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ABSTRACT: In this work, we investigate the computation of the counterterms necessary
for the renormalization of the one-loop effective action of quantum gravity using both
the worldline formalism and the heat kernel method. Our primary contribution is the
determination of the Seleey-DeWitt coefficient az(D) for perturbative quantum gravity with
a cosmological constant, which we evaluate on Einstein manifolds of arbitrary D dimensions.
This coefficient characterizes quantum gravity in a gauge-invariant manner due to the
on-shell condition of the background on which the graviton propagates. Previously, this
coefficient was not fully known in the literature. We employ the N’ = 4 spinning particle
model recently proposed to describe the graviton in first quantization and then use the heat
kernel method to cross-check the correctness of our calculations. Finally, we restrict to six
dimensions, where the coefficient corresponds to the logarithmic divergences of the effective
action, and compare our results with those available in the literature.
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1 Introduction

One of the most important and challenging areas of modern theoretical physics is the search
for a consistent quantum theory of gravity. Regardless of its specific details, any such theory
is expected to incorporate and generalize the principles of general relativity. However, as it
is well-known, general relativity gives rise to a non-renormalizable quantum field theory,
in which diverging terms cannot be absorbed into the parameters of the Einstein-Hilbert
action. This makes the development of a quantum theory of gravity an ongoing and active
area of research, with important implications for our understanding of the fundamental
nature of spacetime.

The investigation of divergences in quantum gravity dates back to the pioneering
work of t’ Hooft and Veltman [1]. They demonstrated that, when evaluated on-shell



and with vanishing cosmological constant, the one-loop logarithmic divergences in four
dimensions were absent. Subsequently, van Nieuwenhuizen [2] observed that one-loop
quantum calculations in six dimensions share some features with two-loop calculations in
four dimensions. He found that quantum gravity in six dimensions contains a nonvanishing
logarithmic divergence, suggesting that divergences could emerge at two-loops in four
dimensions as well. This prediction was supported by Critchley [3], who corrected a
numerical factor in the six-dimensional term. Eventually, Goroff and Sagnotti [4] explicitly
calculated the two-loop divergence in four dimensions. They demonstrated that pure
quantum gravity is a non-renormalizable theory at two-loops. This result was later checked
and confirmed by van de Ven [5]. On the other hand, the inclusion of a cosmological
constant gives rise to a one-loop logarithmic divergence already in four dimensions, as found
by Christensen and Duff [6].

Subsequent research has focused on the search and analysis of gravitational theories with
improved ultraviolet behaviour, such as simple supergravity [7, 8] and supergravities with
extended supersymmetry, like the N = 8 supergravity [9] that was obtained by dimensional
reduction of the unique 11D supergravity [10]. The ultraviolet properties of these theories
are still under investigation to understand whether all supergravities must necessarily be
ultraviolet divergent, as known symmetry arguments seem to suggest, see [11] and references
therein. On the other hand, the various supergravity theories appear as low energy limits of
string theory [12, 13], whose finiteness is related to its being a theory of extended objects
rather than point-like particles.

In this work, we focus on pure gravity with cosmological constant with the aim to
investigate further the structure of the diverging terms in the one-loop effective action.
Evaluated on-shell, these diverging terms are gauge-invariant and characterize unambigu-
ously the theory. For instance, they could serve as a benchmark for verifying alternative
approaches to perturbative quantum gravity, and thus their precise expression should
be known explicitly. Our main contribution is the determination of the Seleey-DeWitt
coefficient a3(D) of perturbative quantum gravity that parametrizes a class of divergences
that start to appear in D > 6 dimensions. It has not been reported in the literature in its
full generality so far. On the other hand, the coefficients a, (D) for n = 0, 1,2 are already
known and have been cross-checked with different methods [14-16].

In our endeavor to determine the coefficient az(D), we employ two distinct approaches:
the worldline formalism and the heat kernel method. The first one consists in using the
N = 4 spinning particle, which provides a first-quantized description of the graviton. It
correctly describes the graviton propagating on Einstein manifolds [17] and it was employed
in [14] to construct a worldline representation of the one-loop effective action for quantum
gravity. The worldline representation involves computing the path integral of the N' = 4
spinning particle on a circle. We perform the perturbative expansion of this path integral
and compute it up to the order required to determine the coefficient ag(D). Then, we employ
a second method based on the time-honored heat kernel representation of the one-loop
effective action of quantum gravity [18-20]. In this approach, we evaluate the heat kernel
coefficients by taking on-shell the background metric, i.e. inserting metrics corresponding to
Einstein spaces. This second method yields the same coefficient az(D) obtained previously.



The agreement between the two methods provides a robust consistency check for both the
new coefficient and the worldline A/ = 4 representation.

The paper is organized as follows. In section 2, we provide a description of the worldline
formalism. Specifically, we focus on the path integral for the N/ = 4 spinning particle
and show how it can be used to compute the on-shell counterterms in quantum gravity.
We compute the explicit counterterms related to the coefficients a, (D) for n = 0,1,2,3
using worldline perturbation theory. Section 3 employs the heat kernel method in one-loop
quantum gravity to derive the same counterterms, thus providing a cross-check of our
results. In section 4, we discuss the one-loop divergences for quantum gravity in four
and six dimensions, providing further consistency with the existing literature. Finally,
our conclusions are presented in section 5. The appendices contain useful formulae for
geometric quantities on Einstein spaces and detailed explanations of the computational
procedures employed.

2 Worldline formalism

In this section, we review the representation of the one-loop effective action for pure
Einstein-Hilbert gravity in the worldline formalism. The most elegant way of obtaining such
a representation is to consider a relativistic spinning particle with four local supersymmetries
on the worldline, check that its spectrum coincides with that of the graviton in D dimensions
— especially when the coupling to a background metric is introduced — and then path
integrate the model on the circle to obtain the desired one-loop effective action for the
graviton as a functional of the background metric. Along the way, one finds that quantum
consistency of the model requires the background metric to satisfy Einstein’s equations of
motion. This approach for describing the graviton shares many analogies with string theory:
they are both first quantized models and both of them require the allowed background
fields to be on-shell. We shall not present here all the details leading to the construction of
the worldline representation of the effective action for pure quantum gravity, for which we
refer to [14], but we review the main ideas that have led to that result.

Massless relativistic particles carrying spin s have a description in terms of mechanical
models with /' = 2s local supersymmetries on the worldline, as suggested in [21] and
explicitly constructed in [22, 23]. These models are described by the worldline particle
coordinates z# together with A real fermionic superpartners ¢! with i = 1,..., N, in-
troduced to describe the spin degrees of freedom of the particle. Unitarity of the model
requires the y = 0 components of these variables to be non-physical. The N-extended
local supersymmetry is needed precisely to compensate for this redundancy in a relativistic
invariant manner. A further gauging of the R-symmetry group SO(N) that rotates the N
supercharges is optional as it is not required by unitarity. It is generically used to constrain
the model to have the minimal amount of degrees of freedom and deliver pure spin s states.
This model was path integrated on a circle in [24] to verify that it propagates correctly the
degrees of freedom of a relativistic particle of spin s. While everything works fine in flat
spacetimes, coupling to background fields, and in particular to curved spacetimes, proved
more difficult to achieve, which is somehow expected for particles of sufficiently high spin.



Early results were obtained in [25, 26], where some obstructions were circumvented allowing
for specific couplings to (A)dS and conformally flat spaces. Then, a crucial result was
obtained in [27], where it was shown how to use BRST methods to extend the case of spin
1 to include non-abelian couplings, thus providing a first-quantized description of the gluon.
Using similar BRST techniques, in [17] it was found how the spin 2 massless particle could
be coupled to background metrics that satisfy Einstein’s equation. This guarantees that
the first-quantized graviton can propagate consistently on Einstein spacetimes, where the
Ricci tensor is proportional to the metric

R,uu = )\guu (21)

with constant A, thus admitting a cosmological constant of indefinite sign. The BRST
construction was crucial to develop a path integral quantization delivering a worldline
representation of the one-loop effective action for quantum gravity [14]. Path integrals for
one-dimensional nonlinear sigma models, such as the one associated with the A/ = 4 spinning
particle in curved spaces, require counterterms that are related to the regularization scheme
used in defining the path integral itself [28, 29]. The counterterm used in [14] was the one
associated with wordline dimensional regularization and was effectively valid only for D = 4.
Its extension to arbitrary D dimensions was constructed in [15] and it is the one that we
use here below.

Alternative worldline representations of the effective action for quantum gravity are
possible, see for instance [16, 30]. They are close in spirit to the heat kernel approach
employed in section 4. For their formulation they need direct inputs from the associated
QFT, just as it happens in the heat kernel method. In this sense, they are not independent
of the second quantized theory and will not be used in this section.

As anticipated, we refer to the aforementioned studies for details on the analysis of
the spinning particle action and quantization, proceeding now with the construction of the
worldline representation of the gravitational effective action.

2.1 The worldloop path integral

The one-loop effective action I'[g,,] for pure gravity corresponds to the path integral of the
N = 4 spinning particle action S[X,G;g,,] on worldlines with the topology of the circle
St also called the “worldloop”, and takes the schematic form

DGDX e SIX.Gigu]

—_— 2.2
51 Vol(Gauge) (22)

F[g;w] =
The particle Euclidean action depends on the worldline gauge fields G = (e, x, x,a) and
coordinates with supersymmetric partners X = (az,w,dj), while the overcounting from
summing over gauge equivalent configurations is formally taken into account by dividing
by the volume of the gauge group. The four real fermionic partners of the coordinates
have here been cast more conveniently into a pair of complex fermionic variables ¢ and 1,
as well as the worldline gravitinos x and x. As implied by the BRST analysis, the gauge
symmetries are consistent only when the background metric g,, is on-shell, i.e. satisfies
eq. (2.1). Explicitly, the effective action (2.2) is related to a partially gauge-fixed version of



the N = 4 spinning particle path integral Z(T) through a Schwinger representation, and
given by
o0

Mgl = —5 [ 5 2(T) (23)
where T is often called the Schwinger proper time, a modulus whose integration arises from
the gauge-fixing of the einbein e on the circle. In the present work, we only mention some
of the important technicalities, namely the gauging of a parabolic subgroup of the SO(N)
R-symmetry group, the choice of the aforementioned gauge fixing of the worldline action,
and the regularization of the nonlinear supersymmetric sigma model, skipping the details
while referring to previous work for the reader interested in them [14, 15]. We choose to
focus our discussion on the perturbative computation of the path integral providing only
a few remarks when needed. The partition function Z(T'), upon gauge fixing, takes the

following explicit form

A — /Qﬂ do [ d¢ / / 7, —S[X;9u0]
(T) = — — P(0,¢) | DxDaDbDc | DyDie wol (2.4)
o 2mJo 2w PBC ABC
where P(6,¢) is the measure on the moduli space (6,¢) generated by the gauge fixing
and which implements the correct projection on the physical graviton Hilbert space in
D dimensions. The worldline variables X = (x,w,gz,a, b, c) now include bosonic a and
fermionic (b, ¢) “metric ghosts”, introduced in order to keep translational invariance of the
path integral measure and which renormalize potentially divergent worldline diagrams [28].
The path integral over bosonic variables and metric ghosts is evaluated by fixing periodic
boundary conditions (PBC), while the fermionic path integral is performed by choosing
antiperiodic boundary conditions (ABC) on each flavor of fermionic fields ¢, with the
internal index i taking values i = 1,2.! The gauge-fixed nonlinear sigma model action reads?

S(X5g50) = [ 47 | J8la) #7407 (51D7 =] g =T Rapea() 005 =T V()|
(2.5)
where we use flat indices on the worldline complex fermions v{ and denoted the covariant
derivative with spin connection w,q, acting on the fermions by Dvf = 09§ + i“wuab(m)wf .
We also used a dot to indicate contraction on the internal indices and denoted

N
a; = <0¢> (2.6)

'Due to the complex combination of the original ' = 4 real fermions.
>The bosonic coordinates are understood to be shifted as ##2” — @& 4 a*a” + b*c”. This shift
implements into (2.5) the ghost action Sgn[z,a,b,c] = [ dr45gu0(2)(a"a” + b*c”) which allows for the

exponentiation of the determinant factor hidden inside the path integral measure on a curved spacetime, i.e.
Dz = HdDZE(T)\/g(ZE(T)) = Dm/DanDc e Sen |

where Dx, Da, Db, and Dc are the standard translational invariant measures. In particular, these metric
ghosts create worldline divergences that compensate for the divergences generated by correlators of the z*’s.
Divergences formally cancel out and one is left with a finite theory, whose remaining ambiguities are taken
care of by choosing a regularization scheme with a corresponding counterterm that remains finite.



the gauge-fixed values of the worldline gauge fields acting on the fermions and related to
the gauging of the parabolic subgroup of the R-symmetry group. The angles 6 and ¢ are
precisely the two leftover moduli remaining after the gauge-fixing procedure.?

A few comments are in order. The theory described by (2.5) should be seen as a one-
dimensional field theory living on the worldline with the bosonic fields z#(7), the embedding
of the worldline into spacetime, taking values in a D-dimensional target space M. On the
worldline, one usually finds it convenient to rescale the parameter 7 to take values on the
finite interval I = [0, 1]. A crucial role is played by the scalar potential term V of quantum
origin [15]. It is necessary since it contains the counterterm required by the regularization
scheme one decides to use to define the path integral and an additional potential needed
to achieve nilpotency of the BRST charge at the quantum level. The latter condition
requires a value of VgrgT = %R in the Hamiltonian constraint [17]. Regarding the former,
in the present work we adopt dimensional regularization (DR) on the worldline, as used for
instance in [31-33] in similar contexts, while reading from [34] the counterterm Vop = —1R
needed for the case of four supersymmetries, thus producing an effective potential

2 1
V = Vgrst + Ver = ( - ) R=QR (2.7)

D 4
which indeed is the one used in [15]. Finally, for computational purposes, it is convenient
to rewrite the angular integrations over the moduli # and ¢ in the complex plane. This
can be achieved by introducing the Wilson variables z = ¢ and w = €'?, so to recast the

partition function as

dz d - .
Z(T) = ¢ = 2 p(z,w) / DzDaDbDe / DDy e S1Xigm] (2.8)
2mi 2mi PBC ABC
where the modular integration is performed over the circle |z| = 1, with the singular point
z = —1 pushed out of the contour,? and with the measure on the moduli space being now
1 1 D-2 1 D-2
P(z,w) = 5 (= +23) (w +w3) (2 — w)2(2w — 1). (2.9)

In the next section, we set up the perturbative expansion for small values of T' of the path
integral (2.8), such that the full 7™ correction is an (n + 1)-loop expansion in the worldline
theory, which will allow us to identify the divergences in the effective action of pure gravity.

2.2 Setting up the perturbative expansion

Having at hand a path integral representation for the effective action, it is possible to set
up the perturbative expansion around the free theory. However, there are two issues to take

3As discussed in [14], the gauging of the parabolic subgroup allows the one-loop measure for the path
integral to be modified so that it projects ezactly onto the graviton state. Alternatively, the gauging of the
entire SO(4) group would result in the graviton plus unwanted contributions of topological nature, a case
that might be worth studying but is beyond the scope of our work.

4Poles at z = —1 arise when computing perturbative corrections and are excluded by this prescription.
The same goes for w. Discussion on the regulated contour of integration for the modular parameters can be
found in [35].



care of in order to be able to perform calculations. The first involves factorizing out the zero
modes in the kinetic operator in (2.5). Zero modes appear perturbatively once expanding
around a constant metric and when considering periodic boundary conditions. To this task,
we parametrize the bosonic coordinates of the circle (interpreted as a parametrization of
the particle paths in target space) as

(1) = xf) + ¢"(7), (2.10)

thus describing all loops in spacetime with a fixed base point z (the zero mode that
is integrated over only at the end) plus quantum fluctuations with vanishing Dirichlet
boundary conditions (DBC), indicated by ¢*(7) and thus satisfying ¢*(0) = ¢*(1) = 0.
Note that the fermionic coordinates have no zero modes, due to their antiperiodic boundary
conditions. The second issue consists in expanding in Riemann normal coordinates (RNC)
centered around zf), so to write the metric tensor and the spin connection as follows [31, 36]

B

1 1
Guv (:E(T)) =G+ gRauVﬁqan + ngRoz,uuﬂqaqﬁq7 +Ra6;w'y(5qaq q’ q

(2.11)

1
+%RuaﬁaRav5)\RM’eyq qﬁq q qTqE"i'O(qG)

1 1 1 1
wuab(x('r)) = §Rauabqa+gvaRBuabqaqﬁ‘{'gvavBR’yuab"{'ﬂRTaﬁuRfyTabqaqﬁqw"i'O(qél)
(2.12)
where 1 9
Raﬂung = %V(;VWRW% + ERQHUBR’YUWS (2.13)

and where we only kept the terms needed to obtain a perturbative expansion to order 7.
In (2.11)—(2.12) and henceforth, unless specified otherwise, we intend all tensor structures
to be evaluated at the initial point zf, thus factorizing out their dependence upon the
worldline bosonic variables ¢*(7). Finally, the Riemann tensor appearing in the four-fermions
interaction in (2.5) has to be Taylor expanded as well, around the same reference point x}).
The perturbative expansion of the path integral (2.8) reads

dz dw Va(xo)
Z(T)= ¢ —— P(z dP o Y220) [ o= Sim 2.14
() 211 271 / (4nT) 2 < > ’ ( )

factorizing out for convenience the \/g(zg) arising from the free ghost part of the action
after functional integrating, together with (47TT)_% arising from the free particle path
integral. The remaining expectation value is to be evaluated using the Wick theorem on the
free path integral, with the free action being given by the quadratic part of (2.5), namely

/dr[ G (FH3” + ata” + b)) + ™ (6f 0- —dij) T/Jag} , (2.15)

from which one obtains the worldline propagators of the theory, reported in appendix B.1.
Higher order terms form the interacting action Sin, to be analyzed later on. It is possible
to recast (2.14) in a more compact form introducing the double expectation value of the



interacting action ((---)), namely the average over the path integral and over the moduli
space parametrized by z and w
dz dw
_Sint — - _Sint
<<e >> =P 5o P(z,w)<e > . (2.16)
Identifying the expectation values defined above as

<€—Sint> _ i an(D,z,w) ™ <<e_sint>> — i an(D) T, (2.17)

n=0 n=0
allows us to rearrange the path integral (2.14) so as to make explicit the Seeley-DeWitt
coefficients arising from the perturbative expansion

dD
Z(T) / Y0 Ja(zo) [ o(D)+a1(D) T+as(D) T +a3(D) T*+O(T%)] . (2.18)
47TT
One can recognize that, while in the above sum ag(D, z,w) = 1, its projected partner
dz dw (z4+1)P~2 (w+1)P~2 9 D(D-3)
a(D)=(1) =3 § =2 (el = (2.19)

gives the massless graviton physical polarizations in D spacetime dimensions when using
the correct measure P(z,w) in eq. (2.9). We have now made explicit our main task,
namely to determine the Seeley-DeWitt coefficient az(D) in the perturbative expansion on
Einstein spaces.

2.3 Outline of the computation

We will now give a brief outline of the procedure, delegating the details of both the
computation and regularization of potentially divergent diagrams to appendix B. To
systematically work out all perturbative contributions to the desired order, one has first
to identify and compute the connected worldline diagrams arising from the path integral
expansion. In order to do so, we report the interacting action in (2.14) expanded to the
desired order

1nt —/dT

2 g ag (67 T € k3 vV 174 174
+£Rau 5R auéq q q q +%Ruaﬂ Ra’yé)\R)\'rqu qﬁq qéq q ) (q”q +a#a +b'ub )

By

4T( O/;Luﬁq q + V Ra;tuﬁq q q + V5v Rauuﬁq q q q

1 feY 1 feY feY 1 T « 7.a .
+<2Rauabq +§VQRBuabq qﬁ"i'gvavﬁR'yp,abq qﬂq’y_’_ﬂR aﬁuR'yTabq qﬂq7>¢ '¢bqp

1 _ _
=T <Rabcd+qavaRabcd+QQQqBVQVﬁRabcd> d’a'ﬂ)bwc'@bd_TQR s

(2.20)

which we write in a more compact form as
Sint = iT (SKl + DSk1 + D*Sk1 + Sk2 + 5K3)
+ Sc1 + DSc1 + D2SC1 + Sc2 (2.21)

-T (SF + DSp + D2SF> + TSy,



where the explicit expression of each term is obtained by comparing with the previous
expression, see also appendix B. Expanding the exponential in the path integral to order
T3, we obtain the contributions that need to be path-averaged and computed using Wick
contractions. We list them here, leaving their systematic analysis to appendix B.2, where
we also show more details on the intermediate steps of computation:

_s 1 1
L 75K15%1 + Sc1Sco + 5DS?Jl + D%Sc1 S

N 8 . . (2.22)
+ §TQS%ISF + 6T35§ + 5TQDS§ + T%D?Sp Sk,

where we have collectively denoted Skin the three-loop contributions arising from the
pure kinetic term, see (B.26). As an illustrative example, we shall show how to compute
a contribution containing all the main features of this type of calculation, namely the
correction arising from the spin-connection vertex only”

1 T . oV a c
<SC1SC2> - Z8RapabR B)\VRpTcd /01 <QSQO q1 QfQi\QwaO : wg% : 7/1% . (223)

The fermionic Wick contractions produce

Ra,uabRTB)\uRpTcd <'LE8 Tbg&f ¢f> = _AAFji(Tv U)AAFij (U; T)Ra,uabRT,B/\zszTba s (224)

where we introduced the N' = 4 fermionic propagator Aar. Evaluating then the bosonic
contractions one gets different Riemann tensor strings, which can be reduced using Bianchi
identity, namely

1
RMPP RSP Rpnop = 5RWP"le,ﬁﬁRpo.aﬁ. (2.25)

Recall that all the calculations have to be further carried out with two precautions, namely
to use Einstein spaces simplifications (see appendix A) and to perform the regularization
using DR. Then, collecting all terms one gets

1 v

(2.26)
where in the graphical representation of the worldline Feynman diagrams full dots denote
vertices, an empty dot represents a derivative, a line denotes a bosonic propagator, and
oriented lines represent z-fermionic propagators. The first diagram has to be regularized due
to the singularity carried by the bosonic propagator *A®. In DR it has to be d-dimensional

5The subscript 01 in (2.23) (as well as in appendix B) serves as a shorthand notation to indicate henceforth
f01 = fol dr fol do in worldline integrals.



extended as outlined in the following:

C@/M’da A (1,0)A(T,0)A(T,7)F(2,7,0)F(2,0,T)

*}/dd+1tdd+lsaAﬁ(t7S) A(s,t)A(t,t)Tr (7O‘F(z,t,s)7ﬁF(z,s,t))
—/dd+1tdd+1s oA(t,8)At,s)sAt,t) Tr (’yaF(z,t,s)’yBF(z,s,t))
/aldjL1 td™ s JA(t,s)A(s, t)A(t, 1) Tr <F(z,t,s)gF(z,s,t)JrF(z,t,s)gF(z,s,t))
—— /deU A(1,0)A° (1,0)A(T,7)F(2,7,0)F(2,0,7)

T 60(z+1)2 (2:27)

where in reaching the last-but-one line we used the regulated Green equation for the
component F' of the fermionic propagator Aap, see egs. (B.7), (B.16) and (B.17) of
appendix B, and then removed the regularization by sending the extra dimensions to zero
(d = 0). Finally, taking into account the w partner of the integrals in (2.27), one gets the
following result:

1 R z w
_ poaf pr v p2 . 2.2
(SerSca) (120R“””“R Hag™ ¥ 180DR””’”) <(z+1)2 " (w+ 1)2) (228)

Once having worked out systematically all the corrections up to and including order T3
related to the connected graphs, it only remains to exponentiate them and, finally, Taylor
expand in T so as to reach the desired order and get the full result.

2.4 Seeley-DeWitt coefficients

The calculation of the various terms in the perturbative expansion delivers the following
coefficients in the perturbative series (2.18), including the newly found as(D)

D(D-3)

ap(D) === (2.29)
a(D)= L5036 (2.30)
aa(D) = P Ry DT R (2.31)
as(D) = 35D4—147D3—3{;((5)77(;?;2—13560D—30240 R4 7D3—230[11—1|—230327D+12600 R wapg

(2.32)

The above expressions are understood to be gauge-invariant, as they have been calculated
specifically on Einstein spaces for the reasons previously discussed. As we shall discuss

~10 -



later, the newly computed coefficient ag(D) plays a key role in quantum gravity in six
dimensions, as it is related to the logarithmic divergences, hence it will be useful to read its
value explicitly in this case as well. In D = 6 it reduces to

71
Ruvpo RP7P Rog" — —— RopusR*7V R, .

799 . 481 _ 991
R 180
(2.33)

%l p=6 =~ T1330 1680 T 5040

Also, its expression on maximally symmetric spaces (MSS) may be useful for future reference.
As we are not aware of any such calculation carried out in the literature we list it here.
Using the relations in appendix A, we find that (2.32) on MSS collapses into

_35D5 — 217D5 — 3257D* — 9239D° 4 37470D% + 1836721 — 302400

MSS 3
D R
a; (D) 90720(D — 1)2D? ’
(2.34)
yielding in D = 6
3181
MSS _ 3

al ‘D:6 = 3000 B (2.35)

2.4.1 Ghost and graviton separately

For future comparison with the results of the heat kernel method calculation, it is useful to
project on the degrees of freedom of the ghost and graviton respectively. To this task, we
must use the right measures in the path integral (2.14). These can be found generalizing to
our case the worldline partition functions of [30] leading us to

(z+1)P 1
P (2, w) = 2 (2.36)
2(z+1)P +D)P2(2 4+ 1)P2(2 —w)H(wz - 1
PPN o VL 2 | R i Gt il RS
wz 2wz
Indeed, note that
Py (z,w) — 2 Pyp(2,w) = P(z,w). (2.38)

It is therefore possible to obtain the contributions to the Seeley-DeWitt coefficients coming
only from the ghost (graviton) projecting onto the desired Hilbert space via Pyp, (Pgr). Let
us emphasize that these results are not new per se since the heat kernel procedure requires
calculating them individually and then putting them together, as we shall see. What is new
here is the possibility of obtaining them also from the worldline viewpoint of the N' = 4
particle. Therefore, regarding the ghost we have

at"(D) = D (2.39)
D+6
a"(D) = T+ R (2.40)
2
eh( pyy _ 5D +58D+180R2 D—15R2 541
3 (D) 360D t g0 e (2.41)
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_ 35D3 4 588D? + 3512D + 7560 7D* - 62D — 714 _ _,

gh D 3
a3 (D) 4536002 R+ 7560D R Ryvap
17D — 252 . D—18 .
“mao P BT Re & g Raws RO R, (242)
while concerning the graviton
1
af (D) = 5D(D+ 1) (2.43)
ar Lo
af' (D)= 5 (p*+D-12) R (2.44)
or (5D*+3D—122) , (D?—29D+480) , (2.45)
a5 (D) = 720 iy 360 nvpo '
35D3 —7D?%—-1318D +488 7D3—202D?+3109D+9744
gr D)= 3 2
a3 (D) 90720D B+ 151200 R Ryyap
17D?—487D—16128 - D?—-35D—1152 -
90720 Ryupo 7P Roph + 3240 Reyus R By
(2.46)

One can easily see that the coefficient ag(D) correctly reproduces the expected degrees of
freedom in D dimensions. Moreover, it is immediate to check that by summing up the
contributions as prescribed by (2.38) we obtain the correct total coefficients (2.29)—(2.32).

3 Heat kernel method

The gauge-invariant coefficients computed from the AN/ = 4 spinning particle can be ob-
tained in an equivalent but completely independent manner by exploiting the heat kernel
method. This is a well-known technique from mathematical physics, which allows studying
perturbatively second-order differential operators on Riemannian manifolds [37], and it has
been applied extensively to quantum gravity starting from the work of DeWitt, [18-20], as
for example in [38—41]. In this section, we briefly review the ideas behind this technique
and apply it to the case of Euclidean perturbative quantum gravity, to reproduce the
coefficients (2.30)—(2.32) and provide a strong consistency check for our computations.

3.1 Heat kernel and one-loop effective action

It is well known that the one-loop effective action for a bosonic or fermionic field theory
living in a D-dimensional Euclidean space assumes the form (see for example [40])

1 1
Lqy[®] = B log sDetA = §STI' log A, (3.1)
where A is an elliptic second-order differential operator of the form
A=-V2 -V (3.2)

while “sDet” is the Berezin functional superdeterminant and “sTr” the functional supertrace.
The operator A is here taken to act on a scalar field ¢ which carries a representation of the
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(non-abelian) gauge field A, contained in the connection that defines the full covariant
derivative VE;“’ =V, + A,. It has an associated gauge field strength €, defined by the
commutator of the covariant derivatives on the scalar field ¢, [V{Y, ViV]¢ = Q,,,¢. The
Laplacian is defined as usual by V(E‘) = g"'V{VViY and we consider a potential V' which
is matrix valued, just like the gauge field A,. Thus, the elliptic second-order differential
operator A depends on the metric g,, and on the matrix valued potential A, and V.
Using Schwinger proper-time parametrization we can rewrite (3.1) as
o dT

Ly = fsTr log A = —5 e sTrexp (=TA), (3.3)

where an infinite additive constant is neglected, as usual. The operator exp (—7'A) is known
as the heat semigroup of the operator A, and its integral kernel is the heat kernel U(T’; x, z')
(corresponding to the matrix elements (x|exp (—TA)|z’) in quantum mechanical terms),
which in the following will always be considered at coinciding points =’ — z. Plugging
the explicit form of A given by (3.2) inside (3.3), and introducing a mass term by shifting
A — A 4+ m?, so to have an infrared regulating mass if the original field was massless,
we have
o dT 9 D
Lay=— 5 ?exp( Tm)/d xgstrU(T;z,x). (3.4)
Note that the leftover supertrace ‘str” is now to be performed only over the remaining
discrete indices carried by the representation of the field ¢ on which A acts upon.
At this point, we employ the heat kernel expansion for small Euclidean time 7' — 0, at

coinciding points, which takes the form [18-20]
U(T;x,x) ~ (47T)" ZTJaJ (3.5)

where the heat kernel coefficients a;(z), also known as Seeley-DeWitt coefficients, can be
expressed in terms of the metric and gauge invariants of the manifold. With the aid of (3.5),
we are able to identify the divergences of the one-loop effective action (3.4) precisely with a
subset of the Seeley-DeWitt coefficients, namely the ones that produce a divergence in the
proper time integration at 7' — 0 in

D
T = —5 0 %T exp (—T'm )/ ?47:;\( ST ZTJ (3.6)
For example, at D = 4 the diverging terms are associated with the coefficients ag(z),
ai(z), az(x), while at D = 6 also a3(z) leads to an additional divergence (the logarithmic
divergence in that dimension). The problem of finding the UV divergences of the effective
action is then reduced to the computation of Seeley-DeWitt coefficients for a generic theory,
which has already been carried out up to as(x) [37]. For application to perturbative quantum
gravity, we will consider here the first four coefficients, i.e. from ag(z) to az(x). The fourth
coefficient ag(z), in particular, has been computed for the first time by Gilkey [42], and
later confirmed by Avramidi through a fully covariant method [43].5

5Tt is important to note that the notation we employ here for the Riemann tensor, Ricci tensor, and scalar
is the same of [15, 44], see equation (A.1), while [41, 42] adopt the opposite sign in the Riemann tensor and
in its contractions, R, = R,,,", so the heat kernel coefficients (3.10)—(3.13) are to be modified accordingly.
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We now list the general results for the coefficients corresponding to the operator (3.2) up
to ag(x), as taken from [42, 44]. For the sake of brevity, it is useful to define as done in [44]

aj(x) = oj(z) + pj(), (3.7)

where the first term a;(2) comes from considering an exponentiated form of the heat
kernel series,

sTr =sTr

> Tlaj(x)
=0

exp (i Tjaj(x))] , (3.8)

=1

while the second one j3;(z) is the remainder, which, up to the third order, is evaluated as

1 1
Bo=p1=0, 52256@7 ﬁ3=6a§’+a1a2. (3.9)

The coefficients o(x) are given by

ap(z) =1 (3.10)

ap(z) = éR]lJrV (3.11)
1_, /(1 1, ) 1,

as(r) =5V <5R]l+V> + 150 (R2,,.—R.,) L+ 07, (3.12)

as(x) = % {18V4R+ 17(V,R)*=2(V,Ryo)?— AV Ryo VY RM +9(V o Ry po ) —8 R, V2RI

v vpo 8 v o 8 vo
+12R"'V YV, R+12R,,,, V2R + 5 B B Ro" =S Ry Ry R
16 44 80
_gRMuR“PUTRVpGT+§RuupngaaﬁRaﬁﬂy+jRMVPURMapﬁRVaU,B 1

2
+5 [8(V,uQ06) 2 +2(VH Q)2 +12Q,, VEOM — 129, Q7 Qo +6 Ry po O QP°
—4R,, Q" QY ,+6VV +30(V,V)? +4R,,, VIV"V +12V,RV*V] .

(3.13)

They will be used in the next section.

3.2 Euclidean quantum gravity

Consider a D-dimensional Riemannian manifold (M, G) equipped with a metric tensor
G having Euclidean signature. The starting point for our treatment of gravity is the
Einstein-Hilbert action,

SpnlG] = —% / A%z VGR(G) — A] | (3.14)

where k? = 167Gy, being Gy the Newton constant, R(G) is the Ricci scalar computed from
G, and G = |det G, |. A cosmological constant A has also been included. By employing
the background field method, we split the metric tensor G into a fixed classical background
g and “small” quantum perturbations h, namely:

G () = gu(x) + () . (3.15)
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As a consequence of this splitting, the action (3.14) can be expanded in power series in
the fluctuations h. Since we are interested in the one-loop level of accuracy, we will be
concerned with the second-order term in h, which reads

1 1 1 1 2
_ D N 712 2 _ - 2 _ = v =
Sy —/d wg[ i (V2 + 28 = R) hy + Sh(v +2A ~ R) 5 (v By 2V“h)
1 14 174 1 14
-5 (s = b ) By, SHh ﬂRWp] . (3.16)

It is important to note that in (3.16) the Ricci tensor R, = R, (g) and scalar R = R(g),
as well as covariant derivatives V,, = V,(g), are computed with respect to the background
metric g. The gauge symmetries acting on h and leaving the background metric g invariant
are then BRST quantized by introducing the ghost ¢ and antighost ¢ fields, and adding to
the action the Slavnov variation of de Donder gauge-fixing function f, = V*h,, — %Vuh,
see for example [30] for further details. The final result is

Salh, c,¢] = Sgr[h] + Sgnlc, T, (3.17)
where
1 1
Syelh] = /de\/g [—41#” (V2+20 = R) hy + 3l (V2 +21-R)

Lo B Lo, (3.18)

Sgnle,d] = / a2/ & (Ve + Ry . (3.19)

We are now able to identify from the actions Sg and Sgy, the invertible kinetic operators
for the graviton and ghost fields, denoted by F),,.3 and F,,,, respectively. By setting

1
Seelh] = / P2 /g S P hey  and  Sgled = / Pz \fg e, Fhue”,  (3.20)

and exploiting the properties of Einstein spaces, we find

1
Fw/aﬂ — -3 (535§ + 5553) v2_ Ruauﬂ — Ruﬁya (3.21)
1
Fh, =10, (V2 + DR> : (3.22)
where the graviton operator indices are raised and lowered with the DeWitt supermetric
wof — L ( pavp B e v oB 2
v = Z (g g +97"9g " —g"g ) y YwaB = Gua9vp t+ 9up9va — mguugaﬁ .

(3.23)

The reasons for immediately reducing to Einstein spaces — that is, to compute the
coefficients directly on-shell — are twofold. Firstly, this allows us a direct comparison with
the worldline results, even separately for ghost and graviton, since the on-shell condition is
forced by the quantum consistency of the A/ = 4 spinning particle. Secondly, proceeding
otherwise the results would not be gauge-invariant, but rather would depend on the gauge
chosen, as expected for gauge theories, see for instance the recent analysis carried out in [45].
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Since (3.21)—(3.22) are elliptic second-order differential operators, they can be treated
within the heat kernel expansion, and the coefficients (3.10)—(3.13) can be computed by
identifying the explicit formulae for 1, V' and 2,,. The ghost field configuration space is
D-dimensional, and by comparing (3.22) with (3.2), as well as recalling that

Vi, Vile? = R’ oc” (3.24)

we conclude that the substitutions to be performed in the heat kernel coefficients (3.10)—
(3.13) are
1 < o

V < %Ré{j (3.25)
()P, < Ruls.

Note that in this expression the indices u, v label the different elements of the gauge field
strength €2, which are D x D matrices whose components are given by the (spacetime)
indices p, 0. On the other hand, for the graviton field the configuration space is %D(D +1)
dimensional (space of symmetric tensors) and the substitutions to be performed are

1 < §,,%
VoV, (3.26)

(Qu)po®® & Rpo®’
where
b = 3 (6300 + 807 (3.27)
V= R, + R, (3.28)
and the commutator is given by a symmetrized version of the Riemann tensor
[V Villpe = Rpo® 1 hag (3.29)

where 1
Rps® i = 5 (95 Bo s + ) Ro® s+ 05 Ry + 80 R,) (3.30)

At this point, the computations are tedious but straightforward, see appendix C for
details. The final results for the ghost and graviton fields separately are precisely the
coefficients (2.39)—(2.42) and (2.43)—(2.46) obtained from the worldline formalism. The
total coefficients for the physical graviton, according to the supertrace appearing in (3.6),
as recognized also from (2.38), are given by

Tr fa,] = Tr || — 2Tx [o8"] . (3.31)

Again, the results obtained reproduce the ones coming from worldline computations (2.30)—
(2.32), providing a strong cross-check for the correctness of both.
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4 On one-loop divergences of quantum gravity

The coefficients (2.30)—(2.32), which include the newly computed coefficient az(D), allow
for further investigations of the issue of divergences in the quantum theory of gravity. Thus,
let us review some crucial results from the literature and discuss how our newly-calculated
coefficient ag(D) fits into the picture, thus providing us with additional confirmation of
the validity of our result. We focus our discussion on the spacetime of dimensions D = 4
and D = 6, as in these cases there are no additional divergences on top of the one we have
already computed (new divergences start to appear from D = 8 onwards). The type of
divergences arising in quantum gravity emerge naturally from the representation of the
one-loop effective action with a short proper time expansion, which we can read both from
the worldline viewpoint (2.18) and from the heat kernel one (3.6):

gl =~ [ [0 o) i+ T+ a7 a7 £ 0] (@)
2 T1+ 4 ﬂ_)?

We are interested in studying the UV divergences that arise from the T'— 0 limit of the
proper time integration. Setting D = 4 we recognize that possible divergences arise from the
coefficients ag, a1, as, with as being associated with the logarithmic divergence. In D = 6,
also ag gives rise to an additional divergence the logarithmic one in that dimension.

One may wonder how to relate the 1 . bole of dimensional regularization in QFT, widely
present in the literature, with our mtuamon. To address this point, it is useful to evaluate
the proper time integral term by term in (4.1), to display the gamma function dependence.

We find - D
/ _1Pe™™'T = (1n2)TPT ( - ) , (4.2)

where p = 2,3 correspond to our cases of interest D = 4,6, respectively. Now, using

dimensional regularization, namely taking D = 2p — 2¢ and expanding the gamma function,
we see the appearance of the usual % pole as the leading divergent term: it corresponds
precisely to the logarithmic divergences seen in dimensional regularization [46].

In general, one has to deal also with IR divergences: for the sake of our discussion, they
can be avoided either by introducing an upper cutoff in the proper time or by keeping a
“small” mass regulator m, as we have done above.

4.1 Pure gravity in four dimensions

It has long been known since the pioneering work of 't Hooft and Veltman [1], that pure
gravity with vanishing cosmological constant is a renormalizable theory at one-loop in D = 4.
It is free of logarithmic divergences, while other divergences are not seen in dimensional
regularization, and in any case they can be eliminated by renormalization. The same does
not hold in the case of a non-vanishing cosmological constant, as found by Christensen and
Duff [6]. Let us briefly review these statements in the light of our calculations. Setting
D =4 in (4.1) we see that the different powers of T' give rise to the quartic, quadratic,
and logarithmic divergences parametrized by ag, a; and ao, respectively. In dimensional
regularization only the logarithmic divergences are visible. From (2.31) we read

29 53 o

a2‘D:4 O R2 45 uvpo * (4‘3)
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These numerical values for the one-loop four-dimensional logarithmic divergences of quantum

gravity with non-vanishing cosmological constant coincide precisely with those calculated
2

nypo
as thanks to the Gauss-Bonnet theorem for four-dimensional Einstein manifolds it is

long ago by Christensen and Duff.” The term proportional to R could be neglected,
proportional to a total derivative, and thus eliminable from the effective action, but the
remaining term proportional to R? cannot be renormalized away by redefining the parameters
of the Einstein-Hilbert action. The theory is not renormalizable.

On the other hand, setting the cosmological constant to vanish, one finds that the
on-shell background satisfies R, = 0, and thus R = 0. The logarithmic divergence
reduces to

as _ 53 (4.4)

Py a5 e

which in four dimensions is a total derivative, as discussed earlier, and can be eliminated from
the effective action. Thus, one recovers the result that the one-loop logarithmic divergences
of pure quantum gravity without cosmological constant vanish in four dimensions. This
property does not hold true anymore at two-loops, as found by Goroff and Sagnotti [4]
and verified by van de Ven [5]. Returning to the one-loop divergences for vanishing
cosmological constant, one finds that also a; vanishes. This leaves only the quartic divergence
proportional to ag, which gives the number of degrees of freedom of the graviton. It requires
a renormalization of the cosmological constant back to zero, which makes the theory rather
unnatural in the technical sense of 't Hooft [47], but in any case renormalizable at one-loop.

For arbitrary nonzero values of the cosmological constant, the quadratic divergence

related to a; is not vanishing anymore and its value at D =4

8
atlp_y = 3 R (4.5)

reproduces the gauge-invariant result already computed in [30, 48]. It can be renormalized
away by redefining the Newton constant. Finally, the coefficient as gives rise to a finite
term in the four-dimensional effective action, but its physical meaning is unclear. It is
gauge invariant, but infrared divergences invalidate a local expansion of the effective action
as delivered by the small proper time approximation of the heat kernel, which is only useful
to locate the UV divergences, as far as we know. It might however signal some property of
quantum gravity which we are unaware of.

4.2 Pure gravity in six dimensions

The newly computed coefficient a3 (2.32), allows us to see what happens in six spacetime
dimensions. Setting D = 6 in the coefficients (2.29)—(2.32) we find

3 11, 21

aO|D:6:97 a1|D:6:_§R7 a2‘D=6:_270R2+270R/2WPU (46)
799 L, 481 oo 991 oo 71 pov 1 af

“3lp=0 =" T340 1+ 1m0 Mo~ 5gap e B Rap™ = 3 Rows BB,

(4.7)

"For comparison, one has to make evident the cosmological constant term with the on-shell condition (2.1),
which reads R = 4A.
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that furnish the full list of one-loop divergences of quantum gravity with cosmological
constant in six dimensions. We stress that these coefficients are gauge invariant, and thus
any other method of calculation should reproduce these values.

A comparison with the literature can be made by setting the cosmological constant to
zero and considering the logarithmic divergence parametrized by ag, which reduces to

991 71
as p=6 = 5000 Ryuupo RP7OP Ry — 50 ReaupRMPV R, (4.8)
=0

These two remaining terms are proportional to two invariants that are generally independent
of each other. However, it turns out that in six dimensions there exists an integral relation
that connects them. It involves the use of the Gauss-Bonnet theorem and the introduction
of the Euler character xg(M), as explained in [49] and discussed more extensively in
appendix D. Bottom line, we can further simplify the coefficient az, which becomes

9
— B
Cm‘gzg——-—15120.RMVM,RPUQ<Ra5“”. (4.9)

It encodes the one-loop logarithmic divergences of pure gravity in six dimensions. We are
now in the position of carrying out a comparison with the literature: our value in (4.9)
is in complete agreement with van Nieuwenhuizen’s pioneering calculation [2], besides a
computational error in the numerical factor in his equation (81), already noted a year later
by Critchley [3]. Furthermore, confirmation of this value is also found in more recent works,
see for instance [50, 51].

As for the general case of arbitrary cosmological constant, we are not aware of similar
calculations, although they would certainly be interesting to pursue to further verify
our findings.

5 Conclusions

In this work, we have investigated the computation of counterterms necessary for the
renormalization of the one-loop effective action of quantum gravity with cosmological
constant in arbitrary dimensions. Our results are complete for dimensions D < 8. The
counterterms have been computed on-shell, so they furnish gauge invariant quantities
characteristic of the quantum theory of gravity.

Our main contribution was the determination of the Seleey-DeWitt coefficient a3 (D)
of perturbative quantum gravity, which to our knowledge has never been reported in
its full generality in the literature. When restricted to six dimensions, it parameterizes
the logarithmic divergence which was previously known only for the case of vanishing
cosmological constant. To cross-check our calculations, we have used two distinct methods,
a first-quantized description of the graviton in terms of the N' = 4 spinning particle and
the time-honored heat kernel method, finding complete agreement.

While the utility of heat kernel methods is well-known and they keep being employed
in many contexts, see for example [52, 53] for some recent applications to trace anomalies,
first-quantized methods for treating the graviton with the N' = 4 spinning particle are more
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recent and we have championed them here to show their usefulness. In this respect, it would
be interesting to extend the present analysis to the first quantized model that describes
the A/ = 0 supergravity [54], i.e. the particle theory that has in its spectrum the graviton,
the dilaton, and the antisymmetric tensor By, as well as extend the present methods
to the U(V) spinning particles [55-58] to find a useful first-quantized way of describing
gravitational theories on complex (Kéhler) manifolds, and finally also consider double copy
features on the worldline [59] to address gravitational aspects from a different perspective.
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A Basis of invariants on Einstein manifolds

We use the following conventions for the curvature tensors:
Vi, VoIV = R VP, Ry =Ry, R=R", >0 on spheres. (A1)

A D-dimensional Riemannian manifold without boundaries can be described through an
(infinite) basis of curvature monomials KJ'. These are geometric invariants of order n in the
Riemann tensor, Ricci tensor, and scalar curvature, with two covariant derivatives counting
as a Riemann tensor. They have been introduced by [61] and recently reviewed in [62, 63].
At order n = 3 we use the basis considered in [64] which is made of 17 independent

invariants:
Ki = R? K> = RR2, K3 = RR;,,,
K4 = R,"R,”R," Ks = Ry R, RO K6 = Ru R"72RY py
K7 = R, Ry Rog"” Ks = Ryupov RP*° R 5 K9 = RV*R
K10 = R, V*R" K11 = Ryupe V2RI K12 = R"'V,V,R
Kis = (VuRps)? Ki = VR, V'R K15 = (VaRyuwpe)?
K16 = VR K1z = V'R. (A.2)

All other terms cubic in the curvature are linear combinations of the above invariants
after taking into account the symmetry properties and the Bianchi identities of the
Riemann tensor.
On Einstein manifolds, the basis (A.2) can be reduced further. Einstein metrics are
defined by the equation
Ry = g (A.3)

that upon contraction leads to R = AD. From the second Bianchi identity one finds that R
and A are constant for D > 2

VIR, = %VVR — (D-2)V,A=0 — V,R=0 (A.4)
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and then from (A.3), one finds that the Ricci tensor is also covariantly constant for D > 2
VaoRuw =0. (A.5)
Let us consider now the second Bianchi identity, namely
VoRuwas + VeRuwpa +VaRug, =0, (A.6)
by contracting the above identity with g?* and using (A.5) one gets
V¥R vap = 0. (A.7)

We are now in the position to reduce the six-dimensional basis of invariants (A.2) on
Einstein manifolds to a minimal set of independent ones, namely

&1 =R3, &=RR.,,, E3=Ryuupo RPP Rop™ E1= RowsR" R, .
(A.8)
Indeed we have
,Cg = ,Clo =0 ICQ = igl IC4 = —/C5 = Lgl IC(; = ng . (AQ)
’ D7 D27 D

Moreover, the only term of (A.2) containing covariant derivatives and non-vanishing on
Einstein manifolds, i.e. 11,% can be written as

RuasV2R" P = —R,,05V , (VP RFPY 4V RIPP) = —2R,,,05V , VP BRI P
= —2Ryuap (VOV,RM + RO\RNM 4 RPN ROW + R, PE RPN + R,V \ RPOHY)

2
= =2Ryaps Ry AR + S R

o

A—4R,ap R, ARPN
= —Rypap R )\ RPM 4 %Rwaa 5+4Rap RV R\,
:%52f53+454, (A.10)
where we made use of the second Bianchi identity, antisymmetry of the Riemann tensor and
(Vo VB Rywpo = Rapp’ Rowpo + Rap Ruspo + Rasp’ Ruvso + Rago” Ruvpr - (A.11)

Finally, let us discuss how the basis (A.8) further simplifies on maximally symmetric spaces
(MSS), which form a subset of the Einstein ones, where the Riemann tensor is given by

R
vaB = T~/ a4y advpB — va) - A12
Ryvap DD 1) (9ua9vs — 9updva) (A.12)

The invariants previously defined in (A.8) all collaps to &1, and one finds

2 4 D -2

52:7517 53:m51, 54:—m

ST & (A.13)

These relations allow us to evaluate the newly-computed coefficient ag(D) on MSS, giv-
ing (2.34) as a result.

8Since, up to a total derivative term, we have K15 = —K11.

- 21 —



B Worldline computations

B.1 Worldline propagators

The worldline propagators for the A' = 4 spinning particle descend from the free action (2.15).
Regarding the bosonic quantum fluctuations ¢#(7), we considered DBC during the evaluation
of the derivative expansion of the effective action, namely ¢*(0) = ¢*(1) = 0. This leads to
the DBC worldline propagator defined by the two-point function

(¢"(1)q"(0)) = =2T¢" (z0)An(7,0), (B.1)

where
Ap(r,o)=(tr—=1)cb0(t—0)+(c—1)70(c — 7). (B.2)

We also list the derivatives of the DBC propagator

*‘Ap(r,o) =0 —0(c —T (B.3)

AL (r,0) =7 —6(T — 0) (B.4)

*Ap(r,0) =1—-9(1—0) (B.5)

**Ap(r,0) =6(1 — 0) (B.6)

Concerning the fermionic fields ¢{(7), we list here their propagator
- F(z,1,0) 0
a b — §WA i — §ab ’ B.
W) = B (o) =5 (T O (8.7

where each entry in the matrix is a A/ = 2 fermionic propagator [35] defined as

F(z,1,0) =279 (Z i 1) (20(r —0) —0(c — 7)) (B.8)
Flw,70) = w ) (WL) @O — ) — (0 — 7)) . (B.9)

Next, we have the ghost variable propagators, defined as

(ak(T)a" (o)) = 2Tg’“’(x0)Agh (1,0) =2Tg" (20)d(T — 0) (B.10)
(b*(1)c" (o)) = —4Tg””(a:0)Agh (1,0) = —4T g"" (20)d (1T — 0) . (B.11)

As previously stated, the calculation involving these propagators may result in prod-
ucts/derivatives of delta distributions, which are ill-defined, but also divergent quantities
such as (7, 7), therefore one needs to regularize the path integral. In the present work, we
chose worldline dimensional regularization (DR), which consists in continuing the compact
time direction with the addition of d non-compact extra dimensions, i.e. extending the space
7€ [0,1] = t* = (7,t) € [0,1] x R™. More details can be found for example in [28]; here we
list the dimensional regularized expression of propagators, exploited during intermediate
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steps when performing computations. The d + 1 extended propagators read

Ak & -2 _ : ik (t—s
Ap(t,s) :/(27r)d Z T 1K sin(rwm7) sin(rmo) e’ ¢ (B.12)

d oo
Agn(t,s) / d’k Z sin(rm7) sin(rmo)e™ ) = §(r — 0)6%(t — s) (B.13)

. ddk 27”“7 + k- Y- 4 2mir(t—o) jik-(t—
Fo.ts) =i [ 55 & Z i (B.14)

where in the dimensional regularized expressions one has t as d-dimensional vector and ¢
are the Dirac matrices in the (d + 1)-dimensional extended space. Each extended worldline
propagator satisfies a generalization of its own one-dimensional Green equation

90" Ap(t,s) = 64T (t — s) (B.15)
(5 + m) F(6,t,5) = dap(r — 0)5%(t — s) (B.16)
F(6,t,s) (—5—}—1‘9) = SAr(T — 0)8%(t — 5), (B.17)

where dar is the delta distribution acting on antiperiodic functions on [0, 1] and where a
slashed derivative is the usual contraction between derivative and gamma matrices. For
computational purposes, the index contractions in d + 1 dimensions serve mostly as a
bookkeeping device to keep track of which derivative can be contracted to which vertex to
produce the (d + 1)-dimensional delta function. The delta functions in (B.15)—(B.17) are
only to be used in d 4+ 1 dimensions; then, by using partial integration one casts the various
loop integrals in a form that can be computed by sending d — 0 first. At this stage, one
can use the one-dimensional propagators (B.2)-(B.7), and v° = 1 (with no extra factors
arising from the Dirac algebra in d + 1 dimensions).

B.2 Analisys of perturbative contributions

In this appendix, we will give the essential details on the evaluation of the path integral
average and its subsequent modular integration (2.17), which produces the Seleey-DeWitt
coefficients to be inserted in (2.18). As anticipated in section 2.3, in order to find all
the possible contributions to order T2 we have to expand the exponential with the inter-
acting action (2.20), written more compactly as in (2.21) which in particular carries the
following vertices

1 ey 1 TN N

SKIZ/dT gRauuﬁqaqﬁ <qﬂq +gh) 3 SClz/dT iRapabquq w Wb

(B.18)
n 1 TN 7.a
DSCl—/dT VaRguand"q" ¢’ 4" D2Sc1=/d7 VoVl d"q*¢’q" "y

(B.19)

502—/dT a,@,u ’YTabq q q q7¢ QzZ] SF:/dTRabchZa'wbd_}c'qu]d
(B.20)
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_ _ 1 _ _
DSF:/dT 4*VaRapcah® - 9"y DQSFZ/dT 500" VaV g Rapea 49y
(B.21)
SV:—/dTQR. (B.22)

Through Wick contractions they result in a plethora of different terms, most of which
either give rise to disconnected diagrams (so that they are easily taken care of afterward, as
connected diagrams exponentiate and there is no need to compute them anew) or can easily
be shown to vanish. To start with, we see that the vertex Sy in (B.22) does not depend on
g, 1 nor on 1, thus it can be taken out of the path integral and it remains exponentiated
(as will be all connected worldline diagrams). Let’s see some other illustrative examples.
For instance, a disconnected diagram arises from the term

1

8T<SKISI%> ~ ~ disconnected . (B.23)

Other diagrams can be shown to be zero exploiting (anti)symmetry of the tensor structures
and/or of the resulting propagators, like

1 ]
~ 3572 (Sk1501) ~ Ruwan(® - ¥7) =0 (B.24)

1
Z<SK1501SF> ~ RabRuyabRapgg =0. (B.25)

Lastly, others are simply zero after explicitly calculating the integrals, as happens for (ScoSF).
We report now the surviving contributions (2.22) in full glory:

(e 5ine) s = (SKIN) (A)
1 U . -€ 7a 7.C
- 7RQ/LVBR’Y)\abR5€Cd/ <QSLQO do ngi\Q¥Qqu><¢l : ¢l1)¢2 ’ ¢g> (B)
96T 012
iR R R poav BN p 7a . boc d C
+ g flana ] s Rorea 01<qo a6 47 a7 a1 ay) (¥G - Yot - Y1) (©)
1 . o 37 Ja .c
+ EVQRBuavaRpucd /01 <Q6qu qg(h Q%QT> <11Z)0 : ¢81/)1 : 1/1il>
D)
1 e <V 7.a 7c (
+ 16 vavﬁRkuabRpucd /01 <QGLQO ngc/)\(h qlf> <¢o : ¢8¢1 : 1/’%
T 137N 7a yRe e n
+ gRauabRﬂucdRefgh /012<QSQI dp q?><¢0 ’ sz)gd}l : ¢(1111Z)2 : £¢g : ¢g> (E)
} 7a b.jc d re f.79 h,7l m ., n o
+ 6RabcdRefgthmno 012<¢o o PG - oY - Py Y Ty - Pyt by - bg)  (F)
T2 s 7.a /.C /,e n
+ 5 VaRaeaVsRessn | (G408 - vb 05 - vt -l of - u)
(G)
2

T Y 1,a /C /€ 7,
+ 5 VaVaRaseaesan | (G545)W5 - w05 - vt - ol 0f - ).
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We decided to keep both the ghost fields and the term Skn implicit so as not to further
burden the notation, and we combined the two terms of pure spin connection with covariant
derivatives %DS(QH + D?Sc1Scy in eq. (D) and the two terms of the Taylor expansion of
the four-fermions action $72DS3 + T?D?Sp Sk in eq. (G), for reasons that will become
clear shortly thereafter. Below we illustrate the main steps of the calculation for each
contribution.

(A) The first contribution we called Skin to indicate economically the sum of all terms
arising only from the pure kinetic part of the interacting action. In the notation
previously presented it would read

1 L Sk1 1
_msil T WDSI% T 1672 (SKz + D2SK1> —apoks. (B26)

It has already been computed in [31] (eq. 20) and can be read out, translated in our

SKIN =

basis (A.8), from the exponential of connected diagrams as

T3 16&  2& 17 28

S =—|-——=+-7+-"E+ =& ). B.27

Sraw) 7!<9D2 3D+93+94) (B:27)

(B) Regarding the contribution obtained by coupling the bosonic kinetic term and the
spin connection, once the contractions have been evaluated, one can use integration
by parts (IBP) and DR to reduce integrals to a set of independent ones in z, modulo
their w partner.” We list here such integrals

z

A(r,0) A (7,0) AT, p) A (. p) F (2,0, p) F (2, p,0) = — ——— B.28
[ A A A F 0 e ) = oy (B2

LI ] L] L] 1 <

/012 A (Tap) A(T77—)A (7',O')A(O',p)F(Z,O’,p)F(Z,p7O'):—mm, (B29)

so that the final result for — g=(Sk15%,) reads

& 1 z 1 w z w

3¢2 3

e -— +T1°&3 | — - B.30

D[ 90 (z+1)2 90(w+1)2} 3[ 60(112)% 60(1+w)? (B-30)

(C) The contribution of pure spin connection has already been evaluated in section 2.3;
we report here the result for completeness:

1 & 1 z w
(Sc1Sez) = <18()l)2 + 12053> {(z T2 T ey 1)2} : (B.31)

(D) The contribution of pure spin connection with covariant derivatives is made up of the
sum of two pieces: using Einstein manifolds simplifications one can collect the whole
result, with only the following diagrams to be evaluated

/0 (07D, T, 7 F (20,7 F (2, 7,0) = e (B.32)
/01 *A*(o, 7)Ao, T)A(0,0)F(2,0,7)F(2,7,0) = 60z +1)2 (B.33)

9This should also be understood for forthcoming worldline integrals when the fermionic integrands depend
only on the Wilson variable z.
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getting the final result

e ] (-0
<2D501—|-D Sc1Sc1 ) = 360 (z—|—1)2+(w+1)2 2D Es+4E, | . (B.34)

(E) This is produced from the coupling of spin connection to the four-fermions vertex.
The list of independent diagrams one needs to evaluate is

2
[ ] [ ] [——— Z _
[ @A G ) Fr D F G p) Flao ) = (B39)
/ A (0. 7)Ao, 7) F (2. por) F(em.0) Flz o) Fpp) = — 2E % g g6
012 0.77 0.77 7p77- 77—70- 70-7 7p7p - 48(Z+1)4 .
W
A, 7)A (5. 7)F ja F r —
[, AT (0, F (a0 o.0) o p) Pl ) ==
(B.37)
such that the final result reads
1 & [ 2(z-1)?7  ww-1)?
~T%262. S >—T3 B.38
<2 crr D|12(z:+1)*  12(w+1) (B-38)
2 2
T3¢ S A— e . B.39
3[12(24—1)4 12w+ 3(z+1)? (wt1)? (B-39)

(F) The one arising from the pure fermionic vertex is quite tricky to evaluate at once.
To simplify the calculation, it is possible to exploit the subtle double copy structure
underlying the NV = 4 spinning particle, rewriting this term as a sum of contributions
coming from the two copies of the N' = 2 particles, i.e. for the two values of the
internal index ¢ = 1,2. This allows us to rewrite the above term as

£5% = 5U(2) 4 £51w) + St 3 51(2)SHW) + 351(2)°6(w) (B.40)
4 82 S 5 51(2)S i+ 553 @) S+ 3 52()S P+ 51(2)2(00) S
(B.41)

In the previous expression, we defined for simplicity the actions
$1(2) = [ dr T Rapaa 616051 ¢ (B.42)
Suix = [ d7 (TRapea 000208 + 165 2) (B.43)

where we explicated the flavor index. Once performed the contractions with Mathe-
matica, based on the zTensor package [65], we further simplify the result by reducing
tensor structures using Bianchi identity as follows

1
Rog” RV Ry = e (B.44)

1
Ry s R RY,P, = — 18+ (B.45)
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Once evaluated the fermionic diagrams our final answer for <éT 383 is

& [_ (=14 2)22(14 (-84 2)2) (14 w)?w(l+ (-8+ w)w)]

D? 6(1 + 2)6 6(1 +w)®
n & | (2 1)222 C(w— 1)%w? C2(=1+ 2)? 2w o 2z2(-1 + w)?w
D (z+1)8 (w+1)8 1+2)*(1+w)?2 (14221 +w)!
> 24— 228 4 22 n wt — 203 4+ W? 222w 22w
17 6(z + 1)0 6(w+ 1)0 I+2"1+w)? 1+ 2)2%(1+w)
iy 403 423 dwz
Y1T3w+ 1) 3(z+1)5 3w+ 1D2(z+1)2(w+ 1)

(B.46)

(G) Finally, one has the term coming from the Taylor expansion of the four-fermions
interaction, made of two pieces. Just as in the (D) case, one can collect them
into a single one working on the tensorial structure and using Einstein manifolds
simplifications. The resulting diagrams to be evaluated are

22

. A(r,7)F(z,0,7)F(2,0,7)F(2,7,0)F(2,7,0) = —m (B.47)
. A(r,7)F(z,0,7)F(2,7,0)F(w,0,7)F(w,T,0) = — 60125102 (B.48)

since the partner diagrams A(7,7) — A(7,0) can easily be seen to be proportional to
the above. The final answer for (372DS2 4+ T?D?SpSk) is then

2 2

3 z n w n 2w
122+ 1" 12w+1D* 3E+1D*(w+1)?

<28D2 — &5+ 454) . (B.49)

B.3 Summing up all the pieces

We can collect the result of all the computations above as follows

&

&
oz c1(z,w) 52 +ca(z,w) E3 + c3(z,w) Es s (B.50)

Ctg(Z,w, D) = CO(Z7CL))

with the coefficients

1 2(22-8241)(2—1)? (w—1)%w (w?—8w+1)

c0(2:w) =~ 5535~ 6(z+1)5 N 6(w+1)5 (B.51)
1 z w 2(z—1)2  (w—1)%w 22 w?
2 @) = 20 T 90 1E 90(w 12 T 1211t T 12w 1)1 T 61t Bwr1)
22(z-1)%  (w—1)%? 2wz(z—1)? 2(w—1)%wz 2zw
(2415 (w+1)8 _(w+1)2(z—|—1)4_(w+1)4(z+1)2+3(z+1)2(w+1)2
(B.52)
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17 z w (z—1)222  (w—1)%w?

€2(2@) = 15360 T 180024192 18012 T 6(11)° | 6wt 1) (.53
_ 2wz _ 2w?z '
(wW+1)2(z+1)*  (w+1)*(2+1)2
(2,0) 1 z w n 22 n w? n 4w 423
c3(z,w) = — — — — .
s 1620 90(z+1)2 90(w+1)? " 3(z+1)* 3(w+1)* 3(w+1)5 3(z+1)8
(B.54)

At this point, in order to get the full 72 correction, we first need to recall the connected
diagrams coming from the first- and second-order expansion of the path integral, namely

e <152+Q (zfl)2 - (wj:l)Q) i (B.55)
e (s (e ) 5

1 1] w? 22 4wz 1 w 2 9
* <180+2 {(w—i—l)‘l + (z+1)4 + (w+1)2(z—|—1)2] 12 {(w_yl)? + (Z+1)2}) Rl po
2
Eﬁl(Z,UJ)%+52(Z,UJ) Riupa’ (B56)

which are in complete accordance with the results of [14, 15] and indeed reproduce the
a; and ag coefficients (2.30)—(2.31). Now we can move to the exponentiation of all the
connected diagrams, including the new results. The expectation value <e_sint> in (2.17) can
be compactly written as

<e_S‘“°> =exp

3 R3 RRIQLVPU gaf v ov af 4
+T Coﬁ+01 D +CQRMVP(,RP Raﬁﬂ —l—CgRam,gR“p Rp . —|—O(T)

R2
T oy R+T2 <@1 o + B2 Riyp(,)

(B.57)

The final step consists of Taylor expanding the exponential to the desired order, namely
3
—Sint 3 oy alﬁl Co &1 4
<€ > T =T |:<6+ D +l)2> 81+(@152+5) 52+CQ(Z,UJ)(€3+63(Z,W) 54:| +O(T )
(B.58)

We obtained our final answer for the path integral average (2.17). In the end, one is left

only with performing the modular integration, i.e. the double expectation value {(e™%nt))
defined in (2.16). In doing so, we can choose the appropriate measure P(z,w) to project
only on the ghost, graviton, or total coefficients. This gives our final results of section 2.4,
in particular the newly-computed coefficient

_ 35D*—147D®—3670D2 — 13560 D — 30240 . +7D3—230D2+3357D+12600 e
- 90720 D2 ! 15120D 2

17D2—555D—15120 . D2?—39D—1080
. B.
90720 Eat 3240 & (B.59)

ag(D)
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C Heat Kernel computations

The fourth heat kernel coefficient for the ghost field is computed from the general for-
mula (3.13), by performing the substitutions (3.25). It is convenient to write

a§h($) = %Agh (R, Ry Ryuwpo] + %th{& Ry Ruwpos Qs V1 (C.1)
where Agp and By, are two (involved) functions of the metric invariants and of the gauge
field strength, as reported in (3.13). Let us start from Agp: six of the first eight terms vanish
identically since they are all proportional to covariant derivatives of R, R, or R, except
from the two proportional to (VaRuwpe)? and Ryupe V2RFP?. Recalling that Tr[6%] = D
and using (A.9), we are therefore left with

208 64 16
Tr[Ag]=D <3RWMV2R“””” — 5 Bu Ry Rol'+ =2 Ry R M — 2 Ry RV p R

44 g 87 174 80 87 v o

16 2 17D 28D
= —97Df5‘1+§52+753+754 .
(C.2)

We now compute Bgy. Since (£,,)"s = R,." s, the second term of Bgy, in (3.13) vanishes
identically; moreover, as V o R, the same occurs for the last four, leaving us with

T [Bygy] = 4Tr [0, V20| = 12T (2,70, 700" + 6Tr [Rppo 0 Q7] = ATr [R,,, 2707

4
=——E& — 283 — A€
D 2 3 4,
(C.3)
where all the traces are computed by explicit substitution, according to (3.25),

Tr [0, QM) = Tr R,V R TR | = RO,V RE SR, = —& (C.4)

T [Rypor 2 2%) = Riapo Tr | RO R P7| = Ry ROVROPT = 83 (C.5)

g 14 (6% ag 14 (6% g 1 1
Tr [Ru¥70%) = R Tr [RY'RYY, | = R R RY, = -6 (C6)
Going back to (C.1) we conclude that
1 D—84_ 17D—252_ D —18
Tr [0 (z)| = — £ & Es+ =€ C.7
t|of(@)] 28350 T 760D 2 T 4360 T 1620 (C.7)

which however does not provide the full coefficient for the ghost, since we still have to add
the term 3 defined in (3.9), which turns out to be

1 3
gh _ gh gh gh
3 —6(041 ) +ay ay

C.8)
_ 1 T 1 1 3 T 1 1 1 2 2 o 1 2 (
=517 Gr5) B + (5 5) A [rsp (B — 22 25+ 1595
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and taking the trace
(5D? 4 54D + 180)(D + 6)

D +6)(D —15)
Tr |8 (z)| = ( : :
' [’6 3 (x)] 6480 D2 &+ 080D 2 (C.9)
The overall result for the ghost is
35D3 + 588D2 + 3512D + 7560
Tr {a%h(:p)} = * i ha &
45360D2
(C.10)
7D? — 62D — 714 N 17D—252€ +D—188
75600 2 45360 > 1620 !

and corresponds to (2.42). To compute the fourth heat kernel coefficient for the graviton,
we start again from the general formula (3.13) and perform the substitutions (3.26). It is
once again more time convenient to split
1 2

o (r) = ﬂAgr[R, Ryv, Ryuvpo) + &Bgr[R, Ryv, Ruvpo, Quu, V] (C.11)
as we did in (C.1) for the ghost. By inspecting more closely the substitution rules (3.25)
and (3.26), though, it is clear that Ay and Agy, differ only by the trace of the identity
operator 1. Using (C.2), we find in particular

D+1 8 1
— _97D€1 + §52 TS &+ 9 54) , (C12)

while for the computation of By, we can repeat the previous observations, and consider the

17D 14D

Tr[Ag) = 25— Te[Ag) = (D + 1) (

only non-vanishing terms

Tr [By] = 4Tr [, VO] — 12T (2,702,700, "]

+ 6T [y OV 0] — 4T (R QP70 ] + 30T [ (V,, V)] (C.13)
4(D + 47
= —(g) Eo—2(D —43) & — A(D 4 92) &
where we need to compute the traces
Tr [Q,7Q,°Q"] = — (D +2) & (C.14)
Tr [Ryupe U] = —(D 4 2) & (C.15)
D+2
Tt R Q707 4] = _T+ & (C.16)
2
T [0,,V20] = ~(D +2) (952 &+ 454> (C.17)
2
Tr [(VQVMVPU)Q} = -3 (Dgg — &3+ 454) . (C.IS)
Going back to (C.11) we conclude that
D+1 D? — 167D — 7896
Tr [0 (2)] = ———— &
rlos (@] = —5570p &1 F 15120D & (©19)
17D? —487D + 21672 | D? 35D — 3312 '
90720 3 3240 b
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The last step is to compute the term (3 defined in (3.9), which is the sum of the two terms:

1 1 1 1 1
6 (O‘%r)g = 6 (216R36MV aB+ER2VMV a5+§RVMV pUVpU 045+Vm/ pUV/JU /\TV)\T aﬁ) (CQO)

1 1 1 1 a1
rogr af « 2 2 AT 2 a 2 AT
af o = (5780, V") | 155 (Bouno = 52 ) 8us™ 15 () ™|+ 5V 07V

where the following traces are to be computed:

1
af| _ =
Tr [6,,°7] = ;DD +1) (C.21)
T [V, | = R (C.22)
T [V, "V,0 | = 3R2,,, (C.23)
T [V, "V0 V. 7] = 861 — & (C.24)
vy s (02} M= 2e 45 C.25
r 124 (po)aﬁ_—52+ 3 ( )
2
o 2 AT
Tr [VW OV, ] =3 (D52 — &+ 4£4> (C.26)
leading to
. 5D3 — D? — 186D + 72
T [B57 ()] = 12960D 2
(C.27)
D? —29D? + 468D + 2520 g3 Dea 2e
2160D 2 1973 T g™
In the end,
ar 35D3 — 7D? — 1318D + 488 7D3 — 202D? + 3109D + 9744
Tr [y (2)] = 90720D b+ 15120D &
17D? — 487D — 16128 D? — 35D — 1152
2
90720 3 3240 &, (C.28)

which corresponds to (2.46). By summing the ghost and graviton coefficients according
to (3.31), we end up with

_ 35D*—147D%—3670D° —13560D — 30240 P +7D3—230D2+3357D+12600 P
- 90720 D2 ! 15120D 2

17D2 —555D — 15120 D2?-39D—1080
90720 3 3240

Tr[as(z)]

&, (C.29)

which corresponds to (2.32).

D Topological terms in even dimensions

In order to display the cancellation of the one-loop divergences of pure gravity in four
spacetime dimensions, and analogously their resilience in six, we exploit the Gauss-Bonnet
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theorem, which allows us to compute the Euler character yg(M) of a manifold M as a
volume integral of the 2-form R* = R" ,dz® A dz?, namely

1
XE(M) = T g /M €M1V1_,_Ndyd7eu1yl /\ tet /\ Rﬂdyd 3 (Dl)

(4mr)
where D = 2d is the dimension of the manifold, assumed here to be even.'® In local
coordinates, (D.1) becomes
1
2(4m)d

It is possible to prove that xg(M) defined in this way does not depend on the metric

/ APy /g Do i goagha g

HdVd
D lmm Hd " vg] arfr R

XE(M) = (D.2)

aqfBa”

settled upon M, and is fixed only by the global topology of the manifold. For D = 2
(d=1), (D.2) becomes

wM)lpo = o [ Pavi R, (03

which is proportional to Einstein-Hilbert action, while at D = 4 (d = 2) the Euler
character reads

1
XeM)lp_y = 55 / d'eyg (R~ AR R™ + Ry R (D.4)

On Einstein spaces the first two terms in the integrand of (D.4) cancel off, and therefore
we are left with

1
XE(M)‘D:4 = 32? /d4$\/§ RMVPURMVPU = /d4x\/§ E4 . (D5)
Therefore, the third heat kernel coefficient Tr [ag(x)] Ri,,pa is proportional to the Euler

density F4 and hence is a total derivative, which can be neglected in the effective action. This
result is no more true when A # 0, even if we drop the total derivative term corresponding
to Euler density.

In dimension D = 6 (d = 3) the Euler character is [66]

1
XE(M)|D:6 = m /de\/ﬁ (4’C1 —48K2+64]C4—|—96]C5+12]C3—96’C6+16/C7—32K8) R

(D.6)
which on Einstein spaces reduces to
1 6 4
=— ~& —4 1 2 ) D.
XE(M)‘D:(; 38473 /d x\/§ (951 Ey + 1683 + 3 54) ( 7)
The condition A = 0, that is R = 0, forces & = & = 0, so that (D.7) eventually becomes
1
XEM)lpg = 35 / d2./5 (168 + 326,) = / d2,/5 Es. (D.8)
This shows that, up to a total derivative term
284 = —&3. (D.9)

Thus, at dimension D = 6, even with A = 0, the perturbative quantum gravity effective
action is not free of logarithmic divergences.

107f D is odd, the integral (D.1) vanishes, so that the theorem does not provide a useful way of computing

XE(M).
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