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Abstract: We discuss a mass-lumped midpoint scheme for the numerical approximation of the Landau-Lif-
shitz—-Gilbert equation, which models the dynamics of the magnetization in ferromagnetic materials. In addi-
tion to the classical micromagnetic field contributions, our setting covers the non-standard Dzyaloshinskii—
Moriya interaction, which is the essential ingredient for the enucleation and stabilization of magnetic
skyrmions. Our analysis also includes the inexact solution of the arising nonlinear systems, for which we
discuss both a constraint-preserving fixed-point solver from the literature and a novel approach based on the
Newton method. We numerically compare the two linearization techniques and show that the Newton solver
leads to a considerably lower number of nonlinear iterations. Moreover, in a numerical study on magnetic
skyrmions, we demonstrate that, for magnetization dynamics that are very sensitive to energy perturbations,
the midpoint scheme, due to its conservation properties, is superior to the dissipative tangent plane schemes
from the literature.
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1 Introduction

1.1 Energetics of a Ferromagnet

In the continuum theory of micromagnetism, whose origin dates back to the seminal work of Landau-Lifshitz
[34] on small ferromagnetic particles, the amount of magnetic moment (per unit volume) of a rigid ferromag-
netic body occupying a bounded region Q c R3 is represented by a classical vector field, the magnetization
M: Q — R3. Its module M; := M| describes the so-called saturation magnetization. In single-crystal ferro-
magnets [2, 6], Ms depends only on the temperatureand is assumed to be constant when the specimen is
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well below the so-called Curie temperature of the material. In this case, the magnetization can be repre-
sented in the form M := Mgm, where m: Q — §? is a vector field with values in the unit sphere of R, and
the observable magnetization states minimize the micromagnetic energy functional [16, 31]

&(m) := Eq(m) + Ko(m) + W (m) + Aq(m) + Zo(m)
= JAIVmIz +D(Vxm) -m- %MSHS(m) M + Qan(m) — poMsHey - mdx, (1.1)
Q
defined for every m € H(Q; $2).
The exchange energy &n(m) penalizes spatial variations of the direction of the magnetization, with
A > 0 representing a material-dependent constant that summarizes the stiffness of short-range (symmet-
ric) exchange interactions. The second term XK (m) represents the bulk Dzyaloshinskii—Moriya interaction
(DMI) [23, 35] and accounts for antisymmetric exchange interactions caused by possible lack of inversion
symmetry in the crystal structure of the ferromagnet. The sign of the constant D € R affects the chiral-
ity of the ferromagnetic system [42, 43]. The third term Wq(m) is the magnetostatic self-energy, i.e., the
energy due to the stray field Hs(m) induced by Msm. From the mathematical point of view, Hs(m) can be
characterized as the projection of (-Msyqm) € L*>(IR*; R?) on the closed subspace of gradient vector fields
VHY(R?; R) := {Vu : u € H'(R?; R)} (see, e.g., [21, 38]). Here, po denotes the vacuum permeability. Addi-
tionally, the micromagnetic energy includes two additional energy contributions: the magnetocrystalline
anisotropy energy Aq(m) and the Zeeman energy Zq(m). The energy density @a,: $? — Rso models the
existence of easy directions of the magnetization due to the crystallographic structure of the ferromagnet,
while Zq(m) models the tendency of a specimen to have the magnetization aligned with the external applied
field Heye € L?(Q;R3), assumed to be unaffected by variations of m. The competition among the energy
contributions in (1.1) explains most of the striking spin textures observable in ferromagnetic materials [31],
in particular, the emergence of magnetic skyrmions [25, 26].

1.2 A More General Energy Functional

When a ferromagnetic system consists of several magnetic materials, the material-dependent quantities A,
D, and M are no longer constant in the region Q occupied by the ferromagnet, and one has to model spin
interactions among different magnetic materials at their touching interface [2]. The easiest way is to assume
a strong coupling condition [5, 6, 20]: although M; can be discontinuous across an interface, the direction of
the magnetization never jumps through it. Under this constitutive assumption, the analysis of the compos-
ite can be carried out under the classical conditions Mg € L®(Q; R.o) and m € H(Q; $2). In this setting, the
observable states of a rigid ferromagnetic body can be characterized as the local minimizers of the micromag-
netic energy functional still defined by (1.1), but with the quantities A = A(x), D = D(x), and Ms = Ms(x) to
be understood as functions defined on Q.

In this paper, we are interested in a more general energy functional which, other than incorporating the
previous one as a special case, also accounts for the presence of anisotropies in the lattice structures of the
constituents. To introduce the model, we first observe that the bulk DMI energy density can be equivalently

rewritten as
3

D(Vxm)-m=D ) (egxdam)-m,
d=1
where {e4}4-1,2,3 denotes the standard basis of R>. It is therefore a special case of the energy density

3
Sasym(X, S, &) = Z Kix)&;-s forallxeQ, se R’ and& = (§,&,, &;) e RP3,
=1

with {K4}4=1,2,3 being 3-by-3 antisymmetric matrices, i.e., K4 = —Kg. Similarly, the symmetric exchange
energy density can be generalized to the density

13
Soym(X, &) = > z Ag(x)&,- &, forallxe Qand & = (§,,&,, &;) e RS,
d=1
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with {Ag4}a=1,2,3 being 3-by-3 invertible symmetric matrices, i.e., Ag = Aﬁ. Hence, for g := gsym + Zasym, it
holds that
3

8065, 8) = 3 Y (Aa0E, - £~ 2Ka(0s -£,)

d=1
3 3
= % Y Aa0)(&, - AF 0OKa(0s) - (§, - Az (0K a(x)s) + % Y Ka)AG (0Ka(x)s-s.  (1.2)
d=1 d=1

Note that K4 (x)A;1 (x)K 4(x) is a symmetric matrix. This discussion suggests the opportunity to investigate an
energy functional covering the above generalized form; see (2.1) below. It is worth to notice that the structure
of this energy functional does not only allow for the description of a mixture of ferromagnetic materials, but
also covers typical homogeneous models arising as I'-limit of composite ferromagnetic materials with highly
oscillating heterogeneities [5, 20].

1.3 Landau-Lifshitz-Gilbert Equation and Its Numerical Integration

When the magnetization m does not minimize the micromagnetic energy functional, the ferromagnetic sys-
tem is in a non-equilibrium state. A well-accepted model for its time evolution is the Landau-Lifshitz—Gilbert
equation (LLG) [28, 34], which in the so-called Gilbert form reads

o¢m = —yom x Heg(m) + am x o;m. (1.3)

This phenomenological equation describes the magnetization dynamics as a dissipative precession driven by
the effective field Heg(m) = —pg' M5! %, and modulated by the gyromagnetic ratio of the electron yp > 0
and the Gilbert damping parameter a > 0. The numerical approximation of LLG is not a trivial task. Nonlin-
earities, the numerical realization of the unit-length constraint, the possible coupling with other (nonlinear)
partial differential equations, and the need of unconditionally stable numerical schemes make the prob-
lem very challenging. For this reason, in the last twenty years, the problem has been the subject of several
mathematical studies; see, e.g., [1, 3, 4, 7-9, 14, 15, 17-19, 22, 24, 27, 30, 32, 33, 40].

In this work, we consider the mass-lumped midpoint scheme proposed in [15]. The method is based
on a mass-lumped first-order finite element method for the spatial discretization and the second-order mid-
point rule for the time discretization, and involves the solution of one nonlinear system per time step. Besides
introducing the method, the work [15] proves unconditional convergence of the finite element approximation
towards a weak solution of LLG in the sense of [10] and proposes a fixed-point iteration to linearize the non-
linear problem arising from the scheme. The scheme has also been the subject of further research. On the one
hand, the works [12, 19] incorporate the inexact solution of the nonlinear system into the convergence result.
On the other hand, the work [39] focuses on the design and the analysis of effective approaches to treat the
nonlocal field contributions.

1.4 Contributions

In this work, as a novel contribution, we extend the midpoint scheme and its analysis to more general energy
contributions; see the discussion in Section 1.2. In particular, the present analysis covers DMI, which is not
covered by the analysis in [12, 15, 19, 39]. We note that DMI is the essential ingredient for the enucleation
and the stabilization of magnetic skyrmions. At this point, it is worth pointing out that DMI contributions
represent a challenging testing ground for numerical schemes for LLG. Indeed, besides requiring accurate
adaptations in the numerical analysis, they determine magnetization configurations — magnetic skyrmions —
that turn out to be very sensitive to small perturbations of the micromagnetic energy. In addition, we also
discuss the linearization of the nonlinear scheme: we extend the fixed-point iteration proposed in [12] to
the present setting and propose an approach based on the Newton method, for which we provide a first full
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analysis (well-posedness, stability, convergence). Finally, in a collection of numerical experiments, first, we
accurately test the energy conservation properties of the mass-lumped midpoint scheme and extensively com-
pare it with the tangent plane schemes from [4, 8, 22, 30]. Second, we emphasize the faster convergence of
the Newton linearization over the fixed-point solver in a numerical study, which additionally indicates that
the restrictive conditions required by our analysis of the Newton linearization are likely to be suboptimal and
might be weakened to match those for the fixed-point solver by an improved analysis.

1.5 Outline

The remainder of the work is organized as follows. We conclude this section by collecting the notation used
throughout the paper. In Section 2, we describe the mathematical problem under consideration. In Section 3,
we present the proposed algorithms and state their stability and convergence results. Section 4 is devoted to
numerical experiments. Finally, in Sections 5-6, we collect the proofs of the results stated in Section 3.

1.6 Notation

Throughout the paper, we use the standard notation for Lebesgue, Sobolev, and Bochner spaces and norms.
To highlight (spaces of) vector-valued or matrix-valued functions, we use bold letters, e.g., we denote both
L2(Q; R3)and L2(Q; R>3) by L?(Q). We denote by ( -, - ) o the scalar product in L?(Q) and by (-, - ) the duality
pairing between H'(Q) and its dual. By C > 0, we always denote a generic constant, which is independent of
the discretization parameters, but not necessarily the same at each occurrence.

2 Problem Formulation
Let Q ¢ R3 be a bounded Lipschitz domain. The energy of m € H'(Q; $2) is given by
1
&(m) = Ea(m, m) — (f, m)q, (2.1)

where f € L%(Q), while the bilinear form a: H*(Q) x H*(Q) — R is defined, for all i, ¢p € H*(Q), by

3
a(, @) = Y (Aaa —Jap), 0ap — JaP)a — ((WP), P)a. (2.2)
-1

Here, m: L?(Q) — L*(Q) is a linear, bounded, and self-adjoint operator, while, for d = 1, 2, 3, the 3-by-3
matrices Ag and J; have coefficients in L*°(Q), with A4 being also symmetric and uniformly positive definite,
i.e., itholds that A} = A4 and

Ag(xX)u-u > Aolul®> foralmostall x € Qandall u € R?,

where Ay > 0is a fixed constant. The energy (2.1) covers the extensions of the classical micromagnetic func-
tional discussed in Section 1.2; cf. the expression in (1.2).

The existence of minimizers of (2.1) in H*(Q; $2) follows from the direct method of calculus of variations.
Moreover, any minimizer m € H'(Q; $2) satisfies the Euler-Lagrange equations

(hesg(m), p) =0 forall p € H'(Q) such thatm- ¢ = O a.e.in Q.

Here, heg(m) := —% is the (negative) Gateaux derivative of the energy, i.e.,

6¢& € o) -¢€ .
~(hes(m), ) = (25 ) -ty EME OB ZEM) D i ) 5, g (23
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Turning to the dynamical case, a non-equilibrium configuration m(t) € H'(Q; $2) evolves according to (1.3),
which, after a suitable rescaling, reads

om = —-m x heg(M) + am x o;m, (2.4)
with a > 0 being the Gilbert damping parameter. The dynamics is dissipative in the sense that any sufficiently
smooth solution of (2.4) satisfies the energy law

d 2
a&(m(t)) = —a||atm(t)||L2(Q) <0 forallt> 0. (2.5)

We conclude this section by recalling the notion of a weak solution of (2.4); see [10].

Definition 2.1. Let m® ¢ H'(Q; $2). A vector field m: Q x Ry — $2 is called a global weak solution of (2.4)
if m € L°(Rs0; H*(Q; $2)) and, for all T > 0, with Q7 := Q x (0, T), the following properties are satisfied:
(i) meH (Qr);

(i) m(0) = m° in the sense of traces;

(iii) for all ¢p € H'(Q7), it holds that

T T T
[(atma), P(t)adt = - j<heﬁ<m<t>), @(t) x m(D) dt + a j<m(t> xom(t), (©)adt;  (2.6)
0 0 0

(iv) it holds that

T
em(D) +a jllatm(t)lliz(m dt < e(m?). 2.7)
0

We note that (2.3) implicitly includes natural boundary conditions on m, which are homogeneous Neumann
boundary conditions 0, = 0if A4 = ¢4, Idand J; = 0 ford = 1, 2, 3. For a more explicit presentation, we refer
to [30]. The variational formulation (2.6) comes from a weak formulation of (2.4) in the space-time cylinder.
The energy inequality (2.7) is a weak counterpart of the dissipative energy law (2.5).

Remark 2.2. (i) For ease of presentation, we restrict ourselves to the case of a time-independent field
f € L?(Q). For time-dependent fields, the strong form (2.5) and the weak form (2.7) of the energy law of
LLG read

d -
gp&m(®) = _a"atm(t)"iz(m +(f(t), orm(t))q

and ; .
Em(T) + & [10m(OI, o, de - [ (F(0), om(®)a de < Em®),
0 0

respectively, where &(m) = &(m) + (f, m)q = a(m, m)/2.
(ii) The present setting covers and generalizes the model problems considered in previous mathematical
works on the numerical integration of LLG.
e With the choices A, = t’gx Id and J; = 0 for d = 1, 2, 3, where £¢x > O is the so-called exchange length
and Id is the 3-by-3 identity matrix, r = 0, and f = 0, we obtain that

(het(}), @) = —€2(Vi, V)q.

This is the so-called small particle limit of LLG, for which finite element schemes have been proposed,
e.g., in the seminal papers [4, 15].
«  With the choices Az = ¢2, Idand J; = 0 for d = 1, 2, 3, we obtain that

(heff('p)’ ¢> = _e(ze)((V'ps V¢>Q + <ﬂ(.p)5 ¢>Q + (f) ¢>Q

This setting covers the classical energy contributions considered in micromagnetics (exchange, uniaxial
anisotropy, magnetostatic, Zeeman) and numerical integrators for this case have been analyzed, e.g., in
[8,9,17,22,39].
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«  With the choices A4 = €2, Id and J; = am[eq]x/(2€2,) for d = 1, 2, 3, where €4, € R is a characteristic
length associated with DMI, t((m) = €4mm/(2£2,), and f = 0, we obtain that

€dm €dm
(henr (), ) = €3 (V. Vb ~ 32V x ., o — ~3= (. V x )a,

which is the setting analyzed in [30] for the simulation of chiral magnetic skyrmions by the means of
a family of tangent plane integrators. Here, [e4]x € R3*3 denotes the matrix such that [eg]xu = eq x u
forall u € R3.

3 Numerical Algorithms and Main Results

3.1 Preliminaries

Let x > 1. For the spatial discretization, assuming Q to be a polyhedral domain, we consider a xk-quasi-uniform
family {Tx}n>o of regular tetrahedral triangulations of Q parametrized by the mesh size h = maxges, diam(K),
i.e., k"1h < vol(K)'/3 < h for all K € T3,. We denote by Ny, the set of vertices of T5. For any K € T, we denote
by P1(K) the space of first-order polynomials on K. We consider the space of Tj-piecewise affine and globally
continuous finite elements

SY(Th) = {vh € C°(Q) : vulx € PYHK) forall K € Ty}.

The classical basis for this finite-dimensional subspace of H(Q) is the set of nodal hat functions {¢z}zex,»
which satisfy ¢,(z') =68, for all z,z' € Nj. The nodal interpolant Jp: C°(Q) — 8X(Tp) is defined by
Inlu] = ¥ e, U(2)@; forallu € CO(Q).

Let Vj, := 81(T3)3. For each time step, approximate solutions of (2.4) are sought in the set of admissible
approximate magnetizations

My :={¢p, € Vi : |¢p),(2)| = 1 forall z € Ny},

which consists of all elements of V}, satisfying the unit-length constraint at the nodes of the triangulation.
Besides the standard scalar product (-, - )q, given a mesh Tj and the associated nodal interpolant J[ - ],
we consider the mass-lumped product (-, - ), defined by

W, 6 = [l pldx forall . ¢ € (@),
Q
Using the definition of the nodal interpolant, we see that

W, =) B:P(2)-p(2), wherep, := j<pzdx > 0.

zeNy a

On Vy, (-, ) is a scalar product and the induced norm | - ||, is equivalent to the standard norm of L*(Q).In
particular, it holds that
||¢h||L2(Q) < lylln < \/§||¢h||1,2(g) forall ¢, € Vi; (3.1)

see [13, Lemma 3.9]. Finally, we define the mapping Pp,: H}(Q)* — Vj, by
(Phu, @p)n = (u, ¢p,) forallu e HY(Q)* and @), € Vp, (3.2)

i.e., Pyu € Vj, is the Riesz representative of (u, -) € V; in the Hilbert space (Vip, (-, )n).
For the time discretization, we consider a partition of the positive real axis R.o with constant time-step
size k > 0, i.e., t; := ik for all i € INy. Given a sequence {¢}1},-€]N0 c Vy, we define

i+1 i i+1 i
i/ :=%¢h and d;p! :=hT¢h foralli € No, (3.3)
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as well as the piecewise linear time reconstruction

D0 = t;(ti Pt + ti”k_ tq); foralli € Ngand ¢ € [t;, tiz1], (3.4)

which satisfies ¢, € H'(Q x (0, T)) forany T > 0.

3.2 Ideal Midpoint Scheme

In the following algorithm, we adapt the scheme initially proposed in [15] to the present setting. The fun-
damental ingredients are the midpoint rule for the time discretization, the finite element space Vj endowed
with the mass-lumped scalar product { -, - ), for the spatial integration, and the mapping (3.2) for the discrete
realization of the effective field. We refer to the method as ideal midpoint scheme in the sense that, as we will
see in the next section, practical implementations require suitable modifications.

Algorithm 3.1 (Ideal Midpoint Scheme). Input: mg € My,
Loop: foralli € Ny, compute mil“ € Vj, such that

(demt, @pyn = —(mi? x Prheg(m 2, )p + a(mit? x demitt, @) (3.5)

forall ¢p), € Vp.
Output: sequence of approximations {m;,}ielNo- O

With the sequence of approximations {mﬁl}ieNO delivered by Algorithm 3.1, we define the piecewise linear
time reconstruction myy via (3.4). In the following theorem, we establish the stability and convergence of the
approximations obtained with Algorithm 3.1. The proof is postponed to Section 5.

Theorem 3.2. The following statements hold.

(i) Suppose that mg € My,. Then, for all i € Ny, (3.5) admits a solution mﬁl” € My,. In particular, the scheme
preserves the unit-length constraint at any time step at the nodes of the triangulation.

(ii) The scheme is unconditionally stable in the sense that, for all ] € N, it holds that

J-1 .
E(m)) + ak Y |demiy |2 = £(m). (3.6)
i=0
(iii) Suppose that mg — mP in HY(Q) as h — 0. Then there exist a global weak solution m: Q x Ryo — $2
of (2.4) in the sense of Definition 2.1 and a subsequence of {mpy} (not relabeled) which unconditionally
converges towards m. Specifically, as h, k — 0, mpy Zmin L®(Rs0; HY(Q; $?)) and myi|o, — m|q, in
HY(Qr) forall T > 0.

Remark 3.3. Note that, differently from the corresponding estimates for tangent plane schemes [4, 8, 22, 30],
the stability result for Algorithm 3.1 (Theorem 3.2 (ii)) does not require any geometric assumption on the
mesh. Moreover, (3.6) holds with equality and without any artificial dissipative term on the left-hand side.

Theorem 3.2 (i) establishes unconditional existence of a solution of (3.5), but does not provide information
about its uniqueness. If k = o(h?), one can show that a suitable fixed-point iteration is a contraction provided
that the discretization parameters are sufficiently small. With the Banach fixed-point theorem, this implies
that each time step of Algorithm 3.1 is well-posed.

Proposition 3.4. Suppose that k = o(h?) as h, k — 0. Then there exist thresholds ho > 0 and ko > O such that,
forall h < hy and k < ko, the variational problem (3.5) admits a unique solution mﬁfl € My, foralli € No.
The proof of Proposition 3.4 can be obtained simplifying the argument of the proofs of Proposition 3.5 and

Theorem 3.7 below; therefore, we omit it.
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3.3 Practical Midpoint Schemes

Each time step of Algorithm 3.1 requires the solution of a nonlinear system and the computation of nonlocal
field contributions.

Nonlinearity is a consequence of the first term on the right-hand side of (3.5). The second term on the
right-hand side, at first glance also nonlinear in ml+1 turns out to be actually linear. Indeed, it holds that

i+1 i+1
1+1 (3 3) mh + mh mh B mh i+1

1
i+1/2 -
m, x dim 5 X X = kmh X mh

However, using an arbitrary off-the-shelf nonlinear solver for (3.5), the conservation and stability proper-
ties of Algorithm 3.1 established in Theorem 3.2 (i)-(ii) are in general lost. Moreover, 7t can be nonlocal and
non-exactly computable (e.g., for the stray field) so that the field contribution n(m;”/ 2) must be numer-
ically approximated. Hence, a direct implementation of Algorithm 3.1 should be based on an inner iteration
performing the solution of the nonlinear system (3.5) and the approximate computation of rr(m”l/ 2.

In the remainder of this section, we discuss and analyze an effective treatment of the nonlocal contribu-
tion, which we combine with two approaches for the linearization of (3.5), from which we will obtain two
practical midpoint schemes.

To start with, we define the bilinear form a'°“: H'(Q) x H(Q) — R by

3
AW, P) = Y (Aa@ayp - Ja), dap ~Jap)a forall P, ¢ ¢ H'(Q). (3.7)
d=1

We consider the local parts of the energy and the effective field given by
£0(m) 1= 2 (m, m) ~ (f, m)o 2 ) + 2 x(m), m)q

and

selcm) \ 6.

loc
~(hgg (m), @) := om P

a°(m, @) - (f, P)q
C2 a(m, ¢) + (m(m), P)a - (f, P)o
5 —(heff(m)s ¢> + <”(m)9 ¢>Q’
i+1/2

respectively. Then, for i € Ny, we rewrite (3.5) in terms of the new unknown n; m; € Vp. Since
dtm“r1 2(11;'] - mil)/k, it is easy to see that (3.5) is equivalent to the following problem: first, compute
n; i € Vi such that, for all ¢, € Vp, it holds that

i k, i 0C (a1 k i i i i i
Ny, Ppon + 5(11;, x PrhSs(mh), @pon + 5 {1y, x Prr(iny,), Ppon+ gy xmy, ppyn = (my, pp)n.  (3.8)

Then define

1+1

m," = Znh—mh (3.9)

To treat the nonlocal contribution n(n;), we adopt the implicit-explicit IMEX) approach introduced in [39].
Let ;ty: Vi, — Vj, be an operator approximating 7, assumed to be linear and uniformly bounded in L*(Q)in
the sense that |7ty ]| L)L) < Cn for some C, > 0 independent of h. Moreover, we say that 7y, is consistent
with m if, for all ¢p € L*(Q) and all (¢;,)n>0 € Vi, with ¢p, — ¢p in L?(Q) as h — 0, it holds that

(P, — m(@) inL*(Q) ash— 0. (3.10)

We define m;! := m{ and L
Oy(m}, mi?) := —ﬂ (m}) - —rrh(m h.

Then, in (3.8), we replace n(nh) with its approximation l'lh(mh, m 1) to obtain

<'1h’ ¢h>h + _<’1h X ]Phhloc('lh)y ¢h>h + _<'1h X ]Phnh(mh, mh 1), ¢h>h

+a(11h><mh,¢h)h = <mha¢h>h' (3.11)
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In particular, the nonlocal contribution, treated explicitly, becomes independent of the unknown 11;1. We now
discuss two strategies to linearize (3.11) in order to arrive at two practical midpoint schemes. To emphasize
the inexact solution of (3.11) up to some accuracy € > 0, we write mj; . rather than mﬁl for the iterates of the
practical (linearized) midpoint schemes.

3.3.1 Constraint-Preserving Fixed-Point Iteration

We solve (3.11) with the following fixed-point iteration. Let £ > 0 denote some prescribed tolerance. Set
n%° := ml_. For ¢ € No, given 0¥ € V}, compute n;**! € V; such that, for all ¢, € Vy, it holds that

™t o+ 5 <n“’“x1Phhl°C ‘f>,¢,,>h+ (M x Pyl (ml,, mi 1), )
+a(nk “1 xml, @p)n = (ml, @p)n, (3.12)
until
|90 [mif4t x Pr(R% (i Y) - i), < & (3.13)

where Jy[ -] denotes the vector-valued nodal interpolant. If £* € Ny is the smallest integer for which the
stopping criterion (3.13) is satisfied, in view of (3.9), the approximate magnetization at the new time step
is defined as m! := 2ph¢"* —m} .

In the followmg proposition, we collect the properties of the proposed fixed-point iteration. The proof is
postponed to Section 6.

Proposition 3.5. Leti € No.

(i) Forall ¢ € Ny, the variational problem (3.12) admits a unique solution nﬁ;"” € V. Moreover, it holds that
InhE o) < 1.

(i) If k = o(h?) as h, k — 0, there exist a contraction constant O < q < 1 and thresholds ho, ko > O such that,
forall h < hg and k < ko, it holds that

i,6+2 _

In; Ny < qlinh™ - nkfln foralle e No. (3.14)

The constants q, ho, ko depend only on the mesh parameter x and the problem data.
(iii) Under the assumptions of part (ii), the stopping criterion (3.13) is met in a finite number of iterations. If
¢* € Ng denotes the smallest integer for which (3.13) is satisfied, the new approximation

i+1 . i,0*+1

i
m,; =2ny -my, €V

belongs to My,

Foralli € Ny, let rh = ]Ph(hloc(nhe 1y - (n’ £")) € V},. Because of the stopping criterion (3.13), it holds
that IIth[m”l/ 2 % rhg] In < €. With this deﬁnltlon, the proposed linearization of Algorithm 3.1 is covered by
the following algorithm.

Algorithm 3.6 (Practical Midpoint Scheme, Constraint-Preserving Fixed-Point Iteration).
Input: m)), :=mj € Mp.
Loop: foralli € Ng, use the constraint-preserving fixed-point iteration (3.12)—(3.13) to compute m”1 € My,

and r_ e Vy, with |J,[m}:2 x ¥} ]|l < € such that
(demiit, ppin = (M2 x Prheg(mi M), o + a(mi V2 x dimil!, @)
+{(mit? x [rh‘g + Pp(a(mit?) - My(ml,, miH)], @), (3.15)

forall ¢, € V.
Output: sequence of approximations {mﬁl e JieNy - O

In the following theorem, we establish the stability and convergence of the approximations obtained with
Algorithm 3.6. The proof is postponed to Section 6.
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Theorem 3.7. The following statements hold.

(i) Suppose that mg € Mp. If k = o(h?) as h, k — 0, there exist thresholds ho > 0 and ko > O such that, for
all h < ho and k < ko, (3.15) admits solutions m},\! € My and v}, € Vi with |Ip[m}i2 x vl Il < € for all
i € No. In particular, the scheme preserves the unit-length constraint at the nodes of the triangulation for all
time steps. The thresholds hy, ko depend only on the mesh parameter k and the problem data.

(ii) Under the assumptions of part (i), for all h < hg, k < ko, and ] € N, the scheme satisfies the discrete energy
identity

J-1 . .
(my,) +ak Y |demitt|2 = £(m) - k Z(m”l/2 x [P, + Pr(m(mii?) - My(my,, mi 1)),
i=0 i=0

Prhe(mit!/2) - adymitl, . (3.16)

(iii) Let T > 0. Let ] € N be the smallest integer such that T < kJ. Under the assumptions of part (i), if € = O(h)
and {m)}yo is bounded in H'(Q) as h, € — 0, there exist thresholds 0 < h{;, < ho, 0 < k§, < ko, and €%, > 0
such that, for all h < hg, k < k§j, € < €5, and 1 < j < ], we have the stability estimate

j-1

I 12 ) + K I demit )2
i=0

12(Q) (3.17)
The constant C > 0 and the thresholds hg, k(, €5 depend only on the mesh parameter x, the final time T,
and the problem data.

(iv) In addition to the assumptions of part (iii), assume mg — m°in H'(Q) as h — 0, and suppose that my, is
consistent (3.10) with mt. Then there exist m € H*(Q1) n L®(0, T; H*(Q; $2)) and a subsequence of {mpgi}
(not relabeled) which converges towards m as h, k, € — 0. Specifically,

Mperla, —m  inL®0, T; HY(Q;$?) and mpelo, — m inH'(Qr) ash, k,& — 0.

The limit function m satisfies conditions (i)—(iv) of Definition 2.1.

3.3.2 Newton Iteration

Based on the Newton scheme, in [11, Section 1.4.1], the authors employ a linearization of the nonlinear
system (3.5) in the ideal midpoint scheme with simplified effective field, i.e., without nonlocal contributions
and without DMI. Their 2D numerical experiments give hope for a less restrictive CFL condition than for the
fixed-point iteration from Section 3.3.1.

For three-dimensional micromagnetics and considering the full effective field (2.3), in Section 7.3, we
apply Newton’s method to the nonlinear system of equations (3.11) resulting in the following iteration. Let
& > 0 denote some tolerance. Set ;° := m}_. For ¢ € No, given n;;‘ € V},, compute u},’ € V), such that, for all
@, € Vy, it holds that

k, .
u;l£’¢h)h+_<ul x Py (R F;°) + Ma(m,,, m. ), @),
+ a(ule xmhg,¢h>h+5<n” x Pp(hSE i) — ), p)n

= (mj,, —nj; ’¢h>h__<'l © x Pr(h (13%) + Ty (., mp)), )y, — alny’ x mi,, p)n, (3.18)

and define nk**! := pi¢ + ub’ until
19n [ x Ph(hiSE @bt - )l < e (3.19)
If £* € Ng is the smallest integer for which the stopping criterion (3.19) is satisfied, the approximate
magnetization at the new time step is defined as mit! := 2nph**! - m! .

For all i € No, let r}_ = 9,[u}* x IPh(hL‘;fC(uhf )= )] € V. In view of the stopping criterion (3.19), it
holds that ||rh clln < €. With this deﬁnition, the proposed linearization of Algorithm 3.1 based on the Newton
method is covered by the following algorithm.
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Algorithm 3.8 (Practical Midpoint Scheme, Newton Iteration). Input: mgs :7 mh € Vh
Loop: foralli € Ny, use Newton’s method (3.18)—(3.19) with initial guess nlh’ = mh . tocompute m}jgl eV
and r;w € Vj with ||r§l£ In < € such that

(demitt, @y = —(miE2 x Prheg(mii?), @y )p + a(miit? x demi't, ¢y )
+(r . Ppon + (M2 x Pr(r(mii?) - My (m),, mb 1)), @y, (3.20)

for all ¢, € Vp.
Output: sequence of approximations {mﬁl o JieNo - O

The results on Algorithm 3.8 are stated in Lemma 3.9 (L*-bound), Theorem 3.10 (stability), and Theo-
rem 3.11 (well-posedness) below. Compared to Algorithm 3.6, our analysis is more involved: precisely, for
i < J, the proof of Theorem 3.11 requires i-independent bounds on ||m§ls|| L) and E(m; ) in order to guar-
antee well-posedness of Algorithm 3.8, while Lemma 3.9 and Theorem 3.10 require termination of (3.18)-
(3.19) so that m}"* is well-defined.

In contrast to the fixed-point iteration (3.12)-(3.13), the Newton iteration (3.18)—(3.19) does not inher-
ently preserve discrete unit length, i.e., in general, |m”1(z)| + Imh (2)| for z € Nj,. However, assuming well-
posedness of Algorithm 3.8, in the following lemma, we establish uniform L (Q)-boundedness of the approx-
imations obtained with Algorithm 3.8.

Lemma 3.9. Supposeh, k, € > 0, mg € My, andlet ] € N be the smallest integer suchthat T < kj.Let0 <i <],
and suppose that the Newton iteration (3.18)—(3.19) in Algorithm 3.8 terminates for all 0 < n < i, i.e., the
sequences {my }"= i1 05 Fhetn—o € Vi are the output of Algorithm 3.8 and satisfy (3.20) with |ry |ln < € for all
O<n<i.

() Ife=0m3*?)ash,k, & — 0, then there exist a constant Co, > 0 and thresholds hqy > 0, ko > 0, and £y > 0
such that, for all h < hg, k < ko, and € < €, it holds that ||m;:1||Loo(Q) < Coo uniformly for all0 < n < i. The
thresholds hy, ko, €0 depend only on the mesh parameter k and the problem data, while the bound C, > O
depends only on «, eh™3/2 < 1, and the final time T > 0, but not on the integeri < J.

(i) If € = o(h?/?), then there holds |In(|Mpek|?) — 1llLe((0,6,,,)x0) — O as h, k, & — 0.

Assuming well-posedness of Algorithm 3.8, in the following theorem, we establish the stability and conver-
gence of the approximations obtained with Algorithm 3.8. The proof is postponed to Section 7.1.

Theorem 3.10. Let T > 0, and suppose that {Tn}n>o is a k-quasi-uniform family of triangulations. Suppose
h,k,e>0, mg € My, and let ] € N be the smallest integer such that T < kJ. Let 0 <i < ], and suppose
that the Newton iteration (3.18)—(3.19) in Algorithm 3.8 terminates for all 0 < n < i, i.e., the sequences
{mp } {rt o ¢ Vi are the output of Algorithm 3.8 and satisfy (3.20) with |} ||lx < € forall 0 < n < i.

(i) Under these assumptions, the scheme satisfies the discrete energy identity

i
e(mitl) + ak Z ldempi Mg = emp) - k Y (ri, + mpit % x Pp(a(mpt/?) - Wy(mj,, m), 1)),

n=0 n=0 +1/2)

Ppheg(m)! admpiity,.

(ii) If k = o(h?), e = O(h*/?), and {m{}ps0 is bounded in H'(Q) as k, h, € — 0, there exist thresholds ho > 0,
ko > 0,and 0 < g < a such that, for all h < ho, k < ko, € < €9, we have the stability estimate

1+1 n+1yp2
Im} H1(9)+k2||dtmh 120 < C-

The constant C > 0 and the thresholds hg, ko, €9 depend only on the mesh parameter k, the final time T,
and the problem data.

(iii) In addition to the assumptions of part (ii), suppose that mg - mCinHY(Q) as h — 0, and that my, is consis-
tent (3.10) with mt. Then there exist m € H(Q1) n L°(0, T; H'(Q; $?)) and a subsequence of {mpe} (not
relabeled) which converges towards m as h, k, € — 0. Specifically, mp, Lmin L%(0, T; HY(Q; $2)) and
Mpex — min HY(Q7) as h, k, € — 0. The limit function m satisfies conditions (i)—(iv) of Definition 2.1.
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The following theorem guarantees that, under appropriate CFL conditions, Algorithm 3.8 is well-posed,
which is required by Lemma 3.9 and Theorem 3.10.

Theorem 3.11. Let T > 0.Suppose h, k, € > 0, mg € My, andlet] € N be the smallest integer such that T < kJ.

(@) Ifk=o0(h"3)and e = O(h3/?) as h, k, € — 0, then there exist thresholds hy > 0, ko > 0, and €9 > O such
that, for all h < hy, k < ko, and € < &y, Algorithm 3.8 is well-defined, i.e., for alli=0,...,] -1, it pro-
vides after finitely many iterations of Newton’s method (3.18)—(3.19) solutions m}':;l, rﬁl e € Vi to (3.20)
with [[ry |l < €.

(ii) In particular, there exists a constant C, > O such that the number of Newton iterations (3.18)—(3.19)
required to solve (3.20) is bounded by log, log,(C,kh™7/2¢™1). The thresholds ho, ko, £o and the constant
C. depend only on the mesh parameter x and the problem data.

3.3.3 Coupling Conditions on Practical Midpoint Schemes

While the ideal midpoint scheme (Algorithm 3.1) is unconditionally convergent towards a weak solution of
LLG, the analysis of the practical midpoint schemes (Algorithm 3.6 and Algorithm 3.8) crucially relies on CFL
conditions imposed on the discretization parameters h, k, € > 0. We conclude this section by Table 1, giving
an overview on the imposed coupling conditions sufficient to establish a rigorous analysis of the practical
midpoint schemes.

Fixed-point linearization  Newton linearization

Algorithm 3.6 Algorithm 3.8
Well-posedness  k = o(h?) k=o0(h73), e = O(h3/2)
L*®(Q)-bound none £=0(h3?)
Stability £=0(h) £=0(h3?)
Convergence £=0(h) £=0(h3?)
Total k =o0(h?), e =O(h) k=0(h"3), e = O(h3/2)

Table 1: Sufficient CFL conditions for the analysis of the practical midpoint schemes of Section 3.3.

4 Numerical Experiments

The goal of this section is threefold. First, in Section 4.1, we verify the extension of the midpoint scheme
to the DMI contribution and its correct implementation by simulating an experiment on skyrmion dynam-
ics from [42]. The simulation results with the midpoint scheme are compared to the results from [42] and to
simulations with the tangent plane scheme from [30]. In Section 4.2, we introduce a variation of the experi-
ment from [42] in order to compare reliability of the midpoint scheme to the generally cheaper tangent plane
schemes in simulating sensitive skyrmion dynamics susceptible to slight (artificial) disturbances. By doing
this, we emphasize the advantages of discrete energy conservation realized by the midpoint scheme. Finally,
in an academic setting, the CFL conditions arising from our analysis sufficient to prove well-posedness of
the practical midpoint schemes are experimentally verified in Section 4.3. In particular, the numerical CFL
study hints that the CFL condition k = o(h’/?) derived for the practical midpoint scheme based on the Newton
iteration is likely pessimistic and might be weakened to k = o(h?) with a sharper analysis. Moreover, we com-
pare the number of iterations in the nonlinear solvers of the two practical midpoint schemes, as well as the
impact of the solver accuracy € > 0 on the deviation from discrete unit length. All experiments in this section
were performed with Commics [36, 37].
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4.1 Stability of Isolated Skyrmions in Nanodisks

To validate the extension of the midpoint scheme incorporating the DMI contribution, we reproduce a numer-
ical experiment from [42] for both the practical midpoint scheme based on the constraint-preserving fixed-
pointiteration (Algorithm 3.6) and the practical midpoint scheme based on Newton’s method (Algorithm 3.8).
There, the relaxed states of a thin nanodisk of diameter 80 nm (aligned with x; x,-plane) and thickness 0.4 nm
(x3-direction) centered at (0, 0, 0) for different values of the DMI constant are investigated. The effective field
consists of exchange interaction, perpendicular uniaxial anisotropy, interfacial DMI, and stray field, i.e.,

—61m3
—62m3 +H5(m).
61m1 + azmz

2A 2K 2D
Heg(m)= ——Am+ ——(a-m)a -
eff( ) HOMS HOMS( ) HOMS

The involved material parameters mimic those of cobalt: Mg = 5.8-10°> A/m, a = 0.3, A=1.5-10"11]/m,
K =8-10°J/m3,and a = (0, 0, 1). For the DMI constant, therange D = 0, 1, ..., 8 mJ/m? is considered. The
initial condition is a skyrmion-like state, i.e., givenr = \/x? + x3, we define m°(x) = (0, 0, -1)ifr € [0, 15] nm
and m®(x) = (0, 0, 1) if r € (15, 40] nm. For all simulations, we choose T = 1 ns, which experimentally turns
out to be a sufficiently large time to relax the system. The computational domain is discretized by a regular
partition generated by Netgen [45] consisting of 34 596 tetrahedra and 11 797 vertices, which corresponds
to a prescribed mesh size of 1 nm. For the time discretization, we consider a uniform partition of the time
interval (0, T) with a time-step size of 2.5 fs. We note that the time-step size has to be chosen considerably
smaller than, e.g., for (different variants of) the tangent plane scheme; see our previous work [30, Section 4.3].
This is due to the more restrictive CFL conditions required for convergence of the nonlinear solvers in the
practical midpoint schemes; see Theorem 3.7 and Theorem 3.11. The accuracy for the nonlinear solver is
chosen as € = 1078,

The stable state is a quasi-uniform ferromagnetic state for the values D = 0, 1, 2 mJ/m?, a skyrmion for

thevalues D = 3, ..., 6 mJ/m?, and a multidomain state (target skyrmion) for the values D = 7, 8 mJ/m?; see

0.5 .
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= of :
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Figure 1: Experiment of Section 4.1. Left: final energy for different values of the DMI constant. Right: magnetization component
ms ranging from —1 (blue) to +1 (red) of the relaxed state for different values of the DMI constant (in m)/m?2). The results
computed with either of the practical midpoint schemes, Algorithm 3.6 or Algorithm 3.8, coincide.
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Figure 1. The skyrmion size, i.e., the diameter of the circle {m3; = 0} in the x;x,-plane, increases from the
minimum value of circa 14 nm for D = 3 mJ/m? to the maximum value of circa 48 nm for D = 6 mJ/m?2.

In Figure 1, the relaxed states computed with the practical midpoint scheme for different values of the
DMI constant are given. The energy values and the magnetization profiles are in perfect quantitative and
qualitative agreement with those reported in [42, Figure 1] and [30, Section 4.2]. This validates both the
extension of the midpoint scheme to DMI energy contributions and its implementation in Commics [36, 37].

4.2 Reliable Schemes for Energy Sensitive Dynamics

We recall the discrete energy equality (3.6) achieved by the ideal midpoint scheme
J-1 ,
E(m)) + ak Y |demiy |12 = E(ms).
i=0

Differently, for the first-order tangent plane scheme [4], we recite from [30, Proposition 2] the discrete energy
inequality

J-1 -1
E(m) + (@ - CK/WK Y Vil + €6 = 1/2)K Y IVViIZ, ) < E(mD), (4.1)
i=0 i=0

where v; denotes the discrete time derivative computed in the i-th time step of the tangent plane scheme to
define the update m}"!(2) = (ml,(2) + kvi (2))/Im}(2) + kv}(2)| € $? for all z € Nj. We note that the generic
constant C > 0 in (4.1) stems from an inverse estimate used in the analysis of [30] to control the discrete
energy in presence of a DMI energy contribution. The third term on the left-hand side in (4.1) corresponds to
artificial damping introduced by implicit treatment in time of the Laplacian for 1/2 < 8 < 1, while the inequal-
ity (instead of equality) is a result of the nodal projection in each time step. As a third integrator, we consider
the (almost) second-order tangent plane scheme from [8], which provides a discrete energy inequality, which,
although not identical to (4.1), introduces similar artificial energy dissipation due to implicit treatment of the
Laplacian and the nodal projection update. For the second-order schemes, i.e., for the midpoint scheme and
the second-order tangent plane scheme, an IMEX treatment of the lower-order terms is employed, which
results in a perturbation of order O(k?) of the respective discrete energy identity [22]. While the discrete
energy identity for the midpoint scheme mimics the continuous law

T
Em(D) + [ 1om(OIR, o, de = £m®),

0
due to the severe CFL condition k = o(h?), the practical midpoint schemes are very restrictive on the time-step
size. In contrast, the tangent plane integrators allow for considerably larger time-step sizes, but introduce
artificial damping to the system. Hence, we expect decreased reliability of the tangent plane integrators for
accurately simulating processes, which are particularly sensitive to slight inaccuracies in the discrete energy
evolution.

To quantify the effects of this artificial damping introduced by the tangent plane integrators, we extend
the experiment of Section 4.1: considering the different relaxed states in Figure 1 (right), one infers that,
between D = 2mJ/m? and D = 3 mJ/m?, there is a (qualitative) discontinuity, corresponding to a jump in
Figure 1 (left) if the resolution on the D-axis was increased. Analogously, this applies to the interval from
D = 6mJ/m? to D = 7 mJ/m?. The goal of this experiment is the determination of the points of transition Dé’i?
and Dfr’it7 from the quasi-uniform relaxed state to the skyrmion state between D = 2 mJ/m? and D = 3 mJ/m?,
as well as from the skyrmion state to the target skyrmion state between D = 6 mJ/m? and D = 7 mJ/m?, respec-
tively. We will evaluate and compare the reliability of the midpoint scheme (MPS), the first-, and the second-
order tangent plane scheme (TPS1 and TPS2) in determining D2:? and D%’ . For all three schemes, dynamics

crit crit
are simulated with identical parameters.
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Figure 2: Experiment of Section 4.2. Each marker corresponds to one simulation carried out with one of the three integrators, for
a DMI parameter D with one particular time-step size k. The shape of a marker characterizes the qualitative result after relaxing
the skyrmion-like initial state until the equilibrium state is reached, i.e., whether a quasi-uniform, a skyrmion-like, a broken
unsymmetrical, or a target skyrmion state is obtained. The results computed with either of the practical midpoint schemes,
Algorithm 3.6 or Algorithm 3.8, coincide.

We consider the fixed mesh from Section 4.1. Although this mesh does not satisfy the so-called angle
condition ensuring validity of (4.1), stability of the tangent plane integrators is still recovered for the smaller
time-step sizes meeting k = o(h?) in this experiment; see [30, (15) and Remark 3 (iv)]. To narrow down the
critical values Dgnf and DSHZ , we simulate the relaxation dynamics for different values of the DMI constant D
corresponding to a resolution of 0.0025 mJ/m? as seen in Figure 2. For each of the integrators and all con-
sidered DMI constants D, we relax the initial state using time-step sizes k = 1/100 ps, 1/200 ps, 1/400 ps,
1/800ps, 1/1600 ps, where the two largest time-step sizes are omitted for the midpoint scheme because
experimentally they do not fulfill the CFL constraint k = o(h?), i.e., neither of the nonlinear solvers converges
for k = 1/100 ps, 1/200 ps. We expect the simulations to be more and more accurate as the time-step size
k > 0 decreases. The accuracy for the nonlinear solver is chosen as € = 1078,

The results of this experiment displayed in Figure 2 show a sharp transition Dgnf between the uniform
state and the skyrmion state. There is no sharp transition from the skyrmion state to the target skyrmion
state, as the experiment reveals a small interval of DMI parameters D for which relaxation leads to states we
call broken (symmetry) states — neither a skyrmion nor a target skyrmion; see Figure 3 for a compilation of
simulation details on this interval of broken states. While for the tangent plane integrators the determined
transition value Dcrlt and the transition interval of broken states clearly show a dependence on the used
time discretization k > 0, the results for the midpoint scheme are robust and, in particular, are identical for
all investigated time-step sizes. We draw the conclusion that the varying transition thresholds obtained for
decreasing time-step size k > 0 by simulations with either of the tangent plane integrators are a consequence
of the artificial energy dissipation quantified in (4.1).

We conclude that the tangent plane schemes are preferable for uncritical simulations as in Section 4.1
or [30, Section 4.2], where small deteriorations of the energy are acceptable, as they lead to already accurate
results for much coarser time discretizations. However, when it comes to the simulation of dynamics, which
are very sensitive to small inaccuracies and crucially depend on an accurate energy evolution, the midpoint
scheme yields the most reliable results.
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Figure 3: Experiment of Section 4.2. Details on the simulations for critical transition values between D = 6 mJ/m?2 and

D = 7 m)/m? with the second-order tangent plane scheme and time-step size k = 1/100 ps. Left: critical area of Figure 1 (left)
recomputed with higher resolution reveals the predicted jump. Right: evolution of the total energy for different DMI constants D
emphasizing the transition dynamics. Bottom: relaxed states colored by ms ranging from —1 (blue) to +1 (red). We observed
that any relaxed state with broken symmetry obtained in the experiment of this section (marked with a cross x in Figure 2),
qualitatively coincides with one of the three broken-symmetry states obtained by TPS2 and k = 1/100 ps displayed here.

4.3 Numerical Study on the CFL Conditions

Our results from Section 3.3.1 and Section 3.3.2, respectively, provide sufficient CFL conditions guaranteeing
well-posedness and stability of the practical midpoint schemes in Theorem 3.7 (i) and Theorem 3.11. In this
section, we investigate whether the CFL conditions arising from theory are also necessary in practice, or if
they are technical artifacts possibly caused by unsharp estimates.

We consider the unit cube Q c R3 centered at the origin. Steered by the exchange-only effective field
heg(m) = €2,Am, the so-called initial hedgehog state m® ¢ H*(Q; $%) with m°(x) := x/|x| € $? is relaxed
towards equilibrium. The exchange length €. > 0 and the Gilbert damping parameter a > O are fixed at 1.
The other discretization parameters — namely the mesh size h > 0, the time-step size k > 0, and the nonlinear
solver accuracy € > 0 — are subject to the numerical studies and are specified separately for each experiment.
Linear systems are solved with GMRES and accuracy 107'%, For given N € N, the geometry is discretized
by a structured mesh consisting of (N + 1)3 vertices and 6N°> elements as described in [37, Section 5.2],
leading to a uniform mesh 77, of congruent tetrahedra, each of diameter hyax = V3/N and with shortest edge
length hyin = 1/N. To break symmetry, the discontinuity of the hedgehog state at the origin is discretized via
m}(0) := e3 € $?, while m))(z) := z/|z| € S for all other 0 # z € Nj.

4.3.1 Feasible Discretization Parameters for Nonlinear Solvers

In the next section, we carry out a numerical study on the CFL coupling of the time-step size to the mesh size
arising from our analysis. Since the constants hidden in CFL conditions are usually not readily available, we
need to propose an appropriate criterion for the classification of given discretization parameters as feasible
or non-feasible. Hence, the goal is to derive such a criterion from the numerical experiment in this section.
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Figure 4: Experiment of Section 4.3.1. Left: the number of nonlinear iterations rapidly grows as the time-step size k = cg/ > 0
with ¢ = 0.00016 and g = 5/4 approaches the threshold value k — kinresn(h). Right: zoom into the critical area between cq'3
and cq* where the blow-up occurs.

For fixed mesh size hpmin = 1/8, nonlinear solver tolerance £ = 108, and starting from a rather fine time
discretization k = 0.00016, we iteratively increase the time-step size by 25 % multiple times and track the
number of nonlinear iterations required to meet the stopping criterion (3.13) or (3.19), respectively, in the
first time step of Algorithm 3.6 or Algorithm 3.8.

The results depicted in Figure 4 show that, for both practical midpoint schemes, the number of nonlinear
iterations stays well-bounded until a certain threshold value knresh (h) > 0 is approached. Close to the thresh-
old value, however, an increase of the time-step size by 25 % impacts the number of nonlinear iterations by
numbers of magnitude, if the solver converges at all. Hence, it is reasonable to classify time-step sizes k > 0
with k < kinresh (h) as feasible, and those with k > knresh (h) as non-feasible. Surprisingly, despite the different
theoretical CFL conditions k = o(h?) and k = o(h”/3) imposed in Proposition 3.5 and Theorem 3.11, respec-
tively, the threshold value knyresh (h) seems to coincide for Algorithm 3.6 and Algorithm 3.8. This observation
isinvestigated further in Section 4.3.2. Finally, we note that, in view of the quadratic convergence of Newton’s
method, it is not surprising that the Newton solver clearly outperforms the fixed-point iteration in terms of
nonlinear iteration numbers.

Motivated by the results of this experiment, in Section 4.3.2, we will use the following criterion to classify
feasibility of discretization parameters: if, for any given (h, k, €), the respective stopping criterion (3.13) or
(3.19) is not met after at most 100 iterations of the nonlinear solver in Algorithm 3.6 or Algorithm 3.8, we
consider the practical midpoint scheme as non-feasible for this combination of discretization parameters
h, k, e > 0. Given h > 0, this classification of feasibility is an estimate for the threshold value kinresh(h) > O
such that the nonlinear solver converges for O < k < kinresh () and diverges for k > kyresh(h). Although only
an approximation, Figure 4 shows that, in view of practical applicability, this estimation of kinresh(h) seems
quite appropriate as nonlinear iteration numbers increase drastically as k approaches knresh(h).

4.3.2 Coupling of Time-Step Size to Mesh Size

We consider the CFL conditions k = o(h?) and k = o(h’/3) from Theorem 3.7 (i) and Theorem 3.11, respec-
tively, sufficient to guarantee convergence of the fixed-point iteration and the Newton solver. For different
mesh sizes hpin € {27:j=1,...,5}, time-step sizes k € {0.00016 - (%)’ :j=0,...,27}, and nonlinear
solver accuracy ¢ > O fixed at 1078, we investigate convergence of the nonlinear solver for one time step of
relaxing the initial hedgehog state. As argued in Section 4.3.1, the threshold value of 100 nonlinear iterations
is used to classify feasibility of the discretization parameters.

The results of this experiment shown in Figure 5 give insight to the applicability of the practical mid-
point schemes. First, for Algorithm 3.6, the theoretically sufficient CFL condition k = o(h?) is shown to be



162 —— G. DiFratta et al., The Mass-Lumped Midpoint Scheme for Computational Micromagnetics DE GRUYTER

Fixed-point iteration Newton method
107 T T T 7 107 T T .
E X Non-feasible X E E X Non-feasible E
| (O Feasible § R | O Feasible R
| |--- k=6 X ) | |--- k=86h?» |
X X X ) | — X Pas |
| X X X i | X X i
X X X X X
L X E I X .
~ - X X E - X X E
R X | X X |
B B X X | B X X |
o X X X X
2 B X X N B X X h
o X X X X
E B X X | B X X |
= X X X X
X X X Xy
10721 X X, . 1071 X ’ .
N X s i N X @) i
5 X /@ R = X /@ R
B X @ h B X ,/ (s) N
B X /7 @ h B X (e) N
- X )7/ (17) - = X 7 (s) -
X// (14) X (5)
- z (12) N - 8 (o) N
@) (1) ’ O,
4 | | | | | ” | | | | |
10 1/32 1/16 1/8 1/4 1/2 10 1/32 1/16 1/8 1/4 1/2
Mesh size h Mesh size h

Figure 5: Experiment of Section 4.3.2. Convergence of the nonlinear solvers in the practical midpoint schemes is investigated.
For feasible parameters, the number of nonlinear iterations is given inside the circle. Left: practical midpoint scheme based on
the fixed-point iteration (Algorithm 3.6). Right: practical midpoint scheme based on the Newton iteration (Algorithm 3.8). The
data points show feasibility if k = ©(hP) with possible slopes 1.93 < Bixed—point < 2.09 and 1.85 < Brewton < 2.01.

sharp in practice. Further, since the experiment reveals the same CFL condition k = o(h?) to be sufficient for
convergence of the Newton solver, we expect that the well-posedness analysis of the Newton iteration can
be improved weakening the CFL condition in Theorem 3.11 from k = o(h’/3) to k = o(h?%). We note that, also
in the simulation of skyrmion dynamics in Section 4.2, both practical midpoint schemes were equivalently
restrictive on the time discretization. Lastly, this experiment shows that, in terms of iteration numbers, the
Newton solver outperforms the fixed-point solver as expected from theory (quadratic vs. linear convergence).

4.3.3 Constraint Violation Induced by Nonlinear Solver Accuracy

In contrast to the fixed-point iteration from Section 3.3.1, the Newton iteration from Section 3.3.2 does not
inherently preserve discrete unit length, i.e., m;l . ¢ M, for the Newton linearization. To quantify the impact
of the Newton solver on the discrete magnetization length, the initial hedgehog state is relaxed to equilibrium
(T = 5) using different nonlinear solver accuracies € € {107/2 : j = 0, ..., 24}. We simulate the dynamics for
hmin = 1/4 and hpin, = 1/8 with time-step sizes chosen roughly half the value of kinresh (h) from Section 4.3.1.
In Figure 6, we plot the deviations

max|Mper(T,2)] -1 and 1 - min|mpe(T, 2)| (4.2)
zeNy zeNy

over the nonlinear solver accuracy € > 0. In this experiment for the practical midpoint scheme based on the
Newton iteration, deviation from unit length decreases with rate between 0(¢%/1°) and ©(¢#/1%) as ¢ — 0.1In
contrast to that, for the practical midpoint scheme based on the fixed-point iteration, the deviation from unit
length is unaffected by the choice of € > 0 as expected from theory.
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Figure 6: Experiment of Section 4.3.3. Dependence of the constraint violation (4.2) on the nonlinear solver accuracy € > 0 is
investigated. For the Newton solver, the deviation from unit length decreases as € — 0. No obvious correlation is observed for
the fixed-point iteration, which is expected since it is designed to be constraint preserving; see Proposition 3.5 (iii).

As in this experiment both practical midpoint schemes were stable (i.e., non energy-increasing) even
for nonlinear solver accuracies as large as € = 1, an experimental setup for the investigation of the coupling
to the mesh size € = O(h) and € = O(h3/2) from Theorem 3.7 (i) and Theorem 3.11, respectively, is yet to be
proposed in a future numerical study.

5 Proof of Theorem 3.2 for the Ideal Midpoint Scheme

5.1 Existence of Solutions, Unit-Length Constraint, and Stability
Proof of Theorem 3.2 (i). Leti € Ny be arbitrary. Define F: V;, — V), by
ok .
F(y) := ¢y —mj + SInlpy x Prherr(Py) + agpy x my] - forall gy, € Vi

If n,, € Vy, satisfies F(n;) = 0, then mil” =20, - mil satisfies (3.5). Since
(F(Py), Ppin = (P, - m;, ¢p)n =0 forall @), € Vpwith [y lln = ||m§,||h >0,

an application of the Brouwer fixed-point theorem (see, e.g., [29, Chapter IV, Corollary 1.1]) ensures the
existence of n;, € Vj such that||n,lIn < ||m§[ lln and F(n;,) = 0. This proves that (3.5) admits a solution m;” e V.
Let z € N, be arbitrary. We test (3.5) with ¢, = m}*/*(2)¢p, € Vj, to obtain that

(demi™t, o ,mi 2 (2)), = %(lm}'ﬁl(zn2 ~mi (2)?) = 0.
We conclude that |m}"! (z)| = |mj (2)|. Since m) € My, by assumption, we conclude that m}** € M. O

Proof of Theorem 3.2 (ii). Let ] € IN. To show (3.6), we choose the test function
¢, = adm't — Ppheg(mi/?) € v,
in (3.5). We obtain the equality
(Prheg(m};?), demy ™)y = alldemi ;.
For the left-hand side, it holds that

i i (3.2) ; :
(Prher(m} 1), demy ) =" (hep(m)/?), demjt)

(2.3) i i ;
= —ami 2, demitt) + (f, demi o

= _%(E(m;';l) —&(mb)). (5.1)
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We conclude that
emi) - E(m}) = —ak|ldem} ;.

Summation overi =0, ..., J - 1 yields (3.6). O

5.2 Weak Convergence Result

To start with, we note that the bilinear forms a(-, -) and a'°(-, -) are continuous, i.e., there exists C; > 0
such that

a(P, @) < (C1+ ||7T||L(L2(Q);L2(Q)))"‘IJHHl(Q)||‘P||H1(Q) forall, @ € Hl(Q), (5.2a)
HIOC(IIJ, Q)< Cl”'l’"Hl(Q)”(P"Hl(Q) forally, ¢ € H'(Q), (5.2b)

and satisfy the Garding inequality, i.e., there exist C, > 0 and C3 € R such that
a(p, P) > aloc(lll, YP) > Czllllllli,l(g) -C3 ||llllliz(Q) forall € HY(Q). (5.20)

The constants C1, C2, C3 in (5.2) depend on |ApllL>q) and [J,llLe@) (n =1, 2, 3), and Ay. Finally, we con-
sider, besides (3.4), the piecewise constant time reconstruction mp; defined by mp(t) := mﬁl*l/ 2foralli € Ny
and t € [t;, tis1).

With these ingredients, we prove the convergence result for Algorithm 3.1.

Proof of Theorem 3.2 (iii). The proof follows the lines of [15, 39]; therefore, we only sketch it. Let J € IN. Since
m{l € My, ||m{1 20 < |Q|1/2. Hence, combining the inequalities (5.2) and the norm equivalence (3.1) with
(3.6), we obtain the estimate

J-1

T2 i )12

Iyl g, + K %udtm’hnm, <C, (5.3)
1=

where C > 0 depends only on the problem data. We infer the uniform boundedness of the sequences of
time reconstructions {mp} and {Mpui} in L% (Ro; HY(Q)). Let T > 0 be arbitrary. From (5.3), it also follows
the uniform boundedness of {myu|q,} (resp., {mnklq,}) in H(Qr) and in L*®(0, T; H(Q)) (resp., only in
L0, T; HY(Q))). With successive extractions of convergent subsequences (not relabeled), one can show
that there exists a common limit m € L®(Rso; H'(Q)) with m|o, € H'(Qr) for which we have the conver-
gences My, My — min L (Rso; HY(Q)), mukla,, Maklo, — mlq, in L0, T; HY(Q)), and mula, — mlo,
in H'(Q7), With the argument of [39, Sections 3.2-3.3], one also gets that the limit function m is $2-valued
and satisfies the initial condition m(0) = m° in the sense of traces.

To verify the variational formulation (2.6), let ¢p € C®°(Qr). Let J € N be the smallest integer such that
T < kJ. We define the semi-discrete function ¢, € C*([0, kJ1; Vi) by @;,(t) = In[¢@(t)] for all ¢ € [0, kJ]. For
i=0,...,]-1andt € (¢, ti+1), we test (3.5) with ¢, = ¢, (t) € Vj. Then, integrating in time over (t;, t;+1)
and summing overi =0, ..., J — 1, we obtain that

kJ kJ
j<atmhk<t), @, (O)ndt = - j@k(t) x Ppheg (1)), @y (O)n dt
0 0 i
‘a j@k(t) X det(t), @y (6)n dt. (5.4)
0
The argument in [15, Section 3] shows that
kJ
j<atmhk(t>, @O dt — [(aem(®), () dt ash,k -0,
0

kJ

jﬁhk(t) X O (8), @ (E)n dt —
0

(m(t) x ogm(t), @(t))odt ash,k— 0.

(ST~ —————
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For the first term on the right-hand side of (5.4), simple algebraic manipulations together with (3.2) show
that

kJ kKJ
j@k(t) % Prhes (n(£)), @p(0)n dt = j<heﬂ(mhk<t», (Tn - D)@y () x Fne(D)]) dt
0 0 K
" j(heﬁ(ﬁhk(t», @4(6) x () dt. (5.5)
0

Since

kJ
J(heﬁ(mhk(t))y (Tn = D@y (t) x mp(1)]) dt’
0 K

<C J(llmhk(t)l|Hl(Q) + "f”LZ(Q))"(gh = D@y, (t) x mhk(t)]”Hl(Q) dt
0

and [|(In - 1)[@p, x Mkl o0, 1,17 0)) < Ch (see [39, equations (39)-(40)]), the first term on the right-hand
side of (5.5) tends to O as h, k — 0. Moreover, owing to the available convergence results and the convergence
properties of a(-, -) and mr(-), it holds that

kJ T

j(heﬂ(ﬁhk(t)), @, () x mpi(t)) dt — J(heﬁ(m(t))’ @(t) xm(t))dt ash,k— 0.

0 0

Hence, passing (5.4) to the limit as h, k — 0, we obtain (2.6) for any smooth test function ¢. By density, we
obtain the desired result.

Finally, the energy inequality (2.7) is obtained by passing to the limit as h, k — 0 the discrete energy iden-
tity (3.6) and using standard lower semicontinuity arguments in combination with the available convergence
results. O

6 Analysis of the Practical Midpoint Scheme:
Constraint-Preserving Fixed-Point Iteration

To start with, we recall that, for quasi-uniform families of triangulations, we have the inverse estimate

IVepylr2 () < Civh ' llyllp2q) forall @y, € Vi, (6.1a)
from which it follows that

IPheplin < (1+CF

nv

W) Y2\l ) forall p e HH(Q)*. (6.1h)

Here, Ciyy > 0 depends only on k. Moreover, the following inequalities are direct consequences of (5.2a)-
(5.2b):

IS () - hSf (@)l ) < C1llY - @l g forall , € H'(Q), (6.10)
”h}g(l)%:(!p)”Hl(Q)* < C1||¢||H1(Q) + ||f||L2(Q) forall Hl(Q)’ (6.1d)
IS W) ~ Fllg ) < C1lWlg g forall P € H'(Q). (6.1e)

6.1 Well-Posedness

We now prove Proposition 3.5, which establishes the properties of the constraint-preserving fixed-point
iteration proposed in Section 3.3.1.
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Proof of Proposition 3.5 (i). Since the bilinear form on the left-hand side of (3.12) is elliptic with respect to
the norm | - ||, the variational problem admits a unique solution qﬁ;“l € Vy foreach ¢ > 0.
Let £ € No, and let z € Ny, be an arbitrary node. Testing (3.12) with ¢, = ;"' (2)p, € V}, we obtain
that
Bk (2)1? = B0 (2) - mi(2).

Hence, |n}**!(2)| < [m,_(2)| = 1. We conclude that [} [|z=(q) < 1. O

Proof of Proposition 3.5 (ii). Let ¢ € No. Subtracting the equations satisfied by two consecutive iterates
nLtt, nhf*2 € Vi, in (3.12), we obtain that

(nl 042 e+1 LD ¢.12) _

. K, i
<r1‘ 2 X PRRGE ), Ppdn o+ 5 (T X P (), i)
<('1' 02 _ bty x PRIl (ml,, mit), @p)n
(X((Ill ,6+2 n;’“l) X mﬁw, bi)n-

0,2 - nk**! € Vi, we obtain that

Choosing ¢, =
"nz ,0+2 nil,€+1"}21 — (nz ,0+2 > IPhhl (nh€+1)’ i,0+2 _ il,€+1>h
<nl JO+1 X Iphhl (nhf) l +2 ;;erl)h
<nl 041 Ph(hlt&c(nhhl) _ hl‘}f(n )) le+2 n%Hl)h’
where the second equality can be seen by adding and subtracting the quantity
i,6+1 loc/,.i,6+1 1 042 _ 1 e+1
(11 x Prhgg (ny, "), n Yhe
It follows that
Iml 042 n%ﬁ—l”i — <n1 ,0+1 x ]Ph(hloc(nl €+1) loc(n )) 1 €+2 n§;€+1>h

||n,,‘f+1||Loo<g [P (hegs () = g O E9) 32 = i

k(l +Ch h )2

nv

< > "hle?-'fc(n €+1) _ thC(rl e)"Hl(Q)* "n1 ,0+2 rlil,€+1”h’

where the last inequality follows from ||t1h"+1|| L) < 1and (6.1b). Moreover, it holds that

) k(1 + C2 h2)1/2
It e < e It (1) = e (e -
(610 Cik(1+Ch R Y2
5 Iy = ny @)
(6. 13) Clk(l + ClznV ) l 2+1 il
s —— I = e

Since k = o(h?) as h, k — 0, there exist hg, ko > 0 and a constant O < g < 1 for which (3.14) holds for all
h < hpand k < ko. O

Proof of Proposition 3.5 (iii). Let £ € Ng. Using (6.1b), (6.1c), (3.1) as well as the fact that ||'1;,’e+1”L°°(Q) <1,
we obtain that
[9n [y x P (g g+ = B )], < [P (i () — P )

< C1(1 + CE DIt -kt

(3 . .
Y (or SV [ B Ll 9

< 261|Q|1/2(1 +Ci,h gt
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Hence, ||1Ph(h1°C(11he+1) loc(n Nln < € for all £ € Ny satisfying

log(2C11QIY2(1 + C2,h72) /)
log(1/q)

Since m}’! := 2ph*"*! —m!_, there holds m}"!/? = n4*"*!. From (3.12), it follows that m}*! solves

(demit, @yon = —(mE2 x Py (RSE (") + Mp(ml, mi-h)), @), + a(mi*2 x demi*t, )

1+1

for all ¢, € V. Testing with ¢, = ”1/ Z(Z)goz € Vj then reveals that m;_~ € My, (see the proof of Theo-
rem 3.2 (i)). O

6.2 Stability and Weak Convergence

Next, we provide the proof of Theorem 3.7, which establishes the stability and convergence of Algorithm 3.6.

Proof of Theorem 3.7. Part (i) is a direct consequence of Proposition 3.5. The proof of part (ii) follows the
lines of the one of Theorem 3.2 (ii).
Let us now consider the proof of part (iii). Testing (3.15) with

@), = adm'! — Ppheg(mii?) + Pp[r(m}it?) - My(m),, m} 1))
yields

alldmit2 - (demit, Prheg(mii )y + (demitt, Pyw(mitt?) — My (ml,, mi 1),

= (mi 1% x ., adimiy! - Prhe(myi!/?) + Pylr(mi!?) - Wy (my,, my ).
Using (5.1) and rearranging the terms, we obtain that

emil) + akldemy |
=&(m},) - k<dtm;;1,lph[n(m’+1/2) My (m},, mi, 1))

+k(mi2 x vl admitt - Prheg(mii?) + Py [w(mii?) - My(ml,, mi)])n.

Let 1 <j <J.Summationoveri=0,...,j— 1leadsto

. j-1
e(m,) + ak Y |demiit;
i=0
j1 ) .
= &(m)) - k Y (dem}it, Py w(mifH?) - My (m),, my 1))y
i=0
+k Z(m”l/2 x rh,, admitt — Ppheg(mi?) + Pp[a(mit/?) — My (ml,, mi D).

Applying the Garding lnequahty (5.2¢) and continuity (5.2a) and using the fact that
I} L) = Imlr=) = 1,

we obtain that

j-1

Callm), |2 +2ak2||dtml+1||h

HY(Q)
<(Cy+ ||”||L(L2(Q),L2(Q)))"m(}a),"ill ot 2”f||L2(Q)("m)hg”L2(Q) + ||m2||L2(Q))
j-1

+C3 ||m,w|| - 2k Z(dtm;:;, Pylr(m}!?) - Mp(mj,, mj, "))

L*(Q)

+2k Z(m“l/2 x ri, adimitt — Ppheg(mit?) + Pyw(mitt/?) — My (ml,, mi )]y
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Using Young’s inequality, the first sum on the right-hand side can be estimated as

1 o
=2k Y (demyt, Prl(mil?) - Wy (m,, mi M)

i=0
S o
= -2k Y (dem}}!, m(m}?) - Mp(mi,, m}"))
i=0
j-1
< ak ) dempi g ) + anr(m““2 = My (mj,,, myp D)7 g -
i=0

Since m}_ € My foralli=0,...,j- 1, itholds that

lre(m}it2) - Mp(m,, my D2 < (Al @20z qy + 2C0IQ1Y2,
and hence
: CIQUT + ko)
—leﬂ(m‘“/z =Ty (mjye, M, Dl < = ——

where C > 0 depends only on 7t and C. Hence, using the norm equivalence (3.1), we obtain the estimate

j-1 j-1

: . : CIQI(T + ko)

2k ) (e P [m(mit ) = (i DD < ade Y Ndemjtly + ———— e,
i=0 i=0

Using the estimates

||1Phheff<m‘*1/2)||h 2”1+ ch D2 heg(miE ) g -

(6.1d)
< (1+Ch h Y2 (Callmp P g gy + If 2 (a))s

z”mlJrl/Z ” l(Q)

IN

1
5 Z(Ilm’”llyl @ + 1M}l )
j-1

||mh||H1(Q) + anhgum(m + 2 ||mh£||H1(Q)
i=1

1o 2
5+ 5 Im i g + Zumhgu,,l(m,

IN

and 1
i+1 1
||dtmlh+g ||L2(Q) + ||d[m1+ ||

together with the stopping criterion ||J h[m‘”/ 2% rh £]|| n <€ of Algorithm 3.6, if h is sufficiently small, we
obtain that
2k Z(m’“/2 X Py admit! — Ppheg(miy?) + Py[r(mii!?) - Mp(my,, mi )]
i=0 .
j-1
<C'e(1+h7")+2kea ) |dem}it 7
i=0

-1
+ Crke(1 + Cmv 2)1/2"mh£" + Crke(1 + Cmv W12 Z"m;w"ill(ﬂ)

H'(Q)
where the constant C' > 0 depends only on T, |Q|, f, k, i, and C. Altogether, exploiting the assumption

e=0(h)ash, € — 0, there exist thresholds 0 < h{ < ho, 0 < kj < ko, and g} > O as well as constants A, B > 0
(depending only on k, T, and the problem data) such that

. j-1
J 2 i
12 12 + K ;)udtm,,guh <A+Bk anhgu,,lm)
i=
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for all h < hg, k < k§, and € < €. Then the discrete Gronwall lemma (see, e.g., [44, Lemma 10.5]) and the
norm equivalence (3.1) yield (3.17). This concludes the proof of part (iii).

The proof of part (iv) follows the lines of [12, 15, 19, 39]; see also the proof of Theorem 3.2 (iii). In par-
ticular, (2.6) and (2.7) are obtained by passing to the limit as h, k, € — O the discrete identities (3.15) and
(3.16), respectively, where the additional contributions arising from the linearization of the nonlinear system
(resp., from the explicit treatment of 7r), which do not appear in the proof of Theorem 3.2 (iii), vanish in the
limit because they are bounded by € (resp., because 7y, is assumed to be consistent with 7). O

7 Analysis of the Practical Midpoint Scheme: Newton Iteration

7.1 Stability of Algorithm 3.8

Lemma 3.9 and Theorem 3.10 assume well-posedness of Algorithm 3.8 up to time step i < J, i.e., for all

n=0,...,I,the Newton solver (3.18) returns after finitely many iterations the solutions mzzl, rh e €Vh such

that (3.20) holds with |y, [lx < &. Later, in Sections 7.4.1-7.4.4, Theorem 3.11 is proved, guaranteeing that,
given appropriate CFL-conditions, this well-posedness assumption is always satisfied.

7.1.1 Boundedness of Magnetization Length, Lemma 3.9 (i)—(ii)
For 0 < n < iand z € Ny, testing (3.20) with ¢, = m}'11/2(2)p, € V} yields

P (Imp(2)? - Imp,(2)1%) = (rh,, mps 2220 n < Iy lnlmys 2 (2) @2l

< ey Imj; 2 (2)]
2 1
< B (Simp DR + SImi @R + ).

Rearranging the terms and using e;1/? < C;eh™3/? =: Cp, uniformly for all z € N shows that, for k < 1/(2Cpe),
it holds that

1+ Cpek
1 Ch k

< (1+4Cpek)im} (2)|” +

2Cneck

n+1 2 -~
Imy, .~ (2)] 1 Crk

PR ()2 + Cpek = ( +
Cnek
e

)|m',:g<z)|2 + Chek

Using n <i < J = T/k implies

n
Imi (2))* < (1 + 4Chrek)™ im) (2)|* + Chek Z (1 + 4Cpek)? < exp(4Che T)(IM3(2)I? + Cpe T).
p=0

Using mg € M, and uniform boundedness of Cp, due to € = O(h3/2) concludes the proof of (i). Analogously

to the estimate above on |m;1“r1 (2)|?, starting from

1
2k

by a similar computation, one derives an estimate below via

== B(Im} (2)” - |} (2)I%) = (r},, mp 2 (2)p2)n = —Irh Inlmys > (2)pzln,

Iy (2)1> > (1 - 4Cpek)™  [m) ()] - ChskZ(l 4Cek)?
p=0

> exp(-8Cne T)ImY)(2)|* - exp(~4Che T)Che T forall 0 < k < ko,

where kg can be uniformly chosen since £ = O(h3/2). If € = 0(h3/2), then in both estimates Cy, tends to zero
as h, € — 0. Hence, also statement (ii) holds true. O
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7.1.2 Stability and Weak Convergence, Theorem 3.10 (i)—(iii)

For 0 < i < ] testing (3.20) with ¢, = adm}! — Prhes(m}/?) + Pyp(m(m}}?) - My (m),, m} 1)) yields
aldemiit 7 - (demit, Prheg(myi ) + (demt, Py(m(miit?) - Tp(m),, m) 1)),
= (Fh» adimy! — Prheg(m}?) + Py((m} V%) - y(mi,, my 1)),
Up to replacing r;l . by mﬁ:gl/ 2 x r;l .» this identity resembles the first identity in Section 6.2, where Theo-
rem 3.7 (ii)—(iv) is proved. Hence, using L*(Q)-boundedness of the iterates from Lemma 3.9 (i) and that the
stopping criterion (3.19) guarantees IIrZ clln < €, the proof of Theorem 3.10 (i)-(iii) directly follows the lines

of Section 6.2. O

7.2 Main theorem on Newton’s method

Newton’s method is an iterative scheme to generate a converging sequence of approximate solutions to the
following problem: given F: R" — R",

find x* € R" such that F(x*) = 0. (7.1)

Here, F is considered to be C!-continuous on a convex open set D ¢ R" containing x* and the Jacobian of F
evaluated at x € R" is denoted by VF(x) € R™". Given a starting value x° € R", Newton’s method applied

to (7.1) iterates, for all £ € Ny,

solve VF(x%)éx’ = -F(x®),
set x1 = xt + 6x°. (7.2)

Given a vector norm | - || on R™, by B(|| - ||; X, R), the open unit ball of radius R > 0 around x € R" with respect
to the norm | - || is denoted. In accordance with [41, Definition 1.20], a matrix norm || |g=<» and a vector norm
|- Ir~ are called consistent if it holds that [|Ax||gr < |A[|gmn||X[lrs for all A € R™" and all x € R". Clearly, any
vector norm is consistent with the natural matrix norm induced by the vector norm defined as

|A| = sup 1Ax) forall A e R™". (7.3)

xern\jo} [
Using the above notation, we recall the classical local convergence result for Newton’s method.

Theorem 7.1 ([41, Theorem 7.1]). For a convex openset D ¢ R" withx* € D, let F € C1(D; R") with F(x*) = 0.
Suppose that (VF(x*))™' € R™" exists and that there exist constants C, R, L > 0 such that

IVFx) ™M < C (7.4a)

and
IVF(x) - VF(y)| < Ll|x-yll forallx,y < B(|-|;x*,R), (7.4b)

where the symbol || - || denotes two consistent vector and matrix norms. Then there holds that, for any
x° € B(|- |;x*, min{R, 1/(2CL)}),
the sequence (x%)¢en generated by Newton’s method (7.2) is uniquely defined and converges to x* with
I+t — x*|| < CLIx® - x*|12. (7.5)

Remark 7.2. In particular, (7.5) and x° € B(|| - ||; x*, min{R, 1/(2CL)}) imply

-1 0 *
. j . - . 2[x7 = x*|
Xt - x| < < [Tcen? >||x° =X = (PR - X s T
=0 2

for all £ € Ny. Hence, there holds [|x¢ — x*|, [|6x¢]| — O for £ — co.



DE GRUYTER G. Di Fratta et al., The Mass-Lumped Midpoint Scheme for Computational Micromagnetics = 171

7.3 Newton’s Method Applied to the Nonlinear Midpoint Scheme

We aim to apply Newton’s method (7.2) to the nonlinear system of equations (3.11), i.e., to the IMEX version

of the ideal midpoint scheme where the lower order terms are integrated explicitly in time
ami ) = My(mi, mi ).

Consider a numbering of thenodes {z; : j = 1, ..., N} = Nj of the mesh T}, and associate with a given vector
x € (R3)N the finite element function defined by X := Z]-Ail Xjpz € Vi Further, for a finite element function
u-= Zfil u(zj) @z € Vi, we write [u] € (R*)V = R3¥ for the vector of nodal values, i.e., [u]; := u(z;) € R3.
The mass lumped scalar product (-, - ), gives rise to the matrix My, € (R¥3)N<N =~ R3N3N | defined via
(Mp)jk := 8;,kBzI3x3 € R**. Given m}, € Vj, the solution m}"*/? of (3.11) satisfies F([m}*/?]) = 0, with

F(x) i= My (x - (mj] + [9( Iz(x X i (hE (0 + T, mi ) + ok x )] )- (7.6)
The Jacobian VF: R3N — R3N3N gatisfies for all x, u, v € R3Y that
u'VE(X)v = (it, V), + —(u x PphlSE(X), V)p + —(x x Pp(h% @) - ), V)n
+ imxlphnh(m;,m;;l),ﬁ)h +al x mi, V. (7.7)

Newton’s method (7.2) applied to system (3.11) in the i-th time step now can be written as: given m; e €V
and initial value 'l;,’o € Vp, forall ¢ € Ny, compute uﬁ;e € Vj such that, for all ¢p;, € Vy, it holds that

it pin+ §<u" x Prbg; (15,), yn + gmf x P (heii ) = £), Padn
+ §<u" x PpHp(ml,, my 1), p)n + auit x mi,, @y)n
=m0l B (< PR, )
—gm" x PpIlp(mj,, mi, 1), p)n — a(nit x mj,, p)n, (7.8a)

and define
nptt =yt v ult (7.8b)

In the remainder of this section, to improve readability, we omit the h-subscript of the iteration variables n’-¢
and u’¢. Note that, by (7.6)—(7.7), we see that (7.8a)—(7.8b) resembles Newton’s method (7.2) with x¢ = [’¢]
and 6x*? = [u®f]. Given some tolerance ¢ > 0, the iteration will be stopped once

|95 (i x Pr(RSE @) - )|, < e (7.9)
If £* € Ny is the first index for which the stopping criterion (7.9) is satisfied, the approximate magneti-
zation at the new time step is defined as mitl = 2nb0 —ml

For all i € Ny, let rh = It x IPh(h1 (uht) - f)) € Vy, so that (rhg, ¢,,)n equals the difference of
(3.11) and (7.8a). In view of the stopping criterion (7.9), it holds that ||rh£||h < £. With this definition, the
proposed linearization of one iteration of Algorithm 3.1 based on the Newton method is covered by Algo-
rithm 3.8.

7.4 Well-Posedness of Algorithm 3.8

We show Theorem 3.11 (i) by induction: for 0 < i < J, assume that Algorithm 3.8 is well-defined for all
n=0,...,i- 1.In particular, by Lemma 3.9 and Theorem 3.10, we have the bounds

Im} i) < Coo and E(m},) < C. (7.10)
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Now the inductive step is to prove convergence of the Newton iteration (3.18)—(3.19) for time step n = i. We do
this by verifying the assumptions (7.4a)—(7.4b) of Theorem 7.1 for the Newton solver (7.8a) with the initial
value chosen as n°° := mﬁw. In Section 7.4.1, we verify the Lipschitz continuity (7.4b). Invertibility (7.4a)
is shown in Section 7.4.2. In Section 7.4.3, we prove that, under the assumed CFL-conditions, the initial
guess pi0 := mﬁl . is an appropriate choice, which guarantees convergence of Newton’s method. Finally, in
Section 7.4.4, we conclude by estimating the maximum number of Newton iterations required to achieve the
required tolerance (7.9), in particular showing that the number is finite. Hence, Sections 7.4.1-7.4.4 prove
Theorem 3.11.

Throughout the proof, we use the notation of Sections 7.2-7.3 and consider the ¢2-norm on (R3)N = R3V
defined by x|, = Z) 11xj1?, as well as the induced matrix norm on (R¥3)MN = R3NV3N a]s0 denoted by | - |15
cf. (7.3).

7.4.1 Lipschitz Continuity of VF

By (7.3), it holds for arbitrary x, y € R3" that

u'(VF(x) - VF(y))v
IVEQ) - VE@)l, = sup 2 VFX-VEW)
u,veR3N\ {0} lull2(vil2

With representation (7.7) and estimates (6.1), we see

k. . A k . . . N
u" (VF(x) - VF()Vv = > (il x Py (R (%) - h‘e‘”(y)), V)t 5 4E =) x Py(hSE @) - ), V)

< k||u||L°°(Q [Pa (ks (%) - i )] |V||h + k% = Yl 1P (hgs (@) - lalVln
< kh™? (lull 21X = Yllg2 () + IIX = yll2lllig2 @) IVii.

With the norm equivalence h>/? - |l = [|*ln = [|* | ;2(q) on RN, we get uniformly for all x, y € R*N that
IVF(x) - VF(y)|2 < khllx - yll>.

In particular, (7.4b) holds for || - |, with R = +co and L = kh. O

7.4.2 Invertibility of VF(x*)

The unknown x* € R3V is defined by F(x*) = 0. Hence,

= (7.6) " i .
= [X*(z))pz] "F(X") =" Bz (Ix] —x]- -my(z;)) forallj=1,...,N
together with (7.10) guarantees boundedness
IX* |0y < ||m§w||L°°(Q) < Coo- (7.11)

Now the assumption k = o(h?) guarantees invertibility of VF(x*) by ellipticity

(7.7)

Yy VF(x)y =yl + —(X* x Pr(hgE () - ), ¥)n 2 (1= kh)IYI7 2 1917,

where we used (7.11) and the Cauchy—Schwarz inequality together with estimates (6.1). To show bounded-
ness of (VF(x*))™1, we write

*#))—1
IVFoc) M = sup NVFOOTXl2 g OOl

X€R3M\ {0} 12 xerjop X112

with ¥ := y(x) := (VF(x*))"1x. Using (7.7), it holds that

Yy x =y VF(x")y = |yl3 + —<x* x Pr(hSE () - ), -
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Using norm equivalences h>/2||- [l = | *|n = |I* [l ;2(q) on R*N and an inverse estimate, it follows that

_ k — _ _
R lyls < Il =y x - 5 X7 x Pr(hi () - ), ¥n

loc

< lyllalixllz + KIXF Iz o) 1Pk (heg () = Pl

(6.1) .
< lyl2lixlz + kh=2 112 < Iyl2lixll2 + khlyl3.
With the CFL condition k = o(h?), we estimate h3(1 — kh™2)|lyll> < h*|lyl> < x| and conclude that
I(VF(x*)™ 2 < h™°.
In particular, (7.4a) holds for | - |, with C = h=3. O

7.4.3 Initial Guess Leads to Convergence

We recall the results from Section 7.4.1 and Section 7.4.2: the Newton iteration (7.8a) satisfies the assump-
tions of Theorem 7.1 for || - ||, with C = h™3, R = +co and L = kh. The theorem now guarantees convergence
xt — x*in |- |, as € — oo of the Newton iteration (7.8a) for any initial guess

x% e R®V  with |x* - x°|, < 1/(2CL) = h?/k.
Given m_ € Vy, Algorithm 3.8 defines the initial guess as x° := [7"°] := [m},_]. Let x* € R*N be the
solution of (7.1), i.e., by (7.6), it holds for all ¢b;, € V that
— . k _ . . DU .
(x*—my,, Py = _§<X* X lPh(h};fc(x*) + My(my,, m’hgl)), by + X x (XF-m,,), Ppn.
Using ¢, = a(x* - m},) - (k/2)Pr(hSE(xX7) + y(m,, m,!)) € V; shows
. k. _ A
QX = mj | = 5 (¢~ mj,, Ph (i (%) + Mp(ml,, mi 1)),
k ) - k . . . _
= 5O =y, Prhe () + 5 (6 = mje, Pr(Mn(my,,, m} ') - 1(x*))),.

We rewrite the first term on the right-hand side as

4(X* — m}_, Prheg(X*))n

B.2) , ,— ; —
=" 4(x* - my,, heg(X*))

23) ~4a(x* - ml _, X*) + 4(x* - m._, o

= —a((2x* - m},) - m}_, 2X* —m},) + m},) + 2(2x* - m},_, f)a - 2(m}, fq
CD2emi ) - a@x® - mi,, 20 - mi )+ 2(¢ —mi_, fla.
With (7.11) and the Garding inequality (5.2c), we estimate

~a(2x — my,, 2% —mp,) < C312X° — my I )~ C2ll2X7 —mj s ) < 3C3 €510
Now combination with the generous estimates
(o — mj,, Pr(Ma(mj,, mj.b) - 1OF))), < 2C51QQCx + 11202 0)-
(2x* — ng,fm < 3Coo||f||L2(Q)
yields
b i 2 i (7.10)
Ix* — m} |17 < E(mj )k + C(C3, Coo, 1Ql, Crs 171212 Iz )k S K.

Due to the norm equivalence h3/2| - ||, = ||, on R3¥, the claim x° € B(||- ||; x*, 1/(2CL)) follows for h, k — 0
from k = o(h7/3) via

Ix* = X%, = 32 x* = mi_llp < K2R3 =k R2(3PRT?) < kh? = 1/(2CL).

Hence, the choice n*° := m; . implies convergence x* — x*in |- ||, as £ — oo. O
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7.4.4 Finite Number of Newton Iterations

In the previous section, we showed x! — x*in || - ||, and therefore also [|6x¢|, — 0 as ¢ — co. Nowlet £* ¢ N
be the smallest integer such that (7.9) is satisfied. The index ¢* is well-defined due to 8x¢ = u>! and

[91(8XE x Py(R (8xE) - )|,y < 16X looh 218XE R < ™ 216xF)3 - 0 as € — co.

Recalling that, by Remark 7.2, it holds that

2[x° = x*||»
* Y

— < - 0 Z
Ix* = x"{l2 < 7

we estimate the index £* € IN: with estimates (6.1) and the norm equivalence h3/2| - ||, = ||, on R3¥, it holds
for the error r}_ that
Ik ln = |90 (Ut x Pr(hig @) = )], = |In(6xT x Pr(hgg (6xE) - )],
< 6xt IILM(Q)IIPh(hLC&C(SX‘”) =Nl < 18X oo™ 16X (|1
< 218X 13 = R 2 IxE T - xS < V(X - xS 4 I - X 3)

<27 W20 - X713 < 272 knT2,

>

Since £* € N is defined as the smallest integer such that (7.9) is satisfied, £* is estimated from above by
log, log, (C.kh™7/2¢~1) with a generic constant C, > 0. O
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