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Gauss—Green formula
Normal traces

1. Introduction

Starting from the pioneering papers [6,11,35], the research community has shown a
growing interest in the pairing theory between divergence-measure fields (i.e. vector fields
whose weak divergence is a Radon measure) and BV functions, fostered by its application
in several contests. We mention, among others, hyperbolic conservation and balance laws
with discontinuous fluxes [11-13], capillarity and prescribed mean curvature problems
[27-29,32], the weak formulations of problems involving the 1-Laplacian operator [4,5,9,
26,31,33], and continuum mechanics [10,22,34,35]. For recent extensions to non-Euclidean
and fractional frameworks we refer to [8,14,16].

The current general setting for the pairing theory is the following (see e.g. [6,11,15]).
Given an open set 2 C R we say that a vector field A € L>(Q; RY) is a divergence-
measure field, and we write A € DM™>(Q), if div A is a finite Radon measure on .
For any function v € BV (2) N L*>°(Q), the pairing (A, Du) is defined in the sense of
distributions as

((A,Du), o) = —/u* pd(divA) — /uA -Veodz, for all p € C°(Q).
Q Q

We recall that this definition is well posed, since the measure div A does not charge sets
of (N — 1)-dimensional Hausdorff measure zero, while the precise representative u* of a
BV function u is defined HN~!-a.e. in Q. In fact, it is proved in [6,11] that the pairing
(A, Du) is a Radon measure in §, and | (A, Du)| < [[A[ g or~)|Dul, so that there
exists a density 0(A, Du,-) € L*(Q, |Du|) such that the equality

(A, Du) = (A, Du, z)|Du|

holds in the sense of measures. In addition, in [17,20,21] it is shown that the boundedness
assumption on u can be replaced with the weaker requirement that u* € L'(Q;|div A|).

The aim of this paper is to find some representation formula for the pairing, obtained
through a detailed description of the density (A, Du, ) of the pairing measure (A, Du)
with respect to |Dul.

In the classical case, when A € DM™(Q) N C(4RY) and w € BV(Q2) N CH(Q),
then (A, Du) = A - Vu LN, where £V is the N-dimensional Lebesgue measure, so that
0(A, Du,z) = 0 if Vu(x) = 0, whereas

0(A, Du,z) = A() % —Tr(A {u = u(@)}),  if Vu(z) £0,
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where Tr(A,{u = u(x)}) denotes the normal trace of A on the regular level set {u =

u(z)}.

In the general case, the usual decomposition
Du = Vu LY + Du+ D°u

of the measure Du into its absolutely continuous, jump and Cantor parts, leads to a
corresponding decomposition of the pairing measure

(A, Du) = (A, Du)® + (A, Du)’ + (A, Du)°.

The absolutely continuous part satisfies (A, Du)® = A-Vu LV, as it is first shown in
[11], while in [17] the authors prove that (A, Du)’ = Tr*(A, J,,) |Diu|, where Tr*(A, J,)
is the average of the interior and exterior weak normal traces of the vector field A on the
jump set J, of u (see Section 2.3 below). This result is satisfactory for what concerns
the representation of the absolutely continuous part and the jump part of the pairing
measure, since it implies that

Vu(z) N
(A, Du,z) = A ——— X{vu ) for £V -ae. x € Q,
( U, x) V(o) X{vuzo} (T) or a.e. r

and
0(A, Du,z) = Tr* (A, J,)(z), for |Dul-a.e. x € Q.

On the other hand, for what concerns the representation of the Cantor part of the pairing
measure, in [17] it is proved that (A, Du)°L(Q\ Sa) = A - D°ul(Q\ Sa), where S4
is the approximate discontinuity set of A, and A denotes the approximate continuous
representative of A in Q\Sa. Yet, this representation on 2\ .S 4 is far from being optimal,
since there exist vector fields A € DM (RY) such that the Hausdorff dimension of S
is N (see Example 3.9).

Aiming to obtain a representation formula for §(A, Du,-) without any additional
assumption, we propose a new approach based on the use of the coarea formula for the
pairing measure proved in [17, Theorem 4.2]. The basic idea is to use the representation of
the purely jump measure (A, Dy ,>}) on superlevel sets of u, and to recover information
on (A, Du) through the coarea formula, obtaining in particular that

(A, Du)® = Tr*(A, 0" {u > u(-)}) ()| Dul

where u is the approximate limit of u at some Lebesgue point and 0*FE denotes the
reduced boundary of some measurable set E (see Theorem 3.12).

Hence, more explicit representation formulas for (A, Du,-) can be inherited by ex-
plicit representation formulas for the weak normal traces of A.
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A relevant contribution in this direction is contained in the unpublished paper [7],
where the divergence of the vector field A € L>®(Q; R") is assumed to be a summable
function, and the weak normal trace of A is obtained as the limit of a suitable cylindrical
average. More precisely, [7, Theorem 3.6] states that, if div A € L*(Q2) and v € BV ()N
L>(Q), then

(A, Du,z) = [A - v,] () for |Dul-a.e. xz € Q, (1)

where Du = v, |Dul is the polar decomposition of Du, and, for some set G C Q and

some function ¢ : G — SN,

[4- 1@ = Il NG, @)

/ A(y)-((xz)dy forz € G,
Cr,p(z,¢())

whenever the limits exist, with

Crp(z.¢(2) = {y e RV : |(y —2) - C(@)] <7, [y —2) = [(y — 2) - {()]¢(2)] < p}

(the existence of the limit in (1) for |Dul-a.e. x € § is part of the statement).

In Theorem 4.10 we obtain a generalization of above-mentioned result to divergence-
measure vector fields, by adapting the arguments of the original proof through the use, as
a new ingredient, of the Gauss-Green formulas recently proved in [17] (see Theorem 4.2).
More precisely, the representation formula (1) turns out to hold true provided that the
set on which the jump part of the measure div A is concentrated, which we denote by
© 4, has an H¥ ~l-negligible intersection with the jump set .J,, of the function u (see also
Remark 4.11). This result is optimal: if instead H¥~1(©4 N J,) > 0, then relation (1)
is no longer valid, as it is shown in Example 4.1.

As an application, we obtain the following Gauss-Green formula, valid for every A €
DM (RY) satisfying HVN=1(©4) = 0, w € BV(RY) N L>®(RY), and E C RY set of
finite perimeter such that supp(xgu) is bounded:

/u*ddivA+/[[A~Vu]] d|Du| = — / u' [A-vg] dHN T,
Bl

Et oO*E

where E' denotes the measure theoretic interior of E, and u* denotes the interior trace
of u on 0*E (see Theorem 4.9).
In addition, in the paper [19] the cylindrical averages approach is further exploited in
order to gain an explicit representation for the relaxation of a pairing-type functional.
Finally, combining our results with the representation formula for weak normal traces
obtained in [35, Theorem 4.4], we get the following further integral representation
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N

0(A,D = lim —— A Ay
( , Ju, .'E) rl_>r% QWN 17"N / (y) |y — / ‘y — $| )
Bi.(z) B(

for |Dul-a.e. x € Q, where Bi(z) := {y € B.(z) : (y— ) vu(z) >0}, B¢(z) := {y €
B.(z): (y—z)-vy(x) <0}, and wy_1 is the (N — 1)-dimensional Lebesgue measure of
the unit ball in RN,

As a further application of our general representation formula, in the final part of
the paper we recover the local structure of the pairing measure by means of its tangent
measures, coherently with the classical theory of sets of finite perimeter and functions
of bounded variation. This result can be also achieved by means of direct calculations
on the blow-up sequence of the pairing measure; however this is not necessary, since we
can exploit Theorem 3.12 below and the Federer-Vol’pert theorem.

The plan of the paper is the following.

In Section 2 we set the notation, and we recall some results on divergence-measure
vector fields, their weak normal traces and functions of bounded variation.

In Section 3 we first recall some results concerning the pairing between divergence-
measure vector fields and functions of bounded variation, mainly taken from [6,11,17,20].
Then we prove the result on the representation of the density (A, Du, -) in terms of weak
normal traces (Theorem 3.12).

In Section 4, building on the results of Section 3, we show that 6(A, Du,-) can be
represented in terms of the cylindrical averages introduced in [7]; then we achieve a
similar result with the half balls averages introduced in [35].

Finally, in Section 5 we briefly describe the tangential properties of the pairing mea-
sure.

2. Notation and preliminary results

In the following we denote by £ a nonempty open subset of RY, and for every set
E c RY we denote by g its characteristic function. We say that a set E is compactly
contained in , and we write E € €, if the closure E of E is a compact subset of 2. Given
two sets B, F C R their symmetric difference is the set E A F := (E\ F)U (F \ E).
For € RY and r > 0, we denote by B,(x) the ball centered in = with radius 7, and we
set By := B1(0).

2.1. Measures

We denote by £V and HY~! the Lebesgue measure and the (N — 1)-dimensional
Hausdorff measure in R, respectively. Unless otherwise stated, a measurable set is a
LN -measurable set. We set wy := LN (By).

Following the notation of [3], we denote by M,c(€2) the space of Radon measures on
Q, and by M() the space of finite Radon measures on (2.
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Given p € M() and a p-measurable set E, the restriction pL F is the Radon measure
defined by

ulE(B) := u(E N B), V B p-measurable, B C €.

The total variation |u| of u € M(Q) is the nonnegative Radon measure defined by

|u|(E) := sup {Z |e(Ep)|: Ej p-measurable sets, pairwise disjoint, F = U Eh} ,
h=0 h=0

for every p-measurable set E. Since 1 € Mjo.(Q2) if and only if © € M(£') for every open
set Q' € Q, the above definitions can be easily extended to the case of a not necessarily
finite Radon measure p by adding the assumptions B € 2 and Ej, € (), respectively.

Let 1 € Mjpe(2) and v be a nonnegative measure on ). We say that p is absolutely
continuous with respect to v (notation: p < v) if |u|(B) = 0 for every set B C  such
that v(B) = 0. If, in addition, v is o-finite, then, by the Radon-Nikodym Theorem, there
exists a unique function § € L{ (Q,v) (called density of p w.r.t. v) such that p = v
(clearly, 6 € L(Q,v) if and only if |u|(Q) < 00).

In the special case of v = |u|, the density 0 satisfies |§] = 1 p-a.e. in Q, and p = 0|y|
is called polar decomposition of p.

Two positive measures vy, va € Mjo.(Q2) are mutually singular (notation: vy L vs) if
there exists a Borel set E C € such that |v1|(E) =0 and |1»|(2\ E) = 0.

Given a nonnegative measure u € M,.(2) and a function f € LL (£, ), we say that
f has an approzimate limit z € R at z € Q if

1

Jim s [ 1) =<1 duty) =0 )

Br(m)

In this case, we say that x is a Lebesgue point of f with respect to . Thanks to Lebesgue’s
differentiation theorem, we know that p-almost every x € ) is a Lebesgue point of f with
respect to p. In addition, in every Lebesgue point of f with respect to p the approximate

limit is uniquely determined and is denoted by z := f(z). In what follows we choose f

1
loc

as pointwise representative of f € Li (€, u); that is, we assume f(z) := f(x) in every

Lebesgue point and whenever this choice does not cause any ambiguity.
2.2. Divergence-measure fields

We denote by DM (£2) the space of all vector fields A € L>(Q;RY) whose diver-
gence in the sense of distributions is a finite Radon measure in €, acting as

/cpddivA:—/A-Vgpdx Vo € C°(Q).
Q Q
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Similarly, DM, () will denote the space of all vector fields A € L2, (; RY) whose
divergence in the sense of distributions is a Radon measure in €.

The main property, proved in [11, Proposition 3.1] (see also [35, Theorem 3.2]), is that
for every A € DM, (£2) the measure div A is absolutely continuous with respect to the
Hausdorff measure " ~!, so that the following decomposition result holds, which is the

localized version of [20, Proposition 2.3] (see also [2, Proposition 2.3]).

Proposition 2.1. Given a vector field A € DMy, (), the set

O4 = {xEQ: limsupw>0} (3)

r—0+ rN-1

is a Borel set, o-finite with respect to HN ™1, and the measure div A can be decomposed
as the sum of mutually singular measures div A = div® A + div® A + div’ A, where

(i) div* A < LN;
(ii) div® A(B) =0 for every Borel set B with HN~1(B) < +o0;
(iit) there exists f € Li (04, HN 'L O4) such that div’ A = fHN"'LO4, which
implies divi A < HN-1L_04.

In what follows, we will call © 4 the jump set of the measure div A.
2.3. Weak normal traces on oriented countably HN ~'-rectifiable sets

We recall that ¥ C RY is a countably H ~'-rectifiable set if there exist (at most)
countably many C! embedded hypersurfaces (Zx)ren € RY such that HN-1(Z\
Uk &) = 0. A notion of orientation on rectifiable sets can be given as follows: if we
choose oriented hypersurfaces (Xj), we define HV~1-a.e. on ¥ an orientation vs by se-
lecting pairwise disjoint Borel sets Ny C ¥ such that HN-1(X\ U, Nk) = 0 and by
setting vs; = vs;, on Nj. This orientation depends clearly on the choice of the decom-
position, but only up to the sign, due to the fact that for any pair of C'' hypersurfaces
I, T/ it holds that vp € {—vp,vp} HVt-ae.on TNV,

In what follows, we will deal with the traces of the normal component of a vector
field A € DM;S.(2) on an oriented countably HY ~l-rectifiable set ¥ C Q. In order to
fix the notation, we briefly recall the construction given in [1, Propositions 3.2, 3.4 and
Definition 3.3].

Given a domain €’ €  of class C!, the trace of the normal component of A on 9/
is the distribution defined by

(Tr(A,00), ¢) = —/A~V<pda: — /<,0ddivA7 Vo € C°(Q). (4)

Q Q/
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It turns out that this distribution is induced by an L°° function on 98, still denoted by
Tr(A, 0Q), and

| Tr(A, 8(2')||LOO(BQ,7HN,1 L ooy = | Al oo (2R ™Y - (5)

Given an oriented countably H~ ~!-rectifiable set ¥, and using the notation for the
covering of ¥ introduced at the beginning of this section, one can prove that for every
k € N, there exist two open bounded sets Q, 2}, with C! boundary and interior normal
vectors vg, and vg; , respectively, such that N C 08 N 09, and

v, (x) = vo, (¥) = —vg (r) Vo € Ny

By a deep localization property proved in [1, Proposition 3.2], we can fix an orientation
on X, given by

ve(z) == vy, (2), HN "L ae. on Ny,
and the interior and exterior normal traces of A on ¥ are defined by
Tr'(A, %) := Tr(A,99,), Tr°(A, %) := —Tr(A,00,), HN"Lae. on Ny,

respectively.
As a consequence, if we consider two oriented countably H™¥ ~!-rectifiable sets ¥ and
¥ with the same orientation and such that HV~1(X N Y') > 0, then

Tr'(A,X) = Tr'(A,%) Tr°(A, %) = Tr‘(A,Y) HNlae. on NY,  (6)

see for instance [15, Proposition 4.10].
Moreover, the normal traces belong to L™= (X, HVN~1LLY) and satisfy

max{[| T (A, D) g 11wy I T A D) sy} < ALz (7)
for every open set £’ such that ¥ C ' € Q (see for instance [15, Theorem 4.2]), and
divALY = [Tr'(A,%) - Tr°(A,%)] HV LY (8)

(see [1, Proposition 3.4]). In particular, by (5), we get |div A|(X)<2||A|| Loy yHY ~H(2).
In what follows we use the notation
Tr'(A,Y) + Tr?(A, %)

" (A, Y) = 5 .

Remark 2.2. We stress the fact that in (4) we are using the opposite sign with respect
to the definition of normal trace given in [1,6], and so the opposite orientation of the
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rectifiable hypersurfaces. Anyway, if X is oriented by a normal vector field v and X/ is
the same set oriented by v/ := —v, then

Trf(A,Y) = —Tr' (A, %), Tr'(A,Y):=-Tr°(A,%),

so that the difference Tr(A,Y) — Tr¢(A, ¥) in (8) is independent of the choice of the
orientation on X.

2.4. Functions of bounded variation

Even if we mostly follow the terminology of [3], nevertheless we recall the main con-
ventions and results for reader’s convenience.

A function u € L*(Q) has bounded variation in 2, and we write u € BV (), if the
distributional derivative Du of u is a vector valued finite Radon measure in 2. We denote
by BViec(2) the set of functions u € L{ () that belongs to BV (') for every open set
Q' € Q. In addition, we let BV (2;R™) be the space of R™-vector valued functions of
bounded variations in 2, and we define analogously the local space BVio.(£2; R™).

In spite of the fact that a BV function u is an L' function, it admits a representative
well defined outside an H~ ~!-negligible set. In order to define it, we recall some more
results on approximate limits of summable functions.

If in the definition of approximate limit (2) we have y = £V and f = u € L{ (Q;R™),
then we say that x is a Lebesgue point of u, omitting the reference to the Lebesgue
measure. In order to emphasize the distinction with the approximate jump points of u
defined below, we use here and in similar situations the notation @(x) for the pointwise
representative of u in its Lebesgue points. The set C,, C Q2 of points where this property
holds is called the approzimate continuity set of u, whereas the set S, := Q\ C,, is called
the approzimate discontinuity set of w.

We say that x € € is an approzimate jump point of u if there exist a,b € R™, a # b,
and a unit vector v € R such that and

1
lim ——e —aldy =
Ry m) / lu(y) — aldy =0,
Bi(z)
1

T‘I_i)%g LN (B (@) / lu(y) — bl dy =0,

By (x)

where Bi(z) :={y € B.(z) : (y—x)-v >0}, and B¢(x) :={y € B.(z) : (y—=x)-v < 0}.
The triplet (a, b, v), uniquely determined by (9) up to a permutation of (a, b) and a change
of sign of v, is denoted by (u'(x),u®(z), vy (7)). The set of approximate jump points of
u is denoted by J,,, and it is clear that J, C S.

If u € BVioe(2; R™), then both J, and S,, are countably H™ ~!-rectifiable sets, we have
HNL(S,\J.) = 0, and for HN~L-a.e. x € J, the unit vector v, (x) can be identified with
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the normal vector v, (z) defined in Section 2.3 for general countably H~ ~!-rectifiable
sets (up to a change in orientation).

Definition 2.3. The precise representative u* of u € BVjo. (2, R™) is defined in Q\ (S, \J..)
(hence HN~1-a.e. in Q) as

u(x) for x € Q\ Sy,

u'(z) +u(x)
2

u(x) =
for x € J,.

In addition, in [20] the authors consider a family of representatives of a BV func-
tion depending on a Borel map A : Q — [0,1], namely the A-representative of
u € BVoc (4 R™), given by

{ﬂ(x) for x € Q\ Sy, (10)

(1= X@)u™ (z) + Az)uT(xz) for z € J,.

Clearly, for A\(x) = 1/2 for every = € Q, we get u* = u*.

In the remaining part of this section, we focus on the scalar case m = 1. The gradient
measure Du of a function u € BV () can be decomposed as the sum of mutually singular
measures

Du = D% + D’u + DCu,

where D%u is the absolutely continuous part with respect to the Lebesgue measure, that
is, D = Vu N (Vu € LY(Q;RY) is the approvimate differential of u), while DIu is
the jump part, characterized by D/u = (u® — u®) v, HN 1L J,, and Du is the Cantor
part. We denote by

D% := D% + D

the diffuse part of Du, which is concentrated on C,, since S, is countably H™—1-
rectifiable.
Based on the notion of density of a measurable set E at a point z € RV:

. LY(ENB,(x))
D(E;z) = plg& W,

(whenever the limit exists), we define the measure theoretic interior and exterior of E:
E':={x c¢RY : D(E;2) =1} and E° := {z ¢ RN : D(E;x) = 0},

as well as the measure theoretic boundary
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OME :=RN\ (E'UE"). (11)
In the case of a general measurable function u : 2 — R, we set
{ust:={zeQ:u(z)st}forallt eR,
and
u (x):=sup{t e R: D({u < t};z) =0}, wu'(z):=inf{t € R: D({u > t};z) =0},
for which, in the case u € BV}(Q2), we have that

u” (z) = min{u’(z),u’(x)}, ut (z) = max{u'(z),u’(x)}, for HN Loae. z € J,,
so that we can always choose an orientation on J,, such that u’ = u™* on J, (see [25, §4.1.4,
Theorem 2]). In what follows we shall always fix this orientation. Under this assumption,
vu(x) coincides, for HN~l-a.e. x € J,, with the density in the polar decomposition of
the measure D7u (see [25, §4.1.4, Cor. 2]), so that we may write D/u = v, |Du|. Due
to this identity, with a little abuse of notation, we also denote by v,, the density of Du
with respect to |Dul, so that

Du = v, |Du

and |v,(z)| =1 for |Dul-a.e. x € Q (thanks to Radon-Nikodym Theorem).

A measurable set E is of (locally) finite perimeter in  if its characteristic function
XE belongs to BV (Q) (respectively, BVio(Q2)). If E has locally finite perimeter in 2, we
call reduced boundary O*E of E the set of all points x € Q in the support of |Dxg| such
that the limit

Pp(z) = lim Dxi(By(z))
"~ p=0+ |[Dxg|(B,y(r))

exists in RY and satisfies |[7g(x)| = 1. The function vg: 0*E — S¥~! is called the
measure theoretic unit interior normal to E, and it is clear that vg = v, ,.

A fundamental result of De Giorgi (see [3, Theorem 3.59]) states that 0*F is a count-
ably (N — 1)-rectifiable set, |Dxg| = HN 1L O0*E, and vg(z) = vo-p(x) for HNL-a.e.
x € 0*FE, where vg«p is the normal vector to 0*F, in the sense of Section 2.3. Due
to these facts, with a little abuse of notation, we shall simply write vg to denote the
measure theoretic unit interior normal, coherently with most of the literature.

If u € BVioc(€2), then the level sets E; := {u > t} are of locally finite perimeter
for Ll-a.e. t € R, and we have vg, (z) = vs,(z) = vu(z) for HN " l-ae. x € 3y, where
Y, := 0"{u > t}. In addition, the measure Du can be disintegrated on the level sets of
u thanks to the coarea formula (see [24, Theorem 4.5.9]).
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Theorem 2.4 (Coarea formula). If u € BVioc(R), then for L'-a.e. t € R the set {u >t}
has finite perimeter in £ and

/gd|Du| / / gdHN " dt = / / gdHN 1 dt,
—00 9*{u>t}NN —o0 {u~<t<ut}
for every Borel function g : Q — [0, +00].
Thanks to Theorem 2.4 and the inclusion
O {u>tyCc{u” <t<ut} foreveryteR,
we deduce that
HN ({u_ <t<uti\ (0" {u> t})) =0  for L'-ae t €R.

Specializing the coarea formula to the approximate continuity set C,, and using the
inclusion

0 {u>t}nC, C{zx e Cy: u(z) =t}, (12)
we also get
N1 ({x € Cy i(x) =\ (Cnd* {u > t})) —0  for Llac teR. (13)
3. The pairing measure and its representation

In order to give the notion of pairing between divergence-measure fields and BV
functions, we need a particular subset of the BV space, previously introduced in [20].

Definition 3.1. Given A € DM, (), we define:

BV(Q)NL'(Q,|div A|) := {u e BV(Q): u* € L'(Q,|divA|)},
BVioe(Q) N L (2 |div A) := {u € BVioe(Q) : u* € L (2, |div A)} .

We remark that |divA| < HY~1 and u* is defined HY¥l-a.e. in €, hence these
definitions are well-posed.

We introduce now the general notion of pairing between a divergence-measure field
and a suitable BV function (see [17, Section 2.5 and Theorem 4.12]).

Definition 3.2 (Pairing). The pairing between a vector field A € DM, () and a func-
tion u € BVioc(Q) N L (Q,|div A|) is the distribution (A, Du): C°(2) — R acting

loc
as
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((A, Du), ¢) ::—/u*gpd(divA)—/uA-Vgpdx, for p € CZ°(Q).
Q Q

Remark 3.3. Thanks to [20, Lemma 3.2], we know that, for all Borel function Ay, A2 :
Q — [0,1], we have u™ € LL (€, |div A|) if and only if u*2 € LL (£, |div A|). Therefore
one could replace u* with u” in the definitions of BV (Q)NL (€, |div A|) and BViee(2)N
L (9, ]div Al), and obtain the same spaces. This observation allows the authors of [20]
to give a more general definition of pairing involving, instead of u*, the A-representative

u? given by (10): more precisely, they define the A-pairing (A, Du),, acting as

((A, Du)y, @) = —/uA pd(divA) — /uA -Veodx, forpeCr(Q). (14)

Since (A, Du) and (A, Du), differ only on © 4N J,, by [20, Proposition 4.4], we are going
to state our results for the standard pairing (A, Du), underlining possible differences only
whenever they appear.!

The relevant properties of the pairings are recalled in the following proposition, which
is the combination of [17, Theorem 4.12] and [21, Proposition 2.2 and Corollary 2.3].

Proposition 3.4. Let A € DML, () and u € BViee(Q) N LL (Q, |div Al). Then (A, Du)

loc
is a Radon measure in 2, and the equation

div(uA) = u* div A + (A, Du)

holds in the sense of Radon measures in Q. Moreover, (A, Du) is absolutely continuous
with respect to |Dul|, with

(A, Du) [LQ < || Al g g | Dul LY (15)
for every open set Q' € Q.
In what follows we will write
(A, Du) = (A, Du, z)|Dul,

where 0(A, Du, ) denotes the Radon—-Nikodym derivative of (A, Du) with respect to
|Dul|, and our aim is to represent §(A, Du,-) in terms of the weak normal traces of the
field A on the level sets of w.

We recall a remarkable decomposition result for the pairing measure, [17, Theorem
4.12).

1 'We point out that in [20] the authors denote by (A, Du). the standard pairing (for A = 1/2), whereas
we use the classical notation.
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Theorem 3.5. Let A € DMS, () and u € BVioe(2) N LL (2, | div A|). Then the decom-
position of the pairing measure into its absolutely continuous, Cantor and jump parts,

(A, Du) = (A, Du)* + (A, Du)® + (A, Du)?,
satisfies the following properties:
(i) absolutely continuous part: (A, Du)* = A -Vu LN;
(ii) jump part: (A, Du)? = Tr*(A, J,)|D'u| = Tr* (A, J,) (vt —u™) HY L Jy;
(iii) Cantor part: (A, Du)°L(Q\ Sa) =A-DulL(2\ Sa).
In addition, we denote by (A, Du)? the diffuse part of the pairing measure; that is,
(A, Du)? = (A, Du)® + (A, Du)°.
Remark 3.6. Proposition 3.4 can be seen as the particular case A = 1/2 of [20, Proposition
4.4], which applies to the general A-pairing given by (14) and provides an estimate
analogous to (15): given any Borel function A : Q@ — [0, 1], we have
(A, Du)A|L Q' < [|A| oo (rirvy | Dul L Q'
for every open set ' € 2. We take the chance to provide a new proof of this bound,

given that there is a minor gap in the proof of [20, Proposition 4.4, eq. (4.4)]. We notice
that, by [20, Proposition 4.4, eq. (4.3)] and by (8), we obtain

(A, Du)y = (A, Du) + (% — /\> (ut —u7)divAL J,
= (A, Du) + (% - A) (uh —u”) (TY'(A, Ju) — Tr°(A, 1)) HY T,
= (A, Du) + (% - /\) (Tr*(A, Ju) — Tr(A, J,)) |D7ul.
This implies that the diffuse part of the A-pairing satisfies
(A, Du)§ = (A, Du)?,

while the singular part is given by
; . 1 . .
(A, Du)} = (A, Du)’ + (5 — )\> (Trl(A7 Ju) — Tr¢(A, Ju)) | D7 .

Hence, we can argue as in the proof of [20, Proposition 4.7]: we exploit [17, Theorem 3.3]
to get
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(A, Du)s = (A, Du)' + (1 - ) Tr'(A, J,) + ATi*(A, J,)) | Dl
= (A, Du)L(@\ 1) + (1= X) T (A, J,) + ATx“(A, J,)) | Dul L],

so that, by applying (7) and (15) (restricted to 2\ J,), we obtain

(A, Du)s|LQ < [ Al oo ey | Dul LI\ Ju) + [|A]l L (i | Du| L (9 1 J,,)
= HAHLao(Q/;RN)\Du\ LQ/

for every open set Q' € Q.

We point out that Theorem 3.5 gives a complete answer concerning the density of the
pairing between A and characteristic functions of sets of finite perimeter.

Corollary 3.7. If A € DM,.(2) and E is a set of locally finite perimeter in §), then
0(A,Dxg,z) = Tr* (A, 0°E)(z)  for HN '-a.e. z € O*E

A complete representation can also be given when A is a BV vector field: we state
below a localization of [17, Remarks 3.4 and 3.6].

Corollary 3.8. If A € BVioc(Q;RY) N LS (Q;RY) and u € BViee(Q) N LS.(Q), then

(A, Du) = A* - Du in the sense of Radon measures in Q.
In particular, Tr*(A, J,)(z) = A*(z) - vu(z) for HN"t-ae. x € J,.

Theorem 3.5 gives a complete representation of the Cantor part of the pairing measure
only if |[Du|(Sa) = 0. This requirement could be an effective restriction to the applica-
bility of Theorem 3.5. Indeed, although £V (S4) = 0 thanks to Lebesgue differentiation
theorem, the Hausdorff dimension of S4 can be equal to N (hence |Du|(S4) can be
arbitrarily large), as it is shown in the following example.

Example 3.9. For every N > 2 we construct a vector field A € DM™(RY) such that
div A =0 and dimy (Sa) = N, where dimy is the Hausdorff dimension.

As a first step we exhibit a set £ C R¥~! such that dimy (0™ E) = N — 1, where
OME is the measure theoretic boundary of E defined in (11).

We start by considering suitable fat Cantor sets on R. Following the construction of
Falconer [23, Example 4.5], for any A € (0,1) we can construct a middle third Cantor set

n [0, 1], removing at each step a proportion A from the intervals. In this way, for any
J > 0 we remove from [0, 1] a family of middle open intervals {I j’“}ﬁ;l with length
)

N
L] = A

Let us consider the union of the intervals corresponding to even generations j:
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oo 227

BEx=U | UZ

j=0 \ k=1
Then the fat Cantor set

27

CA::[O,I]\G Uur).

§=0 \ k=1
coincides with ™ E. Specifically, reasoning as in [17, Example 3.5], we can prove that

ExNB ExNnB
BB @] B0 B (a)

0 < liminf
rl0 r rl0 2r

<1 Ve € Cy.

log 2

Moreover, it is known that dimy (Cy) = m (see for instance [23, Example 4.5]),

1—X
so that, choosing A = 1 — 2'71/% we have dimy (0™ E)) = dimy (C)) = s.
We can now set
“+oo
F = U (2777, -+ EQ—m) and £ = F x RNiz,

m=1

and conclude that
dimy (OME) = N — 1, (16)
as claimed. Indeed, it is clear that dimy (0™ F) < 1, and we have

+oo
OMF = | @2m+ 0™ Ey-m),

m=1
which implies H*(OM F) > H*(0M Ey-m), for any m > 1 and « € (0,1). Since

log 2
log (%)

there exists m large enough such that dimy (0M Ey-m) > a, for any fixed a € (0,1).
This shows that dimy, (0™ F) = 1, and so we obtain (16), by [23, Corollary 7.4].

Finally, let us define A(z) = A(2',zn) := (0,...,0,xg(z')), where z = (z/,zy) €
RY. Tt is clear that div A = 0, so that A € DM™(RY) and Sa = OME x R. Hence, it
follows that dimy (Sa) = N, see again [23, Corollary 7.4].

Aiming to give a general representation of the Cantor part of the pairing measure also
on S4, we are going to use the following coarea formula for the pairing, for which we
refer to [17, Theorem 4.2] and [20, Theorem 5.1].
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Theorem 3.10. Let A € DM, (Q) and let u € BVioe(Q) N L. (2, | div A|). Then

(A.D0). ¢ = [ ((ADxusn) o) dt Vo Cu@),
R

and, for every Borel set B € ),

(A, Du) (B) = / (A,Dx{u>t}) (B) dt.
R
Thanks to this result, we obtain the following straightforward localization of [20,
Proposition 5.2] in the case A = 1/2.

Proposition 3.11. Let A € DMS.(Q) and u € BVioe(Q) N LZ.(Q). Then for L-a.e.
t € R we have

0(A, Du,z) = 0(A, Dx(y>sy, ) for [DXqyseyl-a.e. x €.

In the following theorem, the pairing is characterized in terms of normal traces of the
field A on the level sets of u, without any assumption on Sga4.

Theorem 3.12. Let A € DM5.(2) and u € BVic(2) N LS. (Q). Then,
0(A, Du,z) = Tr* (A, 0" {u > u(z)})(z), for |D%|-a.e. x € Q, (17)
and
0(A, Du,x) = Tr* (A, J,)(z), for |DIu|-a.e. x € Q. (18)

Proof. Let us prove (17), since (18) follows from Theorem 3.5(ii). In addition, thanks to
the local nature of the statement, without loss of generality we can assume A € DM™ ()
and u € BV (Q2) N L>(Q).

Let Z C R be the set such that for every t € R\ Z the following hold:

(a) Ey:={u >t} is of finite perimeter in ;
(b) HN- ({x € Cy: i(a) =t} \ (Cu N O {u > t})) —0;
(c) O(A, Du,x) = 0(A, Dxg,,x) = Tr*(A, 0" E;)(x) for HY tae. x € *E;.
By the coarea formula in BV (Theorem 2.4), formula (13), Proposition 3.11, and Corol-
lary 3.7, we have that £1(Z) = 0.
Since £1(Z) = 0, by [3, Proposition 3.92(a)(c)], we have that

Vu=0 £Nae. in u_l(Z) and |Dcu|(ﬂ_1(Z)) =0.
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As a consequence, for | D%ul-a.e. z we have that u(z) € R\ Z, i.e. |D%u|(a=*(Z)) = 0.
For every t € R\ Z, let Ny C 0*E; be a set such that the following hold:

(d) u(z) =t for every & € C,, N (O*Ey \ Ny);
(e) equality in (c) holds for every x € 0*E; \ N;.

By (b) and (c), the set N; can be chosen of zero H¥~1 measure.
We claim that

ID%|(Q\ B) =0,  where B:= | (0"E/\ \y). (19)
teR\Z

Specifically, since the sets 0*E; N Cy, t € R\ Z, are pairwise disjoint (see [25, p. 356]),
we have that 0*E; N (C, \ B) = C,, N Ny, hence, by the coarea formula for BV functions,
|D%|(Q\ B) = |Du|(C,, \ B) = / HN Y (0*E,n (C, \ B))dt

R\Z

< / HNY(N) dt = 0.

R\Z

Finally, for every x € BN C,, (hence, by (19), for |D%ul-a.e. x € RY), we have that
x € 8*Eﬂ(x) and (17) holds. O

Remark 3.13. As a consequence of Theorem 3.12, the following new representation for-
mula holds for the Cantor part of the pairing measure:

(A, Du)® = Tr*(A, 0" {u > () })()| D%ul.

In Section 4 we will provide more explicit representations of Tr*(A,d*{u > u(-)})(*)
(Remark 4.11 and Corollary 4.13).

Remark 3.14. If we define 0)(A, Du,z) to be the density of the A-pairing (A, Du)x
(defined by (14)) with respect to |Dul, then, in light of [20, Proposition 4.7], identity
(17) in Theorem 3.12 remains true for (A, Du, x), while (18) becomes

Ox(A, Du,z) = (1 — Xz)) Tr'(A, J,)(x) + AM(z) Tr*(A, J,)(x) for |Diul-a.e. x € Q.

4. Other representation formulas

For vector fields with L' divergence, an explicit representation of the density
0(A, Du,z) in terms of cylindrical averages has been proposed in the unpublished paper

7).
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More precisely, in [7, Theorem 3.6] it is established that, if divA € L(Q) and u €
BV () N L*°(Q), then

0(A,Du,z) =[A- 1] (2) for |Dul-a.e. z € Q, (20)

where, for some set G C © and some function ¢ : G — SN,

o 1
WA e e, J AR e

whenever the limits exist, with

Crp(w,C(2)) = {y € RV : |(y —2)-((2)| <7, |(y = 2) — [(y = 2) - C(@))¢ ()] < p}

(the existence of the limit in the definition of [A - v,] for |Dul-a.e. z € Q is part of the
statement).

We will extend this result by adapting the arguments of the proof contained in [7] to
the general case by means of properties of the pairing recently obtained in [17]. We will
obtain (see Theorem 4.10 below) that the same formula holds for a general divergence-
measure field A by assuming the weaker condition HN~1(04 N J,) = 0, where © 4 is
the jump set of div A defined in (3).

If div A has a non-vanishing jump part concentrated on the jump set J, of u, the
relation (20) is no longer valid, as it is shown in the following example.

Example 4.1. Let A € DM™(R?) be the BV vector field A(z) = axp, (), where a € R?
is a fixed vector, and let u := x5, € BV (R?). By Corollary 3.8 we have that

(A, Du) = %a . V(x)?{ll_aBl, v(z) = 7%

)

hence 6(A, Du,x) = %a- v(x), x € 9B;1. On the other hand, for every z € 9B; and every
0 < r < p, an explicit computation gives

A(y) - v(z)dy = |arccos(l —r) — (1 —r)v/2r — T2} a-v(zx)
Cr,p(z,v)

= —4\3/5 r3/2q. v(z) + 0(r3/2) ,

hence

[A-v] () = lim lim V2

i Ty = a-v(z)=0.

As a consequence, if a # 0 we have that (A, Du, z) # [A - v] (z) for all but two points
T € 8B1
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However, we notice that it is still possible to achieve a representation for the pairing
density 0(A, Du,z) even in the case in which HY~1(©4 N J,) > 0: to this purpose we
will exploit the averages on half-balls introduced in [35], see Theorem 4.13 below.

For the reader’s benefit, we state below the general Gauss-Green formulas for essen-
tially bounded divergence-measure, sets of finite perimeters and functions of bounded
variation, which is the localized version of [20, Theorem 6.3] in the case A = 1/2, and
whose proof we leave to the interested reader.

Theorem 4.2 (Gauss-Green formula). Let A € DM5.(Q) and u € BViee(2) N
Li (0, ]div Al). Let E be a set with locally finite perimeter in Q such that supp(xgu) €
Q. Assume that the traces u’,u® of u on O*E belong to Li (0*E, HN=1_0*E). Then

loc
the following Gauss—Green formulas hold:

/u*ddivA—i—/d(A,Du) = — / u' Tr'(A,0"E)dHN 1, (21)

Et Et O*E

/ u* ddiv A + / d(A,Du):—/ueTre(A,a*E)d”HN’l, (22)

E'U0*E E'Uo*E O E

where E' is the measure theoretic interior of E.

In the particular case of u = 1, Theorem 4.2 reduces to

div A(EY) = — / Tr'(A, 0 E) dHV L (23)
O*E
divA(E' US*E) = — / Tr(A,0°E)dH ', (24)
O*E

and these formulas are fundamental tools needed in order to generalize (20) (see the
proof of Lemma 4.3 below). The proof of (23) and (24) can be found for instance in [15,
Theorems 4.1 and 4.2].

The following technical lemma, generalizing [7, Theorem 3.3] in the case of a singular
measure div A, gives an estimate of the gap between the local behavior of the mean
values of the normal traces of A on a smooth surface 3 and their analogous computed
on tangent hyperplanes 7,3 to 3. By means of the Gauss—Green formulas, we show that
the gap is possibly due to the concentration of the measure | div A| on X.

Lemma 4.3. Let A € DM, (), and let ¥ C RN be an oriented C hypersurface with
classical normal vector field vs,. Then, for every x € ¥ NS,
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1 .
limsup| ———— T (A, T2 dHN !
msup| ( () (y)
T,3NB,(x)
1 )
- T (A, 3 (y) dHN 1 (25)
HNfl(EﬂBp(x)) / (A, ¥)(y) dH (v)
SNB,(x)
ey L AIB ()

p—0t  WN-1 pN—1

where Tr"*( A, -) denotes either Tr'(A,-) or Tr*(A, "), and T, X is the tangent hyperplane
to X in x.

Proof. Let us prove (25) for Tr’, being the computation for Tr® entirely similar.

Up to a change of coordinates, we may assume that z =0 € Q, v5(0) = —ey, so that
¥ is locally the graph of a C! function ¢: RN~! — R with ¢(0) = 0, V¢ (0) = 0. For
every p > 0 such that By, € ), we denote

B, :=B,N{zy <0}, S, :=0B,N{xy <0}, T,:=B,N{zy =0},
Y oi={z=(2,zn) eRY : zx < p(z)},
Y, :=%NB, E,: =Y NB, X, =% NJB,

Now we apply the Gauss-Green formula (23) to A and to the open piecewise Lipschitz
set F,, and we obtain

divA(E,) = — / Tr'(A,0E,) dHN !
E,
=— / Tr'(A, X)) dHN ! — / Tr'(A,0B,) dHN 1,
pIPS =,
since "HN*(E; \ E,) =0, HN"Y0E,\ 0*E,) = 0, HN"Y9E, \ (¥, U ¥,)) = 0 and

thanks to the locality of the normal traces (6). Similarly, we apply the Gauss-Green
formula (23) to A and to B, , so that we get

divA(B,) = —/Tri(A,Tp)d’HN’l - /Tri(A,aB,,) dHN Y (27)
To So

since HN"H(B))'\ B, ) =0, HN"H0B, \ 9*B,) =0, HN"1 (9B, \ (T,US,)) = 0,
and again thanks to (6). From (26) and (27) we obtain that
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/W(A,z) dHN 1 —/W’(A,T,,) dHN 1
Sy T,
< |divA(B,) —div A(E,)|

+ / Tr'(A,0B,) dHN ! — / Tr'(A,0B,) dHN !
o Xy

< div A|(By 5 E,) + | All (s, KN NSy 8 55),

where in the last inequality we have used the facts that |u(B) — u(C)| < |u|(B & C) for
every signed measure p and || Tr'(A, 8Bp)HLm(aBmﬂN,1 Log,) < | AllLo (B, ;R N), thanks
to (7).

Since ¥ is a C'! hypersurface, then

N-1
i ()

=1
p—0t wy_1 pN 1

and, since Vi (0) = 0, we have that
N-1(/¢— -y _ (N1
H (Sp A Ep ) - O(p )7

so that, substituting in (28),

1 , 1 ,
— [ ' (A, D) dHN ! — /T&“ZAT N-1
'HNl(Ep)/ r'(A,X)dH wn_1pN 1 (A, T,)dH
5, T,
1 . _
Tr'(A, %) d N—l—/WAT dHN 1
T wno1 pNTE / (4, %) dH . (4, p) "

1 1 .
- Tr'(A, ) dHN !
- <HN1(2/)) WN—1PN1>/ (4, %) dit
EP

|div Al(B,) o0 1)
< w1 pNL + | Al Lo (B, RN wn N1 + [|All Lo (B, mN) |1 —

HYH(Z,)

— )
wn_1 pN-1

and hence (25) follows. O
We briefly recall the behavior of the cylindrical averages on hyperplanes.

Lemma 4.4. Let A € DM{5. () and let T C RN be a hyperplane oriented with normal
vector v. Then, for every x € T NQ and every p > 0 such that B,(x) € €,
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/ Tr' (A, T)dHN ! = hm— / A(y) - vdy.

rl0 r
TﬂBp(I) rp mV)

Proof. To simplify the notation, assume that T'= {zy =0}, v = en, z =0 € Q, and let
T, :={ay =t} fort € J:={t e R: Ty NQ # (}. By [1, Proposition 3.6] we have that

A-ey =T (A T) = Tr* (A, T)), HNLae on T, NQ, for Ll-ae. t € J,

so that, for every r > 0 such that C, ,(0,en) € €,

r

/ Ay eNdyzl//A(y)-eNdHN—l(y)dt

r
Crp(0,en) 0 T:NB,

T

:1/ / Tr°(A, T,) (y) dHN " (y) dt

0 T:NB,

%//TreATt (', t)dCLN " (y') dt
0D

P

//Tre (A, Tyo)(y,rt) dCLN~1(y') dt,
0D

where D,, is the (N —1)-dimensional disk of radius p centered in the origin, which satisfies
TnNnB,={(,0):y €D,}. Moreover, by [1, Theorem 3.7], we have that

lim Tr(A,Ts) = Tr'(A,T),  w* — L>®(D,,LN"'LD,).

s—0t

This implies that

1
lim / / Tro(A, Te)(y rt) LY M (y') dt = / Tr' (A, T)(y',0)dCN 1 (y')

r—0t+

_ / T (A, T)(y) dHY " (y),

which ends the proof. O

Finally, we are able to specify where the cylindrical averages of the field A on oriented
rectifiable sets coincide with its weak normal traces.
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Theorem 4.5. Let A € DM, (Q). Let X C RY be an oriented countably HN ~1-rectifiable
set. Then, for HN"l-a.e. 1 € QNY\ O4,

T (A, 2)(x) = T*(A,2)(2) = [A - vx] (@).

Proof. As a first step, let us prove the theorem in the case ¥ is an oriented C* hyper-
surface, with (classical) normal vector field vs.

Let © € QNX\ O 4 be a Lebesgue point for both Tr!(A, ¥) and Tr¢(A, ) with respect
to HN 1L ¥. From Lemma 4.3, and recalling the definition (3) of © 4, we deduce that
there exist the limits

lim — - / Tre (A, T,5)(y) dHY M (y) = TV (A, £)(2) . (29)

pl0 wy_1pN 1
T, XNB,(x)

On the other hand, it holds that
Tr'(A, %) = Tr°(4,Y) HY lae inQnNY\Oa.
Specifically, by (8), we have that
(Tr'(A, ) — T (A, S)HYIL(QNE\ 04) =divAL(QNX\ O4) =0.
From (29) and Lemma 4.4 we deduce that, for V¥ "l-a.e. 2 € QN \ O4,

i e : : 1
(A, D)(e) = (A D)) ~limlim —— [ AG) - wnla)dy
Crp(z,vs(x))

=[A-vs] (@),

hence the claim is proved.
The general case with ¥ C R oriented countably H#~ ~!-rectifiable set follows directly
from the previous step and the definition of weak normal trace on ¥ (Section 2.3). O

Corollary 4.6. Let A € DM5.(Q) and let E be a set of locally finite perimeter in Q.
Then for |Dxgl|-a.e. x € Q\ O 4 the limit

1
A S [ p— — Aly)-
[A-vel(e) = T, N o @ ve@)] / ) -ve(@)dy
Crp@re @)

erists, and

0(A,Dxp,x) =[A vg] (x) for |Dxg|-a.e. z € 2\ Oa.
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Remark 4.7. This result has been proved in [7, Theorem 3.5] under the stronger assump-
tion div A € L1(Q).

Proof. It is a consequence of Theorem 4.5, with ¥ = 0*F, and of Theorem 3.12. O

Corollary 4.8. Let A € DM,.(2) and let u € BVipe(2) N LSS (). Let us denote Ey =

loc

{u>t}. For L'-a.e. t € R and for |Dxg,|-a.e. v € Q\ © 4 the limit

: : 1
Aol = g i oG, | A s@

Crp(x,vE, (2))

exists, and it holds that
0(A,Dxg,,x) =[A vg] (z) for |Dxg,|-a.e. x € Q\ Oa.

Using Corollary 4.6, we get a refinement of Theorem 4.2 under a compatibility con-
dition.

Theorem 4.9. Let A € DM, (Q) and u € BVioo(Q) N LL (2, |div A|). Let E be a set
with locally finite perimeter in Q such that supp(xgu) € Q. Assume that the traces u®, u®
of u on O*E belong to LL (0*E, HN"L0*E). Assume also that

loc
HN T OaNn{z cI*E : u™(z) #0}) = 0.
Then the following Gauss—Green formulas hold:

/u*ddivA—i—/d(A,Du):— / u' [A-vg] dHN 7Y,
E? E? o*E

u*ddiv A+ / d(A,Du) = — / u® [A-vg] dHN L.

ElUd*E E'Ud*E o*E

Finally, we obtain the following generalization of [7, Theorem 3.6].

Theorem 4.10. Let A € DMy, () and let u € BVioc(2) N LS. (). Then

loc
(A, Du)L(2\ ©4) = [A-1,] [Du|L(Q)\ O4). (30)
If in addition we assume that
HY 1 (©ANJ,) =0, (31)

then
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0(A, Du,x) = [A - v,] (2), for HN"leae. x € J,. (32)

Finally, if Q is an open bounded set such that HN~1(0Q) < oo and HN~1(0Q\0*Q) = 0,
A e DM™(Q), u e BV(Q)NL>®(Q) and (31) holds, then

/u*ddivA+/[[A-z/u]} d|Dul =—/ui Tr'(A, 09) dHN 1, (33)
Q

Q o0

where A is the zero extension of A to RN \ Q.

Proof. By Corollary 4.8, for L!-a.e. t € R and for |[Dxg,|-a.e. z € Q\ ©4 the limit in
the definition of [A - vg,] (z) exists, and it holds that

(A, Dxe,)(2\O04) = [A-vg,] |Dxe|L(2\ O4). (34)

Since

D D
|D>>§Et\ = ﬁ =v,, |Dxglae inQ, forL'-ae tcR,
E

(see [25, §4.1.4, Theorem 2(i)]), for L'-a.e. t € R and for |[Dxp,|-a.e. # € 2\ O4 (i.e. for
|Dul-a.e. © € 1\ ©4) there exists the limit [A - 1v,,] (z) and

[A-v,]=[]A vg] |Dxg,|-a.e. in 2\ ©4. (35)

For every Borel set B C , by the coarea formula (see Theorem 3.10), by (34), (35) and
the coarea formula in BV (see Theorem 2.4), we have that

(A, Du)L(2\ ©4)(B) = (A, Du)(B\ ©4)

:/(A,DxEt)(B\@A)dt:/ / [A-v.] d|Dxg,|dt

R R B\64

- / [A-v,] dDu],
B\O.4
so that (30) holds.

In order to prove (32), we notice that the assumption (31) implies that |[Du|(© 4) = 0,
so that (A, D'u)(©4) = 0. Therefore, (30) implies that

(A, Diu) = [A - v,] | D7l

Finally, we deduce (33) by extending A and u to zero on R \ Q, and then exploiting
[18, Theorems 5.1 and 6.2] (see also [15, Corollary 5.5]), the Gauss—Green formula (21)
and (32). O
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Remark 4.11. Recalling that © 4 has o-finite H~ ~!-measure, we have that |D%u|(© 4) =
0, and hence (A, Du)?(© ) = 0. Thus, from (30) we deduce that

(A, Du)? = [A - v,] | D%l (36)

We emphasize that (36) gives a pointwise representation for the density of the Cantor
part (A, Du)¢ of the pairing measure, i.e.

c (& Dcu (&
(4,00 =LAl D] = |4 o | 1Dl

without any assumption on © 4.

The main drawback of the previous representation formula, as showed also in Exam-
ple 4.1, is that it fails on the intersection of the jump sets of the divergence-measure and
the BV function. In order to circumvent this issue, we conclude this section with one
more representation of the pairing, obtained combining Theorem 3.12 and the following
result [35, Theorem 4.4] (see also [15, Remark 6.4] and [36, Theorem 3]), representing
the normal traces of the field A as limits of averages in half balls.

Theorem 4.12. Let A € DML, (Q) and let X be an oriented countably H™ ~'-rectifiable
set with normal vs. Then, for HN 1-a.e. x € ¥ NQ it holds that

i . y—z
(A, 2 =1 .
(A,5)(a) = iy —— ) (37)
Bi(z,vn(z))
N y—x
(A, 2 =—lim —— Aly) -
FADE =l [ Aw)- =, (39)
B (w,vs(x))
where
By(z,vs(2)) = {y € Br(2) : (y— ) ve(z) >0}
and

Bi(z,vs(z)) :={y € By(z) : (y—2) vs(z) <0}

Corollary 4.13. Let A € DM (Q) and u € BVioe(Q) N L{S.(Q). Then, for |Dul-a.e.
x € Q,

. N y— Yy—
0(A,D =lim — Aly) - dy — Ay) - d
(A, Du, z) A S 1N / (y) v — 2] Yy / (y) y— 2] Y

Bl (z,vu () B (zvu(z))
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In particular,

(A, Du,z) = A(x) - (), for |D%ul-a.e. x € Q\ Sa. (39)

Proof. The first statement follows from Theorems 3.12 and 4.12. More precisely, if z €
Ju we use (18) and Theorem 4.12 with ¥ = J,, whereas if z € C, we use (17) and
Theorem 4.12 with X = 8*{u > u(x)}.

Let us prove (39). Let € Q\ (SaUS,,) be a point such that (17) holds and (37)-(38)
hold with ¥ = 0*{u > u(z)}, oriented in such a way that v points inside the set
{u > @u(x)} (observe that these properties hold for |D%ul-a.e. point, see the proof of
Theorem 3.12). Since, for every r > 0,

2N y—x 2N / y—x d (2)
= B S T——dy = —v,(x),
w1 ly — z| wy_1rV ly — z| Y “
Bi(z,vu(z)) Bg(@,vu(x))

then

2N(y — )

dy
ly — |

(A0 - A) v < lm | f (AW - A@)

|A(y) — A(x)| dy = 0.

A
5
o
=

An analogous computation shows that also Tr*(A,¥)(z) = A(z) - vu(z), so that (39)
follows. O

Remark 4.14. In light of Remark 3.14, we may exploit Theorem 4.12 as in the proof of
Corollary 4.13 in order to get

Or(A, Du,) = (1= \x) lim ———5 / AW) - o W

Bl (v (x))

— A(z) lim N / A(y) yor dy

P y—a]
Be(z,vy(x))

for |D’ul-a.e. x € Q.
5. Tangential properties of the pairing measure

As a consequence of the representation formula in Theorem 3.12 we easily recover the
local structure of the pairing measure by means of its tangent measures.
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For every x € , let I*"(y) := (y — z)/r denote the homothety with scaling factor r
mapping z in 0. For r > 0 small enough such that B,(x) € Q, the pushforward I;’Tu of
a Radon measure p is the measure acting on a test function ¢ € C.(B1) as

[oduzw = [oorran
B Q

Definition 5.1 (Tangent measures). Let p € Moe(§2). We say that v is a tangent measure
of pat x € Q if v is a non-zero Radon measure and there exists some sequence (r;)
satisfying r; | 0 and such that

1 o
I = vy in Mype(B1).
|l (B, (2)))
We denote by Tan(u, x) the set of all tangent measures of y at .
For every a > 0, we denote by Tan, (u, z) the family of non-zero Radon measures =y
such that there exists a sequence r; | 0 for which

oo I;;’MM N v in Mloc(Bl)'

K2

Following the notation established in Section 2, in the following results for any given

function f € L (2, |u]) we use the notation f(z) := f(x) for every z €  Lebesgue

point of f with respect to |u|. We start by proving the following property of the tangent
measures (for related results see [3, Theorem 2.44] and [30, Lemma 14.6]).

Lemma 5.2. Let 1 € Mioc(Q), and let f € L (Q, |p]). If x € Q is a Lebesgue point of f
with respect to |p| and f(x) # 0, then

Tan(fu,z) = f(x) Tan(p,z) and  Tany(fu,x) = f(z) Tang (g, z) Yo > 0.

Proof. Let = € Q be as in the statement, and let r; | 0 (so that B,,(z) € Q) be such
that at least one of the sequences ¢; I;" (fu) and ¢; I;" p converges weakly* to a Radon

measure, where ¢; = 777~ To fix the ideas, assume that c; Iy X 4. For every

1
[l (Br (
@ € C.(B1), we have that

| [wary s -5t [earzu = | [ o () 1) - f@lduty).

T
1 By r (2)

and the right-hand side converges to 0 as i — +00 since z is a Lebesgue point of f with
respect to p. It follows that the sequence c; I;’”( fu) converges weakly* to f(x)~, so
that we can conclude that Tan(fu,x) = f(z) Tan(y, x).
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The equality for Tan, can be proved by dealing separately with the case in which
both tangent sets are empty and the one in which they are not. In the latter we have
|| (Br(z)) < Cre for some C' > 0, so that one can argue as above. O

We can now state two results on the tangent measures of pairings. To this purpose,
for any unit vector v we set vt = {y € RN : y-v =0}

Theorem 5.3. Let A € DM5. () and let E be a set of locally finite perimeter in €.
Let ©z € O*FE be a Lebesgue point of Tr*(A,0*F) with respect to |Dxgl|, such that
Tr*(A,0*E)(x) # 0. Then

Tany_1((A, Dxg),z) = Tr* (A, 0" E)(z) HN T Lvg (2).

Proof. It is a consequence of Lemma 5.2, Corollary 3.7 and De Giorgi’s theorem (see |3,
Lemma 3.58 and Theorem 3.59]). O

Theorem 5.4. Let A € DM 5. (2) and let u € BVioc(Q) N LZ.(Q). If x € Q\ Sy is a

loc

Lebesgue point of Tr* (A, 0" {u > u(x)}) with respect to |D%)| such that Tr*(A,0*{u >
() })(x) # 0, then

Tan((A, Du)?, z) = Tr*(A, 0*{u > u(z)})(z) Tan(|D%|, z).

If instead x € J, is a Lebesgue point of Tr*(A,J,) with respect to |Du| such that
Tr* (A, Jyu)(z) # 0, then

Tany_1((A, Du)?,z) = Tr* (A, J,)(z) [uT(z) — v~ (z)] KV L v (2).

Proof. It is a consequence of Lemma 5.2, Theorem 3.12 and the Federer-Vol’pert theorem
(see [3, Theorem 3.78]). O

Remark 5.5. Exploiting Lemma 5.2, Remark 3.14 and the Federer-Vol’pert theorem, we
deduce the following representation for the tangent measure of the A-pairing as well:

Tany_1((A, Du)i7 x) = Tr’\(A, Jo) (@) [ut(z) —u™ (2)] HN Tl vt (2),

for every x € J, which is a Lebesgue point of TrA(A, J,) with respect to | D’u| and such
that Tr*(A, J,)(z) # 0, where

TN (A, J,)(z) := (1 — AMx)) Tr' (A, J,)(z) + Mz) Tr¢(A, J,) ().
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