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Abstract We prove the K (i, 1) conjecture for affine Artin groups: the com-
plexified complement of an affine reflection arrangement is a classifying space.
This is a long-standing problem, due to Arnol’d, Pham, and Thom. Our proof is
based on recent advancements in the theory of dual Coxeter and Artin groups,
as well as on several new results and constructions. In particular: we show that
all affine noncrossing partition posets are EL-shellable; we use these posets to
construct finite classifying spaces for dual affine Artin groups; we introduce
new CW models for the orbit configuration spaces associated with arbitrary
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Coxeter groups; we construct finite classifying spaces for the braided crystal-
lographic groups introduced by McCammond and Sulway.
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1 Introduction

The long-standing K (7r, 1) conjecture for Artin groups states that the orbit con-
figuration space Yy associated with a Coxeter group W is alwaysa K (Gw, 1)
space. Here G is the fundamental group of Yy and is known as the Artin
group associated with W. The conjecture was proved for spherical Artin groups
(i.e. if W is finite) by Deligne [29], after being proved by Fox and Neuwirth
in the case A, [40] and by Brieskorn in the cases C,, Dy, G2, Fa, and I>(p)
[16].

In this paper, we prove the conjecture for the next important family of Artin
groups, namely for all affine Artin groups. Together with Deligne’s result, this
covers all the cases where W is a Euclidean reflection group.

Main Theorem (Theorem 8.15) The K (t, 1) conjecture holds for all affine
Artin groups.

The K (m, 1) conjecture goes back to the pioneering work of Arnol’d,
Brieskorn, Pham, and Thom in the ’60s (see [16,41,58,65]). After the fun-
damental contribution of Deligne, the conjecture was proved for the affine
Artin groups of type A,,, C‘n [51], Bn [21], and Gg [23]. So our paper com-
pletes the list of affine Artin groups with the case D,, and with all the remaining
exceptional cases. Unlike the proofs for previously known cases, our approach
is essentially “case-free,” although some partial results use the classification
of reflection groups. In particular, it also applies to all previously known affine
cases.

Besides Euclidean cases, the conjecture was proved for Artin groups of
dimension < 2 and for those of FC type [23,43]. It was also extended to the
configuration spaces of finite complex reflection groups and proved in full
generality by Bessis [6].

Our results were made possible by recent advances in the theory by McCam-
mond and Sulway [48,49], which rely on dual Coxeter and Artin groups and on
Garside structures (see Sect. 2). In [49], finite-dimensional classifying spaces
for affine Artin groups were constructed, but with an infinite number of cells.
Our proof of the K (i, 1) conjecture leads to a significant improvement of their
construction: we obtain finite classifying spaces for Gy which are homotopy
equivalent to the orbit configuration space Yy . In doing that, we derive many
new geometric and combinatorial side results for affine Coxeter and Artin
groups, which we think are interesting by themselves.
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Proof of the K (7, 1) conjecture

The following are some consequences of the K (i, 1) conjecture: affine
Artin groups are torsion-free (this already follows from the construction of
McCammond and Sulway [49]); they have a classifying space with a finite
number of cells (see [60]); the well studied homology and cohomology of
Yw coincides with the homology and cohomology of the corresponding affine
Artin group Gw (see [19-21,55,57,61]); the natural map between the clas-
sifying space of an affine Artin monoid and the classifying space of the
corresponding Artin group is a homotopy equivalence (see [33,34,52,53]).

1.1 OQutline of the proof and future research directions

For every Coxeter group W and Coxeter element w, there is an associated dual
Artin group Wy,. It is known to be naturally isomorphic to the standard Artin
group Gw, if W is finite [5] or affine [49]. When the noncrossing partition
poset [1, w] is a lattice, the dual Artin group is a Garside group, and it admits a
standard construction of a classifying space Kw >~ K (W,,, 1) [24]. The poset
[1, w]isindeed a lattice if W is finite [5,13—15], but this is not always the case
if W is affine [31,32,48].

In our proof of the K (;r, 1) conjecture, one of the key points is to show that
Kyw 1is a classifying space for W,,, for every affine Coxeter group W, even
when [1, w] is not a lattice (Theorem 6.6). This can come as a surprise since
the standard argument to show that Kyy is a classifying space heavily relies on
the lattice property.

Then we show that Ky is homotopy equivalent to the orbit configuration
space Y. For this, we introduce a new family of CW models X7, ~ Yy,
which are subcomplexes of Ky (Definition 5.3). Differently from the usual
models (such as the Salvetti complex [60]), the structure of X ’W depends on
the dual Artin relations in W,, rather than on the standard Artin relations in
Gw. Using discrete Morse theory, we prove that Ky deformation retracts onto
X ’W This completes the proof of the K (;r, 1) conjecture, and at the same time,
it gives a new proof that the dual Artin group Wy, is naturally isomorphic to
the Artin group G (in the affine case).

The outlined program passes through several intermediate geometric, com-
binatorial, and topological results. For example, an important step in the proof
of the deformation retraction Ky =~ X/, is to construct an EL-labeling of
the affine noncrossing partition poset [1, w]. This and other contributions are
summarized in Sect. 1.2 below.

Of course, one can hope to use an analog strategy to solve the K (m, 1)
conjecture in the general case. However, in order to carry out such program,
it seems that a general geometric theory of dual Coxeter groups is required,
as well as a combinatorial theory of noncrossing partition posets associated
with arbitrary Coxeter groups (for example: are these posets EL-shellable?

@ Springer



G. Paolini, M. Salvetti

how can they fail in being lattices?), and perhaps also new developments in
Garside theory (can the lattice condition be relaxed?). These are interesting
and potentially promising directions for future research.

1.2 Summary of additional contributions

As mentioned above, in this paper we prove several results in addition to the
K (7, 1) conjecture. Here we list the ones we consider to be the most important
and of independent interest.

In Sect. 3, we expand the geometric theory of Coxeter elements in affine
Coxeter groups, continuing the work started by McCammond and Sulway
[48,49]. The following is one of our many results. Its analog for finite Coxeter
groups was proved by Bessis [5].

Theorem A (Theorem 3.22) Every element u in an affine noncrossing parti-
tion poset [1, w] is a Coxeter element of the Coxeter subgroup generated by
the subposet 1, u].

The next result sheds some light on the combinatorial structure of affine
noncrossing partition posets and is the focus of Sect. 4. Its analog for finite
noncrossing partition lattices was proved by Athanasiadis, Brady, and Watt

[2].

Theorem B (Theorem 4.19) All affine noncrossing partition posets are EL-
shellable.

We should emphasize that the affine setting differs substantially from the
finite setting. For example: an affine noncrossing partition poset [1, w] is infi-
nite and not necessarily a lattice; not all elements of [1, w] are parabolic
Coxeter elements; not all reflections belong to [1, w]. For this reason, the the-
ory requires significant novelties in addition to the well-established results for
finite Coxeter groups.

In Sect. 5 we introduce new CW models X, for the orbit configuration space
Yw, by gluing together classifying spaces Kw, ~ K(Gw;,, 1) of spherical
parabolic subgroups. This is done in full generality, for an arbitrary Coxeter
group W.

Theorem C (Theorem 5.5) For every Coxeter group W, the subcomplexes
X S Kw are naturally homotopy equivalent to the orbit configuration space
Yw.

In Sect. 6 we show that K is a classifying space, even when [1, w] is not
a lattice. Our proof makes use of the construction of braided crystallographic
groups by McCammond and Sulway [49], a “Garside completion” of dual
affine Artin groups.
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Theorem D (Theorem 6.6) For every affine Coxeter group W and Coxeter
element w € W, the complex Ky is a classifying space for the dual Artin
group Wy,.

In Sect. 7 we show that Ky deformation retracts onto a subcomplex with
a finite number of cells. Without additional effort, this argument also applies
to the classifying space of a braided crystallographic group. We obtain the
following consequence.

Theorem E (Theorem 7.10) Every braided crystallographic group has a clas-
sifying space with a finite number of cells.

It is possible that the techniques of Sect. 8 can be adjusted to braided crystal-
lographic groups, to obtain a smaller classifying space with some interesting
geometric interpretation (and perhaps prove a crystallographic version of the
K (7, 1) conjecture). This might be part of some bigger picture, where every
(dual) Artin group has a crystallographic Garside completion, and their clas-
sifying spaces are geometrically related.

1.3 Structure of this paper

In Sect. 2 we recall the most important background definitions and results
that are needed in the rest of the paper. In Sect. 3 we prove several geometric
results about Coxeter elements in affine Coxeter groups, expanding the theory
of [48,49]. This section goes hand in hand with Appendix A, where we carry
out explicit computations for the four infinite families of irreducible affine
Coxeter groups. Sects. 4, 5, 6 and 7 are mostly independent from each other.
They cover separate intermediate steps of our proof of the K (;r, 1) conjecture,
as described earlier. Finally, in Sect. 8, everything is put together to prove the
K (7, 1) conjecture.

2 Background
2.1 Coxeter groups and Artin groups

Let W be a Coxeter group, i.e. a group with a presentation of the following
form:

W = (S| (st)™D =1 Vs, 1 € S suchthat m(s, 1) # 00), (1)
where S is a finite set, m(s,s) = 1 forall s € §, and m(s,t) = m(t,s) €

{2,3,4,...} U {oo} for all s # ¢ in S. This presentation can be encoded
into a Coxeter graph: the vertices are indexed by S, and there is an edge
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connecting s and ¢ whenever m(s,t) > 3; this edge is labeled by m(s, 1)
whenever m (s, t) > 4. A Coxeter group is irreducible if its Coxeter graph is
connected. Any conjugate of an element of § is called a reflection. Denote by
R C W the set of reflections. Any conjugate of the set S is called a set of
simple reflections of W, and can be used in place of S to give a presentation
of W of the same form as (1), with an isomorphic Coxeter graph.

If S € R is any set of simple reflections of W (not necessarily the one used
to define W), the product of the elements of S in any order is called a Coxeter
element of W. Also, for any subset T C S, the subgroup Wr generated by
T is a parabolic subgroup of W (it is a Coxeter group, and 7 is a set of
simple reflections of Wr). A Coxeter element of a parabolic subgroup of W is
called a parabolic Coxeter element of W. When a set of simple reflections S is
fixed, the parabolic subgroups W7 with T C § are called standard parabolic
subgroups. The rank (or dimension) of W is the largest cardinality of a subset
T < S such that the parabolic subgroup W7 is finite. We refer to [7,11,44] for
more background information on Coxeter groups.

We are mostly interested in the case where W is a finite or affine Coxeter
group, or equivalently, a (finite or affine) real reflection group. In this case, W
acts faithfully by Euclidean isometries on some affine space £ = R”, and the
elements of R act as orthogonal reflections with respect to some hyperplanes
of E. These hyperplanes form a locally finite hyperplane arrangement in E,
which we denote by .A. The connected components of the complement of .4
in E are called chambers. Given a chamber C, its walls are the hyperplanes
H e Asuchthat HN C is a (n — 1)-dimensional polyhedron. The collection
of all the chambers forms the Coxeter complex of W. The smallest possible
dimension n which is needed to construct such a representation is equal to
the rank of W. If n is equal to the rank of W, the resulting representation is
essential. If W is an irreducible finite Coxeter group, then all its elements must
fix a point of E (so W may as well be realized as a group of linear isometries),
and all chambers in an essential representation are unbounded simplicial cones.
If W is an irreducible affine Coxeter group, then all chambers in an essential
representation are bounded simplices. We refer to [44] for the definition of
root systems, positive systems, simple systems, crystallographic systems, and
crystallographic Coxeter groups.

_Irreducible affine Coxeter groups are classified into four infinite families
(A,, By, Cy, D,) and five exceptional cases (Eg, E7, Eg, Fa, G2). Their
Coxeter graphs are shown in Fig. 1. These groups can all be constructed from
the corresponding irreducible crystallographic root systems, as follows (see
[44, Chapter 4]). For each « in a crystallographic root system ® € R”, and for
each integer k € Z, consider the affine hyperplane Hy ; = {x € R" | (x, @) =
k}. Then take the group generated by the orthogonal reflections with respect
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Ay o0

Oo—O0
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C 4 4

Fig. 1 Irreducible affine Coxeter graphs

to the hyperplanes H, x. The corresponding reflection arrangement A is the
collection of all these hyperplanes Hy k.

If W is a finite or affine Coxeter group, acting on E = R”, define the
configuration space Y associated with W as

y=C" | J HerC.
HeA

In other words, this is the complement of the complexification of the hyper-
plane arrangement 4. Then W naturally acts on Y, and its quotient Yyy = Y/ W
is the orbit configuration space associated with W. Up to homotopy equiv-
alence, Y and Yw do not depend on the chosen representation of W as a
subgroup of the isometry group ISOM(E). The construction of Y and Yw can
be extended to arbitrary Coxeter groups by considering the Tits cone, see
[11,41,50,58,60,65,66].

If S is a set of simple reflections of W, the Artin group associated with the
Coxeter group W is

Gw = (S| stst--- = tsts--- Vs,t € §suchthat m(s, t) # 00),

m(s,t) terms  m(s,t) terms

see [16,17,29,63,64]. It is isomorphic to the fundamental group of the orbit
configuration space Yw [60,65].
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Conjecture 2.1 (K (7, 1) conjecture) The orbit configuration space Yw is a
classifying space for the Artin group Gy.

Artin groups associated with finite (resp. affine) Coxeter groups are called
spherical (resp. affine). Prior to this work, the K (77, 1) conjecture was proved
for spherical Artin groups [16,29,40], for affine Artin groups of type A,, C,
[51], and Bn [21], for Artin groups of dimension < 2 (this includes the affine
Artin group of type G») and of FC type [23,43].

As shown in [59,60], the orbit configuration space Yy has the homotopy
type of a CW complex Xw, with one |T|-cell cr for every T in

Aw = {T € S| the standard parabolic subgroup Wr is finite}.

In particular, the 1-cells of Xy are indexed by S, and the 2-cells are indexed
by the unordered pairs {s, t} € S with m(s, t) # oco. The 1-cells are oriented
in such a way that c(y) corresponds to the generator s of the fundamental group
Gw, and a 2-cell c(; ;) corresponds to the relation szst - - - = tsts ---. In the
literature, the CW complex Xw is usually called the Salvetti complex of W.
For T C S, there is a natural inclusion of complexes Xy, € Xw, induced by
the inclusion Ay, € Ay.

2.2 Posets

We now recall some basic terminology about partially ordered sets (posets).
See [62] for a more detailed exposition.

Let (P, <) be a poset. If p < ¢g in P and there is no element r € P with
p < r < q,then we say that g covers p, and write p < g. Given an element
g € P, define P<;, = {p € P | p < g}. We say that P is bounded if it
contains a unique minimal element and a unique maximal element. A (finite)
chain in P is a totally ordered sequence pg < p; < - -+ < pp of elements of
P. A chain of n + 1 elements is conventionally said to have length n.

If p < g, the interval [p, q] in P is the set of all elements r € P such that
p < r < q.We say that P is graded if, for every p < g, all the maximal
chains in [ p, g] have the same (finite) length. Then there exists a rank function
rk: P — Z such that rk(g) — rk(p) is the length of any maximal chain in
[p, q]. The rank of P is defined as the maximal length of a chain of P.

A poset P is said to be a lattice if every pair of elements p,q € P has a
unique maximal common lower bound and a unique minimal common upper
bound.

The Hasse diagram of a poset P is the graph with vertex set P and having
an edge (p, q) for every covering relation p < g. We indicate by £(P) =
{(p,gq) € P x P | p < q} the set of edges of the Hasse diagram of P.
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2.3 Lexicographic shellability

In this section, we recall the definition of EL-shellability [8,9].

Let P be a bounded poset. An edge labeling of P isamap A: E(P) — A,
where A is some poset. Given an edge labeling A, each maximal chain ¢ =
(x <71 <---<z; <y) between any two elements x < y has an associated
word

Ale) = Ax, z1) A(z1,22) + oy A(21, ).

We say that the chain c is increasing if the associated word A(c) is strictly
increasing. Maximal chains in a fixed interval [x, y] € P can be compared
lexicographically (i.e. by using the lexicographic ordering on the correspond-
ing words).

Definition 2.2 Let P be a bounded poset. An edge-lexicographic labeling
(or simply EL-labeling) of P is an edge labeling such that in each closed
interval [x, y] C P there is a unique increasing maximal chain, and this chain
lexicographically precedes all other maximal chains of [x, y].

A bounded poset that admits an EL-labeling is said to be EL-shellable. If
P is an EL-shellable poset, then the order complex of P\{min(P), max(P)}
is homotopy equivalent to a wedge of spheres.

Let P; and P, be bounded posets that admit EL-labelings A1 : £(P1) — A1
and Ay : £(P2) — Aj, respectively. Assume that A1 and A, are disjoint and
totally ordered. Let A: £(P; x P2) — A1 UA» be the edge labeling of Py x P
defined as follows:

AMx, ), (2, ¥)) = ri(x, 2)
AM(x, ), (x, 1) = Aa(y, 1).

Theorem 2.3 [10, Proposition 10.15] Fix any shuffle of the total orderings on
A1 and A», to get a total ordering on A1 U Ay. Then the product edge labeling
A defined above is an EL-labeling of P; x Ps.

2.4 Discrete Morse theory

In this section we recall Forman’s discrete Morse theory [38,39]. We follow
the point of view of Chari [22], using acyclic matchings instead of discrete
Morse functions, and we make use of the generality of [3, Section 3] for the
case of infinite CW complexes.

Let P be a graded poset, and denote by H the Hasse diagram of P. Given
a subset M of £(P), we can orient all edges of H in the following way: an
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edge (p,q) € E(P) (i.e. with p < ¢g) is oriented from p to ¢ if it is in M,
otherwise in the opposite direction. Denote this oriented graph by H 4.

A matching on P is a subset M C £(P) such that every element of P
appears in at most one edge of M. A matching M is acyclic if the graph H
has no directed cycles. Given a matching M on P, an alternating path is a
directed path in H ¢ such that two consecutive edges of the path do not belong
both to £(P)\ M. In the graph H 4, the edges in M increase the rank by 1,
and the edges in £(P)\ M decrease the rank by 1. Therefore, a matching M
is acyclic if and only if it has no closed alternating paths (which are called
alternating cycles). The elements of P that do not appear in any edge of M
are called critical (with respect to the matching M). An acyclic matching M
is proper if, for every p € P, the set of vertices of H, reachable from p (with
a directed path) is finite.

Let X be a CW complex. The face poset F(X) of X is the set of its (open)
cells together with the partial order defined by 1 < o if T € ¢. For all
CW complexes X considered in this paper, the face poset F(X) is a graded
poset with rank function rk(c) = dim(o). Recall that each cell of X has a
characteristic map ®: D" — X, where D" = {x ¢ R" | ||x|| < 1}.

Let o and 7 be cells of X. If T < o we say that 7 is a face of o. We say that
T is a regular face of o if, in addition, the following two conditions hold (set
n = dim(r) and let ® be the characteristic map of o):

D) Plp-1¢r): o (1) > tis a homeomorphism;
(i) ®—1(7) is a closed n-ball in D*t1.

The following is a particular case of the main theorem of discrete Morse
theory and follows from [3, Theorem 3.2.14 and Remark 3.2.17].

Theorem 2.4 [3,22,38] Let X be a CW complex, and let Y C X be a sub-
complex. Suppose that there exists a proper acyclic matching M on the face
poset F(X) such that: F(Y) is the set of critical cells; for every (t,0) € M,
we have that T is a regular face of 0. Then X deformation retracts onto Y. In
particular, the inclusion Y — X is a homotopy equivalence.

We conclude by recalling a standard tool to construct acyclic matchings.

Theorem 2.5 (Patchwork theorem [46, Theorem 11.10]) Letn: P — Q bea
poset map. For all g € Q, assume to have an acyclic matching My C E(P)
that involves only elements of the fiber ' (q) € P. Then the union of these
matchings is itself an acyclic matching on P.

2.5 Interval groups and Garside structures

We now recall the construction of interval groups, and how they give rise
to Garside structures. Our exposition mostly follows [49, Section 2] and [47,
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Section 1]. See [5,24-26,28,31,32,48,49] for a complete reference on Garside
structures.

Let G be a group, with a (possibly infinite) generating set R € G such
that R = R~!. Suppose that the elements of R are assigned positive weights
bounded away from O that form a discrete subset of the positive real numbers.
Assume that 7 and r~! have the same weight, for every r € R. For every
x € G, denote by /(x) the minimum sum of the weights of some generators
ri, 1, ..., rr € Rsuchthatriry - - - ry = x.In other words, /(x) is the distance
between 1 and x in the weighted right Cayley graph of G (with respect to the
weighted generating set R).

The group G becomes a poset if we set x < y whenever [(x) + [(x~! y) =
[(y),1.e.if there is a minimal length factorization of y that starts with a minimal
length factorization of x. Given an element g € G, denote by [1, g]G cG
the interval between 1 and g (with respect to the partial order < in G). The
Hasse diagram of [1, g]¢ embeds into the Cayley graph of G. Every edge of
the Hasse diagram is of the form (x, xr) for some r € R, and we label it by r.

Definition 2.6 (Interval group [49, Definition 2.6]) The interval group G is
the group presented as follows. Let Ry be the subset of R consisting of the
labels of edges in [1, g]°. The group G, has Ry as its generating set, and
relations given by all the closed loops inside the Hasse diagram of [1, g]°.

The interval [1, g]G is balanced if the following condition is satisfied: for
every x € G, we have [(x) + [(x'g) = I(g) ifand only if [(gx™!) + [(x) =
[(g). This condition is automatically satisfied if the generating set R is closed
under conjugation and the weight of a generator is equal to the weight of all
its conjugates.

Theorem 2.7 [5, Theorem 0.5.2], [49, Proposition 2.11] If the interval [1, g]G
is a balanced lattice, then the group G is a Garside group.

See [28,31,32] for the definition of Garside groups. As in [49], we use the
term “Garside group” in the sense of Digne [31,32] (so that the generating set
R need not be finite).

The classitying space of a Garside group can be constructed explicitly, as
shown in [24,27]. Here we generalize this construction to the case of arbitrary
interval groups arising from balanced intervals, without the lattice assumption.
In the case of Garside groups, it is equivalent to the definitions given in [24,
Section 3] (see in particular [24, Definition 3.5 and Theorem 3.6]) and in [47,
Definition 1.6].

Definition 2.8 (Interval complex) Realize the standard d-simplex A? as the
set of points (aj, az,...,aq4) € R? suchthat 1 > a; > a, > -+ > ag >
0. The interval complex associated with a balanced interval [1, g]¢ is a A-
complex (in the sense of [42]) having a d-simplex [x{|x3] - - - |xq] for every
X1,X2,...,%xq €[1, g]G such that:
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Fig. 2 Realization in R? of
a 2-simplex [x1]x2]

(1) x; # 1 foralli;
(i) x1x2---xq € [1, g]%;
(i) I(xpxp - xq) = 1(xy) +1(x2) + -+ + 1(xa)-

The faces of a simplex [x1]|- - - |x4] are as follows.

e The face {1 = a; > ay > --- > aq > 0} of [x1]---|x4] is glued to the
(d — 1)-simplex [x2] - - - |x4] by sending (1, a2, ..., aq) to (a2, ...,aq) €
AL

eForl <i<d-—1,theface{l >a; >--->a; =aj+1 > -+ > aqg >
0} of [x1] - - - |x4] is glued to the (d — 1)-simplex [x1]-- - |xjxi+1] - - - |xq]
by sending (ay, ..., ai, @i, ai+2,...,aq4) to (ay, ..., ai,aj4+2,...,044) €
A4

e Finally, the face {1 > a; > --- > ag = 0} of [x1]---|xg4] is glued
to the (d — 1)-simplex [x{]---|xqg—1] by sending (ay,...,aqs—1,0) to
(ai,...,aq—1) € A4

Notice that there is a unique vertex, which is indicated by [ ]. The 1-simplices
are oriented going from 0 to 1 in A! = [0, 1]. See Fig. 2 for an example. The
fact that [1, g]€ is balanced ensures that the faces of a simplex also belong to
the interval complex.

The fundamental group of the interval complex associated with [1, g]¢ is
G . This can be easily checked by looking at the 2-skeleton.

Theorem 2.9 [24, Theorem 3.1] If[1, g]G is a balanced lattice, then G is a
Garside group and the interval complex associated with [1, g1° is a classifying
space for G.

2.6 Intervals in the group of Euclidean isometries
In this section, we recall the main result of [12]. Let V = R" be a n-dimensional

Euclidean vector space, and let E be the associated affine space (where the
origin has been forgotten). Given an affine subspace B C E, denote by
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DIR(B) C V the space of directions of B. Given a subset U C V, denote
by SPAN(U) the linear subspace generated by U.

Let L = ISOM(E) be the group of Euclidean isometries of E. For every
isometry u € L, define its move-set MOV(u) = {u(a) —a | a € E} C V.
This is an affine subspace of V, and it has a unique vector u of minimal norm.
Define the min-set of u as MIN(u) = {a € E | u(a) = a+ u} C E. This is
an affine subspace of E.

An isometry u € L is called elliptic if it fixes at least one point, and hyper-
bolic otherwise. If u is elliptic, then MoOV(u) is a linear subspace, u = 0,
and MIN(«#) coincides with the set of fixed points of u, which we denote
by Fix(u). For every isometry u € L, there is an orthogonal decomposition
V = DIR(MOV(u)) & DIR(MIN(u)) [12, Lemma 3.6].

The group L is generated by the set R of all orthogonal reflections (where
every reflection is assigned a weight of 1). The length /(#) computed using
the generating set R is called the reflection length of u. If u is elliptic, then
l(u) = codim F1iX(u); if u is hyperbolic, then /(1) = dim Mov(u) + 2 [12,
Theorem 5.7].

Definition 2.10 (Global poset [12, Definition 7.1]) Define the global poset
(P, <) as the set containing an element eB for every affine subspace B C E,
and an element 2™ for every non-linear affine subspace M C V. The order
relations in P are as follows: A’ < WM it M € M'; B < B if B D B';
eB < W™ if SPAN(M)L C DIR(B). Define also an invariant mapinv: L — P
that sends u to eP™X® if 4 is elliptic, and to AMOV®™ if 4 is hyperbolic.

Theorem 2.11 [12, Theorem 8.7] For every isometry u € L, the restriction
of the invariant map is a poset isomorphism between the interval [1, ul* and
the model poset P(u) = P<iny(u)-

2.7 Dual Artin groups

In this section we recall the definition and some properties of dual Artin groups
associated with a Coxeter group W, focusing on the cases where W is finite
or affine. See [5, 14, 15] for the finite case, and [48,49] for the affine case.

Let W be a Coxeter group, R its set of reflections, and S € R a set of simple
reflections. Assign a weight of 1 to every reflection r € R. Let w be a Coxeter
element, obtained as a product of the elements of S. The dual Artin group with
respect to w is the interval group W,, constructed using R as the generating
set of W.

The properties of a dual Artin group are strictly related to the combinatorics
of its defining interval [1, w]", which in turn depends on the geometry of the
Coxeter element w. The interval [1, w]" is a graded poset of rank |S|. As
explained in Sect. 2.5, the edges of the Hasse diagram of [1, w]" are naturally
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labeled by a subset Ry € R.Maximal chainsin[1, w]" correspond to minimal
length factorizations of w as a product of reflections.

Since the set R of reflections is closed under conjugation, it is possible to
rewrite factorizations as follows (this is a consequence of the so called Hurwitz
action).

Lemma 2.12 [48, Lemma 3.7] Letu = ryrp - - - ry, be a reflection factoriza-
tion in a Coxeter group W. For any selection 1 < iy <ip <---<ij <mof
positions, there is a length m reflection factorization of u whose first j reflec-
tions are rriy - - - ri;, and another length m reflection factorization of u where
these are the last | reflections.

If the Coxeter graph of W is atree, then all its Coxeter elements are geometri-
cally equivalent, and give rise to isomorphic intervals [1, w]" [48, Proposition
7.5]. This is the case for all irreducible finite and affine Coxeter groups except
A,. In the case A,, there are L”erlj equivalence classes of Coxeter elements:
a choice of representatives is given by (p, q)-bigon Coxeter elements, where
(p, q) is a pair or positive integers such that p > g and p + g = n + 1 [48,
Definition 7.7].

The generating set Ry € R of a dual Artin group contains S (for a general
Coxeter group, this follows from Lemma 5.1). Then there is a natural group
homomorphism from the usual Artin group Gw to the dual Artin group W,,.

Theorem 2.13 [5,14,49] If W is a finite or affine Coxeter group, the natural
homomorphism Gy — W, is an isomorphism.

It is not known in general whether a dual Artin group is isomorphic to the
corresponding Artin group, or whether the isomorphism type of a dual Artin
group depends on the chosen Coxeter element w.

One important motivation to introduce dual Artin groups is that sometimes
they are Garside groups. For example, this happens if W is finite.

Theorem 2.14 [5,15]If W is a finite Coxeter group, the interval [1, w]V is a
lattice for every Coxeter element w. Therefore the dual Artin group W, is a
Garside group.

The intervals [1, w]V that arise from finite Coxeter groups W are well-
studied, and are called (generalized) noncrossing partition lattices (see [1]).
They are known to be EL-shellable [2]. By analogy with the finite case, for
any Coxeter group W and Coxeter element w, we call the interval [1, w]" a
noncrossing partition poset associated with W.

Suppose now that W is an irreducible affine Coxeter group, acting as a
reflection group on £ = R", where 7 is the rank of W. The Coxeter element
w is a hyperbolic isometry of reflection length n + 1, and its min-set is a line
£ called the Coxeter axis [48, Proposition 7.2]. We gain some insight on the
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structure of the interval [1, w]" by comparing it with the interval [1, w] in
the group of all Euclidean isometries of E (see Sect. 2.6).

Lemma 2.15 (cf. [48]) Let W be an irreducible affine Coxeter group, and
w one of its Coxeter elements. Then the inclusion [1, wlV — [1,w]F is
order-preserving and rank-preserving. In particular, u < v in[1, w1V implies
inv(u) < inv(v) in the model poset P (w).

Proof The length functions of W and L agree on the Coxeter element w,
so they agree on the entire interval [1, wlV. As a consequence, [1, wlV
[1, w]E. In addition, if we have u < v in [1, w]", then u~'v € [1, w]" and
I(u= ') = I(v) — I(u). Since the length functions agree, we have u < v also
in [1, w]X. The last part of the statement follows from Theorem 2.11. O

Notice that [1, w]" is not a subposet of [1, w]t in general: it is possible
to have u, v € [1,w]" withu £ vin [1,w]V, but u < vin [1, w]F (see
Example 3.31). However, if W’ is a finite Coxeter group (acting as a reflection
group on the vector space V = R") and w’ is one of its Coxeter elements, then
[1, w1V is known to be a subposet of [1, w'JSM(V) [15, Sections 2 and 3].
Then, in the affine case, we can show that the condition inv(x) < inv(v) implies
u < vin[1,w]" whenever u and v are elliptic. In this case, the condition
inv(u) < inv(v) means FIX(u) 2O FIX(v).

Lemma 2.16 Let W be an irreducible affine Coxeter group, and w one of
its Coxeter elements. If u,v € [1, wlV are elliptic elements with Fix(u) 2
FIX(v), thenu < vin[1, w]%.

Proof We proceed by induction on /(u), the case /(1) = 0 being trivial. Sup-
pose from now on that /(#) > 1. Let W’ be the subgroup of W generated by
the reflections in [1, u]" U [1, v]V. By [44, Theorem 8.2] this is a Coxeter
group, and its set of reflections contains RN ([1, ul UL, ™). Every reflec-
tion in a minimal length factorization of u (resp. v) in W belongs to [1, ul
(resp. [1, v]"), and so it belongs to W’. This means that the minimal length
factorizations of 1 and v are the same in W and W’.

For every reflection 7 in [1, u]" U [1, v]¥, we have FIx(r) 2 Fix(v) by
Lemma 2.15. Therefore every element of W’ fixes FIX(v), and so W’ is finite.
By [5, Lemma 1.2.1] (see also [2,14,15]), every reflection r € W’ is part of a
minimal length factorization of v in W’, and so also in W, thus r € [1, v]W.
This proves that R N [1, ul < RN[1,vI%.

Let r be any reflection in [1, ulW (there is at least one reflection because
l(u) > 1). We have Fix(r) > Fix(«) 2 Fix(v) by Lemma 2.15, and therefore
r <u <wvin[l, w]" by Theorem 2.11. If we write u = ru’ and v = rv/, we
have u’ < v'in[1, w]¥, and so Fix(u’) 2 FIx(v'). Since r € [1, u]", we have
w' e 1, ul” <1, w]" and I(u') = I(u) — 1. In addition, since r € [1, v]"7,
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we have v' € [1,v]" < [1, w]". By induction, #’ < v’ in [1, w]". This
implies that u < v in [1, w]". O

The direction of the Coxeter axis £ is declared to be vertical, and the orthog-
onal directions are horizontal. An elliptic isometry is horizontal if it moves
every point in a horizontal direction, and it is vertical otherwise [49, Def-
inition 5.3]. Given u € [1, w]V, the right complement of u is the unique
v e [1, w]" such that uv = w. Define the left complement similarly.

Lemma 2.15 and some geometric considerations in [12] allow to coarsely
describe the combinatorial structure of the interval [1, w]".

Proposition 2.17 (cf. [49, Definitions 5.4 and 5.5]) The elements u € |1, wW
are split into 3 rows according to the following cases (where v is the right
complement of u):

e (bottom row) u is horizontal elliptic and v is hyperbolic;
e (middle row) both u and v are vertical elliptic,
e (top row) u is hyperbolic and v is horizontal elliptic.

The bottom and the top rows contain a finite number of elements, whereas the
middle row contains infinitely many elements.

This coarse structure has the following implications, given elements u < v
in[1,w]":ifvis elliptic, then u is elliptic; if v is horizontal elliptic, then u is
horizontal elliptic; if u is vertical, then v is vertical; if u is hyperbolic, then v
is hyperbolic.

The roots corresponding to horizontal reflections form a root system ®po C
@, called the horizontal root system associated with the Coxeter element w €
W. It decomposes as a disjoint union of orthogonal irreducible root systems
of type A, as described in Table 1. The number & of irreducible components
varies from 1 to 3. See [48, Section 11] and Appendix A.

Theorem 2.18 [31,32,48] Let W be an irreducible affine Coxeter group, and
w one of its Coxeter elements. The interval [1, wlW is a lattice (and thus Wy,
is a Garside group) if and only if the horizontal root system associated with w
is irreducible. This happens in the cases Cy,, G2, and A, if w is a (n, 1)-bigon
Coxeter element.

Since the interval [1, w]" is not a lattice in general, in [49] a new group of
isometries C © W is constructed, with the property that [1, w]C is a balanced
lattice and [1, w]" < [1, w]€. The corresponding interval group C,, (called
braided crystallographic group) is a Garside group, and there is a natural inclu-
sion W, € C,,. By Theorem 2.9, the interval complex K¢ associated with
[1,w]€ is a (finite-dimensional) classifying space for Cy,. The cover of K¢
corresponding to the subgroup W, is a classifying space for the (dual) affine
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Table 1 Horizontal root

systems [49, Table 1] Type Horizontal root system
An (DAp—l ] cDAq—l
C~‘n Dy,
By, Dp UDy, ,
Dy Dp LDy, LDy, ,
62 q>Al
In the case A, we show the 1f4 ®ai U4
horizontal root system ?6 Pa UPa, UPy,
associated with a E; Dy U Dy, LDy,
(p, g)-bigon Coxeter Eg Ba, Uda, LD,

element

Artin group W,,. Therefore affine Artin groups admit a finite-dimensional
classifying space. We come back to braided crystallographic groups in Sect. 6,
where we show that the interval complex Ky associated with [1, w] Wisaclas-
sifying space for Wy, (this complex is much simpler than the aforementioned
cover of K¢).

In the subsequent sections, we sometimes suppress the superscript W when
writing intervals [1, #]" in a Coxeter group W, and simply write [1, u].

3 Affine Coxeter elements

This section is devoted to proving some results on the geometry of Coxeter
elements of affine Coxeter groups, expanding the theory of [48,49]. We start by
recalling, in Sect. 3.1, the results of [48, Sections 8 and 9] on bipartite Coxeter
elements. In Sect. 3.2 we develop a parallel theory for the case A,,. In Sect. 3.3
we prove a few structural results for the elements of the interval [1, w]. Finally,
in Sect. 3.4 we make a digression on the geometry of the irreducible horizontal
components.

This section goes hand in hand with the Appendix, where we carry out
explicit computations for the four infinite families of irreducible affine Coxeter
groups. A few results of Sect. 3.2 and one technical lemma of Sect. 3.3 are
checked by hand in the Appendix. The Appendix can be also used as a source
of additional examples.

Let W be an irreducible affine Coxeter group, acting faithfully by Euclidean
isometries on £ = R” where n is the rank of W, as described in Sect. 2.1.
Let R € W be the set of reflections, w a Coxeter element of W, and £ =
MIN(w) C E the Coxeter axis of w. Denote by A the reflection arrangement
associated with the action of W on E.
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The shortest vector i in MOV(w) gives an orientation to the Coxeter axis
£: we say that a point a € £ is above a point b € £ (or, equivalently, b is below
a) if a — b is a positive multiple of . We also say that pu points towards the
positive direction of ¢, whereas —u points towards the negative direction.

3.1 Bipartite Coxeter elements

Definition 3.1 A bipartite Coxeter element is a Coxeter element w € W for
which there exist a set of simple reflections S € R and a bipartition § = SpU.S|
of the Coxeter graph (i.e. the reflections in Sy pairwise commute, and so do
the reflections in S7) such that w = wjwp, where w; is the product of the
elements of S; in some order.

If the Coxeter graph of W is a tree, then every Coxeter element w € W is
a bipartite Coxeter element [48, Corollary 7.6]. In particular, this happens for
all irreducible affine Coxeter groups except A,.

Let w be a bipartite Coxeter element, as in Definition 3.1. Let Cq be the
(open) chamber of the Coxeter complex corresponding to the set S of simple
reflections so that the elements of § = Sp LI S| are the reflections with respect
to the walls of Cy. Let F; be the face of C¢y determined by the intersection of
the hyperplanes of the reflections in S;, and let B; be the affine span of F;.
There is a unique pair of points p; € B; that realize the minimum distance
between By and Bj. Each p; lies in the relative interior of the corresponding
face F; [48, Lemma 8.5]. The line determined by po and p; is exactly the
Coxeter axis £ [48, Proposition 8.8], and it intersects Cq [48, Lemma 8.5].

Each w; is an involution, and it restricts to a reflection on the Coxeter axis
£ that fixes only p; [48, Lemma 8.7]. Then wg and w; generate an infinite
dihedral group that acts on £. Using this action, we can extend the definitions
of F;, B;, and p; to arbitrary subscripts i € Z: let F_; (resp. B_;, or p_;)
be the image of F; (resp. B;, or p;) under wy, and let Fo_; (resp. By_;, or
p2—i) be the image of F; (resp. B;, or p;) under wi. We obtain a sequence of
equally spaced points p; along the line ¢, with p; 1 — p; = %,u (where u is
the shortest vector in MOV (w)). The axial chambers are given by all possible
images of the chamber C¢ under this dihedral group action. Their vertices are
called axial vertices.

Remark 3.2 If b is an axial vertex in the face F; (for some i € Z), then w’ (b)
is an axial vertex in Fjip;. Therefore every axial chamber has exactly one
vertex in the orbit {w/(b) | j € Z}.

Theorem 3.3 [48, Theorem 8.10] Let W be an irreducible affine Coxeter
group not of type A,, and w one of its Coxeter elements. For every axial
chamber C there is a bipartite factorization w = wiw_, where w4 (resp. w_)
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Fig. 3 Coxeter complex of type G [49, Figure 11]

is the product of the reflections with respect to the walls of C that intersect £
above (resp. below) C.

If a hyperplane H of a reflection of W crosses the Coxeter axis £, then there
is an index i such that H contains all of F;, all but one vertex of F;_; and all
but one vertex of F;; [48, Corollary 8.11].

Lemma 3.4 [48, Lemma 9.3] Let W be an irreducible affine Coxeter group
not of type Ay, and w one of its Coxeter elements. Let H be the hyperplane of
a vertical reflection r in W that intersects the Coxeter axis £ at the point p;.
If b and b are the unique vertices of F;_1 and F; | not contained in H, then
w sends b to b, r swaps b and b’, rw fixes b, and wr fixes b’. Moreover, the
elliptic isometry rw (resp. wr) is a Coxeter element for the finite parabolic
subgroup of W that fixes b (resp. b’).

Theorem 3.5 [48, Propositions 9.4 and 9.5, Theorem 9.6] Let W be an irre-
ducible affine Coxeter group not of type Ay, and w one of its Coxeter elements.
Every vertical reflection r € W is in [1, w], and fixes many axial vertices. A
horizontal reflection r € W is in [1, w] if and only if it fixes at least one axial
vertex.

Example 3.6 (Case G») Figure 3 shows the Coxeter complex of a Coxeter
group of type G». Every Coxeter element w is a glide reflection, whose glide
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axis is the Coxeter axis £ = MIN(w) (the dashed line). The axial chambers
are shaded, and the axial vertices are colored, with one color for each w-orbit
(see Remark 3.2). We use the notation of [49, Definition 5.10] to indicate the
reflections in Ry = RN [1, w]: let Cy be the darkly shaded chamber in Fig. 3;
let pg € £ be below Cp, and p; € £ above Cp; denote by @; (fori = 1 mod 4)
the reflection with respect to the line of slope —+/3 passing through the point
pi € {; similarly, denote by b;, ck, d;, e the vertical reflections with slopes

—%, 0, \L@, V3, respectively (they are defined fori = 1 mod 4, j = 3 mod
4, and k = 0 mod 2); finally, let f and f’ be the two horizontal reflections of
[1, w]. The walls of Cy are the fixed lines of a1, dy, cg. A bipartite factorization

of wis w = aidjcy.

3.2 Coxeter elements of type Ap

If W is a Coxeter group of type A,, most of its Coxeter elements are not
bipartite, and thus the theory of Sect. 3.1 does not apply. In this section, we
derive a parallel theory and highlight the most important differences with the
bipartite case.

As shown in [48, Section 7], every Coxeter element is geometrically equiv-
alent to a (p, q)-bigon Coxeter element, for a unique pair (p, g) of positive
integers such that p > g and p+¢q = n+ 1. Therefore there are exactly L”T“J
distinct equivalence classes of Coxeter elements. For the explicit construction
of (p, g)-bigon Coxeter elements, see Sect. A.1 in the Appendix. The first four
results in this section (Lemma 3.7, Theorem 3.8, Propositions 3.9 and 3.10)
are verified in the Appendix by explicit computation.

Lemma 3.7 Let W be a Coxeter group of type A,, and w one of its (p, q)-
bigon Coxeter elements. The Coxeter axis £ is not contained in any reflection
hyperplane of W, and it intersects the vertical hyperplanes in an infinite
se(ci]uence of equally spaced points { p; }icz. More precisely we have p; 11— p; =
ged(p,q)
ptq

. .. p+q
with j =i+ d(p.q)"

w, where puis the shortest vector of MOV(w). In particular, w(p;) = p;

As in the bipartite case, the chambers that intersect the Coxeter axis £ are
called axial chambers, and the vertices of the axial chambers are called axial
vertices. The following theorem is the analog of Theorem 3.3, and describes
how axial chambers yield a factorization of w.

Theorem 3.8 Let W be a Coxeter group of type A,, and w one of its (p, q)-
bigon Coxeter elements with p > q. Fix an axial chamber C, and let Sc € R
be the set of the n + 1 reflections with respect to the walls of C. Write S¢c =
STUS~ LS, where ST (resp. ™) consists of the reflections that intersect the
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Coxeter axis £ above (resp. below) C N £, and S"°" consists of the horizontal
reflections. Then:

(@) [S*1=1S"|=q,and |S""| = p —q;
(ii) the reflections in ST (resp. S™) pairwise commute;
(iii) w can be written as a product of the reflections in Sc, where the reflections
in ST come first, and the reflections in S~ come last.

The next result describes how the vertical hyperplanes of the arrangement
A intersect the Coxeter axis £. Unlike the bipartite case, the vertical walls of
an axial chamber C can intersect £ outside of its closure C.

Proposition 3.9 Let W be a Coxeter group of type Ay, and w one ofits (p, q)-
bigon Coxeter elements with p > q.

(1) Leta € € be a point which is fixed by at least one vertical reflection of W.
There are exactly gcd(p, q) vertical reflections of W that fix a, and they
pairwise commute.

(1) Let{pi}icz be the sequence of points of Lemma 3.7, and let C be an axial
chamber that intersects £ between p; and pj1. A vertical hyperplane of
A is a wall of C if and only if it intersects £ in one of the 2m consecutive

POINLS Pi i1, Pi—m+2s - -+ » Pitm>» Wherem = m-

The following result gives some insight into the geometry of axial vertices.
The first part is the A, analog of Remark 3.2.

Proposition 3.10 Ler W be a Coxeter group of type A,, and w one of its
(p, q)-bigon Coxeter elements. Let b be an axial vertex.

(i) Every axial chamber has exactly one vertex in the set {w’ (b) | j € Z}.
(i1) There are exactly gcg(—;qq) axial chambers having b as one of their vertices,
and they are consecutive (i.e. the union of their closures intersects the

Coxeter axis £ in a connected set).

Remark 3.11 (Bipartite case) [fnisoddand p = g = %, then w is a bipartite
Coxeter element, and we recover the results of Sect. 3.1. In particular, part (iii)
of Theorem 3.8 reduces to the bipartite factorization w = wiw_ of Theorem
3.3.

Example 3.12 (Case A,) Figure 4 shows the Coxeter complex of a Coxeter
group of type A,. Every (2, 1)-bigon Coxeter element w is a glide reflection,
whose glide axis is the Coxeter axis £ = MIN(w) (the dashed line). As in
Fig. 3, the axial chambers are shaded, and the axial vertices are colored, with
one color for each w-orbit (see part (i) of Proposition 3.10). We use a notation
similar to Example 3.6: let Cy be the darkly shaded chamber; let py € £ be
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N

Fig. 4 Coxeter complex of type A,

the point immediately below Cp, and p; € £ the point immediately above Co;
denote by a; the vertical reflection that fixes p; for i = 1 mod 2; denote by
c; the vertical reflection that fixes p; for j = 0 mod 2; finally, let b and o’
be the two horizontal reflections adjacent to the Coxeter axis £ (by Theorem
3.17 below, these are precisely the horizontal reflections of [1, w]). The walls
of Cy are the fixed lines of a1, b, ¢g, and w = aybcy.

If H is the fixed hyperplane of some vertical reflection of W, there is a
well-defined axial chamber which is immediately above H, and one which is
immediately below H . These are the only two chambers that intersect a small
neighborhood of H N £ in £. Denote them by C ;_; and C;, respectively. By part
(1) of Proposition 3.9, all the vertical reflections fixing H N{ pairwise commute.
Therefore they are all walls of C IJ; and C;. This proves the following analog
of [48, Corollary 8.11].

Corollary 3.13 Let W be a Coxeter group of type Ay, and w a Coxeter element
of W. If the fixed hyperplane H of a reflection in W crosses the axis £, then H
is the affine span of a facet of an axial chamber.

The following is the A, analog of Lemma 3.4.

Lemma 3.14 Let W be a Coxeter group of type A, and w one of its Coxeter
elements. Let r be a vertical reflection in W, H = FIX(r), and b~ (resp. b™)
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the unique vertex of Cy; (resp. C ;“I )whichis notin H. Then the elliptic isometry
rw (resp. wr) is a Coxeter element for the finite parabolic subgroup of W that
fixes b~ (resp. b™).

Proof Apply Theorem 3.8 to the axial chamber C = C;. Since r € ST, the
Coxeter element w can be written as a productrry - - - 41, Wherera, ..., 141
are the reflections with respect to the other walls Ha, ..., H,y1 of Cy. The
walls H», ..., H,4+1 bound a chamber of the finite parabolic subgroup of W
that fixes b, so rw = ro---r,4+1 is a Coxeter element for this subgroup.
Similarly, wr is a Coxeter element for the finite parabolic subgroup that fixes
bT. 0

Remark 3.15 In the proof of Lemma 3.14, the chamber C; (resp. C;}) can
be replaced with any axial chamber C that intersects £ below (resp. above)
H N £ and such that H is a wall of C. However, the statement of Lemma 3.14
makes it clear that at least one such chamber C exists, so rw and wr are indeed
parabolic Coxeter elements.

Lemma 3.16 Let W be a Coxeter group of type A, and w one of its Coxeter
elements. For every axial vertex b, there exists an axial chamber C such that
b is a vertex of C and the wall of C opposite to b is vertical.

Proof Let C be the lowest axial chamber such that b is a vertex of C. Suppose
by contradiction that the wall of C opposite to b is horizontal. Then b is fixed
by all the reflections with respect to the vertical walls of C. Let a be the lowest
point of C N ¢, and let S, be the set of the (vertical) reflections of W that fix
a. By part (i) of Proposition 3.9, the reflections in S, pairwise commute. Then
their product fixes b and sends C to an axial chamber C’ which is below C.
This is a contradiction. O

We are now ready to prove the A, analog of Theorem 3.5.

Theorem 3.17 Let W be a Coxeter group of type A,, and w one of its Coxeter
elements. Every vertical reflection r € W is in [1, w], and fixes many axial
vertices. A horizontal reflectionr € W isin [1, w] if and only if it fixes at least
one axial vertex.

Proof For the first part, it is enough to apply Theorem 3.8 to C;’I or Cp, where
H = Fix(r).

For the second part, suppose that » is a horizontal reflection in [1, w], so
there is a factorization w = ryry - - - r,r that ends with r. Since w is vertical,
at least one of the r; is vertical. By Lemma 2.12 we can move this reflection
to the beginning, and thus assume that r; is vertical. Then r < w’ = rjw, and
w’ is an elliptic isometry that fixes an axial vertex b~ by Lemma 3.14. Since
Fix(w’) C FIX(r) (Lemma 2.15), we have that r fixes b~.
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On the other hand, suppose that r € W is a (horizontal) reflection that fixes
some axial vertex . By Lemma 3.16, we have that b is a vertex of some axial
chamber C such that the wall H" of C opposite to b is vertical. Let r’ be
the reflection with respect to H'. By Lemma 3.14 and Remark 3.15, one of
r'w and wr’ is a Coxeter element for the finite parabolic subgroup of W that
fixes b. Recall that every reflection in a finite Coxeter group occurs in some
minimal length factorization of any of its Coxeter elements [5, Lemma 1.3.3].
Therefore r < r'worr < wr’,and sor < w. 0

3.3 Isometries below an affine Coxeter element

Now that the case A, is well understood, we turn to the general case of an irre-
ducible affine Coxeter group and prove a few more results about the elements
of the interval [1, w].

Lemma 3.18 Let W be an irreducible affine Coxeter group, and w one of
its Coxeter elements. For every axial vertex b, there exists a unique element
wp € [1, w] which is a Coxeter element for the finite parabolic subgroup of
W that fixes b.

Proof Let C be an axial chamber such that b is a vertex of C. Denote by
r,ri, ..., the reflections with respect to the walls of C, where r is the
reflection that does not fix . By Theorem 3.8 (for the case A,) and Theorem
3.3 (for the other cases), the Coxeter element w can be written as a product of
the reflections r, rq, ..., r, in some order. Remove r from this factorization,
and let wp, be the product of the remaining reflections in the same relative
order. Then wj € [1, w] by Lemma 2.12. By construction, wp, is a Coxeter
element for the finite parabolic subgroup of W that fixes b. Every such element
w,, € [1, w]has a fix-set equal to {b}, so uniqueness follows from Lemma 2.15.

O

Lemma 3.19 Let W be an irreducible affine Coxeter group, and w one of its
Coxeter elements. For every elliptic element u € [1, w], there exists an axial
vertex b such that u < wy, where wy, is the unique element of [1, w] which is
a Coxeter element for the finite parabolic subgroup that fixes b (see Lemma
3.18). In particular, u fixes at least one axial vertex b.

Proof Let v be the right complement of u, so that uv = w. Letv =ry-- -1y,
be a minimal length factorization of v as a product of reflections. Since u is
elliptic, v is vertical and therefore at least one r; is a vertical reflection. By
Lemma 2.12 we can move this reflection to the end, and thus assume that r,, is
vertical. By Lemma 3.14 (for the case A ) and Lemma 3.4 (for the other cases),
wry, = ury - - - ry—1 is a Coxeter element for the finite parabolic subgroup of
W that fixes an axial vertex b. By construction, u < wry,. O
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Given an element u € [1, w], denote by W,, the subgroup of W generated
by the reflections in [1, u#] (or, equivalently, by all the elements of [1, u]).
Then W, is a Coxeter group having R N W, as its set of reflections, by [44,
Theorem 8.2] (see also [30,35]). Denote by A, = {FIX(r) | r € RNW,} C A
the reflection arrangement associated with the Coxeter group W,,.

Lemma 3.20 (Hyperbolic-horizontal decomposition) Let W be an irreducible
affine Coxeter group, w one of its Coxeter elements, and u € [1, w] a hyper-
bolic element. There exists a unique decomposition u = u'h such that:

(1) u', h € [1, ul, u is hyperbolic, h is horizontal elliptic, and [ (u) = [(u") +
[(h);

(2) W, is the direct product of the Coxeter subgroups W, and W,

(3) W, is an irreducible affine Coxeter subgroup;

(4) Wy, is a finite horizontal Coxeter subgroup;

S) [L,ul =[1,u'] x [1, h].

Proof Decompose the Coxeter group W, as a direct product of irreducible
subgroups: W, = Wy x --- x W;. Then u € W, can be written uniquely as
u=uy---u; withu; € W;.

Since u is hyperbolic, its right complement v is horizontal elliptic. Let u =
r1 - - -y be aminimal length factorization of u as a product of reflections. Since
u is vertical, at least one r; is a vertical reflection. By Lemma 2.12 we can move
this reflection to the beginning, and thus assume that r; is vertical. Therefore
its right complement r; - - - r,, v is vertical elliptic, and in particular r; - - - 1, is
elliptic. Each reflection r; belongs to one of the irreducible components W;.

Without loss of generality, assume that rq, ..., rx € Wy and rg41,...,7m €
Wy x ---x Wy, forsome k € {1, ..., m}. By uniqueness of the decomposition
u = uy---u;, we have that uy = ry---ryand up---u; = rgqe1--rm. In

particular, both u and u5 - - - u; belong to the interval [1, u],and [ («) = [(u1)+
L(ug - up) =1wy) +1(u) + - -+ 1(uy).

Denote by «y,...,®, the roots corresponding to rq,...,r,. Since
Uy ---Uy = ryyq -+ - Iy is elliptic, the roots o 41, . . . , oy, are linearly indepen-
dent by [12, Lemma 6.4]. Suppose by contradiction that u; = ry - - - r¢ is also
elliptic. Then for the same reason the roots o1, .. ., a; are linearly indepen-
dent. Therefore the roots «1, ..., o, are linearly independent, so u is elliptic
by [12, Lemma 6.4], and this is a contradiction. We deduce that u; is hyper-
bolic. This implies that its right complement r¢ 1 - - - 7, v is horizontal elliptic,
so the reflections 7441, ..., r are horizontal. Then us - - - uy = rg41 -« -1y 1S
horizontal elliptic.

Recall that W, is generated by the reflections in [1, u]. Each reflection
r € [1, u] belongs to exactly one irreducible factor W;, and so is part of a
minimal length factorization of u;, which implies that r € [1, u;]. Therefore
W; is equal to the subgroup W,, € W generated by the reflections in [1, u;].
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For all i > 2 we have that u; is horizontal elliptic, so all the elements of W,
are horizontal. Then the irreducible factor Wi = W, is uniquely determined
as the only factor which contains at least one vertical reflection.

Define u" = uj and h = uy - - - u;. Notice that W}, is the group generated
by the reflections in [1, k], i.e. the reflections in [1, up] U --- U [1, u;], so
Wip =W, x---x W, =W x--- x W;. Therefore W, = W, x Wj,. This,
together with the fact that Wj, is horizontal and W, is irreducible, is enough
to ensure that the decomposition u = u’h is unique. Since W, = W, x Wp,
we have [1, u] =[1, u'] x [1, A].

Recall that u’ = ry - --rg is hyperbolic, so Fix(ri) N --- N FiX(rx) = 0.
Therefore the Coxeter subgroup W, is infinite. By construction, W,/ is also
irreducible, so it must be an irreducible affine Coxeter group. O

We will refer to the decomposition u = u’h of Lemma 3.20 as the
hyperbolic-horizontal decomposition of u.

The following technical lemma is proved in the Appendix for the four infinite
families and was checked by computer for the exceptional cases (see [54]).

Lemma 3.21 Let W be an irreducible affine Coxeter group, w one of its Cox-
eter elements, andu € [1, w] a hyperbolic element such that W, is irreducible.
Let a be a point of £ that does not lie on any hyperplane of A,, and let C be
the chamber of A, containing a. Then C has exactly [ (u) walls, and u can be
written as the product of the reflections with respect to the walls of C in the
following order:

e first there are the vertical reflections that fix a point of € above a, and r
comes before r' if FIX(r) N £ is below FIX(r') N £;

e then there are the horizontal reflections, in some order;

e finally there are the vertical reflections that fix a point of £ below a, and
again r comes before r' if FIX(r) N £ is below FIX(r") N L.

The conclusion of Lemma 3.21 seems to hold for all hyperbolic elements
u € [1, w], without the irreducibility hypothesis. In addition, for the case Gz
and for the four infinite families (/In, By, C,, and l3,,) the vertical walls of
C that fix a point of £ above a (resp. below a) pairwise commute. However, a
computer check shows that this is not true for the exceptional cases Fu, E6, E7,
and Eg (see [54]). Notice also that in general MIN(w) g MIN(u), so a point
a € { = MiN(w) is usually not on the Coxeter axis of u (otherwise Lemma
3.21 would follow easily from Theorems 3.3 and 3.8 applied to W,,).

We can now prove the affine analog of [5, Lemma 1.4.3].

Theorem 3.22 Let W be an irreducible affine Coxeter group, and w one of
its Coxeter elements. Every element u € [1, w] is a Coxeter element of W,,. In
addition:
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(1) ifu is elliptic, then u is a parabolic Coxeter element;

(i) ifu is hyperbolic and u = u’h is its hyperbolic-horizontal decomposition,
then u’ is a Coxeter element of W,» and h is a Coxeter element of the
parabolic subgroup Wy of W,,.

Proof Suppose that u is elliptic. By Lemma 3.19 there is an axial vertex b
such that u < wjp, where wy, is the parabolic Coxeter element of Lemma 3.18.
By [5, Lemma 1.4.3] applied to the finite parabolic subgroup that fixes b, we
have that u is a Coxeter element of W,,, and W, is a parabolic subgroup of W.

Suppose now that u is hyperbolic, and let u = u’h be its hyperbolic-
horizontal decomposition. Since W, is irreducible, by Lemma 3.21 we
immediately have that u” is a Coxeter element of W,,. Also, since & is hori-
zontal, we have already proved that / is a Coxeter element of the parabolic
subgroup Wj, (notice that W}, is a parabolic subgroup of both W and W,,). Then
u'h is a Coxeter element of W,, = W, x Wj,. O

In the case C,, the first part of Theorem 3.22 was already noted by Digne
[32, Remark 7.2].

Remark 3.23 If W is an irreducible affine Coxeter group, then all its proper
parabolic subgroups are finite. Therefore, if # # w is a hyperbolic element,
then W, is not a parabolic subgroup (and u is not a parabolic Coxeter element).

Example 3.24 (Hyperbolic elements in the case C3) If W is a Coxeter group
of type C3, the interval [1, w] has 3 hyperbolic elements of length 2 (the trans-
lations), 6 of length 3, and 1 of length 4 (w itself). They are the complements
of the horizontal elements, which are explicitly described in Example 3.31
below. Among the 6 hyperbolic elements u € [1, w] of length 3, in 3 cases
W, =EW i, X Wa, (so the hyperbolic-horizontal decomposition of u has a non-
trivial horizontal factor), whereas in the remaining three cases W, = We,- See
Sect. A.2 for an explicit computation of the hyperbolic elements in the case
C,.

3.4 Horizontal components

We now describe the geometry of the irreducible horizontal components of an
affine Coxeter group. The ideas for this section are mostly already present in
[49], but we find it convenient to write them down more explicitly.

As in Sect. 3.3, let W be an irreducible affine Coxeter group acting on
E = R" where n is the rank of W, and fix a Coxeter element w. Let ® be the
root system of W, and let ®por € @ be the horizontal root system.

As shown in [49, Definition 6.1], there exists at least one horizontal factor-
ization w = th where t € [1, w] is a translation, 2 € [1, w] is a horizontal
isometry of reflection length n — 1, and every horizontal reflection of W is
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parallel to some reflection of the parabolic Coxeter subgroup Wj,. In other
words, the root system of Wj, coincides with the horizontal root system P,
of W.

The horizontal root system ®p,, decomposes as a disjoint union of orthogo-
nal irreducible root systems of type A [49, Section 6]: Opor = P LD LI-- - LI
@y, where ®; is a root system of type A,,, andny +ny+---+ng =n—1
(see Table 1). Accordingly, the horizontal isometry 2 decomposes as a product
h = hih - - - hy where h; belongs to the ith irreducible horizontal component
and has reflection length n;. Then ®; is the root system of the irreducible
parabolic Coxeter subgroup Wy, and h; is a Coxeter element of Wy, by The-
orem 3.22.

We now focus on a single irreducible horizontal component ®; and describe
the geometry of the associated horizontal reflections. Let m = n; be the rank of
®;. Since P; is aroot system of type A,,, the reflections of W in the directions
of ®@; generate a Coxeter subgroup W; € W of type A, Denote by A; the
hyperplane arrangement associated with W; (this is a subarrangement of the
hyperplane arrangement A associated with W).

The Coxeter axis £ does not intersect any horizontal hyperplane, and so it
is contained in one chamber C; of the arrangement .4;. We call C; the ith
horizontal prism. Like every chamber of 4;, it has m + 1 faces of minimal
dimension n — m. We call them the minimal faces of C;.

Since the Coxeter axis £ is contained in C;, every axial chamber of A is
also contained in C;. As a consequence, all axial vertices are contained in C;.
The horizontal isometry 4; has reflection length m, so dim Fix(h;) = n — m,
and Fix(h;) is the intersection of m hyperplanes of A;. Since h; € [1, w], by
Lemma 3.19 we have that FIX(h;) contains at least one axial vertex. Therefore
Fix(h;) is one of the minimal faces of C;.

Lemma 3.25 Let W be an irreducible affine Coxeter group, and w one of
its Coxeter elements. Every horizontal prism C; is fixed by w (as a set). In
addition, w acts transitively on the set of walls of C; and on the set of minimal

faces of C;.

Proof From the factorization w = thih; - - - hy we see that w sends hyper-
planes of .4; to hyperplanes of A;. Also, it fixes the Coxeter axis £ (as a set).
Therefore it fixes C; (as a set), it permutes the walls of C;, and it permutes
the minimal faces of C;. The action of w on the walls of C; is the same as the
action of th;, because h ; fixes every hyperplane of A; for all j # i.

Let Hy, ..., H,1 be the walls of C;, and forevery j € {1,...,m + 1} let
aj be the root of H; that points from H; towards the half-space containing
C;. The linear part of th; (which coincides with the linear part of 4;) permutes
ai, ..., a1 Recall that h; is a Coxeter element of Wy, which is a Coxeter
group of type A,, with root system ®;. In a finite Coxeter group, the orbits
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of roots under the action of a Coxeter element are known to have cardinality
equal to the Coxeter number, which is m + 1 for a Coxeter group of type A,,.
Therefore h; transitively permutes the roots «y, . . . , &, +1. Then w transitively
permutes the walls of C;. Every minimal face of C; is opposite to exactly one
wall of C;, so the same conclusion holds for the minimal faces. O

Let ¢: [1, w] — [1, w] be the conjugation by the Coxeter element w:
o) = w luw.

Proposition 3.26 Let W be an irreducible affine Coxeter group, and w one of
its Coxeter elements. Every minimal face of the ith horizontal prism C; is the
fixed set of P (h;) for some p € {0, ..., m}, and it contains at least one axial
vertex. In addition, the elements o (h;) for p € {0, ..., m} are the maximal
elements of the subposet [1, w] N W; C [1, w], and they all have the same
linear part.

Proof We have that FiX(h;) is a minimal face of C;. Then the first part follows
from Lemma 3.25. Since ¢? (h;) € [1, w], its fixed set contains at least one
axial vertex by Lemma 3.19.

Every element of [1, w] N W; of reflection length m must have a fixed set
equal to a minimal face of C;. By Lemma 2.15, there can be at most one
such element for every minimal face of C;. Therefore, the elements ¢? (h;) for
p € {0, ..., m} are the only elements of reflection length m in [1, w] N W;.
Every other element u € [1, w] N W; has a reflection length strictly smaller
than m.

We want to show that, for every u € [1, w] N W;, we have u < ¢ (h;)
for some p. Let v be the left complement of u, so that vu = w. Then v is
hyperbolic. Let v = v'h’ be the hyperbolic-horizontal decomposition of v
(see Lemma 3.20). Recall that the Coxeter subgroup W, generated by [1, v’]
is an irreducible affine Coxeter group, and v’ is one of its Coxeter elements
by Theorem 3.22. Then the interval [1, v] contains at least one translation
t' (this follows for example from the existence of a horizontal factorization
of v/ in W,). Therefore we can write v/ = t'v”, with [(v') = [(t/) + (V).
Putting everything together, we get the factorization w = t'v”h'u, with [(t") +
WY +1(h) +1(u) = l(w) = n + 1. Since ¢’ is a translation, and so has
length /(") = 2, its right complement h = v"h'u is a horizontal element of
length [(h) = n — 1. In addition, u < h because u is part of a minimal length
factorization of i. Write h = h1h2 - hg, with h € [1 w] N W;. We have
l(h ;) <njforall j,andn; +---+nx=n—1, sol(h ) =nj. Inpartlcular
I(h;) = n; = m, so h; —gop(h)forsomepe{O .,m}. Since u < h and
u € [1,w]N W;, we have u < h; = P (h;).

Finally, we want to show that the linear part of ¢” (h;) is equal to the linear
part of &;. This follows from the factorization w = thih; - - - hy, together with
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the fact that 4 ; commutes with &; for all j # i, and that the linear part of the
translation ¢ is the identity. O

Corollary 3.27 Let W be an irreducible affine Coxeter group, and w one of
its Coxeter elements. For every horizontal root a € Oy, the interval [1, w]
contains exactly two reflections in the direction of o, namely those determined
by adjacent hyperplanes which contain the Coxeter axis £ between them.

Proof Let ®; be the irreducible component of &y containing . A hyperplane
of A; yields areflectionin [1, w]if and only if it contains an axial vertex, which
happens if and only if it contains a minimal face of C; (by Proposition 3.26).
In the arrangement .4;, which is of type A, there are exactly two hyperplanes
in the direction of « that contain at least one minimal face of C;. These two
hyperplanes are adjacent, and they contain C; (and therefore also the Coxeter
axis £) between them. O

Lemma 3.28 Let W be an irreducible affine Coxeter group, and w one of its
Coxeter elements. There exists an integer p > 0 such that w? is a translation
in the positive direction of the Coxeter axis .

Proof Let ny, ..., ni be the ranks of the irreducible components of the hor-
izontal root system ®po,. If p is a multiple of n; + 1 for every i, then w?”
acts trivially on all horizontal directions, and so it must be a translation in the
direction of the Coxeter axis £. If u is the shortest vector in MOV (w), then
pi € Mov(w?). Therefore w” is a translation of pu, which is in the positive
direction of £. O

Lemma 3.29 Let W be an irreducible affine Coxeter group, and w one of its
Coxeter elements. For every irreducible component ®; of the horizontal root
system ®y,,, there exists a hyperbolic element u € [1, w] such that W, is an
irreducible affine Coxeter group with horizontal root system ®; (with respect
to the Coxeter element u). In particular, [1, u] N W; = [1, w] N W;.

Proof Let ®pop = O U --- L $p. If k = 1, then we can simply take u = w.
Suppose from now on that kK > 2, and assume without loss of generality that
i =1.Letw = thy - -- hy be a horizontal factorization, with #; € W;. Notice
that ¢ does not commute with any %, because t~'h;t = @(h;) # h; (by
Proposition 3.26). Let u = th] < w.

Since hj - - - hy is horizontal, its left complement u is hyperbolic. Let u =
u’h’ be the hyperbolic-horizontal decomposition of u (see Lemma 3.20). The
irreducible root system @®; is entirely contained in the root system of W,
or of Wy, because W, = W,» x Wj. Since ¢ is a (vertical) translation and
[1,u] = [1,u’] x [1, K], we have t < u’. Thus ®; is contained in the root
system of W/, because otherwise /1 would commute with ¢.
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By Lemma 2.15 and [12, Lemma 3.6] we have DIR(IMIN(w)) € DIR
(MIN(u")), so every root which is horizontal with respect to w is horizon-
tal also with respect to u’ < w. Therefore the horizontal root system ®; = of
W, (associated with the Coxeter element u’) contains ®;. On the other hand,
W) <l(w) =1@)+1h) = n1 + 2, so the rank of ®/ _is at most ny. We
conclude that <I>hor =®;and u’ = u.

Finally we have [1, u]"W| C [1, w]NW|,and everyreflectionin[1, w]NW}
is also contained in [1, u] by Corollary 3.27, so actually [1, u] "W = [1, w]N
Wj. O

hor

Remark 3.30 By Lemma 3.29, in order to study the geometry of horizon-
tal components it is enough to look at affine Coxeter groups with a unique
horizontal component (A with a (n, 1)-bigon Coxeter element, Cn, and
G»). The group G, has a horizontal component of rank 1. The groups A,
and C, (see Sects. A.1, A.2 in the Appendix) have a horizontal component
of rank m = n — 1. In all cases, choosing suitable coordinates we have
that: the arrangement A; consists of the hyperplanes {x; — x;; = ¢} for
1 < j < j < mandgq € Z; the horizontal prism C; is described by the
inequalities x| < x3 < --- < X, < x1 + 1; the linear part of the Coxeter
element w sends (xy, ..., Xp) to (X, X1, ..., X;m—1). In particular, the isomor-
phism type of [1, w] N W; (as a labeled poset) depends only on the rank m, and
not on the ambient group W. Using ideas from the proofs of [49, Propositions
4.7 and 7.6], one can show that [1, w]N W; is isomorphic to the subposet of the
noncrossing partition lattice of type By,+1 consisting of the partitions without
a zero block (this terminology is defined for example in [1, Section 4.5]).

Example 3.31 (Horizontal component of rank 2) Figure 5 shows the arrange-
ment .4; of a horizontal component of rank 2. The horizontal prism C; is
shaded, and its minimal faces are the three white vertices. The reflections in
[1, w]NW; are denoted by a, a’, b, b’, ¢, ¢/, and they correspond to the 6 thick
lines. The Coxeter axis £ is contained in C; and is equidistant from the minimal
faces. The Coxeter element w acts on .A; as a 277 /3 rotation around ¢, say coun-
terclockwise. Then the 3 maximal elements of [1, w] N W; are ab = bc = ca,
a'’b =bc’ = c'd’,and ab’ = b'¢’ = ’a. They are 27 /3 rotations around the
minimal faces of C;, in counterclockwise direction. Since a’b € [1, w] and
a'b’ ¢ [1, w], the right complement u of a’ is such that b < u and b’ % u in
[1, w]. This is an example where the converse of Lemma 2.15 does not hold:
we have both b < u and b’ < win [1, w]t, but ' £ uwin [1, w] = [1, w]V.

4 Shellability of affine noncrossing partition posets

In this section, we construct an EL-labeling for the noncrossing partition
poset [1, w], where w is any Coxeter element of an affine Coxeter group
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b b

Fig.5 A horizontal component of rank 2. For example, this is a section of the Coxeter complex
of type C3 with a plane orthogonal to the Coxeter axis £

W. Therefore the poset [1, w] is EL-shellable. This extends the analog result
of Athanasiadis, Brady, and Watt for noncrossing partition lattices associated
with finite Coxeter groups [2].

The EL-labelings of finite noncrossing partition lattices play a fundamental
role in our construction and are recalled in Sect. 4.1. However, the need for a
global labeling and the presence of hyperbolic intervals make the affine case
substantially different from the finite case.

The EL-labeling of [1, w] is going to be used in Sect. 8, to complete the
proof of the K (7, 1) conjecture.

4.1 Reflection orderings and shellability of finite noncrossing partition
lattices

We start by describing the EL-labelings of [2] for the noncrossing partition
lattices associated with finite crystallographic Coxeter groups.

Let W be a finite Coxeter group acting on V = R" by linear isometries,
and let R be its set of reflections. Denote by & C V the root system of W,
and let ®* C & be a positive root system. For @ € ®*, denote by r,, € R the
orthogonal reflection with respect to «.

Definition 4.1 [7,11,36] A total ordering < of R is called a reflection ordering
for W if, whenever «, o1, an € ®7 are distinct positive roots and « is a positive
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linear combination of «; and ap, we have either
Fag <Tq <Fay OF Fgy <Tq < Tg.

Definition 4.2 [2, Definition 3.1] Let w be a Coxeter element of W. A reflec-
tion ordering < of R is compatible with w if for every irreducible rank 2
induced subsystem ® C & the following holds: if o and B are the simple
roots of @’ with respect to the positive system ® N & and rorp € [1, w],
thenry < rg.

Let w be a Coxeter element of W. Recall that the edges of the Hasse dia-
gram of [1, w] are naturally labeled by reflections: A(u, ur) = r. We call
A E([1, w]) = R the natural edge labeling of [1, w].

Theorem 4.3 [2, Theorem 3.5] Let W be a finite crystallographic Coxeter
group, R its set of reflections, and w one of its Coxeter elements. If R is totally
ordered by a reflection ordering which is compatible with w, then the natural
edge labeling of [1, w] is an EL-labeling.

Notice that every finite Coxeter subgroup of an irreducible affine Coxeter
group is crystallographic. We are going to use Theorem 4.3 through the fol-
lowing geometric construction of reflection orderings, which is similar to a
construction already considered in [36, Section 2].

Let A be the reflection arrangement associated with W, and let Cy be the
chamber of the Coxeter complex of W corresponding to the choice of the
positive system ®*. Fix apointa € C and a non-zero vector i1 € V. Consider
the affine line ¢/ = {a +0u | 6 € R} C V, with basepoint a. Assume
that ¢’ is generic with respect to A: it intersects every hyperplane of A in
exactly one point (equivalently, it is not parallel to any hyperplane of .A), and
H N{¢ # H' N for all hyperplanes H # H' in A. The vector p gives an
orientation to £’. In accordance with the notation of Sect. 3, we say that a point
b € ¢ is above a point b’ € £’ (or, equivalently, b’ is below b) if b — b’ is a
positive multiple of x. Define a total ordering <y on R as follows:

e first, there are the reflections that fix a point of £’ above a, and r comes
before ' if FIX(r) N £’ is below FIx(r') N ¢’;

o then there are the reflections that fix a point of ¢’ below a, and again r
comes before r’ if FIx(r) N £ is below FIx(r") N ¢'.

Notice the similarity with Lemma 3.21.

Proposition 4.4 Let W be a finite Coxeter group. For every generic line £ as
above, the total ordering <y of R is a reflection ordering for W.
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Proof Denote by (-, -) the scalar product of V = R”". By definition of the
chamber Cj, we have that (a, ) > 0 for every positive root o € ®*. Until
the end of this proof, renormalize all positive roots @ € & so that (a, a) = 1.

Leta € ®T. The intersection point a + 6, u of FIX(ry) with £’ is determined
by the relation (a + 6,4, ) = 0. Since (a, ) = 1, we get 6, = — (i, )™\,
By definition of </, we have that r, <y rg if and only if 6 IS Qﬁ_ !, which
happens if and only if (u, @) < (u, B).

Now suppose that o € ® is a positive linear combination of a1, oy € ®T.
Since {(a,a) = {(a,a1) = {(a,ap) = 1, we have ¢ = ca; + (1 — ¢)ap with
0 < ¢ < 1. Then {u,a) = c{u,a1) + (1 — ¢){u, oz), which is between
(u, 1) and {(u, a2). Therefore r, is between ry, and ry, in the total ordering
<y’ O

4.2 Orderings of horizontal reflections

Let W be an irreducible affine Coxeter group, acting on an affine space £ = R"
by Euclidean isometries, where n is the rank of W. As usual, denote by R its
set of reflections, and let w be one of its Coxeter elements. Let ® be the root
system associated with W, and ®po, C @ the horizontal root system.

Recall from Sect. 3 that the reflections occurring as labels of the interval
[1, w] are those that fix at least one axial vertex. This set Ry € R includes the
set Ry, of all vertical reflections, and a finite set Ry of horizontal reflections,
with two consecutive horizontal reflections for each pair of opposite roots. We
are going to construct a total order < of Ry which makes the natural edge
labeling A: £([1, w]) — Ry an EL-labeling of [1, w]. To do this, we start
by defining a total ordering <por On the subset Rpor € Rg of the horizontal
reflections.

We use the notation of Sect. 3.4. Let ®por = Py U --- U Dy, where P;
is an irreducible root system of type Aj,. Fix a horizontal factorization w =
thy---hg,sothat Wy, € W is afinite parabolic subgroup with root system ®;,
and h; is a Coxeter element of Wj,,. For now, we focus on a single horizontal
component i. Let m = n; be the rank of ®;, and let W; C W be the Coxeter
subgroup of type A generated by the reflections with respect to roots in ;.
Denote by A; the corresponding hyperplane arrangement, and let C; be the
ith horizontal prism.

Lemma 4.5 Let u = ¢?(h;) be any maximal element of [1, w] N W;, as in
Proposition 3.26. Fix any point a of the Coxeter axis {. There exists a line €/,
with basepoint a and direction in SPAN(®;), such that the reflection ordering
<y for Wy, (defined in Sect. 4.1) is compatible with u.

Proof Choosing coordinates as in Remark 3.30, we can assume that: the
arrangement .4; consists of the hyperplanes {x; —xjy = g}forl < j < j' <m
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and g € 7Z; the horizontal prism C; is described by the inequalities x| < x7 <

- < Xy < X1+ 1; the element u sends (x1, ..., X;) t0 (X, X1, ...y Xm—1),
and the minimal face fixed by u is given by {x; = x» = - - - = x,,,}. For a small
enough € > 0, the line ¢’ = {a + 0(1, ¢, €2, ..., em_l) | 6 € R} intersects

the hyperplanes {x; —x;; = 0} (with j < ;') in the lexicographic order of the
pairs (j, j), and always for & > 0. This is the reflection ordering described in
[2, Example 3.3], and it is compatible with the Coxeter element . In order to
get a line with direction in SPAN(®;), project £’ to the affine subspace parallel
to SPAN(®;) and containing a. O

By the previous lemma, there exists a reflection ordering <! for Wj,, which
is compatible with the Coxeter element /;. Extend <;. to a total ordering <;
of the set Ryor N W;, in the following way: whenever r{ <; 2 in Rpor N Wy,
then every parallel translate of 1 comes before every parallel translate of r;.
Since there are no minimal factorizations of w that use two parallel horizontal
reflections, the relative order of parallel horizontal reflections is not important
and can be chosen arbitrarily.

Remark 4.6 The total ordering <; does not restrict to an ordering of Lemma
4.5 for u # h;. Rather, it is obtained by “translating” a chosen ordering for
Wj,; (given by Lemma 4.5) to the other subgroups W,. There exists no total
ordering of Ryor N W; which restricts to an ordering of Lemma 4.5 for every
maximal element u since the reflections with respect to the walls of C; would
necessarily form a loop.

Lemma 4.7 For every horizontal element u € [1, w] N W;, the total ordering
<; makes the natural edge-labeling .. £([1, u]) — RporNW; an EL-labeling

of [1, ul.

Proof 1t is enough to prove this for the maximal elements of [1, w] N W;. By
Proposition 3.26, these are of the form u = ¢? (h;) for p € {0, ..., m}.

Both Fix(k;) and FiX(u) are minimal faces of the ith horizontal prism C;.
Let ¢’ be a translation that sends Fix(h;) to Fix(u) (it does not need to be
an element of W). The linear part of A4; is equal to the linear part of u by
Proposition 3.26, so t'h;t’~! = u. Also, ¢’ sends any hyperplane containing
Fix(h;) to a parallel hyperplane containing Fix(u). Therefore the conjugation
by ¢’ is an isomorphism W;, — W, that sends the Coxeter element 4; to the
Coxeter element u, and it sends any reflection in Wj,, to its unique parallel
translate in W,,. In particular, this isomorphism preserves the total ordering
<i.

By construction, <; restricts to a reflection ordering for W, compatible
with h;, so the natural edge-labeling A: E([1, h;]) — Rpor N W; is an EL-
labeling of [1, h;] by Theorem 4.3. Using the above isomorphism Wj,, — W,
we obtain the same conclusion for u. O
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Example 4.8 (Ordering of horizontal reflections in a component of rank 2)
Consider a horizontal component of rank 2, with the notation of Example
3.31. If we choose h; = ab as the preferred maximal element of [1, w] N W;,
one of the possible total orderings <; of Rpor N W; is the following: a <;
a <; c <; ¢ <; b=<; b The factorizations of the 3 maximal elements as a
<;-increasing product of reflections are: ab, a’b, and ab’.

Let <por be any total ordering of Ry, obtained as a shuffle of the total
orderings <; fori € {1, ..., k}.

Lemma 4.9 (EL-shellability of horizontal intervals) Let W be an irreducible
Coxeter group, and w one of its Coxeter elements. For every horizontal ele-
ment u € [1,w], the total ordering <p,r makes the natural edge labeling
A E([1, ul) = Rpor an EL-labeling of (1, u].

Proof Write u = ujus - - - ug, with u; € [1, w] N W;. Then [1, u] = [1, u1] x
[1, uz] x---x[1, ug]. We have an EL-labeling on each factor [1, «; ] by Lemma
4.7, and we conclude using Theorem 2.3. O

4.3 Axial orderings and shellability of affine noncrossing partition
posets

We are now ready to construct an EL-labeling of the interval [1, w] in an affine
Coxeter group W, for any fixed Coxeter element w. As in Sect. 4.2, we assume
that W is irreducible. Once the irreducible case is settled, one can easily get
an EL-labeling for reducible affine Coxeter groups by applying Theorem 2.3.

Let ¢ be the Coxeter axis, and fix an axial chamber Cy of the Coxeter
complex.

Definition 4.10 (Axial ordering) An axial ordering of the set of reflections
Ro = RN [1, w]is a total ordering of the following form:

e first, there are the vertical reflections that fix a point of £ above Cop, and r
comes before r’ if FIx(r) N £ is below FIX(r") N £ (we call these the positive
vertical reflections);

e then, there are the horizontal reflections in Ry, following any total order-
ing <por constructed in Sect. 4.2;

e finally, there are the vertical reflections that fix a point of £ below Cp, and
again r comes before r’ if FIx(r) N £ is below FIX(r") N £ (we call these
the negative vertical reflections).

The relative order of vertical reflections that fix the same point of £ can be
chosen arbitrarily.

Remark 4.11 1f two vertical reflections fix the same point of £, they commute.
This is proved in Proposition 3.9 for the case A,, and follows from Sect. 3.1
for the other cases.
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Example 4.12 (Axial orderings for A, and Gz) In the case A», with the notation
of Example 3.12, one of the two axial orderings of Ry is the following:

ap<cr<az<---<b<b <---<c_y=<a_| <cp.

The other axial ordering is obtained by exchanging the two horizontal reflec-
tions b and b’. Notice that there are infinitely many reflections before b, and
infinitely many reflections after ’. Indeed, b has no immediate predecessor,
and b’ has no immediate successor. The following is a portion of one of the
infinitely many axial orderings in the case G, using the notation of Example
3.6:

ap <dy <cp<e3<by<cy<---<f=<f

<.+ <cp=<e_1<b_1=<c.

Our aim for the rest of this section is to prove that an axial ordering makes
the natural edge labeling A: £([1, w]) — Rg an EL-labeling of [1, w].

Remark 4.13 (cf. [2, Lemma 3.7]) Let [u, v] be an interval in [1, w]. The
map f: [1,u""v] — [u, v] defined by f(x) = ux is a label-preserving poset
isomorphism.

Notice that an axial ordering of Ry is not a well-ordering. For example, the
set of negative vertical reflections does not have a smallest element. However,
the well-ordering property holds for the subsets of the form Ry N [1, u], as we
show in the second of the next three preparatory lemmas.

Lemma 4.14 For every hyperbolic element u € [1, w)], the interval [1, u]
contains at least one positive vertical reflection and at least one negative
vertical reflection.

Proof Since u is vertical, the interval [1, u] contains at least one vertical reflec-
tionr. Let w” be a power of w that acts as a translation in the positive direction
of the Coxeter axis ¢, where p is a positive integer (see Lemma 3.28). We have
that w?” commutes with the right complement v of u, because v is horizontal.
Then w” commutes also with u = wv~!. In particular, the conjugation by w?”
fixes u and is an automorphism of [1, u#]. If we conjugate the vertical reflection
r € [1,u] by w™P, for a sufficiently large m € Z, we get a vertical reflection
r' = w ™Prw™” € [1, u] that fixes a point of £ below Co, i.e. r’ is negative.
Similarly, if we conjugate » by w”*? for a sufficiently small m € Z, we get a
positive vertical reflection r” € [1, u]. O

Lemma 4.15 Let < be an axial ordering of Ro. For every element u € [1, w]
with u # 1, the set Ry N [1, u] has a <-smallest and a <-largest reflection.
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Proof Suppose by contradiction that there is no smallest reflection in Ry N
[1, u]. Since Rg N [1, u] is non-empty, we must have an infinite decreasing
sequence of reflections r; > rp > --- with r; € [1, u]. In particular, the
interval [1, ] is infinite, so u is hyperbolic. By Lemma 4.14, there is at least
one positive vertical reflection » € [1, u]. There is only a finite number of
reflections 7/ < r in Ry, so there exists a <-smallest reflection in Ry N [1, u].
Similarly, there is also a <-largest reflection. O

In the definition of an EL-labeling, maximal chains are compared lexico-
graphically. In our case it is also useful to compare them colexicographically

(or antilexicographically): a tuple (ri,rz,...,ry) is colexicographically
smaller than (r{,r}, ..., r;,) if the reflected tuple (ry, rm—1,...,r1) is lex-
icographically smaller than the reflected tuple (r,,, 7, _,,...,r}).

Lemma 4.16 Fix an axial ordering < of Ry. Every interval [u, v]in[1, w] has
a unique lexicographically smallest maximal chain, and this chain is increas-
ing. Similarly, every interval [u, v] in [1, w] has a unique colexicographically
largest maximal chain, and this chain is increasing.

Proof We proceed by induction on the length of the interval [u, v], the case
u = v being trivial. Suppose from now on that u < v. The labels of the
covering relations u < u’ with u’ € [u, v] are all distinct, and they are given
by the reflections in Rg N [1, u vl By Lemma 4.15, there is a <-smallest
reflection 7 in RoN[1, u~"v]. Letu’ = ur. In view of the induction hypothesis
applied to [u’, v], it is enough to prove that all covering relations in [1’, v] have
labels greater than r. If 7" is a label of some covering relation in [u’, v], by
Lemma 2.12 there is a minimal length factorization of u ! v that starts with 77’
Then r’ # r. In addition we have ' € [1,u~'v], so 7’ > r by <-minimality
of r.

The proof for the colexicographic order is similar. O

After these preparatory lemmas, we are ready to prove the key results that
lead to shellability.

Lemma 4.17 (Increasing chains in elliptic intervals) Fix an axial ordering <
of Ro, and let u € [1, w] be an elliptic element. The interval 1, u) has at most
one increasing maximal chain.

Proof Consider an irreducible horizontal component W; € W, with associated
hyperplane arrangement .4; and horizontal prism C; (with the notation of
Sect. 3.4). Let L be the intersection of all the hyperplanes of .A; containing
Fix(u). Since Fix(u) contains at least one axial vertex by Lemma 3.19, only
hyperplanes containing an axial vertex can occur, and so L is a flat in the
subarrangement of A; consisting of the hyperplanes that contain a minimal
face of C;. Then L itself contains at least one minimal face F of C;. By
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construction, the fixed set of any element of [1, u] N W; contains F (because
it contains FiX(u) and is a flat of .4;). By Proposition 3.26, this minimal face
F is the fixed set of a maximal element u; of [1, w] N W;. By Lemma 2.16,
(1 ul N Wi C[1, u;].

The construction of the previous paragraph yields elements u1, ..., ux, one
for each irreducible horizontal component. Fix a point a € Cy N €. For i €
{1, ..., k}, apply Lemma 4.5 to the maximal element u; and to the pointa € ¢,
and get an oriented line Zg with unit direction u; € SPAN(®;). As usual, denote
by u the shortest vector in MOV (w), which indicates the positive direction of
the Coxeter axis £. For e > 0, consider the oriented line £’ = {a+0u’ | 6 € R}
with basepoint a and direction i’ = + €1 + - - - + € k. By construction, its
projection on the affine subspace through a parallel to SPAN(®;) is precisely
the line ¢;. Therefore ¢’ and ¢ intersect the hyperplanes of the reflections in
Wy, in the same order.

Perturb the line ¢’ slightly, so that it becomes generic with respect to the
hyperplanes of the reflections in W, and the basepoint a remains in Cp. If
€ > 01is small enough and the perturbation is small enough, the total ordering
<y of the finite set of reflections Ry N W, has the following form:

e first, there are the positive vertical reflections of W, (i.e. those that fix a
point of £ above Cp), and r comes before ' if FIX(r) N ¢ is below FIx(r’)N¢;

e then there are the horizontal reflections of W,, and in each irreducible
component W; they are ordered as in <,;

o finally there are the negative vertical reflections of W, and again r comes
before r’ if FIx(r) N £ is below FIX(r") N £.

Notice that the relative order of the vertical reflections that fix the same point
of £ can be different in <, and in the axial ordering <.

Let @, € ® be the root system of W,,. By Proposition 4.4, the total ordering
< isareflection ordering for W,,, with respect to the positive system @7 C @,
consisting of the roots that point towards the halfspaces containing the chamber
Co. We want to show that <, is compatible with the Coxeter element u. For
this, let @' C @, be an irreducible rank 2 induced subsystem. Let « and 8 be
the simple roots of @’ with respect to ®' N @, with corresponding reflections
ra, g € Wy, and assume that rorg € [1, u]. We need to prove that ry, <y 7g.

e Case I: ry is vertical. By Lemma 3.14 (for the case A,,) and Lemma 3.4
(for the other cases), the right complement v of r, is a Coxeter element
for the finite parabolic subgroup W, of W that fixes b, where b is the
unique vertex not fixed by r, among the vertices of the axial chamber C
immediately below FIX(ry) N£. Since rorg € [1, u] C [1, w], we have that
rg < v, sorg fixes b by Lemma 2.15.

Let A’ be the reflection arrangement associated with the dihedral group
(ra,rg) S W, generated by r, and rg (so its root system is ®"). Denote
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by C’ the chamber of A" containing Cy, i.e. the chamber corresponding to
the positive system ®' N ®;. Denote by C” the chamber of A’ containing
C.Both C’" and C” have H, = FiX(r,) and Hg = FiX(rg) as their walls:
this is true for C’ by definition of @ and B; H,, is a wall of C” because it is
a wall of C; Hg is a wall of C” because it contains b, which is a vertex of
C not contained in Hy. So either C’ and C” are the same chamber, or they
are opposite chambers in A’ (because H, and Hg are not orthogonal, so
the arrangement A" contains at least another hyperplane). Since Cy and C
are axial chambers, the Coxeter axis £ intersects both C” and C”. The first
hyperplane of A’ that intersects £ above C is Hy, so the first hyperplane of
A’ that intersects £’ above C” is H,.

If C’ = C”, then the first hyperplane of A’ that intersects £’ above a is
H,, and therefore ro, < rg. Suppose now that C’ and C” are opposite
chambers in A’. Since ¢ intersects both C’ and C”, and Hg separates C’
and C”, we have that rg is also vertical. In addition, C" and C” are the two
chambers of A’ that intersect £ (resp. £') in an unbounded subset of £ (resp.
£'). Therefore, moving the basepoint a of ¢’ from ¢’ N C’ to £’ N C” does
not alter the total ordering <, of the reflections in (ry, rg). As in the case
C' = C”, we conclude that ro <y rg.

e Case 2: rg is vertical. The argument is the same as for case 1, with the roles
of ry and rg exchanged. In this case v is the left complement of rg, and C
is the axial chamber immediately above FIX(rg) N £.

e Case 3: both ry and rg are horizontal. Since o and B are not orthogonal,
they must belong to the same irreducible horizontal component ®;. Then
rerg € [1,u]lNW; C [1, u;]. By Lemma4.5, the reflection ordering for Wy,
induced by Z; is compatible with u;, so we have r, < ¢ B and therefore
Vo <y’ I’lg.

We proved that < is a reflection ordering for W,, which is compatible with
u. By Theorem 4.3, it makes the natural labeling A of [1, u] an EL-labeling.

Suppose to have a <-increasing maximal chain, which corresponds to a
minimal length factorization u = riry---ry withry < rp < --- < rpy. Our
aim is to show that the reflections rq, r3, . . ., 1, are uniquely determined.

By definition of <, the sequence r; < rp < --- < ry,, consists of an initial
segment i < --- < r; of positive vertical reflections, a middle segment
rj+1 < --- < rj of horizontal reflections, and a final segment rjr | < --- <
rn, of negative vertical reflections.

Reorder the reflections of the initial segment so that they are <,/-increasing:
Fo(l) <¢ Te2) <¢' * -+ < Tg(j), for some permutation o of {1, ..., j}. The
relative order of vertical reflections that fix different points of € is the same
in < and <y (by construction of ¢'). By Remark 4.11, this means that the
relative order of non-commuting vertical reflections is the same in < and <.
Therefore r51)r52) - - - 7o(j) = r1r2---rj. Similarly, if T is the permutation
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of {j/ +1,...,m} such that r;(jry1) <¢ re(jr42) <e -+ <¢ T't(m), We have
Fr(A D T(42) Ty = T2 s T

Let h = rjpirjyo---rj € [1, u] be the product of the reflections in the
middle segment. Since the total ordering <,» makes A an EL-labeling of [1, u],
the interval [1, 2] has a unique <,/-increasing maximal chain. It corresponds
to a minimal length factorization A = r}+1r}+2 e r}, with r;.+1 <y r;.+2 <y
- < r',. Since h is horizontal, the reflections r;. INTERRS r’, are horizontal.
Therefore they come after the positive vertical reflections andl before the nega-
tive vertical reflections, in the total ordering <, of RoN W,,. Putting everything

together, we get

'o(l) <¢ Yo2) <¢ - <¢ Vo(j)
/ / /
<y rj+1 <y rj+2 <g s <y l’j/

<¢ Fr(j/+1) <¢ Te(j'+2) <¢/ - <¢ T't(m)-

The product of these reflections is equal to u. Since <, makes A an EL-labeling
of u, this factorization of u is uniquely determined. In particular, the sets
{I’g(l), ey I’g(j)} = {I’l, ey I’j} and {rf(j/+1), ey rt(m)} = {rjr+1, ey rm}
are uniquely determined, and also the horizontal element 7 = r;. IRRRE r},
is uniquely determined. Since r; < rp < -+ < rj,and rjry; < rjgo <

< Iy, the reflections ry,...,r; and rjyy, ..., ry are uniquely deter-
mined. Finally, the total order < coincides with <por on the horizontal
reflections, and <por makes A an EL-labeling of [1, 4] by Lemma 4.9. Then
the reflections r;1, ..., r; are uniquely determined, because they satisfy
Tj+1 =<hor 7'j+2 =<hor * ** =<hor I'j’- O

Lemma 4.18 (Increasing chains in hyperbolic intervals) Fix an axial ordering
< of Ry, and let u € [1, w] be an hyperbolic element such that the Coxeter
subgroup W, € W isirreducible. The interval [1, u] has at most one increasing
maximal chain.

Proof Suppose to have an increasing maximal chain, which corresponds to a
minimal length factorization u = rirp---r, withr; < rp < -+ < ry. In
this factorization, the horizontal reflections appear in a contiguous (possibly
empty) middle segment. Since u is vertical, at least one of r and r,, is a
vertical reflection. Denote by A, the hyperplane arrangement associated with
the irreducible affine Coxeter subgroup W,, € W.

e Case I: ry is the first reflection of Rgp N[1, u] with respect to the total order
<. By Lemma 4.14, r{ is a positive vertical reflection. Then v =ry - - -1y,
is an elliptic element, and by Lemma 4.17 the reflections r, ..., r, are
uniquely determined. More precisely, by Lemma 4.16, the factorization
v = rp---ry has to be the unique colexicographically largest minimal
length factorization of v.
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e Cuase 2: ry is some other vertical reflection. Let C’ be the axial chamber
immediately below Fix(r1) N ¢, and let C be the chamber of .4, containing
C’. By Lemma 3.21 there is a minimal length factorization of u that starts
with 7 and uses all the reflections with respect to the walls of C. Since r|
is not the first reflection of Rg N [1, u], there is a reflection r with respect
to a wall of C such that r < r;. Thenr < rp---r,. By Lemma 4.17,
the reflections 7, ..., 1, are uniquely determined, and by Lemma 4.16
the factorization r; - - - r;;, has to be the unique lexicographically smallest
factorization of rju. Therefore r» < r < ry, which is impossible because

ry <nr.
e Case 3: ry, is the last reflection of Rg N [1, u] with respect to the total order
<. Asin case 1, the reflections ry, .. ., r;;—1 are uniquely determined.

e Case 4: ry, is some other vertical reflection. As in case 2, this is impossible.

We have shown that there are at most two minimal length factorizations
u=riry---ry withr; < rp < --- < ry: one where ry is the first reflection of
RoN[1,u],andry, ..., ry are uniquely determined (case 1), and one where r,,
is the last reflection of Ry N [1, u], and rq, ..., r;,—1 are uniquely determined
(case 3). By Lemma 3.21, applied to the chamber of .4, containing Cy, there
is a minimal length factorization of u that starts with the first reflection of
Ro N [1, u] and ends with the last reflection of Ry N [1, u]. This means that,
in case 1 (where 7y is the first reflection of Ry N [1, u],and v =ry - - - rpy), the
interval [1, v] contains the last reflection of Ry N [1, u]. Since r3 - - - ryy, 1S the
unique colexicographically largest factorization of v, the last factor r,, is the
last reflection of Ry N [1, u]. Then the factorization of case 1 coincides with
the factorization of case 3. O

Finally, we prove that axial orderings make the natural edge labeling of
[1, w] an EL-labeling.

Theorem 4.19 (EL-shellability) Let W be an irreducible affine Coxeter group,
and w one of its Coxeter elements. Let A: E([1, w]) — Ro be the natural
edge labeling of [1, w], where Rq is totally ordered by an axial ordering.
Every interval [u, v] in [1, w] has a unique increasing maximal chain, and
this chain is both the lexicographically smallest and the colexicographically
largest maximal chain of [u, v]. In particular, ) is an EL-labeling of [1, w].

Proof By Remark 4.13, it is enough to consider intervals of the form [1, u],
withu € [1, w]. In view of Lemma 4.16, it only remains to show that [1, #] has
at most one increasing maximal chain. If « is elliptic, this is done in Lemma
4.17. If u is hyperbolic and the Coxeter subgroup W,, C W is irreducible, this
is done in Lemma 4.18. Suppose now that « is any hyperbolic element, and let
u = u'h be its hyperbolic-horizontal decomposition (see Lemma 3.20). Then
u’ is hyperbolic, the Coxeter subgroup W,, C W is irreducible, A is horizontal
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elliptic, and [1,u] = [1,u’] x [1, h]. We have already proved that A is an
EL-labeling of [1, u’] and [1, h], so it is an EL-labeling of [1, u] by Theorem
2.3. In particular, [1, #] has at most one increasing maximal chain. O

5 Dual CW models for the orbit configuration spaces

In this section, we introduce new finite CW models for the orbit configuration
space Yy of a Coxeter group W. Each of them is naturally included in the
interval complex of one of the noncrossing partition posets associated with W.
We define them for any Coxeter group, not necessarily finite or affine.

Lemma 5.1 Let W be a Coxeter group. The reflection length of every Coxeter
element is equal to the size of a set of simple reflections of W.

Proof Let w = 5157 - - -5, be a Coxeter element, where S = {s1, 52, ..., Sy}
is a set of simple reflections. By the deletion condition [44, Corollary 5.8] and
the fact that S is a minimal generating set for W [44, Theorem 5.5], we obtain
that sys> - - - 5, is areduced expression for w (meaning that w cannot be written
as a product of less than n element of S). By [37, Theorem 1.1], the reflection
length of w is the smallest natural number p such that s;,s;, - - - 53, , = 1 for
some choice of the indices 1 < iy <i; <--- <iy—p < n.If p < n, then the
relation s;, i, - - - 5;,_, = 1 allows to write a simple reflection as a product of
other simple reflections, which is impossible because S is a minimal generating
set. Therefore p = n. O

Lemma 5.1 was proved in [5, Lemma 1.3.3] for finite Coxeter groups, and
in [48, Proposition 7.2] for affine Coxeter groups.

Let W be a Coxeter group, and R its set of reflections. Fix a set of simple
reflections S = {s1, 52, ..., sy} C R, and a Coxeter element w = 5153 - - - Sy,.
Denote by Kw the interval complex associated with the noncrossing partition
poset [1, w]V. Let Xy be the Salvetti complex of W, and recall from Sect. 2.1
that its cells are indexed by the simplicial complex

Aw = {T C S | the standard parabolic subgroup Wr is finite}.

For every T € Aw, denote by wr the product of the elements of T in the
same relative order as in the list sy, 52, ..., s,. Then wr is a Coxeter element
of the parabolic subgroup W7, and it belongs to [1, w]" by Lemma 5.1 and
Lemma 2.12.

Lemma 5.2 Forevery T C S we have [1, wrI"1 =1, wr]%, and the length
functions of Wr and W agree on these intervals.
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Proof By [37, Corollary 1.4], the length function of the parabolic subgroup
Wr agrees with the length function of W. By Lemma 5.1, [(wr) = |T|.

By [4, Theorem 1.3] (see also [45, Theorem 1.4]), the Hurwitz action is
transitive on the minimal length factorizations of wr as a product of reflec-
tions of W. There is at least one minimal length factorization of w7 that uses
only reflections of Wr, and therefore this is true for all minimal length fac-
torizations. This means that the interval [1, wr] is the same in W7 (using the
reflections of W7 as the generating set) and in W. O

Thanks to the previous lemma, for every T C S we can safely write [1, wr]
in place of [1, wrIWT = [1, wr]V, without the need to specify the ambient

group.
Definition 5.3 Let X7, be the finite subcomplex of Ky consisting of the

simplices [x{|x2|---|xgz] € Kw such that x1x2---x4 € [1, wr] for some
T € Awy.

Remark 5.4 If W is finite, then S € Aw and therefore X/W = Kw. In this
case, the interval complex Kyy is a classifying space for the dual Artin group
Wy, (by Theorems 2.9 and 2.14), which is naturally isomorphic to the Artin
group Gy (by Theorem 2.13).

For every T € Ay, the complex X/, has a subcomplex consisting of the
simplices [x|x2|- - - |xg] such that x;x3 - -- x4 € [1, wr] = [1, w7 ]"7. This
is exactly the interval complex associated with [1, wr]WT, which coincides
with X %,T and is a classifying space for the Artin group Gy, by Remark 5.4.

By definition, X7, is the union of all subcomplexes X7, for T € Ay.
Similarly, the Salvetti complex Xw is the union of the Salvetti complexes
Xw, for T € Aw. Each Xy, is a classifying space for G, , because the
K (7, 1) conjecture holds for spherical Artin groups [29].

Theorem 5.5 Forevery Coxeter group W, the complex X, is homotopy equiv-
alent to the Salvetti complex Xw and to the orbit configuration space Yyy.

Proof Since Xw is homotopy equivalent to Yy, it is enough to show that X/,
is homotopy equivalent to Xy . To keep our notation uncluttered, throughout
this proof we indicate Xw, X7, Xw;, X%,T by X, X', X7, X7, respectively.

For every T € Ay, both complexes X7 and X’ are classifying spaces
for the Artin group Gw,. We are going to inductively construct homotopy
equivalences g7 : X7 — X7 satisfying the following naturality property: for
all Q € T € Ay, there is a commutative diagram

Xo 22 X))

Lo

xr L X’
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Proof of the K (7, 1) conjecture

The construction of g7 is the following, assuming to have already constructed
o forall Q C T.

e If T = ¢, then X7 and X/, are single points, and there is only one map @7
between them.

e If |T| = 1, then both X7 and X’ consist of one oriented 1-cell attached
to one O-cell. Define @7 as any orientation-preserving cellular homeomor-
phism.

o Let|T| =2,say T = {s,s'}). Wecanextend ¢} Uiy : XiUX(yy = X7
to the 2-cell of X7, and obtain amap ¢7: X7 — X /T such that the induced
map (¢7)«: m11(X1, Xgg) — nl(X/T, X(/z)) is an isomorphism (see the proof
of [42, Proposition 1B.9]). Since X7 and X’ are classifying spaces, we
have that g7 is a homotopy equivalence.

e Let [T| > 3. By construction, the map ycr ¢vo: Ugcr Xo — X7
induces an isomorphism on the fundamental groups (which are both iso-
morphic to the Artin group G, ). Extend this map to the |T'|-cell of X7,
to get a map @7 : X7 — X’ which also induces an isomorphism on the
fundamental groups (as in the proof of [42, Proposition 1B.9]). As before,
¢T is a homotopy equivalence.

Gluing together all these maps, we obtain a map ¢: Xw — Xy,. This is a
homotopy equivalence by a repeated application of the gluing theorem for
adjunction spaces [18, Theorem 7.5.7]. O

/

Corollary 5.6 For every Coxeter group W, the fundamental group of Xy, is
isomorphic to the Artin group Gy .

Remark 5.7 The complex X/, depends on the Coxeter element w and on the
set of simple reflections S. However, since all Coxeter elements of a finite
parabolic subgroup Wr are geometrically equivalent, the f-vector of X7,
depends only on W (it can be computed via inclusion-exclusion in terms of
the subcomplexes Ky, ).

In view of Theorem 5.5, the K (;r, 1) conjecture holds for an Artin group
Gw if and only if X7, is a classifying space. The following is an alternative
characterization of the cells of the complex X, in the affine case.

Lemma 5.8 Let W be an irreducible affine Coxeter group, with a set S of sim-
ple reflections and a Coxeter element w obtained as a product of the elements
of S. Denote by Cy the chamber of the Coxeter complex associated with S. A
simplex [x1]|x2]| - - - |xq4] € Kw belongs to X;V if and only if x1x3 - - - x4 is an
elliptic element that fixes at least one vertex of C.

Proof Forevery subset T C § with |T'| = | S| — 1, the fixed set of the parabolic
Coxeter element wr is given by one of the vertices of Cp by Lemma 2.15.

Conversely, every vertex of Cy is the fixed set of exactly one such parabolic
Coxeter element. We conclude using Lemmas 2.15 and 2.16. O
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Example 5.9 (Dual complexes for A, and Gz) The f-vector of X Q/v 1s(1,9,9)
if W is of type Az, and (1, 11, 11) if W is of type Gg. For Az, the complex
Xy is explicitly described in Example 7.12 and Fig. 8. Notice that the Salvetti
complex Xw is much smaller, as in both cases its f-vector is (1, 3, 3).

6 Classifying spaces for dual affine Artin groups

Let W be an irreducible affine Coxeter group, and w one of its Coxeter ele-
ments. In this section, we prove that the interval complex Kw associated with
[1, w]¥ is a classifying space for the dual Artin group W,,. This is somewhat
surprising since the interval [1, w]" is not a lattice in general.

As usual, let W act by Euclidean isometries on R”, where n is the rank
of W. Let R C W be the set of reflections, and denote by Ry and Ryer
the horizontal and vertical reflections of [1, w]", respectively. To proceed, we
briefly recall the construction of McCammond and Sulway that leads to braided
crystallographic groups [49]. For this, new groups of Euclidean isometries are
introduced.

e The diagonal group D, generated by Ry, and T. Here T is the (finite) set
of all translations of [1, w]". Translations are assigned a weight of 2.

e The factorable group F, generated by Rpo and by a set Tr of factored
translations. There are k factored translations 71, . . . , #; for each translation
t € T, and they satisfy 1 - - - fx = ¢, where k is the number of irreducible
components of the horizontal root system ®y.,. Factored translations are
assigned a weight of %

e The crystallographic group C, generated by Ryor, Ryer, and TF.

The diagonal group D is included in both W and F, and all of them are included
in the crystallographic group C. By [49, Lemma 7.2], the associated intervals
are related as follows:

1, w]€ =1, w" UL, w)f
(1, w]? =11, w]¥ N[1, wif.

The intervals [1, w]? and [1, w]¥ are finite, whereas [1, w]" and [1, w]€
are infinite. The factored translations are introduced so that the intervals
[1, w]F and[1, w]€ are balanced lattices [49, Propositions 7.4 and 7.6, and The-
orem 8.10]. On the other hand, the intervals [1, w]? and [1, w]V are lattices
if and only if the horizontal root system @y, is irreducible (i.e. k = 1), in
whichcase D = Fand W = C.

From these new intervals, one can construct the interval groups Dy, Fy,
and C,,. The group C,, is called the braided crystallographic group. The inclu-
sions between the four intervals induce inclusions between the corresponding
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interval groups: Dy, < Wy, Dy, — F,, W, < Cy, and F,, — C,, [49,
Theorem 9.6]. Since the intervals [1, w]¥ and [1, w]€ are lattices, the interval
groups Fy, and C,, are Garside groups (Theorem 2.7) and the corresponding
interval complexes K r and K ¢ are classifying spaces (Theorem 2.9). A conse-
quence of the relations between the four intervals is that K¢ = Kw U Kr and
Kp = Kw N KF, where Kp is the interval complex associated with [1, w]?P.
As noted in [49, Proposition 11.1], the cover of K¢ corresponding to the sub-
group Wy, € Cy, is a finite-dimensional classifying space for the (dual) Artin
group W,,. However this cover is not very explicit, and it is difficult to work
with it in practice.

Let H be the subgroup of D generated by Rypor. With the notation of Sect. 3.4
we have H = Wy x --- x Wi, where W; is the subgroup generated by the
reflections associated with the ith irreducible component ®; of the horizontal
root system Ppor. Recall that W; is a Coxeter group of type An ;» where n; is
the rank of ®;. By [49, Proposition 7.6], the horizontal part [1, wlW N H of
the interval [1, w]%V decomposes as

[1,w]WﬂH=([1,w]WﬂW1)x---x([l,w]WﬂWk>, )

and the single factors are described in Sect. 3.4 (a more direct proof of this
decomposition can be derived in a similar way to the proof of Lemma 3.29).
Let H,, be the group with generating set Ry, and subject only to the relations
visiblein [1, w]W N H.Itisa subgroup of Dy, [49, Lemma 9.3~], and it decom-

poses as a direct product of k Artin groups of types A,,, ..., Ay, , one for each
irreducible component.
Let K g be the subcomplex of K p consisting of the simplices [x1|x2| - - - |x4]

such that x;x; - - - x4 € H. The fundamental group of Ky is naturally isomor-
phic to Hy,. Denote by K; the subcomplex of Kg consisting of the simplices
[x1]x2] - - - |x4] such that xqx - - Xd € [1, w]" N W;. The fundamental group
of K; is an Artin group of type A, .

Lemma 6.1 Ky is homeomorphic to K| X --- X K.

Proof We claim that Kg is a triangulation of the natural cellular structure
of K| x --- x K. To show this, we explicitly construct a homeomorphism
Y: Ky x---x Ky — Kpg. Consider a cell of K; x --- x Kg, which is a
product of simplices

[xrnlxial - - xiag ] - X [ xeal - - - Xk )

This is realized as A% x ... x A% C R%++d_ Consider a point p €
AD x ... x A with coordinates given by

(ai1, ..., aiq,, ...,akl,...,akdk) € R+t
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Assume for now that the coordinates of p are pairwise distinct. Then there is a
unique enumeration y : {1,...,d;+---+di} — {11,...,1dy, ..., k1, ...,
kdy} of theindices such thata,, (1) > a, ) > - -+ = @y (4, +..-+dy)- Notice that, in
this enumeration, the relative order of indices in the same horizontal component
is preserved. Define ¥ (p) as the point of [xy, (1)lxy 2)] - - Xy (@) +---+dp) ] With
coordinates

Ay td
(@y (1), Ay @) - -+ Ay (-4t € ATTTHR

If the coordinates of p are not pairwise distinct, there are multiple choices
for the enumeration y, and any choice gives the same definition of {(p). See
Fig. 6 for some examples. Using the decomposition (2), we obtain that ¥ is a
homeomorphism. |

Denote by ¢: [1, wlW — [1, w]¥ the conjugation by w: ¢ (u) = w luw.

Lemma 6.2 Kp is homeomorphic to Kg x [0, 1] /~, where the relation ~
identifies [x|x| - - - [xq] X {1} and [@p(x1)|@(x2)| - - - |@(xa)] x {0} for every
simplex [x1|x2] - - - |xq] of Kg.

Proof Let Z = Kg x [0, 1] /~. Similarly to Lemma 6.1, we show that Kp
is a triangulation of the natural cell structure of Z, by explicitly constructing
a homeomorphism : Z — Kp. Notice that Ky x {0} € Z is naturally
included in Kp: we define Y|k, x(0) as the natural homeomorphism with
Ky € Kp. Consider now a cell of Ky x [0, 1] of the form

[x1lx2] - - - 1xal x [0, 1].

This cell is realized as A? x [0, 1] € R*!. Then a point p in this cell has
coordinates (a,ap, ...,aq4,t), with1l >a; > -.- >ay > 0andt € [0, 1].

[1]|22] ///7
[z]
K ’ K ’ /// [y]
yla] 7
] [zy] ] [y] P [l /
S ey

Fig. 6 On the left, triangulation of a cell [x] x [y] of K| x K3. It is homeomorphic to [x|y]U
[¥|x] € Kp. On the right, triangulation of a cell [x1|x2] x [y], which is homeomorphic to
[x1lx2lyl U [xplylx2] U lylxlx2] © Ky
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Proof of the K (7, 1) conjecture

Let y be the right complement of x{ x> - - - x4, sothat x1x, - - - x4y = w. Notice
that y is hyperbolic, so in particular y # 1. Assume for now that none of
the coordinates ay, ..., ag is equal to 1 — ¢. Then there is a unique index
i €{0,...,d}suchthata; > --- >¢a@; > 1—1t > ajy1 > --- > ag. Let
o = [xigr1|- - |xalyle(x1)] - - - |@(x;)]. Define ¥ (p) as the point of o with
coordinates (t + ajy1,...,t +aqg,t,t+a;—1,...,t+a; —1) € A4t If
some of the coordinates a1, ..., ag are equal to 1 — ¢, choose any index i as
above. Different choices of i give the same point of K p. See Fig. 7 for some
examples.

The definition of i on different cells is coherent. We only explicitly check
that the definition on [x1|x2]|---|x4] x [0, 1] agrees with the definition on
[x1]x2] - - - |xq] x {1}, since this is where the non-trivial gluing occurs. Consider
apoint p € [xy|x2|---|xg] x {1}, with coordinates (ay, ..., a4, 1) € A x
[0, 1].

e Since [x1] - - - |xg4] x {1} isidentified with [ (x1)] - - - |@(xq)] X {0}, we have
that ¥ (p) is the point of [¢(x1)| - - - |@(x4)] with coordinates (ay, ..., ag).
e Asanelement of [x{]|-- - |xgz] X [0, 1], the same point p is sent to the point
of [ylo(x1)|- - |¢(xg)] with coordinates (1, ay, ..., ag). By definition of
the faces in an interval complex (Definition 2.8), this point is the same as

the point of [¢(x1)|- - - |[@(x4)] with coordinates (ay, ..., ag).
Therefore the two definitions of i agree in this case.

Every maximal cell of K p is of the form [x1 |- |x;|y|x], |- - - [x;] where
y is hyperbolic and each x; and x;. is horizontal elliptic. Thus ¢ is a homeo-
morphism. O

An immediate consequence of Lemma 6.2 is that D,, = Z x H,,, where Z
is the cyclic subgroup of D,, generated by w.

[p(z1)]p(22)]
ot o) e \
S let)]
[w] \[y]\ [w] N
[z]y] R
t=0 B t=0 B
=] [21|22]

Fig.7 On the left, triangulation of a cell [x] x [0, 1] of Kz x [0, 1] /~. It is homeomorphic to
[x|y]U[yle(x)] € Kp, where y is the right complement of x. On the right, triangulation of a cell
[x11x2] % [0, 1], which is homeomorphic to [x |x2 [y]U [x2|yle(xDIU[yle(x1)l@(x2)] S Kp,
where y is the right complement of xxp

@ Springer



G. Paolini, M. Salvetti

Lemma 6.3 K; is a classifying space for the affine Artin group of type Ani.

Proof By Lemma 3.29, we can assume until the end of this proof that H = W;
is the unique irreducible horizontal component of W. Therefore [1, w]? =
[1, w]¥ is a lattice, D,, is a Garside group, and K p is a classifying space for
Dy,. By Lemma 6.2, there is a covering map

pZKHXR—>KD

which corresponds to the subgroup H,, of Dy,. Then Kg x R is a classifying
space. Since Ky x R >~ Ky = Kj, also K is a classifying space. O

Remark 6.4 The complex K; is closely related to the complexes X, intro-
duced in Sect. 5. Indeed, K; is obtained by gluing the interval complexes
associated with the noncrossing partition lattices of type A,, corresponding to
the maximal proper standard parabolic subgroups of W;. However, the Cox-
eter elements of these parabolic subgroups are not below a common Coxeter
element of Ani (see also Remark 4.6).

Theorem 6.5 K p is a classifying space for D,,.

Proof By Lemma 6.1, we have that Ky = K| x --- x K. Each factor is a
classifying space by Lemma 6.3, therefore K is a classifying space for Hy,.
As discussed in the proof of Lemma 6.3, there is acoveringmap p: Ky xR —
Kp by Lemma 6.2. Therefore K p is a classifying space. |

We can finally prove that Ky is a classifying space.

Theorem 6.6 Let W be an irreducible affine Coxeter group, and w one of its
Coxeter elements. The interval complex K is a classifying space for the dual
Artin group Wy,.

Proof Consider the universal cover p : K¢ — K of the interval complex K¢.
Recall that Kp = Ky N KF~and Kc = Kw U K, and therefore ,o_l(KD) =
p~ (Kw) N p~'(KF) and K¢ = p~'(Kc) = p~'(Kw) U p~' (KF). Then
there is a Mayer-Vietoris long exact sequence

.= Hi(p"'(Kp)) = Hi(p ' (Kw)) ® Hi (0" (Kr)) = H;(Kc) = - -

where all homology groups are with integer coefficients. Since D,, = m1(Kp)
is a subgroup of Cy, = 71 (K ¢), we have that p ~1(Kp) is a union of (infinitely
many) disjoint copies of the universal cover Kp of Kp. Similarly, p~'(Kw)
is a union of disjoint copies of the universal cover Kw of Kw, and p~ (K F)
is a union of disjoint copies of the universal cover K r of K. Since Kp
and K¢ are classifying spaces, both Kr and K¢ are contractible. By The-
orem 6.5, Kp is also contractible. Then, for i > 1, the homology groups
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Hi(p~(Kp)), H;(p~' (K F)),and H; (K ¢) vanish. By the Mayer-Vietoris long
exact sequence, H; (p_l(KW)) also vanishes for i > 1. This means that I?W
has a trivial reduced homology, so it is contractible by a standard application
of the Whitehead and Hurewicz theorems (see [42, Corollary 4.33]). O

7 Finite classifying spaces

Let W be an irreducible affine Coxeter group, with a fixed Coxeter element w.
In this section we show that the interval complexes Ky and K¢ deformation
retract onto finite subcomplexes K (V C Kw and K /c C Kc. In the case of
Ky, this is an intermediate step to prove the K (7, 1) conjecture, whereas for
K ¢ this proves that the braided crystallographic group C,, has a classifying
space K with a finite number of cells. The notation is the same as in Sect. 6.
As noted in the proof of [49, Lemma 7.2], there is no minimal length fac-
torization of w in C that includes both a factored translation and a vertical
reflection. Recall that every element of [1, w]C\[l, w]V is hyperbolic.

Lemma 7.1 Let 0 = [x|x2| - - - |xq4] be a d-simplex of K¢, withd > 1. Then
exactly one of the following occurs:

(1) every x; is elliptic, and at least one is vertical;
(ii) every x; is horizontal elliptic or hyperbolic.

Proof We shall divide the proof into four cases.

e If at least one x; is not in [1, w]", then no minimal length factorization of
any x; includes vertical reflections. In particular, no x; is vertical elliptic, so
(ii) holds and (i) does not. In the remaining cases, assume that x; € [1, w]W
for all 7.

e If every x; is horizontal elliptic, then (ii) holds and (i) does not.

e Suppose that x; is hyperbolic for some index j. Then x; - - - x is also hyper-
bolic, and therefore its right complement y is horizontal elliptic. Every x;
fori > j is below y in [1, w]", and so is horizontal elliptic. By a similar
argument, every x; for i < j is horizontal elliptic. Then (ii) holds and (i)
does not.

o If there is at least one vertical elliptic element and there are no hyperbolic
elements, (i) holds and (ii) does not.

Recall that 7 (K¢) denotes the face poset of K¢. Consider the poset map
n: F(K¢c) — N defined by

d ifxixp - xg=w

n(lxrlez]---|xal) = {d ~+ 1 otherwise.
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We want to describe the connected components of a fiber n_l (d) in the Hasse
diagram of F(K¢). Let o, T be two simplices in the same fiber n ! (d). We have
that t isafaceof o ifand only if o = [x1|x2]| - - - |xg] withx1x7 - - - x4 = w and
either T = [xp|x3] -+ |xg] or T = [xq|x2|- - |xq—1]. Therefore, a connected
component of 17_1 (d) has the following form:

[xol - - - [xa—1] [xq] - [xq] [x2] -+ |xg+1]
[xol - - - [xa—2] [x1] - [xa—1] [x2] - - - x4l [x3] - [xa+1]

where x;xj 1 -+ - Xj+4—1 = w for all i. Define a d-fiber component (or simply
fiber component) as a connected component of the fiber n~!(d). As described
above, a d-fiber component has an associated sequence (x;);cz of elements
of [1, w]€ such that the product of any d consecutive elements is w. This
sequence is well-defined up to a translation of the indices.

Let ¢: [1, w]€ — [1, w]€ be the conjugation by the Coxeter element w:
o) = wuw. Notice that, if (x;);cz is the sequence associated with a d-
fiber component, we have ¢ (x;) = x;44 foralli € Z. Since ¢ restricts to a map
[1, w]" — [1, w]V, every fiber component is either disjoint from F (K ) or
contained in F(Kw), where F(Kw) is the face poset of Ky . The same is true
for the subcomplexes Kp and K.

Lemma 7.2 Letu € [1, w]€. The set {¢/ (u) | j € Z} is infinite if and only if
u is vertical elliptic.

Proof Suppose that {(pj(u) | j € Z} is infinite. Since [1, w]€ has only a finite
number of horizontal elliptic and hyperbolic elements, at least one element of
{¢/(u) | j € Z} is vertical elliptic. Then u is vertical elliptic.

Conversely, let u be a vertical elliptic element, and suppose by contradiction
that ¢/ (u) = u for some j € Z\{0}. Let w” be a power of w that acts as a
translation in the positive direction of the Coxeter axis £, where p is a positive
integer (see Lemma 3.28). We have that (pl’j () = u, so u commutes with the
(non-trivial) translation w?/. By [49, Lemma 11.3], FIX(u) is invariant under
wP/. Then DIR(¢) € DIR(FIX(u)). We have that MOV(z) = DIR(MOV (1))
because u is elliptic, and that DIR(MOV (1)) is orthogonal to DIR(FIX(u)) by
[12, Lemma 3.6]. Therefore u is horizontal, and this is a contradiction. O

Lemma 7.3 Let o0 € F(K¢). The fiber component containing o is infinite if
and only if o is of type (i) in Lemma 7.1. In particular:

e cvery infinite fiber component is contained in F (Kw);
o F(KF) is the union of all finite fiber components;
e F(Kp) is the union of all finite fiber components of F (Kw).
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Proof Let o = [x1|x2]---|xq]. If o is of type (i), at least one x; is vertical
elliptic. Then the set {x;4 jq = ¢/ (x;) | j € Z} is infinite by Lemma 7.2, so
the fiber component of ¢ is infinite. The simplices of type (i) are in F(Kw),
so the component is contained in F(Kw).

If o is of type (ii), then every x; is horizontal elliptic or hyperbolic, so o €
F(KF). Since F(KF) is finite, the fiber component of ¢ is finite. Conversely,
every simplex of F(KF) is of type (ii), and so its fiber component is finite.

The very last point follows from the fact that Kp = Kw N K. O

Lemma 7.4 Let C C F(Kw) be a finite d-fiber component. Then there exists
a simplex [x1|x3| - - - |xq—1] € C such that x1x; - - - x4—1 is horizontal elliptic.

Proof Consider any d-simplex ¢ = [x1|x2|---|xq] € C, with x1x3--- x4 =
w. Since C is finite, at least one x; is hyperbolic by Lemma 7.3. Suppose
without loss of generality that x; is hyperbolic. Then its left complement
X1x2 - - - Xg—1 is horizontal elliptic (here we are using the fact thato € F(Kw)).
This completes the proof, because [x1|x2]|- - - |xg—1] € C. O

Lemma 7.5 Let C C F(Kw) be an infinite d-fiber component. Then there

exists a simplex [x1|x2| -+ - |xg—1] € C such that x\x, - - - xq—1 is vertical ellip-
tic.
Proof Consider any d-simplex [x|x2]---|xg] € C, with xjx2---x4 = w.

Since C is infinite, at least one x; is vertical elliptic by Lemma 7.3. Suppose
without loss of generality that x, is vertical elliptic. Then its left complement
X1x3 - -+ xg—1 is also vertical elliptic, and [x1|x2]| - - - |xg—1] € C. O

From now on, fix an axial chamber Cy of the Coxeter complex. If § is the set
of simple reflections associated with Cy, the Coxeter element w can be written
as the product of the elements of S by Theorem 3.8 (for the case An) and
Theorem 3.3 (for the other cases). Let X ’W C Ky be the complex introduced
in Definition 5.3. By Lemma 5.8, it consists of the simplices [x1|x2] - - |x4]
of Kw such that xjx; - - - x4 fixes a vertex of C.

Lemma 7.6 Let C € F(Kw) be a d-fiber component. Then there exists a
simplex [x1|x2| - - - |xq—1] € C such that x1x; - - - xq—1 is elliptic and fixes a
vertex of Cy. In other words, C N .7-"(X§)V) #= 0.

Proof By Lemmas 7.5 and 7.4, there exists a simplex o = [x1|x2]-- - |xg—1] €
C such that xyxp - - - x4—1 is elliptic. By Lemma 3.19, x1x; - - - x4—1 fixes an
axial vertex. By Proposition 3.10 (for the case A,,) and Remark 3.2 (for the other
cases), every axial vertex can be written uniquely as w/ (b) for some vertex b
of Co. Then, up to a conjugation by a power of w (i.e. up to a translation of
the indices in the sequence (x;);cz), we can assume that x;x, - - - x7—1 fixes a
vertex of Cy. 0O
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Corollary 7.7 The face poset F(Kc) of the interval complex K¢ contains
only a finite number of fiber components.

Proof Every fiber component contained in F(Kw) intersects JF (X/W) by
Lemma 7.6. Since F (X Q}V) is finite, F(Kw) contains only a finite number
of fiber components. If C is a fiber component not contained in F(Ky ), by
Lemma 7.3 we have that C is finite and C € F(Kr). Since F (K r) is finite, it
contains only a finite number of fiber components. O

We are finally able to show that K¢ and Ky deformation retract onto finite
subcomplexes K € K¢ and Ky, € Ky, respectively.

Definition 7.8 Let K be cither K¢ or Kw. A nice subcomplex of K is a
subcomplex K’ C K such that

(1) every finite fiber component C C F(K) is also contained in F(K');
(2) for every infinite fiber component C C F(K), the intersection C N F(K')
is non-empty and its Hasse diagram is connected.

Theorem 7.9 Let K be either K¢ or Kyy.

(a) K deformation retracts onto every nice subcomplex K'.
(b) Finite nice subcomplexes of K exist.

Proof For part (a), on every infinite fiber component C consider the only acyclic
matching M with critical simplices given by C N F(K'). Existence and
uniqueness of M follow from the fact that C N F(K') is non-empty and its
Hasse diagram is connected. By Theorem 2.5, the union of the matchings M
is an acyclic matching with the desired set of critical simplices. This matching
is also proper. We conclude using the main theorem of discrete Morse theory
(Theorem 2.4).

For part (b), recall that 7 (K ) has only a finite number of (finite or infinite)
fiber components by Corollary 7.7. Then it is enough to inductively choose a
finite non-empty interval in the Hasse diagram of every infinite d-fiber compo-
nent C, starting from d = dim(K) (the highest possible value of d) and going
down to d = 1, so that every simplex in the boundary of a chosen simplex is
also chosen. O

Since K ¢ is aclassifying space for C,,, we immediately obtain the following.

Theorem 7.10 Let W be an irreducible affine Coxeter group, and w one of its
Coxeter elements. The braided crystallographic group C,, admits a classifying
space with a finite number of cells.

We end this section by noticing that there is a canonical choice of a nice
subcomplex K’ of K (where K is either Ky or K¢): for every infinite fiber
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component, K’ contains all the simplices between the first and the last simplex
belonging to X7, ; in addition, K’ contains all the finite fiber components of
K.

Lemma 7.11 Let K be either K¢ or Ky. Then K' is a nice subcomplex of K.

Proof First, we check that K’ is a subcomplex. The finite fiber components
of K form a subcomplex (Kp or Kr) by Lemma 7.3. Let o be a simplex of
K’ which belongs to an infinite fiber component C. Then, in C, the simplex o
is between two simplices o1, 02 € Xy, (if o € X}, we have 01 = 02 = 0).
Then a face t of o is either in the same fiber component C, or is between two
faces of o1 and 07, in the fiber component of t. Therefore T € F(K').

By Lemmas 7.3 and 7.6, every infinite fiber component contains at least one
simplex of X7,. Then K’ satisfies the conditions of Definition 7.8. O

We call this subcomplex K’ the canonical nice subcomplex of K. By con-
struction, it contains X ’W as a subcomplex. In general, K’ is not the smallest
nice subcomplex of K.

Example 7.12 (Fiber components of Ay) For W of type Aj, the fiber com-
ponents of Ky = K¢ are shown in Fig. 8, using the notation of Example

[w] [bleaco] [cacolb]  [V]ara—i1]  [ara—1]0]

(] [b] [eaco] [v'] lara—i]

[a1|beo] [a1blco] [e2|ayco) l[arcola_1]

N - N - N -
N - N - N -

[a1] [beo] [a10] [co] [c2] [a1co] [a_1]

[a1b]eo] [ealai|co]  [a1|eola—1]

LN NN

a1|b b‘CO [02|a1 a1|60] Co‘a 1]

[blealco]  [e2]colb'] [0'ar]a—1] [a1]a—10]

[ble2] [e2]co] [colV'] [0']a1] [a1]a—1] l[a—1

Fig. 8 Fiber components of Ky = K¢ in the case A,. The first two fiber components form
the subcomplex Kp = K. The black nodes correspond to the simplices of X /W
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3.12. The first 2 fiber components are finite, and they form the subcomplex
Kp = KpF. The other 7 fiber components are infinite. Black nodes corre-
spond to simplices in F(X},), and white nodes correspond to simplices in
F(Ky)\F(Xy,), where Ky, is the canonical subcomplex of Ky . The shown
simplices are exactly those in F (K {}V).

8 The K (, 1) conjecture

In this section, we prove the K (;r, 1) conjecture for affine Artin groups. It is
enough to consider the irreducible case.

Let W be an irreducible affine Coxeter group, and R its set of reflections.
Fix a Coxeter element w and an axial chamber Cy of the Coxeter complex. Let
S C R be the set of simple reflections associated with Cy. By Theorem 3.8 (for
the case An) and Theorem 3.3 (for the other cases), the Coxeter element w can
be written as the product of the elements of S, say w = 5152 - - - 8,41 (Where n
is the rank of W). Let {p;};cz be the sequence of points of the Coxeter axis £
that are fixed by at least one vertical reflection of W (see Sect. 3.1 and Lemma
3.7). Enumerate these points so that pg is below Cyp and p; is above Cy.

Let Kw be the interval complex associated with the noncrossing partition
poset[1, w] =[1, wlV, K {)V C Ky its canonical nice subcomplex (introduced
at the end of Sect. 7), and X /W C K {)V the complex introduced in Definition
5.3. By Lemma 5.8, X;)V consists of the simplices [x1|x2] - - - [xg] of Kw such
that xjx, - - - x4 fixes a vertex of C.

Recall that Ky is a classifying space for the dual Artin group Wy, (Theorem
6.6), Kw deformation retracts onto K {4/ (Theorem 7.9), and X /w is homotopy
equivalent to the orbit configuration space Yy (Theorem 5.5). Then, in order to
prove the K (i, 1) conjecture for the Artin group Gw = m1(Yw), it is enough
to show that Ky, deformation retracts onto X',,. This also implies that the dual
Artin group Wy, is isomorphic to the Artin group Gw, thus giving a new proof
of [49, Theorem C].

To show that Ky, deformation retracts onto X7, we are going to use discrete
Morse theory. Specifically, we need to construct an acyclic matching on the
face poset F(K {4,) such that the set of critical simplices is exactly F (X /W).

Denote by ¢: [1, w] — [1, w] the conjugation by w: ¢(u) = w™'uw. Let
< be an axial ordering of the set of reflections Ry = RN [1, w] (see Definition
4.10) that satisfies the following compatibility property: if r,r’ € Ry fix the
same pointof £,and r < r/, then ¢ (r) < ¢(r’). Although not strictly necessary,
this compatibility property will make the proof of Lemma 8.8 simpler.

By Theorem 4.19, every element u € [1, w] has a unique minimal length
factorization u = ryry - - - ry, as a product of reflections such that r; < rp <

- < rp. We call it the increasing factorization of u. Theorem 4.19 also
implies that r| is the <-smallest reflection of Ry N [1, u], and r,, is the <-
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largest. As in Sect. 4, we say that a vertical reflection is positive if it fixes a
point of £ above Cy, and negative otherwise.

Since w acts on the Coxeter axis £ as a translation in the positive direction,
we have that FiX(¢(r)) N £ is below Fix(r) N £ for every vertical reflection
r € Ry. In addition, if FIx(r) N £ is above FIX(+') N £ (for some vertical
reflections r, 7’), then FIX(¢/ (r)) N £ is above Fix(¢/ (r')) N £ for all j € Z.

Lemma 8.1 For every vertical reflection r € Ry, there exists a unique j € Z
such that ¢’ (r) is one of the n + 1 <-smallest reflections in Rg. In addition,
j = 0ifand only if r is positive.

Proof If w is a bipartite Coxeter element (see Sect. 3.1), the n + 1 <-smallest
reflections are the ones that fix pj or p,. Let p; be the point of £ which is fixed
by r. By Remark 3.2, there is a unique j such that w™/(p;) is p; or p», and
specifically j = Li 51 J We have j > 0 if and only if 7 is positive. Then ¢/ (r)
fixes p; or pa, so it is among the n + 1 <-smallest reflections of Ry.
Suppose now that w is a (p, ¢)-bigon Coxeter element (with p+¢g = n+1)

in a Coxeter group W of type A,,. By part (i) of Proposition 3.9, the n 4+ 1 <-

smallest reflections are those that fix one of p1, pa, ..., pm Withm = Cﬁ(”;qq) )
By Lemma 3.7, for every i € Z there is a unique j € Z such that w=/(p;) €
{p1, p2, ..., Pm}. We conclude as in the bipartite case. O

Lemma 8.2 Let r € Ry be a vertical reflection. The right complement of r
fixes a vertex of Cq if and only if r is among the n + 1 <-smallest reflections

of Ro.

Proof By Lemma 3.18, for each vertex b of Cy there is a unique vertical
elliptic isometry u € [1, w] such that /(#) = n and u fixes b. By taking the
left complement of these vertical elliptic isometries, we obtain that there are
exactly n + 1 vertical reflections r such that the right complement of r fixes
a vertex of Cp. We only need to show that they are the n + 1 <-smallest
reflections of Ry.

If w is a bipartite Coxeter element, then the n 4 1 <-smallest reflections are
those that fix p; or pp. By Lemma 3.4, these are precisely the ones that have
a right complement that fixes a vertex of Cy.

Suppose now that w is a (p, g)-bigon Coxeter element in a Coxeter group
W of type A,. By part (i) of Proposition 3.9, the n + 1 <-smallest reflections of
Ry are those that fix one of p1, p2, ..., pm withm = gcgafq)' Letr € Ry be
a vertical reflection such that its right complement fixes a vertex b of Cp. Let
C be the axial chamber immediately below Fix(r) N €. By Lemma 3.14, r is
positive (otherwise its right complement would not fix a vertex of Cog) and b is a
vertex of C. Suppose by contradiction that » is not among the n 4 1 <-smallest
reflections of Rg. Then FIX(r) intersects ¢ in a point p; withi > m + 1, and
there are at least m + 1 axial chambers between Cy and C (including C¢ and
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C themselves). By part (ii) of Proposition 3.10, the axial point b is a vertex of
exactly m consecutive axial chambers. This is a contradiction because b is a
vertex of both Cy and C. O

It is convenient to introduce some additional notation. Given a simplex
o = [x1|xz]---|xq] € Kw, let m(0) = x1x2---x4 € [1, w]. Also, if C is
the d-fiber component containing o, let A(o) (resp. p (o)) be the simplex that
appears immediately to the left (resp. immediately to the right) of o in C. More
explicitly:

o) = [x1]-- - |xg—1] if (o) = w
" | [ylx1] - - - |xg] otherwise (here y is the left complement of xj - - - x4)
) — [l Il (@) =w
p | [xt] - - - |xqly] otherwise (here y is the right complement of xj - - - xg).

Then A is the inverse of p. More generally, we say that a simplex T € Ky is
to the left of o (resp. to the right of o) if T = A (o) (resp. T = pK(0)) for
some k > 0. Notice that, if ¢ and t belong to a finite component C, then 7 is
both to the left of o and to the right of 0.

With this notation, the definitions of X /W and K {,V can be written as follows:

e 0 € j’-'(X;V) if and only if 7 (o) fixes a vertex of Cop;
e 0 € F(K},) if and only if A¥(0) € F(X};) for some k > 0 and p*(0) €
F(Xy,) for some k > 0.

The following definition will be used in the construction of the matching
on F(Ky).

Definition 8.3 (Depth) Let 0 = [x1|x2| - - - |xq] € F(Kw), with m(0) = w.
Define the depth §(o) of o as the minimum i € {1, 2, ..., d} such that one of
the following occurs:

1) 1(xi) =2
(i) I(x;) =1,i <d — 1, and x; < r for every reflection r < x;41 in [1, w].

If no such i exists, let §(0) = 0.

Lemma 8.4 Leto € F(Ky). If w(0) = w, and (p(0)) fixes a vertex of Co,
then §(o) # oo.

Proof Leto = [x1]x2] - - - |x4], and suppose by contradiction that § (o) = oo.
Then each x; is a reflection, d = [(w) = n + 1,and x; > x2 > -+ > Xp41.
Since w(p(0)) = x2 - - - xp41 fixes a vertex of Cp, by Lemma 8.2 we have that
x1 is among the n + 1 <-smallest reflections of Rg. Then xq, x2, ..., x,4+1 are
the n + 1 <-smallest reflections of Ry.

Let[yi|y2|-- - |yn+1]bea (n+1)-simplex to the left of . Then y; = <pj (x;)
forsomei € {1,...,n 4 1} and j < 0. The right complement y; - - - y,41 of
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[caco]  «— [bleaco] [c2co[b] +— [c2|colV]
[ara_1] +— [V|ara_1] [ara_1]b] +— [ai|la—_1]}]
[c2]co] < [blea|co] [c2]aico] < [eafan]co]
[ar]a—s] «—  [V']ai]a—i] [arcola—1] <—  la1|cola—1]

[w] = [a1bco] [a1blco] = [axblco]

Fig. 9 Matching on F(Ky,)\F(X},) in the case Ay

y1 is equal to goj (u), where u is the right complement of x;. Since x; is among
the n + 1 <-smallest reflections, its right complement u fixes a vertex b of Co
by Lemma 8.2. Then ys - - - yp41 = <pf (1) fixes the axial vertex w—/ (b). By
Proposition 3.10 (for the case A ,») and Remark 3.2 (for the other cases), w7 (b)
is not a vertex of Cp. Therefore [yz]-- - |yn+1] & F (X ). This conclusion
applies to every n-simplex [y2| - - - |yu41] to the left of o. Then o ¢ F(Ky),
which is a contradiction. O

We are now ready to define a function u which will ultimately give us the
matching we need.

Definition 8.5 (Matching function) Given a simplex o € F(Ky)\F(X}),
define a simplex p (o) € F(Kyw) as follows.

() If (o) # w,let u(o) = (o).
2) If 71(0) = w, and 7w (p (o)) does not fix a vertex of Co, let u(o) = p(o).

Suppose now that 7(c) = w, and 7 (p(o)) fixes a vertex of Cy. Let 0 =
[x1]x2] - -+ |x4] and § = §(o). Notice that § 7% oo by Lemma 8.4.

(3) It I(xs) = 2, define u(o) = [x1]---|xs—1|ylzlxs+1l-- - |xql, where y is
the <-smallest reflection of Rg N [1, x;5], and yz = xs.
(4) It l(xs) = 1, define u(o) = [x1| - - [xs—1]xsXs+11X5+2] - - - [xal-

Notice that u(o) > o if o occurs in case (1) or (3), whereas u(o) < o if o
occurs in case (2) or (4). In addition, u(c) ¢ F (X ) by Lemma 5.8.

Example 8.6 (Matching for Az) Figure 9 shows the matching defined by u on

F(Ky)\F(Xy,) in the case A, using the axial ordering of Example 2. See
also Fig. 8, where the involved simplices are indicated by white nodes. The
first 4 pairs on the left column occur in cases (1) and (2) of Definition 8.5. The
other 6 pairs occur in cases (3) and (4).

Lemma 8.7 Leto € f(K )\]:(X ) be a simplex such that w (o) = w, and
p(o) € .’F(X ). Then also p(u(0)) € ]:(X ).

Proof Let o = [x1|x2]-- - |x4]. It is not possible for o to occur in case (1) or
(2) of Definition 8.5, because 7(0) = w and p(0) € ]-'(X ).
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If o occursincase (4),thenwehave (o) = [x1] - - - |xs—1|xXsX541|X542] - - - |
xgq]. Therefore w(p(u(o))) < m(p(o)) in [1, w]. Since m(p(o)) fixes a

vertex of Cp, also w(p(u(o0))) fixes a vertex of Co by Lemma 2.15. Then
p(n(0)) € F(Xy).

If o occurs in case (3), then w(o) = [x1| - |xs—1|y|z|xs+1] - - |xql. If
8 > 1, we have m(p(u(o))) = n(p(o)), and so w(p(wu(o))) fixes a vertex
of Co. Assume from now on that § = 1, so u(o) = [y|z|xz|---|xq]. Let b
be a vertex of Cy fixed by m(p(0)) = x2---x4. Let u € [1, w] be the unique
vertical elliptic element that fixes b with [(#) = n (see Lemma 3.18). By
Lemma 2.16, we have x> --- x4 < u in [1, w]. Let r be the left complement
of u (it is a vertical reflection). By Lemma 8.2, r is one of the n + 1 <-
smallest reflections of Ry. Passing to the left complements in the inequality
X2 ---xqg < u,we getx; > rin [l, w]. By definition of ©, we have that y is
the <-smallest reflection of Rg N [1, x1], and therefore y < r. In particular,
y is one of the n + 1 <-smallest reflections of Ry. By Lemma 8.2, its right
complement zx; - - - x4 = w(p(u(o))) fixes a vertex of Co. O

Lemma 8.8 For every o € F(Ky)\F(Xy,), we have that (o) €

Proof We have already noted in Definition 8.5 that u(o) ¢ F (XQ)V). We
have u(o) = A(o) in case (1), and u(o) = p(o) in case (2). Since o €
F(Ky)\F(X},), in these two cases j(0) € F(Ky,). Suppose from now on
that o occurs in case (3) or case (4). In particular, 7(c) = w and p(o) €
F(Xy).

Let 0 = [x1]|x2]---|x4]- By Lemma 8.7, we have p(u(o)) € }"(Xg)v).
Therefore we only need to prove that there is a simplex in F(X7,) to the left
of u(o). Since o € F(Ky,), thereis a (d — 1)-simplex 7 € F(X7,) to the left
of o. It has the following form:

T =[@" i) 10" Gl T )] - - 1" T ()],

forsome h < Oandi € {1,...,d}.

If o occurs in case (4), then u(o) = [x1|---|xs—1lxsxs+1lxs42| - - - |xa]
where § = §(o). To the left of (o) there is a simplex 7’ such that 7(t") <
7 (t), given by:

[o" (xs12)| - 1o x) 1@ T D - - 1o (xs21)] ifi=dori=o+1.
[ Gip Dl 10" esxs )] - 1o )l DL o (o] ifi < 6.
[ (i Dl 1" Gl ] 1o esxor DI 1" D] ifi > 8+ 1.

Since 7 € f(X;,V), we have that 7 (1) fixes a vertex of Co, so 7 (t’) also fixes
a vertex of Cy (by Lemma 2.15), which means that 7/ € F(X ;V). Therefore
w(o) € F(Kpy).
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If o occurs in case (3), then u(o) = [x1]- - |xs—1|y|z|xs+1] - - |xq]. If
i # 8, we can find a simplex 7’ to the left of u(o) such that 7 (z") = 7 (7),
namely:

{ " ir Dl 10" D" @) - - 10" )l T x| - - Lo (-] ifi <
[e" iD= - 1o Gl D] - 1" I @) - 1o T )] if i > 8.

As before, this implies that u (o) € F(K {}V). Suppose from now on thati = §.

The right complement of ¢” (x;) is equal to 7 (t), which is elliptic because
it fixes a vertex of Cy. Therefore <ph (xs) is vertical, and thus also x5 = yz is
vertical. Let z = ryr» - - - ry, be the increasing factorization of z, with m > 1.
By definition of y, we have that y < r; < --- < ry,. Since yz is vertical, at
least one of y, r, ..., 1y is a vertical reflection.

e Case I: ry, is a negative vertical reflection. By Lemma 8.1, there exists a
Jj < 0 such that (pf (rm) is among the n + 1 <-smallest reflections of Ry.
By Lemma 8.2, its right complement u fixes a vertex of Cy. Consider the
following simplex to the left of (o):

v = [/ (s )| - 19! )l )] - o T s 1) 10/ L)1

The left complement of (') is ¢/ (z), and we have ¢’ (r,,) < ¢’ (z) in
[1, w]. Passing to the right complements in this inequality, we obtain that
u > 7 (t’). Since u fixes a vertex of Cy, by Lemma 2.15 also 7 (') fixes a
vertex of Co. Therefore 7/ € F(Xy,).
e Case 2: ry, is a horizontal reflection or a positive vertical reflection. The
same is true for all the reflections y,ry,...,r,, because y < r; <
- < rp. Recall that at least one of them is vertical. Then, for some
k €{0,...,m}, wehave that y, r1, ..., rr are positive vertical reflections,
and rg41, ..., ry are horizontal reflections. Since & < 0, we have that
" ), o (1), ..., " (ry) are also positive vertical reflections. The com-
patibility property of < then implies goh (y) < (ph (r) < --- < (ph (ry).
Let r,/c IRRRE r;, be the increasing factorization of <ph(rk+1 -+ rm). Since
Fk+1 + Iy 18 horizontal, (ph (Fg+1 - - - rm) s also horizontal, so the reflec-
tions IRTRE r;, are horizontal. Therefore we have o"(y) < ¢"(r) <
c< ol < Tty1 < --+ < 1. By construction, the product of these
m + 1 reflections yields the increasing factorization of (ph (y2) = (ph (x5).
In particular, goh (y) is the <-smallest reflection of [1, (ph (xs5)] by Theorem
4.19.
Recall that T € ]—'(X%,), so (t) fixes a vertex b of Cy. Let u € [1, w] be
a vertical elliptic element that fixes b and such that /(#) = n (see Lemma
3.18). By Lemma 2.16, we have n(t) < u in [1, w]. If we pass to the
left complements in this inequality, we get ¢" (xs) > r where r is the left
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complement of u (it is a vertical reflection). By Lemma 8.2, r is among the
n + 1 <-smallest reflections of Rj. Since goh(y) is the <-smallest reflec-
tion of [1, <ph (x5)], we have goh(y) =< r, and thus <ph(y) is also among the
n 4+ 1 <-smallest reflections of Ry. By Lemma 8.2, the right complement
of goh (y) fixes a vertex of Cy. Consider the following simplex to the left of

u(o):
' = [o" @)l s )| - 10" )" T )| - 190" T (s 1)1

We have that 77 (¢') is the right complement of " (y), so it fixes a vertex of
Co, and therefore " € F(X},).

Proposition 8.9 The function u: F(Ky)\F(Xy,) — F(Ky)\F(Xy,) is an
involution, i.e. it satisfies w(u (o)) = o. In addition, if o occurs in case (3) or
(4) of Definition 8.5, then §(u (o)) = §(o).

Proof Lemma 8.8 shows that the image of w is contained in F (K1, )\ F(X},),
so we can compose p with itself. Let o = [x1]x2] - - - [x4] € F(Ky)\F(Xy,).

If o occurs in case (1) of Definition 8.5, then @ (o) = A(o) occurs in case
(2), so u(u(o)) = p(A(o)) = o. Similarly, if o occurs in case (2), then
(o) = p(o) occurs in case (1), and u(u (o)) = A(p(o)) =o.

If o occurs in case (3) or (4), by definition of § = §(o) we have that
X1, ...,xs—1 are reflections such that x; > x» > --- > xs_1. In addition,
xs—1 > y if y is the <-smallest reflection of [1, x5]. If o occurs in case (3),
then x; > --- > xs_1 > y, and y < r for every reflection r < z. Therefore
8(u(o)) = 6, and (o) occurs in case (4), so u(u(o)) = o. If o occurs in
case (4), then §(u(o)) = § because xs_1 > xs. In particular, u(o) occurs
in case (3). By definition of §, we also have that xs < r’ for every reflection
r’ < xs+1. Then, if we concatenate x5 with the increasing factorization of xs4 1,
we get the increasing factorization of xsxsy1. Therefore x5 is the <-smallest
reflection of [1, x5x541], and u(u(o)) =o. O

Thanks to Proposition 8.9, we can finally define a matching M on F(K7,):
M ={(u(o),0) | o € F(Ky)\F(Xy) and n(o) < o}.

A simplex o € F(Ky,) is critical if and only if o € F(X7,). It only remains
to prove that M is acyclic and proper. For this, our strategy is to define a poset
(P,<)and amap &: F(K {4,)\}' (X %,) — P that decreases along alternating
paths.

Let P C R6’+1 be the set of all minimal length factorizations of w as
a product of reflections. We endow P with the total ordering < defined as
follows. Let o, o’ € P, and denote by r (resp. r’) the <-largest reflection
appearing in « (resp. o).
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o If r # 1/ thenseta < ' if and only if r > r'.

o If r =7/, let k (resp. k') be the position where r (= r’) appears in « (resp.
a'). If k # k', then set @ <1 o’ if and only if k > k'.

o If r = r" and k = k/, then set « < o' if and only if « is lexicographically
smaller than o’ (as usual, reflections are compared using the total ordering
< of Ryp).

The transitive property of < is immediate to check.
Define a closure operator k : F(Ky)\F(X},) — F(Ky)\F (X)) in the
following way:

e if 7o) =w
k(o) = {A(a) = (o) otherwise.

Given a simplex o0 € F(K ;V)\}“ (X /W), define £ (o) € P as the concatenation
of the increasing factorizations of xp, x2, ..., x4, where [x1|xz]---|xg] =
k(o). Since w(k (o)) = w, we have that £(o) is indeed a minimal length
factorization of w.

Lemma 8.10 For every o € F(Ky)\F(XYy), we have E(u(0)) = £(0).

Proof Suppose without loss of generality that (o) < o, so that o occurs in
case (2) or (4) of Definition 8.5. If o occurs in case (2), then x (u(0)) = k(0),
and therefore &(u (o)) = &(0).

Suppose now that o occurs in case (4). Then x(0) = o and x(u(o)) =
u(o).Leto = [xi]xz] - - - |[xgland (o) = [x1] - - - |xs—1|xsX5+1|x542] - - - [xa],
where § = &(0). As already noticed in the proof of Proposition 8.9, the
increasing factorization of xsxs1 is given by the reflection x5 followed by the
increasing factorization of x5 1. Therefore £(u(o)) = £(o0). O

Lemma 8.11 Let 0 = [x1|x2] - - - [x4] € F(Ky)\F(XY}y) be a simplex such
that m(o) = w. There exist a negative vertical reflection r € Ro and an
indexi € {1,2,...,d}suchthatr < x; in [1, w]. In particular, the <-largest
reflection appearing in & (o) is a negative vertical reflection.

Proof Since o € F(Ky,), there is a (d — 1)-simplex 7 € F(X},) to the left
of o. It has the following form:

T =[@" i) 1" )" T )] - 1" T (i),

forsome h < Oandi € {1, ...,d}. We have that 7 (7) fixes a vertex b of Cy,
and (ph (x;) is the left complement of 7 (7). By Lemma 8.2, there is a reflection
r’ < goh (x;) among the n + 1 <-smallest reflections of R (see the last part of
the proof of Lemma 8.8). By Lemma 8.1, r = ¢ " () is a negative vertical
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reflection, because & < 0. This proves the first part of the statement because
r <x;j.

The <-increasing factorization of x; ends with the <-largest reflection r”
of [1, x;] by Theorem 4.19. If r is the <-largest reflection appearing in £ (o),
we have ¥ > r” > r, so r is a negative vertical reflection. O

Lemma 8.12 Let o, T € F(Ky)\F(X}y) be two simplices such that w (o) =
w and T is a face of 0. Then £(t) < &(o). If, in addition, Tt = M(0), then we
have the strict inequality & (t) < &(o).

Proof Let 0 = [x1]|x2]---|xgq]. Notice that k(o) = o, because w (o) = w.
Let r (resp. r’) be the <-largest reflection of £(7) (resp. £(o)), appearing in
position k (resp. k').

e Case I: T = [x2]|---|x4]. Then T = u(o) and therefore £(t) = &(o) by
Lemma 8.10.

e Case 2: Tt = [x1]---|xi—1|xiXi+1|xig2| - - - |xqg] for some i € {1,...,d —

1}. In particular, we have  (t) = w and therefore «(t) = 7. Since [1, x;]
and [1, x; 1] are both included in [1, x;x;+1], the <-largest reflection of
[1, x;x;+1] is at least as <-large as the <-largest reflections of [1, x;] and
[1, x;+1]. Therefore r > r’. If r > r/, then £(7) <1 £(0), as desired.
Suppose that r = r’. The <-largest reflection of [1, x;x; 1] appears as the
last reflection of the increasing factorization of x;x; . Therefore k > k.
If k > K/, then &£(1) < &(0), as desired.
By Theorem 4.19, the increasing factorization of x;x;41 is lexicograph-
ically smaller than (or equal to) the concatenation of the increasing
factorizations of x; and x;1. Then &(7) is lexicographically smaller than
(or equal to) £(0). Therefore £(7) < £(o0).

o Case3:t = [xi| - |xg-1] = A(0). Thenk (v) = [p™ (xa)|x1] - [xa-1] €
FEN\FXy)-

Suppose by contradiction that » < r’. Since xy, ..., xg_] are common to
both 7 and o, we have that r’ < x4. Then ¢~ (') < ¢~ !(x4), and there-
fore g~ '(+') < r < r’. By Lemma 8.11, r’ is a negative vertical reflection.
Then Fix(¢ = (+)) N £ is above FIX(r') N £. Since ¢~ (+’) < r’, we have
that =1 () is a positive vertical reflection. By Lemma 8.1, o~ 1) is
among the n + 1 <-smallest reflections of Ry. By Lemma 8.2, its right
complement u fixes a vertex of Cg. Since go_l(r’ ) < (p‘l(xd), passing
to the right complements we get u > x;---x4—1 = 7 (r). By Lemma
2.15, Fix(u) € Fix(sw(t)), and so w(t) also fixes a vertex of Cg. This is
a contradiction, because t ¢ F(X},). Therefore r > r'. If r > r’, then
&(t) < &(o), as desired.

Suppose now that r = r’. If r = r’ < x4, the previous argument yields
again a contradiction. Therefore r < x; forsomei € {1, ...,d — 1}. Then
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the position k (where r appears in (7)), is strictly greater than the position
k" (where r appears in £(0)). Thus £(7) <1 &(o).

Lemma 8.13 The matching M on F(Ky,) is acyclic.

Proof Suppose by contradiction that there is an alternating cycle o1 > 71 <
02> T <> Ty < Opy1 = o1 in F(Ky,), with m > 1. We have that
(tj,0j) ¢ Mand (tj,0j41) € Mforall j € {1,...,m}. In particular, all
the simplices involved are matched, so they are in F (K {4,)\.7-" (X Q}V). Also, by
Definition 8.5 we have that (o) = w for all .

By Lemmas 8.10 and 8.12, we have

E(o1) > &(11) =&(02) > &(1) =+ - B &(t) = E(om+1) = E(01).

Then, all these inequalities are actually equalities:

§(01) =&(11) =&(00) =&(n2) = - = &(ti) = E(om11) = E(0).

By the second part of Lemma 8.12, we have t; # A(o;) for all j. Also,
T; # p(oj) for all j, because otherwise we would have 7; = u(o;) i.e.
(tj,0j) € M. Since 7; is a face of o; different from A(o;) and p(0;), we
have 7 (7;) = m (o) = w for all j. As a consequence, each 7; occurs in case
(3) of Definition 8.5, and each o; occurs in case (4).

By the second part of Proposition 8.9, 6(z;) = §(oj1) forall j.In addition,
since §(0j) = &(tj), we have 6(o;) > &(t;) for all j. As before, since
om+1 = 01, all inequalities are actually equalities:

8(01) = 8(t1) = d(02) = 8(12) = - -+ = 8(Ti) = 8(Om+1) = 8(o1).
Let oy = [x1lxa] -+ - |xql, 71 = [x1] - - - [xi—1|xixig1]xi42] - - - [xq] for some
i ef{l,...,d —1},and § = §(oq1). Since o1 occurs in case (4), we have

l(xs) = 1. Also, [(xjx;4+1) > 2 implies 6(t1) < i. Since 6(t1) = §(01) = 6,
we deduce thati > 6. If i = §, then t; = (o), which is impossible because
(1, 01) ¢ M. Thereforei > §,so 11 alsooccursin case (4), because/(x5) = 1.
However 11 occurs in case (3), and this is a contradiction. O

Theorem 8.14 Let W be an irreducible affine Coxeter group, with a set
of simple reflections S = {s1,s2,...,8,+1} and a Coxeter element w =
5182 -+ - Sp+1. The interval complex Kw deformation retracts onto its subcom-
plex Xy,.

Proof By Theorem 7.9 and Lemma 7.11, Ky deformation retracts onto its
canonical nice subcomplex Ky,. We have constructed a matching M on the
face poset F (K ;V). This matching has F (X Q)V) as the set of critical cells and is
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acyclic by Lemma 8.13. It is also proper because F (K, ) is finite. By the main
theorem of discrete Morse theory (Theorem 2.4), K {4/ deformation retracts
onto Xy, . O

We can finally prove the K (;r, 1) conjecture for affine Artin groups.

Theorem 8.15 (K (7, 1) conjecture) Let W be an irreducible affine Coxeter
group. The K (1, 1) conjecture holds for the corresponding Artin group Gy.

Proof Fix a set of simple reflections S = {s1, s2,...,s,+1} and a Coxeter
element w = 5152 - - - §,+1. By Theorem 6.6, the interval complex Ky is a
classifying space. By Theorems 8.14 and 5.5, we have homotopy equivalences
Yw >~ X}, =~ Kyw, where Yy is the orbit configuration space associated with
W. Therefore Yy is a classifying space for its fundamental group Gw. O

We also obtain a new proof of the following theorem of McCammond and
Sulway.

Theorem 8.16 [49, Theorem C] Let W be an irreducible affine Coxeter group,
with a set of simple reflections S = {s1, $2, ..., Sy+1} and a Coxeter element
W = 8§182 - - - Sp+1. The natural homomorphism from the Artin group Gw to
the dual Artin group W, is an isomorphism.

Proof Consider the homotopy equivalences X ~ X7, ~ Ky of Theorems
5.5 and 8.14. The composition y : Xw — Kw sends the 1-cell (), associated
with a simple reflection s € S, to the corresponding 1-cell [s] of K, preserv-
ing the orientation. Then the induced map v, on the fundamental groups is
exactly the natural homomorphism Gy — W,,, which is, therefore, an iso-
morphism. O
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Appendix A: The four infinite families

The main purpose of this appendix is to prove Lemma 3.7, Theorem 3.8,
Propositions 3.9 and 3.10 (these are statements about A,), and Lemma 3.21
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Proof of the K (7, 1) conjecture

(for the cases A,, By, Cn, and D,). We do this by explicitly examining the
four infinite families of irreducible affine Coxeter groups. This appendix can
be also used as a source of examples, and it complements the computations of
[48, Section 11]. We refer to [44, Section 2.10] for the standard construction
of root systems (see also [11]).

A.1 Case fi,,

Let W be a Coxeter group of type A,. Tt is realized as the reflection group in
E =R""1/(1,..., 1) associated with the hyperplane arrangement

A={{xi—x;=k}|1<i<j<n+1, kel).

If a € R™*! denote by [a] its class in E =R /(1,...,1).
Let (p, g) be a pair of positive integers such that p + g = n + 1. Label the

coordinates of R*T! = R? x RY as follows: xj, x, ..., Xpy Y15 Y20 -+ s Vg-
Givenapointb € E,denote its coordinates by xi’ e xf;, yf e yé’ (they are
well defined up to a multiple of (1, ..., 1)). Construct a (p, g)-bigon Coxeter
element w as in [48, Example 11.6]:

w(b) =[x+ 1,x7,.xh [y =Lyl 3)
Then the shortest vector in MOV (w) is u = [%, R % —%, R —%], and

the points of the Coxeter axis £ (i.e. the points a such that w(a) = a + u) are
of the form

p=1 p=2 1 1 q=2 g—1
|: ’ "-'apa0|05q""7 qa qi|+0/-’l’ (4)

for & € R. The hyperplanes of the form {x; — x; = k} or {y; — y; = k} are
horizontal, whereas those of the form {x; — y; = k} are vertical.

Proof of Lemma 3.7 From (4) it is immediate to see that the Coxeter axis ¢ is
not contained in any hyperplane of A. The value of § that yields the intersection
point of a vertical hyperplane {x; — y; = k} with ¢ satisfies

1 g b=t izl it
($+3)o=k—Ef+id—p—1+ 54 2L
If we let k, i, and j vary, then 8 can assume any value which is an integer

; ged(p.q)
multiple of pEe O

Consider now a point a € E which is not contained in any hyperplane of
A, and let C, be the chamber containing a. In particular, for every j we have
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that y? — x}, ¢ Z, because otherwise a would lie on some vertical hyperplane
{xp — yj = k}. Consider the line £, passing through a and with the same
direction as the Coxeter axis:

Ea:{[x?’xg""sx;|Y1a,yg’---,yg]+9M|QER}.

Let S, € R be the set of the reflections with respect to the walls of C,.
Write S, = S} U S, L SPo", where S} (resp. S;) consists of the reflections
that intersect £, above (resp. below) a, and Sgor consists of the horizontal
reflections.

Lemma A.1 Ler W be a Coxeter group of type An, and w a (p, q)-bigon
Coxeter element as in (3). Let a € E be a point which is not contained in
any hyperplane of A, and such that x;, < fol <. <xf <xp+land
W<y << yg < y{ + L. Then the reflections in S (resp. S ) pairwise
commute. In addition, w can be written as a product of the reflections in S,
where the reflections in S, come first, and the reflections in S, come last.

Proof Since the coordinates of a are defined up to a multiple of (1, ..., 1), we
can assume that xj‘, = 0. Therefore we have 0 = xj‘, < xz_l <---<axf <L
Let s be the (unique) index such that the fractional part of y{ is minimal, and
let h = |yg | be the largest integer which is less than y¢. Then we have

h<yd <y < <yg<y+l<--<yi +1l<h+l

Let X = {x{, ...,xZ}andY = {yy —nh, ...,y;’—h,yf+1—h, N
1 — h}. The set Z = X UY consists of n + 1 distinct real numbers between 0
(included) and 1 (excluded). Write Z = {0 = z{ < zj < --- <z, ;}, where
each z; stands either for some x; or for some translate of some y; (notice that
Z1 = xp). Then the inequalities z; < z2 < -+ < zZy41 < z1 + 1 define the
chamber C,, and the walls of C,, are:

{zi=2h{=u}....{zar1 =21 + 1}, &)

For every i € {1, ..., p}, the coordinate x; appears in exactly two walls.
If they are both vertical, say {x; — y; = k} and {x; — y;41 = k’}, then the
first of these walls intersects £, below a, because xlf’ — y;.’ > k, whereas the
second one intersects £, above a, because xi“ — y;‘ 4 < k' (here the indices
of y are taken modulo g). A similar argument applies to the coordinates y;

for j € {1, ..., q}. This proves that the reflections in S (resp. ;) pairwise
commute.
The horizontal walls are among the following: {x; = x;11} for 1 < i <

p—Lixi=x,+1}h{yj=yjnlforl <j=<gqg—1{y1 =y, — 1} Let
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t be the smallest index such that x/' < y{ — h. Order the possible horizontal
walls as follows:

{xt+1 = x40}, {2 = xe43}, o0, {xp—1 = xp}),

{xi=xp + 1}, {xi = x2}, .., {1 = x4}, ©)
(Vs = ys+1}h s+1 = ys42}, -5 {yg—1 = yq},

=y =1L i =y} ooy {ys—2=ys—1}

Let wy (resp. w—) be the product of the reflections in S, (resp. S ), and let
Whor be the product of the reflections in Sgor, in the same relative order as in
(6). Let w = wywporw—. We want to prove that w = w. For this, it is enough
to show that the linear part of w coincides with the linear part of w, and that
w(b) = w(b) for at least one point b € E.

Denote by ey, (resp. ey j) the unit vector in the direction of x; (resp. y;).
Given two elements ¢, ¢’ € Z, we write ¢ < ¢’ if ¢ < ¢’ and there exists no
¢"” € Zbetween ¢ and ¢'. For j € {1, ..., g} define

ki — {—h if j>s
77 11 — h othewise,
so that Y consists of the real numbers y;.’ +kj.

Consider the unit vector e, withi < p — 1.

o If xi‘ﬁrl < x{', then: the linear part of w_ fixes e,,; the linear part of whor
sends ey, t0 ey, ; the linear part of w fixes ey, ;.

e If there is at least one element of Z between x{, | and x}', say x', | < y$ +
kj< y;‘H +kjip<--- < y;.’, + kj» < x{, then: the linear part of w_ sends
ey, to ey the linear part of wyor sends ey, to ey;; the linear part of w4
sends ey, to ey, ;.

Consider now the unit vector e, -

e If x{ is the maximal element of Z, then: the linear part of w_ fixes ey ,; the
linear part of wyor sends ey , 10ex; the linear part of w fixes ey, .

e Otherwise, if x{ < y;‘ +kj < y;‘H +kjy1 <--- <yl | +ks1, then: the
linear part of w_ sends ey, to ey, ,; the linear part of wpor sends ey, | to
ey;; the linear part of w, sends ey, to ey;,.

A similar argument shows that the linear part of w sends ey, toey,  if j <
g — 1, and sends ey, to ey, . Therefore the linear part of ¥ coincides with the
linear part of w (see (3)).

It remains to show that w(b) = w(b) for some point b. Let b be the vertex
of C, opposite to the wall H = {x; —y; = —h}. The point b is the intersection
of all the other walls of C,, so its coordinates are explicitly determined by the
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following equations:

b _ b b
xp [7 1:...=xl
Weh=y\ —h=-=yl—h=y+1-h=-=y  +1—h
=x,bl=xtb_2= _xf—xp+1
Therefore,

b=1[1,...,1,0,...,0 | h,...,h,h+1,...,h +1].
——— S——

r—1 p—t+1 s—1 qg—s+1

Recall that the reflection r with respect to H belongs to S;". Since b is fixed
by all the other reflections in S,, we have that

W) =r(b)=[1,...,1,0,...,0 | hy ..., b, h+1,....h+ 11=w().
—_——— ———— N————

t p—t N q—s

Proof of Theorem 3.8 Let a be a pointin C N ¢, as in (4). Lemma A.1 imme-
diately implies points (ii) and (iii).

Since p > g, none of the walls of C is of the form {y; —y;» = k}.In addition,
forevery j € {1, ..., g}, the coordinate y; appears in the defining equation of
exactly two walls of C. The corresponding reflections are one in ST and one
in S~. Therefore |ST| = |S™| = ¢ and |S""| = n + 1 —2¢ = p — ¢, proving
point (i). O

Proof of Proposition 3.9 Letd = gcd(p, q). For part (i), write a as in (4) for
some 6 € R. Let {x; — y; = k} be a vertical hyperplane containing a. In
particular, we have x{ — y;.’ € Z. For another hyperplane {x;; — y; = k'} to
contain a, we need x;, — y;?/ € Z. By (4), we have that

(' =5 = () = ¥j) = (’FHQ - j*I*Q) _ <pfi/+0 _ j/fl—e)

p q p q

B R e
=75 T
This is an integer if and only if i = i +u- 5 and j' = j+v-% forsomeu, v € Z
suchthatd | u+v. There are d suchpairs (i’, j') € {1, ..., p}x{1,...,q},and
each of them yields exactly one hyperplane containing a. All these hyperplanes
pairwise commute, because no two such pairs share the same i’ or the same
-/
j.
For part (i), fix apointa € CN¥{. Let H = {x; — y; = k} be a vertical wall
of C, and denote by b the intersection point of H with £. By the description of
the walls of C given in the proof of Lemma A.1, we have either x{ < y;? +k <
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xf—l—%orxf—% < yj.’+k < xj'. Inany case, Ixf’—y;?—kl < %.Sinceb € H,
we also have xf’—yj?—k = 0, and therefore |(xl?‘—y;.’)—(xib—y§?)| < %.Then,

if we write a and b as in (4) for some 4, 8, € R, we obtain that |0, —6,| < quq.

By Lemma 3.7, consecutive points of the sequence { p; }; <7 differ by %M-
Therefore there are m = m possible positions for b above a, and m
possible positions below a. More precisely, if a is between p; and p; 1, then b
must be one of the following 2m points: p;j_m+1, Pi—m+2, - - - » Pi+m- By part
(i), each of these points is contained in exactly ged(p, ¢) vertical hyperplanes
of A. By Theorem 3.8, the chamber C has exactly 2g = 2m-gcd(p, g) vertical
walls. Therefore every hyperplane of A that intersects £ in one of the previous
2m points must be a wall of C. O

Proof of Proposition 3.10 We begin with part (i). Every point a € £ satisfies
x{ =1 <x{ <x{foreveryi < i, andy;.’ < y?, < y;? + 1 forevery j < j'.
Then the same non-strict inequalities need to be satisfied by every axial vertex
b. The walls of an axial chamber C have the form (5), so every vertex of C
admits an expression where all the coordinates are integers. Therefore every
axial vertex has the following form:

——
P1 p2 q1 q2

b=I1,...,1,0,...,0 | h,....,~h,h+1,...,h + 1] @)
——— S —

for some h € Z, with g > 1 (otherwise we can change & with 4 + 1). Let
A C E be the set of points of the form (7). The representation (7) of a point
b € A becomes unique, and we call it the standard form of b, if we also impose
p2 > 1 (otherwise we can remove 1 from all coordinates).

By (3), the Coxeter element w acts on b € A as follows:

wb)=1[1,...,1,0,....0 | h,....,huh+1,....,h+1].
—— —— N————

pi+1 p2—1 q1+1 q—1

In particular w(b) € A, so there is an action of Z on A by powers of w. If
p2 = 1, then we can remove 1 from all coordinates in the previous equation
to obtain the standard form

wbh)=10,...,0|h—1,...,h—1,h,..., K]
———
q1+1 q2—1

Denote by o (b) the sum of the coordinates of the standard form of a point
b € A. We have that o (w (b)) = o (b) modulo p + ¢g. By looking at the walls
of C given by (5), we see that the p + g vertices of an axial chamber C have
distinct values of o, modulo p + g. Therefore there are at least p + g different

@ Springer



G. Paolini, M. Salvetti

orbits for the action of Z on A, and the vertices of an axial chamber belong to
different orbits.

It remains to show that there are exactly p 4 ¢ orbits. For every pointb € A,
there is a point w/ (b) which is in one of the following forms:

@ [l,...,1,0]0,...,0,1,..., 1] with gz > 1;
——— ——
q1 q2
) [1,...,1,0,...,0]0,...,0] with pp > 1.
———— N———
pP1 P2

There are g points of the form (a), and p points of the form (b). Therefore
there are exactly p + ¢ orbits. Notice that this also proves that every point of
A is an axial vertex because it is in the orbit of some axial vertex.

To prove part (ii), fix an axial vertex b € A. Without loss of generality, we
may assume that b is of the form (a) or (b). We want to describe the set of
points a € ¢ that are contained in some axial chamber C having b as one of
its vertices. Let a be as in (4), for some 6 € R.

If b is of the form (a), then XZ < yﬁ.’ for j > g1 + 1, and yjb. < xl.b for
i < p—1landj < g;.The same strict inequalities need to be satisfied by a, an

soweget%<j_q#foerql%—l,and#<%&+9f0ri§p—land

Jj < q1. These conditions are equivalent to qlq—_l — % < (% + cl;) 0 < ‘f}—l, so 6
belongs to an interval of length 1. Conversely, every value of 6 in this interval
yields a point a contained in a chamber C which has b as one of its vertices,
provided that we exclude the finite set of values corresponding to points that
belong to some vertical hyperplane of A. By Lemma 3.7, this interval of values

of & spans exactly - Cg;;qq) axial chambers.

If b is of the form (b), the procedure is similar. We have yi.’ < xf’ for all j and

fori < p1, and yj? > xf’ — 1 for all j and for i > p; + 1. The corresponding
inequalities for the point a give the condition % - % < (% + %) 0 < % + %,
which again yields an interval of length 1. O

In order to prove Lemma 3.21, we start by explicitly describing the hyper-
bolic elements u € [1, w] with [(#) = n. These are obtained as u = wr
where r € [1, w] is a horizontal reflection. By Theorem 3.17, the hyperplanes
corresponding to horizontal reflections in [1, w] have the following forms:

1) {x; = xp}fori <i’;

(i) {x; = x; + 1} fori < i’;
(i) {y; = yj} for j < j’;
(iv) {yj =y — 1} for j < j"

@ Springer



Proof of the K (7, 1) conjecture

If r is the reflection with respect to {x; = x;/} withi < i’ < p — 1, then
u = wr sends a point b € E to

b b b b _b b b _b b
[xp+l,xl,...,xi_l,xi/,xiﬂ,...,xi/_l,xi,xi,H,...,xpf] |

b b b
yq—l,yl,...,yq_l].

On the coordinates x; 41, . . ., X;/, the hyperbolic isometry u acts as a horizontal
Coxeter element of type A;/_;_1. On the remaining coordinates, it acts as a
(p — i’ + i, q)-bigon Coxeter element of type A~n—i/+i- This is exactly the
hyperbolic-horizontal decomposition of # (Lemma 3.20).

If r is the reflection with respect to {x; = x,} for some i < p — 1, then
u=wrsendsb € E to

b b b b b b
[x] + l,xl,...,xi_l,xp,xiH,...,xp_l |
b b b
Vg — 1,y1,...,yq71].
As before, on the coordinates x; 11, ..., x,, we have that u acts as a horizontal

Coxeter element of type A, _; 1, and on the remaining coordinates it acts as
a (i, g)-bigon Coxeter element of type An_ pti-

If r is the reflection with respect to {x; = x;s + 1} withi < i’ < p — 1, then
u=wrsendsb € E to

b b b b b b b b b
[xp + 1L xy, x5, xp + l,xi+1,...,xi_1,xi — l,xi,H,...,xp_l |
b b
g — Lo ygal
Then u acts as a (i’ — i, g)-bigon Coxeter element of type Aqﬂv_i_l on the
coordinates x; 41, ..., Xy, Y1, ..., Vg, and as a horizontal Coxeter element of

type A,_;sy;—1 on the remaining coordinates.
If r is the reflection with respect to {x; = x, + 1} forsome i < p — 1, then
u =wr sends b € E to

b b b b b b b b b
[xi,xl,...,xi_l,xp+1,xi+1,...,xp_1 |yq—1,y1,...,yq_1].
As before, on the coordinates x; 1, ..., Xp, ¥1,..., Y; We have that u acts

as a (p — i, g)-bigon Coxeter element of type A,_;, and on the remaining
coordinates it acts as a horizontal Coxeter element of type A;_1.

A similar phenomenon happens if r is a reflection of type (iii) or (iv). We
are now ready to prove Lemma 3.21.

Proof of Lemma 3.21 for the case A, Letu € [1,w] be a hyperbolic isom-
etry such that W, is irreducible. By iterating the previous argument, we get
that u acts as a (p’, ¢")-bigon Coxeter element of type A, 1, _1 on a subset
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Xigsovos Xips Yjioooos Vi of the coordinates (for some i; < --- < i, and
J1 < -+ < jg). It acts as the identity on the other coordinates, because oth-
erwise u would have a non-trivial hyperbolic-horizontal decomposition, and
W, would be reducible. If we restrict to the relevant p’ 4+ ¢’ coordinates, we
get

_r.b b b b 1 b b
u(b) = [xip, + l,xil, .. "xip/,l | yjq/ 1, Yipreeos yjq/,l]'
Then W, is a Coxeter group of type A PAVARE

The point a of the statement can be written in the form (4), and its relevant
p’ + g’ coordinates are given by

p=iv p=ip PTip | A=l -l Jy 1
p’ p " p a9 "7 4
1 1 1 1
+0 [;,...,F | _E,...,_a].
In particular, notice that x{' < x' v s xj <xi' +land yj1 < y}2

- < ¥4 o < y4 i 1. We conclude by applymg Lemma A.1 to the Coxeter

group W (in place of W), its Coxeter element u (in place of w), and the point
a. O

A.2 Case C~’,,

Let W be a Coxeter group of type C,. It is realized as the reflection group in
E = R" associated with the hyperplane arrangement

A:{{x,-:l:xj:k}‘lfi<j§n,keZ}

U{{xizg}‘lfifn,keZ}.

Consider the chamber Cy = {0 <X <Xp << Xy < é} with walls
given by {x; = 0}, {x1 = x2},..., {xn—1 = xu}, {xn = 2} Let w be the
Coxeter element obtained by multiplying the reflections with respect to the
walls of Cy (in the order given before). Then w acts as follows on a point
bekE:

wb) =@ —1,x0, .. xb ). (8)

The shortest vector in Mov(w) is p = — (%, %, R %), and the points of the
Coxeter axis £ are of the form
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for & € R. The hyperplanes of the form {x; — x; = k} are horizontal, and the
other hyperplanes of A are vertical.

Given a point a € E which is not contained in any hyperplane of A, let C,
be the chamber containing a, and consider the line passing through a and with
the same direction as the Coxeter axis:

la={Gf. x5, x) +0u |0 R}
Define S,, S, S, SP°F as in the case A, (Sect. A.1).

Lemma A.2 Let W be a Coxeter group of type Cy,, and w a Coxeter element
as in (8). Let a € E be a point which is not contained in any hyperplane of
A, and such that x{ < x§ < --- < x% < x{ + 1. Then the reflections in S;
(resp. S, ) pairwise commute. In addition, w can be written as a product of
the reflections in S,, where the reflections in S, come first, and the reflections
in S, come last.

Proof The statement holds for « if and only if it holds for w” (a), for any
m € Z. Notice that w permutes cyclically the fractional parts of the real
numbers xf, ..., x. Therefore, without loss of generality, we can assume
that x{ has the smallest fractional part among x{, ..., x7. Since w" is a pure
translation of nu = —(1,1, ..., 1), we can also assume that 0 < xf < 1.
Together with the hypothesis x{ < x§ < --- < x;; < x{ + 1, we obtain that

0<xf<xf<--<xy<l.

Let p € {0, ..., n} be the largest index such that x}, < % Letg =n — p,
and define y; =1 — x4 for j € {1, ..., g}. Notice that the isometry

(X1, oo Xp) > (X, Xp, L= xpgn, .o, T —xp)

is an element of W, so it sends chambers to chambers. Since a is not con-
tained in any hyperplane of A, the new coordinates x{, ..., x5, ¥{,...,yg

are pairwise distinct numbers between 0 and % They satisty x{ < --- < x4
and y{ > - > vg-LetZ = {xf, X5, aoen, Vg1, and write Z = {z{ <
75 < .-+ <z}, where each z; is either equal to some x; or to some y;. The

inequalities 0 < z] < 22 < -+ < Zp < % define the chamber C,, and the
walls of C,, are

{z1 =0} {z1 = 22}, ..o, {2t = 2 {20 = 3 )- )

The vertical walls that intersect £, above a are those of the form {y; = x;}
with y;l <x{, {x; = 0},and { v = %} Notice that not all of these hyperplanes
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necessarily occur as walls of C,. For example, {x; = 0} is a wall of C, if
and only if x{ < yg. Similarly, the vertical walls that intersect £, below a are
those of the form {x; = y;} with x;’ < y;?, {ys = 0}, and {xp = %} Every
coordinate x; or y; appears in exactly two walls. If these two walls are both
vertical, then one intersects £, above a and the other intersects £, below a.
Therefore, the reflections in S (resp. S,) pairwise commute.

The horizontal walls are among the following: {x; = x;11} for 1 < i <
p—1;{y; = yjpi}forl < j < g — 1. Notice that we left out the hyperplanes
{x1 = xp — 1} and {y; = y; + 1}: although the corresponding reflections are
in [1, w], they cannot occur as walls of C,, by (9). Order these hyperplanes as
follows:

{x1 =x2}, {2 =23}, ..o, {xp—1 = xp},

(10)
1 =wmh =y} ..., {yg—1 =g}

Let w (resp. w_) be the product of the reflections in Sj (resp. S, ), and let
Whor be the product of the reflections in Sy, in the same relative order as in
(10). Let w = w4 whorw—. We want to prove that w = w.

If p =0o0rqg = 0, the set of walls (9) can be written explicitly, and it is
immediate to check that w = w (in the case ¢ = 0, the chamber C,, is precisely
the one used to define w in the first place). Suppose from now on that p > 0
and ¢ > 0. We are going to show that the linear parts of w and w coincide,
and that w(b) = w(b) for some pointb € E.

Consider the unit vector ey, in the direction of x;, withi < p — 1.

o If x{' < y;‘ < yj“.il << y;‘, < x| with Jj' < j, then: the linear part of
w_ sends ey, to ey the linear part of wper sends ey; 1o ey’ the linear part
of w sends ey, to ey, -

o If x! < xf then: the linear part of w_ fixes e,;; the linear part of whor

i+1°
sends ey, to ey, ; the linear part of w fixes ey, ;.

Consider now the unit vector €x,-

o If x§ < y;? < yj?_l << < % with j > 1, then: the linea.r part of w_
sends e, ,toey; the linear part of wheor sends ey; 1o ey; the linear part of
w4 sends ey, t0 —ey,.

o If yf <x! < x| < < xp < % with i < p, then: the linear part of w_
sends ex, 0 —ex,; the linear part of wyor sends —ex, 0 —ey;; the linear
part of wy sends —ey, to —ey,.

A similar argument shows that the linear part of w sends ey, toey, i j <g—
1, and sends ey, to —ey;. RecaAll now that y; = 1 —x,;,andsoe,, = —ey,,
Therefore the linear part of w sends ey, to ey, foralli € {1,...,n} (with
indices taken modulo #n), so it coincides with the linear part of w.

It remains to show that w(b) = w(b) for some point b € E.
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o If0 < x{ < y;’, let b be the vertex of C, opposite tothe wall H = {x; = 0},

ie.b = (1, 1,...,%). The reflection r with respect to H belongs to S;.
Then W(b) =r(b) = (— 3,3, ---, %) = w(b).

o If0 < yg <y;’_1 < ~-<y;-’ < x{ with j < ¢, let b be the vertex of C,
opposite to the wall H = {y; = x1} = {1 — x,4; = x1}, 1.e.

— (1 1
b=(%....51,....1).
p+j—1  q—j+l

Again, the reflection r with respect to H belongs to S, and therefore

DB =rb) =(0,%,....3.1,....1) =w).
Af—/ \/.
p+j—1 q—1J

As in the case A, in order to prove Lemma 3.21 we start by explicitly
describing the hyperbolic elements u € [1, w] with [(#) = n. By Theorem
3.5, the horizontal reflections r € [1, w] are the ones with the following fixed
hyperplanes:

(1) {x; =x;}fori < j;
() {x; =x; — 1} fori < j.

If r is the reflection with respect to {x; = x;} withi < j < n — 1, then
u = wr sends a point b € E to

b b b b b b b b b
(xn—l,xl,...,xi_l,xj,xl-H,...,xj_l,xi,xJ-H,...,xnfl).

On the coordinates x; 1, . .., x;, the hyperbolic isometry u acts as a horizontal
Coxeter element of type A;_; 1. On the remaining coordinates, it acts as a
Coxeter element of type Cy,— i

If r is the reflection with respect to {x; = x,,}, thenu = wr sends b € E to

()c;7 — l,x{’, e ,xf’fl, x,’;,x;’H, e ,xs_l).
Therefore u acts as a horizontal Coxeter element of type A;,_;_1 on the coor-
dinates x;1, ..., X,, and as a Coxeter element of type C‘i on the coordinates
X1y eony Xi.

The situation is similar if r is a reflection with respect to {x; = x; — 1}
for some i < j. In this case, u acts as a Coxeter element of type C j—i on
the coordinates x;1,...,x;, and as a horizontal Coxeter element of type
Ay j+i—1 on the remaining coordinates.
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Notice that, in some of the previous cases, a Coxeter element of type C; can
occur (for instance, this happens if r is the reflection with respect to {x; = x,}).
The limit case C 1 still makes sense and coincides with A1

Proof of Lemma 3.21 for the case C, Letu € [1, w] be a hyperbolic isometry
such that W, is irreducible. By the same argument as in the case A,, we have

that u acts as a Coxeter element of type C,, on a subset Xij ..., Xi, of the
coordinates, and as the identity on the remaining coordinates. If we restrict to
the relevant coordinates x;, ..., x;, , we have
_ (b b b
u(b) = (xl-m — 1,xi1, .. .,xim_l).

The relevant coordinates of a are given by

_ (=1 i1 im—1 11 1
a= <TTT) =0 G i)
for some 6 € R. These coordinates satisfy x;; < x; <--- <x! <uxif +1.
We conclude by applying Lemma A.2 to the Coxeter group W, its Coxeter
element u, and the point a. |
A.3 Case é,,

Let W be a Coxeter group of type B,. It is realized as the reflection group in
E = R" associated with the hyperplane arrangement

A={{x,~:|:xj=k}‘1§i<j§n,keZ}

U{{xi:k}‘lfifn,keZ}.

Consider the chamber Cp = {0 <x1 <x2 < -++ < X, Xpn_1 +x, < 1},
with walls given by {x; = 0}, {x1 = x2}, ..., {xp—1 = x}, {xn—1 + x, = 1}.
Let w be the Coxeter element obtained by multiplying the reflections with
respect to these walls. Then w acts as follows on a point b € E:

wbh) = &b =1, xh =D, (11)

The shortest vector in MOV(w) is © = — < L Lo ‘ O), and the
points of the Coxeter axis £ are of the form
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Proof of the K (7, 1) conjecture

for® € R.The horizontal hyperplanes are: {x; —x; = k}forl <i < j <n—1
and k € Z; {x, = k} fork € 7Z.

Given a point a € E which is not contained in any hyperplane of A, define
Cu, Su, Sj, S, ,and S;wf as in the previous cases.

Lemma A.3 Let W be a Coxeter group of type B, and w a Coxeter element
as in (11). Let a € E be a point which is not contained in any hyperplane of
A, and such that x{ < x§ < --- < xj_; < x{ + landx; = % Then the
reflections in S} (resp. S ) pairwise commute. In addition, w can be written
as a product of the reflections in S,, where the reflections in S;” come first, and
the reflections in S, come last.

Proof By replacing a with a w™ (a) for a suitable m € Z, we can assume that

0<xf<af<-<uxij<landxi=j3Letpe{0,....n—1}bethe
largest index such that x7j < %, andletg = n — 1 — p. As in the case Cy,,
define y; = 1 —xp; for j € {1, ..., q}. Define also

. Xn if g is even
|1 —x,ifqgis odd.

Notice that, if we multiply the reflections with respect to {x; = x,} and {x; +
X = 1} (for some i < n — 1), we obtain the isometry (x;, x,,) — (1 —x;, 1 —

Xp). If we multiply these isometries for alli € {p + 1, ...,n — 1}, we obtain
the change of coordinates

(xl’---,xn—l |xn)'_> (-xla"'9xp9yl9"'qu|t)a

which is therefore an element of W. As in the case C’n, we now have 0 < xf <

Xy < <xp < %andO <y < y[‘;_l <---<yf < %.Inaddition,there
is the last coordinate 14 = 1.

LetZ = {xi‘,‘. . .,xz, ¥, yZ},andwriteZ = {chl. < z‘2‘ <<z )
Using the coordinates zp, ..., z,—1, ¢, the chamber C, is given by {0 < z| <

- < Zp—1 <t, zZp—1 +t < 1}. Therefore, its walls are
{z1=0}{z1 =2}, .. .. {lzn—1 =t} {zu—1 + 1 =1},

Denote by r and r’ the reflections with respect to {z,—1 = ¢} and {z,— |+ =
1}, respectively. They commute, and they are both vertical. In addition, they
are either both in Sj (if zy—1 = y1) orbothin S, (if z,—1 = x}). The product
rr’ is given by (z,—1,t) + (1 — z,—1, 1 — 1), and it is the identity on the
other coordinates. Since 7 is either x,, or 1 — x,,, we have that rr’ is given by
(zZn—1,xn) = (I — z,—1, 1 — x5). On the last coordinate x,, this is exactly
how w acts. On the coordinate z,,_1, we have that rr’ acts as a reflection with
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respect to z,—1 = % The rest of the proof carries out exactly as in the case
C‘n,l (see Lemma A.2). O

Let us examine the hyperbolic elements u € [1, w] with [(#) = n. The
horizontal reflections r € [1, w] are:

M) {xj =x;}fori < j<n-—1;
(i) {x; =xj —1}fori < j<n-—1,
(i) {x, =0};

(iv) {x, = 1}.
Similarly to the case C,, if r is a reflection of type (i), then u = wr acts as
a horizontal Coxeter element of type A;_; 1 on some of the coordinates, and

as a Coxeter element of type B,_ j+i on the remaining coordinates. If r is a
reflection of type (ii), then u = wr acts as a Coxeter element of type B j—i+10n
some of the coordinates, and as a horizontal Coxeter element of type Ap—jti—2
on the remaining coordinates. Notice that the limit case Bz = C2 can arise
(for instance, if r is the reflection with respect to {x; = x,_1}).

If r is the reflection with respect to {x, = 0}, then u = wr sends a point
beEto

u(b) = ()c,i’_1 — l,xi’,...,xi’_z | x,};—i- 1).

Thisisa (n — 1, 1)-bigon Coxeter element of type An,l, and W, is a Coxeter
group of type A,,_1. If r is the reflection with respect to {x, = 1} we obtain the
same result up to a conjugation by w, so u = wr is again a (n — 1, 1)-bigon
Coxeter element of type An_l.

Proof of Lemma 3.21 for the case B, Letu € [1,w]be a hyperbolic element
such that W, is irreducible. In particular, # = wv~' for some horizontal
element v € [1, w].

If r < v, where r is a reflection with respect to {x,, = 0} or {x;,, = 1}, then
u < wr. Since wr is a Coxeter element of type A,_1, this case was already
covered in Sect. A.1.

Otherwise we proceed as for the case C,,, and notice that u must act as a
Coxeter element of type Em on a subset of the coordinates x;,, ..., x;, |, Xx.
If we restrict to these relevant coordinates, we have

b b b b
ub) =(; —Lxi,....x; |1—x)).

We conclude by applying Lemma A.3 to the Coxeter group W, its Coxeter
element u, and the point a. O
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A.4 Case ﬁ,,

Let W be a Coxeter group of type D,. 1t is realized as the reflection group in
E = R" associated with the hyperplane arrangement

Az{{xi:tszk} 1§i<j§n,keZ}.

Consider the chamber Cop = {0 < x1 +x2, X1 <Xp < -+ < X, Xp—_1+
xp < 1}, with walls given by {x; + xo = 0}, {x; = x},...,{x—1 =
Xn}, {xn—1 + x, = 1}. Let w be the Coxeter element obtained by multiplying
the reflections with respect to these walls. Then w acts as follows on a point
beE:

wb) = (=xP | xb = 1,28 1k xbh 1 =xD). (12)
The shortest vector in MOV(w) is © = — (0 | ﬁ, ﬁ, R n_iZ | 0), and
the points of the Coxeter axis £ are of the form
(010,75 25 553 |3) + 6

for6 € R. The horizontal hyperplanes are: {x; —x; = k}for2 <i < j <n-—1
and k € Z; {x1 = x, = k} for k € Z.

Given a point a € E which is not contained in any hyperplane of A, define
Ca, Sa, Sj{, S, ,and ng’f as in the previous cases.

Lemma A.4 Let W be a Coxeter group of type D,,, and w a Coxeter element
as in (12). Let a € E be a point which is not contained in any hyperplane of
A, and such that x{ =0, x5 < x§ <--- < xy_; <x§+ 1, and x, = %
Then the reflections in S (resp. S, ) pairwise commute. In addition, w can be
written as a product of the reflections in S,, where the reflections in S, come
first, and the reflections in S, come last.

Proof By replacing a with a w™ (a) for a suitable m € Z, we can assume that
x0=0,0<x§<x§{<--<xi,<landx?=4Letpell,...,n—1}
be the largest index such that x; < %, and let g = n — 1 — p. Define y; =
l —xpqjforjefl,...,q}, and

| x if g is even
|1 —x,if g is odd.

As in the case B,, the change of coordinates
(xl |x2a~~~s-xn—1 |xn) = (xl |x2,---,xp,YI,---a}’q |t)
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is an element of W.

_ sa a a a _ 1 _ ,a a
We now have 0 = x{ < x5 <+ <x), <t?=35and0 =x} <y, <
yg_l<---<yi‘<t“:l.LetZ:{xg,...,xz,yf,...,y;’},andwrite
Z ={z5 < 7§ < --- < z,_;}. Using the coordinates xi, z2, ..., Zs—1, t, the

chamber C,is givenby {0 < x1+22, X1 <22 < --- < Zp—1 <, Zn_1+t <
1}. Therefore its walls are

xi+tz2=0L{x1=2h{z=2}....{zn-1 =t} {zp-1 +1 = 1}.

Exactly as in the case Bn, the reflections with respect to {z,—; = t} and
{zn—1 +t = 1} commute, and they are either both in Sj or both in S, . Their
product acts as (z,—1, x,) — (1 — z,—1, 1 — x,,). Similarly, the reflections
with respect to {x] + zo0 = 0} and {x; = zo} commute, and they are either
both in Sj or both in §, . Their product acts as (x1, z2) = (—x1, —z2). On
the coordinate x1, this is exactly how w acts. On the coordinate z3, this is the
same as a reflection with respect to zo = 0. We conclude as in the case E,,. O

We now examine the hyperbolic elements # € [1, w] with [(u) = n. The
horizontal reflections r € [1, w] are:

() {xi=xj}for2<i<j=<n-—1;

() {x; =xj —1}jfor2 <i < j<n-—1,
(iii) {x; £x, = 0};

(iv) {x, £ x; = 1}.

Similarly to the previous cases, if r is a reflection of type (i), then u = wr
acts as a horizontal Coxeter element of type A j_; 1 on some of the coordinates,
and as a Coxeter element of type D,_ j+i on the remaining coordinates. If r is a
reflection of type (ii), then u = wr acts as a Coxeter element of type D j—i+20n
some of the coordinates, and as a horizontal Coxeter element of type Ap_jti-3
on the remaining coordinates. Notice that the limit case D3 = A3 can arise
(for instance, if r is the reflection with respect to {x» = x,_1}). When this
happens, a (2, 2)-bigon Coxeter element is obtained.

If r is the reflection with respect to {x; + x,, = 0}, then u = wr sends a
point b € E to

ub) = (21 xb = 1,xb kL xh  xh.

Thisis a (n — 2, 2)-bigon Coxeter element of type An_l, and W, is a Coxeter
group of type A,,_ 1. If r is the reflection with respect to {x; +x, = 1} we obtain
the same result up to a conjugation by w, sou = wr is againa (n —2, 2)-bigon
Coxeter element of type An_1.
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If r is the reflection with respect to {x, — x; = 0}, then u = wr sends a
point b € E to

b b b _b b b
ub) =(—x, | x,_; —1,x3,x3,...,x,_5 | 1 —x).
If we set x{ = —Xx1, using the coordinates (xi, X2, ..., Xp) We get
b b b b b 'b
u(b):(xn |xn_1_1,X2,X3,...,x”_2|xl +1),

which is now clearly recognizable as a (n — 2, 2)-bigon Coxeter element of
type An_l. If r is the reflection with respect to {x,, — x; = 1} we obtain the
same result up to a conjugation by w, so u = wr is again a (n — 2, 2)-bigon
Coxeter element of type A,_j.

Proof of Lemma 3.21 for the case D, Letu € [1,w]bea hyperbolic element
such that W, is irreducible. In particular, # = wv~' for some horizontal
element v € [1, w].

Ifr < v,wherer isareflection withrespectto {x;+x, = 0} or {x,£x; = 1},
thenu < wr. Since wr is a Coxeter element of type An_l , this case was already
covered in Sect. A.1.

Otherwise we proceed as for the cases C,, and B, by applying Lemma A.4
to the Coxeter group W,, its Coxeter element u, and the point a. O
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