect.2 for
more details. Let g = g; @ g be a step-2 Carnot algebra, which means that g is a finite
dimensional real' nilpotent Lie algebra of step 2, g := [g, g] denotes the derived
algebra, and g; denotes a linear subspace of g that is in direct sum with g,. Such a Lie
algebra is naturally endowed with the group law given by

x-y:=x+y-+[x,y]

for x, y € g that makes it a step-2 Carnot group. Actually every step-2 Carnot group
can be realized in this way. We shall therefore view a step-2 Carnot algebra both as
a Lie algebra and as a Lie group. We also adopt the notation y’ := ry for all t € R
and y € g. A function f : g — R is said to be horizontally affine, and for brevity,
we say that f is h-affine and write f € Affy(g), if for all x € g and y € g; the
functiont e R — f (x -y! ) is affine. Note that this definition is purely algebraic - it
has in particular no connection with the choice of a subRiemannian metric structure
on g — and can be equivalently restated in geometrical terms as follows. A function
f g — Ris h-affine if and only if its restriction to each integral curve of every
left-invariant horizontal vector field is affine when seen as a function from R to R,
where a left-invariant vector field is said to be horizontal whenever it belongs to g;.

Horizontally affine functions appear naturally in relation with monotone sets, an
important class of sets introduced by Cheeger and Kleiner [5], see also [4, 8, 12, 14]
and the discussion below. However, h-affine functions are studied systematically for
the first time here. See also [1] for a further study of a related notion in more general
settings.

Our purposes in the present paper are twofold. We first give a description of h-affine
functions on step-2 Carnot algebras, starting with the free case from which the general
case will follow. We shall next deduce from this description several characterizations
of those step-2 Carnot algebras where h-affine functions are affine. We shall keep the
standard terminology saying that a function f : g — R is affine, writing f € Aff(g),
to mean that f is affine in the usual sense considering the vector space structure on

! Ttis worth to stress that our arguments and results can be verbatim extended to finite dimensional nilpotent
Lie algebras of step 2 over an arbitrary field of characteristic zero.
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g. Note indeed that by elementary properties of step-2 Carnot algebras, each affine
function f € Aff(g) is h-affine. In other words, in every step-2 Carnot algebra g, the
vector space Aff(g) is a linear subspace of Aff,(g), see the discussion in Sect. 2. This
inclusion may, however, be strict, as we shall see.

More explicitly, h-affine functions can be described with the help of the Carnot
dilations 8; : g — g given by &,(x] + x2) = tx1 + 2xy for x| € g1, X2 € @2,
and ¢ € R* := R\ {0}. Given a non-negative integer i we define the vector space of
i-homogeneous h-affine functions as

Affy(9)i = {f € Affn(g) : fod, =1 f forallr € R*}.

We shall prove that every f € Aff;,(g) can be written in a unique way as a finite sum of
i-homogeneous h-affine functions for some i’sin {0, .. ., k} where « := rank g if g is
afree step-2 Carnot algebra and  := rank g — 1 if g is a nonfree step-2 Carnot algebra.
Recall that the rank of g is defined as rank g := dim g;. Furthermore, denoting by AKR”
the space of alternating k-multilinear forms over R” (see Sect. 6 for our conventions
about exterior algebra), we shall also prove that for every i € {0, ..., «} the vector
space Affy,(g); is isomorphic to a linear subspace of A“ 'R, See Theorems 1.1, 1.2,
and 1.3 for detailed statements.

Let us first consider the free case. Throughout this paper, given an integer n > 2,
we shall use the model for the free step-2 rank-n Carnot algebra f, given by

f, = A'R" @ A’R"
equipped with the Lie bracket where the only nontrivial relations are given by
[0,0']:=0 A0 for0,0 e A'R".
The induced group law takes the form
O+w) O +0)=0+60+0+0 +016

for 0,0" € A'R", w,w’ € A’R". For notational convenience, we shall frequently
identify f, with A'R" x A?R" writing elements in f, as (6, w) where # € A'R",
w e AR",

Givenintegersn > 2,i € {0,...,n},andn € A" TR" we define ¢y fn — A'R"
as

wk/\r] if i = 2k is even

@6, w) == (1.1)

O A An ifi=2k+ 1isodd.

The description of h-affine functions on f,, can then be given in terms of the functions
@y’s and reads as follows.

Theorem 1.1 Forn > 2, we have

() Aff(Fn) = Bio At (Fn)i-
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Furthermore, giveni € {0, ...,n} and v € A"R"\{0}, we have

(i) f € Aff,(f.)i if and only if there is n € A"'R", which is unique, such that
fv=g,

Therefore, for i € {0, ...,n)}, the spaces Aff,(f,); and A"~'R" are isomorphic as

vector spaces, and hence, so are Affy,(fn) and A*R". In particular, Aff, (fn) is a finite

dimensional vector space with dimension 2".

Let us briefly explain our strategy to prove Theorem 1.1. Let v € A"R"\{0} be
fixed. It is rather easy to verify that if a function f : f, — R is such that fv = ¢,
for some n € A"'R" withi € {0,...,n} then f € Aff,(f,);, see Lemma 3.1. The
injectivity of the map n € A"'R" @y is also not hard to verify and follows
from general facts about exterior algebra, see Corollary 6.5. The main difficulties
are thus to get the decomposition given in Theorem 1.1 (i), see Theorem 3.2 and
Proposition 3.4 (i), as well as the fact that every function f € Aff,(f,); can be written
as fv = ¢, for some v € A"'R", see Proposition 3.5. This will occupy most of
Sect. 3 to which we refer for more details. For the sake of completeness, let us mention
the geometric interpretation behind the decomposition in Theorem 1.1 when passing
from f, for n > 3 to any Lie subalgebra of f, that is isomorphic to f,_;. It can be
proved that the zero level set of non-zero n-homogeneous h-affine functions on f,,
namely, the set {(0, ®) € f, : @"/> = 0} if niseven, {(f, w) € f, : O A"~ D/2 =0}
if n is odd, coincides with the union of all Lie subalgebras of f, that are isomorphic
to f,—1. Therefore, if f = fo+ ---+ f, € Affy(f,) with f; € Aff,(f,)i, one
gets that its restriction to any Lie subalgebra isomorphic to f,—; coincides with the
restriction to this subalgebra of the sum of the i-homogeneous terms fo 4+ - - - + f,,—1
fori € {0, ..., n — 1} that show up in the decomposition of f.

Let us now turn to the general case of arbitrary step-2 Carnot algebras. Our starting
point is the known fact that every step-2 Carnot algebra g can be written as a quotient
of free step-2 Carnot algebras. Namely, by the universal property of free step-2 Carnot
algebras, for every n > rank g, there is a surjective Carnot morphism 7 : §, — g, see
the discussion in Sect. 2. It turns out that there is a one-to-one correspondence between
h-affine functions on g and h-affine functions on f, that factor through f,/ Ker r,
see Lemma 2.3 and Corollary 2.4. The description of h-affine functions on g can
therefore be deduced from the characterization of those functions ¢, that factor through
f,/ Ker r. Namely, we shall verify that for n € A/R” the function ¢y factors through
fn/ Ker 7 if and only if n annihilates Ker 7z, which means that € Anh’ Ker 7 where

Anh Ker7 := {n € A'/R": n At =0forall ¢ € Ker}

see Lemma 4.1. In the genuinely nonfree setting, such a characterization implies the
following decomposition of Aff},(g).

Theorem 1.2 Let g be a step-2 rank-r Carnot algebra. Assume that g is not isomorphic
10 ;. Then Affi (8) = @B g Ay (@);-

Note that, in contrast with the free case, one has Aff,(g), = {0} when g is a step-
2 rank-r Carnot algebra that is not isomorphic to f.. This follows from the fact that
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Ker 7 # {0}, and hence Anh® Ker v = {0}, whenever r : fr — gisasurjective Carnot
morphism. A description of the summands Aff},(g); is provided by the following
theorem that applies both in the free and in the nonfree cases (note that when g = §,
and n = r, one recovers Theorem 1.1) and where the space of annihilators of Ker
in A*R" is defined by

AnhKerm :={n € A*R": nA¢ =0forall¢ € Kerm}.

Theorem 1.3 Let g be a step-2 rank-r Carnot algebra, n > r, and 7w : §, — g
be a surjective Carnot morphism. Then the following hold true. For i € {0, ..., n},
v € A"R"\{0},

(i) foreveryn € Anh"~! Ker 7, there is a unique f € Aff,(g); such that (f ow)v =
2 .
(ii) forevery f € Aff,(9)i, there is a unique n € Anh"~" Ker & such that (f ow)v =
Pn; .
(iii) via this correspondence, Aff,(g); and Anh"~" Ker m are isomorphic as vector
spaces.

Consequently,
(iv) Aff,,(g9) and AnhXKer mr are isomorphic as vector spaces.

In particular, Affy,(9) is a finite dimensional vector space.

As a consequence of Theorem 1.3, one gets that h-affine functions on step-2 Carnot
algebras are polynomials and hence smooth. Let us stress here that there is no regularity
assumption in our definition of h-affine functions. Such functions are indeed only
assumed to be affine when restricted to horizontal lines and were not even assumed
continuous, nor measurable, beforehand. As a further consequence of their smoothness
(one actually only needs local integrability), one can characterize elements in Aff, (g)
as those locally integrable functions that are harmonic in the distributional sense with
respect to every subLaplacian on g, see Remark 2.8. Let us mention that horizontally
affine distributions have been recently studied in [1] in wider settings where they can
be proved to be polynomials. Note, however, that this later notion may be different
from a pointwise generalization of our present notion of h-affine functions to more
general settings, as explained at the end of Remark 2.8.

Several characterizations of step-2 Carnot algebras g where Affy,(g) = Aff(g) can
easily be deduced from Theorem 1.3, see Theorem 1.4 below and Sect. 5. It turns out
that one of these characterizations can be formulated using a class of Lie algebras
known in literature as Z-null, see [11]. We recall that a step-2 Carnot algebra g =
g1 @D g> is Z-null if every bilinear form b : g1 x g» — R satisfying b(x, [x, y]) =0
forall x, y € g; vanishes identically on g; X gz, see Definition 2.6 and Proposition 2.7.

Theorem 1.4 Let g be a step-2 Carnot algebra. Then the following are equivalent:

(i) Affi(g) = Aft(g)
(i) Affy(0) = Di_o Affy (9);
(i) @23 Affy ()i = (0}, equivalently, Affy(g)3 = {0}
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(v) gis Z-null ‘
(v) @!_5 Anh"~" Ker 7 = {0}, equivalently, Anh" 3 Ker w = {0}, for some, equiv-
alently all, n > max{3, rank g}, 7 : f, — @ surjective Carnot morphism.

Note incidentally that it follows from Theorem 1.1 that Aff, (f,) = Aff(f,) if and
only if n = 2. Therefore, the equivalent conditions given in Theorem 1.4 hold true on
g = f, if and only if n = 2. Theorem 1.4 can be efficiently applied in several concrete
situations which will be discussed in Sect. 5.2 and to which we refer for more details.

Before closing this introduction, we briefly go back to the relationship between
h-affine functions and precisely monotone sets, as defined in [5] in the Heisenberg
setting. More generally, a subset of a Carnot algebra, identified with a Carnot group,
is said to be precisely monotone if the restriction of its characteristic function to each
integral curve of every left-invariant horizontal vector field is monotone when seen
as a function from R to R. Equivalently, a precisely monotone set is a h-convex set
with h-convex complement, see for instance [15] for more details about h-convex sets.
Precisely monotone sets have been classified in the first Heisenberg algebra f5, in
higher dimensional Heisenberg algebras, and in the direct product f, x R, see [5, 12,
14]. In the aforementioned step-2 settings, it turns out that the boundary of a nonempty
precisely monotone strict subset is a hyperplane, while in step-3 Carnot algebras the
same statement may be false, see [2, 3]. As a consequence of our results, we actually
get plenty of examples of Carnot algebras already in the step-2 case where there are
precisely monotone subsets whose boundary is not a hyperplane. Indeed, it can easily
be seen that sublevel sets of h-affine functions are precisely monotone. Therefore if g
is a step-2 Carnot algebra that is not Z-null and if f € Affy(g) \ Aff(g) then every
sublevel set of f is a precisely monotone set whose boundary is not a hyperplane. We
refer to the recent paper [13] for a more detailed introduction to precisely monotone
sets as well as for a classification of such sets in the step-2 rank-3 case in terms of
sublevel sets of h-affine functions, and for further discussions about higher rank and
higher step cases. To conclude these observations, let us mention that measurable
precisely monotone sets, and therefore sublevel sets of h-affine functions on step-2
Carnot algebras, can be proved to be local minimizers for the intrinsic perimeter, see
[18, Proposition 3.9] and [13, Proposition 2.9].

The rest of this paper is organized as follows. Section?2 contains our conventions
and notations about step-2 Carnot algebras and h-affine functions. We also provide
easy facts that will be useful for later arguments. In Sect. 3, we focus on the free case
and prove Theorem 1.1. Theorems 1.2 and 1.3 are proved in Sect.4. Section5.1 is
devoted to the proof of Theorem 1.4 and Sect. 5.2 to a discussion of several examples.
In the final Sect. 6, we gather notations and facts in linear and exterior algebra.

2 Step-2 Carnot Algebras and Horizontally Affine Functions

We recall that a real® and finite dimensional Lie algebra g is said to be nilpotent of
step 2 if the derived algebra g, := [g, g] is nontrivial, i.e., g» # {0}, and central, i.e.,

2 As already mentioned in the introduction, our arguments and results can be verbatim extended to finite
dimensional nilpotent Lie algebras of step 2 over an arbitrary field of characteristic zero.
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[g, g2] = {0}. Here, given U, V C g, we denote by [U, V] the linear subspace of g
generated by elements of the form [u, v] withu € U, v € V.If g; is a linear subspace
of g that is in direct sum with g5 then [g1, g1] = g and the decomposition g = g; D g»
is therefore a stratification of g. As a matter of fact, every stratification of a nilpotent
Lie algebra of step 2 is of this form.

A step-2 Carnot algebra g is a Lie algebra nilpotent of step 2 equipped with a
stratification g = g1 @ go. The rank of g is defined as rank g := dim g;. Such a Lie
algebra is naturally endowed with the group law> given by

x-y:=x+y+[x,y]

for x, y € g that makes it a step-2 Carnot group. It is actually well known that any
step-2 Carnot group can be realized in this way. We shall therefore view a step-2
Carnot algebra both as a Lie algebra and group.

Throughout this paper, we shall always denote by g = g1 & g» a step-2 Carnot
algebra. Givenr € R, x € g, we set x’ := tx.

Definition 2.1 Given A C g we say that f : g — R is A-affine if for every x € g,
y € A, the function t € R — f(x - y") is affine.

When A = g, one recovers the notion of real-valued affine functions on g seen as
a vector space. Indeed, since g is nilpotent of step 2, for x,y € g, € R, we have
x-yY=x+4+1t(y+[x,y]) and x + 1ty = x - (y — [x, y])'. Therefore f : g — Ris
g-affine if and only if for every x, y € g, € R, the functiont € R — f(x +ty) is
affine, i.e., f is affine, see Proposition 6.1. In particular, real-valued affine functions
are A-affine for every A C g.

In the present paper, we are interested in gj-affine functions, which we shall call
horizontally affine, h-affine in short, namely:

Definition 2.2 (h-affine functions) We say that f : g — R is horizontally affine,
h-affine in short, if f is gj-affine. In other words, f is h-affine if for every x € g,
y € g1, the functiont € R — f(x - y") is affine. We denote by Aff},(g) the real vector
space of h-affine functions on g.

We say that ¢ C g is a horizontal line if there are x € g, y € g1\{0} such that
¢ = {x-y":t € R}. We already noticed that horizontal lines are 1-dimensional
affine subspaces of g and therefore h-affine functions can equivalently be defined as
functions whose restriction to every horizontal line is affine.

We recall that a Carnot morphism = : g — g’ between step-2 Carnot algebras
g=g1®g and g = g| ® g, is a homomorphism of graded Lie algebras, which
means that 77 is a linear map such that 7 ([x, y]) = [7(x), #(y)] for all x, y € g and
7(gk) C g for k = 1,2. Note that a Carnot morphism is both a homomorphism of
graded Lie algebras and a group homomorphism.

3 Our convention for the group law is nothing but a technical convenience. Any other choice where [x, y]
is replaced by ¢ [x, y] for some ¢ € R\{0} independent of x and y leads to the same results.
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Lemma 2.3 Lerg, g be step-2 Carnot algebras andw : g — ¢ be a Carnot morphism.
For f € Affy,(g)), we have f o € Aff(9). If 7 is surjective then f € Aff,(¢) if and
only if f om € Affy(9).

Proof Carnot morphisms map affinely horizontal lines to either horizontal lines or
singletons therefore f o 7 € Aff,(g) when f € Affy(g'). If the Carnot morphism
7 . g — g is surjective then every horizontal line in g’ is the affine image through 7
of a horizontal line in g and therefore f € Aff,(g’') when f o € Affy(g). O

Forr € R* := R\ {0}, the Carnot dilation §; : g — g is defined as the linear map
such that 8,(x) = t*x for x € gk, k = 1, 2. The family (§;);er+ is a one parameter
group of Carnot automorphisms. Recall that, given a non-negative integer i, we denote
by Affy(g); := {f € Affi(g) : f o8, =t fforallt € R*}, the linear subspace of
Aff,(g) of i-homogeneous h-affine functions on g. Since dilations commute with
Carnot morphisms, we get from Lemma 2.3 the following corollary.

Corollary 2.4 Ler g, g be step-2 Carnot algebras, w : g — @ be a Carnot morphism,
and i be a non-negative integer. For f € Aff; (g)i, we have f o € Affy,(9);. If 7 is
surjective then f € Affy,(¢'); if and only if f o 7w € Aff;,(9);-

We already noticed that the set Aff(g) of real-valued affine functions on g is a linear
subspace of Affy(g). More precisely, we have the following inclusion.

Lemma 2.5 Aff(g) is a linear subspace ofGBl-zzo Affn(9)i.

Proof Let f € Aff(g). There are fy € R and linear forms f : gr — R, k = 1,2,
such that f(x + z) = fo + fi(x) + f2(z) for all x € g1, z € g». Clearly, constant
functions belong to Affy(g)o and the functions x + z € g1 © go — fi(x) and
x+2z€g1Dgr— fo(z) belong to Affy (g)1 and Affy,(g)2, respectively. O

We say that step-2 Carnot algebras are isomorphic if there is a bijective Carnot
morphism from one to the other. Note that being h-affine, respectively, affine, are
intrinsic properties, in particular Affy,(g) = Aff(g) if and only if Aff,(g') = Aff(g)
for isomorphic step-2 Carnot algebras g, g’. This indeed more explicitly follows from
Lemma 2.3 together with the fact that Carnot morphisms are linear maps.

Let us recall that by the universal property of free step-2 Carnot algebras, see Sect. 1
for our conventions about the free step-2 rank-n Carnot algebra §,, given a step-2 rank-
r Carnot algebra g and given an integer n > r, there is a surjective Carnot morphism
7 : §, — g,seeforinstance [17, p.45]. We also recall that for such a Carnot morphism,
Ker 7 is a graded ideal in f,, which means that Ker v = i; @ iy where i; are linear
subspaces of AKR” k = 1,2, suchthat® A0’ € i, forall @ € A'R", 0" € ;.

We now recall the definition of Z-null Lie algebras that will be used in one of our
characterizations of those step-2 Carnot algebras where h-affine functions are affine,
see Theorem 1.4.

Definition 2.6 [11] A Lie algebra m is said to be Z-null if for every symmetric bilinear
invariant form B : m x m — R, we have B(m, [m, m]) = 0. Here B is said to be
invariant if B(x, [y, z]) = B([x, y], z) for all x, y,z € m, or equivalently, if the
trilinear form B(, [, -]) is alternating on m x m x m.
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For step-2 Carnot algebras, the previous definition can be rephrased in the following
way, of which we omit the elementary proof.

Proposition 2.7 A step-2 Carnot algebra g = g1 @ @ is Z-null if and only if every
bilinear form b : g1 x gy — R satisfying b(x, [x, y]) = 0 for all x, y € g1 vanishes
identically on g1 X g5.

Remark 2.8 In the present article, we focus on step-2 Carnot algebras or, equivalently,
step-2 Carnot groups. Let us mention that the notion of horizontally affine function
makes sense in broader generality. One may for instance consider Carnot groups of
arbitrary step (see [16], [10] for a primer on the subject) or, more generally, a connected
nilpotent Lie group G equipped with a vector subspace A of its Lie algebra g that Lie
generates g. Then we say that f : G — Ris A-affine if forevery X € A the restriction
of f toeach integral curve of X is affine when seen as a function from R to R. Here an
element X € A is seen as a left-invariant vector field on G. When G is a step-2 Carnot
group with stratified Lie algebra g = g1 @ g> and A = g is the first, usually called
horizontal, layer of the stratification of g, one recovers Definition 2.2, and this latter
definition can hence be extended to Carnot groups of arbitrary step in the obvious way.
Going back to the aforementioned more general setting and considering G equipped
with a Haar measure, let us mention that we have the following characterizations of
locally integrable A-affine functions. Namely, f € LIIOC(G) has a representative that
is A-affine if and only if one of the following equivalent conditions holds true in the
distributional sense:

(A.1) X2f =0forevery X € A
(A2) XYf+YXf =0forevery X,Y € A
(A.3) Xlzf + - +X,2nf = 0 for every basis (X1, ..., X;,) of A.

Indeed, if a representative of f € LIIOC(G) is A-affine then (A.1) holds true as a
consequence of the very definitions. Conversely, if f € Llloc(G) satisfies (A.1) then f
has a representative that is smooth by Hormander’s hypoellipticity theorem and then
it clearly follows from (A.1) that this representative is A-affine. The fact that (A.1) is
equivalent to (A.2) is a consequence of Hormander’s hypoellipticity theorem together
with the identity (X + Y)>f = X2 f + XYf 4+ Y Xf + Y2 f for smooth functions f.
Condition (A.1) obviously implies (A.3). Conversely, if f € LIIOC(G) satisfies (A.3)
and X € A\ {0}, one can complete X into a basis X, X», ..., X, of A. Then for every
e > 0 one has X% f + anf 4+ 4 sX,znf = (0 with the left-hand side converging
to X>f as ¢ — 0 and therefore X f = 0. See also [1] for other generalizations of
condition (A.1) for locally integrable functions.

To conclude this remark, note that in the specific setting considered in this paper,
i.e., step-2 Carnot algebras g = g1 @ go, it follows from Theorem 1.3 that h-affine
functions are smooth and hence locally integrable. Therefore each of the distributional
sense conditions (A.1), (A.2), (A.3) with A = g; makes sense for all h-affine func-
tions and hence characterizes such a class of functions. In the more general setting
considered in the present remark, it is, however, not clear to us whether A-affinity
implies local integrability, and the class of locally integrable A-affine functions that
can be characterized through each of the equivalent conditions (A.1), (A.2), and (A.3)
could therefore be a strict subset of the class of A-affine functions.
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3 Horizontally Affine Functions on Free Step-2 Carnot Algebras

This section is devoted to the proof of Theorem 1.1. The proof will proceed into 4 steps.
We first verify in Lemma 3.1 that for n € A"IR" we have oy € Affh(fu, A"R");
where ¢, is given by (1.1), together with the injectivity of the linear map n €
AR > ¢y € Affy(fn, A"R™);. We shall next prove Theorem 1.1 for n = 2,
see Theorem 3.2, and deduce properties of h-affine functions on f, for n > 3 to
be used in the next step, see Proposition 3.3. When n > 3, we first prove that
Affh(f,) = @7:0 Affh ()i together with preliminary information about elements in
Aff}, (f,)i, see Proposition 3.4. We then upgrade these information in Proposition 3.5
to get the description stated in Theorem 1.1.

For notational convenience, we identify in this section f, with AR" x AZR" and
write elements in f, as x = (0, w) with 6 € A'R", @ € A2R”. In the next lemma,
we denote by Aff,(f,, A"R™); the analogue of Aff}(f,); for A"R"-valued functions.
More explicitly, f : f, — A"R” belongs to Affy(f,, A"R"™); if and only if for every
0, ®) € fu, 0’ € A'R”, the function f € R — f((0, w) - (t0",0)) € A"R" is affine,
and f o8, =t f forall t € R*.

Lemma3.1 Forn > 2, i € {0,...,n}, and n € AR, we have oy €
Affy(fn, A"R™); where @y is given by (1.1). Furthermore, the linear map n €
AR = @ € Affy(Fa, A"RY); is injective.

Proof Letn € A"'R". Clearly ¢, 0 8, = t'¢, forall t € R*. If i = 2k is even, we
have

on((0, @) - (10',0) = (@ + 10 NOY A= A+ 1k " AOAO A,
if i = 2k + 1 is odd,
on((0, @) - 10',0) = O+ 10V A @+ 10 A0 An=0A0" An+10 Ak A,

for all (0, w) € f,, 0 € A_IR". Therefore ¢, € Affy,(f,, A"R");. For the injectivity
of the linear map n € A"7'R" > ¢, € Affy(f,, A"R");, see Corollary 6.5. O

Theorem 3.2 We have Aff, (f2) = Aff(f).

Proof We recall thata set £ C f is said to be a horizontal line if £ = {(0, w) - (¢6,0) :
t € R} for some (6, w) € fr, 6’ € A'RZ\{0}. Define the h-affine hull of a set
A C f2 as the smallest set C containing A with the property that if a horizontal line
£ meets C in more than one point then ¢ C C. It follows from [5, Lemma 4.10] that
there are 4 points in f, whose h-affine hull is f,. Indeed, given linearly independent
0,0’ € A'R2, the h-affine hull C of {(0, 0), (6, 0), (8’,0), (6 +6’,6 A0")} contains a
pair of parallel lines with distinct projection in the sense of [5], namely, the horizontal
line through (0, 0) and (9, 0) and the horizontal line through (8, 0) and (9 +6’, O AO’),
therefore C = f» by [5, Lemma 4.10]. This implies that Affy, (f2) is a vector space with
dimension < 4. Since Aff(f,) is a 4-dimensional linear subspace of Aff}(f2), we get
that Affy, (f2) = Aff(f2), as claimed. O
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Note that Theorem 1.1 for n = 2 follows from Lemma 2.5, Lemma 3.1 and
Theorem 3.2. For n > 3, we set &, := UG’G/ENRH Lie(8, ') where Lie(0,60’) :=
span{f, 0’} x span{f A6’} denotes the Lie subalgebra of f, generated by 0, 0’ € A'R".
We refer to Definition 2.1 for the definition of X,,-affine functions.

Proposition 3.3 Forn > 3, f € Affy,(fn), the following hold true:

f is Xy-affine, 3.1
f € AF(A'R") for all o € A*R", (3.2)

where f, : ANR" — R is given by f,(0) := f(0, w) and Aff(A'R") denotes the
space of real-valued affine functions on A'R".

Proof Clearly, composing h-affine functions with left-translations yields h-affine func-
tions. Therefore, to prove that every f € Affy(f,) is X, -affine, we only need to verify
that for every f € Affh(f,), 61,62 € AR™, 6, A 65 # 0, (0, w) € Lie(61, 6>),
the function + € R +— f(#0, to) is affine. Set h := Lie(0;, 62) and denote by fj,
the restriction of f to . On the one hand, the structure of step-2 Carnot algebra of
fn induces on h a structure of step-2 Carnot algebra that makes it isomorphic to f,.
Therefore Affy,(h) = Aff(h) by Theorem 3.2. On the other hand, fj, € Affy, (). Thus
fy € Aff(b), which implies that for all (0, w) € b, the function? € R = f (20, tw) is
affine and concludes the proof of (3.1). To prove (3.2), note that for w € AR",
0,0 € A'R" t € R, we have (0 + 10", w) = (0, w) - (t0', 10" A 6). Since
0',0" A9) € %,, it follows from Proposition 6.1 that f,, € Aff(A'R") for every
X, -affine function f, and hence, in particular for f € Affy,(f,) by (3.1). O

In addition to the notations given in the appendix, see Sect.6, we shall use the
following ones in the rest Qf this section. Recall that (el, ..., e") denotes a basis of
A'R" For = 27:1 0j el € AR, wesetfy :=0j,---0; forJ = (ji,..., jx) €
T, see (6.4) for the definition of jk”, with the convention 6 := 1.

In the following, for o, 8 € N, we write o to denote the multi-index with 2 indices.
We set

Z:={ap:a, peN\{0}, o < B},

and we equip Z with the lexicographic order, i.e., we write @8 < a’B’ to mean either
—=n
thatee = o’ and B < B’ orthat o < o’. We set Z, := {@},

T= (@b oo e T 12 saipr <+ < i < (0= n)

fork € {1,...,n(n —1)/2},and T" := Uy<k<n(u—1)/2 L - We write im ¢ := ¢ and
im /7 = {a1B1, ..., 008} C L for I = («1Bi.....0xp) € Z,.Given I, 1' € T,
we denote by /\I’ € Z" the unique element in Z such that im(/\/’) = im I\ im I’
and we write I’ C I to mean that im I’ C im /.
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We recall from Sect.6 that e/ := e/l A --- A e/t for a multi-index J =
(ts---s k) € J'. Forw = Zaﬁeff’éjz" Wap e e A’R", we set wy := 1 and
—=n
W] = W By Oy, Tor I = (a1 P, ..., oupr) € Iy .
We write N(@) = @ and N(I) = {o1,B1,...,0 P} C N for I =

(1B, ..., 0kBr) € f,?. We set Z) := {#} and

= {(alﬂl, B0 €Iy Neifi) NN(a; ;) = for all i ;éj} .
fork € {1,...,n(n — 1)/2}. Note thatf(;l = I”,Tln = 7. When n > 3, we have
I G T for2 <k <n(n—1)/2,and I} = @ for k > |n/2].

Proposition 3.4 For n > 3, the following holds true:

(@) Affi(Fn) = Do Affa ()i
(i) fork € {0, ..., [n/2]}, every f € Aff,,(fn)2k can be written as

@, w) — Z ar oy

1€}

for constants ay € R,
(i) fork € {0, ..., [(n — 1)/2]}, every f € Affy,(fn)2k+1 can be written as

O.0) > Y bi®) o

1€}

for linear forms by : A'R" — R.

Proof For i € {1,...,n}, the Affy(f,); are linear subspaces of Affy(f,) that are in
direct sum. Therefore @?:0 Affh(fn)i C Affh(f,). Conversely, let f € Aff,(f,) be
given.

We first prove that there are functions ¢y : AR S R, [ € 7”, such that

fO.0)=>" ci(0) ;. (3.3)

1eT”

Let & € A'R" be given. We know from (3.1) that, for every w € AR",
1 <o < B < n,the function r € R — f((0,w) - (0, te"‘ﬂ)) is affine. Since
F((O,w)-(0,te*P)) = £(0, w+te*P), it follows from elementary properties of mul-
tiaffine maps, see Proposition 6.2 applied to w € A’R” — f(0, w), that there are
c1®) €R, I €Z", such that (3.3) holds true.

Next, we prove that

c; € Af(A'R") forall I eZ" . (3.4)
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WehaveZ ' = Uo<k<n(n—1)/2 f,:l and we prove by induction on k thatc; € Aff(AlR”)
forall I € Z,.For k = 0, we have Z, = {#}} with c4(9) = (6, 0) and we apply
(3.2) withw = 0 to get that ¢y € Aff(A]R") leen kefl,...,n(n—1)/2}, assume
that c;r € AfF(A'R?) forall I’ € Up<;j<¢_1Z; . For I = (ozlﬁl, B €T, we
apply (3.2) with w = Z];: e%ibi to get that

o+ Y. cp €Aff(A'RY).

I/GU()gigk—lfi’1
I'cl

By induction hypothesis, we get that ¢; € Aff(A'R"), which concludes the proof
of (3.4).

It follows from (3.4) that there are constants a; € R and linear forms b; : A'R" —
R, I € f”, such that ¢; (9) = a; + b;(0) forevery # € A'R". Fork € {0, ...,n(n —
1)/2}, we set

SO, 0) =Y ajo; and frpi(0,0) =Y bi®) o,

I ef,:' 1 ef,?

sothat f = Y PV £ We claim that f; € Affy(f,); foralli € {0, ..., n(n—1)+
1}. Indeed, let (0, w) € §,,0" € A'R", s € Rbe given. Since the dilations are Carnot
automorphisms, we know from Lemma 2.3 that f o §; € Affy(f,) for all ¥ € R*.
Therefore

nn—1)+1

Y f0.0) - 50.0) = (f 08)((0. ) - (56", 0))

i=0
= (f 080, ) +5((f 08)((0. @) - (6. 0))
—(f 08)(0. )

nn—1)+1
= > (0.0 +5(fi((0.0) - (0.0)
i=0

— fi(0, w)))

for all + € R*, which implies that f; ((9, ®) - (s0’,0)) = f;(@, w) + s(f; (0, w) -
©',0)) — fi(0,w)) foralli € {0,...,n(n — 1) + 1}. Since this holds true for all
0, w) € f,, 0" € AR s € R, we get that f; € Aff},(f,). Clearly, we also have
fiod, = t' fi forallt € R*. Therefore f; € Affy,(f,); foralli € {0,...,n(n—1)+1},
as claimed.

Fork € {0,...,n(n — 1)/2}, we now claim that

ar=0 forall ] eZ, \ I} . (3.5)
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For k € {0, 1}, we have T,:l = I,’: and there is nothing to prove. Letk € {2, ..., n(n —

1)/2} be given. First, note that I € 7 ,:l \Z; if and only if there are integers 1 < o <
B < y < n such that either (¢, ay) C I, or (ay, By) C I,or (af, By) C I. Now,
let] <o < B <y < nbe given. On the one hand, since fo; € Affy,(f,), we know
that, for every @ € AZR", the function 1 € R — far((e%, w) - (1(eP + €7),0) =
Fox(0,  + t(e*P 4 ¢*7)) is affine. On the other hand, this function is a polynomial
for which the coefficient of 12, namely,

Y. aronepay)
Ief,?
(aB,ay)Cl

must therefore vanish. Since this holds true for every w € A2R", it follows that
=0 forevery I € 7,:1 such that (¢f, ay) C I. Considering the function t € R
fzk(O w + (€% + ePV)), respectively, 1 € R +— fgk(O w + 1(e®P + ¢P7)), and
arguing in a similar way, we get thata; = O forevery I € 7, « suchthat (ay, By) C I,
respectively, such that (e8, By) C I, which concludes the proof of (3.5).
Fork € {0, ...,n(n — 1)/2}, we claim that

br(0) =0 foralld e A'R", I €T, \I7 . (3.6)

Indeed, letk € {0,...,n(n — 1)/2},0 € AR be given. Consider the function g :
fn — Rgivenby g(1, w) := for+1(0, w) for (r, w) € f,. Wehave g((t, ®)-(¢7',0)) =
Fors1((0, w) - (0,17 A 7)) forall (1, w) € f,, T € A'R™. Since forr1 € Affy(f,),
it follows from (3.1) that g € Affh (fn). We then argue as for the proof of (3.5) to get
that by (6) = 0 forevery I € 7, « \ Z, which concludes the proof of (3.6).

Fork € {[n/2] +1,...,n(n — 1)/2}, we have Z}! = ¢ and it follows from (3.5)
and (3.6) that for = f2k+1 =0.

We now prove that f,+1 = O whenever n is even. Assume that n = 2p with
p>2Letl = (1B1,...,0pBp) € Ilz,p be given. Note that N(/) = {1,...,2p}.
Therefore, to show that b; = 0, we need to verify that b (%) = b;(efi) = 0 for
every j € {1,...,p}.Let j € {l,..., p} be given. Set w; := Zlgigp,i;éj e%Pi On
the one hand, since f,1 € Affy,(f,), the functiont € R — f,11((e%, w;)- (tePi | 0))
is affine. On the other hand,

Sar1 (¢, @) - (teg;, 0) = fur1(e® + 1€l 1e*Pi + w))
=thy(e% +tePi) = thy(e%) + t2by (ePi) .

Therefore the coefficient of #2 vanishes, i.e., b;(efi) = 0. To prove that by (e®/) = 0,
we argue in a similar way considering the function t € R + f,11((—ef/, DE
(te%i, 0)).

All together, we have shown that f = Y7, f; with f; € Affy(f,); that can be
written as in (ii) when i = 2k is even, respectively, as in (iii) when i = 2k + 1 is odd,
which concludes the proof of the proposition. O
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Proposition3.5 Forn > 3,i € {0,....n}, v € A"R"\{(0}, every f € Affy(fa)i can
be written as fv = @, for some n € A"'R".

Proof Assume with no loss of generality that v = e! A --- A e”. We first prove the

proposition when i = 2k is even. Let f € Affy(f,)2r and letay € R, I € 77, be given
by Proposition 3.4 (ii) so that

fO,0)=) aror.

1eT}

For k = 0 we get that f is constant and the required conclusion clearly holds true.
Next, let us consider the case n = 2p with p > 2 and k = p. For o € A’R?*”, we
have

w? = p! Z o(Dwyv

2p
1€,

where, given I = (a181,...,apB8p) € IIZ,", o (1) denotes the signature of the per-
mutation of {1, ...,2p} givenby (1,2,...,2p) > (a1, B1, ..., ap, Bp). Therefore
it suffices to prove that

o(Da; =o(I")ay forall I,1' € T,”. 3.7)

On the one hand, since f € Aff,(f2,), we know that for all (8, ®) € f2p, 0" e AR?P,
the function

teR— f((O, 0)-(0',0)) = Z ar (@+1t9 A0,

2p
1€,

is affine. On the other hand, this function is a polynomial for which the coefficient of
1% is given by

Z aj Z onmuk) @ A0V (O Nk = Z oL Z ar@ AL

1€z’ H.KeT,” LeT,l, 1L’
H.KCI, H#K Y

and must therefore vanish. Since this holds true for all ® € A2R2?, it follows that for
all L eI, 0.0 € A'R?,

> ar @)L =0.

IeIip
IDL
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Now let L € 1,2,':2 be givenandlet 1| < o < f < § < y < 2p be such that
{1,...,2p\N(L) = {«, B, 8, y}. Then the previous equality reads as

aruap.sy) (@ A0 A0,
+ arus,py) (O A 0)as(O A0 gy + aruy.ps) (O A0 )ay (O A0 gs =0

forall 0,0’ € A'R?P. Looking at the coefficient of 90[9/3939)’/ we get that apuag,sy) =
aru(ay,ps)- Looking at the coefficient of 90,939,39; we get that aruws.gy) =
—arU(ay,ps)- Therefore, we have proved that o (I)a; = o(I")ap forall I, 1" € Ilz,p
such that I, I’ > L for some L € 1'127’1 »- Since one can pass from any I € Ig” to any
I'e I}sz by a finite number of such steps, (3.7) follows.

Let us now consider the case n > 3 andi = 2k iseven with2 < i < n — 1.
For J € Jp set Z] := {I € I} : N(I) = imJ} and define f; : f, — R by
110, w) = Zlel’k] ay wy so that

f= fr.

JeT5

Set A'J := span{e/ : j € imJ} and A%J = span{ejj/ . j,j € im J}. We have
f1(0, ) - (t6,0) = f((O,w) - (t6',0)) for all 6,0" € A'J, w € A*J. Since
f € Affy(fn), it follows that the restriction of f; to AT x A2J = for belongs to
Affy, (F21). Since (f7 0 8:)(0, w) = t>* £1(0, w) for all (9, w) € A'J x A?J and all
t € R*, we get that the restriction of f; to AT x A%J belongs to Affy, (f2x)2x and
it follows from the previous case that there is n; € R such that f;(0, w) el = ny ok
for all (6, w) € A'J x A?J. Since f; does not depend on 6, this equality holds
actually true for all 6 € A'R", w € A2J. For (8, w) € fn, we have f;(0,w) =
f7(0, T (w)) where TT; : A2R" — AZ?J denotes the projection map given by
Ty(@) := Y 1< i<y @; ¢/’ Therefore, for (0, ) € fu, we have
j.j'eimJ

fO.0)v="Y" f10.T@)v=Y orn M re"

JeT5 JeT5

where oy € {—1, 1}issuchthatv = oy e/ nel”. Now, note that (w — l'IJ(a)))/\eJC =
0, therefore TT; (w)* A e’" = wk A e/, and the previous equality becomes

fO,w)v = Z ajnja)k/\ejcza)kAn
JeTy

where n 1=, T3 011 e’" € A"2kR" which concludes the proof of the propo-
sition when i = 2k is even.
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We now consider the case where i = 2k + 1 is odd. Let f € Affy,(f,)2x+1 and let
b : A'R" > R, ] € 1}, be linear forms given by Proposition 3.4 (iii) so that

fO,0)=Y " bi@®) o .

1T}

For k = 0 we get that f (6, w) = by(0) and the required conclusion clearly holds true.
Thus assume that k € {1,..., [(n — 1)/2]} and let & € A'R" be given. As in the
proof of (3.6), consider the function g : f, — R given by g(t, ) := for+1(0, w) for
(7, w) € f,. We have g € Affy,(f,), see the proof of (3.6), and since g o §;, = t*Kg, it
follows that g € Aff},(f,)2x. Then we know from the previous cases and Corollary 6.5
that there is a unique 7(9) € A""2KR" such that £ (6, w)v = o* A 7(0) for all w €
A’R". Next, it follows from the linearity of the b; thatthemap6 € A'R” > w* A7 (6)
is linear for every w € A%R”. Since span{w* : @ € A’R"} = AZR", see (6.1), we get
that77 : A'R" — A"~2KR" islinear. We now claim that @ A7j(8) = Oforall® € A'R".
Indeed, on the one hand, we know that the functionz € R — f((0', w) - (¢0,0)) =
f(O 410, w+ 10" A0) is affine for all (8, w) € f,, 8 € A'R". On the other hand,
we have

FO +10, 0410 AO)v = (w410 A AT(O + 10)
= (@ +kt VA0 AO)A@O) +17(0))
= ATO) + 1@ ATO) + kI A0 A0 ATO))
+ 12k VA0 AOATIO) ,

and hence the coefficient of 72 vanishes, i.e., o1 A0 A O A 7(0) = 0 for every
0,0 € A'R", w € A’R". Since span{w*~ ' A0 : 0/ € A'R", w € A’R"} =
AZ=IR see (6.2), we get that & A7(0) = 0 for all € A'R”, as claimed. Then the
required conclusion follows from Proposition 6.6, and this concludes the proof of the
proposition. O

4 Horizontally Affine Functions on Arbitrary Step-2 Carnot Algebras

In this section, we prove Theorem 1.2, that will be deduced from Theorem 1.1 writing
a step-2 rank-r Carnot algebra that is not isomorphic to f, as a proper quotient of §,,
and Theorem 1.3. The main argument for proving both theorems is given in Lemma 4.1
where we characterize those functions in Affy,(f,); that factor through f,/i where i
a graded ideal of f,. We refer to (6.5) and (6.6) for the notions of annihilators. For
notational convenience, we shall again identify §, with A'R” x A>R” throughout this
section.

Lemma4.1 Letn > 2 andibe a graded ideal of §,. For j € {0, ...,n}, n € AR,
the map @, given by (1.1) factors through f, /i if and only if n € Anh""/ i.
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Proof Write the graded ideal i of f, = AR x A2R" asi =1 x ip where ij, ip are
linear subspaces of A'R”, A2R” such that A6’ € i, forall@ € A'R”,6’ € i;.Recall
that ¢ : f, = A"R" factors through f, /i if and only if (0 + 7, w +¢) = ¢ (0, w) for
all (0, w) € fu, (7, ¢) € i.1f n € A"R" then ¢, is constant and therefore clearly factors
through f,/i. Since Anh"i = A"R", see (6.7), this proves the lemma for j = 0. If
n € A""R” then ¢y(0, w) = 6 A n. Therefore ¢, factors through §, /i if and only
if t Ap=0forall T €1iy,ie., n € Anh" i = Anh"~!i, where the last equality
comes from (6.8), which proves the lemma for j = 1. Now let j € {2,...,n}. For
n € Anh"~/1i, it easily follows from (1.1) that ¢y factors through §,/i. Conversely,
let € A"7/R" and assume that @y factors through §, /i. Then, for all (6, ®) € f,,
¢ €, t € R, we have ¢, (0, w +18) = ¢ (6, w), i.e.,

(a)—i—t{)k/\n:a)k/\n if j = 2k is even
ON @+ AN=0A0" Ay if j=2k+ 1isodd.

Identifying the coefficient of degree 1 in , we get that for all € A'R”, w € A*R",
¢ €y,

VAL An=0 if j = 2k is even
OANK AL AN=0 if j=2k+1isodd.

It then follows fr_om (6_.1) when j is even, (6.2) when j is odd, and_Lemma 6.4 that
¢ An e Anh" 2N 2R = (0} for all ¢ € iy, ie., n € Anh" /i, = Anh" /1,
where the last equality comes from (6.9), and this concludes the proof of the lemma.

O

We first prove Theorem 1.2.

Proof of Theorem 1.2 Let g be a step-2 rank-r Carnot algebra that is not isomorphic to
fr. Clearly, @?;& Affh(g); C Affh(g). To prove the converse inclusion, letw : f, — g
be a surjective Carnot morphism and v € A"R” \ {0} be fixed. Recall for further use
that Ker 7 is a nontrivial graded ideal of f,. Let f € Aff,(g). Then fom € Affy(f,) by
Lemma?2.3 and it follows from Theorem 1.1 thatthere are n; € A" 7'R",i € {0, ..., r},
such that (f om)v = > ;_, ¢y We claim that each ¢,, factors through ./ Ker .
Indeed, since 7 commutes with dilations, we have for all (6, w) € f,, (7, ¢) € Kerw,
t € R*,

Y@ +T 0+ =) (90800 +T.0+10)

i=0 i=0
= (fomod)(O+t,w+)v=(fodom)O@+T, 0+ )V
=(fobom)B,w)v=(fomod), w)v

= (g 0800, 0) =) 1'9,,(0, ).
i=0

i=0
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Thisimplies thatforalli € {0, ..., 7}, ¢, (0+1, 0+¢) = ¢, (8, o) forall (0, w) € §,
(t,¢) € Kerm, i.e., ¢y, factors through j, / Ker 7, as claimed. Since 7 is surjective, it
follows thatforeachi € {0, ..., r}thereis f; : g — Rsuchthat (f;omr)v = ¢,,.Since
¢n; € Affh(f,, A"R");, we get from Corollary 2.4 that f; € Aff,(g); (note indeed
that the analogue of Corollary 2.4 holds true for A"R"-valued functions). Let us now
verify that f, = 0. Since ¢,, factors through j,/Ker 7, we know from Lemma 4.1
that n, € Anh® Ker . Since g is not isomorphic to f,, we have Ker 7 # {0} and hence
Anh®Kerw = {0}. Therefore 5, = 0 and hence f, = 0. All together we get that
f= Zf;é fi € @?;& Affy(g); and this concludes the proof of Theorem 1.2. o

We now prove Theorem 1.3

Proof of Theorem 1.3 Let g be a step-2 rank-r Carnotalgebra,n > r,andx : f, — gbe
a surjective Carnot morphism. Leti € {0, ..., n}, v € A"R"\{0}, n € Anh"~ Ker 7.
Since Ker 7 is a graded ideal of f,,, we know from Lemma 4.1 that ¢,, factors through
fn/ Ker 7 and since 7 is surjective we get the existence of a unique function f : g — R
such that (f o m)v = ¢,. Furthermore, since ¢, € Affy(f,, A"R");, we get from
Corollary 2.4 that f € Aff(g);, which concludes the proof of Theorem 1.3 (i).
Conversely, let f € Aff,(g);. Then f o € Aff},(f,); by Corollary 2.4 and it follows
from Theorem 1.1 (ii) that there is a unique n € A”/R” such that (f omr)v = @y. This
equality shows in turn that ¢, factors through §, / Ker = and hence n € Anh"~" Ker 7
by Lemma 4.1, which concludes the proof Theorem 1.3 (ii). By linearity of the map
n +— @p, we get that the bijective map n € Anh"" i Ker — f € Affy(g); where
f is given by Theorem 1.3 (i) is linear and therefore is an isomorphism of vector
spaces, which concludes the proof of Theorem 1.3 (iii). By Theorem 1.1 (i) and
Theorem 1.2, it follows that Affy, (g) and B7_, Anh"~! Ker 7 are isomorphic as vector
spaces. Finally, since Ker 7 is a graded ideal of §,, we get from Corollary 6.9 that
AnhKer 7w = @}_, Anh"~' Ker 7. Therefore Aff,(g) and Anh Ker 7 are isomorphic
as vector spaces, which concludes the proof of Theorem 1.3 (iv). O

Remark 4.2 If g is a step-2 rank-r Carnot algebra that is not isomorphic to f. then
dim Aff, (g) < 2" —r + 1. Indeed consider a surjective Carnot morphism 7 : f, — g.
Then Ker 7 is a nontrivial graded ideal of §, that is contained in A*R”. Therefore
Anh” Ker 7 = A"R’ by (6.7), Anh’ ~! Ker 7 = Anh"~1{0} = A" ~!'R” where the first
equality follows from (6.8), and Anh’ ~# Ker 7 G AR fori € {2,...,r — 1}. This
latter claim indeed follows from the inclusion Ker 7 € A’R’ together with the fact
that Anh>A”~'R" = {0} fori € {2, ..., r — 1}, see Lemma 6.4. By Theorem 1.3 (iii)
we get that Aff,(g); and A" 'R" are isomorphic for i € {0, 1} and dim Affy,(g); <
dim A" 'R" — 1 fori € {2,...,r — 1}. Therefore dim Aff,(g) < 2" —r + 1 by
Theorem 1.2.

Remark 4.3 1t follows from Theorems 1.1, 1.2, 1.3 (iii), and Lemma 6.11 that if g is a
step-2 Carnot algebra then Affy(g); = {0} for some non-negative integer i if and only

it @;.; Affa(g); = {0).

Remark 4.4 Note that it follows from Theorems 1.1 and 1.3 (iii) that if n > r > 2
and 7 : f, — f{, is a surjective Carnot morphism then Anh"~' Ker7r = {0} for
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i e{r+1,...,n}. Similarly, it follows from Theorems 1.2 and 1.3 (iii) that if g is a
step-2 rank-r Carnot algebra that is not isomorphic to fr, n > r,and 7 : j, — gisa
surjective Carnot morphism then Anh"~' Ker v = {0} fori € {r, ..., n}.

5 Step-2 Carnot Algebras Where Horizontally Affine Functions are
Affine

5.1 Characterization

This section is devoted to the proof of Theorem 1.4 that characterizes step-2 Carnot
algebras where h-affine functions are affine. We begin with an easy consequence of
Theorem 1.3.

Lemma 5.1 Let g be a step-2 Carnot algebra. Then @?:0 Affy(9); = Aff(g).

Proof We already know from Lemma 2.5 that Aff(g) C @?:o Aff,(g);. Conversely,
let f € @1‘2:0 Affy(g);. Letr :=rank g,  : f, — g be a surjective Carnot morphism,
and v € A"R" \ {0}. By Theorem 1.3 (ii) there are n; € Anh" " Kerm,i € {0, 1,2},
such that (fom)v = Z%:o @y; - Then it clearly follows from the form of ¢, , see (1.1),
together with the fact that 7 is a surjective Carnot morphism that f € Aff(g). O

We now turn to the proof of Theorem 1.4.

Proof of Theorem 1.4 The equivalence between Theorem 1.4 (i) and (ii) follows from
Lemmas 2.5 and 5.1. Next, Theorem 1.4 (ii) clearly implies Theorem 1.4 (iii) since
Aff,(g); are linear subspaces of Affy(g) that are in direct sum, recalling also that
D, -5 Affu(g); = {0} if and only if Affy,(g)3 = {0}, see Remark 4.3.

Now, assume that Affy, (g)3 = {0}. Letb : g1 x g» — R be a bilinear form such that
b(x, [x,x']) = O0forall x, x’ € g. Identifying g with g x g, we have for x, x" € gj,
zem,teR,

b((x,2)- (tx’,0) =b(x +tx', 2+ t[x, x])
=b(x,7) +tb(x', z) +tb(x, [x, x']) + tb(x', [x, x'])
=b(x,z7) +tb(x, 2)

and b(8;(x, z)) = b(tx, 1*z) = 13b(x, 7). Therefore b € Aff,(g)3 and hence b = 0,
which proves that g is Z-null.

Next, assume that g is Z-null. Letn > max{3, rank g} and 7 : {, — gbeasurjective
Carnot morphism and let us verify that Anh” 3 Ker 7 = {0}. Let v € A"R" \ {0} be
given. By Theorem 1.3 (i), for n € Anh" 3 Ker 7 there is f € Affy(g)3 such that
(f om)v = @y. Identifying f, with A'R" x AZR", we have 0,0, 0) =0 Ao AD.
Therefore ¢, : A'R" x A’R" — A"R" is bilinear. Since 7 is a surjective Carnot
morphism, it follows that f : g = g; x go — R is bilinear as well. Furthermore,
for x, x' € g1, let 0,0’ € A'R” be such that x = 7(0), x’ = w(6'). Then [x, x'] =
(0 A 0') and hence, identifying g with g; x go, we have (x, [x, x']) = 7 (0,0 A 0').
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Therefore f(x, [x, x'T)v = ¢,(0,0 A6") = 0. Since g is Z-null, it follows that f = 0
and hence 7 = 0 by Corollary 6.5. Therefore Anh" > Ker = = {0}, as wanted. Recall
that this is in turn equivalent to 7_, Anh"~! Ker 7 = {0} by Lemma 6.11.

To conclude the proof of Theorem 1.4, assume that there are n > max{3, rank g}
and a surjective Carnot morphism 7 : f, — g such that @@;_, Anh" " Ker 7 = {0}.
By Theorem 1.3 (iii) we get that @_; Aff,(g); = {0} and Theorems 1.1 (i) and 1.2
imply in turn Theorem 1.4 (ii). O

5.2 Examples

In this section, we deduce from Theorem 1.4 sufficient conditions implying that h-
affine functions are affine and necessary conditions that must be satisfied when this
is the case. These conditions may be easier to verify on concrete examples than those
given in the characterization obtained in Theorem 1.4. We, however, illustrate with
explicit examples to what extent some of these easier conditions cannot be turned into
characterizations of step-2 Carnot algebras where h-affine functions are affine. We
shall also see from some of these examples that, unlike affine functions, a h-affine
function defined on a Lie subalgebra of a step-2 Carnot algebra may not admit a
h-affine extension to the whole algebra.

Proposition 5.2 Let g be a step-2 Carnot algebra and assume there is x € g1 such
that ady : y € g1 — [x, y] € g2 is surjective. Then Aff},(g) = Aft(g).

Proof 1f ad, is surjective for some x € g then so is ad, for x’ € U for some
open neighborhood U C g; of x. If b : g1 x go — R is a bilinear form such that
b(u, [u,v]) = 0 for all u, v € g; then, by bilinearity of » and surjectivity of ad,/,
we get b(x’,z) = 0 forall x’ € U, z € g, and finally b = 0, using once again the
bilinearity of b together with the fact that U is a nonempty open subset of g . Therefore
g is Z-null and hence Aff,(g) = Aff(g) by Theorem 1.4 (i)—(iv). O

Proposition 5.2 applies in particular to step-2 Carnot algebras of Métivier’s type,
i.e., step-2 Carnot algebras where ad, is surjective for all x € g;\{0}.

The condition given in Proposition 5.2 about the surjectivity of ad, for some x € g;
implying that g is Z-null should not be confused with the surjectivity of the Lie bracket
[,-1: 91 X g1 — g2. Indeed, step-2 Carnot algebras of Métivier’s type are examples
of Z-null Lie algebras where the Lie bracket is surjective, whereas Example 5.3 below
gives an example of a Z-null step-2 Carnot algebra where the Lie bracket is not
surjective. On the other hand, free step-2 Carnot algebras of rank 3 or higher are not
Z-null whereas the Lie bracket (0, ') € AR x A'R" > O A0’ € A*R" is surjective
if and only if n = 3.

Example 5.3 Let i be the graded ideal of f4 given by i := span{e'? + ¢3*} and let
g := fa/i. Elementary computations show that Anh'i = {0}. Therefore Aff,(g) =
Aff(g) and g is Z-null by Theorem 1.4 (i)—(iv)—(v). To see that the Lie bracket is not
surjective we identify g with A'R* @ g, where g5 := {w € A’R*: w34 = 0}. The
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only nontrivial bracket relations are given by

[0.6'] = (6105 — 016,) — (030, — 0302)) >+ > (6:0) — 0/0)) €'
13<ij<24

for 6,0’ € A'R* and we claim that
Im[-, ] N{w € g :wu=wy3=0}C{weg:wl,+4w3ws >0}

Indeed, let w = [0, 0'] with 0,60" € A'R*. Setu; := (6;,0]) € R fori = 1,2,3,4.
We have w;j = det(u;, u;) for 13 < ij < 24. If up = (0,0) or u4 = (0, 0) then
w24 = 0 and we obviously have a)%z + dwizwyy = a)%2 > (. Assume now that
uy # (0,0), ua # (0,0), and wyg4 = wp3 = 0. Then u; and uy, respectively, us
and u3, are colinear. Therefore there are s, ¢t € R such that u; = suy and u3z = tuy.
Since w> = det(uy, up) — det(us, ugq), we get that a)%2 +4dwizwi = ((s + nHn?—
4st) det(ua, ug)? = (s — t)> det(ua, ug)* > 0, as claimed.

Given a step-2 Carnot algebra g, we say that g’ is a quotient of g if g’ is a step-2
Carnot algebra and there is a surjective Carnot morphism 7 : g — g¢'.

Proposition 5.4 Let g be a step-2 Carnot algebra such that Aff, (g) = Aft(g). Then
Aff(g') = Aff(g') for every quotient g’ of g.

Proof By [11, Lemma 2.3] every quotient of a Z-null Lie algebra is Z-null and hence
the proposition follows from Theorem 1.4 (1)—(iv). O

Note that it may happen that Aff(g) & Aff,(g) while Affy,(g") = Aff(g’) for every
proper quotient g’ of g, i.e., for every quotient of g that is not isomorphic to g. A simple
example is given by the free step-2 rank-3 Carnot algebra f3. Indeed, we know from
Theorem 1.1 that Aff(f3) & Aff,(f3), whereas every proper quotient g’ of f3 is either
isomorphic to f; or has rank 3 and is not isomorphic to {3, therefore Affy, (g') = Aff(g’)
by Theorems 3.2, 1.2, and 1.4 (i)—(ii). See also Example 5.6 for another example that
is not isomorphic to f3.

Note also that since Aff(f3) & Affy(f3), Proposition 5.4 has the following imme-
diate corollary.

Corollary 5.5 Let g be a step-2 Carnot algebra that has f3 as one of its quotients. Then

Aff(g) & Affu(9).

It may happen that Aff (g) & Aff,(g) while g does not have {3 as one of its quotients,
as shows Example 5.6 where g is a step-2 rank-5 Carnot algebra such that Aff(g) &
Aff,(g) and Affy(g") = Aff(g’) for every proper quotient g’ of g.

Example 5.6 Let i be the graded ideal of fs given by i := Anh?{¢} where ¢ :=
e'2 + % and let g := f5/i so that g is in particular a step-2 rank-5 Carnot algebra and
therefore is not isomorphic to f3. We have ¢ € Anh?i and hence Aff(g) ¢ Aff,(g) by
Theorem 1.4 (i)—(v). We now claim that Aff,,(g") = Aff(g’) for every proper quotient
g of g. Indeed, let g’ be a proper quotient of g and let 7 : g — ¢ be a surjective
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Carnot morphism. Let 7 : fs — g denote the quotient map so that 7 o 7 : fs — g
is a surjective Carnot morphism and let us verify that Anh?> Ker o ¥ = {0}. Let
n € Anh?Kerm o 7. We have Anh'{z} @ Anh?{¢} = {0} @ Anh*{¢} = Ker7 C
Ker 707 C Anh'{n}@®Anh?{n}. Since Anh?{¢} = span{e'?—e* !4 13 24 ¥},
we have (¢'? — %) Ay = 0, implying 134 = 735 = n45 — M2 = M3 = M3 = 0, and
e/ An=0fori =1,2,j=4,5,implying n;; = 0fori = 1,2, j =4, 5. Therefore
n € span{¢}.If n # 0 then Anh'{n}@® Anh*{} = Anh'{¢}® Anh?{¢} which implies
in turn Ker 7 = Ker 7w o = and therefore Ker 7 = {0}. This contradicts the fact that
g is a proper quotient of g and hence = 0. Therefore Anh” Ker 7 o 7 = {0} and it
follows from Theorem 1.4 (i)—(v) that Aff, (g") = Aff(g), as claimed.

We recall that the direct product g x R? of a step-2 Carnot algebra with an abelian
Lie algebra and the direct product g x g’ of step-2 Carnot algebras inherit naturally of
a structure of step-2 Carnot algebra from those of g and g’

Proposition 5.7 Let g, g’ be a step-2 Carnot algebras and d > 1 be an integer. Then
the following hold true:

() Affy(gx g") = Aff(g x ¢') if and only if Affy, (9) = Aff(g) and Affy, (9') = Aff(g)
(i) Affy(g x RY) = Aff(g x RY) if and only if Aff, (g) = Aff(g).

Proof By [11, Lemma 2.3], any finite direct product of Z-null Lie algebras is Z-null.
Therefore it follows from Theorem 1.4 (i)-(iv) that Aff,(g x g') = Aff(g x ¢)
whenever Aff,(g) = Aff(g) and Affy(g') = Aff(g’). Similarly, since abelian Lie
algebras are Z-null (see Definition 2.6), we have Affy, (g x R?) = Aff(gxRR?) whenever
Aff,(g) = Aff(g). The converse implications in (i) and (ii) follow from Proposition 5.4
noting that the projection maps from g x g’ onto either g or g’ and from g x R? onto
g are surjective Carnot morphisms. O

The next proposition is another simple consequence of Theorem 1.4 that gives a
sufficient condition ensuring that h-affine maps are affine.

Proposition 5.8 Let g be a step-2 Carnot algebra such that Aff(g) & Affy,(9). Then
there is a Lie subalgebra of g isomorphic to f3.

Proof By Theorem 1.4 (i)—(iv) we know that g is not Z-null. Thenletd : g; x go — R
be a non-zero bilinear form such that 5(x, [x, x']) = 0 for all x, x” € g;. Since b # 0,
there are x € g1,z € gp suchthat b(x, z) # 0. By bilinearity together with the fact that
[g1, g1] = g2, it follows that there are xi, x3, x3 € g1 such that b(xy, [x2, x3]) = 1.
We claim that [xy, x2], [x1, 23], [x2, x3] are linearly independent and therefore the
Lie subalgebra of g generated by xi, x2, x3 is isomorphic to f3. Indeed, note that
since b(x, [x, x']) = O for all x, x" € g, the trilinear form (x, x’, x”) € g; x g1 x
g1 — b(x, [x’, x"]) is alternating and therefore b(x3, [x1, x2]) = —b(x2, [x1, x3]) =
b(x1, [x2,x3]) = 1. Now let sy, 57,53 € R be such that s3[x, xo] + s2[x1, x3] +
s1[x2, x3]1 = 0.Fori € {1, 2, 3}, we have b(x;, s3[x1, x2] + s2[x1, x3] + s1[x2, x3]) =
si b(xi, [xk, x1]) = 0 where k < [ and {k,l} = {1, 2, 3}\{i}. Since b(x;, [xk, x;]) # 0
for such indices i, k, [, it follows that s1 = s = s3 = 0, which concludes the proof
of the lemma. O
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We stress that Z-null step-2 Carnot algebras may have Lie subalgebras isomorphic
to f3, as shown in the following two examples.

Example 5.9 [The quaternionic Heisenberg algebra.] Let i, j, k denote the quaternion
units satisfying i> = j? = k?> = ijk = —1 and denote by H := {q1+iga+ jq3+kqs :
gi € R} the set of quaternions. Given ¢ = g1 + iq2 + jg3 + kg4 € H, denote by
Imqg :=ig+ jg3+kqsitsimaginary partand g := q1 —ig2 — jq3 —kqa its conjugate.
Equip H@Im H with the Lie bracket for which the only nontrivial relations are given by
[¢.4'] :=1Im(g q') forq, ¢’ € H which makes H&®Im H a step-2 Carnot algebra that s
well known to be of Heisenberg type, and therefore of Métivier’s type (see for instance
[9]). Therefore, we have Affy, (H®Im H) = Aff (H®Im H) and H &Im H is Z-null by
Proposition 5.2. We now claim that the Lie subalgebra of H & Im H generated by any
three linearly independent elements in H is isomorphic to f3. Indeed, for ¢, ¢’ € H,
we have [¢q, ¢’] = 0 if and only if ¢ and ¢’ are colinear. This indeed follows from
the fact that for ¢ € H\{0}, the linear map ad, : ¢’ € H +— [q.q'] € ImH is
surjective with g € Ker ad,, together with the fact that dim H = 4 and dim Im H = 3.
Then let q1, g2, q3 € H be linearly independent and assume by contradiction that
dim span{(qg;, g;]: i, j € {1, 2, 3}} < 2.Exchangingtheroleof g1, g2, g3 if necessary,
thereare s, t € Rsuchthat[qgs, g3] = slq1, g21+1t[q1, g3]1. Then [q2 —tq1, sq1+q3] =
0 which implies that go — 7g; and sq| + g3 are colinear and contradicts the fact that
q1, 92, q3 are linearly independent. Therefore dim span{lg;, g;]1:i,j € {1,2,3}} =3
and the Lie subalgebra generated by ¢, g2, g3 is isomorphic to f3, as claimed.

Example5.10 Let g := f4/i where i := span{e!? + ¢3*} be the Z-null step-2 Carnot
algebra given by Example 5.3. We claim that the Lie subalgebra of g generated by
any three linearly independent elements in A'R* is isomorphic to f3. Indeed let 7 :
f4 — g denote the quotient map. Let 6y, 65, 63 € A'R?* be linearly independent and
leta,b,c € Rbesuchthat amw () A6) +bmr(01 AB3) +cm(r AB3) =0, ie.,
abi NOy+bO ANO3+cbr ANO3 € Kerm. Wehave (aby AOy +b6O; AO3+cbr A
03)? = 0 while Kerm = span{e'? 4 ¢3*} with (e!> + ¢3%)2 #£ 0. It follows that
aby A0y +b01 ANO3+cOy AB3 = 0and hence a = b = ¢ = 0. This proves that
dim span{m (6; A 0;) : i,j € {1,2,3}} = 3 and therefore the Lie subalgebra of g
generated by 61, 6, 03 is isomorphic to {3, as claimed.

Theorem 1.4 (i)—(iv) together with Proposition 5.8 has the following immediate
consequence.

Proposition 5.11 Let g be a step-2 Carnot algebra with dim g, < 2. Then Aff;,(g) =
Aff(g).

If rank g = dim g = 3 then g is isomorphic to {3 and therefore Aff(g) & Aff,(g).
This fact generalizes to higher rank step-2 Carnot algebras g with dim g» = 3 in the
following way.

Proposition 5.12 Let g be a step-2 Carnot algebra with dim g = 3. Then Aff,(g) =
Aff(g) if and only if g is not isomorphic to {3 x R for some non-negative integer d.
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Proof If g is isomorphic to the direct product f3 x R? for some non-negative inte-
ger d then g has f3 as one of its quotients and we know by Corollary 5.5 that
Aff(g) & Aff(g). Conversely, assume that Aff(g) & Affy(g). First, if rank g = 3,
since dim go = 3, then g is isomorphic to 3. Next, assume that » := rank g > 4. By
Proposition 5.8, there are x1, x2, X3 € g) generating a Lie subalgebra of g isomor-
phic to f3 and there is a bilinear form b : g; x g» — R such that b(x, [x,x']) = 0
for all x,x’ € g; and b(xy, [x2,x3]) = 1. Set V := span{xy, x3, x3}. We claim
that for every x € g;\V, there is x’ € V such that x + x’ lies in the center
of g, i.e, [y,x +x'] = 0 for all y € g;. To prove this claim, let x € g; \ V
be given. Since dimgy = 3 = dimspan{[x;,x;] : 1 < i < j < 3} there are
xl.j e R,i, j e{l,2,3},such that [x;, x] = x% [x1, x2] — x2 [x1, x3] —l—xl [x2, x3] for
j€{1,2,3}.Setx' :== x% X1 —i—xf X2 —}—le x3 and let us verify that x + x” € Center(g).
We first verify that [x;,x + x'] = 0 for j € {1,2,3}. Since b(x,[x,x']) = 0
for all x,x’ € g, the bilinear form (y,y’) € V x V — b(y, [y, x]) is skew-
symmetric. For y = } 5, so;x; € Vand y' = } _;_3Bjx; € V, we have
b(y, [y, x]) = Yi. j<3¥ @i Bj. By skew-symmetry, we get x/ = —xj. for
i,j €{1,2,3} and it follows that [x;, x +x']=0forj € {1,2,3}. Now let y € g;
and write [y, x + x'] = s3 [x1, x2] — 52 [x1, x3] + 51 [x2, x3] with s; € R. Since the
trilinear form b(-, [+, -]) is alternating, we have b(x;, [y, x + x']) = s;. On the other
hand, b(x;, [y, x +x']) = —b(y, [xi, x +x']) = 0. Hence s; = 0 fori € {1, 2, 3}
and therefore [y, x + x'] = 0, as wanted. It now clearly follows from this claim
that one can complete (xp, x2, x3) into a basis (x1, ..., x,) of g in such a way that
X4, ..., xr € Center(g), i.e., g is isomorphic to f3 x R"3. O

To conclude this section, let us remark that a h-affine function defined on a Lie
subalgebra of a step-2 Carnot algebra may not admit a h-affine extension to the whole
algebra. Indeed, let g be a step-2 Carnot algebra such that Aff}, (g) = Aff(g) and such
that there is a Lie subalgebra § of g isomorphic to f3, see Examples 5.9 and 5.10.
Then Aff(f) & Affy(f) and therefore there is & € Aff,(f) \ Aff(f). Assume there is
h € Affy(g) whose restriction to { is . By assumption on g, we have i € Aff(g).
Since f is a linear subspace of g, it follows that the restriction of / to f is affine, i.e.,
h € Aff(§), which gives a contradiction. Recall that on the contrary an affine function
defined on an affine subspace of a vector space can always be extended to an affine
function on the whole space.

6 Appendix About Linear and Exterior Algebra

We gather in this appendix some basic facts about linear and exterior algebra not
pertaining to h-affine functions that have been used in the previous sections.

We start with a characterization of affine maps between real vector spaces whose
elementary proof is left to the reader.

Proposition 6.1 Let E, F be real vector spaces. A map [ : E — F is affine if and
only if for every x,y € E, themap t € R +— f(x + ty) is affine.
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For the sake of completeness, we state below an elementary property of multiaffine
functions that has been used in the proof of Proposition 3.4. The proof can easily be
done by induction on the dimension and is left to the reader.

Proposition 6.2 Let p > 1 be an integer and E be a p-dimensional real vector space.
Let f : E — R and assume that there is a basis (e1, ..., ep) of E such that the
mapt € R — f(v+te;) is affine for everyv € Eand j € {1,..., p}. Then f is
a linear combination of the uj, where J ranges over the subsets of {1, ..., p} and
uy(v) = Hjej vj forv= Zle vje; with the convention ug(v) := 1.

The rest of this appendix is devoted to (basic) facts about exterior algebra that have
been used throughout this paper. Although some of them look quite elementary, we
were, however, unable to find references in the literature and thus provide proofs for
the reader’s convenience.

Given integers n > 1 and k > 1, we denote by AXR" the set of alternating k-
multilinear forms over R”. For k = 0, we set AR” := R. We denote by A*R" :=
Do AFR™ the exterior algebra equipped with exterior product A. We recall that

AFR" = {0} if k > n. For ¢ € A*R", weset £ := 1 and ¢¥ := ¢ A--- A C for
—

k times
k>1.
Lemma 6.3 Forn > 1, we have in A*R"
span{w’ : w € A’R"} = AZ*R" | 6.1)
span{f A o* 1 6 € A'R", w € A’R"} = AZFIR" 6.2)

forallk > 0.

Proof We only need to consider the nontrivial cases wheren > 2and 1 <k < [n/2].
Then (6.1) and (6.2) follow from the identity

O1AO+ -+ Ot A0 =K1OL A A Oy (6.3)

forall 0y, ..., 60 € A'R". o
Givenn > 1, we set J' := {/},

T ={G1,...jeN:1<j <. < ji<n) (6.4)
for k € {l,...,n}, and J" = Uofksnjk". We write im¥ := ¢ and imJ :=
{jt..... i} € Nfor J = (j1,.... i) € J. Given J,J' € J", we denote
by J\J' the unique element in J" such that im(J\J’) = im J\im J’ and we set
J¢:=(1,...,n)\J. We fix a basis (eq, ..., e,) of R” and denote by (¢!, ..., ") its

dual basis. For J = (ji, ..., jix) € jk", we sete’! ;= e/l A+ Aedk € AFR" with the
convention ¢” := 1.
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The space of exterior annihilators of an element in A’R” of some given order k has
been introduced in [7], see also [6, Section 2.2]. More generally, givenn > 1,k > 0,
and A C A*R", we define the annihilator of A in A*R", respectively, A¥R" as

AnhA :={n e A*R": nA¢ =0forall¢ € A}, (6.5)
Anh*A := A¥R” N AnhA . (6.6)

We also set AZ¥R" := ., A'R".

i>k
Lemma6.4 Forn > 1,k €{0,...,n}, we have AnhAKR" = AZ"—k+1R",

Proof For k = 0, we clearly have AnhA'R" = {0} = AZ"tIR". Letn > 1 and k €
{1, ..., n}begiven. Clearly A="**1R" — AnhA*R”".Since AnhA*R" is graded, i.c.,
AnhA*R" = ;. , Anh’ AFR" (see Lemma 6.8), if equality fails then Anh’ AFR" #
{0} for some i € {_0, ...,n—k}.Letn € Anh! AKR"\{O}and J = (j1,..., ji) € J"
be such that n(ej,,...,e;) # 0. Then n A el = n(ejl,...,ejl.)ej A el % 0.
However, we can write ¢/* = e”/1 A ¢”2 for some J; € J', J» € J"_,_,, and since
n e AnhA*R", we getn A el = 0, which gives a contradiction. O

Writing (A, B) todenote the setof maps f : A — B we deduce from Lemmas 6.3
and 6.4 the following corollary.

Corollary 6.5 Fork € {0, ..., |n/2]}, the linear map A"~2kR" — F(A2R", A"R")
given by n — (w — o A n) is injective. Fork € {0, ..., | (n — 1)/2]}, the linear
map AP2R=IR s FAIRY x A2RM, AMRY) givenbyn — ((0,w) — 0 Aok A n)
is injective.

Proof By linearity we only need to verify that these maps have trivial kernel. Let
ke{0,...,n/2]}andn € A" *R" besuchthatw® An = Oforallw € A*R”. Onthe
one hand, by (6.1) we have n € Anh"~2k AZ¥R" On the other hand, by Lemma 6.4, we
have Anh" 2k A2%¥R" = {0}. Therefore n = 0. Similarly, fork € {0, ..., [(n —1)/2]}
and n € A" 2*~1R” such that A 0 Ay = 0 forall (9, w) € A'R" x A’R", we
have by (6.2) and Lemma 6.4 that € Anh"~2k=TAZK+IR" — {0}, o

The next proposition played a key role at the end of the proof of Proposition 3.5.

Proposition 6.6 For n > 1 the following holds. Let k € {1,...,n} and 7 : A'R" —
AXR™ be linear. Assume that O A7(0) = Oforall® € A'R™. Thenthereisn € A¥~'R”
such that 7(0) = 0 A g forall @ € A'R".

Proof Whenk = neverymap7 : A'R" — A"R” satisfies the assumption 6 A7(0) =
0forall & € A'R". If ﬁ : AIR" — A"R" is in addition assumed to be linear and

Let us now argue by mductlon on n. First, if n = 1, the conclus1on follows from
the previous remark. Next, let n > 2. By the previous remark, we only need to
consider the case where k € {l,...,n — 1}. By linearity of 77, we only need to
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prove that there is n € A*~'R" such that 7(e/) = e/ Ay for j € {1,...,n}. Set
Vj:={xeR”:ef(x)zO}forje{1,‘...,n}. . ‘
For j € {1,...,n—1},since e/ A7j(e/) = 0, we can write 7j(e’) = e/ An; for some

nj € Ak_IVj.Next, writen; = 7; Ae" + ¢ forsome 7; € A*=2V, and ¢j € ATy,
(when k = 1, t; = 0). Define T : AV, —> Ak_IV,, andz A, > AkVn to be
linear and such that T(e/) = e/ Atjand ¢ (e/) = e/ Agj forall j € {1,...,n—1}.For
0 € A'V,,wehave77(0) = T(O) A"+ (0). Thus OATI(O) = OAT(O) A" +OAE(0) =
0 for all & € AV, and this implies in turn that A T(0) = 0 and 6 A £ () = O for
all @ € A'V,. By induction, there are 7 € A2y, (again T = 0 when k = 1) and
¢ e AF1V, suchthat 7(0) = O AT and 2 (9) = O A ¢ forall & € AlV,. It follows
that 7(0) =0 A (t Ae" +¢) forall @ € A'V,. Wesetn :=1 Ae" +¢ € AFIR™,
To conclude the proof of the proposition, it remains to verify that 7(e") = " A 1.
Since 1 < k < n — 1, this is equivalent to showing that e/ A 7j(e") = e/ Ae" A7
forall j € {1, ..., n}, see Lemma 6.4. By assumption, we have 6 A 77(8) = 0 for all
0 € A'R” and therefore 0 A 77(0") + 6’ A7(0) = 0 for all 6,0’ € A'R”™. It follows
that e/ ATj(e") = —e" AT(ed) = —e" Nel A =el A Anforjell,...,n—1}.
Since e AT (e") = 0 = €" Ae" An, we finally get 7(e”") = e" A1, and this concludes
the proof of the proposition. O

Recall that a graded ideal i of f, can be seen as a linear subspace of A*R" of the
form i = i; @ iy where i1, i, are linear subspaces of, respectively, AR, A2R" such
thatd A0’ € iy forall® € A'R", 0’ € i;. The structure of annihilators of such subsets
of A*R", and in particular Corollary 6.9 and Lemma 6.10, played a major role in
Sect. 4. Before proving Corollary 6.9 and Lemma 6.10, we first state two elementary
lemmas. The easy proof of Lemma 6.7 is left to the reader.

Lemma6.7 Let V, W be linear subspaces of A*R" that are in direct sum. Then
Anh(V @ W) = AnhV N AnhW and Anh*(V @ W) = Anh*V N Anh*W for all
k> 0.

Lemma6.8 Letn > 1, j >0, A C A/R". Then AnhA = @, ., Anh*A.

Proof Clearly, @,.,Anh*A C AnhA. Conversely, let n = Y }_; nx € AnhA where
nk € AFR". For a € A, we have Yicome Aa=0withn Aa € AFHIR™ therefore
nk Aa = 0 forall k € {0,...,n}. Since this holds true for all @ € A, we get that
Mk € Anh*A forall k € {0, ..., n}, and therefore n € P, Anh*A. O

Corollary 6.9 Let i1,i» be linear subspaces of. respectively, A'R", A>R". Then
Anh(i1 @ i2) = Py Anh* (i) @ i)

Proof By Lemmas 6.7 and 6.8, we have

Anh(i; @ i) = Anhij N Anhiy = (@g=0 Anh*i}) N (@r=0 Anh*iy)
= ®>0 Anh*i; N Anh*iy = @0 Anh*(i; @ ip) .
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Lemma 6.10 Letn > 2, iy, i2 be linear subspaces of, respectively, AR, AZR" such
that O A @' € iy forall@ € A'R", ' € iy. Then

Anh"! (i) @ 1p) = Anh" 1y, ©8)
Anhn—i (1 ®i) = Anhn_iiz f()}"i e{2,...,n}. (6.9)

Proof Clearly, Anh" A = A"R”" forall A C A='R" and (6.7) follows. By Lemma 6.7,
we have Anh"~1(i; @ 1) = Anh"~'i; N Anh" 'i. For A ¢ AZZR”", we have
Anh"~'A = A" !R" therefore Anh" ', = A" !R" and (6.8) follows. For
i €{2,...,n}, clearly Anh"~'(i; @ i,) C Anh""'iy. Conversely, let n € Anh" i,
and 0 € i;. By assumption, A0’ € i, forall &' € A'R". Therefore n A0 A0’ = 0 for
alld’ € A'R",ie., n A6 € Anh" T ATR" = A7 IFIR" 0 AZ"R”, where the last
equality follows from Lemma 6.4. Sincei € {2,...,n},wehaven —i +1<n—1,
therefore A" ' T1R” N AZ"R" = {0} and hence n A 6 = 0. Since this holds true for
all 6 € iy, we get that n € Anh"~i; N Anh" /iy = Anh" ' (i; @ i), where the last
equality comes from Lemma 6.7 and concludes the proof of (6.9). O

We end this section with an observation that has been useful for our purposes in
Remark 4.3 and Sect.5.

Lemma6.11 Letn > 1,k € {0, ..., n}, A C A*R" be such that Anh*A = {0}. Then
Anh’/A = {0} forall j € {0, ..., k}.

Proof Letj €{0,...,k},ne Anth.Forallg' e AFIR" g € A,wehave L AnAa =
0,i.e., ¢ An € Anh*A. Since Anh*A = {0}, it follows that n € Anh/ AF—/R" =
AIR"NAZ"—k+i+IR" where the last equality follows from Lemma 6.4. Since n —k >
0,wehaven —k+ j +1 > j+ 1, therefore A/R" N A=""k+i+IR" —= {0} and hence
Anh/ A = {0}. o
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