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1 Introduction

One of the most important and challenging areas of modern theoretical physics is the search
for a consistent quantum theory of gravity. Regardless of its specific details, any such theory
is expected to incorporate and generalize the principles of general relativity. However, as it
is well-known, general relativity gives rise to a non-renormalizable quantum field theory,
in which diverging terms cannot be absorbed into the parameters of the Einstein-Hilbert
action. This makes the development of a quantum theory of gravity an ongoing and active
area of research, with important implications for our understanding of the fundamental
nature of spacetime.

The investigation of divergences in quantum gravity dates back to the pioneering
work of t’ Hooft and Veltman [1]. They demonstrated that, when evaluated on-shell
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and with vanishing cosmological constant, the one-loop logarithmic divergences in four
dimensions were absent. Subsequently, van Nieuwenhuizen [2] observed that one-loop
quantum calculations in six dimensions share some features with two-loop calculations in
four dimensions. He found that quantum gravity in six dimensions contains a nonvanishing
logarithmic divergence, suggesting that divergences could emerge at two-loops in four
dimensions as well. This prediction was supported by Critchley [3], who corrected a
numerical factor in the six-dimensional term. Eventually, Goroff and Sagnotti [4] explicitly
calculated the two-loop divergence in four dimensions. They demonstrated that pure
quantum gravity is a non-renormalizable theory at two-loops. This result was later checked
and confirmed by van de Ven [5]. On the other hand, the inclusion of a cosmological
constant gives rise to a one-loop logarithmic divergence already in four dimensions, as found
by Christensen and Duff [6].

Subsequent research has focused on the search and analysis of gravitational theories with
improved ultraviolet behaviour, such as simple supergravity [7, 8] and supergravities with
extended supersymmetry, like the N = 8 supergravity [9] that was obtained by dimensional
reduction of the unique 11D supergravity [10]. The ultraviolet properties of these theories
are still under investigation to understand whether all supergravities must necessarily be
ultraviolet divergent, as known symmetry arguments seem to suggest, see [11] and references
therein. On the other hand, the various supergravity theories appear as low energy limits of
string theory [12, 13], whose finiteness is related to its being a theory of extended objects
rather than point-like particles.

In this work, we focus on pure gravity with cosmological constant with the aim to
investigate further the structure of the diverging terms in the one-loop effective action.
Evaluated on-shell, these diverging terms are gauge-invariant and characterize unambigu-
ously the theory. For instance, they could serve as a benchmark for verifying alternative
approaches to perturbative quantum gravity, and thus their precise expression should
be known explicitly. Our main contribution is the determination of the Seleey-DeWitt
coefficient a3(D) of perturbative quantum gravity that parametrizes a class of divergences
that start to appear in D ≥ 6 dimensions. It has not been reported in the literature in its
full generality so far. On the other hand, the coefficients an(D) for n = 0, 1, 2 are already
known and have been cross-checked with different methods [14–16].

In our endeavor to determine the coefficient a3(D), we employ two distinct approaches:
the worldline formalism and the heat kernel method. The first one consists in using the
N = 4 spinning particle, which provides a first-quantized description of the graviton. It
correctly describes the graviton propagating on Einstein manifolds [17] and it was employed
in [14] to construct a worldline representation of the one-loop effective action for quantum
gravity. The worldline representation involves computing the path integral of the N = 4
spinning particle on a circle. We perform the perturbative expansion of this path integral
and compute it up to the order required to determine the coefficient a3(D). Then, we employ
a second method based on the time-honored heat kernel representation of the one-loop
effective action of quantum gravity [18–20]. In this approach, we evaluate the heat kernel
coefficients by taking on-shell the background metric, i.e. inserting metrics corresponding to
Einstein spaces. This second method yields the same coefficient a3(D) obtained previously.
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The agreement between the two methods provides a robust consistency check for both the
new coefficient and the worldline N = 4 representation.

The paper is organized as follows. In section 2, we provide a description of the worldline
formalism. Specifically, we focus on the path integral for the N = 4 spinning particle
and show how it can be used to compute the on-shell counterterms in quantum gravity.
We compute the explicit counterterms related to the coefficients an(D) for n = 0, 1, 2, 3
using worldline perturbation theory. Section 3 employs the heat kernel method in one-loop
quantum gravity to derive the same counterterms, thus providing a cross-check of our
results. In section 4, we discuss the one-loop divergences for quantum gravity in four
and six dimensions, providing further consistency with the existing literature. Finally,
our conclusions are presented in section 5. The appendices contain useful formulae for
geometric quantities on Einstein spaces and detailed explanations of the computational
procedures employed.

2 Worldline formalism

In this section, we review the representation of the one-loop effective action for pure
Einstein-Hilbert gravity in the worldline formalism. The most elegant way of obtaining such
a representation is to consider a relativistic spinning particle with four local supersymmetries
on the worldline, check that its spectrum coincides with that of the graviton in D dimensions

— especially when the coupling to a background metric is introduced — and then path
integrate the model on the circle to obtain the desired one-loop effective action for the
graviton as a functional of the background metric. Along the way, one finds that quantum
consistency of the model requires the background metric to satisfy Einstein’s equations of
motion. This approach for describing the graviton shares many analogies with string theory:
they are both first quantized models and both of them require the allowed background
fields to be on-shell. We shall not present here all the details leading to the construction of
the worldline representation of the effective action for pure quantum gravity, for which we
refer to [14], but we review the main ideas that have led to that result.

Massless relativistic particles carrying spin s have a description in terms of mechanical
models with N = 2s local supersymmetries on the worldline, as suggested in [21] and
explicitly constructed in [22, 23]. These models are described by the worldline particle
coordinates xµ together with N real fermionic superpartners ψµ

i with i = 1, . . . ,N , in-
troduced to describe the spin degrees of freedom of the particle. Unitarity of the model
requires the µ = 0 components of these variables to be non-physical. The N -extended
local supersymmetry is needed precisely to compensate for this redundancy in a relativistic
invariant manner. A further gauging of the R-symmetry group SO(N ) that rotates the N
supercharges is optional as it is not required by unitarity. It is generically used to constrain
the model to have the minimal amount of degrees of freedom and deliver pure spin s states.
This model was path integrated on a circle in [24] to verify that it propagates correctly the
degrees of freedom of a relativistic particle of spin s. While everything works fine in flat
spacetimes, coupling to background fields, and in particular to curved spacetimes, proved
more difficult to achieve, which is somehow expected for particles of sufficiently high spin.
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Early results were obtained in [25, 26], where some obstructions were circumvented allowing
for specific couplings to (A)dS and conformally flat spaces. Then, a crucial result was
obtained in [27], where it was shown how to use BRST methods to extend the case of spin
1 to include non-abelian couplings, thus providing a first-quantized description of the gluon.
Using similar BRST techniques, in [17] it was found how the spin 2 massless particle could
be coupled to background metrics that satisfy Einstein’s equation. This guarantees that
the first-quantized graviton can propagate consistently on Einstein spacetimes, where the
Ricci tensor is proportional to the metric

Rµν = λgµν (2.1)

with constant λ, thus admitting a cosmological constant of indefinite sign. The BRST
construction was crucial to develop a path integral quantization delivering a worldline
representation of the one-loop effective action for quantum gravity [14]. Path integrals for
one-dimensional nonlinear sigma models, such as the one associated with the N = 4 spinning
particle in curved spaces, require counterterms that are related to the regularization scheme
used in defining the path integral itself [28, 29]. The counterterm used in [14] was the one
associated with wordline dimensional regularization and was effectively valid only for D = 4.
Its extension to arbitrary D dimensions was constructed in [15] and it is the one that we
use here below.

Alternative worldline representations of the effective action for quantum gravity are
possible, see for instance [16, 30]. They are close in spirit to the heat kernel approach
employed in section 4. For their formulation they need direct inputs from the associated
QFT, just as it happens in the heat kernel method. In this sense, they are not independent
of the second quantized theory and will not be used in this section.

As anticipated, we refer to the aforementioned studies for details on the analysis of
the spinning particle action and quantization, proceeding now with the construction of the
worldline representation of the gravitational effective action.

2.1 The worldloop path integral

The one-loop effective action Γ[gµν ] for pure gravity corresponds to the path integral of the
N = 4 spinning particle action S[X,G; gµν ] on worldlines with the topology of the circle
S1, also called the “worldloop”, and takes the schematic form

Γ[gµν ] =
∫

S1

DGDX
Vol(Gauge) e

−S[X,G;gµν ] . (2.2)

The particle Euclidean action depends on the worldline gauge fields G = (e, χ, χ̄, a) and
coordinates with supersymmetric partners X =

(
x, ψ, ψ̄

)
, while the overcounting from

summing over gauge equivalent configurations is formally taken into account by dividing
by the volume of the gauge group. The four real fermionic partners of the coordinates
have here been cast more conveniently into a pair of complex fermionic variables ψ and ψ̄,
as well as the worldline gravitinos χ and χ̄. As implied by the BRST analysis, the gauge
symmetries are consistent only when the background metric gµν is on-shell, i.e. satisfies
eq. (2.1). Explicitly, the effective action (2.2) is related to a partially gauge-fixed version of
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the N = 4 spinning particle path integral Z(T ) through a Schwinger representation, and
given by

Γ[gµν ] = −1
2

∫ ∞
0

dT

T
Z(T ) (2.3)

where T is often called the Schwinger proper time, a modulus whose integration arises from
the gauge-fixing of the einbein e on the circle. In the present work, we only mention some
of the important technicalities, namely the gauging of a parabolic subgroup of the SO(N )
R-symmetry group, the choice of the aforementioned gauge fixing of the worldline action,
and the regularization of the nonlinear supersymmetric sigma model, skipping the details
while referring to previous work for the reader interested in them [14, 15]. We choose to
focus our discussion on the perturbative computation of the path integral providing only
a few remarks when needed. The partition function Z(T ), upon gauge fixing, takes the
following explicit form

Z(T ) =
∫ 2π

0

dθ

2π

∫ 2π

0

dϕ

2π P (θ, ϕ)
∫

PBC
DxDaDbDc

∫
ABC
Dψ̄Dψ e−S[X;gµν ] , (2.4)

where P (θ, ϕ) is the measure on the moduli space (θ, ϕ) generated by the gauge fixing
and which implements the correct projection on the physical graviton Hilbert space in
D dimensions. The worldline variables X =

(
x, ψ, ψ̄, a, b, c

)
now include bosonic a and

fermionic (b, c) “metric ghosts”, introduced in order to keep translational invariance of the
path integral measure and which renormalize potentially divergent worldline diagrams [28].
The path integral over bosonic variables and metric ghosts is evaluated by fixing periodic
boundary conditions (PBC), while the fermionic path integral is performed by choosing
antiperiodic boundary conditions (ABC) on each flavor of fermionic fields ψa

i , with the
internal index i taking values i = 1, 2.1 The gauge-fixed nonlinear sigma model action reads2

S[X;gµν ] =
∫
dτ

[ 1
4T gµν(x) ẋµẋν+ψ̄ai

(
δj

iDτ −âj
i

)
ψaj−TRabcd(x) ψ̄a ·ψbψ̄c ·ψd−T V(x)

]
,

(2.5)
where we use flat indices on the worldline complex fermions ψa

i and denoted the covariant
derivative with spin connection ωµab acting on the fermions by Dτψ

a
i = ∂τψ

a
i + ẋµωµ

a
b(x)ψb

i .
We also used a dot to indicate contraction on the internal indices and denoted

âj
i =

(
θ 0
0 ϕ

)
(2.6)

1Due to the complex combination of the original N = 4 real fermions.
2The bosonic coordinates are understood to be shifted as ẋµẋν → ẋµẋν + aµaν + bµcν . This shift

implements into (2.5) the ghost action Sgh[x, a, b, c] =
∫

dτ 1
4T

gµν(x)(aµaν + bµcν) which allows for the
exponentiation of the determinant factor hidden inside the path integral measure on a curved spacetime, i.e.

Dx =
∏

τ

dDx(τ)
√

g(x(τ)) = Dx

∫
DaDbDc e−Sgh ,

where Dx, Da, Db, and Dc are the standard translational invariant measures. In particular, these metric
ghosts create worldline divergences that compensate for the divergences generated by correlators of the ẋµ’s.
Divergences formally cancel out and one is left with a finite theory, whose remaining ambiguities are taken
care of by choosing a regularization scheme with a corresponding counterterm that remains finite.
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the gauge-fixed values of the worldline gauge fields acting on the fermions and related to
the gauging of the parabolic subgroup of the R-symmetry group. The angles θ and ϕ are
precisely the two leftover moduli remaining after the gauge-fixing procedure.3

A few comments are in order. The theory described by (2.5) should be seen as a one-
dimensional field theory living on the worldline with the bosonic fields xµ(τ), the embedding
of the worldline into spacetime, taking values in a D-dimensional target space M. On the
worldline, one usually finds it convenient to rescale the parameter τ to take values on the
finite interval I ≡ [0, 1]. A crucial role is played by the scalar potential term V of quantum
origin [15]. It is necessary since it contains the counterterm required by the regularization
scheme one decides to use to define the path integral and an additional potential needed
to achieve nilpotency of the BRST charge at the quantum level. The latter condition
requires a value of VBRST = 2

DR in the Hamiltonian constraint [17]. Regarding the former,
in the present work we adopt dimensional regularization (DR) on the worldline, as used for
instance in [31–33] in similar contexts, while reading from [34] the counterterm VCT = −1

4R

needed for the case of four supersymmetries, thus producing an effective potential

V = VBRST + VCT =
( 2
D

− 1
4

)
R ≡ ΩR (2.7)

which indeed is the one used in [15]. Finally, for computational purposes, it is convenient
to rewrite the angular integrations over the moduli θ and ϕ in the complex plane. This
can be achieved by introducing the Wilson variables z ≡ eiθ and ω ≡ eiϕ, so to recast the
partition function as

Z(T ) =
∮

dz

2πi
dω

2πi P (z, ω)
∫

PBC
DxDaDbDc

∫
ABC
Dψ̄Dψ e−S[X;gµν ] , (2.8)

where the modular integration is performed over the circle |z| = 1, with the singular point
z = −1 pushed out of the contour,4 and with the measure on the moduli space being now

P (z, ω) = 1
2
(z + 1)D−2

z3
(ω + 1)D−2

ω3 (z − ω)2(zω − 1) . (2.9)

In the next section, we set up the perturbative expansion for small values of T of the path
integral (2.8), such that the full Tn correction is an (n+ 1)-loop expansion in the worldline
theory, which will allow us to identify the divergences in the effective action of pure gravity.

2.2 Setting up the perturbative expansion

Having at hand a path integral representation for the effective action, it is possible to set
up the perturbative expansion around the free theory. However, there are two issues to take

3As discussed in [14], the gauging of the parabolic subgroup allows the one-loop measure for the path
integral to be modified so that it projects exactly onto the graviton state. Alternatively, the gauging of the
entire SO(4) group would result in the graviton plus unwanted contributions of topological nature, a case
that might be worth studying but is beyond the scope of our work.

4Poles at z = −1 arise when computing perturbative corrections and are excluded by this prescription.
The same goes for ω. Discussion on the regulated contour of integration for the modular parameters can be
found in [35].
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care of in order to be able to perform calculations. The first involves factorizing out the zero
modes in the kinetic operator in (2.5). Zero modes appear perturbatively once expanding
around a constant metric and when considering periodic boundary conditions. To this task,
we parametrize the bosonic coordinates of the circle (interpreted as a parametrization of
the particle paths in target space) as

xµ(τ) = xµ
0 + qµ(τ) , (2.10)

thus describing all loops in spacetime with a fixed base point xµ
0 (the zero mode that

is integrated over only at the end) plus quantum fluctuations with vanishing Dirichlet
boundary conditions (DBC), indicated by qµ(τ) and thus satisfying qµ(0) = qµ(1) = 0.
Note that the fermionic coordinates have no zero modes, due to their antiperiodic boundary
conditions. The second issue consists in expanding in Riemann normal coordinates (RNC)
centered around xµ

0 , so to write the metric tensor and the spin connection as follows [31, 36]

gµν(x(τ))= gµν+
1
3Rαµνβq

αqβ+1
6∇γRαµνβq

αqβqγ+Rαβµνγδq
αqβqγqδ

+ 1
315Rµαβ

σRσγδ
λRλτϵνq

αqβqγqδqτqϵ+O(q6)
(2.11)

ωµab(x(τ))=
1
2Rαµabq

α+1
3∇αRβµabq

αqβ+1
8∇α∇βRγµab+

1
24R

τ
αβµRγτabq

αqβqγ+O(q4)

(2.12)

where
Rαβµνγδ = 1

20∇δ∇γRαµνβ + 2
45Rαµ

σ
βRγσνδ (2.13)

and where we only kept the terms needed to obtain a perturbative expansion to order T 3.
In (2.11)–(2.12) and henceforth, unless specified otherwise, we intend all tensor structures
to be evaluated at the initial point xµ

0 , thus factorizing out their dependence upon the
worldline bosonic variables qµ(τ). Finally, the Riemann tensor appearing in the four-fermions
interaction in (2.5) has to be Taylor expanded as well, around the same reference point xµ

0 .
The perturbative expansion of the path integral (2.8) reads

Z(T ) =
∮

dz

2πi
dω

2πi P (z, ω)
∫
dDx0

√
g(x0)

(4πT )
D
2

〈
e−Sint

〉
, (2.14)

factorizing out for convenience the
√
g(x0) arising from the free ghost part of the action

after functional integrating, together with (4πT )−
D
2 arising from the free particle path

integral. The remaining expectation value is to be evaluated using the Wick theorem on the
free path integral, with the free action being given by the quadratic part of (2.5), namely

S0[X] =
∫
dτ

[ 1
4T gµν (ẋµẋν + aµaν + bµcν) + ψ̄ai

(
δj

i ∂τ − âi
j
)
ψaj

]
, (2.15)

from which one obtains the worldline propagators of the theory, reported in appendix B.1.
Higher order terms form the interacting action Sint, to be analyzed later on. It is possible
to recast (2.14) in a more compact form introducing the double expectation value of the
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interacting action ⟨⟨· · · ⟩⟩, namely the average over the path integral and over the moduli
space parametrized by z and w〈〈

e−Sint
〉〉

=
∮

dz

2πi
dω

2πi P (z, ω)
〈
e−Sint

〉
. (2.16)

Identifying the expectation values defined above as〈
e−Sint

〉
=
∞∑

n=0
an(D, z, ω)Tn −→

〈〈
e−Sint

〉〉
=
∞∑

n=0
an(D)Tn , (2.17)

allows us to rearrange the path integral (2.14) so as to make explicit the Seeley-DeWitt
coefficients arising from the perturbative expansion

Z(T )=
∫

dDx0

(4πT )
D
2

√
g(x0)

[
a0(D)+a1(D)T+a2(D)T 2+a3(D)T 3+O(T 4)

]
. (2.18)

One can recognize that, while in the above sum a0(D, z, ω) = 1, its projected partner

a0(D)= ⟨⟨1⟩⟩= 1
2

∮
dz

2πi
dω

2πi
(z+1)D−2

z3
(ω+1)D−2

ω3 (z−ω)2(zω−1)= D(D−3)
2 (2.19)

gives the massless graviton physical polarizations in D spacetime dimensions when using
the correct measure P (z, ω) in eq. (2.9). We have now made explicit our main task,
namely to determine the Seeley-DeWitt coefficient a3(D) in the perturbative expansion on
Einstein spaces.

2.3 Outline of the computation

We will now give a brief outline of the procedure, delegating the details of both the
computation and regularization of potentially divergent diagrams to appendix B. To
systematically work out all perturbative contributions to the desired order, one has first
to identify and compute the connected worldline diagrams arising from the path integral
expansion. In order to do so, we report the interacting action in (2.14) expanded to the
desired order

Sint =
∫
dτ

[
1
4T

(
1
3Rαµνβq

αqβ+1
6∇γRαµνβq

αqβqγ+ 1
20∇δ∇γRαµνβq

αqβqγqδ

+ 2
45Rαµ

σ
βRγσνδq

αqβqγqδ+ 1
315Rµαβ

σRσγδ
λRλτϵνq

αqβqγqδqτqϵ

)
(q̇µq̇ν+aµaν+bµbν)

+
(
1
2Rαµabq

α+1
3∇αRβµabq

αqβ+1
8∇α∇βRγµabq

αqβqγ+ 1
24R

τ
αβµRγτabq

αqβqγ

)
ψ̄a ·ψb q̇µ

−T
(
Rabcd+qα∇αRabcd+

1
2q

αqβ∇α∇βRabcd

)
ψ̄a ·ψbψ̄c ·ψd−T ΩR

]
,

(2.20)
which we write in a more compact form as

Sint =
1
4T

(
SK1 +DSK1 +D2SK1 + SK2 + SK3

)
+ SC1 +DSC1 +D2SC1 + SC2

− T
(
SF +DSF +D2SF

)
+ TSV ,

(2.21)
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where the explicit expression of each term is obtained by comparing with the previous
expression, see also appendix B. Expanding the exponential in the path integral to order
T 3, we obtain the contributions that need to be path-averaged and computed using Wick
contractions. We list them here, leaving their systematic analysis to appendix B.2, where
we also show more details on the intermediate steps of computation:

e−Sint
∣∣∣
T 3

= SKIN − 1
8T SK1S

2
C1 + SC1SC2 +

1
2DS

2
C1 +D2SC1SC1

+ 1
2T

2S2
C1SF + 1

6T
3S3

F + 1
2T

2DS2
F + T 2D2SFSF ,

(2.22)

where we have collectively denoted SKIN the three-loop contributions arising from the
pure kinetic term, see (B.26). As an illustrative example, we shall show how to compute
a contribution containing all the main features of this type of calculation, namely the
correction arising from the spin-connection vertex only5

⟨SC1SC2⟩ =
1
48RαµabR

τ
βλνRρτcd

∫
01
⟨q̇µ

0 q
α
0 q̇

ν
1q

β
1 q

λ
1 q

ρ
1⟩⟨ψ̄

a
0 · ψb

0ψ̄
c
1 · ψd

1⟩ . (2.23)

The fermionic Wick contractions produce

RαµabR
τ

βλνRρτcd ⟨ψ̄a
0 ·ψb

0ψ̄
c
1 ·ψd

1⟩=−∆AFji(τ,σ)∆AFij(σ,τ)RαµabR
τ

βλνRρτ
ba , (2.24)

where we introduced the N = 4 fermionic propagator ∆AF . Evaluating then the bosonic
contractions one gets different Riemann tensor strings, which can be reduced using Bianchi
identity, namely

RµνρσRµν
αβRρασβ = 1

2R
µνρσRµν

αβRρσαβ . (2.25)

Recall that all the calculations have to be further carried out with two precautions, namely
to use Einstein spaces simplifications (see appendix A) and to perform the regularization
using DR. Then, collecting all terms one gets

(1
4RµνρσR

ρσαβRαβ
µν + R

6DR
2
µνρσ

) − + z → ω


(2.26)

where in the graphical representation of the worldline Feynman diagrams full dots denote
vertices, an empty dot represents a derivative, a line denotes a bosonic propagator, and
oriented lines represent z-fermionic propagators. The first diagram has to be regularized due
to the singularity carried by the bosonic propagator •∆•. In DR it has to be d-dimensional

5The subscript 01 in (2.23) (as well as in appendix B) serves as a shorthand notation to indicate henceforth∫
01 ≡

∫ 1
0 dτ

∫ 1
0 dσ in worldline integrals.
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extended as outlined in the following:

=
∫

dτdσ •∆•(τ,σ)∆(τ,σ)∆(τ,τ)F (z,τ,σ)F (z,σ,τ)

→
∫

dd+1tdd+1sα∆β(t,s)∆(s, t)∆(t, t)Tr
(
γαF (z, t,s)γβF (z,s, t)

)
=−

∫
dd+1tdd+1s α∆(t,s)∆(t,s)β∆(t, t)Tr

(
γαF (z, t,s)γβF (z,s, t)

)
−
∫

dd+1tdd+1s α∆(t,s)∆(s, t)∆(t, t)Tr
(

F (z, t,s)
←
/∂ F (z,s, t)+F (z, t,s)

→
/∂ F (z,s, t)

)
→−

∫
dτdσ •∆(τ,σ)∆•(τ,σ)∆(τ,τ)F (z,τ,σ)F (z,σ,τ)

=− = z

60(z+1)2 (2.27)

where in reaching the last-but-one line we used the regulated Green equation for the
component F of the fermionic propagator ∆AF , see eqs. (B.7), (B.16) and (B.17) of
appendix B, and then removed the regularization by sending the extra dimensions to zero
(d→ 0). Finally, taking into account the ω partner of the integrals in (2.27), one gets the
following result:

⟨SC1SC2⟩=
( 1
120RµνρσR

ρσαβRαβ
µν+ R

180DR
2
µνρσ

)(
z

(z+1)2 +
ω

(ω+1)2

)
. (2.28)

Once having worked out systematically all the corrections up to and including order T 3

related to the connected graphs, it only remains to exponentiate them and, finally, Taylor
expand in T so as to reach the desired order and get the full result.

2.4 Seeley-DeWitt coefficients

The calculation of the various terms in the perturbative expansion delivers the following
coefficients in the perturbative series (2.18), including the newly found a3(D)

a0(D)= D(D−3)
2

(2.29)

a1(D)= D2−3D−36
12 R (2.30)

a2(D)= 5D3−17D2−354D−720
720D

R2+D2−33D+540
360 R2

µνρσ
(2.31)

a3(D)= 35D4−147D3−3670D2−13560D−30240
90720D2 R3+ 7D3−230D2+3357D+12600

15120D
RR2

µνρσ

+ 17D2−555D−15120
90720 RµνρσR

ρσαβRαβ
µν+D2−39D−1080

3240 RαµνβR
µρσνRρ

αβ
σ .

(2.32)

The above expressions are understood to be gauge-invariant, as they have been calculated
specifically on Einstein spaces for the reasons previously discussed. As we shall discuss
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later, the newly computed coefficient a3(D) plays a key role in quantum gravity in six
dimensions, as it is related to the logarithmic divergences, hence it will be useful to read its
value explicitly in this case as well. In D = 6 it reduces to

a3|D=6 =− 799
11340 R

3+ 481
1680 RR

2
µνρσ−

991
5040 RµνρσR

ρσαβRαβ
µν− 71

180RαµνβR
µρσνRρ

αβ
σ .

(2.33)

Also, its expression on maximally symmetric spaces (MSS) may be useful for future reference.
As we are not aware of any such calculation carried out in the literature we list it here.
Using the relations in appendix A, we find that (2.32) on MSS collapses into

aMSS
3 (D) = 35D6 − 217D5 − 3257D4 − 9239D3 + 37470D2 + 183672D − 302400

90720(D − 1)2D2 R3 ,

(2.34)

yielding in D = 6

aMSS
3

∣∣∣
D=6

= − 3181
63000 R

3 . (2.35)

2.4.1 Ghost and graviton separately

For future comparison with the results of the heat kernel method calculation, it is useful to
project on the degrees of freedom of the ghost and graviton respectively. To this task, we
must use the right measures in the path integral (2.14). These can be found generalizing to
our case the worldline partition functions of [30] leading us to

Pgh(z, ω) =
(z + 1)D

z2
1
ω
, (2.36)

Pgr(z, ω) =
2(z + 1)D

ωz2 + (ω + 1)D−2(z + 1)D−2(z − ω)2(ωz − 1)
2ω3z3 . (2.37)

Indeed, note that
Pgr(z, ω)− 2Pgh(z, ω) = P (z, ω) . (2.38)

It is therefore possible to obtain the contributions to the Seeley-DeWitt coefficients coming
only from the ghost (graviton) projecting onto the desired Hilbert space via Pgh (Pgr). Let
us emphasize that these results are not new per se since the heat kernel procedure requires
calculating them individually and then putting them together, as we shall see. What is new
here is the possibility of obtaining them also from the worldline viewpoint of the N = 4
particle. Therefore, regarding the ghost we have

agh
0 (D) = D (2.39)

agh
1 (D) = D + 6

6 R (2.40)

agh
2 (D) = 5D2 + 58D + 180

360D R2 + D − 15
180 R2

µνρσ (2.41)
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agh
3 (D) = 35D3 + 588D2 + 3512D + 7560

45360D2 R3 + 7D2 − 62D − 714
7560D RR2

µναβ

+ 17D − 252
45360 RµνρσR

ρσαβRαβ
µν + D − 18

1620 RαµνβR
µρσνRρ

αβ
σ , (2.42)

while concerning the graviton

agr
0 (D)= 1

2D(D+1) (2.43)

agr
1 (D)= 1

12
(
D2+D−12

)
R (2.44)

agr
2 (D)=

(
5D2+3D−122

)
720 R2+

(
D2−29D+480

)
360 R2

µνρσ
(2.45)

agr
3 (D)= 35D3−7D2−1318D+488

90720D R3+7D3−202D2+3109D+9744
15120D RR2

µναβ

+17D2−487D−16128
90720 RµνρσR

ρσαβRαβ
µν+D2−35D−1152

3240 RαµνβR
µρσνRρ

αβ
σ .

(2.46)

One can easily see that the coefficient a0(D) correctly reproduces the expected degrees of
freedom in D dimensions. Moreover, it is immediate to check that by summing up the
contributions as prescribed by (2.38) we obtain the correct total coefficients (2.29)–(2.32).

3 Heat kernel method

The gauge-invariant coefficients computed from the N = 4 spinning particle can be ob-
tained in an equivalent but completely independent manner by exploiting the heat kernel
method. This is a well-known technique from mathematical physics, which allows studying
perturbatively second-order differential operators on Riemannian manifolds [37], and it has
been applied extensively to quantum gravity starting from the work of DeWitt, [18–20], as
for example in [38–41]. In this section, we briefly review the ideas behind this technique
and apply it to the case of Euclidean perturbative quantum gravity, to reproduce the
coefficients (2.30)–(2.32) and provide a strong consistency check for our computations.

3.1 Heat kernel and one-loop effective action

It is well known that the one-loop effective action for a bosonic or fermionic field theory
living in a D-dimensional Euclidean space assumes the form (see for example [40])

Γ(1)[Φ] =
1
2 log sDet∆ = 1

2sTr log∆ , (3.1)

where ∆ is an elliptic second-order differential operator of the form

∆ = −∇2
(A) − V (3.2)

while “sDet” is the Berezin functional superdeterminant and “sTr” the functional supertrace.
The operator ∆ is here taken to act on a scalar field ϕ which carries a representation of the
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(non-abelian) gauge field Aµ, contained in the connection that defines the full covariant
derivative ∇(A)

µ = ∇µ +Aµ. It has an associated gauge field strength Ωµν , defined by the
commutator of the covariant derivatives on the scalar field ϕ, [∇(A)

µ ,∇(A)
ν ]ϕ = Ωµνϕ. The

Laplacian is defined as usual by ∇2
(A) = gµν∇(A)

µ ∇(A)
ν and we consider a potential V which

is matrix valued, just like the gauge field Aµ. Thus, the elliptic second-order differential
operator ∆ depends on the metric gµν and on the matrix valued potential Aµ and V .

Using Schwinger proper-time parametrization, we can rewrite (3.1) as

Γ(1) =
1
2sTr log∆ = −1

2

∫ ∞
0

dT
T

sTr exp (−T∆) , (3.3)

where an infinite additive constant is neglected, as usual. The operator exp (−T∆) is known
as the heat semigroup of the operator ∆, and its integral kernel is the heat kernel U(T ;x, x′)
(corresponding to the matrix elements ⟨x| exp (−T∆)|x′⟩ in quantum mechanical terms),
which in the following will always be considered at coinciding points x′ → x. Plugging
the explicit form of ∆ given by (3.2) inside (3.3), and introducing a mass term by shifting
∆ → ∆ + m2, so to have an infrared regulating mass if the original field was massless,
we have

Γ(1) = −1
2

∫ ∞
0

dT
T

exp (−Tm2)
∫

dDx
√
g strU(T ;x, x) . (3.4)

Note that the leftover supertrace “str” is now to be performed only over the remaining
discrete indices carried by the representation of the field ϕ on which ∆ acts upon.

At this point, we employ the heat kernel expansion for small Euclidean time T → 0, at
coinciding points, which takes the form [18–20]

U(T ;x, x) ∼ (4πT )−
D
2

∞∑
j=0

T jaj(x) , (3.5)

where the heat kernel coefficients aj(x), also known as Seeley-DeWitt coefficients, can be
expressed in terms of the metric and gauge invariants of the manifold. With the aid of (3.5),
we are able to identify the divergences of the one-loop effective action (3.4) precisely with a
subset of the Seeley-DeWitt coefficients, namely the ones that produce a divergence in the
proper time integration at T → 0 in

Γ(1) = −1
2

∫ ∞
0

dT
T

exp (−Tm2)
∫ dDx

√
g

(4πT )
D
2

sTr
∞∑

j=0
T jaj(x) . (3.6)

For example, at D = 4 the diverging terms are associated with the coefficients a0(x),
a1(x), a2(x), while at D = 6 also a3(x) leads to an additional divergence (the logarithmic
divergence in that dimension). The problem of finding the UV divergences of the effective
action is then reduced to the computation of Seeley-DeWitt coefficients for a generic theory,
which has already been carried out up to a5(x) [37]. For application to perturbative quantum
gravity, we will consider here the first four coefficients, i.e. from a0(x) to a3(x). The fourth
coefficient a3(x), in particular, has been computed for the first time by Gilkey [42], and
later confirmed by Avramidi through a fully covariant method [43].6

6It is important to note that the notation we employ here for the Riemann tensor, Ricci tensor, and scalar
is the same of [15, 44], see equation (A.1), while [41, 42] adopt the opposite sign in the Riemann tensor and
in its contractions, Rµν ≡ R α

αµν , so the heat kernel coefficients (3.10)–(3.13) are to be modified accordingly.
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We now list the general results for the coefficients corresponding to the operator (3.2) up
to a3(x), as taken from [42, 44]. For the sake of brevity, it is useful to define as done in [44]

aj(x) ≡ αj(x) + βj(x) , (3.7)

where the first term αj(x) comes from considering an exponentiated form of the heat
kernel series,

sTr

 ∞∑
j=0

T jaj(x)

 ≡ sTr

exp
 ∞∑

j=1
T jαj(x)

 , (3.8)

while the second one βj(x) is the remainder, which, up to the third order, is evaluated as

β0 = β1 = 0 , β2 = 1
2α

2
1 , β3 = 1

6α
3
1 + α1α2 . (3.9)

The coefficients αj(x) are given by

α0(x)=1 (3.10)

α1(x)=
1
6R1+V

(3.11)

α2(x)=
1
6∇

2
(1
5R1+V

)
+ 1
180

(
R2

µνρσ−R2
µν

)
1+ 1

12Ω
2
µν (3.12)

α3(x)=
1
7!

[
18∇4R+17(∇µR)2−2(∇µRνσ)2−4∇µRνσ∇νRµσ+9(∇αRµνρσ)2−8Rµν∇2Rµν

+12Rµν∇µ∇νR+12Rµνρσ∇2Rµνρσ+8
9Rµ

νRν
σRσ

µ− 8
3RµνRρσR

µρνσ

−16
3 RµνR

µ
ρστR

νρστ +44
9 Rµν

ρσRρσ
αβRαβ

µν+80
9 RµνρσR

µαρβRν
α

σ
β

]
1

+ 2
6!
[
8(∇µΩνσ)2+2(∇µΩµν)2+12Ωµν∇2Ωµν−12Ωµ

νΩν
σΩσ

µ+6RµνρσΩµνΩρσ

−4RµνΩµσΩν
σ+6∇4V +30(∇µV )2+4Rµν∇µ∇νV +12∇µR∇µV

]
.

(3.13)

They will be used in the next section.

3.2 Euclidean quantum gravity

Consider a D-dimensional Riemannian manifold (M,G) equipped with a metric tensor
G having Euclidean signature. The starting point for our treatment of gravity is the
Einstein-Hilbert action,

SEH[G] = − 1
k2

∫
dDx

√
G [R(G)− Λ] , (3.14)

where k2 ≡ 16πGN, being GN the Newton constant, R(G) is the Ricci scalar computed from
G, and G ≡ |detGµν |. A cosmological constant Λ has also been included. By employing
the background field method, we split the metric tensor G into a fixed classical background
g and “small” quantum perturbations h, namely:

Gµν(x) = gµν(x) + hµν(x) . (3.15)
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As a consequence of this splitting, the action (3.14) can be expanded in power series in
the fluctuations h. Since we are interested in the one-loop level of accuracy, we will be
concerned with the second-order term in h, which reads

S2 =
∫

dDx
√
g

[
−1
4h

µν
(
∇2 + 2Λ−R

)
hµν + 1

8h
(
∇2 + 2Λ−R

)
− 1

2

(
∇νhµν − 1

2∇µh

)2

−1
2
(
hµλhλ

ν − hhµν
)
Rµν − 1

2h
µλhνρRµνλρ

]
. (3.16)

It is important to note that in (3.16) the Ricci tensor Rµν = Rµν(g) and scalar R = R(g),
as well as covariant derivatives ∇µ = ∇µ(g), are computed with respect to the background
metric g. The gauge symmetries acting on h and leaving the background metric g invariant
are then BRST quantized by introducing the ghost c and antighost c fields, and adding to
the action the Slavnov variation of de Donder gauge-fixing function fµ = ∇νhµν − 1

2∇µh,
see for example [30] for further details. The final result is

S2[h, c, c] = Sgr[h] + Sgh[c, c] , (3.17)

where

Sgr[h] =
∫

dDx
√
g

[
−1
4h

µν
(
∇2 + 2Λ−R

)
hµν + 1

8h
(
∇2 + 2Λ−R

)
−1
2
(
hµλhλ

ν − hhµν
)
Rµν − 1

2h
µλhνρRµνλρ

]
,

(3.18)

Sgh[c, c] =
∫

dDx
√
g c̄µ

(
∇2cµ +Rµνc

ν
)
. (3.19)

We are now able to identify from the actions Sgr and Sgh the invertible kinetic operators
for the graviton and ghost fields, denoted by Fµναβ and Fµν , respectively. By setting

Sgr[h] =
∫

dDx
√
g
1
2hµνF

µναβhαβ and Sgh[c,c] =
∫

dDx
√
g c̄µFµ

νc
ν , (3.20)

and exploiting the properties of Einstein spaces, we find

Fµν
αβ = −1

2
(
δα

µδ
β
ν + δβ

µδ
α
ν

)
∇2 −Rµ

α
ν

β −Rµ
β

ν
α (3.21)

Fµ
ν = δµ

ν

(
∇2 + 1

D
R

)
, (3.22)

where the graviton operator indices are raised and lowered with the DeWitt supermetric

γµναβ ≡ 1
4
(
gµαgνβ + gµβgνα − gµνgαβ

)
, γµναβ = gµαgνβ + gµβgνα − 2

D − 2gµνgαβ .

(3.23)
The reasons for immediately reducing to Einstein spaces — that is, to compute the

coefficients directly on-shell — are twofold. Firstly, this allows us a direct comparison with
the worldline results, even separately for ghost and graviton, since the on-shell condition is
forced by the quantum consistency of the N = 4 spinning particle. Secondly, proceeding
otherwise the results would not be gauge-invariant, but rather would depend on the gauge
chosen, as expected for gauge theories, see for instance the recent analysis carried out in [45].
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Since (3.21)–(3.22) are elliptic second-order differential operators, they can be treated
within the heat kernel expansion, and the coefficients (3.10)–(3.13) can be computed by
identifying the explicit formulae for 1, V and Ωµν . The ghost field configuration space is
D-dimensional, and by comparing (3.22) with (3.2), as well as recalling that

[∇µ,∇ν ]cρ = Rµν
ρ

σc
σ , (3.24)

we conclude that the substitutions to be performed in the heat kernel coefficients (3.10)–
(3.13) are 

1 ↔ δµ
ν

V ↔ 1
D
Rδµ

ν

(Ωµν)ρ
σ ↔ Rµν

ρ
σ .

(3.25)

Note that in this expression the indices µ, ν label the different elements of the gauge field
strength Ωµν , which are D ×D matrices whose components are given by the (spacetime)
indices ρ, σ. On the other hand, for the graviton field the configuration space is 1

2D(D + 1)
dimensional (space of symmetric tensors) and the substitutions to be performed are

1 ↔ δ αβ
µν

V ↔ Vµν
αβ

(Ωµν)ρσ
αβ ↔ Rρσ

αβ
µν

(3.26)

where

δµν
αβ ≡ 1

2
(
δα

µδ
β
ν + δβ

µδ
α
ν

)
(3.27)

Vµν
αβ ≡ Rµ

α
ν

β +Rµ
β

ν
α , (3.28)

and the commutator is given by a symmetrized version of the Riemann tensor

[∇µ,∇ν ]hρσ = Rρσ
αβ

µν hαβ , (3.29)

where
Rρσ

αβ
µν ≡ 1

2
(
δα

ρRσ
β

µν + δβ
ρRσ

α
µν + δα

σRρ
β

µν + δβ
σRρ

α
µν

)
. (3.30)

At this point, the computations are tedious but straightforward, see appendix C for
details. The final results for the ghost and graviton fields separately are precisely the
coefficients (2.39)–(2.42) and (2.43)–(2.46) obtained from the worldline formalism. The
total coefficients for the physical graviton, according to the supertrace appearing in (3.6),
as recognized also from (2.38), are given by

Tr [aj ] = Tr
[
agr

j

]
− 2Tr

[
agh

j

]
. (3.31)

Again, the results obtained reproduce the ones coming from worldline computations (2.30)–
(2.32), providing a strong cross-check for the correctness of both.
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4 On one-loop divergences of quantum gravity

The coefficients (2.30)–(2.32), which include the newly computed coefficient a3(D), allow
for further investigations of the issue of divergences in the quantum theory of gravity. Thus,
let us review some crucial results from the literature and discuss how our newly-calculated
coefficient a3(D) fits into the picture, thus providing us with additional confirmation of
the validity of our result. We focus our discussion on the spacetime of dimensions D = 4
and D = 6, as in these cases there are no additional divergences on top of the one we have
already computed (new divergences start to appear from D = 8 onwards). The type of
divergences arising in quantum gravity emerge naturally from the representation of the
one-loop effective action with a short proper time expansion, which we can read both from
the worldline viewpoint (2.18) and from the heat kernel one (3.6):

Γ[gµν ] = −1
2

∫ ∞
0

dT

T 1+ D
2

∫
dDx0

(4π)
D
2

√
g(x0)

[
a0 + a1T + a2T

2 + a3T
3 +O(T 4)

]
. (4.1)

We are interested in studying the UV divergences that arise from the T → 0 limit of the
proper time integration. Setting D = 4 we recognize that possible divergences arise from the
coefficients a0, a1, a2, with a2 being associated with the logarithmic divergence. In D = 6,
also a3 gives rise to an additional divergence, the logarithmic one in that dimension.

One may wonder how to relate the 1
ϵ pole of dimensional regularization in QFT, widely

present in the literature, with our situation. To address this point, it is useful to evaluate
the proper time integral term by term in (4.1), to display the gamma function dependence.
We find ∫ ∞

0

dT

T 1+ D
2
T p e−m2T = (m2)

D
2 −p Γ

(
p− D

2

)
, (4.2)

where p = 2, 3 correspond to our cases of interest D = 4, 6, respectively. Now, using
dimensional regularization, namely taking D = 2p− 2ϵ and expanding the gamma function,
we see the appearance of the usual 1

ϵ pole as the leading divergent term: it corresponds
precisely to the logarithmic divergences seen in dimensional regularization [46].

In general, one has to deal also with IR divergences: for the sake of our discussion, they
can be avoided either by introducing an upper cutoff in the proper time or by keeping a
“small” mass regulator m, as we have done above.

4.1 Pure gravity in four dimensions

It has long been known since the pioneering work of ’t Hooft and Veltman [1], that pure
gravity with vanishing cosmological constant is a renormalizable theory at one-loop in D = 4.
It is free of logarithmic divergences, while other divergences are not seen in dimensional
regularization, and in any case they can be eliminated by renormalization. The same does
not hold in the case of a non-vanishing cosmological constant, as found by Christensen and
Duff [6]. Let us briefly review these statements in the light of our calculations. Setting
D = 4 in (4.1) we see that the different powers of T give rise to the quartic, quadratic,
and logarithmic divergences parametrized by a0, a1 and a2, respectively. In dimensional
regularization only the logarithmic divergences are visible. From (2.31) we read

a2|D=4 = −29
40 R

2 + 53
45 R

2
µνρσ . (4.3)
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These numerical values for the one-loop four-dimensional logarithmic divergences of quantum
gravity with non-vanishing cosmological constant coincide precisely with those calculated
long ago by Christensen and Duff.7 The term proportional to R2

µνρσ could be neglected,
as thanks to the Gauss-Bonnet theorem for four-dimensional Einstein manifolds it is
proportional to a total derivative, and thus eliminable from the effective action, but the
remaining term proportional to R2 cannot be renormalized away by redefining the parameters
of the Einstein-Hilbert action. The theory is not renormalizable.

On the other hand, setting the cosmological constant to vanish, one finds that the
on-shell background satisfies Rµν = 0, and thus R = 0. The logarithmic divergence
reduces to

a2
∣∣∣
D=4
Λ=0

= 53
45 R

2
µνρσ (4.4)

which in four dimensions is a total derivative, as discussed earlier, and can be eliminated from
the effective action. Thus, one recovers the result that the one-loop logarithmic divergences
of pure quantum gravity without cosmological constant vanish in four dimensions. This
property does not hold true anymore at two-loops, as found by Goroff and Sagnotti [4]
and verified by van de Ven [5]. Returning to the one-loop divergences for vanishing
cosmological constant, one finds that also a1 vanishes. This leaves only the quartic divergence
proportional to a0, which gives the number of degrees of freedom of the graviton. It requires
a renormalization of the cosmological constant back to zero, which makes the theory rather
unnatural in the technical sense of ’t Hooft [47], but in any case renormalizable at one-loop.

For arbitrary nonzero values of the cosmological constant, the quadratic divergence
related to a1 is not vanishing anymore and its value at D = 4

a1|D=4 = −8
3 R (4.5)

reproduces the gauge-invariant result already computed in [30, 48]. It can be renormalized
away by redefining the Newton constant. Finally, the coefficient a3 gives rise to a finite
term in the four-dimensional effective action, but its physical meaning is unclear. It is
gauge invariant, but infrared divergences invalidate a local expansion of the effective action
as delivered by the small proper time approximation of the heat kernel, which is only useful
to locate the UV divergences, as far as we know. It might however signal some property of
quantum gravity which we are unaware of.

4.2 Pure gravity in six dimensions

The newly computed coefficient a3 (2.32), allows us to see what happens in six spacetime
dimensions. Setting D = 6 in the coefficients (2.29)–(2.32) we find

a0|D=6 =9 , a1|D=6 =−3
2 R, a2|D=6 =−11

20 R
2+21

20 R
2
µνρσ (4.6)

a3|D=6 =− 799
11340 R

3+ 481
1680 RR

2
µνρσ−

991
5040 RµνρσR

ρσαβRαβ
µν− 71

180 RαµνβR
µρσνRρ

αβ
σ ,

(4.7)
7For comparison, one has to make evident the cosmological constant term with the on-shell condition (2.1),

which reads R = 4Λ.
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that furnish the full list of one-loop divergences of quantum gravity with cosmological
constant in six dimensions. We stress that these coefficients are gauge invariant, and thus
any other method of calculation should reproduce these values.

A comparison with the literature can be made by setting the cosmological constant to
zero and considering the logarithmic divergence parametrized by a3, which reduces to

a3
∣∣∣
D=6
Λ=0

= − 991
5040 RµνρσR

ρσαβRαβ
µν − 71

180 RαµνβR
µρσνRρ

αβ
σ . (4.8)

These two remaining terms are proportional to two invariants that are generally independent
of each other. However, it turns out that in six dimensions there exists an integral relation
that connects them. It involves the use of the Gauss-Bonnet theorem and the introduction
of the Euler character χE(M), as explained in [49] and discussed more extensively in
appendix D. Bottom line, we can further simplify the coefficient a3, which becomes

a3
∣∣∣
D=6
Λ=0

= − 9
15120 RµνρσR

ρσαβRαβ
µν . (4.9)

It encodes the one-loop logarithmic divergences of pure gravity in six dimensions. We are
now in the position of carrying out a comparison with the literature: our value in (4.9)
is in complete agreement with van Nieuwenhuizen’s pioneering calculation [2], besides a
computational error in the numerical factor in his equation (81), already noted a year later
by Critchley [3]. Furthermore, confirmation of this value is also found in more recent works,
see for instance [50, 51].

As for the general case of arbitrary cosmological constant, we are not aware of similar
calculations, although they would certainly be interesting to pursue to further verify
our findings.

5 Conclusions

In this work, we have investigated the computation of counterterms necessary for the
renormalization of the one-loop effective action of quantum gravity with cosmological
constant in arbitrary dimensions. Our results are complete for dimensions D < 8. The
counterterms have been computed on-shell, so they furnish gauge invariant quantities
characteristic of the quantum theory of gravity.

Our main contribution was the determination of the Seleey-DeWitt coefficient a3(D)
of perturbative quantum gravity, which to our knowledge has never been reported in
its full generality in the literature. When restricted to six dimensions, it parameterizes
the logarithmic divergence which was previously known only for the case of vanishing
cosmological constant. To cross-check our calculations, we have used two distinct methods,
a first-quantized description of the graviton in terms of the N = 4 spinning particle and
the time-honored heat kernel method, finding complete agreement.

While the utility of heat kernel methods is well-known and they keep being employed
in many contexts, see for example [52, 53] for some recent applications to trace anomalies,
first-quantized methods for treating the graviton with the N = 4 spinning particle are more
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recent and we have championed them here to show their usefulness. In this respect, it would
be interesting to extend the present analysis to the first quantized model that describes
the N = 0 supergravity [54], i.e. the particle theory that has in its spectrum the graviton,
the dilaton, and the antisymmetric tensor Bµν , as well as extend the present methods
to the U(N) spinning particles [55–58] to find a useful first-quantized way of describing
gravitational theories on complex (Kähler) manifolds, and finally also consider double copy
features on the worldline [59] to address gravitational aspects from a different perspective.
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A Basis of invariants on Einstein manifolds

We use the following conventions for the curvature tensors:

[∇µ,∇ν ]V λ = Rµν
λ

ρV
ρ , Rµν = Rλµ

λ
ν , R = Rµ

µ > 0 on spheres. (A.1)

A D-dimensional Riemannian manifold without boundaries can be described through an
(infinite) basis of curvature monomials Kn

i . These are geometric invariants of order n in the
Riemann tensor, Ricci tensor, and scalar curvature, with two covariant derivatives counting
as a Riemann tensor. They have been introduced by [61] and recently reviewed in [62, 63].
At order n = 3 we use the basis considered in [64] which is made of 17 independent
invariants:

K1 = R3 K2 = RR2
µν K3 = RR2

µνρσ

K4 = Rµ
ρRρ

νRν
µ K5 = RµνRρσR

ρµνσ K6 = RµνR
µρσλRν

ρσλ

K7 = Rµν
ρσRρσ

αβRαβ
µν K8 = RµρσνR

ραβσRα
µν

β K9 = R∇2R

K10 = Rµν∇2Rµν K11 = Rµνρσ∇2Rµνρσ K12 = Rµν∇µ∇νR

K13 = (∇µRρσ)2 K14 = ∇µRνρ∇νRµρ K15 = (∇αRµνρσ)2

K16 = ∇2R2 K17 = ∇4R . (A.2)

All other terms cubic in the curvature are linear combinations of the above invariants
after taking into account the symmetry properties and the Bianchi identities of the
Riemann tensor.

On Einstein manifolds, the basis (A.2) can be reduced further. Einstein metrics are
defined by the equation

Rµν = λgµν (A.3)

that upon contraction leads to R = λD. From the second Bianchi identity one finds that R
and λ are constant for D > 2

∇µRµν = 1
2∇νR −→ (D − 2)∇νλ = 0 −→ ∇νR = 0 (A.4)
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and then from (A.3), one finds that the Ricci tensor is also covariantly constant for D > 2

∇αRµν = 0 . (A.5)

Let us consider now the second Bianchi identity, namely

∇ρRµναβ +∇βRµνρα +∇αRµνβρ = 0 , (A.6)

by contracting the above identity with gρµ and using (A.5) one gets

∇µRµναβ = 0 . (A.7)

We are now in the position to reduce the six-dimensional basis of invariants (A.2) on
Einstein manifolds to a minimal set of independent ones, namely

E1 =R3 , E2 =RR2
µνρσ , E3 =RµνρσR

ρσαβRαβ
µν , E4 =RαµνβR

µρσνRρ
αβ

σ .

(A.8)
Indeed we have

K9 = K10 = 0 , K2 = 1
D
E1 , K4 = −K5 = 1

D2E1 , K6 = 1
D
E2 . (A.9)

Moreover, the only term of (A.2) containing covariant derivatives and non-vanishing on
Einstein manifolds, i.e. K11,8 can be written as

Rµναβ∇2Rµναβ =−Rµναβ∇ρ

(
∇βRµνρα+∇αRµνβρ

)
=−2Rµναβ∇ρ∇βRµνρα

=−2Rµναβ

(
∇β∇ρR

ραµν+Rβ
λR

λαµν+Rρ
βα

λR
ρλµν+Rρ

βµ
λR

ραλν+Rρ
βν

λR
ραµλ

)
=−2RµναβRρ

βα
λR

ρλµν+ 2
D
RR2

µναλ−4RµναβRρ
βµ

λR
ραλν

=−RµναβR
αβ

ρλR
ρλµν+ 2

D
RR2

µναβ+4RµναβR
νλραRλ

µβ
ρ

= 2
D
E2−E3+4E4 , (A.10)

where we made use of the second Bianchi identity, antisymmetry of the Riemann tensor and

[∇α,∇β ]Rµνρσ =Rαβµ
λRλνρσ+Rαβν

λRµλρσ+Rαβρ
λRµνλσ+Rαβσ

λRµνρλ . (A.11)

Finally, let us discuss how the basis (A.8) further simplifies on maximally symmetric spaces
(MSS), which form a subset of the Einstein ones, where the Riemann tensor is given by

Rµναβ = R

D(D − 1) (gµαgνβ − gµβgνα) . (A.12)

The invariants previously defined in (A.8) all collaps to E1, and one finds

E2 = 2
D(D − 1)E1 , E3 = 4

D2(D − 1)2E1 , E4 = − D − 2
D2(D − 1)2E1 . (A.13)

These relations allow us to evaluate the newly-computed coefficient a3(D) on MSS, giv-
ing (2.34) as a result.

8Since, up to a total derivative term, we have K15 = −K11.
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B Worldline computations

B.1 Worldline propagators

The worldline propagators for the N = 4 spinning particle descend from the free action (2.15).
Regarding the bosonic quantum fluctuations qµ(τ), we considered DBC during the evaluation
of the derivative expansion of the effective action, namely qµ(0) = qµ(1) = 0. This leads to
the DBC worldline propagator defined by the two-point function

⟨qµ(τ)qν(σ)⟩ = −2Tgµν(x0)∆D(τ, σ) , (B.1)

where
∆D(τ, σ) = (τ − 1)σ θ (τ − σ) + (σ − 1) τ θ (σ − τ) . (B.2)

We also list the derivatives of the DBC propagator

•∆D(τ, σ) = σ − θ(σ − τ) (B.3)
∆•D(τ, σ) = τ − θ(τ − σ) (B.4)
•∆•D(τ, σ) = 1− δ(τ − σ) (B.5)
••∆D(τ, σ) = δ(τ − σ) . (B.6)

Concerning the fermionic fields ψa
i (τ), we list here their propagator

⟨ψa
i (σ)ψ̄b

j(τ)⟩ = δab∆AF ij(τ, σ) = δab

(
F (z, τ, σ) 0

0 F (ω, τ, σ)

)
(B.7)

where each entry in the matrix is a N = 2 fermionic propagator [35] defined as

F (z, τ, σ) = z−(τ−σ)
( 1
z + 1

)
(z θ(τ − σ)− θ(σ − τ)) (B.8)

F (ω, τ, σ) = ω−(τ−σ)
( 1
ω + 1

)
(ω θ(τ − σ)− θ(σ − τ)) . (B.9)

Next, we have the ghost variable propagators, defined as

⟨aµ(τ)aν(σ)⟩ = 2Tgµν(x0)∆gh(τ, σ) = 2Tgµν(x0)δ(τ − σ) (B.10)

⟨bµ(τ)cν(σ)⟩ = −4Tgµν(x0)∆gh(τ, σ) = −4Tgµν(x0)δ(τ − σ) . (B.11)

As previously stated, the calculation involving these propagators may result in prod-
ucts/derivatives of delta distributions, which are ill-defined, but also divergent quantities
such as δ(τ, τ), therefore one needs to regularize the path integral. In the present work, we
chose worldline dimensional regularization (DR), which consists in continuing the compact
time direction with the addition of d non-compact extra dimensions, i.e. extending the space
τ ∈ [0, 1] → tα = (τ, t) ∈ [0, 1]×Rn. More details can be found for example in [28]; here we
list the dimensional regularized expression of propagators, exploited during intermediate
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steps when performing computations. The d+ 1 extended propagators read

∆D(t, s) =
∫

ddk

(2π)d

∞∑
m=1

−2
(πm)2 + k2 sin(πmτ) sin(πmσ) eik·(t−s) (B.12)

∆gh(t, s) =
∫

ddk

(2π)d

∞∑
m=1

2 sin(πmτ) sin(πmσ)eik·(t−s) = δ(τ − σ)δd(t− s) (B.13)

F (θ, t, s) = −i
∫

ddk

(2π)d

∑
r∈Z+ 1

2

2πrγ0 + k · γ − θ

(2πr)2 + k2 − θ2 e
2πir(τ−σ)eik·(t−s) (B.14)

where in the dimensional regularized expressions one has t as d-dimensional vector and γα

are the Dirac matrices in the (d+ 1)-dimensional extended space. Each extended worldline
propagator satisfies a generalization of its own one-dimensional Green equation

∂µ∂
µ∆D(t, s) = δd+1(t− s) (B.15)(→

/∂ + iθ

)
F (θ, t, s) = δAF(τ − σ)δd(t− s) (B.16)

F (θ, t, s)
(
−
←
/∂ + iθ

)
= δAF(τ − σ)δd(t− s) , (B.17)

where δAF is the delta distribution acting on antiperiodic functions on [0, 1] and where a
slashed derivative is the usual contraction between derivative and gamma matrices. For
computational purposes, the index contractions in d + 1 dimensions serve mostly as a
bookkeeping device to keep track of which derivative can be contracted to which vertex to
produce the (d+ 1)-dimensional delta function. The delta functions in (B.15)–(B.17) are
only to be used in d+ 1 dimensions; then, by using partial integration one casts the various
loop integrals in a form that can be computed by sending d→ 0 first. At this stage, one
can use the one-dimensional propagators (B.2)–(B.7), and γ0 = 1 (with no extra factors
arising from the Dirac algebra in d+ 1 dimensions).

B.2 Analisys of perturbative contributions

In this appendix, we will give the essential details on the evaluation of the path integral
average and its subsequent modular integration (2.17), which produces the Seleey-DeWitt
coefficients to be inserted in (2.18). As anticipated in section 2.3, in order to find all
the possible contributions to order T 3 we have to expand the exponential with the inter-
acting action (2.20), written more compactly as in (2.21) which in particular carries the
following vertices

SK1 =
∫
dτ

1
3Rαµνβ q

αqβ (q̇µq̇ν+gh) ; SC1 =
∫
dτ

1
2Rαµab q̇

µqα ψ̄a ·ψb

(B.18)

DSC1 =
∫
dτ

1
3∇αRβµab q̇

µqαqβ ψ̄a ·ψb ; D2SC1 =
∫
dτ

1
8∇α∇βRγµab q̇

µqαqβqγ ψ̄a ·ψb

(B.19)

SC2 =
∫
dτ

1
24R

τ
αβµRγτab q̇

µqαqβqγ ψ̄a ·ψb ; SF =
∫
dτ Rabcd ψ̄

a ·ψbψ̄c ·ψd

(B.20)
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DSF =
∫
dτ qα∇αRabcd ψ̄

a ·ψbψ̄c ·ψd ; D2SF =
∫
dτ

1
2q

αqβ∇α∇βRabcd ψ̄
a ·ψbψ̄c ·ψd

(B.21)

SV =−
∫
dτ ΩR. (B.22)

Through Wick contractions they result in a plethora of different terms, most of which
either give rise to disconnected diagrams (so that they are easily taken care of afterward, as
connected diagrams exponentiate and there is no need to compute them anew) or can easily
be shown to vanish. To start with, we see that the vertex SV in (B.22) does not depend on
q, ψ nor on ψ̄, thus it can be taken out of the path integral and it remains exponentiated
(as will be all connected worldline diagrams). Let’s see some other illustrative examples.
For instance, a disconnected diagram arises from the term

−1
8T ⟨SK1S

2
F⟩ ∼ ∼ disconnected . (B.23)

Other diagrams can be shown to be zero exploiting (anti)symmetry of the tensor structures
and/or of the resulting propagators, like

− 1
32T 2 ⟨S

2
K1SC1⟩ ∼ Rµνab⟨ψ̄a · ψb⟩ = 0 (B.24)

1
4⟨SK1SC1SF⟩ ∼ RabRµν

abRαρσβ = 0 . (B.25)

Lastly, others are simply zero after explicitly calculating the integrals, as happens for ⟨SC2SF⟩.
We report now the surviving contributions (2.22) in full glory:

⟨e−Sint
〉∣∣∣

T 3
= ⟨SKIN⟩ (A)

− 1
96T RαµνβRγλabRδϵcd

∫
012

⟨q̇µ
0 q̇

ν
0q

α
0 q

β
0 q̇

λ
1 q

γ
1 q̇

ϵ
2q

δ
2⟩⟨ψ̄a

1 · ψb
1ψ̄

c
2 · ψd

2⟩ (B)

+ 1
48RαµabR

τ
βλνRρτcd

∫
01
⟨q̇µ

0 q
α
0 q̇

ν
1q

β
1 q

λ
1 q

ρ
1⟩⟨ψ̄

a
0 · ψb

0ψ̄
c
1 · ψd

1⟩ (C)

+ 1
18∇αRβµab∇λRρνcd

∫
01
⟨q̇µ

0 q
α
0 q

β
0 q̇

ν
1q

λ
1 q

ρ
1⟩ ⟨ψ̄

a
0 · ψb

0ψ̄
c
1 · ψd

1⟩

+ 1
16∇α∇βRλµabRρνcd

∫
01
⟨q̇µ

0 q
α
0 q

β
0 q

λ
0 q̇

ν
1q

ρ
1⟩ ⟨ψ̄

a
0 · ψb

0ψ̄
c
1 · ψd

1⟩
(D)

+ T

8RαµabRβνcdRefgh

∫
012

⟨q̇µ
0 q̇

ν
1q

α
0 q

β
1 ⟩⟨ψ̄

a
0 · ψb

0ψ̄
c
1 · ψd

1ψ
e
2 · ψ̄

f
2ψ

g
2 · ψ̄h

2 ⟩ (E)

+ 1
6RabcdRefghRlmno

∫
012

⟨ψ̄a
0 · ψb

0 ψ̄
c
0 · ψd

0ψ̄
e
1 · ψ

f
1 ψ̄

g
1 · ψh

1 ψ̄
l
2 · ψm

2 ψ̄n
2 · ψo

2⟩ (F)

+ T 2

2 ∇αRabcd∇βRefgh

∫
01
⟨q̇α

0 q̇
β
1 ⟩⟨ψ̄

a
0 · ψb

0 ψ̄
c
0 · ψd

0ψ̄
e
1 · ψ

f
1 ψ̄

g
1 · ψh

1 ⟩

+ T 2

2 ∇α∇βRabcdRefgh

∫
01
⟨q̇α

0 q̇
β
0 ⟩⟨ψ̄

a
0 · ψb

0 ψ̄
c
0 · ψd

0ψ̄
e
1 · ψ

f
1 ψ̄

g
1 · ψh

1 ⟩ .
(G)
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We decided to keep both the ghost fields and the term SKIN implicit so as not to further
burden the notation, and we combined the two terms of pure spin connection with covariant
derivatives 1

2DS
2
C1 +D2SC1SC1 in eq. (D) and the two terms of the Taylor expansion of

the four-fermions action 1
2T

2DS2
F + T 2D2SFSF in eq. (G), for reasons that will become

clear shortly thereafter. Below we illustrate the main steps of the calculation for each
contribution.

(A) The first contribution we called SKIN to indicate economically the sum of all terms
arising only from the pure kinetic part of the interacting action. In the notation
previously presented it would read

SKIN = − 1
384T 3S

3
K1 +

1
32T 2DS

2
K1 +

SK1
16T 2

(
SK2 +D2SK1

)
− 1

4T SK3 . (B.26)

It has already been computed in [31] (eq. 20) and can be read out, translated in our
basis (A.8), from the exponential of connected diagrams as

⟨SKIN⟩ =
T 3

7!

(
−16

9
E1
D2 + 2

3
E2
D

+ 17
9 E3 +

28
9 E4

)
. (B.27)

(B) Regarding the contribution obtained by coupling the bosonic kinetic term and the
spin connection, once the contractions have been evaluated, one can use integration
by parts (IBP) and DR to reduce integrals to a set of independent ones in z, modulo
their ω partner.9 We list here such integrals∫

012
•∆(τ,σ)∆•(τ,σ)•∆(τ,ρ)∆•(τ,ρ)F (z,σ,ρ)F (z,ρ,σ)=− z

120(1+z)2 (B.28)∫
012
•∆•(τ,ρ)•∆(τ,τ)∆•(τ,σ)∆(σ,ρ)F (z,σ,ρ)F (z,ρ,σ)=− 1

720
z

(z+1)2 , (B.29)

so that the final result for − 1
8T ⟨SK1S

2
SC1⟩ reads

T 3E2
D

[
− 1
90

z

(z+1)2 −
1
90

ω

(ω+1)2

]
+T 3E3

[
− z

60(1+z)2 −
ω

60(1+ω)2

]
. (B.30)

(C) The contribution of pure spin connection has already been evaluated in section 2.3;
we report here the result for completeness:

⟨SC1SC2⟩ =
( 1
180

E2
D

+ 1
120E3

)[
z

(z + 1)2 + ω

(ω + 1)2

]
. (B.31)

(D) The contribution of pure spin connection with covariant derivatives is made up of the
sum of two pieces: using Einstein manifolds simplifications one can collect the whole
result, with only the following diagrams to be evaluated∫

01
•∆•(σ, τ)∆(σ, τ)∆(σ, τ)F (z, σ, τ)F (z, τ, σ) = z

45(z + 1)2 (B.32)∫
01
•∆•(σ, τ)∆(σ, τ)∆(σ, σ)F (z, σ, τ)F (z, τ, σ) = z

60(z + 1)2 , (B.33)

9This should also be understood for forthcoming worldline integrals when the fermionic integrands depend
only on the Wilson variable z.
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getting the final result〈1
2DS

2
C1+D2SC1SC1

〉
=− T 3

360

[
z

(z+1)2 +
ω

(ω+1)2

](
2E2
D

−E3+4E4

)
. (B.34)

(E) This is produced from the coupling of spin connection to the four-fermions vertex.
The list of independent diagrams one needs to evaluate is∫

012
•∆•(σ,τ)∆(σ,τ)F (z,ρ,τ)F (z,τ,ρ)F (z,ρ,σ)F (z,σ,ρ)=− z2

12(z+1)4 (B.35)∫
012
•∆•(σ,τ)∆(σ,τ)F (z,ρ,τ)F (z,τ,σ)F (z,σ,u)F (z,ρ,ρ)=− z(z−1)2

48(z+1)4 (B.36)∫
012
•∆(σ,τ)∆•(σ,τ)F (z,σ,ρ)F (z,ρ,σ)F (ω,τ,ρ)F (ω,u,τ)=− zω

12(z+1)2(ω+1)2 ,

(B.37)

such that the final result reads〈1
2T

2S2
C1SF

〉
=T 3E2

D

[
z (z−1)2

12(z+1)4 +
ω (ω−1)2

12(ω+1)4

]
(B.38)

+T 3E3

[
z2

12(z+1)4 +
ω2

12(ω+1)4 +
zω

3(z+1)2 (ω+1)2

]
. (B.39)

(F) The one arising from the pure fermionic vertex is quite tricky to evaluate at once.
To simplify the calculation, it is possible to exploit the subtle double copy structure
underlying the N = 4 spinning particle, rewriting this term as a sum of contributions
coming from the two copies of the N = 2 particles, i.e. for the two values of the
internal index i = 1, 2. This allows us to rewrite the above term as
1
6S

3
F = 1

6S
3
1(z) +

1
6S

3
1(ω) +

1
6S

3
mix + 1

2S1(z)S2
2(ω) +

1
2S1(z)2S2(ω) (B.40)

+ 1
2S

2
1(z)Smix + 1

2S1(z)S2
mix + 1

2S
2
2(ω)Smix + 1

2S2(ω)S2
mix + S1(z)S2(ω)Smix .

(B.41)

In the previous expression, we defined for simplicity the actions

S1(z) =
∫
dτ TRabcd ψ̄

1aψb
1ψ̄

1cψ1
d (B.42)

Smix =
∫
dτ
(
TRabcd ψ̄

a1ψb
1ψ̄

2cψd
2 + 1 ↔ 2

)
, (B.43)

where we explicated the flavor index. Once performed the contractions with Mathe-
matica, based on the xTensor package [65], we further simplify the result by reducing
tensor structures using Bianchi identity as follows

Rαβ
ρσRαµβνRρµσν = 1

4E3 (B.44)

RµανβR
µρνσRα

σ
β

ρ = −1
4E3 + E4 . (B.45)
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Once evaluated the fermionic diagrams our final answer for ⟨1
6T

3S3
F⟩ is

E1
D2

[
−(−1 + z)2z(1 + (−8 + z)z)

6(1 + z)6 − (−1 + ω)2ω(1 + (−8 + ω)ω)
6(1 + ω)6

]

+ E2
D

[
−(z − 1)2z2

(z + 1)6 − (ω − 1)2ω2

(ω + 1)6 − 2(−1 + z)2zω

(1 + z)4(1 + ω)2 − 2z(−1 + ω)2ω

(1 + z)2(1 + ω)4

]

+ E3

[
z4 − 2z3 + z2

6(z + 1)6 + ω4 − 2ω3 + ω2

6(ω + 1)6 − 2z2ω

(1 + z)4(1 + ω)2 − 2zω2

(1 + z)2(1 + ω)4

]

+ E4

[
− 4ω3

3(ω + 1)6 − 4z3

3(z + 1)6 − 4ωz
3(ω + 1)2(z + 1)2(ω + 1)2

]
.

(B.46)

(G) Finally, one has the term coming from the Taylor expansion of the four-fermions
interaction, made of two pieces. Just as in the (D) case, one can collect them
into a single one working on the tensorial structure and using Einstein manifolds
simplifications. The resulting diagrams to be evaluated are∫

01
∆(τ,τ)F (z,σ,τ)F (z,σ,τ)F (z,τ,σ)F (z,τ,σ)=− z2

6(z+1)4 (B.47)∫
01
∆(τ,τ)F (z,σ,τ)F (z,τ,σ)F (ω,σ,τ)F (ω,τ,σ)=− ωz

6(ω+1)2(z+1)2 , (B.48)

since the partner diagrams ∆(τ, τ ) → ∆(τ, σ) can easily be seen to be proportional to
the above. The final answer for ⟨1

2T
2DS2

F + T 2D2SFSF⟩ is then

T 3
[

z2

12 (z + 1)4 + ω2

12 (ω + 1)4 + zω

3 (z + 1)2 (ω + 1)2

](
2E2
D

− E3 + 4E4

)
. (B.49)

B.3 Summing up all the pieces

We can collect the result of all the computations above as follows

α3(z, ω,D) = c0(z, ω)
E1
D2 + c1(z, ω)

E2
D

+ c2(z, ω) E3 + c3(z, ω) E4 , (B.50)

with the coefficients

c0(z,ω)=− 1
2835−

z
(
z2−8z+1

)
(z−1)2

6(z+1)6 − (ω−1)2ω
(
ω2−8ω+1

)
6(ω+1)6 (B.51)

c1(z,ω)=
1

7560−
z

90(z+1)2 −
ω

90(ω+1)2 +
z(z−1)2

12(z+1)4 +
(ω−1)2ω

12(ω+1)4 +
z2

6(z+1)4 +
ω2

6(ω+1)4

− z2(z−1)2

(z+1)6 − (ω−1)2ω2

(ω+1)6 − 2ωz(z−1)2

(ω+1)2(z+1)4 −
2(ω−1)2ωz

(ω+1)4(z+1)2 +
2zω

3(z+1)2 (ω+1)2

(B.52)
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c2(z,ω)=
17

45360−
z

180(z+1)2 −
ω

180(ω+1)2 +
(z−1)2z2

6(z+1)6 +(ω−1)2ω2

6(ω+1)6

− 2ωz2

(ω+1)2(z+1)4 −
2ω2z

(ω+1)4(z+1)2

(B.53)

c3(z,ω)=
1

1620−
z

90(z+1)2 −
ω

90(ω+1)2 +
z2

3(z+1)4 +
ω2

3(ω+1)4 +− 4ω3

3(ω+1)6 −
4z3

3(z+1)6 .

(B.54)

At this point, in order to get the full T 3 correction, we first need to recall the connected
diagrams coming from the first- and second-order expansion of the path integral, namely

α1(z,ω,D)=
( 5
12+Ω− z

(z+1)2 −
ω

(ω+1)2

)
R (B.55)

α2(z,ω,D)=
(
− 1
180+

1
2

[
z(z−1)2

(z+1)4 +ω(ω−1)2

(ω+1)4

])
R2

D

+
( 1
180+

1
2

[
ω2

(ω+1)4 +
z2

(z+1)4 +
4ωz

(ω+1)2(z+1)2

]
− 1
12

[
ω

(ω+1)2 +
z

(z+1)2

])
R2

µνρσ

≡β1(z,ω)
R2

D
+β2(z,ω)R2

µνρσ , (B.56)

which are in complete accordance with the results of [14, 15] and indeed reproduce the
a1 and a2 coefficients (2.30)–(2.31). Now we can move to the exponentiation of all the
connected diagrams, including the new results. The expectation value

〈
e−Sint

〉
in (2.17) can

be compactly written as

〈
e−Sint

〉
=exp

[
T α1R+T 2

(
β1
R2

D
+β2R

2
µνρσ

)

+T 3

(
c0
R3

D2 +c1
RR2

µνρσ

D
+c2RµνρσR

ρσαβRαβ
µν+c3RαµνβR

µρσνRρ
αβ

σ

)
+O(T 4)

]
.

(B.57)

The final step consists of Taylor expanding the exponential to the desired order, namely〈
e−Sint

〉∣∣∣
T 3

=T 3
[(

α3
1
6 +α1β1

D
+ c0

D2

)
E1+

(
α1β2+

c1

D

)
E2+c2(z,ω)E3+c3(z,ω)E4

]
+O(T 4) .

(B.58)
We obtained our final answer for the path integral average (2.17). In the end, one is left
only with performing the modular integration, i.e. the double expectation value ⟨⟨e−Sint⟩⟩
defined in (2.16). In doing so, we can choose the appropriate measure P (z, ω) to project
only on the ghost, graviton, or total coefficients. This gives our final results of section 2.4,
in particular the newly-computed coefficient

a3(D)= 35D4−147D3−3670D2−13560D−30240
90720D2 E1+

7D3−230D2+3357D+12600
15120D E2+

+17D2−555D−15120
90720 E3+

D2−39D−1080
3240 E4 . (B.59)
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C Heat Kernel computations

The fourth heat kernel coefficient for the ghost field is computed from the general for-
mula (3.13), by performing the substitutions (3.25). It is convenient to write

αgh
3 (x) ≡ 1

7!Agh[R,Rµν , Rµνρσ] +
2
6!Bgh[R,Rµν , Rµνρσ,Ωµν , V ] , (C.1)

where Agh and Bgh are two (involved) functions of the metric invariants and of the gauge
field strength, as reported in (3.13). Let us start from Agh: six of the first eight terms vanish
identically since they are all proportional to covariant derivatives of R, Rµν or Rµνρσ, except
from the two proportional to (∇αRµνρσ)2 and Rµνρσ∇2Rµνρσ. Recalling that Tr[δµ

ν ] = D

and using (A.9), we are therefore left with

Tr [Agh] =D

(
3Rµνρσ∇2Rµνρσ− 208

9 Rµ
νRν

σRσ
µ+64

3 RµνRρσR
µρνσ− 16

3 RµνR
µ

ρστR
νρστ

+44
9 Rµν

ρσRρσ
αβRαβ

µν+80
9 RµνρσR

µαρβRν
α

σ
β

)
=− 16

9DE1+
2
3E2+

17D
9 E3+

28D
9 E4 .

(C.2)

We now compute Bgh. Since (Ωµν)ρ
σ = Rµν

ρ
σ, the second term of Bgh in (3.13) vanishes

identically; moreover, as V ∝ R, the same occurs for the last four, leaving us with

Tr [Bgh] = 4Tr
[
Ωµν∇2Ωµν

]
− 12Tr [Ωµ

νΩν
σΩσ

µ] + 6Tr [RµνρσΩµνΩρσ]− 4Tr [RµνΩµσΩν
σ]

= − 4
D
E2 − 2E3 − 4E4 ,

(C.3)

where all the traces are computed by explicit substitution, according to (3.25),

Tr [Ωµ
νΩν

σΩσ
µ] = Tr

[
Rα ν

βµ R
β σ
γν Rγ µ

δσ

]
= Rα ν

βµ R
β σ
γν Rγ µ

ασ = −E4 (C.4)

Tr [RµνρσΩµνΩρσ] = RµνρσTr
[
Rα µν

β Rβ ρσ
γ

]
= RµνρσR

α µν
β Rβ ρσ

α = −E3 (C.5)

Tr [RµνΩµσΩν
σ] = RµνTr

[
Rα µσ

β Rβ ν
γ σ

]
= RµνR

α µσ
β Rβ ν

α σ = − 1
D
E2 . (C.6)

Going back to (C.1) we conclude that

Tr
[
αgh

3 (x)
]
= − 1

2835DE1 +
D − 84
7560D E2 +

17D − 252
45360 E3 +

D − 18
1620 E4 , (C.7)

which however does not provide the full coefficient for the ghost, since we still have to add
the term β3 defined in (3.9), which turns out to be

βgh
3 = 1

6
(
αgh

1

)3
+ αgh

1 αgh
2

= 1
6

[
δτ

α

(1
6 + 1

D

)
R

]3
+
[
δτ

α

(1
6 + 1

D

)
R

] [ 1
180

(
R2

µνρσ −R2
µν

)
δα

γ + 1
12Ω

2
µν

]
,

(C.8)
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and taking the trace

Tr
[
βgh

3 (x)
]
= (5D2 + 54D + 180)(D + 6)

6480D2 E1 +
(D + 6)(D − 15)

1080D E2 . (C.9)

The overall result for the ghost is

Tr
[
agh

3 (x)
]
= 35D3 + 588D2 + 3512D + 7560

45360D2 E1

+ 7D2 − 62D − 714
7560D E2 +

17D − 252
45360 E3 +

D − 18
1620 E4

(C.10)

and corresponds to (2.42). To compute the fourth heat kernel coefficient for the graviton,
we start again from the general formula (3.13) and perform the substitutions (3.26). It is
once again more time convenient to split

αgr
3 (x) ≡ 1

7!Agr[R,Rµν , Rµνρσ] +
2
6!Bgr[R,Rµν , Rµνρσ,Ωµν , V ] (C.11)

as we did in (C.1) for the ghost. By inspecting more closely the substitution rules (3.25)
and (3.26), though, it is clear that Agr and Agh differ only by the trace of the identity
operator 1. Using (C.2), we find in particular

Tr [Agr] =
D + 1

2 Tr [Agh] = (D + 1)
(
− 8
9DE1 +

1
3E2 +

17D
18 E3 +

14D
9 E4

)
, (C.12)

while for the computation of Bgr we can repeat the previous observations, and consider the
only non-vanishing terms

Tr [Bgr] = 4Tr
[
Ωµν∇2Ωµν

]
− 12Tr [Ωµ

νΩν
σΩσ

µ]

+ 6Tr [RµνρσΩµνΩρσ]− 4Tr [RµνΩµσΩν
σ] + 30Tr

[
(∇µV )2

]
= −4(D + 47)

D
E2 − 2(D − 43) E3 − 4(D + 92) E4

(C.13)

where we need to compute the traces

Tr [Ωµ
νΩν

σΩσ
µ] = − (D + 2) E4 (C.14)

Tr [RµνρσΩµνΩρσ] = −(D + 2) E3 (C.15)

Tr [RµνΩµσΩν
σ] = −D + 2

D
E2 (C.16)

Tr
[
Ωµν∇2Ωµν

]
= −(D + 2)

( 2
D
E2 − E3 + 4E4

)
(C.17)

Tr
[
(∇αVµν

ρσ)2
]
= −3

( 2
D
E2 − E3 + 4E4

)
. (C.18)

Going back to (C.11) we conclude that

Tr [αgr
3 (x)] = − D + 1

5670D E1 +
D2 − 167D − 7896

15120D E2

+ 17D2 − 487D + 21672
90720 E3 +

D2 − 35D − 3312
3240 E4 .

(C.19)
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The last step is to compute the term β3 defined in (3.9), which is the sum of the two terms:

1
6 (α

gr
1 )3 = 1

6

(
1

216R
3δ αβ

µν + 1
12R

2V αβ
µν +1

2RV ρσ
µν V αβ

ρσ +V ρσ
µν V λτ

ρσ V αβ
λτ

)
(C.20)

αgr
1 α

gr
2 =

(
1
6Rδ

αβ
µν +V αβ

µν

)[
1

180

(
R2

µνρσ−
1
D
R2
)
δ λτ

αβ + 1
12
(
Ω2

ρσ

) λτ

αβ

]
+1
6V

αβ
µν ∇2V λτ

αβ

where the following traces are to be computed:

Tr
[
δ αβ

µν

]
= 1

2D(D + 1) (C.21)

Tr
[
V αβ

µν

]
= −R (C.22)

Tr
[
V ρσ

µν V αβ
ρσ

]
= 3R2

µνρσ (C.23)

Tr
[
V ρσ

µν V λτ
ρσ V αβ

λτ

]
= −8E4 − E3 (C.24)

Tr
[
V αβ

µν

(
Ω2

ρσ

) λτ

αβ

]
= 2
D
E2 + 3E3 (C.25)

Tr
[
V αβ

µν ∇2V λτ
αβ

]
= 3

( 2
D
E2 − E3 + 4E4

)
(C.26)

leading to

Tr [βgr
3 (x)] = 5D3 −D2 − 186D + 72

12960D E3
1

+ D3 − 29D2 + 468D + 2520
2160D E3

2 − 5
12E

3
3 + 2

3E
3
4 .

(C.27)

In the end,

Tr [agr
3 (x)] = 35D3 − 7D2 − 1318D + 488

90720D E1 +
7D3 − 202D2 + 3109D + 9744

15120D E2

+ 17D2 − 487D − 16128
90720 E3 +

D2 − 35D − 1152
3240 E4 , (C.28)

which corresponds to (2.46). By summing the ghost and graviton coefficients according
to (3.31), we end up with

Tr [a3(x)] =
35D4−147D3−3670D2−13560D−30240

90720D2 E1+
7D3−230D2+3357D+12600

15120D E2

+17D2−555D−15120
90720 E3+

D2−39D−1080
3240 E4 , (C.29)

which corresponds to (2.32).

D Topological terms in even dimensions

In order to display the cancellation of the one-loop divergences of pure gravity in four
spacetime dimensions, and analogously their resilience in six, we exploit the Gauss-Bonnet
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theorem, which allows us to compute the Euler character χE(M) of a manifold M as a
volume integral of the 2-form Rµν ≡ Rµν

αβ dxα ∧ dxβ , namely

χE(M) = 1
(4π)d

∫
M
εµ1ν1...µdνd

Rµ1ν1 ∧ · · · ∧ Rµdνd , (D.1)

where D ≡ 2d is the dimension of the manifold, assumed here to be even.10 In local
coordinates, (D.1) becomes

χE(M) = 1
2(4π)d

∫
dDx

√
g
D!
D
δα1

[µ1
δβ1

ν1 . . . δ
αd
µd
δβd

νd]R
µ1ν1

α1β1
. . . Rµdνd

αdβd
. (D.2)

It is possible to prove that χE(M) defined in this way does not depend on the metric
settled upon M, and is fixed only by the global topology of the manifold. For D = 2
(d = 1), (D.2) becomes

χE(M)|D=2 = 1
16π

∫
d2x

√
g R , (D.3)

which is proportional to Einstein-Hilbert action, while at D = 4 (d = 2) the Euler
character reads

χE(M)|D=4 = 1
32π2

∫
d4x

√
g
(
R2 − 4RµνR

µν +RµνρσR
µνρσ

)
. (D.4)

On Einstein spaces the first two terms in the integrand of (D.4) cancel off, and therefore
we are left with

χE(M)|D=4 = 1
32π2

∫
d4x

√
g RµνρσR

µνρσ ≡
∫

d4x
√
g E4 . (D.5)

Therefore, the third heat kernel coefficient Tr [a2(x)] ∝ R2
µνρσ is proportional to the Euler

density E4 and hence is a total derivative, which can be neglected in the effective action. This
result is no more true when Λ ̸= 0, even if we drop the total derivative term corresponding
to Euler density.

In dimension D = 6 (d = 3) the Euler character is [66]

χE(M)|D=6 =
1

384π3

∫
d6x

√
g (4K1−48K2+64K4+96K5+12K3−96K6+16K7−32K8) ,

(D.6)
which on Einstein spaces reduces to

χE(M)|D=6 = 1
384π3

∫
d6x

√
g

(4
9E1 − 4E2 + 16E3 + 32E4

)
. (D.7)

The condition Λ = 0, that is R = 0, forces E1 = E2 = 0, so that (D.7) eventually becomes

χE(M)|D=6 = 1
384π3

∫
d6x

√
g (16E3 + 32E4) ≡

∫
d6x

√
g E6 . (D.8)

This shows that, up to a total derivative term

2E4 = −E3 . (D.9)

Thus, at dimension D = 6, even with Λ = 0, the perturbative quantum gravity effective
action is not free of logarithmic divergences.

10If D is odd, the integral (D.1) vanishes, so that the theorem does not provide a useful way of computing
χE(M).
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