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1. Introduction

The digital revolution has enormously enlarged the amount of available data for researchers and practitioners.
Consequently, the need rises to develop methodologies able to summarize the content of high-dimensional datasets, in
order to derive meaningful information from them.

The factor model is an effective tool to this end, as it detects the latent covariance structure behind a set of variables.
We can define the factor model for any p-dimensional mean-centered random vector X as

x = Bf + ¢, (1)

where B is a p x r matrix, fis a r x 1 random vector with E[f] = 0, and Var[f] = I, and € is a p x 1 random vector with
E[e] = 0, and Var[e] = S*, with S* full rank p x p matrix.

Let us indicate by X'* the p x p covariance matrix of the random vector x. Assuming that f and € are componentwise
uncorrelated, the factor model (1) induces in X* a low rank plus residual decomposition of the following type:

>*=L"+S* =BB' +S§*, (2)

where L* = BBT = U; AU/, with U, p x r semi-orthogonal matrix and A; r x r diagonal matrix. Representation (2) is
invariant under orthogonal transforms, and it is therefore unidentifiable from the data without further constraints.

*  Corresponding author.
E-mail address: matteo.farne@unibo.it (M. Farné).

https://doi.org/10.1016/j.jmva.2023.105244
0047-259X/© 2023 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY license (http://creativecommons.org/
licenses/by/4.0/).


https://doi.org/10.1016/j.jmva.2023.105244
https://www.elsevier.com/locate/jmva
http://www.elsevier.com/locate/jmva
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmva.2023.105244&domain=pdf
http://creativecommons.org/licenses/by/4.0/
mailto:matteo.farne@unibo.it
https://doi.org/10.1016/j.jmva.2023.105244
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

M. Farné and A. Montanari Journal of Multivariate Analysis 199 (2024) 105244

Suppose that we have a i.i.d. sample xi, k € {1,...,n}. The p x p sample covariance matrix is defined as X', =
n‘1ZZ=1xkx,—<r. Most of factor model estimation methods rely on X, as an input, and make essentially use of two
techniques: principal component analysis (see [28] for an overview) and maximum likelihood. As outlined in [7], however,
a large dimension p leads to some particular estimation problems for model (1), due to the limitations of X', in high
dimensions.

From a historical perspective, the classical inferential theory for factor models [2] prescribes that the dimension p is
fixed while the sample size n tends to infinity. In particular, the strict condition p < n is required to ensure consistency. As
a consequence, the classical framework is clearly inappropriate if p is large. When p > n, in fact, X', becomes inconsistent
and no longer distributed as non-singular Wishart.

At the same time, when the dimension p and the sample size n are finite, [3] shows that the use of the principal
components of X, to estimate B leads to factor loadings and scores estimates which are incoherent with model
assumptions, because any estimate of $* so derived will never be full rank. That is the reason why [17] proves that
the principal components of X', consistently identify L* under model (1) as p — oo, provided that the r eigenvalues of
L* diverge with p and S$* is a non-diagonal matrix with vanishing eigenvalues as p diverges.

Another relevant aspect concerns the ratio p/n. If p/n — 1~, where “— 17" means “tends to 1 from the left”, the bad
conditioning properties of X, inevitably affect the consistency of Principal Component Analysis (PCA) as a factor model
estimation method. In fact, the sample eigenvalues follow the Marcenko-Pastur law [32], which crucially depends on the
ratio p/n. In particular, if p/n — 17, it is more likely to observe small sample eigenvalues, thus making X', numerically
unstable.

An overall inferential theory of PCA as a high-dimensional factor model estimation method has been developed in [4].
As also outlined in [4,17] shows that the pervasiveness of the eigenvalues of L* as p — oo is crucial for the recovery
of the latent rank r, performed by the identification criteria of [6]. If that condition is violated, the latent rank r may
be underestimated by any PCA-based method, as one or more latent eigenvalues may be unrecovered, because the
corresponding sample eigenvalues may not be large enough. In order to achieve consistency, PCA tolerates a non-diagonal
residual covariance matrix S* and residual heteroscedasticity, provided that p and n are both large and /n/p tends to 0.
On the contrary, if only n is large, no non-diagonal residual covariance structure is admitted.

The authors in [22] propose to estimate the covariance matrix X in high dimensions under representation (2) by
taking out the principal components of ', and then thresholding their orthogonal complement, under the assumption
that S* has a bounded ¢; norm as p diverges. The uniform parametric consistency of loadings, factor scores and
commonalities obtained is established. That sparsity assumption on S* also allows to make the estimation error of X',
vanish in relative terms as p diverges.

The asymptotic distribution of factors and factor loadings estimated via PCA when both p and n are large is derived
in [8]. A relevant merit of that paper is that factors and loadings are precisely identified without the need of any rotation.
Under relatively weak factors in terms of explained variance proportion, [34] derives the (normal) asymptotic distribution
of the Ordinary Least Squares (OLS) estimated coefficients in the regressions of the PC estimates of factors (loadings) on the
true factors (true loadings). That distribution has good approximation properties even when both p and n are reasonably
small.

Concerning maximum likelihood estimation, [2] shows that the exact maximum likelihood is consistent for loading
estimation, even if it is still inconsistent as far as factor scores estimation is concerned. Nevertheless, factor scores can be
consistently estimated by the conditional maximum likelihood, via Bartlett’s [11] or Thomson’s estimator [37].

The consistency of maximum likelihood (ML) to estimate a high-dimensional factor model has been studied in [5]
(previous contributions on the topic also include [29,30]). Differently from the estimator of factor scores based on PCA, the
one based on ML is consistent also for small p and n, even if the estimator distribution is less complicated to derive when
p diverges. ML has a better asymptotic rate and is more efficient than PCA in the case of independent and heteroscedastic
residuals. However, in presence of a non-diagonal residual covariance structure, the convergence rates and the optimality
conditions of ML estimators become cumbersome. It is important to note that the relative magnitude of p and n is a crucial
issue for both methods (ML and PCA) to provide consistent factor model estimates.

Given these premises, the interest arises to find an alternative estimation method to ML and PCA, as they both present
some relevant drawbacks in high dimensions. First of all, the latent rank recovery fails if the latent eigenvalues are not
spiked enough with respect to the dimension. Then, the sample covariance matrix is increasingly numerically unstable as
the dimension increases, such that the need to regularize sample eigenvalues rises. In addition, a more effective sampling
theory is needed with respect to the degree of spikiness of latent eigenvalues and the degree and pattern of residual
sparsity. Ideally, latent rank recovery and numerical stability should be ensured for any finite values of p and n.

In [9], it is proposed to use the nuclear norm heuristics in place of PCA. That work provides the asymptotic normality
and parametric consistency of approximate factor model estimates as both p and n diverge. The proposed objective
function is a least squares loss penalized by a nuclear norm plus £; norm heuristics, which is useful to detect covariance
matrix decompositions of type (2) where S* is element-wise sparse. In [23], the authors exploit the same heuristics to
derive algebraically consistent covariance matrix estimates, that is, the latent rank and the residual sparsity pattern are
recovered with high probability for finite values of p and n. Such a feature is extremely important, as it allows to avoid
the use of any identification criterion for the latent rank like the one described in [9].

Algebraic and parametric consistency are here defined analogously to [18].
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Definition 1. A pair of symmetric matrices (S, L) with S, L € RP*? is an algebraically consistent estimate of the low rank
plus sparse decomposition (2) for the covariance matrix X* if the following conditions hold: (a) the sign pattern of S is
the same as that of $*: sgn(S;) = sgn(S;;), foralli,j € {1,...,p} (we assume that sgn(0) = 0); (b) the rank of L is the
same as the rank of L*: rk(L) = rk(L*); (c) matrices L+ S, S, and L are such that L+ S and S are positive definite and L is
positive semidefinite.

Parametric consistency holds if the pair of estimates (S, L) is close to the pair (§*, L*) in some norm with probability
approaching 1.

Definition 2. A pair of symmetric matrices (S, L) with S,L € RP*? is a parametrically consistent estimate of the low
rank plus sparse decomposition (2) for the covariance matrix X if the norm g, = max (IS — S*[loc/¥, IIL — L*[l2/IIL*[|2),
where y € R and ||.|« denotes the maximum norm, converges to 0 with probability approaching 1.

The results of [23] are obtained by allowing for intermediate degrees of spikiness for latent eigenvalues and interme-
diate degrees of sparsity for the residual component. In particular, their assumptions prescribe that the latent eigenvalues
are spiked in the sense of Yu and Samworth ([22], p. 656), thus allowing for intermediately pervasive latent factors as p
diverges. What is more, the number of non-zeros in the residual component S* is allowed to grow with p (even if slower
than the latent eigenvalues). The identifiability of the matrix components L* and S* is ensured by imposing that L* and
S* are far enough from being sparse and low rank respectively.

The model setup of [23] broadens the one of [22], allowing for an intermediate degree of latent eigenvalues spikiness
and residual sparsity. Unlike [9,22], the solution method in [23] recovers with high probability both the latent rank and
the residual sparsity pattern, even when the latent eigenvalues diverge at a rate slower than O(p) as p — oo, which may
cause the rank selection criteria in [6] to fail (also see Lemma S.1 in the Supplement). As a consequence, establishing the
optimality properties of the estimators of loadings and factor scores derived from the covariance matrix estimators of [23]
is extremely important, as it allows to estimate high-dimensional factor models under a broader variety of data settings
than existing competitors.

For these reasons, in this paper we study the estimators of loadings, factor scores and commonalities obtained under
a model framework that builds over the one of [23]. The state of the art of high-dimensional factor model estimation is
discussed in Section 2. In Section 3, the asymptotic consistency of factor model estimators based on least squares penalized
by the nuclear norm plus ¢; norm heuristics is proved under appropriate regimes of intermediate latent eigenvalue
spikiness and residual covariance sparsity. In Section 4, we present a finite sample version of the covariance matrix
estimators obtained via that heuristics and we derive their optimal properties in terms of minimax error in spectral norm.
In Section 5, we highlight that the ensuing Bartlett’s and Thomson’s estimators of factor scores provide the minimax error
bound in Euclidean norm within the classes of algebraically consistent low rank and sparse component estimates given a
finite sample. The conclusions follow in Section 6. A contains some essential technical details. A wide simulation study and
a real data example proving the validity of our approach are provided in a Supplement, beyond some ancillary technical
results.

2. Theoretical background
2.1. Notation

Given a p x p symmetric positive semi-definite matrix M, we denote by X;(M), i € {1,...,p}, the eigenvalues
of M in decreasing order. To indicate that M is positive definite or semi-definite we use the notations: M > 0 or

M > 0, respectively. The expressions diag(M) and off — diag(M) identify the diagonal elements and off-diagonal elements
of M, respectively. The minimum nonzero off-diagonal element of M in absolute value is denoted as |[M||minoff =

min 1<ij<p |M;|. Then, we recall the following norm definitions: 1. element-wise: (a) lp norm: |[Mlo = Y>> _, Z]’;l (M #
i), M0
0); (b) Iy morm: [Mly = »_7_; >_7_; IMjl; (c) Frobenius norm: |[M]|; = i1 2y M7; (d) maximum norm: [M|lec =

maX;<p j<p IMj|; 2. induced by vector: (a) [[M|lo, = max;< ngp 1(Mj; # 0), which is the maximum ‘degree’ of M; (b)
(IM][1,, = maxj<p Zifp [Mj|; (c) spectral norm: [[M||; = A{(M); 3. Schatten: (a) nuclear norm of M, here defined as the
sum of the eigenvalues of M: M|, = Y}, A;(M).

For any t > 0, we define: 7;“”, the hard-thresholding operator with parameter t, such that the p x p matrix ﬁH)(M)
has (i, j) element M; if M| > t, O otherwise; 7}“ ) the soft-thresholding operator with parameter t, such that the p x p
matrix 7;<S)(M) has (i, j) element sgn(M;;) max(|M;| —t, 0); 7;(5‘”), the singular value thresholding operator with parameter
t, such that the p x p matrix #SW)(M) is equal to UM’/;(S)(AM)U;V,, where Uy Ay Uj, is the spectral decomposition of M.

Given a p-dimensional vector v, we denote by ||v| = ,/ f=1 "12 the Euclidean norm of v, by ||V|loc = maXie(1,...p) Vil

the maximum norm of v, and by vy ; the ith component of the indexed vector vy.
Given two sequences A, and B,, v — oo, we write A, = O(B,) or A, < B,, if there exists a positive real C independent
of v such that A,/B, < C, we write B, = O(A,) or A, > B,, if there exists a positive real C independent of v such that
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B, /A, < C, and we write A, =~ B, if there exists a positive real C independent of v such that A,/B, < C and B, /A, < C.
Similarly, we write A, = o(B,) or A, < B,, if there exists a positive real C independent of v such that A,/B, < C, and we
write B, = o(A,) or A, > B,, if there exists a positive real C independent of v such that B,/A, < C.

We denote by O, the big-O in probability.

2.2. State of the art

Imposing $* = I, [4] shows that the loading matrix B and the factor scores fi, k € {1, ..., n}, are consistently recovered
under model (1) as p — oo by extracting the top r eigenvectors of X', provided that the r eigenvalues of L* are O(p). The
reason why this method is consistent as p — oo can be understood by recalling [27]. In fact, the principal components
of X, are derived by solving the problem

min f||2 —L|I2, 3)
Lrk(L)<r p

which is equivalent to the problem

_ _ , 4
min — Z 1% — 2,13 (4)
where z;, = Zj:1 bjfij. fij is the jth component of f; and the p x 1 column vectors b;, j € {1,...,r}, are orthogonal.

Intuitively, the solutions to problem (4) are consistent under model (1) if and only if the eigenvalues of L* are O(p) as
p — o0, because otherwise the signal z; would not be strong enough to be detected.

Full solution vectors bj, j € {1, ..., r}, can be difficult to interpret in high dimensions. For this reason, [38] introduces
Sparse Principal Component Analysis (SPCA), a method based on a version of problem (4) where each b; is penalized by a
ridge plus lasso penalty. The resulting sparse principal components are no longer orthogonal and represent approximate
solutions, which reduce effectively the complexity of estimated components when p is large.

At the same time, as p diverges, the assumption §* = I, is definitely too strong, as it is unlikely that the latent structure
is able to entirely catch the covariance for all pairs of variables. In order to relax that assumption, [15] proposes Principal
Component Pursuit (PCP), that is based on the solution of the following problem:

mlrl IILII* + IS, (5)
L+S=

where ||L||, is the nuclear norm of L and ||S||; is the £; norm of S. Problem (5) can be thought of as a robust PCA problem in
presence of missing or grossly corrupted data. It is solved by exploiting the singular value thresholding algorithm of [14].

The use of the nuclear norm for rank minimization as an alternative to PCA was first proposed in [25]. The nuclear
norm was then successfully applied to matrix completion problems, among which the Netflix problem is the most
celebrated one. Within this research strand, we mention [16,26,33,35], which all describe and solve approximate robust
PCA problems.

Even if problem (5) is able to bypass the assumption $* = I,, the number of parameters to be recovered may be
remarkably high without any further assumption on S*, particularly if p is large. In order to reduce the parameter space
dimensionality, a rough alternative is to impose sparsity on X*. In the covariance matrix context, for instance, [12]
assumes that X* is sparse and recover it by solving the problem miny || X, — X||;. This problem is solved by applying
to X, the soft-thresholding algorithm of [20], which is consistent for X* but does not provide any dimension reduction.

In this paper, we merge dimension reduction and sparsity in a single problem with the aim to explore the performance
of the ensuing estimators of factor scores and loadings. First, we recover the two components L* and §* of X* from X\,.
This step is performed by solving the following problem [23]:

1
min 2 | 25 = (L+ S)IF + YLl + 2SI, (6)

where |L|, is the nuclear norm of L and ||S||; is the ¢; norm of S, and ¢ and p are positive threshold parameters. The
feasible set of (6) is the set of all p x p symmetric positive definite matrices S and all p x p symmetric positive semi-definite
matrices L. Problem (6) is a least squares one, penalized by a nuclear norm plus £; norm heuristics, which has been proved
in [24] to be the tightest convex relaxation of the original NP-hard problem involving rk(L) and ||S||o. Some variants of
(6) have been used to estimate under the low rank plus sparse assumption in high dimensions the covariance matrix and
its inverse, as well as the spectral density matrix, in [1,10,18], respectively.

Problem (6) can be thought of as an approximate robust PCA problem. In [23], a refined estimation theory for the
estimators of L*, §* and X obtained via (6) is provided assuming the generalized spikiness of the eigenvalues of L* and the
generalized element-wise sparsity of $*. The solutions to problem (6) in [23] are called La;cg and Saicg, where ALCE stands
for ALgebraic Covariance Estimator. ALCE estimates are computed via an alternate thresholding algorithm, composed of a
singular value thresholding [14] and a soft-thresholding step [20]. In the Supplement, we report the pseudo-code of the
solution algorithm (Section 1) and a criterion to select the optimal threshold pair (v, p) (Section 3).

4



M. Farné and A. Montanari Journal of Multivariate Analysis 199 (2024) 105244

ALCE estimates are then re-optimized in order to minimize the spectral loss from the target X'* given a finite sample.
Such task is performed by applying an additional least squares step, which leads to the final covariance matrix estimates
Luynarce and Synarce (Where UNALCE stands for UNshrunk ALCE). Under the assumptions of [23], UNALCE estimates
converge to ALCE ones as p and n diverge. A characterizing feature of UNALCE and ALCE estimates is that they are both
parametrically and algebraically consistent, i.e. covariance matrix estimates are consistent in spectral norm and the latent
rank and the residual sparsity pattern are recovered with high probability.

The effectiveness of problem (6) as a factor model estimation method has been recently studied in [9] as far as
parametric consistency is concerned, but no algebraic consistency theory is provided therein. Moreover, the latent
eigenvalues in [9] must diverge with p in order to ensure parametric consistency, while [23] allows for intermediate
degrees of latent eigenvalues spikiness and residual sparsity. An alternative approach is POET [22]. POET covariance matrix
estimator is the result of a two-step procedure where L* is estimated as the covariance matrix of the top r principal
components, and S* is estimated by soft-thresholding their orthogonal complement. In [22], the strict pervasiveness of
latent factors is assumed, i.e. latent eigenvalues are assumed to be O(p), while residual covariance sparsity is imposed
by bounding the ¢; norm. Under those assumptions, the consistency of factor loadings and scores obtained by OLS is
provided.

2.3. Paper contributions

In comparison to [9,22], the ALCE estimation framework [23] gives several advantages, e.g., there is no need to use any
additional criterion to recover the latent rank, intermediately spiked latent eigenvalues are recovered, a residual sparsity
pattern can be recovered, and the sampling theory is relaxed according to the pervasiveness degree of latent factors
and the sparsity degree of the residual component. For this reason, in this paper we formally establish the consistency
of approximate factor model estimators obtained by ALCE covariance matrix estimates. Consistency is established in a
double asymptotic framework where both p and n diverge to infinity, by deriving the conditions ensuring the asymptotic
equivalence between the nuclear norm plus £; norm penalized problem (6) and the OLS problem (4). To this end, we
extend the theoretical framework of [23] by means of specific assumptions ensuring factor model recovery by exactly
characterizing the allowed relative size of p and n, the tolerated strength of latent factors and degree of residual
sparsity, and the maximum absolute loading and residual covariance magnitude allowed as p, n — oco. We also include
differentiated speeds of divergence for latent eigenvalues as p — oo. Furthermore, we prove that factor loadings as
well as Bartlett’s and Thomson'’s factor scores estimators obtained by UNALCE covariance matrix estimates possess strong
optimality properties in finite samples, and we derive the conditions under which they converge to their OLS counterparts.
This fully characterizes factor model estimators obtained by solving problem (6), both asymptotically and in finite samples,
while retaining the exact recovery of latent rank and residual sparsity pattern.

3. Generalized factor model estimation
3.1. Derivation of loadings and scores estimates

3.1.1. OLS estimation

Let us define the n x r matrix F of factor scores as F' = [f; ... f,], the p x r matrix B of factor loadings as
B" = [b; ... by], and the n x p data matrix X as X' = [X; ... Xu]. The estimates of factor loadings and scores
based on the OLS are derived as follows:

[ll;llFrlE ZZ ij b fk . (7)

j=1 k=1

Accordmg to [4], mmlmlzmg (7) amounts to maximizing tr(F' (XX )F). Under the constraints that 1y 6f] =1, and
B'Bis dla&rnal ) is solved by Fom = /nU,, where U, is the n x r matrix of the top r elgenvectors of the n x n matrix
XX', and Bj; = n‘lFomx It is easy to verify that n~ ?OFLS]FOLSJ = n~1/nU] /nU, = I, and that ior]_s1BOL51 = A,
where A, is the r x r diagonal matrix containing the largest r eigenvalues of X', in decreasing order.

Let us explore alternative estimates of loadings and factor scores. We denote the spectral decomposition of X,
as UpApU;, where U, contains as columns the p eigenvectors of X, and A, is a diagonal p x p matrix containing
the associated eigenvalues in decreasing order. We reconsider the principal component problem (3), whose solution is
L = UrArU where Uy is the p x r matrix whose columns are the eigenvectors corresponding to the largest r eigenvalues
of Xy, contained in A;. Then, we chogse BOLSZ = U, A, as the loading matrlx estimator, and, conditionally on BOLsz. we
estimate the factor scores via OLS as foiso x = ('BELSZBOLSZ) ‘ﬁgLSzxk A Bomxk, fork e {1,...,n}. N

It is worth exploring the relationship between Fo;s; = 4/nU, and FOLSZ, defined as F o, = [fOLSZJ ... fors2,n]. Denoting
the eigenvalues and the eigenvectors of X', by A;(X,;)and w;, i € {1, ..., p}, we know (see [13], formula (12).30) that the
corresponding eigenvalues and eigenvectors of n™'XX" are A;(X¥,) and [/n;(¥,)] " Xu, respectlvely, withie {1,...,p}.
Therefore, we can recognize that U] = n/2A;2U] X", It follows that Fors; = XBoisa A, ' = XU, A~ 2 = /nU, = Fos1,
and, straightforwardly, that BOLSZ = Bom
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3.1.2. ALCE estimation
We assume that the matrix components L* and $* come from the following sets of matrices:

L(r)={L|L>=0,L=UDU",UecR" U'U=1I,D e R diagonal}, (8)
S(s)=1{S € R”? | $ > 0, [supp(S)| < s}, (9)

where £(r) is the variety of matrices with at most rank r, and S(s) is the variety of (element-wise) sparse matrices with at
most s non-zero elements (supp(S) is the orthogonal complement of ker(S) and |supp(S)| denotes its dimension). Provided
that L* € £(r) and $* € S(s), [19] shows that an uncertainty principle holds: if L* is nearly sparse, S* cannot be recovered;
if S* is nearly low rank, L* cannot be recovered.

Let us denote by 7(L*) and §2(S*) the tangent spaces to £(r) and S(s) respectively, and recall the following rank-sparsity
measures introduced in [18]:

E(T(L)) = max L, (10)
LeT(L*).[LI2<1

w82(8)=__ max |S]p. (11)
SeQ(5*), Sl <1

Bounding the product between (10) and (11) ensures that the tangent spaces 7(L*) and £2(S*) are close to orthogonal-
ity. This guarantees algebraic consistency, i.e. the recovery of latent rank and residual sparsity pattern with high probability
via heuristics (6). In particular, according to [18], the identifiability condition to be satisfied is £(7(L*))u(£2(8*)) < 1/54.

The pair of ALCE covariance matrix estimates (Laicg, Saice) is derived as

P 1
(LaLce, SaLce) = arg TTLHSU EHEn — L+ + Ll + olISl1- (12)

We define ALCE = fALCE +/S\ALCE,?}; = rl((fALCE), ands; = |supp(§ALCE)|. The recovered low rank and sparse matrix varieties
L(T4) and S(5,) are then defined as

LE) ={LeRPP L= GALCEDﬁILCE, D € R~ djagonal}, (13)
S(a) = {S € RPP | |supp(S)| <Sa}. (14)

We denote the spectral decomposmon of LALCE by UALCEAALCEUALCE, where UALCE is the p x Ta matrlx containing as
columns the eigenvectors of L, Larcg, and AALCE is the 74 x74 diagonal matrix containing the eigenvalues of L, Laice in decreasing
order Analogously to prev10usly defmed OLS factor model estlmators we define the ALCE loading matrix estimator BALCEZ
as BALCEZ = BALCE, with BALCE = UALCEA ALCE Conditionally on BALCE2v we then define the corresponding estimator of factor

1
scores for k € {1, ,n} via OLS as fAchz,k = (E\FLCEZBALCEZ) 1’@LCE2X,{ = AALCE/]i\rLCszk Finally, to complete the analogy,
we set Farcgr = FALCEz and Baicer = Baicee.

3.2, Consistency of loadings and scores estimates

3.2.1. OLS estimation

Suppose that model (1) holds. We state the sufficient conditions to ensure the parametric consistency of the OLS
estimators of factor loadings and scores under intermediate spikiness regimes for the latent eigenvalues and intermediate
sparsity regimes for the residual component.

Assumption 1. (a) The eigenvalues of the r x r matrix B'B are such that A;(B"B) ~ p%, i € {1,...,r}, for some
1/2 <ar <--- <a; <1;(b) Ibjllc =0(1),j € {1,...,p}, and r is finite for all p € N.

Assumption 1(a) prescribes that the latent eigenvalues are intermediately spiked with respect to (hereafter, wrt) the
dimension p in the sense of Yu and Samworth ([22], p. 656), thus allowing for intermediately pervasive latent factors
as p diverges. This is a characterizing feature of our approach compared to existing factor model estimators in high
dimensions, like those in [9,22]. We also allow for different speeds of divergence for latent eigenvalues as p increases.
Assumption 1(b) prescribes that the factor loading vectors have bounded maximum norm, and that the latent rank r is
finite and independent of p.

Assumption 2. For all p € N, there exist §; € [0, 1/2] and 8, > 0, such that: (a) [|S*[lo,, = MaXi<i<p Z, 1 ]1(S #0) <
82015 (b) [IS*[loe = O(1); (€) p'*1IS* [lmin.off = 0(1); (d) D}, S} = o(p™1).

Assumption 2 prescribes that: for all p € N, the maximum number of non-zeros per row, i.e. the maximum degree
of §*, is bounded; the maximum entry of $* in absolute value is O(1); the minimum absolute nonzero element of $* is
o(1/p'~%1); the sum of residual variances is o(p*). This assumption allows to apply the probabilistic framework of [12]
to the residual covariance matrix component, and to make negligible its impact on the overall covariance matrix rate
as n — oo. The resulting sparsity framework explicitly controls the number of non-zeros in the residual component

6
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and their position, and imposes a gap between the magnitude of the smallest latent eigenvalue and the largest residual
eigenvalue, because [|S*]l2 < [IS*]l1.o < IIS*[l0.0]IS*]loo < 820™, and 8; < 1/2 < a, by Assumption 1(a). Part (d) actually
equals to impose tr(S*) = o(tr(L*)), which is a reasonable condition because it is equivalent to prescribe for model (1)
that tr(L*)/tr(X*) — 1 as p — o0, analogously to [19].

Assumption 3. In model (1), E[f] = O, Var[f] = I, E[¢] = 0p, Var[e] = S*, 1,(§*) > 0, E[fe’] = 0,,p, and there exist
b1, by, c1,c5 > 0 such that, forany [ > 0, ke {1,...,n},ie{1,...,r},je{l,...,p}:

Pr(lfiil > 1) < exp{—(I/b1)"},  Pr(lexj| > 1) < exp{—(I/b2)*}.

Assumption 3 defines model (1) as an approximate factor model in the sense of [17], and imposes sub-exponential
tails to true factors and residuals, as in [22]. This allows to apply large deviation theory to factors, residuals and their
interactions. Moreover, it implies that all moments of fi; and € exist forall k € {1,...,n},ie{1,...,r},je(1,...,p}.

Assumption 4. There exists M > 0 such that, for allj € {1,...,p}and k € {1,...,n}: (a) E[p~"%(¢] &x — E[€] )] < M
and (b) E[[lp~"2 3_7_, bjexlI*] < M.

Assumption 4 is necessary to estimate loadings and factor scores. It explicitly controls cross-sectional dependence,
analogously to [4,22].

We can now focus on factor model estimators based on OLS. We follow the inferential framework of [4], exactly as [22]
does. We define the projection matrix onto the orthogonally rotated true factor space as Hois1 = n‘l(Ar)‘rl%rmFBTB.
Then, the following theorem holds.

Theorem 1.  Suppose that Assumptions 1-4 hold. Assume that ||S*||1/p < &) for some 8 > 0,00 —ar < &,
and max{pi‘zo‘r,ln(p)}/n = o(1). Then, as p,n — oo, for the estimators ﬁgm = [bois1,1-.. boisipl and /l%rm =
[fors1.1 - - - fors1,n] minimizing (7) with r known it holds:

. = 1 )
(i) max;<p lIbors1; — Horsibjll = Op % ’
. ~ 1/4,1-ar
(ii) maxg<y l|fors1,k — Howsifkll = Op (%)i
-~ 1/4 1-ar 17
(111) MmaXj<p k<n ”/bTorLSLijLS],k — bJTka = Op <” pf/z + ll‘l(n)cz %)

Theorem 1, proved in A, provides the uniform error rates in Euclidean norm for loading vectors, factor scores and
commonalities estimated by OLS under generalized latent eigenvalues spikiness and residual sparsity, provided that
the latent rank r is known. This condition is necessary because, as reported by Yu and Samworth in the discussion
of [22], the latent rank may be underestimated by the information criteria of [6] when «, < 1, since in that case
limp, o0 Pr{IC(r") < IC(r)} > O, r’ < r (we refer to Lemma S.1 in the Supplement for more details).

The condition max{p?>~2%r, In(p)}/n = o(1) is sufficient to ensure that the estimation errors vanish as p, n — oo. The
condition a7 — a; < &7 rises to ensure the annihilation of the residual component contribution to the estimation errors
as p,n — oc. The condition [|S*||;/p < &, is imposed to control the cumulation of residual covariances. By assuming
o1 = o = 1, we note that we reobtain the rates and the conditions of Theorem 4 in [22] (also see Theorem S.1 in the
Supplement for more details), and that the condition p?>=2% /n = o(1) ceases to be binding as n — oo, which means that
Theorem 1 holds for all p € N as n — oo and In(p)/n = o(1).

Remark 1. Part (ii) of Theorem 1 shows that, for the estimation error of factor scores to disappear, it is required that
p?~% /n = o(1) and n'/*p'~*r /p/? = 0(1) hold simultaneously. This implies that it must hold 8, ;p?> 2" < n < 8, 1p* 2
for some §, 1, 8,1 > 0 with §, ; < 8,1. The inequality 2 — 2¢;; < 4o, — 2 thus leads to the condition o, > 2/3 for this
to hold. If o, = 2/3, it must be n = O(p*?). If &, = 3/4, it must hold /p = o(n) and n = o(p). If &, = 1, it must hold
In(p) = o(n) and n = o(p?), consistently with [22].

3.2.2. ALCE estimation

The consistency of ALCE factor model estimators requires to bound the quantities (10) and (11). In order to clarify
why, we define: the incoherence of L* as inc(L*) = maXje(1,. p) IP~€jll, where €; is the jth canonical basis vector,
and P+ is the projection operator onto the row-column space of L*; the minimum (or maximum) degree of S* as
deg,i,(S*) = minj<i<p Zj’:l ]1(53750) (or deg,,(S*) = maXi<i<p Z}’:l ]l(S;*j;éO)). The incoherence of L* represents the
maximum discrepancy between the row-column space of L* and the canonical base. According to [19], inc(L*) ranges
between +/r/p (maximum incoherence) and 1 (minimum incoherence). The minimum (maximum) degree of S* represents
instead the minimum (maximum) number of non-zeros per row in $*. We know from [19] that

inc(L*) < §(T(L")) < 2inc(L");
degmin(S*) =< H(Q(S*)) = degmax(S*)~ (15)
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These definitions allow us to properly present the additional assumptions required to ensure the asymptotic consis-
tency of ALCE approach.

Assumption 5. For all p € N, there exist «;, ks > 0 with /rks/k; < 1/54, k, > /T/2, ks < &, such that
E(T(LY)) = /r/kp® and u(82(S*)) = ksp®t.

Assumption 5 essentially imposes the identifiability condition &(7(L*))u($2(S*)) < 1/54 (we refer to Proposition 1
in Appendix A for more details) by controlling the rate of the maximum degree of S* wrt the dimension p. From (15),
it is clear that Assumption 2 also implicitly controls the rate of pu(£2(S*)), by controlling deg,,,(S*) = [|S*|l0.,, which is
imposed to be not larger than 8,p° (8; € [0, 1/2]), thus requiring £(7(L*)) to scale to O(p~®1) to ensure identifiability.
This is also why we require ks < §,. Assumption 5 is a characterizing feature of ALCE approach compared to alternative
approaches in [4,9,22], because those approaches do not explicitly control the underlying algebraic structure in terms of
geometric manifolds, as we do to ensure the identifiability of (8) and (9), following [18].

Example 1. Let us consider the two extreme values prescribed for §; by Assumption 2. If §; = 0, £&(7(L*)) = /T /x; and
(82(S*)) = «s. This means that S* is imposed to be really sparse, because ||S*||o,, = O(1) and consequently pu(£2(S*)) =
O(1). This case exemplifies a situation where latent eigenvectors are minimally incoherent wrt the canonical base, because
E(T(L*)) = O(1). To tolerate this minimal value of incoherence for L*, the identifiability condition &(7(L*))u($2(S*)) <
1/54 imposes a minimal number of residual non-zeros in S*. On the other hand, if §; = 1/2, according to [19] the low
rank matrix L* is maximally incoherent, which means that the identifiability condition &(7(L*))u($2(S*)) < 1/54 tolerates
a maximum number of non-zeros per row ||S*||o,, as large as O(p'/?). In plain terms, Assumption 5 controls (£2(S*)) by
its upper bound ||S*||o,,, which is in turn controlled by Assumption 2.

Assumption 6. Define ¢y = 1/&£(7(L*))/In(p)/n. There exist §;, §s > 0 such that (a) the minimum eigenvalue of
L* (A(L*)) is greater than 8;1/&2(7(L*)); (b) the minimum absolute value of the non-zero off-diagonal entries of S*,
IS* || min,off, 1S greater than 8svo/u($2(S%)).

Assumption 6 is the other crucial assumption to ensure algebraic consistency. It prescribes that the smallest latent
eigenvalue and the minimum off-diagonal absolute magnitude in the residual component are large enough. In particular,
Assumption 6(a) is required for the recovery of the latent rank and Assumption 6(b) is required to recover the residual
sparsity pattern.

Theorem 2. Suppose that Assumptions 1-3 and 5-6 hold. Define py = y o, where y € [96(T(L*)), 1/(61(£2(S*)))]. Assume
that §1 < /3 and In(p)/n — 0. Then, there exists a positive real k independent of p and n such that, for allp € N, asn — oo
the pair of estimators (12) satisfies:

(i) Pr(p_™ ITace — L*ll2 < k) — 1;
(ii) Pr(l|Sarce — S*lloo < k00) = 1;
(iii) Pr(rk(Laicg) = rk(L*)) — 1.

Further assume that p>=21 In(p)/n = o(1). Then, for all p € N, as n — oo it holds: (iv) Pr(sgn(Saice) = sgn(S*)) — 1.

Theorem 2, proved in A, is explained in detail below.

Remark 2. Theorem 2 differs from Theorem 1 in [23] in what follows. First, Assumption 1, unlike Assumption 1
in [23], now incorporates differentiated speeds of divergence among latent eigenvalues. Second, the sparsity conditions
in Assumption 2 have been completely reshaped and simplified, as they are now controlled by means of ||S*||o.,, |S*[lcc,
|IS* || min,off, and tr(S*), unlike the corresponding Assumption 4 in [23]. Third, the theorem is now proved for all p € N as
n — oo, thanks to the new condition §; < «;/3, which regulates compatibility between Assumption 1(a) and 6(a) (see
Remark 3). Fourth, thanks to these updates, Assumptions 5 and 6 in [23] are no longer needed.

Remark 3. The conditions 8; < «;/3 and In(p)/n — 0 are imposed to ensure that Assumption 6(a) is compatible with
Assumption 1(a), which requires, imposing Assumption 5,

3
1//0 («/F) p351 ln(p)

N> — > —

ML) 2 0 s = 0 ;. (16)
under A.(L*) >~ p*. Compatibility is always ensured for all p € N if 0 < §; < «;/3, because n — oo and r is finite by
Assumption 1(b).If 8; € (e, /3, 1/2], Theorem 2 continues to hold as p — oo with the stricter requirement p®1=2% /n — 0,
that comes from the need to ensure that (16) holds under A,(L*) >~ p* . This means that a large §;, corresponding to more
non-zeros in S*, complicates the recovery of both components in that the condition n > p may be needed to ensure
consistency if §; € («,/3, 1/2].

KL
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Remark 4. Assumptions 6(b) and 2(b) are always compatible, as Assumption 5 ensures that

In(p) _ 5s In(p) _ s vo

TETNu(L2(S*NY n u($2(8*))
which is always verified for all p € N as n — oo and In(p)/n = o(1). Similarly, Assumption 6(b) and 2(c) are always
compatible as long as p>~2%1 In(p)/n = o(1), because 5485/In(p)/n < |IS*|lmin.ott = 0(1/p'~%1) is always verified for all
p € Nasn — oo and /In(p)/n = o(1/p'~*1), which leads to the condition p*~*1 In(p)/n = o(1). Note that such condition
is only required to ensure the validity of clause 4 in Theorem 2, i.e., the sparsistency of Saicg, because of the specific role
of Assumption 6(b) (cf. Theorem 2 in [23]).

0 < 5445 < ||S*||min,off < IS*lloc = O(1),

Remark 5. Assumption 3 imposes sub-exponential tails to fi; i = {1,...,r}, and €, j = {1,..., p}. This condition
is satisfied by the Gaussian distribution but is more general in nature. It is needed to apply Lemmas 3 and 4(a) of [22],
and (12) in [12] (together with Assumption 2(b), cf. Section 2 in [12]). Assumptions 1, 2, and 3 are required to prove
Lemma 1, which is essential for all the results of this paper. Assumption 4 is a further condition needed to explicitly
control cross-sectional dependence. It would be implied by Assumption 3 in the case of cross-sectional independence. It
is not needed to prove Theorem 2, because, unlike [22], it is only needed to prove consistency of ALCE estimated loadings
and factor scores (see Theorem 3), but not to prove consistency of ALCE covariance matrix.

Remark 6. Parts (i) and (ii) of Theorem 2 establish the parametric consistency of the pair of ALCE estimators (12) in
g,-norm. The statements of parts (i) and (ii) follow in fact from the underlying thesis of Theorem 2, that is

gy (Sarce — S* Lawce — L) < ¥,

which in turn leads to p~1g, (Sace — S, Larce — L*) = 0, (v/In(p)/n), where ¢ = p*1vrg, po = p, ¥ = Wo/po, and ¥ and
p are the threshold parameters in (6). Remark 6 expresses a consistency result for fALCE and §ALCE jointly considered in
g,-norm (see Definition 1), which is the dual norm of the composite penalty ¥l - [l + ooll - Il1. More explanations can
be found in the proof of Theorem 2 and in [18].

Remark 7. Parts (iii) and (iv) establish conditions a and b of Definition 1. This result comes at the price of bounding
the degree of transversality of the geometric manifolds where L* and S* lie, i.e. the matrix varieties £(r) and S(s). This is
precisely the role of Assumption 5, that, together with Assumption 2, is responsible for the factor p% that appears in the
error rate of Lajcg and Saice (see Corollary 1) in spectral norm. The lower bounds imposed by Assumption 6 on A,(L*) and
|IS|Imin,ofr are then the key to ensure the identifiability of £(r) and S(s) with high probability, where the probability rate
also depends on Assumptions 1 and 3.

Corollary 1.  Under the assumptions of Theorem 2, for all p € N, as n — oo _it holds: (i) Pr(p~* ||§ALCE S =
ic/In(p)/n) — 1; (ii) Pr(p~ 10| Xarcg — ¥l < k/In(p)/n) — 1; (iii) Pr(Ap(Sarce) > 0) — 1; (iv) Pr(hy(Xarce) >
0) — 1. In addition, supposing that 1,(S*) = O(p*1~'"%) and A,(X*) = O(p*1~'"%) for some ¢ > 0, the fol-
lowing statements hold for all p € N as n — oo: (v) Pr(p~o1ip=21=1*o)|[S 0 — § 1|, < «/In(p)/n) — 1; (vi)

Pr (p- (#0020 S — 3, < /M)A > 1.
Corollary 1, proved in A, is clarified by means of the following remarks.

Remark 8. Conditions A,(S*) = O(p*1~1*) and Ap(X*) = O(p*1~17¢) for some & > 0 are needed to ensure compatibility
with Assumption 2(d).

Remark 9. Parts (iii) and (iv) ensure that condition c of Definition 1 holds. Together with parts (iii) and (iv) of Theorem 2,
they ensure the algebraic consistency of the pair of ALCE estimators (12) according to Definition 1.

We can now define the projection matrix onto the orthogonally rotated true factor space as Hacp1 =
n~"(Apice) "FJ ;;FBB, and state the main theorem of this section.

Theorem 3.  Suppose that all the assumptions and conditions of Theorem 2 hold. Then, for the estimators ﬁAchl =
[bALCELl .. ~bALCE1,p] (Where BALCE] is p X r* with r* = rk(LALCE) = ﬁ) and FALCEl = [fALCEl,l - fALCEl,n]v Theorem 1 holds
with HALCE] in place Of Ho]_s].

Theorem 3, proved in A, provides the uniform error rates in Euclidean norm for loading vectors, factor scores
and commonalities estimated by penalized OLS via ALCE approach under the generalized spikiness regime for latent
eigenvalues and the generalized sparsity regime for the residual component, relying on the fact that7, = r with probability
tending to one under all the assumptions and conditions of Theorem 2.

9
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Example 2. The conditions §; < «,/3 of Theorem 2 and «; — o < &; of Theorem 1 give rise to the inequality
o1 — o < or/3, which leads to a; — %ar < 0. Therefore, for Theorem 3 to hold, such condition must be satisfied.
For instance, if @y = 1, it must hold «;, € (3/4, 1]; if «; = 3/4, it must hold «, € (9/16, 3/4]; if oy = 2/3, it must hold

€ (1/2,2/3]. The limit case (ruled out by Assumption 1(a)) is oy = a1 = 1/2.
4. Estimation in the finite sample: UNALCE

In Section 3, we derived the asymptotic consistency of OLS and ALCE factor model estimates assuming that latent
factors are intermediately pervasive and the residual covariance is intermediately sparse wrt the dimension p. In this
section, we discuss the optimality properties of factor model estimates based on heuristics (6) when the parameters p
and n are fixed.

Let us recall the conclusions of Theorem 2 and Corollary 1. Theorem 2 states that the pair of solutions (12) under
Assumptions 1-3 and 5-6 is parametrically consistent and recovers the true latent rank and the residual sparsity pattern
with probability tending to one, provided that the sample size n and the thresholds v and p lie in a specific range wrt the
dimension p. The resulting estimators are named Lajcg, Sarce and X aice. Corollary 1 provides the error bounds in spectral
norm and the invertibility conditions for Sa;cg and X cg. Theorem 2 and Corollary 1 together mean that ALCE estimates
are algebraically consistent.

Once fixed the dimension p and the sample size n, our new aim is to prove that ALCE estimates can be re-optimized
as much as possible in the following sense:

. 1
_min_ || X; — (L+S)l2, (17)
LeL(7a),S€Siag

where §d,»ag is the following set of matrices:
Stiag = {S € R | diag(L) + diag(S) = diag( X aice), off — diag(S) = off — diag(Sace), L € Z(T4)}

In synthesis, for any threshold pair (@ 0) satisfying the conditions of The01em 2, the recovered matrix varieties Z(73)
and 3@; (see (13) and (14)) are first recovered by solving the problem ming s 5 L2, —(L+ S)||§ under the constraint
that W||L||* + oIS|l1 is minimum, which leads to the pair of ALCE estimates (12). In a second step, the estimates are then
re-optimized by solving problem (17), which entirely depends on the sample covariance matrix X, and restricts the low
rank solution to lie in E(’r\A and the residual solution to have the same off-diagonal elements of SALCE and a constrained
diagonal wrt dlag(EALCE)

Relying on the parametric guarantees offered by L(Tx) and S(5), and conditioning upon the recovered latent rank 7,
the residual sparsity pattern s sgn(SALCE) and the first step optimization in (12), we prove that it is possible to re-optimize
t/l\le pair offstlmates (LALCE, SALCE) to improve the overall fitting as much as possible, constraining the solutions to lie on
E@) and Sdiag-

Theorem 4. Let us define
/L\UNALCE = ﬁALCE(ZALCE + 17,11’ )ﬁ/—\rLCE’

where 17/ > 0 is a chosen eigenvalue threshold parameter, and §UNALCE such that
diag(§UNALCE) = diag( E'ALCE) - diag(fUNALCE)’

and
off — diag(§UNALCE) = off — diag(gALCE)-

Then, assuming the sample covariance matrix X', as fixed, under all the assumptions and conditions of Theorem 2 the
following statements hold: (i) arg min MaXye £(7) IL — L*|l, = Lunawce; (ii) argmin MaXsesy,, IS — S*ll2 = Sunacce; (iii)

arg min MaXye 7z, ), sy I(L+S) — 3*|l, = Zunarce. More, if all the conditions of Corollary 1 and Theorem 3 hold, then: (iv)

; . -1 —1. — . . _ 1. _ 31
arg min maxscg,,, IS™' =Sl = SUNALCE, (v) arg min maxy 75, se Sy, 1L + )7 — X 2 = Xinace:

Remark 10. In part (i), the minimax can actually be replaced by a simple minimum if §; > 0 and p is large enough, due
to algebraic consistency (see Proposition 3 and the proof of Theorem 4 in A).

Theorem 4 states that the UNALCE estimates of L*, §*, X¥*, §*~!, ¥*~! show the minimax errors in spectral norm
among algebraically consistent estimates, assuming the sample covariance matrix as fixed. The UNALCE procedure has
the effect to un-shrink the eigenvalues of Laicg, and to update the diagonal of Sacg, while saving the recovered sparsity
pattern sgn(Saice), that is equal to sgn(Synarce) by definition.

10
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5. Bartlett’s and Thomson’s estimation

In this section, we prove that Bartlett's and Thomson’s factor scores estimators based on UNALCE covariance matrix
estimates show the tightest possible error b bounds in Euchdean norm glven the finite sample First, we state the optlmallty

of the UNALCE loadmg matrix estimator, BUNALCE UUNALCEAUNALCE' with UUNALCE = UALCE and AUNALCE AALCE + er, by
the following Corollary.

Corollary 2. Let H; be any r x r orthogonal matrix. Under the assumptions of Theorem 4, then
argmin_ max ||ﬁ —BH,|| = ﬁUNALCE.
BIL=BBT eZ(7y)

~ o~ ~ ~
Proof. Let us define the loading matrix estimator B = U, A}, with U, p x r semi-orthogonal matrix and A; diagonal r x r
matrix such that L = U, A,U] € Z(74). It then holds

~ o~ a1 1
IB — BH, || = (U, 47 — U A7H,).

At this stage, we observe that, under the assumptions of Theorem 4,

arg min_max ||L L*||, = argmin _ _ max xl(ﬁLZLﬁ[ - ULALULT) :fUNALCE,
Lef() (U, Ap) S.t. T= ULA,_U eL(Ta)

if Theorem 2 holds. Setting tUNALCE = GUNALCEAUNALCEUENALCE it follows that the thesis

. ~ 1 1
(Uunarce, Aunarce) = argmin max_ MU A} —ULAZH,),
(UL, Ap) S.t. L=U, A4, U] eZ(Fa)

descends from part (i) of Theorem 4. O
Corollary 2 is a direct consequence of Theorem 4. It shows that ﬁUNALCE is the optimal loading matrix estimator given
the finite sample in terms of fitting performance within the class of algebraically consistent estimates for B, under all the

assumptions and conditions of Theorem 4. If §; > 0, the minimax can be replaced by a simple minimum as p is large
enough, due to algebraic consistency (see Remark 10).

‘Then, we_define Bartlett’s factor scores estimates for the observation k, k € {1, ..., n}, as follows:
fk,B = (ﬁ 1B) 1BTs! X,. They simply are the Generalized Least Squares (GLS) factor scores estimates. The true
Bartlett’s factors are defined as fi3 = (B'S* 'B)"'BTS* 'x,. The following result for Bartlett’s factor scores and

commonalities based on UNALCE covariance matrix estimates holds.

Theorem 5. Let us denote by H; any r x r orthogonal matrix. Under the assumptions of Theorem 4, for k € {1,...,n}
the minimax min mang_ BT < 2(7) SeSiiag ||f,< p — Hify p|| and minmaxg_gar. £2) 58105 |Bfx s — Bfy || are achieved for

~

B = Bunarce and S = Synaice.

Proof. We start considering the loss ||/f\k,B—H,fk,B||. Since/f\k,B (B'S"'B)"'B'S!

of Theorem 4 we get

fes — Hofipll < I(BTS'B) 'B'S ! — H,(B'S* 'B)"'BTS* || x [Ixll.

Xy, k € {1, ..., n}, under the assumptions

We thus focus on
(B'S 'B)"'B'S ' — H,(B"S* 'B)"'BTS* . (18)
We note that, since H; is orthogonal, (18) is equivalent to
(’ﬁT’S‘qﬁ)—l’ﬁT’s‘—l _ (BTS*_1BH:—)_lBTS*_1.
Then, via some algebra, we obtain
(§T§—1§)—1§T’§—1 _ (BTS*—1BHrT)—1BTS*—1
— (ﬁT’S‘qﬁ)qﬁT’s‘q _ (BTS*leH;F)leTS*fl + (ﬁT’S‘flﬁ)leTs*f] _ (ﬁT’S‘flﬁ)leTs*f]
=[B"S'B)"' —(B"S*"'BH;)"'|B"S*" ' + (B'S 'B)"'(B'S"' —B'S"").
At this point, we add and subtract the quantity (B"S*~'BH,)~! m” —B'S*'], and we get:
(B7S'B) 'B'S ' — (B"S* 'BH]) 'B'S* ! = [(’1§W“§—1§)*l — (BTS*‘lBH,T)_l] BTs !
i [(§T§—1§)‘1 - (BTs*—‘Bﬂj)—l’ﬁ—‘] (B'S"!'—BTs* 1)+ (BTs* 'BH]) 'B'S ' —BTSs* ). (19)

11
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We first focus on the error matrix (B'S~! — BTS*1). We write
B'S'-B'S*)=B'S!'-B'S*!'+BS'-B'S!B-—B)S!'+B (S5
— (ﬁ_ B)T’S\fl + BT(’S‘A _ 5*71) _ (ﬁ_ B)Ts*q + (’ﬁ _ B)Ts*fl
=B-B)(S'-sH+B'(S -5+ B-B)s. (20)
By the triangular inequality, Corollary 2 and Theorem 4 (part (iv)), it follows from (20) that

argmin___max __ (B'ST'—-B'S* )= (B .S, ) (21)
BT ) Se g (Bunaice, Sunaice)

We now focus on the term [(ﬁ”ﬁ)” — (BTS*"'BH])"']. We recall that
IBTS'B)™" — (B'S*'BH])~"|l < A,((B"S*"'BH])"")i,((B"S"'B)"")II(B'S 'B) — (B'S"'BH, )|
_ I(BTS""B) — (BTs*'BH,)|
~ A(BTS-B)A.(BTS*"1BHT)

At this stage, we need to bound [(BTS~'B) — (BTS*7'BH,")|. We consider the error matrix B'S'B- B'S*"!BH;. We
write

(22)

B'S'B—B'S* 'BH' =B'S 'B—B'S* 'BH/ +B'S* 'B—B'S* 'B
T

B'S ' —B"S* B+ B'S* (B — BH,)

=B'S'—-B'S*")B+B'S"'(B—BH,)— (B'S ' —B'S* B+ (B"

=Ta

ST—_B'S“ 1B
=B'S'—-B'S*YB—B)+B'S* '(B—BH,)+(B'S ' —B'S* )B. (23)
Now, by the triangular inequality, Corollary 2 and Theorem 4 (part (iv)), from (22) and (23), we get
argmin _ max (B'S'B—B'S* 'BH|) = (EUNALCE7§UNALCE) : (24)

B.L=BBT €£(74).ScSiqg
Finally, from (19), (21), (22) and (24) the statement follows. O

Theorem 5 states that Bartlett’s factor scores and commonalities estimated by UNALCE approach are the most precise
given the finite sample within the sets of algebraically consistent estimates for B and S*, under the assumptions and
conditions of Theorem 4.

Suppose now that the bivariate distribution (x, f), k € {1, ..., n}, is multivariate normal (denoted as MNV):

Xe ) 0, BB" +S* B
()= (3)-(™ 5 1)

As a consequence, from the Bayesian point of view, we can derive the following a posteriori expected value for f;:

E[f¢|x,] = B' (BB +S*)!

Thomson’s estimates of factor scores are the estimates of such expected value:/f\k,r = ﬁ(ﬁﬁ +§)‘1xk, ke{l,...,n}.
The corresponding Thomson'’s true factors are defined as fy 7 = =BT(BB" +S*)"'x, k € {1, ..., n}. The following theorem

on the performance of Thomson’s estimates of factor scores and commonalities based on UNALCE holds.

Theorem 6. Let us denote by H, any r x r orthogonal matrix. Under the assumptions of Theorem 4, for k € {1, ..., n}
the minimax min maxB T=BBT < 2(1) 8eiigg ||f,<T — H fy 7|l and min maxg TBBT <27y ||Bf,.r — Bfy 1|l are achieved for

-~

B = Bynace and S = Sunarce.

Se§diug

Proof. We start considering the loss ||?,<J — fi 7 ||. For the definition of/f\k,r, under the assumptions of Theorem 4 we get
=~ - _
Ifer —firll < B'Y =BT X* 71| - x|

We first focus on the error matrix (ﬁr > BT X*~1). We write

B B ¥ )=B'2 ' B 14+B' Y B Y 'B-B)Y '+B (T -

—B-B)'Y 4B (T - ) —B-B) X!+ (B-B) Z!
—B-B) (X ' - Y B (T - x>+ B-B) X (25)
By the triangular inequality, Corollary 2 and Theorem 4 (part (v)), it follows from (25) that

argmin___ max __ (B'L+S)"" —BI(L"+5)") = (Bunawce. Juwawce) . (26)
B,L=BB' €L(74).S€Siag

12
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o ~ - ~ ~ ~
with Xynarce = BunarceBynarce + Sunarce = Lunatce + Sunatce-
Then, we note that

ﬁefkyr — BHrka = ﬁﬁTz‘_lxk — ﬁBTE*‘lxk :/l:/E\'_lxk —fE*_le
Therefore, under the assumptions of Theorem 4 we can write
ey A A7‘1 o~ _
IBfi.r — Bfirll < [BB' X x¢ — BBT X' - [|xi]l.
By some algebra, we get

B,y —Bf=BB'S ' —BB'X*'=BB'Z ' —BB'X* ' +BB' X' BB ¥

—BB'Y ' —B' X+ (B-BB I
—BB'Y ' —B X )+ B-BB X' +BB'Y ' —B X )_BB'Y ' —B X1

—B-B)B Y '+B X 1)+BB'Y ' +B X )+ (B-BB X
At this point, by the triangular inequality, Corollary 2 and (26), it follows that

argmin___ max __ (BBT(L+S)' —BB'(L" +5")") = (Bunawce. Sunaice)
B.L=BBT cL(7)), Sesdlag

which completes the proof. O

Theorem 6 states the same optimality properties of Theorem 5 for Thomson'’s estimates of factor scores and common-
alities estimated by UNALCE approach. Their proof follows from the results of Theorem 4.
In the end, let us define for each k € {1, ..., n} the factor scores estimators:

T BT 1RT
b fk,B,A = (BALCESALQEBALCE) BALCESA ceXks fk TA = BA]&E(BALCEB LCE + SALCE) xk:

r _ 1 1y, -
b fk,B,U = (BUNALCESUNALCEBUNALCE) BUNALCESUNALCExkv fk T.U = BUNALCE(BUNALCEBUNALCE + SUNALCE) X

and the correspondmg n X r matrix estimators: E{A = [fl,B,A n,B,A];f{A = [f”’u n,T,A];/lﬁB,U = [Afl,B,u E,B,U];
ﬁu = [f1 TU «-- n,TA,U] We finally state a corollary which completes our theory, in that it shows that, as p,n — oo,

Bartlett's and Thomson's UNALCE estimates of factor scores converge to the respective ALCE ones and, more importantly,
Bartlett’s and Thomson’s ALCE factor scores estimates converge to their OLS counterparts. This means that the asymptotic
rates of OLS factor scores estimates reported in Theorem 1 also hold as p, n — oo for Bartlett’s and Thomson’s UNALCE
and ALCE factor scores estimates.

Corollary 3. Under all the assumptions and conditions of Theorems 3 and 4, as p, n — oo, it holds: (i) (a) ?B,U — fB,A and
(b) Fpa — Fouso; (ii) (@) FT u —> Fraand (b) FTA — Foisz-

Proof. Let us define the spectral decomposmon of LALCE as UALCEAALCEUALCE, and BALCE = UALCEAALCE We recall that

FOLSZ = XBOLSZA , with Bo]_sz = U Ar , and FALCEZ = XBALCEZAALCEv with BALCEZ = BALCE First, we observe that, under all
the assumptions and conditions of Theorem 3, problems (3) and (6) are equivalent, because v /p — 0. As a consequence,
BALCEZ —> BOLSZ and AALCE —) A as p,n — Q.

_For part i(a), FBU — FBA is implied by the condition ¥/p — 0 as p,n — oo. We thus examine FBA =
XS, 'Ba(B]'S, 'B4)~'. We note that, under Assumption 2, the proportion of non-zeros in S*, which is 0 (p'*1/p?), tends
to 0 as p — oo. This means that $* — D as p — oo, where D is a p x p diagonal matrix, because A,(S*) > 0 by
Assumption 3. More, S4 — S* as p,n — oo if Theorem 3 holds. Consequently, since Byicg = Baicrz, as p,n — o0
’l-:B,A = X§;1§A(m;1§A)*l — X’liA(ﬁAr’l;,q)*1 = XﬁAZ;JCE = Facee. Part i(b) then follows by Theorem 3.

For part ii(a), /F\T u—> /F\T 4 is implied by the condition ¢ /p — 0 as p, n — oo. We thus examinefT A= XE‘_]ﬁA, where
EA = Ls + Sa. We recall that, under Assumptions 2 and 3, $* — D, where Dis a p xQ diagonal matrix, and SA — S§* by
Theorem 3 as p, n — oo. At this point, 22/\ = BAB + SA — BATS\F +D = UALCEAALCEUALCE + D as p,n — oc. Under the
conditions of Theorem 3, we know that Aicg tends to A, and UALCE tends to U,. Then, since the smallest eigenvalue of
A, is O(p*) by Lemma 1, and the elgenvalues of D are o(p“) by Assumption 2(a), it follows that, as p, n— oo, thepxp
positive definite matrix UALCEAALCEUALCE +D tends to the p x p r-rank matrix U, A, U—r Therefore, N 2 tends toU, A 1UrT,

and Fr 4 tends to XU, A 1UrTUrAr2 = XU, A, 2 = Foys,. Part ii(b) then follows. O

Summing up, we have proved that, under the conditions of Theorems 3 and 4, Bartlett's and Thomson’s UNALCE and
ALCE estimators of factor scores Fga, Fpy, Fr 4, and Fr y converge to the OLS factor scores estimator Fois,. This implies
that Fgy and Fr y are optimal estimators of factor scores in the finite sample, and that those estimators tend to Fors;
as p,n — oo, exactly as Fz 4 and Fr 4, under the conditions of Theorem 3. Therefore, the UNALCE approach provides
optimality guarantees in terms of Euclidean error norm when p and n are fixed, while retaining the algebraic consistency

13
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properties of ALCE and the asymptotic rates of OLS as p, n — oo. Importantly, unlike OLS, the UNALCE/ALCE approach is
able to recover the latent rank and the residual sparsity pattern with probability tending to one. UNALCE factor model
estimates are thus parametrically and algebraically consistent, as well as minimally biased in the finite sample.

6. Conclusions

In this paper, we propose to estimate high-dimensional approximate factor models with element-wise sparse residual
covariance matrix by nuclear norm plus £; norm penalization. We provide the conditions on the respective magnitude of
the dimension p and the sample size n, as well as on the allowed degree of spikiness for latent eigenvalues and of sparsity
for residual covariance, ensuring consistency for the estimators of factor loadings, scores and common components such
derived. These conditions guarantee sparsistency, i.e., the residual sparsity pattern recovery, and the latent rank recovery,
even when the latent factors are not strictly pervasive with respect to the dimension p. We derive a finite sample version
of those factor model estimators, presenting strong optimality properties in terms of minimax Euclidean error bound for
factor loadings and scores (estimated both via Bartlett’s and Thomson’s method). We finally prove that those finite sample
estimators converge to the respective OLS counterparts as p, n — oo.
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Appendix A. Proofs

Lemma 1. Let A(X,) be the r-th largest eigenvalue of the sample covariance matrix X, = n~! Zzzlxkx,j. Under
Assumptions 1, 2 and 3, A.(X',) >~ p* with probability approaching 1 as n — oo.
Proof. On one hand, we note that, since r + p — p = r < p, dual Weyl inequality (see [36]) can be applied, leading to
Ar(XZ*) = A(L*) 4+ Ap(S¥). (A1)
From (A.1), we can write
W(Z¥) = 0(p™") + 0(p™) = O(p™"),

because A(L*) > p* by Assumption 1(a), and A,(S§*) = O(p’1) by Assumption 2, with 8; < a;.
On the other hand, Lidskii inequality (see [36]) leads to

2(Z) < (L) 4 ) M(S). (A2)

j=1
From (A.2), we can write
A (Z*) 2 0(p*") + O(1p™1) = O(p™),

because A.(L*) ~ p* by Assumption 1(a), A;(S*) = O(p®') with §; < «, by Assumption 2(a), and r is finite for all p € N
by Assumption 1(b). It follows that A,(X*) >~ p% .

Recalling that X', = % ZL] xkx; and x; = Bfy + €, where f; and €, k € {1, ..., n}, are respectively the vectors of
factor scores and residuals for each observation, we can decompose the error matrix E, = X, — X* in four components
as follows (see [22]):

E,=X,—X"=D;+D;+D;+D,,

where Dy = n~'B (3 _p_, fif] —I;)BT, Dy =n""Y";_, (exef —S*),Ds=n""BY ;_, fie], Dy =D,.
Following [22], we note that

1 n
- (Z fifi — lr) H IBB[l> < rp® max;
k=1 2

since E[f] = 0, and Var[f] = I, by Assumption 3, |BB ||, = O(p*1) by Assumption 1(a), and

1 (< 1 (<
(-] =2 (om0 |
k=1 k=1 S
14

D1ll2 =

’

1 n
- Zfi,kﬂ',k — E[fixfix]
=1

<r
2
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with r finite and independent of p by Assumption 1(b).
Under Assumption 3, we can apply Lemma 4(a) in [22], which claims

1
max; jr |~ Zf, ik — Elfiufiid| < C—=, (A3)
k [
with probability 1 — 0(1/n?) (C is a real positive constant). Consequently, we obtain
Dyl < Ay (A4)
112 = ﬁ = \/57 .

with €’ = Cr= 0(1) by Assumption 1(b).
Then, we note that the diagonal elements of the matrix $* are bounded by a finite constant, due to Assumption 2(b).
Under Assumption 3 and the condition In(p)/n — 0, (12) in [12] thus holds for the matrix S$*, leading to:

< &, /e (AS5)

Dz ]loc = mMax;j<p ;

_l n
- Z € k€jk — E(€ik€jk)

k=1

that holds with probability 1 — 0(1/n?).
Now, by the triangular inequality we can write

D212 < DSV |12 + IDS15, (A6)

H:”I‘)Hmm Off(Dz), with 7 hard-thresholding operator of parameter ||S*|/min.ofr and D(22) =D, — D(zl). Since by

Assumption 2(a) [|S*[lo,, = O(p®"), it follows from (A.5) that, as n — oo,

. [In(p)
IDV 1, < DSV )lo,0 IDS lloo < Co8p™ — (A7)

Similarly, it follows from (A.5) that, as n — oo,
IDP 12 < 1020, D22 lo < PIIS* [|minofr- (A8)

Imposing the condition p||S* [|min.oft = 0(p* v/In(p)/n), we get p' =1 ||S* | min ot = 0(+/In(p)/n), which leads to p'~*1 |S*||min,ofr
=o0(1) as In(p)/n — 0. Therefore, combining (A.7) and (A.8), by Assumption 2(c) it follows from (A.6) that, as n — oo,

~ 1
1D, < Cobopt, | 2NP) (A9)
n

where D(ZU =

—1yn T . —1yn T —1yn T
n 'Y i fke, | . We first observe that |[n='>",_, fkek n 'Yy e fieg || - We
2 F

n' Y fel \/Z, ) Z] 1Cov(ﬁ, &) \/Zl ; V(f, (ej) We note that \/Zl ; Z] 1V(f, ej)
converges to \/Zle p- V(f,- (¢j) foreachie {1,...,r}andj € {1,...,p}asn — oo and In(p)/n — 0 with probability
Y e H < /XL T VUV(E) < \Jr XL, V) =
F
A/1o(p®1) = o(p*1/?), by Cauchy-Schwartz inequality and Assumption 1(b), 2(d) and 3. It follows that
n

n! Z fkél;r

k=1 2

as n — oo and In(p)/n — 0.
Consequently, we obtain with probability 1 — O(1/n?) the following claim

1 n
EkaékT

because ||B|| = O(p*1/?) by Assumptlon 1(a).
Putting (A.4), (A.9), and (A.10) together, the following bound is proved with probability 1 — 0(1/n?):

At this stage, we consider

then write

1 —0(1/n?), by (A.3) and (A.5). Therefore, we can write

= o(p/?)

D3]], <

1B = o(p? )0 (p*) = o(p™) (A10)

p
X=X < C—,
1 2n 2 < NG
because §; < o < ay by Assumptions 1(a) and 2(a). It follows that
n—oo

—||2 — X*|, —> 0,
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which proves the lemma. O

Proof of Theorem 1.

According to [4], setting F = Fois; and H = Hops; = n”Ar‘li?rFBTB, we can write, for each’f\k], kie{l,...,n}

/fk] - ka] = - ( ) {Z szE[ekzel(]]/p + Z sz §k1k2 + Z sz 77k1k2 + Z szsklkz} (A'll)

ky=1 ky=1 ky=1 ky=1

where &, = (fkT1 ZJ‘.’=1 bjek, j)/P, Mgk, = (fkT2 Zf:l bjek, /P, Skyky = ekaIq /p—E[eszekl]/p, and A, is the diagonal matrix
containing the top r eigenvalues of X', in decreasing order. Expression (A.11) holds conditioning on the assumption that

the latent rank r is known.

In order to verify (A.11), we observe that the r.h.s of (A.11) (divided by n~'(A,/p)~") can be written as

n n n n
Y ToEleL e /P + D Ty + D foluk, + ) fiodiak,

ky=1 ky=1 k=1 ky=1

= Z fi, Eleq, €, 1/p + Z fi e €0, /p — Z fi, Eleq, €, 1/p + Z fi, (f, Zb,ek” /p+ Z fi, (f; Zb,ekz,
kz 1 ky=1 ky=1 ky=1 ky=1

= Z fk26k2€k1 /p+ Z i, ( sz ijekﬂ /p+ Z sz(fIq Z bjer, j)/p
ko=1 kp=1 ky=1

= Zﬂzegekl /p+ Z?kz(flzBTekl )/p+ Z?kz(f; B'e,)/p.

ky=1 ky=1 ky=1

We know that €, = Xy, — Bfy, and ¢, = X, — Bfy,. Then, we can write

n n
Z’f\kz 612—2 €l /p = Z/sz (xk2 - Bsz )T(xkl - Bfk1 )/p

ky=1 ko=1
n n n n
= Z szkazxkl /p — Z szkazBfk] /p— Z szf];rzBTXkl /p+ Z szfszBTBfkl/p.
ky=1 ky=1 ky=1 ky=1

We can also write
ka2 (f,Bex,)/p = kazﬂ (X, — Bfy,)/p = kazf,QB Xi, /P — kaszzs Bfy, /p
ky=1 ky=1 ky=1 ky=1
and
n n n n
> T (B e,)/p= > Ti,f{ B'(xi, — Bfi,)/p = Y T, f] B'xi,/p — Y T, £y B'Bfi, /.
ky=1 ky=1 ky=1 ky=1
Therefore, due to cancellation effects, the r.h.s. of (A.11) (divided by n~'(A,/p)~!) reduces to Zk -1 szxkzx,<1 /p —

Zk - sz BTBf,<2 /p. We finally observe that f; BTBfk2 = f;zBTBfkl, because it is a scalar, and that sz = A;'BTxy,. It
follows that under the conditions of Lemma 1, as n— oo,

n n
D ATB XXX /D= AT'BT Y XXX, /p = nA;'B'BB Xy, /p = nA, A;'B'x, /p = nAf, /p,
ky=1 ky=1
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and

Z fi,f. B'Bfi, /p = F FB'Bfy, /p = nAHfy, /p.
ky=1
where H = Hois; = n~' A "F'FB"B. Re-multiplying nAr/f\k1 /p and nAHfy, /p by n"'(A,/p)~", Eq. (A.11) is verified.
Recalling that fi, and €, are uncorrelated processes over the observations k; = {1, ..., n} by Assumption 3, we can
prove the following lemmas by simply applying the corresponding proofs in [22] and imposing Assumption 4.

2 —~ 2
Lemma2. Forie{l,...,r}:(i)n"! Zkz 1(np Zkz 1fk21 [€k26k1]> =0, (n7'); (ii)n~" 222—1 n! (ZZ2=1sz,i§Ic1k2) =
0p (p~1); (iii) 1Zk2 ! (Zkz 1f’<21’7k1’<2) =0y (p7'); (i)' 300 ! (Zkg i, zéklkz) =0y (p7").

Proof. The proof of part (i) is analogous to the proof of Lemma 8(a) in [22], where

n

1 1 1 1 1
— max |E[e,. = max — —|Ele,, < —[Slh=0p | -
ax Ele €, k1§nnk2p| leiy )l < 1S p<n)

np ka.kq ’
0=

by the condition [|S*||;/p < &, for some &8} > 0, and because ¢, is uncorrelated across observations.
The proof of part (ii) is analogous to the proof of Lemma 8(b) in [22] under Assumption 4(a).
The proof of parts (iii) and (iv) are analogous to the proof of Lemma 8(c) and 8(d) in [22] under Assumption 4(b). O

Lemma 3. (i) maxy, <, |( = 0, (n'/2); (ii) maxy, < = 0, (n"/*/p'/?); (iii)

-1 n g
n=1 > k=1 B Sk

=0, (n”“/pl/z).

np)il 222:1 sz E[ész €l, ]

maXk, <n n! 222:1 sz Nkiky || = Op (n1/4/p1/2); (iV) maXy, <n n! 222:1 sz";:klkz

Proof. The proof is analogous to the Proof of Lemma 2 with reference to the proof of Lemma 9 in [22]. O

Observing that the eigenvalues of (A,/p)~" scale to O(p'~®"), due to Lemma 1, we obtain the following Lemma.

Lemma 4. (i)maxi<,n Zk f,” Hfi;? = 0, (p?'=)/n + p*1=or) /p);
'y, I — l'lfk|| ( 21=er) I +P2(l_ar)/P)v'
(111) maXg<p Zk 1 ||fk ka” =0, (pl_mr/«/ﬁ + p1_ar”1/4/pl/z)~

Proof. The proof is analogous to the proof of Lemma 10 in [22], and follows from the fact7 = r, Lemma 1, Lemmas 2
and 3. Note that part (iii) derives a bound for the uniform rate of f, — Hfy, over k € {1, ..., n}, that leads to part (ii) of
Theorem 1, because p>~2* /n = o(1). O

Lemma 5. (i) HH' _lr+0p< \/:r + £ S ) (ii) HTH—lr+Op( 1/,? + pi;:/‘;r)

Proof. The proof is analogous to the proof of Lemma 11 in [22], and follows from the fact 7 = r, Lemma 1, inequality
(A.3),and Lemma 4. O

At this stage, following [22], we can observe thatﬁj — Hb; can be decomposed as follows:
by —Hb; = Ay + Ay + Agy,
with

A]]— Zkaék], AZJ_Zxk]fk—ka A3]—H2fk —l
k k=1

We note from Lemma 5 that |[H|| = 0,(1) if n > p?>~% and ; > 1—1/2 = 1/2. The second condition is always verified,
because o > 1/2 by Assumption 1(a). Under the first condition, inequality (A.10) allows to conclude that

51 /1
max Al = 0, (pz1 Il(p)) . (A12)
J=p n

17
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From Lemma 4, it follows that

1—ar 1—ar
max ||Ay | = Op (p 4P : ) , (A13)
J=p n p2
because E[x, ;] = O(1) for each k € {1, ..., n} by Assumptions 1(b) and 2(b).
Inequality (A.3) and Assumption 1(b) then ensure that, since |H|| = 0,(1) by Lemma 5,

[N

1
I}flj})x I1As |l = 0, (— (A.14)

)

At this point, since o1 — &, < &1, the condition §;/2<1 — «; is always verified, because it must hold
ay — o < 61<2 — 20y,

that leads to @y <2 — «, which is always true under Assumption 1(a).
Therefore, putting together (A.12), (A.13), (A.14), under the condition p?>~2* /n = o(1) we obtain that

max[b; — Hby || = O, (@n) (A.15)
where w, = 4/In(p)/n as p — oo, because 1 — a; — % < 0 is always verified under Assumption 1(a), due to the condition
oy > 1/2. Part (i) of Theorem 1 then follows.

Applying parts (i) and (ii), and Lemma 5, we can prove by Assumption 3, analogously to [22], that for each k €
{1,...,n}

n1/4p17c¢r 1 ln(p)
max |[bf —b/fi|| =0, <1/2 +In(n)2,/ — ],
j=pisr p n

from which part (iii) of Theorem 1 follows. O
Lemma 6. Under Assumptions 1(b), 2(b) and 3,

|
15— B < C ?

with probability approaching one as n — oc.

Proof. Under Assumptions 1(b) and 3, with probability 1 — 0(1/n?),

1/ 1
— <§ fif] — 1r> H IBB [l < C'y/ =, (A.16)
n n

k=1 o

Under Assumptions 2(b) and 3, (A.5) ensures that, with probability 1 — 0(1/n?),

ID1lloc <

<c In(p) (A.17)
n

_l n
- Z € k€jk — E(€ik€jk)
k=1

Under Assumptions 1(b), 2(b) and 3, from (A.16) and (A.17) we get

_1 n
.
D3l = Hn ;fkek

with probability 1 — O(1/n?). Putting together (A.16), (A.17), (A.18), the statement follows. O

Dz ]loc = mMax;j<p

< M, (A.18)
n

Proof of Theorem 2.

Let us define the following measure of transversality between two matrix varieties 7; and 73:

o, o) = max, PN — P NJl2,
2=

where Pr;, and Py, are the projection operators onto 7; and 73, respectively. Given two conformable matrices My and M,
we define the standard Euclidean inner product (M;, M) = tr(M;M,) = tr(M,M; ), and we call A the addition operator,
such that A(M;, M) = M; 4+ M,, and A" its adjoint operator wrt the inner product above defined (see also page 1946
in [18]).

Hereafter, let 2 = £2(S*) and 7 = 7(L*), where £2 is the space tangent to S(s) (see (9)) at $* and 7 is the space tangent
to £(r) (see (8)) at L*. We define the Cartesian product ) = §2 x 7/, where 7" is a manifold such that o(7, 77) < &(7)/2.
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In light of these definitions, the following identities hold:
ATAS, L) = (S+L,S+L); PyATAPy(S,L) = (S+ PoL, PS+L); Py ATAPy(S,L) = (S + PguiL, P11 S +L).
We consider the following norm g, :

~ = S—s* L—L*
o B 15 s)= max(u o | ||2> ,
Y IL* 1l
with ¥ = (1/E(T(L*)))/In(p)/n, ¥ = p*1o, po = p, ¥ = po/¥o, where ¥ and p are the thresholds in (6). The norm
(A.19) is the dual norm of the composite penalty Y|l - |« + poll - |1, with which the direct sum £(r) & S(s) is naturally
equipped. Obviously this g, -consistency implies consistency in £, norm.

(A.19)

Proposition 1. Suppose that y € [9&(T(L*)), 1/(6u($2(S*)))]. Then, under Assumption 5, for all (S,L) € Y such that
Y= x T with o(T, T') < &(T)/2, the following holds:

(i) & (PyATAPy(S. L) = 38,(S. L)

(ii) g (Pyr ATAPY(S, L)) < 38,(S, L).
Proof. SinceL € 7',S € 2,y € [95(T), 1/6u(£2)], and Assumption 5 ensures that the condition &(7T)u($2) < 1/54
holds, the proof of Proposition 3.3 in [18] follows. O

We now consider the solution of the following algebraic problem:

o~ 1
(Se, Ly7) = argmin
LeT’,Se2 2p¥1

[ 20 — (L+ S)IIF 4+ YollLll« + polISl1. (A.20)

This is the constrained version of the minimization (6) which for convenience is rescaled by p*!. The additional constraints
are needed to ensure that the Hessian of %|| Y- (L~|—§)||§ is positive definite, such that the optimum of (A.20) is unique.

Proposition 2. Let o(7', T) < £(7)/2 and define T = max{4[g, (A" A;) + g, (A'C7) + Yol, [|C7- |12} where Cr = P (L¥)
and A, = X, — X*. Then, under the conditions of Proposition 1, the solution of problem (A.20) (Sq, L) satisfies

g,(Sq — S, L — L") < 2F.
Proof. The proof, analogous to the proof of Proposition 5.2 in [18], follows from Proposition 1 (cf. also Proposition 12
in[31]). O

Let us define the tangent space to £(r) in a generic L #L*:

TOL) = (MeR”P |[M=UY] +YoUT | Y., Y, € RP*" U e R UTU =1, U'LU € R"*"diagonal, L € £(r)}.

Consider the solution pair

~ o~ 1
(Se. Ly) = argmin — || X, — (L+ S)II7 + WollLll + polISI|1- (A.21)
LeT 2pa1

Sef2

Proposition 3. Let y € [9&5(T(L*)), 1/(6u(£2(S*)))] and suppose that the minimum eigenvalue of L* is such that \.(L*) >
8o /€(T) and IS* | min,off > 8s¥o/m(§2) with 8, and &s finite positive reals. Suppose also that

gy(ATAy) < 18

with A, = X, — X*. Then, there exists a unique T satisfying Proposition 1 when setting T=T therein, and a corresponding
unique solution pair @9, er) of (A.21), such that: (i) o(7,T) < &(7)/4; (ii) tk(L#) = 1, sgn(Se ;) = sgn(S;;) for all
i,je{1,...,p} (iii) g, (ATC5) < vo/18, with C3 = Prz.(L*); (iv) (§Q, L;) is also the unique solution of problem (6).

Proof. The proof is analogous to the proof of Proposition 5.3 in [ 18], by noticing that A,(L*) > 8;1%0/&%(T) and ||S* || min.off >
8s¥o/m($2) hold under Assumption 6, Propositions 1 and 2 hold under Assumption 5 with y € [9&(7(L*)), 1/(6u($2(S*)))],
and %llEn — (L+ S)|Ir has 2nd derivative wrt Land Sequal to I, ® I,. O

At this point, we note that, if §; < «,/3, Assumptions 1, 2, 5, and 6 are always compatible for all p € Nasn — oo
and p>~2%1 In(p)/n = o(1) (see Remarks 3 and 4). Then, we note that under Assumptions 1, 2, 3, with probability tending
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to one as n — oo, it holds:

S — S 15— =
g ATA) =g, (X, — X", X, — ¥*) < max(|| L ”°°, 12 . ”2>
Y [P4g[P;
- <”2n_2*”oo ||2n—2*||2> ¢ /In(p)
< max , <
Y p* 9&(T) n

This result descends from Lemma 6, from the condition y € [9&(T(L*)), 1/(6u($2(S*)))] of Proposition 1, and from
Lemma 1, under Assumptions 1, 2, 3.
Since we have set Yo = (1/&(7))/In(p)/n, the condition of Proposition 3 can be written as gy(ATA ) < ¥o/18
(p®1k; /(184/1))(+/In(p)/n) by Assumptron 5. Therefore setting C = k;/(18,/r) and C’ = 1/2, under Assumptions 1, 2, 3,
and 6 Proposition 3 (parts (i), (iii) and (iv)) ensures that the solution (S, L) of (6) satisfies
~ -~ 80 31
&8-S IT-1)=C5v0< xp—ﬁ,

where k = (80 x k;)/(9 x 184/T). Recalling the definition of g, in (A.19), we can thus write I —L*), < By <

=
5

kpaté ln(p ||S Sl < Csoyt/f <k l“(p . This proves parts (i) and (ii) of Theorem 2. Finally, Proposition 3 (parts

(ii) and (i )) ensures that Pr(rk( )=71) > 1, Pr(sgn(S) = sgn(S*)) — 1, as n — oo. This proves parts (iii) and (iv) of
Theorem 2. O

Proof of Corollary 1.
Suppose that all the assumptions and conditions of Theorem 2 hold, and recall that the pair (S L) is the solution of
(6). Then, part (i) holds true because of Theorem 2 part (ii) and Assumption 2(a), as

~ In
8-l = wop'ty |2

where we used arguments analogous to (A.7), (A.8), (A.9).
Part (ii) holds true under Assumption 1(a) and 2(a) because

In
I3 — =l < IL— L2 + IS — S*|l» < Kp"’”l\/ pal\/ %'

Then, Proposition 3 (part (iv)) ensures part (iii) of the Corollary, as §;> 0 because S € S(s) as n — oo. Part (iv) of the
Corollary descends by Proposition 3 (parts (ii) and (iv)), because Pr(rk(L) = r) — 1 as n — oo (part (iii) of Theorem 2),
and X > 0 because A,(X) > A,(L) 4+ A5(S) > 0+ A,(S) > 0, by dual Lidksii inequality and part (iii) of the Corollary.

Part (v) of the Corollary holds because [S~! — §*1|| < AP(S*)‘lkp(g)_lllg — S*|l, Ap(S*) = O(p*1~1=¢) for some
& > 0 by assumption, and Ap(g) tends to Ap(S*) as n — oo. Analogously, part (vi) holds because ||§':‘_1 - > <
)\p(Z‘*)_1)~p(§‘)7]||§‘ — X*||, Ap(XZ*) = O(p*1~17¢) for some ¢ > 0 by assumption, and AP(E‘) tends to A,(X*) as
n—oo. O

Proof of Theorem 3.

We start by noticing that, under all the assumptions and conditions of Theorems 1 and 2, problems (3) and (6) are
equivalent as p,n — oo, provided that ¢ /p — 0. To see that, it is enough to consider problem (A.20), and to observe
that, under Assumption 5, %o = 0 (p°/+/n) and py = O(1). It follows that, in problem (6), ¥ = O (p*1*%1//n). As a
consequence, in order to have i/p — 0, there is an additional error term to be controlled for, that is O (p1‘“1‘51/ﬁ).
This leads to the condition p?1=*1=%)/n — 0 as p, n — oo. At this stage, we can observe that such condition is inactive
under the condition}p““‘”ﬁ/n — 0 unless oy — o > §;. It follows that the assumption a; — «; < §; is enough to make
Theorem 1 hold for Baicg1, Farce1, Haicgr in the place of Boisy, Fors1, and Hoys;. Since the assumption oy —o < 81 is already
imposed in Theorem 1, Theorem 3 follows. O

Proof of Theorem 4.

Let us define Ypre and Z, as the last updates of Algorithm 1 (Section 1 in the Supplement), with X' e = Ypre +Zpre. We
note that the matrices Ypre, Zpre and X ,e completely depend on the sample covariance matrix ;. Therefore, assuming
as in Theorem 4 that X, is fixed, we can decompose the minimization problem (17) assuming as fixed the matrices Ypre
and Ze.

We start considering the loss || X', — (L + S)||> with reference to Yp and Zpe. By the triangular inequality, we can
write

“211 - (L+S)“2 = ||2n - Epre + Zpre - (L+S)”2 =< ”211 - Epre” + “Epre - (L+S)|l2
= ”211 - EpreHZ + ”L_ Ypre||2 + ”S - Zpre”Za (A.22)
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where X', — Y. is fixed. Therefore, in order to minimize || X, — (L 4 S)||> under the given constraints, we can focus on
the problems arg min; ¢ 7,y IIL — Yprell2 and arg minsE%mg IS — Zprell>.

First, we can note that arg min;. LA(?A)A”L_Ypre”Z = LynaLce, because of the optimal approximation property of principal
components, proved in [21], and since Lynaice is derived by the top T principal components of Ypr. Part (i) of Theorem 4
then follows because, by the triangular inequality,

”L - L*”Z = ”L - Ypre + Ypre - L*”Z =< ”L - Ypre”Z + ”Ypre - L*”Zv (A23)

and Yy — L* is fixed. Note that, as explained in Remark 10, the inequality in (A.23) tends to an equality if §; > 0 and p
is large enough, because Y € L), L* € £(r), and Proposition 3 part (i) ensures that o(L(r), £(Ty)) — 0 as p — oo.
The problem in S can be rewritten as follows. Suppose that, by exploiting the assumption of Theorem 4 diag(L) +
diag(S) = dlag(ZALCE) we constrain our search within the set of matrices S such that diag(S) = dlag(Z’ALCE) diag(L),
with L € Z(7). Then, also assuming the invariance of the off-diagonal elements in S as in Theorem 4, we can write

Hlin ”S - Zpre”Z = l'llil'l ”diag(EALCE - L) - diag(Epre - Ypre)”Z

S€Siag L(Tp)
= min ”dlag(L Ypre)”Z + ”dlag(zALCE - pre)”Z =r nlin ”L - Ypre”Z + ”diag(zALCE - 2pre)”2~
LeL(Tn) LeL(Ta)

Since Z‘ALCE — XY is fixed, from part (i) it follows that arg min maxs. Suiag IS — Zprell2 =§UNALCE. From the triangular
inequality

||S - S*“Z = ||(S - Zpre) + (Zpre - S*)HZ =< ||S - Zpre”Z + ||Zpre - S*”Z

part (ii) of Theorem 4 then follows, because Z. — S* is fixed.
From parts (i) and (ii), it also follows from (A.22) that
argmin _max_ | X, —(L+S)l2 = (L\UNALCE’/S\UNALCE) )
LEC@),SESd,'ag

under all the assumptions and conditions of Theorem 4.
The problem in ¥ = L + S can be rewritten as

min _ |[(L+S)— X*|; = min  |L—L*+S—S%, < mm IL —L*|l, + min [|S—S¥|»
LeL(Tn), Sesd,ag LeL(Tn), Sesd,ag eL(Ty) Sesd,ug
such that, from parts (i) and (ii) of Theorem 4, part (iii) follows.
Finally, the same optlmallty properties_are transmitted to SUNALCE and Z‘UNALCE In fact, under the conditions of
Corollary 1, it holds ™1 — 'l < IS8 — S* 208"l < Ap(S) AT IS — S*lla with Ap(Sunaice) >
(SALCE) A (UALCEl/fl UALCE) and

e Gl
p < }\p(UALCElZ’IrUALCE)Soa (A.24)

where rfﬁ/p is close to O if Theorem 3 holds, provided that p is large enough. Part (iv) then follows.

Similarly, it holds 1= -2, < 12" ||2||2 Ty x 12 < A(Z) A (EH)E — X, with
kP(EUNALCE) > AP(LUNALCE) + AP(SUNALCE) >0+ AP(SUNALCE) such that part (v) follows under the conditions of Corollary 1
and Theorem 3 by (A.24). O

Appendix B. Supplementary data

Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jmva.2023.105244.
Additional information for this article is available, in the form of an online supplement containing the pseudo-code of
the solution algorithm of problem (6), some further technical results, the criterion used to select the optimal threshold
pair (¢, p) while solving (6), a wide simulation study and a real data example.
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