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Compactifications of the Chaudhuri-Hockney-Lykken (CHL) string to eight dimensions can be
characterized by embeddings of root lattices into the rank 12 momentum lattice A,;, the so-called
Mikhailov lattice. Based on these data, we devise a method to determine the global gauge group structure
including all U(1) factors. The key observation is that, while the physical states correspond to vectors in the
momentum lattice, the gauge group topology is encoded in its dual. Interpreting a nontrivial 7, (G) = Z for
the non-Abelian gauge group G as having gauged a Z 1-form symmetry, we also prove that all CHL gauge
groups are free of a certain anomaly [1] that would obstruct this gauging. We verify this by explicitly
computing Z for all 8D CHL vacua with rank(G) = 10. Since our method applies also to T?
compactifications of heterotic strings, we further establish a map that determines any CHL gauge group

topology from that of a “parent” heterotic model.

DOI: 10.1103/PhysRevD.104.086018

I. INTRODUCTION

Supersymmetric string compactifications on low-
dimensional internal manifolds have seen a resurgence
of interest within the Swampland program [2,3]. One of the
main reasons is that, thanks to the large amount of super-
symmetry, one can essentially classify all supergravity
models that arise as the low-energy description of such
compactifications. Therefore, they provide an excellent
“laboratory” to test our understanding of the physical
principles that separate the Landscape from the Swampland.

Given the profound role of gauge symmetries in our
mathematical formulation of effective theories, principles
that delineate the boundary between consistent and incon-
sistent gauge groups of supergravity models are of particular
interest. In the context of 8D N = 1 supergravity theories,
significant progress in this direction has been made recently,
which not only explains the absence of specific gauge
algebras [4-6] in the 8D string landscape, but also some
of the intricate patterns of the possible global structures, i.e.,
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topology, of the gauge group [1,5]. In particular, the ideas
pertaining to the gauge group topology have been mostly
tested and confirmed for 8D theories with total gauge rank'
20 in their F-theory realization [7], where the relevant
geometric features [§—10] have been classified [11].

To lend further credence, but, more importantly, to
collect additional “data” to eventually sharpen these argu-
ments,” it would be desirable to also study other branches
of the 8D moduli space. Unfortunately, there does not exist
a classification of gauge group topologies in rank 12 or
rank 4 theories as comprehensive as in the case of rank 20
theories [11,12]. With this motivation in mind, the purpose
of this work is to provide the general framework to
determine the gauge group topology in 8D A =1 string
models, with a focus on rank 12 theories.

'Within the known 8D A/ = 1 string landscape, the total gauge
rank can be either 4, 12, or 20; this limitation can be understood
as a quantum-gravitational consistency condition, by invoking
Swampland arguments [5]. Different from the rank counting in
that work, which organizes the theories into having rank 2, 10, or
18, we include the contributions of the N' = 1 gravity multiplet
which always contains two graviphotons, because the associated
U(1) factors are generally involved in the overall gauge group
topology.

The arguments of [1,5] provide necessary, but not sufficient
criteria for a nontrivial global gauge group structure; see [1] for a
detailed discussion.
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Rank 12 theories arise as S' reductions of the CHL string
[13,14]. The physical states, which are characterized by the
winding numbers and momenta of the CHL string, live in
an even lattice A,, of rank 12, the so-called Mikhailov
lattice [15]. Then, any non-Abelian gauge algebra g that
can arise in an 8D CHL vacuum must have a root lattice A?
that embeds in a specific way into A,,. Such lattice
embeddings can be classified [16] in an analogous fashion
as for rank 20 theories based on their heterotic realization
[12], where the corresponding string momentum lattice is
the rank 20 Narain lattice Ay [17,18].

On the other hand, as we will elaborate in Sec. II, the
information about the global structure of the gauge group
G = G/ Z, with G the simply connected group with algebra
g, is encoded in the lattice dual to the string momentum
lattice Ag with Ag = Ay or A,. Roughly speaking, the
definition of the dual lattice Ay C Ag ® R as having
integer pairing with all vectors in Ag can be regarded as
a constraint on the representations of the physical states in
Ag. More precisely, the fundamental group,

Z =m(G) = AS /A, (1.1)
depends on the cocharacter lattice AS,, which is a sublattice
of the coweight lattice A, = A;. This is the dual of the
character lattice A¢, which corresponds to the charge lattice
occupied by physical states,” which clearly is the momen-
tum lattice Ag. From this perspective, the self-duality of the
Narain lattice (imposed by modularity of the heterotic
world sheet), together with the fact that rank 20 theories
only have ADE algebras [whose (co-)root lattices A} = A&
agree], appear as a coincidence that makes it straightfor-
ward to compute the fundamental group Z = 7, (G) as (the
torsional piece’ of) Ay/A$, as done in [12]. This is
confirmed via duality by F-theory geometries [11], where
the corresponding data are encoded in the Mordell-Weil
group [8—10]. In the rank 12 case, this quotient is no longer
the correct object to compute, due to Ay, # A}, as well as
the appearance of nonsimply laced 3p algebras with

Afp * Ai’f . Instead, as we shall demonstrate explicitly in
Sec 11, the correct prescription for z;(G) of CHL vacua is
captured by the “mismatch” between Ad and Aj,.

Moreover, our approach naturally computes the global
gauge group structure including the U(1) gauge factors.
That is, given the embedding data A} C Ag of the non-
Abelian root lattice into the momentum lattice, we can
determine the entire gauge group topology, which takes the
generic form

3Here, we adapt the notation from [19]. It is also common (see,
e.g., [20,21]) to refer to AS (AQ) as the (co-)weight lattice of the
group G.

“The free part corresponds to U(1) symmetries, which in fact
can also have a nontrivial global structure with the non-Abelian
group; we will elaborate on this in detail below.

G/ Z] x U(1)'F

— (1.2)

with rp = rank(Ag) — rank(g). As we will explain, the
quotient Z’, which may be interpreted as a constraint on
the U(1) charges of states in certain representations of g,
arises due to lattice generators of A§ that are not in the
plane containing Af. For rank 20 theories, our approach is
equivalent to methods based on string junctions that des-
cribe the dual F-theory model [22,23], and we will demon-
strate its efficacy also in a concrete CHL model below.
An important consequence, which we prove in Sec. I D,
is that the non-Abelian gauge group topology G/Z is
consistent with a gauged 1-form Z symmetry [24], in both
heterotic and CHL vacua. That is, there is no mixed
anomaly that would obstruct such a gauging, consistent
with the findings in [1]. We verify this explicitly by
computing Z = 7;(G) for all maximally enhanced CHL
models [i.e., those with rank (G) = 10], which is presented
in Appendix B. We also find a consistent cross-check for
two of these models, which are subject to constraints posed
in [5]. To facilitate the computation of Z, we show, in
Sec. III, that for any CHL model, specified by an embed-
ding A} C A, the corresponding gauge group topology
can be directly inferred from that of a “parent” rank 20
heterotic model with Gy = Gt/ Zhet.s This then allows
for an easy extraction of Z via Z;, the latter of which can
be obtained from the heterotic classification [12,23]. We
conclude in Sec. IV with some outlook to related topics.

II. GAUGE GROUPS FROM
MOMENTUM LATTICES

We begin this section by reviewing the group-theoretic
definition of the global gauge group structure in terms of
the various lattices. We then discuss how these structures
emerge in root lattice embeddings into the momentum
lattice Ag of string states. We will highlight the key
differences between rank 20 heterotic theories with Ag =
Ay the Narain lattice, and rank 12 CHL theories with Ay =
Ay the Mikhailov lattice.

A. Lattices and gauge group topology

Any non-Abelian gauge algebra g of rank r is specified
by a root system @ , which is a finite subset of a Euclidean
vector space E =~ R” satisfying certain axioms (see, e.g.,
[20,21] for a broader introduction; we follow the con-
ventions of [19]). Relevant to us in the following will be
that the root lattice A} D ®,—spanned by integer linear

*Via string dualities, the CHL model corresponds to Sec. II B
with an O7, plane, or, equivalently, F theory on a K3 surface
with a (partly) “frozen” singularity [25-27]. The same K3,
when interpreted without the frozen singularity, defines a rank
20 F-theory model that is dual to the parent heterotic model.
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combinations of simple roots g € ®;—is a rank r lattice
inside E. The space E comes equipped with a bilinear
pairing (+,-): E x E — R which induces a pairing on A?.
The normalization is such that (v,v) = 2 for v € ® a short
root, and (v,v) = 4 for the long root of 8p(n). The axioms
also assert that 2(vy,v,)/(v,,v,) € Z for any two roots
Vi,V, € @y, ensuring that the coroots,

(2.1)

) ve @Q} CE,
and their integer span A%, the coroot lattice, have integer
pairings with roots. For ¢ an ADE algebra, we have
A} = A, because all ADE roots have length squared 2.
One then defines the weight and coweight lattices, Ay and
Ay, as their respective dual lattices®:

Ay = (AY) = {weE|(w.a')eZ forala’eAl
DAL

AL = (A} = {W e E|(W,a) € Z for all a € A}}
D Ad. (2.2)

Note that all these lattices are of rank r, i.e., they span E
over R. If ¢ =@; g; is a sum of simple factors, there is an
orthogonal decomposition E = @; E;, where E; are
spanned by the roots D, and their associated lattices of
the corresponding simple factor g;.

So far, all data are defined by the gauge algebra g with
roots @,. The actual gauge group G is specified by a third
pair of lattices, the character lattice A, and the cocharacter
lattice AS, which are intermediate lattices,

A} C AS C A},

AL C AS C A, (2.3)

that are dual to each other, (AY)* = AS, with respect to the
pairing (-,-). A gauge theory with group G can only have
dynamical states whose weight vectors lie in AY, which is
also often called the weight lattice of the group G.” In terms
of the (co-)character lattices, the center and the fundamen-
tal group of G are

Z(G) = A&w/AG = A /AL,

m1(G) = AG/ A& = AV/AE. (2.4)

If G = G is the simply connected group with algebra g,
then A = Ay and AS = AJ.. Elements ¢ in the center

®Given a lattice A with pairing (-, -), the dual lattice is defined
to be A*={aeAQ®R|(a,v) € Z for all ve A}. A* has the
same rank as A.

One can show, see, e.g., [20], that A¢ is isomorphic to
character group Hom(7', C*) of the maximal torus 7 C G of the

group.

Z(G) = A%, /AL, represented by a coweight v, € Ay, act
on a weight by a phase exp(2zic(w)), where the fractional
number

c(w)=(w,v,)=(w,v.+a”) mod Z

for any a¥ € A, (2.5)
can be interpreted as the charge of w under the center
element ¢ represented by v, mod Ag. Note that this center
charge is invariant for all weights of an irreducible
representation R of g, because ¢c(W +a) = (W+a,V,) =
(w,¥,) mod Z for roots a € A{.

Since ACG c A= Af , we can regard a character
w € Al of a nonsimply connected group G as weights
of G. Then we see that they are acted on trivially by
71(G) = AG/AS € NSy /AL = Z(G), because they have
center charges ¢(w) = (w,V.) =0 mod Z for V. € AS.
Hence, we can also view the “nontrivial global structure”
G = G/n,(G) of a gauge group as imposed by requiring a
subgroup Z = 7,(G) C Z(G) to act trivially on all dynami-
cal representations.

B. Gauge group topology from lattice embeddings

Compactifications of the heterotic or CHL string to 8D
are characterized by a lattice Ay with a symmetric non-
degenerate bilinear pairing (-,-)¢: Ag X Ag = Z of sig-
nature (2, R). For the heterotic string, Ay is the rank 20
Narain lattice Ay with R = 18 [17,18]. For the CHL string,
Ag is the rank 12 Mikhailov lattice A, with R = 10 [15]. In
either case, we can linearly extend Ag to vector space V
with a symmetric nondegenerate bilinear pairing (-, -):

Vei=As R, (A1vis Vo) = 414 (v, Vo) g

for Vi, Vo € As, 2‘172‘2 € R. (26)
Since Ag C Vg, we will identify the lattice pairing (-, )¢
with the vector space pairing (-,-) in the following. Then
there is a dual lattice A§ C Vg defined with respect to (-, -).
The Narain lattice is self-dual, Ay, = Ay, but for the
Mikhailov lattice, Ay, # Ay,

By tuning the compactification moduli, the gauge
symmetry of the effective theory in 8D can change.
Roughly speaking, this tuning amounts to setting the
masses of certain states to 0, which can furnish the W
bosons of non-Abelian gauge symmetries. The question of
which non-Abelian gauge algebras g are realizable in this
way can be answered by cataloging all embeddings of the
root lattices A? into Ag, whose roots @, satisfy the world-
sheet conditions which guarantee their masslessness. This
process has been recently carried out in detail [12,16,28],
which in particular resulted in the full list of realizable
gauge algebras with maximal rank [i.e., rank(g) = 18 for
A} < Ay, and rank(g) = 10 for A} < Ay,].
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The purpose of this work is not to reiterate the necessary
and sufficient criteria to find such embeddings, but to
focus on the extraction of the global form of the gauge
group from the embedding data. To this end, our working

assumption will be that any root lattice embedding Af SA s
we consider in the following satisfies these criteria, which
guarantees that the corresponding 8d compactification (be it
heterotic or CHL) has a non-Abelian symmetry algebra g.
From this starting point, let us now distill the properties
pertaining to the gauge group topology.

At the level of vector spaces we introduced above, an

embedding A} ri>AS extends to an injective homomor-
phism i: E < Vg, with E = A} @ R, such that

(1) ((x(v),1(w)) = (v,w) for any v,w € E;

(2) 1(A?) is a sublattice of Ag C Vi;

3) l(Agr) is a sublattice of Ay C V.
The first and second points are just a careful restatement of

“Af N Ag is a lattice embedding.” For heterotic vacua, the
third point is equivalent to the second, since Ay = A}, and
A} = Ad for an ADE algebra g. For the CHL string this is a
nontrivial criterion, which however is satisfied in valid
embeddings [15], as we will discuss below. From criterion
1, it is straightforward to show that 1(A*) = 1(A)* for any
lattice A C E. Then, the second and third conditions imply
1(AL) = 1((AD)*) D Ay ni(E), and 1(AY) =1((A%)*) D
As Ni(E).

Given such an embedding 1: E < Vg, we naturally have
an orthogonal decomposition

Ve=1(E)® F, where F={veV|(v,i(w))=0

for all w € E}, (2.7)

because the restriction of (-,-) to 1(E) is the pairing (-, -)
which is nondegenerate. For later convenience, we define
the projections

2p: (E)® F - F, (2.8)

np: 1(E) @ F - 1(E). (2.9)
This decomposition determines the number of independent
u(1) gauge factors to be dimg (F) = ry =2+ R —rank(g).

The lattice points of Ag C Vg define physical states, and
lattice points of Ag impose constraints on the g represen-
tations and u (1) charges of these states, because they have
to pair integrally with points in Ag. These constraints can be
interpreted as a nontrivial global structure of the gauge
group of the form

[G/2] x Uu(1)"

. , (2.10)

where G is the simply connected version of the non-
Abelian group with algebra g, Z C Z(G) a subgroup of the
center, and Z’ embeds into both Z(G) and U(1)"r.

Let us first understand the “purely non-Abelian” con-
straints, i.e., those that specify the non-Abelian group
G = G/ Z. These are restrictions on the physically realized
weights that form the character lattice A C A}, C E. In the
string realization, any physical state corresponds to a lattice
point s € Ag, which can be decomposed orthogonally as
s =sg+sp €1(E) @ F. The weight w € A,, C E of such
a state s under the non-Abelian part G = G/ Z is then the
orthogonal projection of s onto i(E), i.e., sz = 7x(s).®

In other words, the character lattice of G is the
orthogonal projection of Ag onto 1(E):

AS = 7p(Ag) Ci(E). (2.11)
The vectors s € Ag are subject to the constraint that they
pair integrally with all points in A§. Consider in particular a
constraint associated with a point ¢ € A} N 1(E) C 1(Aey),
and let v € A, be such that (V) = ¢. By orthogonality,
we have
(s,¢) = (mg(s), c) = (t(w),1(V)) = (w,v) € Z.  (2.12)
This shows that A} Ni(E) can be identified with the

cocharacter lattice Ag of G. So, from (2.4), the non-
Abelian gauge group G satisfies

_AN
-5

= 72’25\/;;), 7 (G)

_AL
A&

Asni(E)

Z(G) A
(

2.13)

Equivalently to (2.11), the projection of the lattice Ag of
physical states onto F gives the “characters” of the U(1)s,
i.e., the possible U(1) charges. Just as how the non-Abelian
weight w(s) of a state is specified by the Dynkin labels
w; = (W,u;") = (sg,1(u;")), where the simple coroots g;"
span E (over R), the U(1) charges are defined by the
pairing with basis vectors of F. To fix the normalization of
the U(1)s, we use a lattice basis &,, £ =1, ..., rp, for
A N F,i.e., the orthogonal complement of 1(A%) inside A%
(we will see momentarily that Ay N F # @):

qe(s) = (s.&). (2.14)
In this normalization, states s € Ag that are singlets under
the non-Abelian gauge algebra g, i.e., 7z(s) =0 s €
Ag N F, clearly have integer U(1) charges ¢,. The lattice
points of A} that are not inside i(E) now constrain the
U(1)-charges ¢;(s) and the non-Abelian weights w(s) of a
physical state corresponding to s € Ag. To see this, we

*More precisely, we identify sy =i(w). Recalling that
any weight is specified by its Dynkin labels w; = (w,u;"),
where pu;Y € A, CE are the simple coroots, we have

(s.1(p;V)) = (sp.1(w;”)) = (W, pi).
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orthogonally decompose Ay 3 ¢ = ¢ + ¢. Note that, in
general, neither ¢ nor ¢, are lattice points of Aj! But,
because for a root 1(a) € 1(A?) C Agni(E), we have
Z > {(c,1(p)) = (cg,1(un)), this guarantees that c; = 1(V) €
1(Agy,) for some coweight v of g.

Then, since A3, C A3, are lattices of the same rank, we
know that for any v € Ad, there is a smallest positive
integer k such that 1((kV) = kep € 1((AL) C A%, so kep =
ke — keg € A N F is an integer linear combination of &,.
This means that (cz,s) =Y ,4,q.(s) is a k-fractional
linear combination of the U(1) charges g,(s) of s.
Therefore, the vector ¢ € A of the dual lattice imposes that

Zﬂﬂ]f

Moreover, from the above considerations it is clear that
ki, € Z and k(w(s),V) = (w(s),kV) € Z. Hence, the
constraint is a Z; constraint, in that it becomes trivial
when it is multiplied by k. It can be interpreted as
identifying a Z, C Z(G) with a subgroup of U(1)", i..,
it defines a Z; subgroup of Z’ in (2.10). Just by counting
dimension of A§/(A% N 1(E)), there are at most ry linearly
independent such constraints that are also independent of
the “non-Abelian constraints” in Z, i.e., 2’ = [\, Z,.
Then, analogously to (2.13), we have

+ (w(s),v) € Z. (2.15)

Z/ AéC
l (Agr)

112

with Al = z5(A}) C1(AS,).  (2.16)

In general, g = @ g; will be a sum of simple algebras,
with a orthogonal decomposition of the lattice AS, =
@; Ad,. Then, any lattice vector ¢ € A, or ¢ € AS has
a unique decomposition ¢ = >, 1(W;), where w; € A,
defines an equivalence class [W,] = k; € A, /A% = Z(G;).
Then, the equivalence class of ¢ in AL./i1(Ady) (or
ASJ1(AL)) Ci(A&)/1(AY) = Z(G) can be represented
by the tuple (k;) € [[; Z(G;) = Z(G).

In the following, we will exemplify the above structures
in 8D heterotic and CHL vacua. To ease the notation, we
will from now on drop the explicit embedding map :, and
regard all occurring lattices and subspaces as embedded
into Vg := Ag @ R = A5 ® R, with all pairings inherited
from (-,-) on V.

C. Global gauge group structure of 8D
heterotic vacua

For 8D heterotic vacua with gauge rank 20, the topology
of the non-Abelian gauge symmetry G = G/Z has been
recently studied through lattice embeddings in Ay in [12].
There, the crucial data were an overlattice M of the root
lattice A, whose length-squared 2 lattice points coincide
with AJ, that embeds primitively inside Ay. Then, the
identification Z = 7,(G) = M/A}{ was cross-checked with

the classification of Mordell-Weil torsion of elliptic K3
surfaces in [11], which is known to provide an equivalent
characterization of the non-Abelian gauge group topology
of 8D heterotic vacua via F theory [8].

Comparing with the general formula (2.4) for z,(G),
this identification seems to be at odds at first, since it is
the coroot lattice A% rather than root lattice Af that appears
in the quotients characterizing the fundamental group. Of
course, this is remedied by the fact that, in 8D heterotic
vacua, only ADE algebras g can be realized, which have
A% = A% Then, to be consistent with (2.4), the overlattice
M should be identified with the cocharacter lattice AS..
Indeed, because M contains A} = Ag;, the requirement that
it embeds primitively into Ay means that it contains all
points of Ay N E. Furthermore, as M/A; is of finite order,
M has the same rank as A3, which is the same as the dimen-
sion of E, so it cannot contain more points than Ay N E.
Therefore, we indeed find M = Ay N E= Ay N E to be
the cocharacter lattice as in (2.13).

Our proposal can further determine the nontrivial con-
straints Z’ between the non-Abelian group and the U(1)s of
the heterotic compactification. Note that, through duality to
F theory, there is an independent method to determine this
structure via string junctions [22]. While we leave a full
proof of the equivalence between these two methods to an
upcoming work [23], we remark here that we indeed find
identical results for 8D heterotic string vacua. We will
present, for completeness, an example of a heterotic model
with g = 8u(2)> @ su(4)> @ 80(20) in Appendix A,
where we show that the global gauge group is

[SU(2)2 x SU(4)? x Spin(20)]/[Z> x Z,] x U(1)?
Zy X Zy '

(2.17)

D. Gauge group topology of 8D CHL vacua

Our main focus is to derive the gauge group topology of
8D CHL vacua. The important difference from heterotic
vacua is the fact that the string lattice Ag is no longer self-
dual in this case. As found in [15], the rank 12 momentum
lattice is the Mikhailov lattice
Here, Eg (Dg) denotes the root lattice of the Lie group Ejy
(Spin(16)). The rank 2 lattice U = {le + nf|(n,l) € Z*} is
defined by the Gram matrix

<<e,e> <e,f)> - (O 1)
(f.e) (£.£)) \1 0)
In this basis, U(2) = {le + nf|l € 2Z,n € Z}. The dual
Mikhailov lattice is then

(2.19)
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A;fw_U(%) OUBE;x2U U Dy, (2.20)

with U(3) = {le + nf|l € Z,n €} Z}.

The criteria for embeddings of root lattices into A, have
also been studied in [15]. One key novelty, compared to
heterotic vacua, is that one can realize nonsimply laced
8p(n) gauge algebras in 8D CHL vacua. Importantly,
one criterion of the associated root lattice embedding
Af’p(")@AM is that a long root v; (with (v;,v;) = 4) of
3p(n) must embed such that it has even pairing with all
points in Ay;:

(1(vy),v) €27 for all ve Ay. (2.21)

This in turn means that the short coroots, vy =2v;/
(vp.v1) = vy, pair integrally with Ay. In particular, this
means v}/ € Aj},. Since all other roots have length 2, and
thus map to themselves as coroots, the coroot lattice Afrp )

is guaranteed to embed into Aj},, which is our condition 3
|

8
(0, 30) = K0 0 )4 Sl
=1

for the embedding map 1: E < V. As aresult, the methods
outlined in Sec. II B carry through.

To highlight the difference from the process for heterotic
vacua, note that, in general, the “overlattice” Ay, N E of the
root lattice A3 c E neither contains all points of actual
cocharacter lattice AS = A}, N E, nor those of the char-
acter lattice AY = 75 (Ay,). For example, this discrepancy
means that the quotient (Ay; N E)/A? generally gives only
a subgroup of the center Z(G) = mz(Ay)/A}, and is not
directly related to the fundamental group z,(G).

1. Example
To explicitly demonstrate our approach, we will consider
a CHL model with g = 8u(2)? @ 8u(4)> & 8p(2). To this
end, we represent v\¥) € V== Ay ® R

VO = (11O (O y®

3 4 4
(O) [0 O 0,50 o0,

3007, ...,04 (2.22)

with pairing

(2.23)

Then, in the presentation Ay, = U @ U(2) @ Eg of the Mikhailov lattice, the U lattice is spanned by (/,0, n;,0;0, ...)
with [, n; € Z, while the U(2) part is spanned by (0, 1,,0, n,;0, ...) with [, € 2Z,n, € Z [see also (2.19)]. The Eg lattice

is then generated by (0,0,0, 0;6) with

1 8
ES = {O' = (01, ...,0'8) S <§Z>

8
> 6;€2Z and o6;-0;€Z Vi,j}.
i=1

(2.24)

ForveA;,, =U® U (%) @ Eg C V,,, the only difference for the conditions on the coefficients is that [, € Z and n, € %Z.
The root lattice embedding which realizes the gauge algebra g = 81(2)? @ 3u(4)? @ 8p(2) has been computed in [16].
A} is specified by the embedding of the simple roots g into A,, in the above representation:

fu 1 Tl 2 -1 -1 o 0 0 1 1 1 1 =27
; 1 0 -1 -1 0O 0 0 0 0O 0 0 =2
— 00 0 O 1 -1 0 0 0 0 0 0
Zi 00 0 0| 0 1 -1 0 0 0 0 0
ws| |00 0 0 | -1 -1 0 0 0 0 0 0 025
™ 00 0 O 0 0 0 0 0 1 -1 0
00 0 O 0 0 0 0 1 -1 0 0
Z; 00 0 I 0 0 0 -1 -1 0 0 0
o 10 1 0 0 0 0 0 0
pol LO2 =2 3] 0 0 o0 2 -2

Here, the first two rows g, p, are the simple roots of 81t(2)?, the next groups of three are the simple roots of the two
81(4)’s, and the last two rows are simple roots of 8p(2), with g, being the long root. The corresponding coroot lattice is
spanned by py = p; for i <9, and py, = 3 p10. The coweight lattice is then spanned by w; = (C~! )it With Cij = (i, ),
which we reexpress in terms of the coroots:
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1
QU(Z)Z: Wi = Eﬂlv (l =

—_
\]
~—

3u(4): W, = (m=2,5),

\
I’lm+j

Bl— NI— B
N—= et D=
Bl = =

ij

_ 1
3p(2): Wo =pg +uio.  Ho=5Hs i (2.20)

The orthogonal complement F of A} in Ay @ R is
spanned by
§1 - (_27 07 27 0; 05 07 09 0’ 09 0’ 0’ 2)7
& =1(2,4,-2,-5,0,0,0,1,3,3,3,—-4)
<§17§1> = <§2’§2> = _4’ <§1’§2> =0.

These give the generators of the two independent U(1)s.

As explained above, any vector of v € A}, can be written
as an integer linear combination of coweight and the U(1)
generators:

(2.27)

v=(I1,L.ny,ny;04,...,03)

10
= kWi + mi& + myéy k; € Z. (2.28)
j=1

To determine the gauge group data (2.13) and (2.16), we
then need to express the basis of A}, in this fashion. This is
a straightforward, but rather cumbersome exercise in linear
algebra. Sparing the details, the key step is to find the
generators of A}, that are linearly independent modulo the
coroots u; . For A}, N E, where E = A? ® R, there are two
such generators:

¢; =(1,1,-1,-2;0,0,-1,0,1,1,1,-2)
— W2+W4+W]()»
¢, =(1,1,0,0;0,0,0,0,1,0,0,—1)

- W] + W7 + (V_Vg - WIO)' (229)

These generate z,(G) = (A}, N E)/Ad as follows. From
(2.26), we see that ¢; projects onto W, = %ﬂ; € A?Vli(z) of
the second 3u(2) factor, which is an order two element
in Ai‘;(z) / Afru @ ~ 7,. Likewise, the component w, =
%ﬂg +py —Q—%ﬂsv projects onto the order two element in
AZ®) JAS @ ~ Z, of the first 3u(4) factor. Finally, the
component Wi, :%ﬂg + py, projects onto the order 2
element in Af\ﬂ(z) / Afrp @ =~ 7,. Therefore, ¢; itself projects
onto an order 2 element in A, /A& =Z(SU(2) x SU(2)x
SU4)xSU4)xSp(2)) =Zy X Zy x Z4y X Z4 X Z>. More-
over, this analysis shows that this element must be

Z(Cl) = (0, 1,2,0, 1) (S Zz X Zz X Z4 X Z4 X Zz. (230)

An analogous argument shows that ¢, also projects onto an

order 2 element in Z(G), given by
Z(C2) = (1,0, 0,2, 1) (S Zz X Zz X Z4 X Z4 X ZQ. (231)

So, the global structure of the non-Abelian gauge
group G is

SU(2)? x SU(4)? x Sp(2)

G =
7z x 7%

, (2.32)

where the embedding of each Zé’) into Z(G) is given by
z(c¢;). Once more, notice the importance of the dual
momentum lattice in determining the global gauge group.
Neither ¢, nor ¢, are elements of A, since [, = 1 & 27, so
just inspecting points in Ay, would not have yielded this
result. However, ¢; + ¢, € Ay, from which one might be
tempted to deduce that 7 (G) = Z,, which is the diagonal

7, C Zgl) X Zf). Note that this Z, embeds trivially
into Z(Sp(2)).

We can explicitly verify, from the generators z(c¢;), that the
Z = Z(zl) X Z;Z) 1-form symmetry is free of the anomaly [1].
Indeed, we will prove momentarily that this is guaranteed
for the non-Abelian gauge group topology of any 8D CHL
vacua.

From the lattice embedding, we can also determine the
gauge group structure involving the U(1)’s. Two generators
of A}, that are not contained in A}, N E are

P 1 1 11 1 1 1
- 0905030;_7__7__7__7_’__’__’__
“ ( 27272722 T T2 2)

1 _ _ _
:Zfl +W2+W3+W7,
¢, =(1,2,-1,-1;0,0,-1,0,1,1,1,-2)

1 -
:Z§2+WI+W4+W8.

(2.33)
In AL =ng(Ay) CAYy, we then have 7rz(c3)=
Wy + W3 + Wy and 7p(cy) = Wy + W4 + Wy, Whose equiv-
alence class in Z(G) = Z, x Z, x Zy x Z4 X Z, are

z(e3) = (0,1,1,2,0), z(eq) = (1,0,2,1,0). (2.34)

which each generate a Z, subgroup. The first Z,, generated
by ¢3, is a subgroup of the U(1) generated by &, whereas
the second Z, generated by ¢, is in the U(1) associated
with &,. So, in summary, the global form of the full gauge
group is
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[(SU(2)* x SU(4)* x Sp(2))/(Zy x Z,)] x U(1)?
Zy X Zy '

(2.35)

E. Absence of 1-form anomalies

A nontrivial global structure G = G/Z for the non-
Abelian gauge group can be interpreted as having gauged
the subgroup Z of the Z(G) 1-form center symmetry of the
simply connected group G [24]. In supergravity theories
of dimension five or higher, such a gauging may be
obstructed due to a mixed anomaly involving the large
gauge transformations of the tensor field in the supergravity
multiplet [1,29,30]. For 8D N = 1 theories, this obstruction
can be quantified as follows [1]. Let G = [[; G,, where G;
|

G | SU(N) Spin(4N +2)

are simple factors, with Z(G;) = Z,, , or Z(G,) = Z, x Z,
for G; = Spin(4N;). Then a generator z of Z C [[; Z(G;) is
specified by a tuple (k;), where k; mod n; € Zni.9 The
absence of the anomaly that would obstruct the gauging
of Z requires that for any generator z ~ (k;), we have

> miag k=0 mod Z, (2.36)

where m; is the Kac-Moody level of the world-sheet
current algebra realization of G;. The nontriviality of this
condition is due to the fractional numbers ag; ; for G with

nontrivial Z(G) that can appear in 8D supergravity, these
are [317"°

i N-1 2N+1
ag ‘ N 8

Spin(4N) E¢ E; Sp(N

pin(4N) Es E; Sp(N) (2.37)
(ﬂ l) 2 3 N
402 30 4 4

In the following, we show that for any non-Abelian gauge group G = G/ Z realized via lattice embeddings into the Narain
or the Mikhailov lattice, as described above, (2.36) is satisfied.

To do so, we first recall that any generator z ~ (k, k,,...) € Z = z;(G) may be represented by a cocharacter vector
c=1(v,) €AE =A;ni(E). If G=T];G; with simple factors G,, then E= @; E;, where E; =AY ® R, is an

orthogonal decomposition of E. So

v, = ng), with ¥ € A%, representing k; €
i

and

The key feature to prove (2.36) is that

@)y =0 fori#j.

) {22 for ¢ € Ay = Ay,

gi
cW

Al = Z(Gi)’

(2.38)

(2.39)
Z for c € Ay,

Then, to prove (2.36) for heterotic vacua (i.e., ¢ € Ay), which only allows ADE-type groups G; with m; = 1, we need to

show that, for any V@

(1)

€ A¥, C E; which represents k; € Z(G,), its length square satisfies (¥, ,v&”) = ZaGiki2 mod Z. For

CHL vacua with ¢ € Aj};, we need (vﬁ“, V(Ci)) = 2ag k} mod Z for ADE-type G; at level 2, and (vﬁ."), VE-D) = ag ki mod Z

for G; = Sp(N;) at level 1.

For ADE groups, this simplifies due to A} = A being an even self-dual lattice. In this case, Z(G) = A%, /A% = (A})*/AS =
(A})* /A is the so-called discriminant group of A} (see [32] for more details). Via the pairing on A} ® R, one can use

1

1 1 1
5(v‘v+a,\7v+a) :—(v‘v,v'v)+(v'v,a)+§(a,a) :E(W’W) mod Z,

2
for @ € A?

and W e AL, = (AY),

(2.40)

°For G; = Spin(4N;) with Z(G;) = Z, x Z,, we would have two integers klm and k§2> modulo 2 specifying the embedding of z

into Z(G;).

"For G = Spin(4N) with Z(G) = Z, x Z,, there are two inequivalent anomaly coefficients, (a)), a(?)). The first is the same for both
generators (1, 0) and (0, 1) of each Z, factor; the second coefficient is associated with the generator (1, 1) of the diagonal Z, subgroup.
In this identification, the (co-)spinor representation is charged under (1, 0) and (0, 1), respectively; hence, both are charged under (1, 1).
The vector representation is charged under both (1, 0) and (0, 1), but invariant under (1, 1).
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to define aquadraticform ¢: Z(G) — Q/Z, which is a quadratic refinement of the so-called discriminant pairing on Z(G). Then, if
the vector v\) € A%, projects onto k; € (A¥)*/AY = Z(G;), we evidently have (VE’), VE’)) = 2¢g(k;) mod Z. The upshot of this
detour is that the discriminant form of ADE root lattices and its quadratic refinements are well known (see, e.g., [11]), and given by

SuN): 2(G) =2y, q(k) =R = Ragy,
So(4N+2): Z(6) = Zo,  qlk) = K-V = Ragunia)
30(4N): Z(G) = Z, x Z,, gk, k) = %(kf +k3) + Nz_ ! kyks,
eo: Z(G) = Z5, q(k) =k % = Kag,.
e;: Z(G) = Z,, q(a,b) = k? % = Kag,. (2.41)

Hence, for all simple ADE-type G;, the quadratic form gives (v, v.) = 2¢(k;) = Zk?(x@i, as required to show (2.36) for both
heterotic and CHL vacua."'

ForG; = Sp(N;),Z(G;) = Z,isnolongerthe discriminant group of the root lattice, since (Af¥)* # A3 . So, we need to find
an explicit representation of k = 1 € Z, = AZ / AY interms of a co-weight v, and compute its length squared. One way to
represent the simple roots of Sp(N) inside E & R", with standard basis {e,, },is ,, = €,, — €, form < N,anduy = 2ey

(see, e.g., [21]). Then, a basis w, for Afl'}(N) = (AfP(N))*, which is the dual basis of {u,, }, i.e., (W;, {t,,) = S, is given by

2 -1 0 0
-1 2 -1 .0
Wl - Z(M_l)lmﬂm with Mlm = (ﬂl»”m) = ’ - B . : (242)
0 -1 2 =2
0 0o -2 4
The inverse is
(M), = min(k, m), k,m <N,
N
(M = (M) =50 m<N. (M )y =7 (243)
Now, because the coroot lattice A ™) s spanned by u,, = p,, for m < N, and py, = %ﬂN = ey, the co-weight basis
vectors W, =Y, (MY, m, with k<N are actually integer vectors in A (N), and hence represent
0€Z(Sp(N)) = AZM) JAY ™) The nontrivial element 1 € Z, = Z(Sp(N)) must therefore be the equivalence class of
Wy = > N7 Zpy, + 5 py,. Then, one can explicitly compute that
N*> N N> N N(N-1)
Wy, Wy) =——-———-2N+2=——-———— = dZ
(Wy. W) = 5= 7 te=5 g 2 mo
——
€ZVN
N
=— dZ
4 mo
= aspw) mod Z, (244)

which indeed is the form needed to prove (2.36) for CHL vacua with $p gauge factors.

"For 80(4N), the generat(;rs k = (1,0),(0,1) € Z, x Z, both satisfy q(Z) == a(SL)m<4N) mod Z, and k = (1,1) satisfies
q(k) =N — % = % mod Z = (xépin( ) This agrees with the mixed 1-form anomalies with the individual Z, subgroups; see footnote 10.
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III. CHL GAUGE GROUPS FROM
HETEROTIC MODELS

In this section, we show how we can recover the data
(Z, Z') about the gauge group topology [cf. (2.10)] of any
8D CHL vacua from the corresponding data of an 8D
heterotic configuration. Physically, this is based on the
duality between CHL vacua and heterotic compactifica-
tions “without vector structure” [25], or, equivalently F
theory with O7, -planes encoded in “frozen” singularities
[26,27]. In either of these duality frames, an 8D CHL
vacuum with non-Abelian gauge algebra ¢ = 8p(n) @ b,
with b of ADE type, arises from a heterotic or F-theory
model with gauge algebra g, = 80(16 +2n) @ § (see
also [6]). Indeed, our CHL example in Sec. Il C with g =
3p(2) @ 3u(4)> @ 8u(2)? can be obtained from the het-
erotic example with gu = 80(20) @ 8u(4)> @ 8u(2),
whose global structure we compute in Appendix A. A
direct comparison shows that both examples have the same
data, (Z,2') = (Zhe Z1e)» Which specifies the global
|

2y =2y € Z(H),

Zgomod 2,
lgp =

(1) (2)

2§o + 250 mOd 27 <]>

280 = (260 ’ 2§n

While we will provide a proof of the validity of this map
momentarily, it allows us to readily determine the gauge
groups of all CHL vacua, given their heterotic parent. We
illustrate this for all maximally enhanced cases (i.e., where

290 € Z4 = Z(Spin(16 + 2n))

2y € Z, x Z, = Z(Spin(16 + 2n))

structure of the gauge group. Though, in general, these
two pairs need not be identical, the identification of the
CHL gauge group data (£, Z') is straightforward to obtain,
given the corresponding information about the heterotic/
F-theory model. The information about the latter can be
extracted from various sources, e.g., from K3 data [11]
specifying the F-theory setting, or the lattice embeddings of
heterotic models [12]. An alternative way is to use string
junctions [22], which will be explored in full detail in an
upcoming work [23].

To describe the procedure, let us assume that we have
the explicit embedding of the subgroup (Zy. Z},,) into
Z(Ghpe) = Z(Spin(16 + 2n)) x Z(H), where Gy and H
are the simply connected groups with algebra g
and B, respectively. Then, any generator z = (2, 25) €
Z(Sp(n)) x Z(H) = Z, x Z(H) of the group Z (or Z,
respectively) specifying the CHL gauge topology arises
from a generator Z = (Zs,,25) € Z(Spin(16 + 2n)) x
Z(H) of Z, (or 2, respectively), via the map

(n odd), Gu1)

(n even).

|
the non-Abelian algebra g has the maximally allowed rank
of 10) in Table I in Appendix B. We find not only instances
with Z = Z,, but also examples with Z =7, x Z,.
Moreover, as an explicit check of the claims of Sec. II D,

TABLE I.  All 61 maximally enhanced CHL vacua, together with the simply connected cover G = I G; of their
non-Abelian gauge group G = G/ Z. The embedding Z & Z (G) is specified by expressing the generator(s) of Z via
atuple (k;) € [, Z(G,). If G; = Spin(4n), then k; = (kgl), k§2>) € Z(Spin(4n)) = Z, x Z,. All ADE factors have
Kac-Moody level 2, while the Sp(n) factors have level 1. Note that, while Sp(1) = SU(2) as Lie groups, we will use
Sp(1) if the gauge factor is at level 1, and SU(2) if it is at level 2.

No. G z Z < 7(G)
1 Eg x Sp(2) 0

2 Eg x Sp(1) x SU(2) 0

3 E; % Sp(3) 0

4 E; x Sp(2) x SU(2) z, (1,1, 0)
5 E; x Sp(1) x SU(3) 0

6 E; x SU(3) x SU(2) z, (1,0, 1)
7 E¢ x Sp(4) 0

8 Eg x Sp(3) x SU(2) 0

9 Eg x Sp(1) x SU(4) 0

10 Eg x Sp(1) x SU(3) x SU(2) 0

11 E¢ x SU(5) 0

12 Sp(10) 0

13 Sp(9) x SU(2) 0
14 Sp(8) x SU(3) z, (1, 0)

(Table continued)
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TABLE 1. (Continued)

No. G Z Z < Z(G)

15 Sp(8) x SU(2)? Z, (1,0, 0)

16 Sp(7) x SU(3) x SU(2) 0 e

17 Sp(6) x SU(5) 0 e

18 Sp(6) x SU(4) x SU(2) z, 1,0, 1)

19 Sp(6) x SU(3)? 0

20 Sp(6) x SU(3) x SU(2)* z, (1,0, 1, 0)

21 Sp(5) x Spin(10) 0

22 Sp(5) x SU(6) 0

23 Sp(5) x SU(5) x SU(2) 0 o

24 Sp(4) x Spin(12) z, 1, (1, 1))

25 Sp(4) x Spin(10) x SU(2) z, 1,2, 0

26 Sp(4) x SU(5) x SU(2)? 7, (1,0, 1, 1)

27 Sp(4) x SU(4) x SU(3) x SU(2) z, 1,2,0,0)

28 Sp(4) x SU(3)* x SU(2)? z, (1,0,0, 1, 1)

29 Sp(3) x SU(7) x SU(2) 0 e

30 Sp(3) x SU(6) x SU(3) 0

31 Sp(3) x SU(5) x SU(3) x SU(2) 0

32 Sp(3) x SU(4) x SU(3)? 0 con

33 Sp(2) x Spin(14) x SU(2) z, 1,2, 1)

34 Sp(2) x Spin(12) x SU(3) z, (1, (1, 0), 0)

35 Sp(2) x Spin(10) x SU(3) x SU(2) z, 1,2,0, 1)

36 Sp(2) x SU(9) 0

37 Sp(2) x SU(7) x SU(3) 0 e

38 Sp(2) x SU(6) x SU(4) z, (1, 3,0

39 Sp(2) x SU(6) x SU(2)? Z,x 7, (1,3,0,0,0), (1,0, 1, 1, 1)
40 Sp(2) x SU(5)? 0 oy

41 Sp(2) x SU(5) x SU(4) x SU(2) z, (1,0,2, 1)

42 Sp(2) x SU(4)* x SU(2)? Z,x 7, (1,2,0,1,0),(1,0,2,0, 1)
43 Sp(1) x Spin(18) 0

44 Sp(1) x Spin(10) x SU(5) 0

45 Sp(1) x SU(10) 0

46 Sp(1) x SU(9) x SU(2) 0

47 Sp(1) x SU(8) x SU(2)* z,

48 Sp(1) x SU(7) x SU(3) x SU(2) 0

49 Sp(1) x SU(6) x SU(5) 0

50 Sp(1) x SU(6) x SU(4) x SU(2) z,

51 Sp(1) x SU(5) x SU(3)? x SU(2) 0 e

52 Spin(16) x SU(2)? Zyx 7, ((1, 1), 1, 1), ((0, 1), 0, 0)
53 Spin(12) x SU(4) x SU(2) Z,x Z, (1, 1), 2, 0), ((1, 0), 0, 1)
54 Spin(10)2 Z, 2,2

55 SU(10) x SU(2) z, S, D

56 SU(8) x SU(3) x SU(2) z, 4,0, 0)

57 SU(7) x SU(3)? 0 .

58 SU(6)? z, 3,3)

59 SU(6) x SU(5) x SU(2) z, (3,0, 1)

60 SU(6) x SU(4) x SU(2)* Zy X Z, 0,2,1,1), (3,0, 1,0
61 SU(4)? x SU(3)? Z, 2,2,0,0)

all these center embeddings correspond to anomaly-free
1-form center symmetries.

A. Proving the validity of the map

The proof of the validity of (3.1) proceeds in three steps.
First, we review the embedding of the Mikhailov lattice and

its dual into the Narain lattice [15], and highlight the role of
the 80(16) C 80(16 + 2n) subalgebra. Second, we con-

struct the roots and coroots of the CHL gauge algebra g
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we show that the cocharacter lattice of the CHL configu-
ration is obtained from a suitable projection of the
cocharacter lattice of the heterotic model. Analogously
to Sec. II E, each cocharacter ¢ projects onto co-weights of
each gauge factor, thereby specifying a generator of the
fundamental group as embedded into the center of the
simply connected cover. Then, by identifying the gener-
ators of A8, /A% in terms of those of Ads/Ad, we will
establish the map (3.1).

B. Finding Mikhailov inside Narain
As argued in [15], there is, up to isomorphisms, a unique
embedding
Afn(]@ = Dg g F16 C F16 @ U @ U - AN (32)
of the root lattice of 80(16) into the Narain lattice.
Denoting by V,, the subspace of Vy := Ay ® R that is

orthogonal to Dg, with projection Py : Vy — V,,, the
Mikhailov lattice Ay, and its dual A}, are found as

Py(Ay)=D; @ U @ U = Ay,

AyNVy =Dy @ U DU = Ay. (3.3)

To give an “intuitive” argument for this, note that the
lattice T4 can be identified with the character lattice of
Spin(32)/Z,, i.e., it is generated by the root lattice of
80(32) together with the weights of the spinor representa-
tion Sg,(3)- The embedding Dy < I'j4 then corresponds to
the embedding of the roots of an 30(16) C 80(32) sub-
algebra. Conversely, the branching 80(32) D 80(16) @
80(16) corresponds to an orthogonal decomposition
lN{@R=(Dy@R) D (Ds ®R) = Vp, ® Vbs.Wecan
extend this decomposition to

Vy=Ay®R =V, &V, ®URR) S (UQRR),

= VM

PM: VN_)VM’ S:SD+SM|—>SM. (34)
From this, the nature of the two lattices P, (Vy) and Ay N

Vs can be inferred from the group-theoretic decomposition

80(32) D 30(16) @ 80(16),
adjso3) — (adj%(m), e (1, adjso(lG))
@ (Vao(16)» Vso(16))»

Sgo(32) - (Séo(lé)’séo(m)) ® (C§0(16)7C§n(16))’ (3.5)
where adj, V, and C denote the adjoint, vector, and
cospinor representations, respectively. At the level of
lattices, the lack of any nonadjoint representations that
are charged under just one of the 80(16) factors means that
the only lattice points in the hyperplane ng correspond to

adjoint weights, i.e., I'jg N V/D8 = D8.12 However, since the
bicharged representations project onto the (co-)spinors and
vectors of each $0(16), the projection of T' onto V7, is

A0 (Ai’f(m))* = (Af"(m))* = Dj. Since the copies of
U lattices in (3.2) and (3.4) are merely spectators in this
argument, we find the Mikhailov lattice Ay, and its dual as
given in (3.3).

C. Constructing the CHL (co-)roots

Since the heterotic gauge algebras g, =5
80(16 + 2n), which are of interest to us, contain an
80(16 + 2n) algebra, we can identify an 80(16) C 30(16 +
2n) subalgebra, whose root lattice may be identified with
Dy in (3.2). By orthogonality (3.4), the root lattice A c Ay
of the ADE algebra §) must then lie in the plane V,,, and
hence, by (3.3), AY = A) c A,

In order to obtain the 8p(n), first consider a basis for
Afn(m”") formed by the simple roots g;, i = 1,...,8 + n,
of 80(16 + 2n), with f1,,,; and fi,, g forming the “branched

nodes” in the 80(16 + 2n) Dynkin diagram:

(3.6)

Then, associated with the branching 8o0(16 + 2n) D
30(16) @ 80(2n), the subspace Vp, in (3.4) is spanned
by the 80(16) roots {fi,,1,...,fl,.g}. Orthogonal to that
will be the root lattice AX**” of 80(2n) inside
Dy @ U & U = Ay, with simple roots

PL=Ry1 P2 = yas Pyt =
n+6

Pn=M+ Zzﬁi +Rn7 + Pos.
=)

14

(3.7)

At the level of lattices, we have A" = A" byt the
simple roots differ. In terms of the 80(2n) roots p, the
simple roots p of 8p(n) are [21]

P1 :ﬁlﬁpZ :ﬁZ’ < Pn-1 :ﬁn—lvpn = _(ﬁn—l +ﬁn)’
(3.8)

"The symmetry between the two Dg’s is an isomorphism of
Ay. The results below would be the same if we swapped their
roles in the subsequent discussion.
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where p,, is the long root of 8p(n). This modifies to coroot
lattice Aff ) ;EA ) c A%, with basis p; =p; for
i=1,..., and p, = %pn. Under the projection
Py Vy — Vy, we have

n—1,

Py(p;)=0 fori=n+1,...n+38,

Py(p;) =pi=p,_i=p,_; fori=1,...n—-1,

n—1

1
Py (f,) = PM <l’n — - Zzﬂz

i=2

n+6
—-§jzm—ﬁwq—mﬁg

i=n+1
1 n—2
= 5 (ﬁn —Pn1 — 2Zﬁ1)
—py - Zp,

Note that, by our working assumption, the 8o roots (3.7)
satisfy the masslessness condition for the heterotic string. A
legitimate question is, then, if the 8p roots (3.8) satisfy the
analogous conditions of the CHL string, i.e., whether the
corresponding CHL vacuum indeed has an 8p(n) @
gauge symmetry. This is indeed the case, since the
embedding above is directly related to the realization of
3p gauge algebras given in [15].

(3.9)

sePy(A\) NEss=sg€E and 3dsp, €V :

D. CHL cocharacters from heterotic cocharacters

Having identified the (co-)root lattices, we now need to
show that every cocharacter of the CHL configuration
arises from a cocharacter in the heterotic model. By

defining E=A" @R CcVy and E=A! @ R CV,,
we first want to show that

Py(Ay) N E = Py(AynE). (3.10)

For this, we use the fact that the branching g;., = 80(16 +
2n) @ § D 30(16) @ 80(2n) @ § induces the orthogonal
decomposition

§o 2n)

JoA) @R
=A$

:VD3®ECVD3®VM:VN'

E=Vp @& (N

(3.11)

Combining this with the general decomposition (2.7) of

Vy = E @ F, where F is the hyperplane containing the
U(1)s, (3.4) implies that

N —

E
Notice that, in particular, the number of independent U(1)
gauge factors, rr = dim F, is the same for the CHL and the

heterotic vacuum. So, any s € Vy can be written as s =
Sp +SE +SF with Sp € VDS’ Sg € E, and Sp € F. Then,

Sg+Sp €Ay

=2 HS/:SE+SD€ANOE: S’st:PM(S/)

&sePy(AynE).

(3.13)

The significance of (3.10) is that we can identify the cocharacter lattice AS, of the CHL vacuum as the projection of the
heterotic cocharacter lattice AS™ under PM.13 Namely, from the general prescription (2.13), we have

AS =Ny nEY

EX p,(ay) nELY

Py(Ay N E) = Py (AS). (3.14)

Analogously, we can infer the CHL cocharacters A, that encode the constraints involving the U(1) charges, from
the corresponding ones of the heterotic model, A’,. Namely, at the level of vector spaces, (3.12) implies that the projections

Tyt Vy = Eand Py,: Vy — V,; commute, and in fact compose to the projection 7 :

A
ACC -

”E(ATVI) = ”E(PM(AN)) = PM(”E(AN))

Vy — E.Then, from (2.16), we have

— Py(RL). (3.15)

In summary, we see that any cocharacter ¢ of the CHL vacuum arises as the projection of a heterotic cocharacter ¢ under
Py Any such cocharacter ¢ € Ay can be written as € = €g,(16420) + €y + €. If € € F is 0, then € € Ay N E = ASe

"We can also determine the CHL group structure including the U(1)’s, following (2.16), from the parent heterotic theory. We will
focus on the non-Abelian part, because the relevant data for its group topology are encoded in known K3 data [11].
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specifies an element 2 of 7;(Gpe) = Zhet = A ABe
NS A = Z(Ghe). If €5 # 0, then & defines an element

2 of 2, C Z(Gyy) x U(1)™r. In particular, each compo-

nent &, € Ady and Cao(16+2n) € AZUE2) gpecifies a center

element 2y € Z(H) and 24, € Z(Spin(16 + 2n)), respec-
tively, which is the restriction of Z to the corresponding
center subgroup.

To establish (3.1), all we need to determine is, given the
generators of Zy, and Zj, in terms of (2, 25,) € Z(H) x
Z(Spin(16 +2n)) = Z(Gpe), what the corresponding
center element z = (z4,zs)) € Z(H) x Z(Sp(n)) = Z(G)
|

A

w, = (C7) it

with  Cy = (A, ;) =

is. For zy, this is easy to answer. Since the coroot lattice Ai’r
remains invariant when passing from the heterotic to the
CHL model, the component P, (2y) = Zy defines the same
element zy = 2y € Z(I:I) = /\?W/A?r.

However, the same does not hold for zg, since in the
CHL vacuum, we have to compare Py (€sp(16424)) O
the coroots of 8p(n), rather than those of 80(2n) C
80(16 + 2n). To this end, we first construct the co-weights
w of 80(16 + 2n) which represent Z(Spin(16 + 2n)) =
Af\';(lﬂzn)/Aff(m”"). As duals of the roots fi;, i = 1, ...,
8 + n, a basis for these are given by

The inverse of the Cartan matrix C of 80(16 + 2n) is (see, e.g., [33])

(C_l)ij = (C_l)j,' =min(i,j) fori,j<n+6,

_ _ _ _ J .
(c 1>n+7,j =(C 1)j,n+7 =(C 1)n+8,j =(C 1)j,n+8 = B for j <n+6,

_ _ n+6
(C 1)n+7,n+8 = (C l)iz+8,n+7 = T’

2 -1 0 0
-1 2
g (3.16)
0 -1 2 -1 -1
0 0 -1
0 0O -1 0 2
n+8
(C_])n+7~n+7 = (C_l)n+8,n+8 = T (317)

Since we are ultimately interested in the equivalence classes of 8p(n) co-weights ¢,y in Z, = Af\g(") / A <"), we use (3.8) to

compute, for later convenience,

n+8

Py(Wyi7) = > (C7),17,Pu())

Jj=1

n—1

J=1
n—1

“li-n n
=2 5 h 5
=1

n—1
= Z(C_l)n+7.jpx—j = (€N s </’th + Z/’Jv>

J=1

n—1
= Z(C_l)thS.ij—j - (C_l)nJrS.n <p1¥ + Zp]v> = PM(Wn+8)
Jj=1

J=1

(3.18)

Clearly, for any n > 1, at least one of the summands has a fractional coefficient. And since 2P (W,.7) =

A

2Py (W) €A™ this means that Py (W,,7) = Py(Wos) map to 1€ Z, 2 AR /A%™  Moreover, since

A7 = ji;, we can easily verify that
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n+8

Z((C_l)n+7,j +(C7) s i)

Jj=1

n+6
2n —|— 14
- Z.] 123 (ﬂn+7 +ﬂn+8)

n+1

S

Wn+7 + Wn+8 =

(Il11+7 + ﬁ;,/-t,-g) mod A?:’(MJFZ”) .

(3.19)

Now it is instructive to differentiate between even and

odd n.
o(16+2n)

For odd n, for which we know ACW /
A (1652n) o Z,, the above equation is W, 7+
2 30(16+2n) . .

W, g = 0 mod A . At the same time, since

2(n+6) and 2(n + 8) cannot be divisible by 4 with odd

n, both w,.; and w, g are order 4 elements modulo

Aéo(l6+2n) The order 2 element in Aéo (16+2n) /Aéo (16+2n)

is then represented by 2w,,+7 = 2W,,+8 mod Ago 16+2n)

sz 1 mod A§o 16821 for 1 < Jj<n+6 [as also evident

from (3.17)]. Then, if €55(1612,) Projects onto an order 4

element in AZ216+2%) /A (16+2n) o Z,, it must be in the

same equivalence class as either VAVn+7 or €Vn+8, which
by (3.9) both map onto the order 2 element in
AR ~ 7, confirming (3.1) for odd 7.

For even n, we see from (3.17) and (3.19) that, in the

quotient AZ16H2M 730642 & 7 7. the equivalence

classes of wn+7, W,.g, and wn+7 + WHS all define order 2
elements. This means that wn+7 and W,Hg represent the
generators (1,0) and (0,1), respectlvely, while W, +7 +w, 18
represents (1,1). Again, since Py, (W,,7) = Py (W, 3) map
to 1 € Z, = Z(Sp(n)), this confirms (3.1) for even n.

IV. SUMMARY AND OUTLOOK

In this work, we have presented an explicit identification
of the gauge group topology

G/ZxU(1)'r
16/2] x w(y "
of 8D N =1 compactifications of heterotic and CHL
string theories, based on the embedding of the root lattice
A} of the non-Abelian gauge algebra g (with simply
connected cover G) into the momentum lattice Ag of string
states. For rank 20 theories, this agrees with known results
from the heterotic [12] or the F-theory duality frame
[8,11,22,23]. For CHL vacua, we have highlighted the
necessity to distinguish between Ag and its dual, as well as
between the root AS and coroot lattice AS,. If this is taken
into account, the resulting non-Abelian gauge group top-
ology G = G/ Z is guaranteed to have no anomalies for the

corresponding Z C Z(G) 1-form symmetry [1]. This can
be verified explicitly for all 61 maximally enhanced CHL
vacua, for which we have compiled the non-Abelian gauge
group topology Z in Appendix B.

We have also demonstrated in an explicit example how to
compute the subgroup Z’ C Z(G), which is identified with
a subgroup of the Abelian gauge factor U(1)F. As we have
argued for in Sec. III, the global gauge group structure
(Z,2") of any CHL vacuum can be in principle inferred
from the corresponding data (Zy, 2}.) of a parent
heterotic model. While Z,, can be readily obtained from
existing data (e.g., from [12]), a comprehensive list of the
part Zhet involving the U(1)’s will be presented in an
upcoming work [23], from which we can then also classify
Z' for CHL vacua. There, we will also extend the analysis
to include 8D N =1 theories with gauge rank 4
[25,34,35]. Additionally, it should be straightforward to
apply the machinery to 7D heterotic compactifications [36].

Another interesting direction would be to understand the
results about the global gauge group structures involving
geometrically engineered 8p gauge symmetries in the
language of higher-form symmetries [24]. This would
require a refinement of the framework of [37,38] to M-
theory compactifications with frozen singularities [25-27].
Furthermore, it would be interesting to reproduce the 8p(n)
contribution to the mixed 1-form anomalies from a dimen-
sional reduction of the M-theory Chern—Simons term in the
presence of boundary fluxes which encode the 1-form
symmetry background [39]. Lastly, having a complete
catalog of gauge group topology including the U(1)'s
could provide a guideline to formulate field-theoretic
constraints on allowed topologies Z’, in similar fashion
to [1,5].
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APPENDIX A: HETEROTIC CASE STUDY

In this Appendix, we study the global gauge group
structure of a rank 20 heterotic model, with ¢g=
3u(2)? @ 3u(4)’> @ 80(20).

We choose a presentation of the Narain lattice Ay and its
vector space Vy = Ay @ R as

(l(f) l(f) (f) (f> (f) (f))’

VNEVM): 1 by sny T ny TS, e S (Al)

with pairing
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16
(V3@ = (0@ 4 D) 1 (DD DD 4 300 (A2)
j=1

Then, vectors in Ay = Ay = U @ U @ I'j¢ are characterized by
o 1 16
194\ ez, (51, 816) €52 with Y s;€22.  sj—-s,€Z Vj.k (A3)

Jj=1

The explicit embedding of the g root lattice Af into Ay is given as

T 4 -1 =3 6o -2 -2-1 -1 -1 -1 -4 0 0 0 0 O O 0 07
1 2 -1 =3 -1 -1 -1 -1 -1 -1 -1 -3 0 0 0 O O 0 0 O
0o 2 0 =2 o -2 -1 -1 -1 -1 -1 -1 0 O O O O O O O
0O 0 0 o o 1 -1t 0o o o O o0 o0 o o o o o0 o0 o0
0 -2 0 1 0 0 1 1 1 1 ! 0 0 O O o O o0 o
0O 0 0 o o o o o0 o0 1 -1 0 0 O O o o0 o0 o0 o0
0 0 O o o o0 o0 1 -1 0 0 O O O o o0 o0 o0 o
0 -2 0 1 1 1 1 0 O 1 0 0 O0O o o0 0 o0 O
1 0 1 O o o o0 o0 o o o o o o o0 o o o0 o o
0 4 -1 -3 -1 -2 -2 -2 -1 -1 -1 -3 -1 0 0 0O O O 0 o0} (A4)
0 0 0 o o o o0 o0 o0 o o0 o0 1 -1 0 O O O o0 O
0 0 0 o o o o0 o0 o o o o o 1 -1 0 o0 0 o0 O
0 0 0 o o o o0 o0 o0 o o0 o o o0 1 -1 0 0 o0 O
0 0 0 o o o o0 o0 o o o o o o o 1 -1 0 0 O
0 0 0 o o o o0 o0 o o o o o o0 o0 o 1 -1 o0 O
0 0 0 o o o o0 o0 o o o o o o0 o0 o o0 1 -1 0
0O 0 0 o o o o0 o0 o o o o o o o o o 1 -1
00 0 O o o o0 o0 o o o o o o0 o o o 1 1|

whose rows we label by g, ..., p;. Here g and p, are the roots of two 81(2)’s; (43, py, ps) and (g, 7, pg) are the roots of
two 81 (4)’s. (uo, ..., pg) are the roots of 80(20), with 7, u1g the two branched nodes. Since these are all ADE systems,
we have p; = ;.

The co-weight lattice A2y, is spanned by the co-weights

W, = (CY) . with  Cyj = (u. ;). (A35)

Note that C is simply the block-diagonal sum of the Cartan matrices of each simple factor in g. Now we examine the F'
plane—the orthogonal subspace to E := A} ® R, which is two dimensional in this case. Its generators can be chosen to be

& =(-2,0,2,1;0,0,0,0,0,0,0,2,0,0,0,0,0,0,0,0),
& = (2,14,-2,-11;-3,-7,-7,-6, -4, —4,—4,—-11,0,0,0,0,0,0,0,0),
1=8=-4 & -&6=0. (A6)

With this basis, a general element v of A} = Ay can be written as a linear combination of co-weights and the U(1)
generators:
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V:(ll,lz,nl,nl;sl,...,s16):ijWj+m1§1+m2§2, kJGZ (A7)
j=1

Modulo the (co-)roots A = Af, we find two independent basis vectors of Ay N E = AG:

e (151 .5 3.5 753 3 3 91111111 1
l_ bl 9 9 9 27 27 27 2’ 2’ 2’ 2’ 212?272’2121292’ 2

2027 20 220 27 20 2 22 22 22 22

w
N 1P 1r 1 11 1 1 3 1 1 1 1 1 1 11
= (11,0 ~li2, =2 — m o mm—o —D o
Wi+ W7 + Wy — Wy7, (A8)

each of which defines an order two element, i.e., generates a Z, C Z(SU(2)* x SU(4)? x Spin(20)) =
Zy X Zy X Zy X Zy X (Zy X Z,), via the embeddings

z(¢;) = (0,1,2,0,(1,0)), z(¢,) = (1,0,0,2,(0,1)). (A9)
The two generators of Ay that are not within Ay N E are
¢;=(0,1,0,-2;0,-1,-1,-1,0,-1,-1,-1,0,0,0,0,0,0,0,0) = %61 + W, + W3 + Wy,
¢, =(1,4,-1,-4,0,-2,-3,-2,-1,-1,-1,-4,0,0,0,0,0,0,0,0) = %éz + Wy + Wy + Wg. (A10)
Their projection under 7z onto Ag, define the following equivalence classes in Z(G):

2(83) = (0.1,1,2,(0,0))  z(&) = (1.0,2.1,(0,0)). (All)

In summary, we find that the full gauge group is

[(SU(2)? x SU(4)? x Spin(20))/(Z, x Z,)] x U(1)?
Zyx 27, '

(A12)

APPENDIX B: GAUGE GROUP OF MAXIMALLY ENHANCED 8D CHL VACUA

In this Appendix, we present the non-Abelian gauge group G = G/ Z of maximally enhanced 8D CHL vacua, i.e., with
rank(G) = 10. There are 61 of them [6,16], listed in the same order as [6]. We determined these from their parent heterotic
models, as described in Sec. III. The global structure of these theories can be obtained with various methods, including that
of [12]. In practice, we use a generalization of string junctions techniques [22], which will be elaborated in our upcoming
work [23]. There, we will also compute the full global gauge group, including the U(1)s.

From the embeddings Z < Z(G), one can explicitly verify that all nontrivial gauge groups are consistent with the
vanishing of the mixed 1-form center anomaly [1]. We have also checked that the two cases, no. 24 and no. 52, whose
character lattice contains only real representations, satisfy the constraint dim(G) + rank(G) = 0 mod 8 [5]:

#24: dim(Spin(12)) + dim(Sp(4)) + rank(Spin(12)) + rank(Sp(4)) = 112 = 0 mod 8,
#52: dim(Spin(16)) + 2 dim(SU(2)) + rank(Spin(16)) + 2 rank(SU(2)) = 136 = 0 mod 8. (B1)
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