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String and 5-brane junctions are shown to succinctly classify all known 8D N ¼ 1 string vacua.
This requires an extension of the description for ordinary ½p; q�-7-branes to consistently include O7þ

planes, which then naturally encodes the dynamics of spn gauge algebras, including their p-form center
symmetries. Central to this analysis are loop junctions, i.e., strings/5-branes which encircle stacks of
7-branes and O7þs. Loop junctions further signal the appearance of affine symmetries of emergent 9D
descriptions at the 8D moduli space’s boundaries. Such limits reproduce all 9D string vacua, including the
two disconnected rank (1,1) moduli components.
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I. INTRODUCTION

Supergravity theories in a large number of dimensions
form an ideal laboratory to investigate the manifestation
of quantum gravitational consistency conditions in the low-
energy limit of string theory. In particular, they provide a
concrete class of models that corroborates the conjecture
of “string universality,” or “string lamppost principle,”
stating that all consistent (super)gravity theories arise from
string theory.
Formulating and sharpening the relevant conditions on

consistent effective theories of quantum gravity are at the
heart of the Swampland Program [1,2]. Arguably, among
the best motivated of these constraints is that quantum
gravity theories should have no exact global symmetries.
This statement can also be applied to higher-form global
symmetries, such as 1-form center symmetries of non-
Abelian gauge sectors. The condition demands that these
symmetries are either gauged or broken. However, if they
are to be gauged, one needs to demand the absence of
obstructions/anomalies to turning on the gauge fields of
these generalized symmetries. This absence of anomalies of
center 1-form symmetries can lead to severe restrictions on

the global topology of the allowed gauge groups in
supersymmetric theories [3,4]. Similarly, the absence of
global symmetries requires certain topological invariants
called bordism groups to be trivial [5], once more leading to
powerful constraints, in particular on the total rank of the
gauge symmetry, of consistent supergravity theories in
more than six dimensions [6,7].
Being confronted with the set of supergravity models

that pass the above consistency tests, the remaining ques-
tion is whether all of these can be realized in string theory.
To answer this we therefore need good control of the
realization of the global form of the gauge groups, i.e., the
fate of the center 1-form symmetries in string theory
constructions. In the present work we focus on compacti-
fications to eight and nine dimensions (8D and 9D) with
16 supercharges (i.e., N ¼ 1).
A powerful approach that successfully utilizes the

machinery of geometry is F theory [8], which ties the
algebraic and arithmetic properties of elliptic K3 surfaces
to 8D gauge theories with ADE (algebra of type A, D, or E)
gauge algebras of total rank (2,18).1 In this context, the
global gauge group structure is encoded in the Mordell-
Weil group of rational sections of the elliptic fibration
[9–11]. Under M-/F-theory duality, this can be phrased in
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1Throughout this work, we collect the number a of indepen-
dent graviphotons, and the maximal non-Abelian gauge rank r
into a pair ða; rÞ, which we often refer to as the (total) gauge rank.
At generic values of moduli, the gauge algebra is hence uð1Þaþr.
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terms of gauging and breaking higher-form symmetries
[12], which is reflected geometrically in the gluing of
torsional homology cycles in local patches containing the
non-Abelian gauge dynamics [13].2 Moreover, through
suitable deformations that correspond to infinite distance
points in the 8D moduli space, the F-theory geometry also
classifies 9D N ¼ 1 string vacua with gauge rank (1,17)
[27,28]. This is consistent with the dual heterotic descrip-
tion, where the 9D moduli space—described via the rank
(1,17) Narain lattice—is contained in that of the 8D moduli
space, with a rank (2,18) Narain lattice description (see [29]
for a recent comprehensive study).
However, the dictionary between geometry and physics

is less understood in the presence of so-called frozen
singularities [30–33]. While these are known to be the
necessary ingredient for an F-theory description of sp
gauge algebras on the 8DN ¼ 1moduli branches of gauge
ranks (2,10) and (2,2), the characterization of, e.g., the
gauge group topology is no longer purely geometric (i.e.,
given by the Mordell-Weil group) [34]. Likewise, it is not
immediately clear how to identify decompactification
limits on these moduli spaces. On the other hand, advances
in the Swampland program [35] strongly suggest that all 8D
N ¼ 1 vacua should have a characterization in terms of an
elliptically fibered K3.
As we will demonstrate in this work, string junctions

provide a unified framework that encompasses all these
features. In this description, the underlying elliptic K3
is encoded in the configuration of ½p; q�-7-branes of
type IIB string theory, whose ½p; q� type are in one-to-
one correspondence to elliptic singularities characterized
by an SLð2;ZÞ monodromy M½p;q�. The junctions are then
ðp; qÞ strings or 5-branes stretched between the 7-branes.
In their original formulation [36–38] that is equivalent to F
theory without frozen singularities, junctions describe the
8D gauge dynamics with ADE gauge algebras,3 as well
as their higher-form symmetries [13]. To account for a
junction description of all 8D N ¼ 1 vacua, we extend the
discussion to include O7þ planes, which are the IIB avatars
of frozen singularities, and have the same monodromy as an
elliptic D8 singularity [30–32].
A concept that will be key to this work are so-called

fractional null junctions, which are certain fractional (and
hence, unphysical) ðpqÞ charges encircling all 7-branes, i.e.,
loop junctions. In the absence of O7þ planes, these are
known to be equivalent to Mordell-Weil torsion of the
underlying elliptic K3 [48,49]. To correctly account for the
electric and magnetic center symmetries and the gauge
group topology for the sp gauge symmetries that arise in

the presence of O7þ, it turns out to be instrumental to study
separately ðp; qÞ strings and 5-branes. The key difference
is, while any integer number of 5-branes can end on an
O7þ, the number of string prongs there must be even.
Indeed, with this modification, we find that the junction
description of 8D vacua with one O7þ is equivalent to
so-called CHL (Chaudhuri—Hockney—Lykken) vacua
[50,51] of rank (2,10), including the characterization of
the global gauge group structure [34,52]. Moreover, it is
straightforward to include two O7þ planes, thereby giving a
junctionesque classification of 8D string vacua with gauge
rank (2,2) including their gauge group topology, for which
there is no known heterotic or CHL string description.
In addition, we also propose a junction description for

decompactification limits to 9D including O7þ planes.
Parallel to the 9D uplifts of the rank (2,18) setting [27,28]
(see also [53] for a related discussion of 10D uplifts of 9D
heterotic vacua), we identify the corresponding infinite
distance limits with O7þ planes by the emergence of loop
junctions that affinize the 8D gauge algebra. Again, the
subtle differences from having modified boundary con-
ditions for strings and 5-branes can be cross-checked with
the momentum lattice description of the CHL string for
uplifting 8D rank (2,10) theories to 9D rank (1,9) theories.
Like in 8D, the junction description naturally encodes the
gauge group topology of 9D vacua. For the rank (2,2)
theories without a momentum lattice analog, the 9D
theories with rank (1,1) that result from the junction
description live on two-disconnected moduli branches that
are only connected through an S1 reduction to 8D, which
matches other stringy constructions [54]. This further
establishes junctions as a complimentary framework to
sharpen aspects of the Swampland distance conjecture [2]
in string compactifications.
The rest of the paper is organized as follows. After

reviewing the junction framework with ordinary ½p; q�-7-
branes in Sec. II, we discuss, in Sec. III, the modified
boundary conditions for strings and 5-branes on an O7þ
plane that give rise to the correct higher-form symmetries
of sp gauge algebras in 8D. In Sec. IV, we then describe
global 8D models by “gluing” together local patches with
7-brane stacks involving O7þ planes. A particular focus
will be on the gauge group topology that is encoded in the
fractional null junctions. We then examine, in Sec. V, the
infinite distance limits described via 7-branes and junctions
that correspond to 9DN ¼ 1 vacua, for which we will also
determine the global gauge group structure. The appendices
contain some technical aspects, as well as the full list of
gauge group topologies for all 8D vacua with maximally
enhanced non-Abelian symmetries in Appendix C.

II. STRING AND 5-BRANE JUNCTIONS

String junctions provide an efficient way to classify
electrically charged states with respect to gauge symmetries
localized on 7-brane stacks in type IIB string theory.

2The investigation of generalized symmetries within the geo-
metric engineering framework has received broad attention in
recent literature [3,4,13–26].

3String junctions have been also used to construct lower-
dimensional theories, see Refs. [39–47].
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Therefore, they also contain information about the electric
1-form center symmetries and the global realization of the
8D gauge group [13,48,49]. The magnetically dual per-
spective is provided by 5-brane webs, which can also be
described by junctions [55–58].
In this section, we recall some properties of string and

5-brane junctions in the presence of a general ½p; q�-7-
brane stack. This provides a local construction of the
charged states. Importantly, the charge under the center
symmetry is related to the appearance of certain fractional
junctions, the extended weight junctions, that determine
the global properties of the model [13]. We then general-
ize the discussion of string and 5-brane junctions to
backgrounds containing O7þ planes, whose geometric
interpretation in F theory is more challenging [32,33].
With the help of string junctions we can successfully
extract the correct properties of these configurations and
identify the electric center symmetries also for symplectic
gauge groups. This analysis is repeated with 5-brane
junctions, which, as opposed to the ADE algebras
realized without O7þs, have a subtle distinction from
string junctions that is precisely needed to correctly
account for the magnetic center symmetry.

A. Basics of ½p;q�-7-branes and junctions

In this section we will recall the basics of the junction
description for 8D N ¼ 1 dynamics from type IIB com-
pactifications [36,38]. The key players are spacetime filling
½p; q�-7-branes X½p;q�, which we will denote with square
brackets. A single 7-brane must have coprime p and q. In
the plane perpendicular to its world volume, X½p;q� induces
a singularity in the axiodilaton profile τ ¼ C0 þ ie−ϕ,
composed of the Ramond−Ramond (RR) 0-form C0 and
the dilaton field ϕ, which is characterized by an SLð2;ZÞ
monodromy

M½p;q� ¼
�
1þ pq −p2

q2 1 − pq

�
∈ SLð2;ZÞ; ð2:1Þ

which acts on τ by a Möbius transformation, and in the
doublet representation,

�
B2

C2

�
↦ M½p;q�

�
B2

C2

�
; ð2:2Þ

on the NSNS- and RR-2-form fields ðB2; C2Þ. This mono-
dromy can be captured by a branch cut in the perpendicular
plane that emanates form the 7-brane. In the following it
will prove useful to introduce conventions for some special
7-branes, that will later appear in the construction of non-
Abelian gauge algebras

A ¼ X½1;0�∶ M½1;0� ¼
�
1 −1
0 1

�
;

B ¼ X½1;−1�∶ M½1;−1� ¼
�
0 −1
1 2

�
;

C ¼ X½1;1�∶ M½1;1� ¼
�
2 −1
1 0

�
;

N ¼ X½0;1�∶ M½0;1� ¼
�
1 0

1 1

�
: ð2:3Þ

In a local model, where the perpendicular plane is
noncompact (i.e., is R2 ¼ C ∋ z), it is customary to extend
the branch cuts all downwards (meeting at z ¼ −i∞,
without crossing each other before). Starting from a
configuration describing a certain 8D vacuum, we can
obtain another one on the same 8DN ¼ 1moduli space by
moving the 7-branes. When X½p1;q1� crosses the branch cut
of X½p2;q2� from the left to right, the ½p; q�-type changes
according to

X½p1;q1�
⟶

X½p2;q2� → X½p2;q2�X½p1þD·p2;q1þD·q2�; ð2:4Þ

where D≡ det ðp1

q1
p2

q2
Þ, and the arrow indicating the

branch-cut-crossing 7-brane. Likewise, when it crosses
from right to left, one has

X½p2;q2�X½p1;q1� 
→ X½p1þD·p2;q1þD·q2�X½p2;q2�: ð2:5Þ

For any concrete configuration, we can arrange the
7-branes along a horizontal axis, and denote them as
X½p1;q1�X½p2;q2�… by labeling from left to right. The
SLð2;ZÞ monodromy around any (connected) part of this
chain is the product of the individual monodromies of the
encircled branes from right to left. To obtain a valid global
configuration (i.e., where the perpendicular plane is P1)
describing an 8D N ¼ 1 supergravity model, tadpole
cancellation requires exactly 24 ½p; q�-7-branes, whose
overall monodromy must be the identity. Note that, while
their relative ½p; q� types are pivotal for distinguishing
different physical configurations, an overall SLð2;ZÞ ∋ g
transformation,�
pi

qi

�
↦g

�
pi

qi

�
; M½pi;qi�↦ gM½pi;qi�g

−1 for all i; ð2:6Þ

does not matter physically for a model (local or global)
described by a collection of 7-branes X½pi;qi�.
Bobomol'nyi—Prasad—Sommerfield (BPS) particles in

8D arise from ðp; qÞ strings—a bound state of p funda-
mental and qD strings with electric charge ðpqÞ under ðB2

C2
Þ—

anchored on the 7-branes of the same ½p; q� type, and
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extending as a directed line into the perpendicular plane.
Their magnetically dual objects, which are four-dimen-
sional in 8D, are given by ðp; qÞ-5-branes—a bound state
of pNS5- and q-D5-branes with magnetic charge ðpqÞ under
ðB2

C2
Þ—that share four common spatial directions as the

7-brane and also project to lines in the perpendicular plane.
Since strings and 5-branes can fuse and split, so long as
the overall ðpqÞ charge is conserved at every vertex,
they form junctions, see left of Fig. 1. Note that, by
flipping the direction on any prong, its ðpqÞ charge acquires
a minus sign.4

As charged objects of the 2-form fields ðB2; C2Þ, strings,
and 5-branes also experience SLð2;ZÞ monodromies as
they are transported around 7-branes. This action can be
represented in the perpendicular plane, after choosing the
branch cuts, by an analogous transformation�
r

s

�
→

�
r0

s0

�
¼ M½p;q�

�
r

s

�
¼

�
r

s

�
þ ðqr − psÞ

�
p

q

�
;

ð2:7Þ

on the ðrsÞ charges of a junction prong as it crosses the
branch cut of a ½p; q�-7-brane, see middle of Fig. 1. Finally,
in analogy to Hanany-Witten transitions [59], the same
junction can be expressed by moving the branch-cut-
crossing prong across the 7-brane, as a junction with an
additional prong on the 7-brane, see right of Fig. 1.
To have non-Abelian gauge dynamics in 8D, we have to

collide 7-branes to form stacks. Strings that stretch between
different constituents of a stack then become light and form
massless W bosons of the enhanced gauge symmetry.

In terms of the 7-brane types (2.3) ADE-gauge algebras
are realized when the following stacks form5:

ð2:8Þ

where we have used exponents to group the same type of
branes that are appear consecutively. The overall mono-
dromy of a 7-brane stack is the product of the individual
branes from right to left: e.g., Mso2n ¼ M½1;1�M½1;−1�Mn

½1;0�.
The realizations of the exceptional algebras are physically
equivalent, i.e., equal up to 7-brane moves inside the stack
and SLð2;ZÞ conjugations, for n ≥ 2,6 while e1 ≅ su2 and
ẽ1 ≅ uð1Þ; finally, the ẽ0 configuration corresponds to a
trivial gauge algebra. There are additional strongly coupled
versions of the Lie algebra sun with n ∈ f2; 3g of the form
Anþ1C. In the remaining part of this section, we will focus
mainly on the “standard” cases sun, so2n, and en≥6, while
ẽn will be relevant in Sec. V. Of course there is a beautiful
relation between the 7-branes stacks above with their
induced SLð2;ZÞ monodromies, and the classification of

FIG. 1. Strings and 5-branes, which are represented as lines in the perpendicular plane, form junctions, where the ðpqÞ charge at each
vertex is conserved (left). In the presence of 7-branes, they undergo monodromy transformations (2.7) when they cross a branch cut
(middle). By a Hanany-Witten transition, the same junction can be represented as having a prong on the 7-brane (right).

4To make contact with the F-theory description of type IIB,
note that (directed) junctions can be interpreted as (oriented)
2-cycles in an elliptic K3, on which M2- and M5-branes can be
wrapped, which are the objects dual to strings and 5-branes
under M-/F-theory duality. See, e.g., [13] for details of this
correspondence.

5We have chosen a particular SLð2;ZÞ frame that is common
in the literature, but any SLð2;ZÞ-conjugated configuration
would obviously give the same gauge algebra.

6We use the standard identifications e2 ≅ su2 ⊕ uð1Þ,
e3 ≅ su3 ⊕ su2, e4 ≅ su5, e5 ≅ so10.
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singularities in elliptic fibrations by Kodaira, which is
central in F theory (see [60,61] for recent reviews and
additional references). In the following, we will focus
solely on the junction perspective.

B. The junction lattice

In the following, we give an abstract definition of
junctions as lines in the plane perpendicular to the 7-branes
satisfying the axioms above. In principle, one has to specify
if they represent ðp; qÞ strings or 5-brane webs to attach
physical meaning to them.
Consider the junctions formed by a single prong extend-

ing from one 7-brane X½p;q�, which we denote with a
lowercase letter as x½p;q�, and sometimes call a unit junction.
In analogy to the different types defined in (2.3), there are
then also junctions

a;b; c;n: ð2:9Þ

Since a general string or 5-brane junction takes the form
of a linear combination of the individual prongs, the
set of all physical junctions (strings or 5-branes) on a
7-brane configuration, X½p1;q1�X½p2;q2� � � �X½pi;qi� � � �, form a
Z module,

Jphys ¼
�
j ¼

X
i

aix½pi;qi�jai ∈ Z

�
: ð2:10Þ

One important physical invariant is the net, or asymptotic

ðpqÞ charge of a junction j, given by ðpqÞasymp
¼P

i a
iðpi

qi
Þ.

One further defines a symmetric bilinear pairing (.,.) on
this module as follows. For the basis junction x½pi;qi� (note
that the ordering of the 7-branes is important), one defines7

ðx½pi;qi�;x½pj;qj�Þ
¼ ðx½pj;qj�;x½pi;qi�Þ

¼
8<:

−1; if i ¼ j

1
2
det

�
pi pj

qi qj

�
; if X½pi;qi�is on the left ofX½pj;qj�

:

ð2:11Þ

By linearly extending to the module Jphys, we endow it
with a lattice structure, which will be called the
(physical) junction lattice. For example, consider an
arrangement of onlyA, B, and C branes, which are ordered
“alphabetically,”

A1 � � �Aα � � �B1 � � �Bβ � � �C1 � � �Cγ: ð2:12Þ

For this 7-brane configuration, we have

ðaα;aα0 Þ ¼−δα;α0 ; ðbβ;bβ0 Þ ¼−δβ;β0 ; ðcγ;cγ0 Þ ¼−δγ;γ0 ;

ðaα;bβÞ ¼−
1

2
; ðaα;cγÞ ¼

1

2
; ðbβ;cγÞ ¼ 1: ð2:13Þ

An important property of the pairing (2.11) is that it is
invariant under 7-brane motions. That is, given a fixed set
of 7-branes X½pi;qi�, the lattice ðJphys; ð·; ·ÞÞ changes only
up to a unimodular transformation (i.e., change of basis)
when we move the 7-branes. To see this it suffices to
consider a two-branes configuration X½p1;q1�X½p2;q2� with
Jphys ¼ fa1x½p1;q1� þ a2x½p2;q2�g, for which the pairing

matrix is ð −1 D=2
D=2 −1 Þ, with D ¼ detðp1 p2

q1 q2
Þ. After

movingX½p1;q1� across the branch cut to the right, as in (2.4)
[the other direction, (2.5), works analogously], the con-
figuration X½p2;q2�X½p1þDp2;q1þDq2� ≡XlXr has the lattice

Jphys ¼ falxl þ arxrg; with

ðxi;xjÞ ¼
� −1 − D

2

− D
2

−1

�
¼

��−D 1

1 0

�−1�T

×

�−1 D
2

D
2

−1

��−D 1

1 0

�−1
: ð2:14Þ

The unimodular transformation ð−D 1

1 0
Þ precisely traces

how the original unit prongs fx½pi;qi�g are expressed
in terms of the new basis fxl;xrg after the 7-brane
transition (2.4),

x½p1;q1� → −Dxl þ xr; x½p2;q2� → xl: ð2:15Þ

1. Loop junctions and their self-pairings

A junction type that will be particularly important to our
discussions are loop junctions. These are formed by
encircling a collection of 7-branes with an ðrsÞ charge that
undergoes SLð2;ZÞ transformations as it crosses their
branch cuts. As a convention for nomenclature, we use
the ðrsÞ charge it starts out with to label the loop junction
lðr;sÞ, even if its ðp; qÞ type changes after it comes back,
see Fig. 2. If the overall monodromy of the encircled
stack is M, then such a loop has asymptotic charge
ðpqÞ ¼ ðM − 1ÞðrsÞ. For two loops, lðr;sÞ and lðu;vÞ, encir-
cling the same 7-branes, one clearly has lðr;sÞ þ lðu;vÞ ¼
lðrþu;sþvÞ. In principle, any such loop can be turned into the
standard basis (2.10) with prongs on 7-branes by pulling
the loop across the encircled 7-branes via a Hanany-Witten

7Here, we simply present the rules as stated in [38]. It can be
shown that they agree with the geometric intersection pairing for
the elliptic K3 of the dual F-theory description.
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transition, which allows us to compute pairings involving
loop junctions. However, since the loop does not touch the
encircled 7-branes, but only sees their overall monodromy,
the self-pairing of a loop should be computable just with
this data.
To do so, first consider the junction j ¼ x½p;q� þ x½r;s� as

depicted on the left of Fig. 3. According to (2.11), we have

ðj; jÞ ¼ ðx½p;q�;x½p;q�Þ þ ðx½r;s�;x½r;s�Þ þ 2ðx½p;q�;x½r;s�Þ

¼ −2þ det

�
p r

q s

�
: ð2:16Þ

As pointed out in [38], this result can also be interpreted as
the sum of the contributions from the two end points of the
7-branes (each contribution −1), and the contribution of the
three-pronged vertex. The latter must therefore be

det

�
p r

q s

�
¼ ps − rq ¼ det

�
r −ðpþ rÞ
s −ðqþ sÞ

�
¼ det

�−ðpþ rÞ p

−ðqþ sÞ q

�
; ð2:17Þ

i.e., the determinant of two of the three ðpqÞ-charge vectors,
arranged in their counterclockwise ordering (and all prongs
either ingoing or outgoing).
This logic can now be easily applied to compute self-

pairings of loop junctions. Since such a junction has no end

points on 7-branes, the only contribution to the self-pairing
must come from the three-pronged vertex. For the junction
lðr;sÞ in Fig. 2, this contribution evaluates to (after
accounting for the signs necessary to have all prongs
in- or outgoing)

ðlðr;sÞ;lðr;sÞÞ ¼ det

�
p r

q s

�
¼ − det

�
r r0

s s0

�
: ð2:18Þ

As a consistency check, consider a loop junction lðr;sÞ
around a single ½p; q�-7-brane such that the asymptotic
charge is ðpqÞ (see right of Fig. 3), i.e.,

ðM½p;q� − 1Þ
�
r

s

�
¼ ðqr − psÞ

�
p

s

�
¼!
�
p

q

�
⇔ ðqr − psÞ¼! 1; ð2:19Þ

which always has a solution for ðr; sÞ since the labels of a
single X½p;q� must be coprime. Then, the self-pairing is

ðlðr;sÞ;lðr;sÞÞ ¼ detðp r
q s
Þ ¼ps−qr¼−1¼ ðx½p;q�;x½p;q�Þ.

This was expected since, by construction, this loop is
equivalent, by a Hanany-Witten transition, to the unit
junction x½p;q�.

2. (Co)weight lattices from junctions

For a single brane stack of ADE type (2.8), the physical
junctions without asymptotic charges are generated by

sun∶αi¼ai−aiþ1; i∈f1;…;n−1g;
so2n∶αi¼ai−aiþ1; i∈f1;…;n−1g; αn¼an−1þan−b−c;

en∶αi¼ai−aiþ1; i∈f1;…;n−2g; αn−1¼an−2þan−1−b−c1; αn¼c1−c2; ð2:20Þ

FIG. 3. The self-pairing of a three-pronged junction (left) can
be separated into contributions from the ends on 7-branes and the
vertex, see (2.16). When there are no prongs ending on 7-branes,
such as for loop junctions (right), the only contribution is that of
the vertex.

FIG. 2. A loop junction lðr;sÞ around a collection of
7-branes with overall monodromy M. The asymptotic charge
ðpqÞ ¼ ð r

0

s0 Þ − ð
r
sÞ ¼ ðM − 1ÞðrsÞ is in general nonzero.
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where we have indexed 7-branes and their associated unit
junctions of the same ½p; q� type. Computing their mutual
bilinear pairing of αi one finds

ðαi;αjÞ ¼ Aij; ð2:21Þ

with Aij as the negative Cartan matrix. Indeed, strings
represented by the junctions above are associated to the W
bosons, which lead to the enhanced gauge symmetry on the
7-brane stack. We will call them root junctions for obvious
reasons, and they span the root junction lattice of the ADE
algebra Λr ⊂ Jphys.
In complete analogy to representation theory (save for a

minus sign for the pairing), the bilinear pairing allows the
definition of the coroot junctions, whose span is the coroot
junction lattice Λcr, as follows

α∨
i ¼

2

−ðαi;αiÞ
αi: ð2:22Þ

Since for ADE algebras all roots have length-square 2,
these coincide with the root junctions. However, physically,
these should be thought of as the magnetically dual states,
and hence arise from 5-brane webs represented by the
junctions. We can therefore also identify the pairing
between two junctions, where one represents a string
and the other a 5-brane, as the Dirac pairing between
electric and magnetic operators of the 8D gauge theory.
One further defines the weight junctions wi, which are

dual to the coroot junctions with respect to (.,.) (or, more
precisely, its Q-linear extension),

ðwi;α∨
j Þ ¼ −δij: ð2:23Þ

They span the weight junction lattice Λw, and correspond to
the electric states of the gauge symmetry if they represent a
string. Similarly, one defines the coweight junctionsw∨

i and
their lattice Λcw via

ðw∨
i ;αjÞ ¼ −δij; ð2:24Þ

which, when representing a 5-brane, is a magnetic state.
Note that the (co)weights and (co)roots are in a very real

sense localized degrees of freedom. For any additional
7-brane X½r;s� that is added to the system, we can explicitly

compute from (2.20) that ðx½r;s�;αð∨Þj Þ ¼ 0. Therefore, any
junction that has no prong on the 7-brane stack represents
an uncharged state under the gauge symmetry on that stack.
For ADE algebras the coweights and weights again

agree, and there the distinction between string and 5-brane
junctions is only of a formal nature. However, it will
become important once we include O7þ planes. Before
that, we have to introduce the concept of so-called extended
(co)weight junctions [38].

C. Extended (co)weights and higher-form
center symmetries

In general, the (co)weight junctions,

w∨
i ¼

X
j

ð−A−1Þijαj; wi ¼
X
j

ð−Ã−1Þijα∨
j ; ð2:25Þ

with Ãij ¼ ðα∨
i ;α

∨
j Þ, will have fractional coefficients in

front of the unit prongs x½pi;qi�. This implies that they are
not physical junctions on their own. However, they can be
made physical by adding certain other fractional junctions
with nonzero asymptotic ðpqÞ charges, resulting in an integer
(i.e., physical) junction with a prong that extends away
from the 7-brane stack. Equivalently, it formalizes the
intuition that nonadjoint matter states (carrying weights that
are not roots) on a 7-brane stack arise from open strings that
have ends on other 7-branes (possibly at infinity).
As a simple example, consider g ¼ su2, realized on an

A1A2 stack. While the (co)weight junction wð∨Þ ¼ 1
2
ða1 −

a2Þ without any asymptotic ðp; qÞ charge is nonphysical,
we can consider the unit string junctions a1 or a2, each
of which carries an asymptotic ðpqÞ ¼ ð10Þ charge. From
ða1;α∨Þ¼ða1;a1−a2Þ¼−ða2;a1−a2Þ¼−1, we expect
these (string) junctions to be fundamental matter of the
su2. Note that we can formally write

a1¼
1

2
ða1þa2Þþw; a2¼

1

2
ða1þa2Þ−w: ð2:26Þ

Because 1
2
ða1 þ a2Þ≡ ω has asymptotic charge ð1

0
Þ, and

satisfies ðω;αÞ ¼ 0, we can interpret the above rewriting as
separating the su2 gauge charges of the unit junctions,
captured by the summand proportional to w, from the
asymptotic SLð2;ZÞ charges, captured by ω. By linearity,
this separation can be done for any physical junction
j ¼ n1a1 þ n2a2. For su2, the state corresponding to
j ¼ sw þ kω ∈ Jphys is a weight of an spin-s=2 represen-
tation, which has charge s mod 2 under the Z2 center. It is
easy to see in this case, the physicality condition, i.e., for j
to have integer number of prongs on the 7-branes, relates
s≡ k mod 2. Therefore, the coefficient of any physical
junction in front of ω provides an equivalent way to encode
the center charge of that corresponding state. This line of
argument can be generalized to any ADE stack [38].
First, notice that, by a Hanany-Witten transition,

ω ¼ lð0;−1=2Þ is a loop junction around the A1A2 stack.
For a general stack with monodromy M, one defines ω,
which are called extended weight junctions, as the gen-
erators of all loop junctions lðr;sÞ [with possibly fractional
ðr; sÞ] encircling the stack that have integer asymptotic ðpqÞ
charge, i.e.,

ðM − 1Þ
�
r

s

�
∈ Z2: ð2:27Þ
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For the ADE algebras realized via the stacks as given
in (2.8), a standard basis for these are denoted ωp;q with
asymptotic charges

ωp∶
�
p

q

�
asymp

¼
�
1

0

�
; ωq∶

�
p

q

�
asymp

¼
�
0

1

�
: ð2:28Þ

For sun stacks, ðM − 1Þ has only rank 1, so there is only
one generator, ωp with asymptotic ð1

0
Þ charge. Due to the

generally fractional ðr; sÞ prong that crosses the branch
cuts, the prongs that end on the constituent branes of the
stack are also fractional after a Hanany-Witten transition,
see Fig. 4. Explicitly, the extended weight junctions and
their pairings are given by8

sunðAnÞ∶ωp ¼ lð0;−1=nÞ ¼
1

n

Xn
i¼1

ai; ðωp;ωpÞ ¼ −
1

n
;

so2nðAnBCÞ∶

8>><>>:
ωp ¼ lð−1=2;0Þ ¼ 1

2
ðbþ cÞ;

ωq ¼ lð1−n=4;−1=2Þ ¼ 1
2

�P
i
ai − bþ c − nωp

�
;

ðωα;ωβÞ ¼
�
0 0

0 n
4
− 1

�
αβ

;

e6ðA5BC2Þ∶
(
ωp ¼ lð0;1=3Þ ¼ − 1

3

P
5
i¼1 ai þ 4

3
bþ 2

3

P
2
i¼1 ci;

ωq ¼ lð−1;−1Þ ¼
P

5
i¼1 ai − 3b −

P
2
i¼1 ci;

ðωα;ωβÞ ¼
� 1

3
− 1

2

− 1
2

1

�
αβ

;

e7ðA6BC2Þ∶
(
ωp ¼ lð1=2;1=2Þ ¼ − 1

2

P
6
i¼1 ai þ 2bþP

2
i¼1 ci;

ωq ¼ lð−5=2;−3=2Þ ¼ 3
2

P
6
i¼1 ai − 5b − 2

P
2
i¼1 ci;

ðωα;ωβÞ ¼
� 1

2
−1

−1 5
2

�
αβ

;

e8ðA7BC2Þ∶
(
ωp ¼ lð2;1Þ ¼ −

P
7
i¼1 ai þ 4bþ 2

P
2
i¼1 ci;

ωq ¼ lð−7;−3Þ ¼ 3
P

7
i¼1 ai − 11b − 5

P
2
i¼1 ci;

ðωα;ωβÞ ¼
�

1 − 5
2

− 5
2

7

�
αβ

: ð2:29Þ

All physical junctions associated to a 7-brane stack, i.e.,
junctions with prongs of only integer ðpqÞ charge, can be
written uniquely in terms of a linear combination of weight
and extended weight junctions

j¼
X
i

aiwiþapωpþaqωq; ai;ap;aq∈Z: ð2:30Þ

Physically, this means that a physical ðp; qÞ-string/-5-brane
is fully characterized by its asymptotic electric/magnetic
ðpqÞ charge under ðB2; C2Þ, and the weight/coweight charges
under the 7-brane gauge algebras.
In turn, it can be verified that every possible weight

junction w ¼P
i a

iwi (ai ∈ Z) of the gauge algebra g can
be completed into a physical junction by the addition of an
integer linear combination je ¼ apωp þ aqωq of extended
weights [38]. Such an integer linear combination is not
unique and is determined only up to multiples
npωp þ nqωq, which have integer charges for each prong.

This nonuniqueness can be understood as the fact that je is
determined by the charge of w under the center ZðG̃Þ of the
simply connected group G̃ associated to g. Intuitively, this
is expected because the charge under the center of a specific
state w is encoded in its prefactors of the weight basis wi,
which in turn introduces fractional prongs that can only be
canceled by the extended weights. Analogously to how
weights can be screened by the W bosons for observers
“at infinity,” there are multiples of specific asymptotic ðpqÞ

FIG. 4. Construction of extended weight junctions. Since the
ðrsÞ charges that appear in the loop are in general fractional, the
prongs ending on the 7-branes after pulling the loop across also
have fractional coefficients.

8Note that we can infer ðωp;ωqÞ from the self-pairing of
ωp þ ωq ¼ lðrp;spÞ þ lðrq;sqÞ ¼ lðrpþrq;spþsqÞ, which can be
computed from the contribution of the single three-pronged
vertex, as in Fig. 3.
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charges that can be added and subtracted without affecting
the local gauge dynamics on the 7-branes.9

The precise connection between higher-form symmetries
and extended weights have been described in [13].
Formally, we can define the lattice,

Jext ¼ fje ¼ apωp þ aqωqjap; aq ∈ Zg; ð2:31Þ

whose elements are arbitrary integer linear combinations of
extended weights that may be fractional. Then, the screen-
ing arguments for the center symmetries, together with the
junction characterization of gauge degrees of freedom,
translates into

ZðG̃ADEÞ ¼
weights
roots

¼ coweights
coroots

¼ Jext
Jphys ∩ Jext

; ð2:32Þ

where ðJphys ∩ JextÞ denotes extended weight junctions that
are themselves physical, i.e., do not contain fractional
prongs. Note that, since ω∘ ¼ lðr∘;s∘Þ are loop junctions of
the form depicted on the left of Fig. 4, ðJphys ∩ JextÞ are
precisely the loops lðr;sÞ ¼ nplðrp;spÞ þ nqlðrq;sqÞ with
integer ðr; sÞ. Concretely, in terms of the extended weights
summarized in (2.29), one finds

g Jext=ðJphys∩JextÞ
sun

fapωpg
ðnωpÞ ≅fapmod ng≅Zn

so4n
fapωpþaqωqg
ð2ωp;2ωqÞ ≅fðapmod 2;aqmod 2Þg≅Z2⊕Z2

so4nþ2
fapωpþaqωqg

ð2ωp;4ωq;ωpþ2ωqÞ≅f2apþaqmod 4g≅Z4

e6
fapωpþaqωqg
ð3ωp;ωqÞ ≅fapmod 3g≅Z3

e7
fapωpþaqωqg
ð2ωp;2ωq;ωpþωqÞ≅fapþaqmod 2g≅Z2

:

ð2:33Þ

In the language of higher-form symmetries (see also [13]),
a physical string/5-brane junction j ¼P

i a
iwi þ apωp þ

aqωq carries an electric/magnetic ZðG̃Þ 1-form/5-form
symmetry charge prescribed by (2.33).

III. JUNCTIONS ON O7+ AND CENTER
SYMMETRIES OF sp DYNAMICS

So far, we have reviewed the junction framework for
ordinary ½p; q�-7-branes, which succinctly encode the 8D
N ¼ 1 gauge dynamics with simply laced gauge algebras.

However, field theoretically, one can also have spn alge-
bras. In the type IIB string constructions these are linked to
the presence of O7þ planes, which was not considered
systematically within the junction framework previously.
Therefore, we need to generalize the above analysis.
First, we note that the O7þ plane, unlike the O7− plane,

does not split, at finite string coupling, into constituents
represented by ordinary ½p; q�-7-branes. Therefore, we will
represent it by a single, albeit special, 7-brane. The
monodromy generated by one O7þ plane is in the same
SLð2;ZÞ conjugacy class as a 7-brane stack with g ¼ so16.
In the following local analysis, we use the same presen-
tation as in (2.8),

MO7þ ¼
�−1 4

0 −1

�
: ð3:1Þ

There are multiple ways of arguing for this physically.
The prevalent interpretation of an O7þ in recent literature
[30,31] is as the remnant of “freezing” the so16 gauge
dynamics on an ordinary 7-brane stack, see also [32,33].
However, even after two decades, the freezing operation

remains somewhat mysterious. In particular, a geometric
derivation of its effect on higher-form symmetries in the
M-theory frame [15,16] appears to be challenging.
However, as we will argue now, one can obtain a complete
picture, at least in the IIB duality frame, of the mechanism
using junctions. The key distinction to ½p; q�-branes is that
the physicality condition for prongs that end on an O7þ
differ between strings and 5-branes.
From the perturbative IIB picture, only pairs of funda-

mental strings can end on an O7þ [62], which one can see
in a perturbative picture via Chan-Paton factors. Via various
dualities it can also be argued that only an even number of
D-strings can end on the O7þ plane, see [62,63]. Thus, the
physical string junctions emanating from the O7þ plane
have ðpqÞ charge restricted by p; q ∈ 2Z. In contrast, ðp; qÞ-
5-branes can end with any integer number on O7þ. This is
relevant, e.g., in the construction of 5D superconformal
field theories (SCFTs) via 5-brane webs [64]. Hence, a
prong of a physical 5-brane junction can end with arbitrary
integer ðpqÞ-charge on an O7þ. As we will see momentarily,
these conditions naturally give rise to a consistent descrip-
tion of spn gauge algebras, including their center sym-
metries, from the junction lattice. Moreover, once we have
set up the notation in Sec. IV, we can derive these
conditions independently in global models with one O7þ
plane that realizes 8D rank (2,10) by appealing to the dual
description of these models via the CHL string (see
Appendix A).
It is worthwhile to compare the boundary conditions for

strings and 5-branes on O7þ with the unfrozen so16 stack.
First, since both generate the same monodromy, the loop
junctions that generate all integer asymptotic ðpqÞ charges in

9Describing the gauge dynamics by F theory on a noncompact
K3, this is reflected by the homology of the asymptotic boundary
exhibiting discrete torsion, associated to the fact that np ×
ðA cycleÞ þ nq × ðB cycleÞ on the generic torus fiber shrinks
at the singularity [13].
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the presence of a single O7þ are the same as for an so16
stack (2.29),

ωO7þ
p ¼ lð−1=2;0Þ; ωO7þ

q ¼ lð−1;−1=2Þ: ð3:2Þ

We will call these the extended weight junctions of the
O7þ, even though a single O7þ (unlike its unfrozen cousin)
has no gauge dynamics, and hence no root or weight lattice
to begin with. By collapsing the loop or, equivalently,
performing a Hanany-Witten transition across the orienti-
fold plane, these extended weight junctions have a ð1

0
Þ and a

ð0
1
Þ prong, respectively, on the O7þ. The set of junctions

ending/emanating from one O7þ, which is entirely char-

acterized by its total ðpqÞ ¼ ð a
p

aq Þ charge, can therefore be
written as

j ¼ apωO7þ
p þ aqωO7þ

q ; ap; aq ∈ Z: ð3:3Þ

Physical string junctions must then have ðap; aqÞ≡
ð0 mod 2; 0 mod 2Þ, which agrees with the physicality
condition for junctions on an so16 stack that has no
(unscreenable) gauge charge, see (2.33). Equivalently,
any string loop lðr;sÞ that encircles the O7þ is physical
if and only if r and s are both integer. In contrast, a physical
5-brane junction with odd ðap; aqÞ, which can end on an
O7þ, would not be admissible on an so16 stack without
picking up (unscreenable) gauge charge. In particular, this
means that physical 5-brane loops lðr;sÞ around the O7þ

could have half-integer valued r and s.
To fully incorporate O7þs in the junction framework, we

also need to define the bilinear pairing. It is hard to come up
with a rule for prongs ending on the O7þ by appealing to
any geometric counterpart in a dual M-/F-theory picture
because of the presence of frozen singularities there.
However, since the extended weights can be viewed as
loops that are only sensitive to the induced SLð2;ZÞ
monodromy M, but not the “microscopics” of a 7-brane
stack, one would naturally expect that the pairing of such
junctions is insensitive to whether M is sourced by an O7þ
or an so16 stack. Following the discussion around Fig. 3,
we can therefore directly compute (rather than define,
which would require further justifications) from the loop
junction representation:

ðωO7þ
p ;ωO7þ

p Þ¼0; ðωO7þ
q ;ωO7þ

q Þ¼1; ðωO7þ
p ;ωO7þ

q Þ¼0:

ð3:4Þ

Considering O7þ planes together with general ½r; s�-7-
branes (which we assume to be on the left of the O7þ), one
further finds

ðωO7þ
p ;x½r;s�Þ ¼ −

s
2
; ðωO7þ

q ;x½r;s�Þ ¼
r
2
: ð3:5Þ

A. sp gauge algebras and their higher-form
symmetries from junctions

From the perturbative IIB picture, it is well known that
we can generate 8D spn gauge dynamics on a 7-brane stack
formed by n A-branes on top of one O7þ. This 7-brane
stack, of the form AnO7þ, has the same monodromy as an
so16þ2n stack:

Mspn ¼ MAnO7þ ¼
�−1 4þ n

0 −1

�
: ð3:6Þ

This allows us to straightforwardly define the extended
weight junctions, as loops lðr;sÞ around the entire stack
(including the O7þ) such that an asymptotic ð1

0
Þ (for ωp) or

ð0
1
Þ charge (for ωq) remains. Then, after performing the

suitable Hanany-Witten transitions, we find

ωspn
p ¼ lð−1=2;0Þ ¼ ωO7þ

p ;

ωspn
q ¼ lð−1−n=4;−1=2Þ ¼

1

2

Xn
i¼1

ai −
n
2
ωO7þ

p þ ωO7þ
q : ð3:7Þ

Since Mspn ¼ Mso16þ2n , the loop junctions look identical

to those of so16þ2n. Hence, with Jext ¼ fapωspn
p þ

aqωspn
q jap; aq ∈ Zg, the physicality condition on linear

combinations of extended junctions is captured by

Jext=ðJext ∩ Jphys;stringsÞ

¼
� fðapmod 2; aqmod 2Þg ≅ Z2 × Z2; n even

f2ap þ aqmod 4g ≅ Z4; n odd
:

ð3:8Þ

On the other hand, for 5-brane junctions, we have

Jext=ðJext ∩ Jphys; 5-branesÞ ¼ faq mod 2g ≅ Z2: ð3:9Þ

Comparing to the discussion around (2.33), one might be
tempted to identify ZðSpðnÞÞelectric ¼ Z2 × Z2 or Z4, and
ZðSpðnÞÞmagnetic ¼ Z2, which is clearly not correct.
To rectify this, we must instead consider in detail the role

of the extended weights as completing weights and cow-
eights into physical strings and 5-branes, respectively. In
analogy to the ADE stacks, we first construct the spn roots
αi as string junctions with no asymptotic ðpqÞ charge, which
stretch between the constituents of this stack. A basis for
such junctions are

αi¼ai−aiþ1; i∈f1;…;n−1g; αn¼2an−2ωO7þ
p ;

ð3:10Þ

see also Fig. 5. With this and the bilinear pairings in (3.4),
one straightforwardly verifies
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ðαn;αnÞ¼−4; ðαi;αnÞ¼2δi;n−1;

ðαi;αjÞ¼
8<:
−2; i¼ j

1; ji−jj¼1

0; else

; 1≤ i;j≤n−1; ð3:11Þ

which precisely reproduces the negative of the Cartan
matrix of an spn algebra. In particular, we see that, while
the short roots (those with length squared 2) arise from
single-pronged strings between the A-branes, just as for
ADE algebras, the long root αn is only a generator due to
the evenness condition for strings ending on the O7þ.
As a nonsimply laced algebra, sp has different coroots

than roots:

α∨
i ¼

2αi

−ðαi;αiÞ
¼

�
αi; 1 ≤ i ≤ n − 1

1
2
αn ¼ an − ωO7þ

p ; i ¼ n
:

ð3:12Þ

Since these are the magnetic objects in a gauge theory
context, they arise from 5-brane junctions, which, consis-
tent with the boundary conditions, can have a single prong
on the O7þ that is needed to form the short coroot α∨

n with
length squared 1.
The distinction between strings and 5-branes are of

course also important for the weights and coweights.
The weight junctions are obtained as dual to the coroot
junctions. Defining the matrix Ãij ¼ ðα∨

i ;α
∨
j Þ, these can be

written as

wi ¼ ð−Ã−1Þijα∨
j ¼

X
j

minfi; jgα∨
j

¼
Xn−1
j¼1

minfi; jgαj þ
1

2
minfi; ngαn: ð3:13Þ

Similarly, one obtains the coweight junctions as duals of
the root junctions. With the negative Cartan matrix
A ¼ ðαi; αjÞ one has

w∨
i ¼ ð−A−1Þijαj ¼

(P
n−1
j¼1 minfi; jgα∨

j þ iα∨
n ; i < nP

n
j¼1

j
2
α∨
j ; i ¼ n

;

ð3:14Þ

expressed as fractional linear combinations of coroots.

In terms of the junctions, the electric center symmetry,

ZðSpðnÞÞ ¼ weights=roots ≅
fk
2
αng
ðαnÞ

≅ Z2; ð3:15Þ

is precisely generated by multiples of 1
2
αn ¼ an − ωO7þ

p ,
which is unphysical as a string junction because of the odd
prong on the O7þ. To obtain a physical junction with the
same spn gauge charge, we must therefore add linear
combinations of the extended weights (3.7) with integer
prongs onA, and odd numbers of prong of ðpqÞ ¼ ð10Þ charge
on the O7þ. For even n, this requirement is met by
apωspn

p þ aqωspn
q with ap ≡ 1 mod 2 and aq ≡ 0 mod 2,

whereas for odd n, we need 2ap þ aq ≡ 2 mod 4. Each of
these generate a Z2 subgroup of the putative center (3.8),
which is the correct presentation of ZðSpðnÞÞelectric ≅
ZðSpðnÞÞ. The mismatch from (3.8) is because not all
integer linear combinations of extended weight junctions
can be completed into a physical string junction with an
spn weight. For the magnetic center symmetry,

HomðZðSpðnÞÞ;ZÞ ≅ ZðSpðnÞÞ
¼ coweights=coroots

≅
fkw∨

n g
coroots

; ð3:16Þ

the unphysical 5-brane coweight junctions come from the
half-integer valued prongs in

w∨
n ¼

Xn
i¼1

i
2
α∨
i ¼

1

2

Xn
i¼1

ai−
n
2
ωO7þ

p ¼ωspn
q −ωO7þ

q ; ð3:17Þ

which can be made physical by adding apωspn
p þ aqωspn

q

with aq ≡ 1 mod 2.
In summary, for a physical string junction that ends on an

spn stack, which can be uniquely decomposed as

j ¼
X
i

aiwi þ apωspn
p þ aqωspn

q ð3:18Þ

in terms of the extended weights (3.7) and weight junctions
(3.13), the Z2 charge of the corresponding state under the
electric center symmetry is�

apmod 2; n even

apþ 1
2
aqmod 2; nodd ðthenaqmust be evenÞ : ð3:19Þ

For a physical 5-brane junction, decomposed into extended
weights and coweights (3.14),

j ¼
X
i

aiw∨
i þ apωspn

p þ aqωspn
q ; ð3:20Þ

its magnetic Z2-center charge is

FIG. 5. Root junctions of sp algebra (the double arrow denotes
the factor of 2 required by evenness on O7þ).
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aq mod 2: ð3:21Þ

This completes the list of local building blocks of simple
gauge algebras that can be combined into a global model
describing 8D supergravity. As we will discuss now, the
consistent combination of the individual brane stacks then
determines the global structure of the gauge dynamics in
these models.

IV. EIGHT-DIMENSIONAL STRING VACUA AND
THEIR GLOBAL STRUCTURE FROM JUNCTIONS

In this section, we combine the above local descriptions
of simple gauge algebras into a compact setting, to classify
all 8DN ¼ 1 string vacua using junctions. These vacua fall
into three moduli branches, which have gauge rank (2,18),
(2,10), and (2,2), respectively. As shown in [35], the gauge
symmetries of the effective supergravity descriptions can
be classified by the SLð2;ZÞmonodromies associated with
each simple gauge factor, with a few additional consistency
conditions. In theories of rank (2,18), which enjoy a
description as F-theory on an elliptically fibered K3 sur-
face, these restrictions are met by 24 ½p; q�-7-branes with
trivial total monodromy [65–67]. Via the freezing pro-
cedure [30,32,33], one can further obtain all rank (2,10)
or (2,2) vacua, if one replaces any rank (2,18) 7-brane
configuration with one or two so16þ2n stacks with the
corresponding frozen spn algebra that contains an O7þ
[35]. Based on this, junctions provide a unified description
of the gauge dynamics, in particular, the gauge group
topology, for all these vacua.
Before we dive into the details, let us give a schematic

description of this approach. For a given 7-brane configu-
ration (with or without O7þ) in a global model, the set of
characters or cocharacters (i.e., a sublattice of the weight or
coweight lattice that is occupied by dynamical states)
correspond to physical (string or 5-brane) junctions that
have zero asymptotic ðpqÞ charge. Since the ðpqÞ charge of a
prong ending on a stack is entirely captured by extended
weight junctions, which in turn encodes the center charge
of the (co)characters represented by the junction, enumer-
ating all linear combinations of extended weights from
different stacks that add up to zero ðpqÞasymp

also enumerates

the center charge of all dynamical gauge charges. In
particular, computing the center charges of all string
junctions that have no uð1Þ charges determines ZðGÞ,
and those of 5-brane junctions determine π1ðGÞ ≅ Z,
where G ¼ G̃=Z is the physically realized non-Abelian
gauge group, with simply connected cover G̃.
For the rank (2,18) branch, the information about Z has

been shown to be conveniently encoded in so-called frac-
tional null junctions [49], which are certain fractional

multiples of physical loop junctions lN
ðr;sÞ around all

7-branes (with trivial total monodromy). As we will see,
this correspondence continues in realizations of rank (2,10)
with one O7þ plane, and rank (2,2) theories with two O7þs.
While for rank (2,10), we can crosscheck the results with
those obtained from a dual CHL string description [34,52],
the junction description provides a prediction for the gauge
group topology of rank (2,2) vacua which are inaccessible
via the heterotic/CHL string. To illustrate the procedure we
will explicitly work out an example for each of the three
branches of the 8D moduli space.

A. Gauge group topology from global null junctions

The construction of supersymmetric 8D theories with a
dynamical gravity sector and rank ð2; 18 − 8kÞ gauge
sector requires the identification of a set of ð24 − 10kÞ
½p; q�-7-branes and k O7þ planes with vanishing overall
monodromy. These configurations can then be placed on a
P1, which compactifies the underlying type IIB theory from
ten to eight dimensions.10

Following the conventions laid out in the previous
section, we arrange the 7-branes along a horizontal axis
in the perpendicular plane (which is now a compact P1),
and enumerate (from the left to right) the ordinary ½p; q�-7-
branes and the O7þs separately. Within the vector space of
all possible junctions [which carries a pairing given by
simply linearly extending the rules (2.11) and (3.4)],

J ¼
� X24−10k

i¼1
aix½pi;qi�

þ
Xk
j¼1
ðbjωO7þj

p þ b̃jω
O7þj
q Þjai; bj; b̃j ∈ Q

�
; ð4:1Þ

string junctions giving rise to the electrically charged states
must have integral number of prongs on 7-branes, with
“integrality” on the O7þ being defined as having even
number of prongs. Analogously, magnetically charged
states are described by physical 5-branes with integral
number of prongs on all 7-branes, including the O7þs.
However, since the 7-branes move on a compact P1,
physical junctions must have vanishing asymptotic ðpqÞ
charge, i.e., have no open ends. This means that the
physical string/5-brane junction lattice, corresponding to
dynamical electric/magnetic states of the 8D supergravity
theory, is

10The number of branes in the setup can also be understood as
the demand that their cumulative gravitational backreaction in
terms of the induced deficit angle adds up to 4π as appropriate for
the two-sphere S2 ∼ P1.
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Jelphys ¼
8<: j ¼P

24−10k
i¼1 aix½pi;qi� þ

P
k
j¼1ð2bjω

O7þj
p þ 2b̃jω

O7þj
q Þ;

with ai; bj; b̃j ∈ Z;
P
i
aipi þ

P
j
2bj ¼ 0;

P
i
aiqi þ

P
j
2b̃j ¼ 0

9=;;

Jmag
phys ¼

8<: j ¼P
24−10k
i¼1 aix½pi;qi� þ

P
k
j¼1ðbjω

O7þj
p þ b̃jω

O7þj
q Þ;

with ai; bj; b̃j ∈ Z;
P
i
aipi þ

P
j
bj ¼ 0;

P
i
aiqi þ

P
j
b̃j ¼ 0

9=;: ð4:2Þ

Obviously, these lattices are of rank 24 − 10k − 2 ¼ 22 − 10k.

Furthermore, by Hanany-Witten transitions, different
elements in these lattices can represent the same physical
junction. Equivalently, we can add arbitrary multiples of
so-called (global) integer null junctions,

JN;el=mag
int ¼ fδNðr;sÞ ∈ Jel=mag

phys jδNðr;sÞ
¼ lðr;sÞloops around all 7-branesg; ð4:3Þ

where it is understood that, a priori, there are different
integral null junctions for strings and 5-branes. Because of
the compactness, such a loop can be shrunk to a point “on
the other side” of the P1 without crossing any 7-branes, and
thus are physically trivial. However, they would appear as a
nontrivial element in Jphys after pulling them through the
7-branes, which must therefore be modded out before we
can identify the junction lattice with the physical charge
lattice. Note that, by construction, δNðr;sÞ ∈ JNint has trivial

pairing with any other δN ∈ JNint, as well as no asymptotic
ðpqÞ charge (since they encircle a configuration with trivial

overall monodromy). Moreover, ðδNðr;sÞ; jÞ ¼ 0 for all

δNðr;sÞ ∈ JNint if and only if j has zero asymptotic charge

[38]. Hence, δNðr;sÞ ∈ JNint has trivial pairing with all physical

junctions, explaining the prefix “null.” As a notational
convention, we shall denote any loop junctions lðr;sÞ with
no asymptotic charge by δðr;sÞ.
This allows us now to identify the (co)character lattice

Λc (Λcc), the lattice of all electrically (magnetically)
charged states present in the supergravity theory, as

Λc ≅ Jelphys=J
N;el
int ; Λcc ≅ Jmag

phys=J
N;mag
int ; ð4:4Þ

which are rank 20 − 8k lattices. Since we mod out a
sublattice that is null, the junction pairing on (4.1) induces
a nondegenerate pairing on these lattices, whose signature
can be shown to be ð2; 18 − 8kÞ. For ½je� ∈ Λc and ½jm� ∈
Λcc with representatives je; jm ∈ Jel=mag

phys , integrality of the
Dirac pairing requires ðje; jmÞ ∈ Z. Moreover, the com-
pleteness hypothesis for quantum gravity implies that the
two lattices are dual to each other, Λc ¼ ðΛccÞ�, i.e., for any

½je� there is a ½jm� such that ðje; jmÞ ¼ 1 and vice versa.
This can be explicitly checked, as we will discuss later.
Now suppose that the 7-branes give rise to the full 8D

gauge algebra

g ¼⨁
σ
gσ ⊕ uð1Þ⊕rA ; with

rA ¼ 20 − 8k −
X
a

rankðgaÞ: ð4:5Þ

Since for each 7-brane stack with gauge factor gσ, we have

(co)weight junctions wð∨Þσ;iσ
, iσ ¼ 1;…; rankðgσÞ, we can

uniquely (up to global null junctions) decompose11

jeðmÞ ¼
X
σ

�X
iσ

aiσσ w
ð∨Þ
σ;iσ
þ apσωσ

p þ aqσωσ
q

�
þ
X
s

bsxs ∈ Jel ðmagÞ
phys ; ð4:6Þ

where s labels the remaining 7-branes (including potential
O7þs) that are not part of the non-Abelian stacks, on which
the prongs must be integral, bs ∈ Z (or satisfy the corre-
sponding integrality condition on O7þs). Since gauge

charges under gσ are carried by the (co)weights wð∨Þσ;iσ
,

the states with only Abelian charges live in the subspace
orthogonal to the (co)weights,

Jel=mag
A ≔ fPAðjeðmÞÞjjeðmÞ ∈ Jel ðmagÞ

phys g
phys

≡
�X

σ

ðapσωσ
p þ aqσωσ

qÞ þ
X
s

bsxs

�
∩ Jel=mag

phys ;

ð4:7Þ
where PA is the projection onto the orthogonal complement
of the non-Abelian (co)weights. In particular, since global
null junctions have zero pairing with all physical junctions,
we have JN;el=mag

int ⊂ Jel=mag
A .

11Note that each stack σ can appear with a monodromy that is
conjugated by gσ ∈ SLð2;ZÞ compared to the “standard frame”
(2.8) or (3.6) chosen in the previous section, so that the extended
weights have ðp; qÞ charges gσð10Þ for ωσ

p and gσð01Þ for ωσ
q,

respectively.
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Because the overall ðpqÞ charge of any physical junction
must be zero, only specific linear combinations of extended
weights, and therefore, only (co)weights of gσ with specific
center charges, can be completed into a physical junction in
(4.6) with the available singlet branes. If the resulting string
junctions give rise to representations that are all invariant
under a subgroup Z of the center, then the gauge group has
some nontrivial global structure.
More precisely, the most general global gauge group

structure is

G ¼ ½
Q

σG̃σ=Z� × Uð1ÞrA
Z0

; ð4:8Þ

where G̃σ is the simply connected realization of the gauge
algebra gσ . The finite group Z embeds into the overall
center

Q
σ ZðG̃σÞ of the non-Abelian factors with a trivial

map to the Abelian groups, whereas Z0 does have a
nontrivial map into the Abelian sector. We will now explain
how to extract these discrete groups from junctions.
We first focus on the factor Z, which demands that

electric states can appear only in certain irreducible
representations under

Q
σ G̃σ that are invariant under Z.

Equivalently, this can be understood as the existence of
magnetic states ½jnAm � ∈ Λcc charged only under the non-
Abelian gauge factors, which via the Dirac pairing con-
dition ðje; jnAm Þ ∈ Z enforces the absence of electric states
that are not invariant under Z ⊂

Q
σ ZðG̃σÞ. Decomposing

such a junction,

jnAm ¼
X
σ

�X
iσ

aiσσ w∨
σ;iσ
þ apσωσ

p þ aqσωσ
q

�
þ
X
s

bsxs ∈ Jmag
phys; ð4:9Þ

the assumption that this junction is only charged under the
non-Abelian factors implies that the Abelian part,X

σ

ðapσωσ
p þ aqσωσ

qÞ þ
X
s

bsxs ∈ Jmag
A ⊗ Q; ð4:10Þ

has also zero pairing with every junction in Jmag
A . However,

this is only possible if it is proportional to a linear
combination of global integer null junction with rational
coefficients, i.e.,

PAðjnAm Þ ¼
X
σ

ðapσωσ
p þ aqσωσ

qÞ þ
X
s

bsxs ¼ bmδNðrm;smÞ;

δNðrm;smÞ ∈ JN;mag
int ; bm ∈ Q: ð4:11Þ

Considering such decompositions for all 5-brane junc-
tions jnAm ∈ Jmag

phys with no Abelian charge, one obtains the
lattice

JN;mag
frac ¼

�
bmδNðrm;smÞjjnAm

¼
X
σ

X
iσ

aiσσ w∨
σ;iσ
þ bmδNðrm;smÞ ∈ Jmag

phys

�
⊃ JN;mag

int ;

ð4:12Þ

of what is called (global) fractional null junctions [48,49].
Let us further denote the smallest positive integer nm such
that nmbmδNðrm;smÞ ∈ JN;mag

int . Since the prongs on Xs are

already integral, due to the physicality of jnAm , nm is also the
smallest positive integer such that nmðapσωσ

p þ aqσωσ
qÞ ∈

Jσphys; 5-branes is physical on every non-Abelian stack σ. At
the same time, according to the discussions around (2.33)
and (3.21), the coefficients ðapσ ; aqσÞ specify an element

zm ¼ ðzσÞ ∈
Y
σ

Jσext
Jσphys ∩ Jσext

≅
Y
σ

ZðG̃σÞ: ð4:13Þ

Since the set of all such zm generates the discrete factor Z
in (4.8), we find

Z ≅
JN;mag
frac

JN;mag
int

: ð4:14Þ

The main advantage of this formula is that we can
conveniently compute JN;mag

frac from pulling the two gen-
erators δNa of JN;mag

int across all 7-brane stacks, which yields

δNa ¼
X
σ

ðcpa;σωσ
p þ cqa;σωσ

qÞ þ
X
s

ca;sxs ∈ Jmag
phys: ð4:15Þ

Then JN;mag
frac is generated by Q-linear combinations,

λ1δN1 þ λ2δN2 ¼
X
σ

ððλ1cp1;σ þ λ2c
p
2;σÞωσ

p

þ ðλ1cq1;σ þ λ2c
q
2;σÞωσ

qÞ
þ
X
s

ðλ1c1;s þ λ2c2;sÞxs; ð4:16Þ

such that ðλ1cp1;σ þ λ2c
p
2;σÞ, ðλ1cq1;σ þ λ2c

q
2;σÞ are integers,

and ðλ1c1;s þ λ2c2;sÞ satisfies the physicality condition on
Xs. As advertised, this procedure applies indiscriminately
to configurations with or without O7þ planes, as long as the
integrality conditions on O7þs and spn stacks follow the
prescription in Sec. III.
The second discrete factor Z0 ⊂

Q
σ ZðG̃σÞ × Uð1ÞrA in

(4.8) correlates the representations under the non-Abelian
factors

Q
σ G̃σ of electric states to their uð1Þ charges, such

that their transformation under
Q

σ ZðG̃σÞ is compensated
by a Z0 subgroup in Uð1ÞrA . Analogously as above, this
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subgroup can be viewed as being enforced by the presence
of magnetic states, now with nontrivial Uð1Þ charges, and
hence have a junction representation ½jm� ∈ Λcc with

Jmag
phys ∋ jm ¼

X
σ

�X
iσ

aiσσ w∨
σ;iσ
þapσωσ

pþaqσωσ
q

�
þ
X
s

bsxs

¼
X
σ

X
iσ

aiσσ w∨
σ;iσ
þ jA;m; ð4:17Þ

where jA;m ¼ PAðjmÞ ∈ JA ⊗ Q is no longer a null junc-
tion. Nevertheless, as the mismatch of jA;m from being a
physical junction is still determined by the coefficients
ðapσ ; aqσÞ, we have

Z0 ¼ PAðJmag
physÞ

Jmag
A

: ð4:18Þ

Intuitively, this measures the “fractionality” of the uð1Þ
charges of all magnetic objects (living in Jmag

phys) with respect
to the charges of those that are uncharged under any non-
Abelian symmetry (and hence live in Jmag

A ). Note that, since
PAðJNintÞ ¼ JNint, the null junctions do not affect these
quotients.

B. Duality to heterotic and CHL descriptions

Theories of rank (2,18) and (2,10) have a dual con-
struction in terms of the heterotic and CHL string, respec-
tively, which provides a crosscheck for the junction
description. In both cases, electrically charged states are
identified as elements from a momentum lattice for
perturbative string excitations. For the heterotic string
the momentum lattice is the so-called Narain lattice [68]:

ΛNarain ¼ ð−E8Þ ⊕ ð−E8Þ ⊕ U ⊕ U; ð4:19Þ

with ð−E8Þ as the negative of the E8 root lattice and U the
hyperpolic lattice defined by the bilinear form

U∶
�
0 1

1 0

�
: ð4:20Þ

The CHL string is determined by the Mikhailov lattice [69]

ΛMikhailov ¼ ð−D8Þ ⊕ U ⊕ U ¼ ð−E8Þ ⊕ U ⊕ Uð2Þ;
ð4:21Þ

with the negative spin(16) root lattice ð−D8Þ. Here, UðxÞ
denotes a lattice of rank two with bilinear form (4.20)
multiplied by x.
Following the notation of [13], we will denote them

collectively as ΛS. Then, if the duality holds, we expect
ΛS ¼ Λc. Equivalently, points in the dual momentum

lattice12 correspond to physical magnetically charged
states and therefore must be associated to 5-brane
junctions (modulo null junctions) in Λcc. The non-
Abelian gauge factors are then specified by an embedding
of the corresponding (negative) root lattice into ΛS; the
coroot lattice then naturally embeds in the dual lattice Λ�S.
It is worth noting that the computation of the gauge group
topologies from this data [13,29,52] is in a sense
complimentary to the junctions approach outlined above.
While in both scenarios, the setting is fully characterized
by the non-Abelian gauge algebras (by specifying either
the 7-brane stacks or the embedding of the (co)root
lattices), the gauge group is concisely encoded in the
projection of the full physical lattice onto the Abelian
junctions [see (4.14) and (4.18)], the methods in
[13,29,52] extract the gauge group from the projection
onto the (co)root lattice.
To corroborate the equivalence of the two approaches,

we describe in the following the precise identification of
the momentum lattices with string junctions on 7-brane
configurations with zero or one O7þ plane.

1. Narain lattice from junctions

To construct the Narain lattice (4.19) from junctions, it is
easiest to find a 7-brane configuration in which the two
ð−E8Þ factors are manifest via the root junctions on two e8
7-brane stacks, and make use of the fact that the lattice
structure does not change as we move 7-branes. Each of
these e8 stacks contains ten 7-branes, leaving a remaining
four branes to specify the compact type IIB background. A
convenient configuration of this sort has been presented in
Sec. 7 of [70], and takes the form

AðA7BCCÞX½3;1�A0ðA7BCCÞ0X0½3;1�; ð4:22Þ

up to possible SLð2;ZÞ conjugations. In fact, the above
configuration has two identical parts, consisting of
AðA7BCCÞX½3;1�, each having a trivial SLð2;ZÞ
monodromy.13 In addition, by pushing the 12 branes onto
a single stack, one enhances the symmetry to the so-called
double loop algebra ê9, whose significance we will explain
further in Sec. V. In an F-theory description, one may
interpret this configuration as a stable degeneration limit of
the elliptically fibered K3 into two dP9 surfaces.
Note that for e8, whose extended weights (2.29) are

physical, roots and weights junctions agree, so the span of
all physical string prongs on each e8 stack [with decom-
position as in (2.30)] contains two copies of the ð−E8Þ
lattice. Next we need to find the factor U ⊕ U in the
orthogonal complement of the e8 root lattices. A convenient

12Note that Λ�Narain ¼ ΛNarain is self-dual while Λ�Mikhailov ≠
ΛMikhailov is not.

13Note however that the spin cover of the monodromy is
nontrivial and given by ð−1ÞF ∈ Mpð2;ZÞ, see, e.g., [71–73].
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set of generators for these two hyperbolic lattices can be
expressed as14

U∶ðδð1;0Þ; δð1;0Þ þ x½3;1� − x0½3;1�Þ;
U∶ðδð3;1Þ; δð3;1Þ − aþ a0Þ: ð4:23Þ

Here δðr;sÞ ¼ lðr;sÞ denotes a ðr; sÞ-string loop around one
AðA7BCCÞX½3;1� configuration, which has no asymptotic
charge since this stack has no overall monodromy. Its
orthogonality to the e8 root lattice is evident from the fact
that this junction has no prongs on any of the two stacks.
Note that, as is evident from Fig. 6, such a loop automati-
cally encircles the other AðA7BCCÞX½3;1� configuration.
Using Hanany-Witten transition one can rewrite them in
terms of integer strings ending on the brane constituents in
the interior (say, on the left in Fig. 6), e.g.,

δð1;0Þ ¼ 3ωe8
p þ ωe8

q − x½3;1�;

δð3;1Þ ¼ −aþ ωe8
p ; ð4:24Þ

or equivalently for the primed stack.
This accounts for a rank 20 sublattice ð−E8Þ⊕2 ⊕ U⊕2 of

the full string junction lattice Jelphys. The remaining two
directions are spanned by the global null junctions JNint, for
which the canonical basis is

δNð1;0Þ ¼ −ð3ωe8
p þωe8

q Þ þ x½3;1� − ð3ωe0
8
p þω

e0
8
q Þ þ x½3;1�0;

δNð0;1Þ ¼ −aþ 10ωe8
p þ 3ωe8

q − 3x½3;1� − a0

þ 10ωe8 0
p þ 3ωe8 0

q − 3x½3;1�0: ð4:25Þ

Since these have trivial pairing with all physical junctions,
the lattice pairing of the above generators (including the e8

roots and those of the U lattices) descend, without
modification, to the quotient

Λc ¼
Jelphys
JN;el
int

¼ ð−E8Þ⊕2 ⊕ U⊕2 ⊕ JN;el
int

JN;el
int

≅ ΛNarain: ð4:26Þ

Since there are no O7þ planes, the 5-brane junction lattices
are the same as their stringy counterparts, so we immedi-
ately find

Λcc ¼ Jmag
phys=J

N;mag
int ≅ Jelphys=J

N;el
int ≅ ΛNarain ¼ Λ�Narain:

ð4:27Þ

2. Mikhailov lattice from junctions

The Mikhailov lattice describing the momentum lattice
for the 8D CHL string is obtained as follows. We keep one
of the ê9 configurations unchanged, which still leads to an
ð−E8Þ factor in the string junction lattice. On the other side,
we remove a C-brane from the e8 stack, but add to it the
singlet A-brane, which leads to an so16 brane stack, which
we then “freeze” into an O7þ plane:

AE8X½3;1� ¼ AðA7BCCÞX½3;1�
→ ðA8BCÞCX½3;1� → O7þCX½3;1�: ð4:28Þ

The resulting complete 7-brane configuration,

O7þCX½3;1�A0ðA7BC2ÞX0½3;1�; ð4:29Þ

and is depicted in Fig. 7. The total rank of the junction
lattice is now 14.
Inside the string junction lattice Jelphys of this configura-

tion, we now need to identify U ⊕ Uð2Þ orthogonal to the
e8 roots. Given the similarities to the rank (2,18) configu-
ration, a natural choice for the generators would be a
variation of (4.23). While the first set exists also for the
frozen configuration, the second U factor has a generator

FIG. 6. String junction lattice for rank (2,18) theories.

FIG. 7. String junction lattice for rank (2,10) theories.14This is the same result as in [70] (see their Fig. 8).
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with a single a prong, which would become part of the
O7þ, and not be physical. Therefore, the set of generators
orthogonal to the E8 root lattice are

U∶ðδð1;0Þ; δð1;0Þ þ x½3;1� − x0½3;1�Þ;
Uð2Þ∶ðδð3;1Þ; 2δð3;1Þ þ 2ωO7þ

p − 2a0Þ; ð4:30Þ

where the second generator of Uð2Þ is primitive because of
the evenness condition for strings ending on O7þ. These
have an equivalent representation with

δð1;0Þ ¼ 2ωO7þ
p þ c − x½3;1�;

δð3;1Þ ¼ −2ωO7þ
p − 2ωO7þ

q þ 2c: ð4:31Þ

After quotienting out the global null junctions JN;el
phys, with

generators

δNð1;0Þ ¼ −2ωO7þ
p − cþ x½3;1� − ð3ωe0

8
p þω

e0
8
q Þ þ x0½3;1�;

δNð0;1Þ ¼ 4ωO7þ
p − 2ωO7þ

q þ 5c − 3x½3;1� − a0

þ 10ω
e0
8
p þ 3ω

e0
8
q − 3x0½3;1�; ð4:32Þ

one finds

Λc ≅ ð−E8Þ ⊕ U ⊕ Uð2Þ ¼ ΛMikhailov: ð4:33Þ

In this case it is interesting to also analyze the 5-brane
junctions that correspond to the dual lattice. Here, it is
important to remember that 5-branes have different physi-
cality conditions, which allow for an arbitrary integer
number of them to end on the O7þ plane. This does not
affect the e8 root junctions, and the U factor in (4.30),
but does imply that δð3;1Þ in (4.31) is no longer a primitive
5-brane junction. Instead, it is a multiple of

1

2
δð3;1Þ ¼ δð3=2;1=2Þ ¼ −ωO7þ

p − ωO7þ
q þ c: ð4:34Þ

This implies that the there is an overlattice ofUð2Þ in (4.30)
inside the physical 5-brane junction lattice, given by

U

�
1

2

�
∶
�
1

2
δð3;1Þ; δð3;1Þ þωO7þ

p − a0
�
: ð4:35Þ

Note that the null junction lattice spanned by (4.32) remain
primitive as a sublattice of Jmag

phys. Therefore one has for the
magnetic 5-brane junction lattice

Λcc ¼ ð−E8Þ ⊕ U ⊕ U

�
1

2

�
¼ Λ�Mikhailov; ð4:36Þ

which precisely coincides with the dual of the Mikhailov
lattice (4.21).

C. A rank (2,2) momentum lattice

Eight-dimensional rank (2,2) string vacua have no
known constructions as T2 or S1 reductions of the heterotic
or CHL string. However, using the junctions, we propose
an analog of a momentum lattice description, which can be
applied, in particular, to determine the gauge group
topologies of these theories. To this end, we start with a
7-brane configuration with two O7þs, which we obtain
from further freezing an so16 stack on the primed side of
(4.22). The overall brane configuration is then given by

O7þCX½3;1�O7þ0C0X0½3;1�; ð4:37Þ

and is depicted in Fig. 8.
The string junction lattice in this case has rank 6, whose

non-null directions are isomorphic to

U ⊕ Uð2Þ: ð4:38Þ

The explicit generators in terms of physical string junctions
are given by

U∶ ðδð1;0Þ; δð1;0Þ þ x½3;1� − x0½3;1�Þ;
Uð2Þ∶ ðδð3;1Þ; 2δð3;1Þ þ 2ωO7þ

p − 2ωO7þ0
p Þ; ð4:39Þ

where the loop junctions satisfy the same relation as in
(4.31). The string null junctions JN;el

phys have generators

δNð1;0Þ ¼ −2ωO7þ
p − cþ x½3;1� − 2ωO7þ0

p − c0 þ x0½3;1�;

δNð0;1Þ ¼ 4ωO7þ
p − 2ωO7þ

q þ 5c − 3x½3;1�

þ 4ωO7þ0
p − 2ωO7þ0

q þ 5c0 − 3x0½3;1�: ð4:40Þ

The full physical string junction lattice is therefore
Jelphys ¼ U ⊕ Uð2Þ ⊕ JN;el

phys.
As for the rank (10,2) case above, we find that for

5-branes the Uð2Þ turns into a Uð1
2
Þ, i.e., Jmag

phys ¼
U ⊕ Uð1

2
Þ ⊕ JN;mag

phys . A novel modification that will affect

FIG. 8. String junction lattice for rank (2,2) theories.
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the gauge group computation is that also the null junctions
are refined. Namely, the generators of JN;mag

phys are

1

2
ðδNð1;0Þ þ δNð0;1ÞÞ ¼ δNð1=2;1=2Þ ¼ ωO7þ

p − ωO7þ
q þ 2c − x½3;1�

þ ωO7þ0
p − ωO7þ0

q þ 2c0 − x0½3;1�;

1

2
ðδNð1;0Þ − δNð0;1ÞÞ ¼ δNð1=2;−1=2Þ ¼ −3ωO7þ

p þ ωO7þ
q

− 3c − 2x½3;1� − 3ωO7þ0
p þ ωO7þ0

q

− 3c0 þ 2x0½3;1�: ð4:41Þ

In summary, after modding out the null junctions, we have

Λc ¼ U ⊕ Uð2Þ; Λcc ¼ U ⊕ U

�
1

2

�
¼ Λ�c : ð4:42Þ

D. Examples

Using the techniques outlined in Sec. IVA, we can
determine the brane configurations and the resulting gauge
group topologies for all 8D N ¼ 1 string vacua. This is
done explicitly for all maximally enhanced cases on each
branch of the moduli space, as summarized in Appendix C.
In the following we demonstrate the general procedure in
specific examples. For convenience, we focus 8D theories
that were discussed in [34,52] from the perspective of the
heterotic or CHL momentum lattice. The generalization to
rank (2,2) theories is, to our knowledge, the first time in
the literature the global gauge group topology has been
computed for these string vacua.

1. A rank (2,18) example

The non-Abelian gauge algebra of the model is given by

g ¼ so20 ⊕ su4 ⊕ su4 ⊕ su2 ⊕ su2; ð4:43Þ

which can be generated by the following brane configu-
ration:

ðA10BCÞN4X4
½1;3�X

2
½2;5�C

2: ð4:44Þ

Note that for a consistent overall monodromy, the su
algebras are not associated to a stack ofA-branes, but rather
in some SLð2;ZÞ conjugated frame. Accordingly, the
associated extended weight junctions summarized in
(2.29) need to be conjugated and are given by

so20ðA10BCÞ∶ ωp ¼
1

2
ðbþ cÞ; ωq ¼

1

2

X10
i¼1

ai − 3b− 2c;

su4ðN4Þ∶ ωð0;1Þ ¼
1

4

X4
i¼1

ni;

su4ðX4
½1;3�Þ∶ ωð1;3Þ ¼

1

4

X4
i¼1

x½1;3�;i;

su2ðX2
½2;5�Þ∶ ωð2;5Þ ¼

1

2

X2
i¼1

x½2;5�;i;

su2ðC2Þ∶ ωð1;1Þ ¼
1

2

X2
i¼1

ci; ð4:45Þ

where ωðp;qÞ is the extended weight of the corresponding
su stack with asymptotic ðpqÞ charge. In terms of these
extended weights the two linearly independent integer null
junctions are given by

δNð1;0Þ ¼−2ωp−4ωð0;1Þ þ4ωð1;3Þ−2ωð2;5Þ þ2ωð1;1Þ;

δNð0;1Þ ¼6ωp−2ωqþ24ωð0;1Þ−20ωð1;3Þ þ8ωð2;5Þ−2ωð1;1Þ:

ð4:46Þ

Notice how, in both junctions, the greatest common divisor
of the coefficients is 2. Therefore, the fractional null
junctions are generated by

JN;mag
frac ¼

�
λNð1;0Þδ

N
ð1;0Þ þ λNð0;1Þδ

N
ð0;1ÞjλNð1;0Þ; λNð0;1Þ ∈

1

2
Z

�
;

ð4:47Þ

and the global realization of the non-Abelian gauge group
is determined by

Z ¼ JNfrac
JNint
¼
fx
2
δNð1;0Þjx ∈ Zg
ðδNð1;0ÞÞ

×
fy
2
δNð1;0Þjy ∈ Zg
ðδNð0;1ÞÞ

≅ Z2 × Z2:

ð4:48Þ

Moreover, the coefficients in front of the extended weights
in 1

2
δN determine, according to (2.33), the generators of

Z ⊂ Zðspinð20ÞÞ × ZðSUð4ÞÞ2 × ZðSUð2ÞÞ2 to be

1

2
δNð1;0Þ≃ ð1;0;2;2;1;1Þ∈ ðZ2 ×Z2Þ×Z4 ×Z4 ×Z2 ×Z2;

1

2
δNð0;1Þ≃ ð1;1;0;2;0;1Þ∈ ðZ2 ×Z2Þ×Z4 ×Z4 ×Z2 ×Z2:

ð4:49Þ

Beyond the non-Abelian gauge factors, the theory
contains two graviphotons generating two uð1Þ gauge
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factors. These arise from Abelian junctions (4.7) that are
not null junctions, which for the present model can be
easily determined, from (4.45), to be linear combinations of

u1 ¼ 4ðωð0;1Þ þωð1;3Þ − ωð2;5Þ þ ωð1;1ÞÞ≡ 4v1;

u2 ¼ 4ðωð0;1Þ − ωqÞ≡ 4v2: ð4:50Þ

va, while themselves nonphysical, can be made physical by
adding coweight junctions, so lie in PAðJmag

physÞ. At the same
time, there are no “finer” coweights to make fractions of va
physical, so va generates PAðJmag

physÞ. Then, the Abelian
quotient Z0, according to (4.18), is

Z0 ¼ PAðJmag
physÞ

Jmag
A

¼ fxv1jx ∈ Zg
ðu1Þ

×
fyv2jy ∈ Zg
ðu2Þ

¼ Z4 ×Z4:

ð4:51Þ

The generators of Z0 are

v1 ≃ ð0; 0; 1; 1; 1; 1jeiπ=2; 1Þ
∈ ðZ2 × Z2Þ × Z4 × Z4 × Z2 × Z2 ×Uð1Þ1 ×Uð1Þ2;

v2 ≃ ð0; 1; 1; 0; 0; 0j1; eiπ=2Þ
∈ ðZ2 × Z2Þ × Z4 × Z4 × Z2 × Z2 ×Uð1Þ1 ×Uð1Þ2;

ð4:52Þ

where we have used a vertical line to separate the finite
groups from the Uð1Þs, whose trivial element is 1.
Consequently, the global form of the gauge group is

given by

½ðspinð20Þ × SUð2Þ2 × SUð4Þ2Þ=ðZ2 × Z2Þ� ×Uð1Þ2
Z4 × Z4

;

ð4:53Þ

in perfect agreement with the heterotic analysis in [34].

2. A rank (2,10) example

Since the brane configuration above already contains an
so16 stack we can simply reinterpret this as an O7þ plane,
leading to the brane configuration

ðA2O7þÞN4X4
½1;3�X

2
½2;5�C

2: ð4:54Þ

This setup has a non-Abelian gauge algebra given by

g ¼ sp2 ⊕ su4 ⊕ su4 ⊕ su2 ⊕ su2; ð4:55Þ

leading to a model with rank (2,10) dual to a specific CHL
background. Except for the sp factor, the extended weights
are the same as in (4.45). For the sp algebra one has

sp2ðA2O7þÞ∶ ωp ¼ ωO7þ
p ;

ωq ¼
1

2
ða1 þ a2Þ − ωO7þ

p þωO7þ
q : ð4:56Þ

Formally, the global null junctions δNðp;qÞ are the same as

in (4.46), except that the ωp;q appearing there are now the
extended weight junctions of sp. Again, we can divide both
by 2, obtaining the fractional 5-brane junctions

JN;mag
frac ¼

�
λNð1;0Þδ

N
ð1;0Þ þ λNð0;1Þδ

N
ð0;1ÞjλNð1;0Þ; λNð0;1Þ ∈

1

2
Z

�
;

ð4:57Þ

implying Z ≅ Z2 × Z2, with generators

1

2
δNð1;0Þ ≃ ð0; 2; 2; 1; 1Þ ∈ Z2 × Z4 × Z4 × Z2 × Z2

¼ ZðSpð2Þ × SUð4Þ2 × SUð2Þ2Þ;
1

2
δNð0;1Þ ≃ ð1; 0; 2; 0; 1Þ ∈ Z2 × Z4 × Z4 × Z2 × Z2

¼ ZðSpð2Þ × SUð4Þ2 × SUð2Þ2Þ; ð4:58Þ

where the entry for Z2 ¼ ZðSpð2ÞÞ is determined only by
the coefficient in front of ωq, see (3.21).
In a similar way, there are two uð1Þ generators that

formally are the same as in (4.50). Since ðu1; v1Þ have no
prongs on the sp stack, we get a Z4 factor in Z0, with
generator

v1 ≃ ð0;1;1;1;1jeiπ=2;1Þ∈Z2×Z2
4×Z2

2×Uð1Þ1 ×Uð1Þ2:
ð4:59Þ

Moreover, since v2 has an order-4 prong that is not on the
O7þ, physicality conditions do not change the fact that we
obtain another Z4 factor in Z0, now with generator

v2 ≃ ð1;1;0;0;0j1;eiπ=2Þ∈Z2×Z2
4×Z2

2×Uð1Þ1 ×Uð1Þ2:
ð4:60Þ

To summarize, the global gauge group of this rank (2,10)
model is

½ðSpð2Þ×SUð2Þ2×SUð4Þ2Þ=ðZ2×Z2Þ�×Uð1Þ2
Z4×Z4

; ð4:61Þ

agreeing with the CHL result computed in [34].

3. A rank (2,2) example

The rank (2,2) moduli branch has six special points with
non-Abelian symmetry enhancements [35]. We have enu-
merated the 7-brane configurations for all of these, as well
as the resulting gauge group topologies in Appendix C 4.
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It turns out that there is only one whose non-Abelian
gauge group is nonsimply connected. For illustration,
we consider this example in more detail. The brane
configuration is

O7þO7þ0B2C2; ð4:62Þ

where the monodromy of the O7þ0 is SLð2;ZÞ conjugated
to be ð 7 16

−4 −9 Þ.
15 Notice that, since the extended weights

of O7þ generate all ðpqÞ charges, whose parity is invariant
under SLð2;ZÞ conjugation, we use the canonical basis
ωO7þ0

p;q for the O7þ0, which have ð1
0
Þ and ð0

1
Þ prongs,

respectively.
The non-Abelian gauge algebra of (4.62) is su2 ⊕ su2,

with extended weights

su2ðB2Þ∶ ωð1;−1Þ ≡ ωb ¼
1

2
ðb1 þ b2Þ;

su2ðC2Þ∶ ωð1;1Þ ≡ ωc ¼
1

2
ðc1 þ c2Þ: ð4:63Þ

The physical 5-brane null junctions JN;mag
phys [see (4.41)]

are then

δNð1=2;1=2Þ ¼ ωO7þ
p − ωO7þ

q þωO7þ0
p − ωO7þ0

q − 2ωb;

δNð1=2;−1=2Þ ¼ −3ωO7þ
p þωO7þ

q − 7ωO7þ0
p

þ 5ωO7þ0
q þ 8ωb þ 2ωc; ð4:64Þ

from which we find that the fractional null junctions JN;mag
frac

is generated by

1

2
ðδNð1=2;1=2Þ þ δNð1=2;−1=2ÞÞ
¼ δNð1=2;0Þ

¼ −ωO7þ
p − 3ωO7þ0

p þ 2ωO7þ0
q þ 3ωb þ ωc: ð4:65Þ

It corresponds to the generator

ð3 mod 2; 1 mod 2Þ ¼ ð1; 1Þ ∈ Z2 × Z2

¼ ZðSUð2Þ × SUð2ÞÞ ð4:66Þ

of Z ¼ JN;mag
frac =JN;mag

phys ¼ Z2.
Together with the null junctions, the Abelian junction

lattice Jmag
A is generated by

u1 ¼ 2v1 ¼ 2ð−ωO7þ
p þ ωO7þ

q þ ωbÞ;
u2 ¼ 2v2 ¼ 2ð−ωO7þ

p − ωO7þ
q þωcÞ: ð4:67Þ

Clearly, this leads to Z0 ¼ Z2 × Z2, with generators

v1 ≃ ð1; 0j − 1; 1Þ
v2 ≃ ð0; 1j1;−1Þ

�
∈ Z2 × Z2 ×Uð1Þ1 ×Uð1Þ2
¼ ZðSUð2ÞB × SUð2ÞC ×Uð1Þ1 × Uð1Þ2Þ: ð4:68Þ

The full gauge group is thus

½SUð2Þ × SUð2Þ�=Z2 ×Uð1Þ2
Z2 × Z2

: ð4:69Þ

V. NINE-DIMENSIONAL VACUA VIA AFFINE
7-BRANE STACKS

Recently, it was argued that one can recover any 9DN ¼ 1
string vacuum with gauge rank (1,17) from F-theory on a
suitably degeneratedK3 geometry that lies at infinite distance
in the complex structure moduli space [27,28]. As shown in
these works, such decompactification limits have a particu-
larly convenient description in terms of ½p; q�-7-branes and
junctions that realize affine algebras. In the following, we
demonstrate how the methods from the previous sections
naturally apply also to these limiting configurations, and
compute the 9Dgaugegroup topologies for rank (1,17)vacua.
Since the affinization is characterized entirely by the

SLð2;ZÞ monodromy, a natural proposition is that these
configurations also describe 9D uplifts when we include
O7þ planes. Indeed, (after resolving an ambiguity by string
dualities) this straightforwardly reproduces the landscape
of 9D rank (1,9) vacua [52], including their global gauge
group structures. Moreover, applying the same reasoning to
configurations with two O7þs, we consistently find two
branches of 9D rank (1,1) vacua [54], which are only
connected through circle reductions to 8D.
The key ingredient that enters the description for all

ranks are 7-brane stacks realizing an affine Lie algebra êk,
which we will now briefly recall.
As found in [70,74,75], the en and ẽn algebras can be

enhanced to their affine versions, by including a specific
7-brane on top:

Ên≥1 ¼ An−1BC2|fflfflfflfflfflffl{zfflfflfflfflfflffl}
En

X½3;1� ¼ An−1BCBC;

ˆ̃En≥0 ¼ AnX½2;−1�C|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
Ẽn

X½4;1�: ð5:1Þ

Note that for n ≥ 2, these are equivalent up to 7-brane
moves and SLð2;ZÞ conjugations [75]. It is straightforward

15This can be viewed as freezing both so16 algebras of the rank
(2,18) configuration ðA8BCÞðX8

½2;−1�BX½3;−1�ÞB2C2.
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to check that, in this SLð2;ZÞ frame, they have
monodromy

MðÊnÞ ¼ Mð ˆ̃EnÞ ¼
�
1 9 − n

0 1

�
: ð5:2Þ

The hallmark of these stacks is the existence of a special
loop junction δð1;0Þ ≡ δ around them (with no asymptotic
charge), satisfying ðδ; δÞ ¼ ðδ;αiÞ ¼ 0, with αi the root
junctions of En or Ẽn. By a Hanany-Witten transition, one
finds the equivalent presentation [70]

δÊ ¼ x½3;1� − b − c1 − c2 ¼ b2 þ c2 − b1 − c1;

δ ˆ̃E
¼ x½4;1� − 2c − x½2;−1�: ð5:3Þ

Representation theoretically, δ plays the role of the
imaginary root required for the affinization of en or ẽn.
They generate an infinite dimensional Kac-Moody algebra
with roots fαþ kδjk ∈ Zg, where α is any root of en or ẽn.
When we separate the affinizingX-branes in (5.1) from the
en or ẽn stacks, these junctions, as strings, give rise to BPS
states with masses proportional to k. In the affine limit,
we thus obtain an infinite tower of massless BPS states.
Physically, string junctions of these type give rise to an
infinite tower of massless BPS states.
A special extension exists for n ¼ 8. Here, by adding an

A-brane from the left to the Ê8 or ˆ̃E8, the monodromy

becomes 1≡MðÊ9Þ ¼ Mð ˆ̃E9Þ. This would give rise to
two independent towers of massless BPS states from loops
of ð1

0
Þ and ð0

1
Þ string junctions, which lead to the double loop

enhancement of e8. These special enhancements reflect a
decompactification to 10D [27,28]. For discussions of 9D
vacua, we will not consider such double loop brane stacks,
but the necessary constituent branes form one half of the
rank (2,18) configuration (4.22) that correspond geomet-
rically to the singular fibers of a dP9 surface.
Among the various types of infinite distance limits of

F-theory compactified on K3 surfaces, those describing
decompactification from 8D to 9D are captured by so-
called Kulikov models of type III.a [27,28]. In these
geometries, the complex structure moduli have been tuned
such that the K3 degenerates into a collection of intersect-
ing elliptic and/or rational surfaces. While we refer to those
references for details, the relevant fact about these defor-
mations is that they correspond to brane motions which
generate one or two 7-brane stacks carrying an ên or ˆ̃en
algebra (with n ≤ 8). The tower of massless states from the
imaginary root may then be identified with the momentum
states of a Kaluza-Klein (KK) tower on a circle whose size
becomes infinite at the infinite distance limit. In the case
with two affine stacks, the individual imaginary root
junctions turn out to be identical in the global setting,
consistent with having just one KK tower [28].

A. Global structure of 9D vacua of rank 17

As for the classification of 8D vacua, one can also
categorize all brane configurations with such affine stacks.
Then, if the non-Abelian brane stacks correspond to the
algebra h ⊕ Ên or h ⊕ Ên ⊕ Êm (where E ¼ e or ẽ) for
some finite semisimple, simply laced algebra h, the
associated non-Abelian gauge algebra in 9D is h ⊕ En
or h ⊕ En ⊕ Em, respectively [27,28]. This reproduces,
e.g., all the maximally enhanced non-Abelian algebras (i.e.,
with rank 17) determined in the dual heterotic frame [29].
To also analyze the gauge group topologies in this

description, we need to examine the full junction lattice,
including the branes away from the affine stack. An
important detail here is that the overall gauge rank reduces
by 2 as we decompactify from 8D to 9D, corresponding to
the reinterpretation of the KK states (which become
massless) and the decoupling of the winding states (which
become infinitely heavy) as we increase the size of the
compactification circle. In the momentum lattice descrip-
tion of the 8D and 9D theories of rank (2,18) and (1,17),
respectively, we have

Λhet
8D ¼ Λhet

9D ⊕ U ⇒ Λhet
9D ≅ Λhet

8D=U; ð5:4Þ

with U the rank 2 hyperbolic lattice that is spanned by
the KK and winding states. Since the momentum lattice
is equivalently described by junctions Jelphys ¼ Jmag

phys ≅
Λhet
8D ⊕ JNphys, with the KK tower being generated by the

junction δ, there must exist another non-null junction ϵ that
generates this U factor with δ, i.e., satisfying

ðδ; ϵÞ ¼ 1; ðδ; δÞ ¼ ðϵ; ϵÞ ¼ ðδ; jÞ ¼ ðϵ; jÞ ¼ 0; ð5:5Þ

for j any (co)weight or (co)root junction, or a non-null
generator of the Abelian junctions JA. Such an ϵ junction
always exists, but the details depend on the specific
configuration.
Since the junction lattice reproduces the 9D momentum

lattice, it must also encode the global structure of the gauge
group. In particular, it allows us to use the intuition in terms
of fractional null junctions to rederive the results of [29].
Let us demonstrate this for 9D models with maximally
enhanced non-Abelian symmetries, for which there are two
classes of 8D brane configurations [28].
In the first class, the non-Abelian algebra (with the place

holder E ¼ e or ẽ) is

g8D;∞ ¼ su18−m−n ⊕ Êm ⊕ Ên ⇒ g9D

¼ su18−m−n ⊕ Em ⊕ En;m; n ∈ f0;1;3;…;8g;
ð5:6Þ

whose brane configurations (together with the U-lattice
generators) are
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m ≥ n ≥ 1∶ A18−m−nðAm−1X½n−10;1�X2
½n−8;1�X½n−6;1�

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Êm

ÞðAn−1BC2X½3;1�
zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{Ên

Þ;
ðδ; ϵÞ ¼ ðδRð1;0Þ; ðn − 5ÞδRð1;0Þ þ lR

ð0;1Þ þ x½n−6;1� − x½3;1�Þ; ð5:7aÞ

m ¼ 1; n ¼ 0∶ A17ðX½10;−1�X2
½8;−1�X½6;−1�

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Ê1

ÞðX½2;−1�CX½4;1�
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{ˆ̃E0

Þ;
ðδ; ϵÞ ¼ ðδRð1;0Þ;−17ωA þ x½10;−1� þ 2x½4;1� − cÞ; ð5:7bÞ

m > n ¼ 0;m ≠ 1∶ A18−mðAmX½11;−1�X½8;−1�X½5;−1�
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{ˆ̃Em≠1

ÞðX½2;−1�CX½4;1�
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{ˆ̃E0

Þ;
ðδ; ϵÞ ¼ ðδRð1;0Þ;−δRð1;0Þ þ x½5;−1� − 2x½2;−1� − cÞ: ð5:7cÞ

where δR and lR are loop junctions that encircle counterclockwise around the second affine stack. Note that, because the ð1
0
Þ

loop is mutually local with respect to the A-branes, it is evident that, by pulling δð1;0Þ across these, one obtains a loop
junction around the other affine stack, showing explicitly that imaginary roots of each affine stack are identical.
The second class has non-Abelian gauge algebras

g8D;∞ ¼ so34−2k ⊕ Êk ⇒ g9D ¼ so34−2k ⊕ Ek; 0 ≤ k ≤ 8; k ≠ 2; ð5:8Þ

whose brane configurations (and U-lattice generators) are

k ¼ 1; 3;…; 8∶ ðA17−kX½k−10;1�X½k−8;1�
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{D17−k

ÞX½k−8;1�ðAk−1BC2Xð1Þ½3;1�

zfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflffl{Êk

ÞXð2Þ½3;1�;
ðδ; ϵÞ ¼ ðδRð1;0Þ; δRð1;0Þ þ xð1Þ½3;1� − xð2Þ½3;1�Þ; ð5:9aÞ

k ¼ 0∶ ðA17X½10;−1�X
ð1Þ
½8;−1�

zfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflffl{D17

ÞXð2Þ½8;−1�ðX½2;−1�CX½4;1�
zfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflffl{ˆ̃E0

ÞX½3;1�;
ðδ; ϵÞ ¼ ðδRð1;0Þ;−2δRð1;0Þ þ xð2Þ½8;−1� − 3x½2;−1� − 2x½1;1�Þ; ð5:9bÞ

again, with the imaginary root junction δRð1;0Þ being the ð1
0
Þ loop around the affine stack to the right.

By separating the X-brane responsible for the affiniza-
tion from each affine stack, we obtain a genuine 8D
configuration. For these configurations, we can apply the
same procedure as in the previous section, and construct the
global fractional null junctions that encode to the cochar-
acters of the 8D gauge symmetry. Since the affinization
(5.4) mods out by physical junctions that are orthogonal to
the root lattices of the 9D gauge factors, it does not affect
the coefficients of global null junctions in front of the
extended weights. Therefore, the fractional null junctions
are the same for the 8D configuration as for its affinized
version.
As a concrete example, consider (5.9a) with k ¼ 7,

which in 9D gives rise to g9D ¼ so20 ⊕ e7. Separating
the singlet brane responsible for the affinization,

ðA10X½−3;1�X½−1;1�|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
D0

10

ÞX½−1;1�ðA6BC2|fflfflfflffl{zfflfflfflffl}
E7

ÞXð1Þ½3;1�Xð2Þ½3;1�; ð5:10Þ

we find the so20 stack to have monodromy ð−1 6

0 −1 Þ in
this SLð2;ZÞ frame, with extended weight junctions ω0p;q
carrying asymptotic ðpqÞ charges as follows:

ω0p∶
�
1

0

�
; ω0q∶

�−2
1

�
: ð5:11Þ

The two global null junctions δNð1;0Þ and δNð0;1Þ can be then

expressed in terms of the extended weightsω0p;q of so20 and
ωp;q of e7 as
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δNð1;0Þ ¼−2ω0p−x½−1;1�−5ωp−ωqþxð1Þ½3;1� þxð2Þ½3;1�;

δNð0;1Þ ¼2ω0p−2ω0qþ5x½−1;1� þ17ωpþ3ωqþxð1Þ½3;1� þxð2Þ½3;1�:

ð5:12Þ

It is easy to see that the fractional null junctions are then
multiples of

1

2
ðδNð1;0Þ þ δNð0;1ÞÞ

¼ −ω0q þ 2x½−1;1� þ 6ωp þωq þ xð1Þ½3;1� þ xð2Þ½3;1�: ð5:13Þ

By (2.33), this corresponds to the central element

ð0; 1; 1Þ ∈ Z2
2 × Z2 ¼ Zðspinð20Þ × E7Þ; ð5:14Þ

which leads to the 9D non-Abelian gauge group
½spinð20Þ × E7�=Z2.
To determine the full gauge group, including the grav-

iphoton Uð1Þ, we must first find the non-null generator of
the Abelian junction lattice that is orthogonal to the U
lattice spanned by ðδ; ϵÞ. In this example, it can be easily
determined (by avoiding prongs on the e7 stack or theX½3;1�
branes),

u ¼ 2v ¼ 2ðω0p þ ω0q − x½−1;1�Þ; ð5:15Þ

which immediately gives Z0 ¼ Z2, with generator

v ≃ ð1; 1; 0jeiπÞ ∈ Zðspinð20Þ × E7 ×Uð1ÞÞ: ð5:16Þ

Therefore, the 9D gauge group is

½spinð20Þ × E7�=Z2 ×Uð1Þ
Z2

: ð5:17Þ

By analogous computations, we compute the non-Abelian
gauge groups of all models with maximally enhanced non-
Abelian symmetry (summarized in Table I), which agree
with results from the heterotic picture [29].

B. Nine-dimensional CHL vacua via junctions

Having reproduced the maximal rank branch of the 9D
moduli space, we would like to extend the junction method
also to rank-reduced theories. We start by matching the
known circle compactification of the 9D CHL string in
terms of junctions in the presence of a single O7þ plane,
focusing again on the cases with maximal non-Abelian
gauge rank.
A key assumption here is that the decompactification

limit of 8D vacua, even in the presence of O7þ planes, is
characterized by the appearance of singularities in the
axiodilaton profile that induce SLð2;ZÞ monodromy of

affine type. Though we do not have a proof for this, we
expect the identification of the resulting loop junctions as
the only BPS tower compatible with decompactification to
be valid also with O7þ planes, given that the loop can be
thought of as a ðp; qÞ string that is only sensitive to the
monodromy, but not the details of the 7-branes. Moreover,
as we will see below, the results following this assumption
agree with the momentum lattice description for the 8D and
9D CHL strings [52,69].
Analogous to the procedure in previous sections of

describing the O7þ as freezing a so16 stack in an “ordinary”
rank (2,18) setting, we therefore focus on those brane
configurations in (5.7) and (5.9), whose non-Abelian
stack can host a so16. This is only possible if the
configuration includes a Dn≥8 or Ê8 brane stack. While
for (5.7), there is only one rank (2,18) configuration, with
g8D;∞ ¼ su2 ⊕ ê8 ⊕ ê8, there is an ambiguity for the
class (5.9), in that we can naively embed the O7þ inside
the ê8 or the so stack. However, inspecting the set of
allowed string and 5-brane junctions reveals a striking
difference between the two options.
If we embed the O7þ inside the so stack, the freezing of

the so16 subalgebra and the modified boundary conditions
for the junctions do not affect the U lattice. This is made
explicit in (5.9), since δ and ϵ junctions only have prongs
on the affine stack, which remains unmodified. On the other
hand, if we would embed the O7þ inside an Ê8, then the
freezing procedure restricts the set of allowed string
junctions to be orthogonal to the so16 roots, and have
even prongs on the orientifold plane. As we will explain in
detail in Appendix B, the result is that we can no longer
consistently define a U lattice from the allowed junctions.
Instead, the evenness condition can at most accommodate a
stretched hyperbolic lattice Uð2Þ.
Based on the dual CHL string description, we propose

that only the embeddings with a modified U lattice gives a
consistent 9D uplift. Namely, unlike the maximal rank case,
the momentum lattice ΛCHL

8D ≅ ð−E8Þ ⊕ U ⊕ Uð2Þ of 8D
CHL vacua is no longer self-dual, whereas the correspond-
ing 9D lattice ΛCHL

9D ≅ ð−E8Þ ⊕ U is [69]. The additional
Uð2Þ in 8D arises from the winding and KK states of the
CHL string, and must therefore be represented in terms of
the imaginary root junction around the affine stack, and
another string junction that emanates from it. If we embed
the O7þ inside the D17−k stack of (5.9) instead, then we
would have an unstretched U lattice for winding and KK
states. Moreover, if we would naively identify the wouldbe
9D gauge algebra with that of 8D (replacing the affine
symmetry with its nonaffine version), this kind of embed-
ding would lead to an sp algebra in 9D, which again is
not compatible with the CHL string. While these arguments
provide strong evidence in favor of the proposal, we
leave a rigorous proof for future works, and discuss the
resulting characterization of 9D CHL vacua in terms of
string junctions.
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Let us start from the 8D rank (2,18) configuration (5.7a)
with n ¼ 8, which, if we moved X½2;1� from Êm across the

branch cut of Ên¼8, becomes (5.9a) with k ¼ 8. Using the
brane moves described in Appendix B, we can turn the Ê8

into an SLð2;ZÞ-conjugated E9 stack:

A10−mðAm−1X½−2;1�X2
½0;1�X½2;1�

zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Êm

ÞX8
½0;1�X½1;4�X½1;2�

zfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflffl{D0
8

X½1;2�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
E0

9
≅Ê8

:

ð5:18Þ

The Êm stack can be conjugated by g ¼ ð 1 1

0 1
Þ to obtain

the standard form from Sec. II. In particular, this means
that the standard extended weight junctions now carry
asymptotic ðpqÞ charge given as

ωem
p ∶ g−1

�
1

0

�
¼
�
1

0

�
; ωem

q ∶ g−1
�
0

1

�
¼
�−1

1

�
: ð5:19Þ

The D08 stack can be conjugated by g0 ¼ ð 3 −1
1 0

Þ to

the standard representation, g0MðD08Þg0−1 ¼ MðA8BCÞ.
Introducing the O7þ, i.e., X8

½0;1�X½1;4�X½1;2� → O7þ0 [where
we use the prime to denote the nonstandard SLð2;ZÞ
frame], we obtain

A10−mðAm−1X½−2;1�X2
½0;1�|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}

Em

X½2;1�
zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{Êm

ÞO7þ0X½1;2�|fflfflfflfflfflffl{zfflfflfflfflfflffl}
∼E0

9
≅Ê8

: ð5:20Þ

Compared to the standard presentations discussed in
Sec. II [i.e., where the monodromy of O7þ is MðO7þÞ ¼
ð−1 4

0 −1 Þ], the O7þ monodromy in this SLð2;ZÞ frame is

TABLE I. Non-Abelian gauge group G9D of all maximally enhanced 9D rank (1,17) string vacua, seen as
dimensional uplifts of 8D string junction vacua. The generator of π1ðG9DÞ ≅ Zl is represented as a fractional null
junction (FNJ) δNðp;qÞ=l ¼ δNðp=l;q=lÞ.

ðg9D; π1ðG9DÞÞ FNJ ðg9D; π1ðG9DÞÞ FNJ

g8D;∞ ¼ su18−m−n ⊕ êm ⊕ ên
ðe8 ⊕ e8 ⊕ su2;−Þ … ðe6 ⊕ su3 ⊕ su2 ⊕ su9;Z3Þ δNð0;1Þ=3

ðe8 ⊕ e7 ⊕ su3;−Þ … ðe6 ⊕ su2 ⊕ su11;−Þ …

ðe8 ⊕ e6 ⊕ su4;−Þ … ðe6 ⊕ su12;Z3Þ δNð0;1Þ=3

ðe8 ⊕ so10 ⊕ su5;−Þ … ðso10 ⊕ so10 ⊕ su8;Z4Þ δNð1;1Þ=4

ðe8 ⊕ su5 ⊕ su6;−Þ … ðso10 ⊕ su5 ⊕ su9;−Þ …

ðe8 ⊕ su3 ⊕ su2 ⊕ su7;−Þ … ðso10 ⊕ su3 ⊕ su2 ⊕ su10;Z2Þ δNð1;−1Þ=2

ðe8 ⊕ su9 ⊕ su2;−Þ … ðso10 ⊕ su2 ⊕ su12;Z4Þ δNð1;1Þ=4

ðe8 ⊕ su10;−Þ … ðso10 ⊕ su13;−Þ …

ðe7 ⊕ e7 ⊕ su4;Z2Þ δNð1;1Þ=2 ðsu5 ⊕ su5 ⊕ su10;Z5Þ δNð1;2Þ=5

ðe7 ⊕ e6 ⊕ su5;−Þ … ðsu5 ⊕ su3 ⊕ su2 ⊕ su11;−Þ …

ðe7 ⊕ so10 ⊕ su6;Z2Þ δNð1;−1Þ=2 ðsu5 ⊕ su2 ⊕ su13;−Þ …

ðe7 ⊕ su5 ⊕ su7;−Þ … ðsu5 ⊕ su14;−Þ …

ðe7 ⊕ su3 ⊕ su2 ⊕ su8;Z2Þ δNð1;1Þ=2 ððsu3 ⊕ su2Þ ⊕ ðsu3 ⊕ su2Þ ⊕ su12;Z6Þ δNð3;1Þ=6

ðe7 ⊕ su2 ⊕ su10;Z2Þ δNð1;1Þ=2 ððsu3 ⊕ su2Þ ⊕ su2 ⊕ su14;Z2Þ δNð1;−1Þ=2

ðe7 ⊕ su11;−Þ … ððsu3 ⊕ su2Þ ⊕ su15;Z3 δNð0;1Þ=3

ðe6 ⊕ e6 ⊕ su6;Z3Þ δNð0;1Þ=3 ðsu2 ⊕ su2 ⊕ su16;Z4Þ δNð1;−1Þ=4

ðe6 ⊕ so10 ⊕ su7;−Þ … ðsu2 ⊕ su17;−Þ …

ðe6 ⊕ su5 ⊕ su8;−Þ … ðsu18;Z3Þ δNð1;1Þ=3

g8D;∞ ¼ so34−2k ⊕ êk
ðe8 ⊕ so18;−Þ … ðsu5 ⊕ so26;−Þ …

ðe7 ⊕ so20;Z2Þ δNð1;1Þ=2 ððsu3 ⊕ su2Þ ⊕ so28;Z2Þ δNð1;1Þ=2

ðe6 ⊕ so22;−Þ … ðsu2 ⊕ so32;Z2Þ δNð1;1Þ=2

ðso10 ⊕ so24;Z2Þ δNð1;1Þ=2 ðso34;−Þ …
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MðO7þ0Þ ¼ g0−1MðO7þÞg0 ¼
�−1 0

−4 −1

�
; ð5:21Þ

and the standard extended weights ωO7þ
p;q have asymptotic

ðpqÞ charges

ω0p∶ g0−1
�
1

0

�
¼
�

0

−1

�
; ω0q∶ g0−1

�
0

1

�
¼
�
1

3

�
; ð5:22Þ

for which the pairing relations (3.4) hold. We can pull the
imaginary root junction δ≡ δRð1;0Þ across the branch cuts,

and obtain the equivalence

δ ¼ 2ð−ω0p − ω0q þ x½1;2�Þ; ð5:23Þ

which consistently has only even number of prongs
on O7þ0. Moreover, the pairings are ðω0p;x½1;2�Þ ¼
−ðωO7þ

q ;x½1;2�Þ ¼ 1
2
, and assert, together with (3.4), that

ðδ; δÞ ¼ 0. The ϵ junction from (5.7a) cannot be realized as
a string junction in the presence of the O7þ, because it
requires a net ðpqÞ ¼ ð31Þ charge to end on O7þ0X½1;2� (see
Appendix B for details). Instead, the prongs of any physical
string junction on the O7þ0X½1;2� stack must be

2λpω0p þ 2λqω0q þ λx½1;2�; λp;q; λ ∈ Z; ð5:24Þ

which necessarily has an even q charge, as well as an
even pairing with δ. This means that, orthogonal to the
su10−m ⊕ em weight junctions in (5.20), we must have
a Uð2Þ lattice, spanned by string junctions δ and
ϵ0 ¼ −δþ 6ω0p þ 4x½1;2� − 2x½2;1�.
In the magnetically dual picture, any integer number of

5-brane prongs can end on O7þ0. In particular, 5-brane
junctions corresponding to 1

2
δ and 1

2
ϵ0 are then physical,

and would span a squeezed hyperbolic lattice Uð1
2
Þ. This is

consistent with the fact that in the 9D uplift of CHL vacua,
the momentum lattice “loses” a Uð1

2
Þ factor [69]:

ðΛCHL
8D Þ� ≅ ð−E8Þ ⊕ U ⊕ U

�
1

2

�
;

ðΛCHL
9D Þ� ≅ ΛCHL

9D ≅ ð−E8Þ ⊕ U: ð5:25Þ

The remaining moduli available in 9D are then the
deformations that move the 7-branes outside the
O7þ0X½1;2� stack. The resulting maximal non-Abelian
enhancements can be equally characterized by an 8D
configuration of type (5.7a) (with n ¼ 8) or (5.9a) (with
k ¼ 8), but with Ê8 frozen via the embedding of an O7þ
described above (as summarized in Table II).

The null junctions for (5.20) are

δNð1;0Þ ¼ −3ωem
p − ωem

q þ x½2;1� − 2ω0p − 2ω0q þ 2x½1;2�;

δNð0;1Þ ¼ ðm − 10Þωsu þ ð18 −mÞωem
p

þ 3ωem
q − 3x½2;1� þ 4ω0p þ 2ω0q − x½1;2�; ð5:26Þ

from which one can straightforwardly determine the non-
Abelian gauge group structure for specific m. It so happens
that they are all trivial in the maximally enhanced cases,
which agrees with the CHL-string computations [52].

C. Disconnected moduli branches
for 9D rank (1,1) vacua

The description of 9D rank (1,9) theories presented above
has a clear interpretation in terms of “freezing,” i.e.,
introducing an O7þ plane into the 7-brane system that
describes a rank (1,17) theory. In parallel to the construction
of 8D vacua discussed in Sec. IV, it then is natural to propose
that 9D rank (1,1) theories arise by a further freezing.
Moreover, the duality to the CHL string strongly suggests
that, in 9D, the freezing process requires an ê8 affine algebra,
in which the e8 root junctions, as well as odd multiples of the
winding-state junction (i.e., ϵ) are projected out. Therefore,
from the maximally enhanced cases in Table II, only the
second to last [with brane configuration (5.20)], but not the
last entry, can undergo a further freezing.
After repeating the brane motions discussed in

Appendix B, now for the first affine stack in (5.20), the
corresponding (doubly) frozen configuration looks like

AAðgO7þX½1;−2�ÞðO7þ0X½1;2�Þ; ð5:27Þ

where the MðgO7þÞ ¼ ð 3 4

−4 5
Þ is the monodromy of the

left O7þ plane in this SLð2;ZÞ frame. We obtain an

TABLE II. Maximal non-Abelian enhancements on the 9D rank
(1,9) moduli space that has a dual description in terms of the CHL
string, obtained from an affine 8D realization in which an ê8 is
frozen. Note that all cases have trivial non-Abelian gauge group
topology π1ðG9DÞ.

gCHL9D π1ðG9DÞ g8D;∞
8D Brane

configuration

su10 0 su10 þ ê8 ð5.7cÞ; n ¼ 8
su9 ⊕ su2 0 su9 ⊕ ê1 ⊕ ê8 ð5.7cÞ; m ¼ 1; n ¼ 8
su7 ⊕ su2 ⊕ su3 0 su7 ⊕ ê3 ⊕ ê8 ð5.7aÞ; m ¼ 3; n ¼ 8
su6 ⊕ su5 0 su6 ⊕ ê4 ⊕ ê8 ð5.7aÞ; m ¼ 4; n ¼ 8
su5 ⊕ so10 0 su5 ⊕ ê5 ⊕ ê8 ð5.7aÞ; m ¼ 5; n ¼ 8
su4 ⊕ e6 0 su4 ⊕ ê6 ⊕ ê8 ð5.7aÞ; m ¼ 6; n ¼ 8
su3 ⊕ e7 0 su3 ⊕ ê7 ⊕ ê8 ð5.7aÞ; m ¼ 7; n ¼ 8
su2 ⊕ e8 0 su2 ⊕ ê8 ⊕ ê8 ð5.7aÞ; m ¼ 8; n ¼ 8
so18 0 so18 ⊕ ê8 ð5.9aÞ; k ¼ 8
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enhanced g ¼ su2 non-Abelian symmetry when the two
A-branes are moved on top of each other, which is the
maximal enhancement we can have in 9D. In fact, if one
could separate the two X-branes from their corresponding
O7þ (making the KK modes massive), and move them next
to each other, they would be locally mutual, thus allowing
for another su2 enhancement—this would be nothing but
the 8D rank (2,2) example (4.62) studied in the previous
section, which had an SUð2Þ2=Z2 non-Abelian gauge
group. However, since for the 9D uplift, one of them must
be broken, the fractional null junction that generated this
Z2 quotient no longer exists for the configuration (5.27).
Hence, the 9D non-Abelian gauge group must be SUð2Þ.
It is suggestive that this doubly frozen, rank (1,1) moduli

branch corresponds to M theory on a Klein bottle [54].
Namely, starting from the rank (1,17) theories with heter-
otic description, which is dual to M theory on a cylinder,
the first freezing led to CHL vacua in 9D, which are
equivalent to M theory on a Möbius strip, or a cylinder with
one cross-cap. Freezing once more, i.e., adding another
cross-cap on the other side, then produces a Klein bottle.
However, as pointed out in [54], there is a second branch

of 9D rank (1,1) moduli space that is disconnected from M
theory on a Klein bottle. That is, it cannot be realized as
freezing 9D rank (1,9) models. However, since after an S1

reduction, the 8D rank (2,2) moduli space is connected,
there should exist a junction description for this 9D branch,
as a suitable infinite distance limit in which KK states
become light.
In fact, starting from the general 8D configuration with

two O7þs, depicted in Fig. 8, it is not hard to identify such
potential limits. Starting from O7þCX½3;1�O7þCX½3;1�,
where both O7s now have the standard monodromy, we
can either push the C-branes from the left on top of the
orientifolds,

ðO7þC|fflffl{zfflffl}
affine

ÞX½3;1�ðO7þC|fflffl{zfflffl}
affine

ÞX½3;1�; ð5:28Þ

which is just a slightly rearranged version of (5.27),
or we can generate a Ê1 ¼ BCCX½3;1� stack, by moving
7-branes as

O7þCX½3;1�
⟶

O7þCX½3;1� → O7þC
→
O7þBCX½3;1�

→ O7þO7þX½3;−1�
⟶

BCX½3;1� → O7þO7þðBCCX½3;1�|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
¼Ê1

Þ:

ð5:29Þ

First, notice that one cannot transition between (5.28)
and (5.29) without separating branes making up the
affine stack. In other words, these configurations are
connected only via the 8D moduli space. Second, by the
brane move CX½3;1� 

→ BC inside the affine stack, we find

that Ê1 ¼ BCCX½3;1� ≃ ðBCÞðBCÞ is the strong-coupling
version of two O7− planes on top of each other. Therefore,
(5.29) is T dual to IIA on an interval with O8�s at each end,
which further dualizes to the 9D Dabholkar-Park back-
ground in type IIB [30,76]. This is indeed the branch of 9D
rank (1,1) moduli space that is disconnected from M theory
on a Klein bottle [54].

VI. CONCLUSIONS AND OUTLOOK

In this work, we have extended the framework of string
junctions on ½p; q�-7-branes [36–38] to include O7þ planes.
The key difference is the distinction between physical
ðp; qÞ strings and 5-branes that can end on the O7þ: while
the latter can end with arbitrary integer ðpqÞ charges on the
O7þ, only even numbers of integer ðp; qÞ strings may do
so. When applied to the construction of 8D N ¼ 1 gauge
theories on stacks including both ordinary ½p; q�-7-branes
and O7þs, this modification consistently reproduces the
root and coroot lattices of nonsimply laced sp algebras, as
well as their electric 1-form and magnetic 5-form center
symmetries. Furthermore, this provides a junction descrip-
tion for all 8D rank (2,10) string compactifications with a
dual CHL-string description [13,52], including their gauge
group topologies that are succinctly characterized by loop
junctions encircling all 7-branes. In addition, using junc-
tions, we find a previously unknown lattice description for
8D string vacua of rank (2,2), that is analogous to the
Narain lattice characterization of 8D and 9D heterotic/CHL
vacua. This establishes junctions as a unifying framework
to describe gauge enhancements (including the global
gauge group structure) of all 8D string vacua.
Moreover, in synergy with Swampland ideas [27,28], we

have discovered a full classification of 9D N ¼ 1 string
vacua, including their global gauge group structures, by
7-brane configurations with affine stacks characterized by
loop junctions for their imaginary roots. Again, the con-
sistent inclusion of O7þ planes in the analysis of potential
infinite distance limits on the 8D moduli space turns out to
be vital to capture subtleties, such as the two components
of the 9D rank (1,1) moduli space that are connected only
through an S1 reduction to 8D [54].
The 9D results motivate a string-independent classifica-

tion of the 9D N ¼ 1 supergravity landscape in a similar
fashion to [35], where the 8D landscape was classified
based on a Swampland “translation” of the SLð2;ZÞ
characterization of 7-branes and O7þ planes. While per-
haps unexpected from their direct constructions, our work
shows that 9D string compactifications also admit a
completely analogous characterization. Hence, it is sug-
gestive that there should also be a parallel story for the
moduli space of 9D instantons that can be studied by
SLð2;ZÞ monodromies. In particular, such a bottom-up
analysis could provide an explanation independent of
the CHL string, for why the 9D analog of the freezing
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mechanism can only be performed with an Ê8 but not a
Dn≥8 stack.
Another useful insight from the junction perspective is

on the stringy origin of center symmetries in 8D gauge
theories with nonsimply laced algebra. Via dualities, it
would be interesting if one can use this insight to generalize
the geometric engineering framework for higher-form
symmetries in M and F theory [15,16,34] to include frozen
singularities. This may have promising applications to the
study of 6D SCFTs constructed on such singularities [33]
as well as lower dimensional SCFTs, obtained either from
dimensionally reducing 6D theories, or directly engineer-
ing them with junction techniques [41,43,45,46].
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APPENDIX A: DERIVING THE EVENNESS
CONDITION ON O7+ VIA 8D CHL STRINGS

In this appendix, we present a derivation of the evenness
condition for string junctions the O7þ plane in 8D rank
(2, 10) models. This proof utilizes the known equivalence
between the heterotic Narain lattice (4.19) and the junction
lattice (modulo null junctions) on 24 ordinary 7-branes, and
the construction ΛMikhailov ↪ ΛNarain of the Mikhailov
lattice, describing states of rank (2, 10) vacua, as a
sublattice [69], also known as “freezing” [52,77].
Assuming that the freezing mechanism in the IIB/7-

brane picture is a local operation, D8 ¼ A8BC → O7þ, we
show that the evenness condition discussed in Sec. III is the
necessary and sufficient condition for the string junction
lattice on the O7þ and the unaffected 7-branes to agree with
the Mikhailov lattice.
To this end, first recall that there is a particular so16

root lattice ð−D8Þ ⊂ ΛNarain along which one defines an
orthogonal projection P [69] (see also Ref. [34]). Since
PðD8Þ ¼ 0, this so16 is interpreted as projected out from,
or “frozen” inside the heterotic model. Then, ΛMikhailov ⊂
ΛNarain is the image of P inside ΛNarain, i.e.,

½j� ∈ ΛMikhailov ⇔ ∃ ½ĵ� ∈ ΛNarain∶½j� ¼ Pð½ĵ�Þ ∈ ΛNarain:

ðA1Þ

This is a nontrivial condition on the choice of ½ĵ�, since not
all elements of ΛNarain map to integer lattice points under P.
To make contact with the junction description, it is

important to remember that any element of the Narain
lattice corresponds to an equivalence class of physical
junctions modulo null junctions. Therefore, we first iden-
tify ĵ ∈ Jelphys as a physical string junction in a rank (2, 18)
7-brane configuration with aD8 stack. Now, as explained in
Sec. IVA, the junction ĵ, prior to freezing, enjoys a
decomposition into an integer linear combination,

ĵ ¼
X8
i¼1

aiwi þ apωso16
p þ aqωso16

q þ ĵ00; ðA2Þ

where ĵ00 has no prongs on D8. This decomposition is
unique only up to the addition of physical null junctions
δNðp;qÞ; however, because such junctions carry no physical

charge, their prongs on the D8 stack must induce no so16
center charges, which, according to (2.33), requires even
multiples of ωso16

p and ωso16
q . Hence, any representative ĵ

of the equivalence class ½ĵ� modulo null junctions takes
the form

ĵþδN¼
X8
i¼1

aiwiþðapþ2npÞωso16
p þðaqþ2nqÞωso16

q þ ĵ0;

ðA3Þ

for some junction ĵ0 that has no prongs on the D8.
As this stack will be replaced with the O7þ, the D8 root

lattice defining the projection in the momentum lattice
description is identified with the root junction lattice of this
stack. The representative for Pð½ĵ�Þ is then

PðĵÞ ≔ ðap þ 2npÞωso16
p þ ðaq þ 2nqÞωso16

q þ ĵ0;

ap; np; aq; nq ∈ Z: ðA4Þ

Therefore, the condition Pð½ĵ�Þ ∈ ΛNarain translates into
PðĵÞ ∈ Jelphys, i.e., its prongs on the D8 stack must satisfy

the physicality conditions. Since, by construction, ĵ0 has
no prongs on the D8 stack, this means that ap; aq ∈ 2Z.
As we identify the extended weights of so16 with those of
the O7þ after freezing (see Sec. III), we conclude that the
junction PðĵÞ representing an element of ΛMikhailov must
have even ðpqÞ charge.
Finally, it is straightforward to verify the condition for

the magnetically dual 5-brane junctions from the lattice
description of the dual Mikhailov lattice, which in terms
of the above projection map is given by Λ�Mikhailov ¼
PðΛNarainÞ [13,69]. Since the projection simply removes
the terms proportional to the so16 weights in (A2) from any
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physical junction ĵ in the rank (2, 18) configuration, it is
obvious that one ends up with any integer-valued ap, aq.

APPENDIX B: EMBEDDING O7+ INTO Ê8

In this appendix, we discuss the junctions resulting from
embedding an O7þ into an Ê8 stack. First describe the
embedding so16 ↪ ê8 in terms of 7-branes. To this end, we
use the equivalence Ê8 ≅ E9 of 7-brane stacks [70,74],
where E9 is conjugate to A8BC2, see (2.8). In this
presentation, it is straightforward to identify the so16

subalgebra as the D8 ¼ A8BC part. By the “freezing”
procedure, theE9 stack becomes anO7þC stack. Now, due
to the evenness condition discussed in Sec. II, only a subset
of string junctions that were allowed to end on E9 prior to
freezing are allowed in the presence of the O7þ.
One such junction that wewill focus on in the following is

the ϵ junction given in (5.9a). This junction has a unit ð3
1
Þ

prong on the X½3;1�-brane that affinizes the stack—however,

this is in the realization Ê8! To connect the two descriptions,
we repeatedly use brane moves (2.4) and (2.5) to obtain

Ê8 ¼ A7BC2X½3;1� → A7BCBC

→ BX7
½0;1�CBC → BCA7BC

→ CX½3;1�A7BC → CA7X½−4;1�BC → CA7BX½−1;−2�C

→ CA7BCX½0;−1� → CA7BX½0;1�X½1;2� → CA7X½0;1�AX½1;2�
→ X7

½0;1�CX½0;1�AX½1;2� → X8
½0;1�X½1;2�AX½1;2�

→ X8
½0;1�X½1;4�X

ð1Þ
½1;2�|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}

¼D8
0

Xð2Þ½1;2� ¼ E09: ðB1Þ

In each step, it is easy to track the changes of the prongs of
the ϵ junction that starts out with a unit x½3;1� prong, simply
by requiring that the prongs on the two moving branes
change in such a way that the net ðpqÞ charge remains
invariant. For example, after the first step, we have
x½3;1� → b2 þ 2c2. After the whole process, we end up with

x½3;1� → −xð8Þ½0;1� − 2x½1;4� þ 4xð1Þ½1;2� þ xð2Þ½1;2�: ðB2Þ

Since the first three summands end on theD08 stack, one can
decompose their sum using the extended weights of so16
and the weight junctions; the important thing to track here
is that the net ðpqÞ charge of this part is ð 2−1Þ. However, after
introducing the O7þ, i.e., replace D08 → O7þ0, which
removes the so16 weights, there is an odd q charge
emanating via this junction from the orientifold, which
is not allowed for a string junction. Indeed, it is easy to
check that any physical string junction leaving the
Ê8 → O7þ0X½1;2� stack must have an even q charge.
Therefore, only even multiples of ϵ are physical string
junctions after freezing. On the other hand, this prong, and
therefore also ϵ would be acceptable as a 5-brane junction.

APPENDIX C: ALL 8D SUPERGRAVITY
VACUA VIA ½p;q�-7-BRANES

In this appendix, we give the full catalog of maximally
enhanced 7-brane configurations realizing 8D string vacua
of maximal non-Abelian rank for all three classes of

models, i.e., total rank (2, 18), (2, 10), and (2, 2). We
further determine global structure of their non-Abelian
subgroup given by Z and the explicit realization of the
fractional null junction.
Before we provide the classification we further describe

a procedure that allows to incorporate the nonmaximally
enhanced cases, with additional uð1Þ factors.

1. Nonmaximally enhanced cases

In principle, the process of obtaining the global gauge
group topology for the nonmaximally enhanced cases is
equivalent to what was described in the main text: First one
obtains the associated brane configuration, with which one
has access to the discrete quotients Z via the fractional null
junctions as in (4.14) as well as Z0 as in (4.18). Even
though one cannot avoid repeating the computations of Z
and Z0, one fortunately can take a shortcut of finding the
corresponding brane configurations (which is technically
the most challenging step) by starting from the maximally
enhanced setups and suitably splitting the brane stacks.
Here we stress that, given a single non-Abelian brane

stack, all of the natural brane splittings corresponds to
Higgs transition with W-boson vacuum expectation values
that decrease the rank by 1. Adjoint Higgsing that preserves
the rank (such as e8 → so16), on the other hand, are not
guaranteed to admit a realization in a specific brane
configuration. Even in brane configurations where such
adjoint Higgsings are possible, it would necessarily involve
not only the constituent branes in the stack but also some
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additional branes (E8 ≅ A7BC2 and D8 ≅ A8BC in the example). For this reason, we focus on the W-boson Higgsing,
which is guaranteed to have straightforward brane realizations:

(i) Splitting suk: suk → suk0 ⊕ suk−k0 : Ak → Ak0 þAk−k0

(ii) Splitting spl: spl → sul0 ⊕ spl−l0 : AlO7þ → Al0 þAl−l0O7þ
(iii) Splitting so2m:

so2m → sum: AmBC → Am þ BC
so2m → 2su2 ⊕ sum−2: AmBC ≃Am−2N2C2 → Am−2 þ N2 þ C2

so2m → su4 ⊕ sum−3: AmBC ≃Am−2N2C2 ≃Am−3C4X½3;2� → Am−3 þ C4 þX½3;2�
so2m → so2m0 ⊕ sum−m0 (4 ≤ m0 ≤ m − 1): AmBC → Am0BCþAm−m0

(iv) Splitting en:
en → sun: An−1BC2 ≃AnX½3;−1�N → An þX½3;−1� þ N [see (2.12) of [75] ]
en → so2n−2: An−1BC2 → An−1BCþC
en → su2 ⊕ sun−1: An−1BC2 → An−1 þBþ C2

en → su2 ⊕ su3 ⊕ sun−3ð≃e3 ⊕ sun−3Þ: An−1BC2 → An−3 þA2BC2 ≃An−3 þ CA2C2 ≃An−3 þN2C3 →
An−3 þ N2 þ C3

en → su5 ⊕ sun−4ð≃e4 ⊕ sun−4Þ: An−1BC2 → An−4 þA3BC2 ≃An−4 þX½1;2�C5 → An−4 þX½1;2� þ C5

en → so10 ⊕ sun−5ð≃e5 ⊕ sun−5Þ: An−1BC2 → An−5 þA4BC2 ≃An−5 þC5AX½1;2� [see (2.11) of [75] ].
en → en0 ⊕ sun−n0 ð6 ≤ n0 ≤ n − 1Þ: An−1BC2 → An−n0 þAn0−1BC2.

These splittings matches with the “substitution rules” as given in Table 2.2 of [78].

2. No O7+

We give all possible brane configurations with rank (2, 18) realizing maximally enhanced non-Abelian gauge algebras in
Table III. Our list reproduces the mathematical classification of [78] of the ADE singularities of elliptically fibered K3
surfaces. This is an expected result, since the junctions describe the same physics in a type IIB perspective. For each brane
configuration, we give not only the non-Abelian fundamental group π1ðGnAÞ ¼ Z but also its particular embedding into the
center π1ðGnAÞ ↪ ZðG̃Þ using string junctions, where G̃ is the simply connected cover of the non-Abelian gauge
algebra GnA ¼ G̃nA=Z.

TABLE III. All 8D maximally enhanced rank (2, 18) brane configurations. For each entry, we present the brane configuration, the non-
Abelian gauge algebra gnA and Z ¼ π1ðGnAÞ, generators of its associated FNJ, and the embedding π1ðGnAÞ ↪ ZðG̃nAÞ of the
fundamental group into the center of the simply connected cover G̃nA of the non-Abelian symmetry. For the last entry, the values are
ordered in alignment with the “brane configuration” column rather than the g column.

No. g π1ðGnAÞ Brane configuration FNJ
π1ðGnAÞ ↪ ZðG̃nAÞ (Order via

brane configuration)

1 6su4 Z4 × Z4 A4B4N4X4
½1;2�C

4X4
½2;1� δNð1;0Þ=4,

δNð0;1Þ=4

(0, 3, 1, 2, 1, 1), (3, 3, 0, 3, 3, 2)

2 2su2 ⊕ 4su5 Z5 A5N5X5
½1;4�X

2
½1;2�C

5X2
½3;1� δNð3;1Þ=5 (4, 3, 1, 0, 2, 0)

3 2su3 ⊕ 2su4 ⊕ 2su5 … A3N5X5
½1;4�X

3
½1;3�X

4
½1;2�C

4 … …

4 3su2 ⊕ 3su6 Z2 × Z6 A6X6
½4;−3�N

2C6X2
½3;1�X

2
½9;2� δNð1;0Þ=2,

δNð0;1Þ=6

(0, 3, 1, 3, 1, 0), (5, 2, 0, 5, 1, 1)

5 4su3 ⊕ 2su6 Z3 × Z3 B6N3C6A3X3
½3;−2�X

3
½4;−3� δNð1;0Þ=3,

δNð0;1Þ=3

(4, 1, 2, 0, 1, 0), (4, 0, 4, 2, 0, 2)

6 su4 ⊕ 3su6 Z6 A6X6
½4;−3�N

4X6
½1;3�X½3;7�X½3;1� δNð3;1Þ=6 (5, 5, 2, 2)

7 2su2 ⊕ 2su4 ⊕ 2su6 Z2 × Z2 A6N2C4X6
½2;1�X

2
½5;2�X

4
½3;1� δNð1;0Þ=2,

δNð0;1Þ=2

(0, 1, 2, 3, 0, 2), (3, 0, 2, 0, 1, 2)

8 su2 ⊕ 2su3 ⊕ su4 ⊕ 2su6 Z6 A3N6X3
½1;2�C

4X6
½2;1�X

2
½5;2� δNð1;4Þ=6 (1, 1, 2, 2, 5, 0)

9 2su5 ⊕ 2su6 … A6X5
½3;−1�X½5;−2�N

6X5
½1;3�X½2;5� … …

(Table continued)
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TABLE III. (Continued)

No. g π1ðGnAÞ Brane configuration FNJ
π1ðGnAÞ ↪ ZðG̃nAÞ (Order via

brane configuration)

10 2su3 ⊕ su5 ⊕ 2su6 Z3 A3X5
½2;−1�N

6X½2;5�X6
½1;2�X

3
½3;4� δNð1;1Þ=3 (2, 0, 2, 2, 1)

11 su2 ⊕ su4 ⊕ su5 ⊕ 2su6 Z2 A5X½1;2�C6X6
½2;1�X

2
½5;2�X

4
½3;1� δNð1;0Þ=2 (0, 3, 3, 0, 2)

12 su2 ⊕ su3 ⊕ 2su4 ⊕ su5 ⊕ su6 Z2 A3N6X2
½1;3�X

5
½1;2�C

4X4
½2;1� δNð1;0Þ=2 (0, 3, 1, 0, 2, 2)

13 3su7 Z7 C7A7B7X½1;−2�X½2;3�X½11;13� δNð3;1Þ=7 (2, 6, 3)

14 2su2 ⊕ 2su3 ⊕ 2su7 … A7N2C3X7
½3;1�X

2
½10;3�X

3
½7;2� … …

15 2su4 ⊕ 2su7 … A7B4N4X7
½1;2�X½2;3�X½4;1� … …

16 su3 ⊕ su5 ⊕ 2su7 … A7X½1;2�C5X7
½3;1�X½10;3�X

3
½4;1� … …

17 2su2 ⊕ su3 ⊕ 2su5 ⊕ su7 … A5N3X7
½1;2�X

2
½2;3�C

5X2
½3;1� … …

18 su2 ⊕ su4 ⊕ 2su5 ⊕ su7 … A5X2
½2;−1�B

4N7X5
½1;3�X½2;5� … …

19 su3 ⊕ 2su4 ⊕ su5 ⊕ su7 … A3N5X½2;5�X7
½1;2�C

4X4
½2;1� … …

20 su2 ⊕ 2su3 ⊕ su4 ⊕ su5 ⊕ su7 … A3X5
½2;−1�N

7X2
½1;3�X

4
½1;2�X

3
½3;4� … …

21 2su2 ⊕ 2su6 ⊕ su7 Z2 A7N2C6X2
½4;3�X½5;2�X

6
½3;1� δNð1;0Þ=2 (0, 1, 3, 1, 3)

22 su2 ⊕ 2su4 ⊕ su6 ⊕ su7 Z2 A4B2N7X4
½1;4�X

6
½1;3�X½2;5� δNð0;1Þ=2 (2, 1, 0, 2, 3)

23 su2 ⊕ su3 ⊕ su5 ⊕ su6 ⊕ su7 … A7X3
½4;−1�X

2
½3;−1�N

6X5
½1;3�X½2;5� … …

24 su4 ⊕ su5 ⊕ su6 ⊕ su7 … ðA7X½3;−2�B5ÞX½3;5�C4X6
½2;1� … …

25 4su2 ⊕ 2su8 Z2 × Z4 A8X2
½3;−1�X

8
½2;−1�B

2C2X2
½3;1� δNð1;0Þ=2,

δNð1;1Þ=4

(0, 1, 4, 1, 1, 1), (2, 0, 2, 1, 0, 1)

26a 2su3 ⊕ 2su8 … A8N3X3
½1;2�C

8X½3;2�X½4;1� … …

26b 2su3 ⊕ 2su8 Z2 A8BC3X8
½2;1�X½7;3�X

3
½3;1� δNð1;1Þ=2 (4, 0, 4, 0)

27 su2 ⊕ su4 ⊕ 2su8 Z8 A8B4N8C2X½7;3�X½5;1� δNð5;1Þ=8 (7, 1, 5, 1)

28 2su2 ⊕ 3su4 ⊕ su8 Z2 × Z4 A4B4X2
½1;−2�N

8X2
½1;2�C

4 δNð1;0Þ=4,
δNð0;1Þ=2

(0, 1, 1, 2, 1, 1), (2, 2, 1, 0, 1, 2)

29 su3 ⊕ 3su4 ⊕ su8 Z4 A3N8X½1;4�X4
½1;2�C

4X4
½2;1� δNð1;0Þ=4 (0, 2, 2, 1, 1)

30 2su3 ⊕ su4 ⊕ su5 ⊕ su8 … A8N4X3
½1;3�X

5
½1;2�C

3X½4;1� … …

31 2su2 ⊕ su3 ⊕ su4 ⊕ su5 ⊕ su8 Z2 A5X2
½2;−1�B

4N8X3
½1;4�X

2
½1;3� δNð1;0Þ=2 (0, 1, 2, 4, 0, 1)

32 su2 ⊕ 2su6 ⊕ su8 Z2 A8B2X6
½1;−4�X½2;−9�N

6X½4;1� δNð0;1Þ=2 (4, 1, 3, 0)

33 3su2 ⊕ su4 ⊕ su6 ⊕ su8 Z2 × Z2 A8N2C6X2
½4;3�X

2
½3;1�X

4
½4;1� δNð1;0Þ=2,

δNð0;1Þ=2

(0, 1, 3, 1, 1, 2), (4, 0, 3, 0, 1, 0)

34 su2 ⊕ su3 ⊕ su4 ⊕ su6 ⊕ su8 Z2 A6N2C4X8
½2;1�X½7;3�X

3
½3;1� δNð1;1Þ=2 (3, 1, 0, 4, 0)

35 2su2 ⊕ su5 ⊕ su6 ⊕ su8 Z2 A6N2C5X8
½3;2�X½5;3�X

2
½3;1� δNð1;1Þ=2 (3, 1, 0, 4, 0)

36 su3 ⊕ su5 ⊕ su6 ⊕ su8 … A3X½2;−3�X6
½1;−2�N

8X5
½1;3�X½2;5� … …

37 su2 ⊕ 2su3 ⊕ su7 ⊕ su8 … A8N2C3X7
½3;1�X½10;3�X

3
½4;1� … …

38 2su2 ⊕ su4 ⊕ su7 ⊕ su8 Z2 A8B2X4
½1;−4�X

2
½1;−5�N

7X½4;1� δNð1;0Þ=2 (4, 1, 2, 1, 0)

39 su3 ⊕ su4 ⊕ su7 ⊕ su8 … A3N7X½1;3�C8X½4;3�X4
½2;1� … …

40 su2 ⊕ su5 ⊕ su7 ⊕ su8 … A5X½1;2�C7X8
½3;2�X½5;3�X

2
½3;1� … …
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41 su6 ⊕ su7 ⊕ su8 … A7X½3;−1�B8X½1;−2�X6
½1;2�X½2;3� … …

42a 2su2 ⊕ 2su9 … ðA9BC2ÞðX9
½3;1�X½13;4�X

2
½7;2�Þ … …

42b 2su2 ⊕ 2su9 Z3 A9X½3;−1�B9X½3;−4�N2X2
½3;1� δNð1;1Þ=3 (3, 0, 0, 0)

43 su2 ⊕ 3su3 ⊕ su4 ⊕ su9 Z3 A9N2C3X3
½5;1�X

3
½11;2�X

4
½6;1� δNð0;1Þ=3 (3, 0, 2, 1, 1, 0)

44 2su2 ⊕ 2su5 ⊕ su9 … A9X½11;−2�X5
½5;−1�N

2C5X2
½3;2� … …

45 3su3 ⊕ su5 ⊕ su9 Z3 A3X5
½2;−1�N

9X½1;4�X3
½1;2�X

3
½3;4� δNð1;1Þ=3 (2, 0, 3, 1, 1)

46 su2 ⊕ su3 ⊕ su4 ⊕ su5 ⊕ su9 … A3X2
½1;−2�X

4
½1;−3�N

9X5
½1;3�X½2;5� … …

47 su2 ⊕ 2su3 ⊕ su6 ⊕ su9 Z3 A9X½3;−1�B6N3C3X2
½3;1� δNð0;1Þ=3 (6, 4, 0, 2, 0)

48 su3 ⊕ su4 ⊕ su6 ⊕ su9 Z3 A6X½3;−1�B9X½3;−4�N4X3
½1;2� δNð0;1Þ=3 (4, 6, 0, 2)

49 su2 ⊕ su5 ⊕ su6 ⊕ su9 … A9X2
½6;−1�X½4;−1�N

6X5
½1;3�X½2;5� … …

50 2su2 ⊕ su3 ⊕ su7 ⊕ su9 … A9X½1;2�C7X2
½3;2�X

2
½4;1�X

3
½5;1� … …

51 su2 ⊕ su4 ⊕ su7 ⊕ su9 … A7N9X½1;7�X4
½1;3�X

2
½1;2�X½4;1� … …

52 su5 ⊕ su7 ⊕ su9 … A7X½7.−2�X5
½3;−1�X½1;−2�N

9X½1;2� … …

53 su2 ⊕ su3 ⊕ su8 ⊕ su9 … A8B2X3
½1;−4�X½1;−6�N

9X½4;1� … …

54a 2su10 … A10X½6;−1�X½3;−1�N10X½1;6�X½1;3� … …

54b 2su10 Z5 A10X½9;−2�X½2;−1�N10X½2;9�X½1;2� δNð1;2Þ=5 (6, 2)

55 su2 ⊕ su3 ⊕ 2su4 ⊕ su10 Z2 A4B2X3
½1;−4�X½1;−6�N

10X4
½1;1� δNð1;0Þ=2 (0, 1, 0, 5, 2)

56 2su2 ⊕ 2su3 ⊕ su4 ⊕ su10 Z2 A10N2C3X3
½3;1�X

2
½5;1�X

4
½6;1� δNð1;1Þ=2 (5, 1, 0, 0, 0, 2)

57 su2 ⊕ 2su5 ⊕ su10 Z5 A10X½9;−2�X5
½4;−1�X½1;2�C

5X2
½3;1� δNð1;2Þ=5 (6, 1, 4, 0)

58 3su2 ⊕ su3 ⊕ su5 ⊕ su10 Z2 A10X2
½6;−1�X

3
½5;−1�N

2C5X2
½3;2� δNð1;1Þ=2 (5, 1, 0, 1, 0, 1)

59 2su2 ⊕ su4 ⊕ su5 ⊕ su10 Z2 A5X2
½2;−1�B

4N10X2
½1;6�X½1;4� δNð1;0Þ=2 (0, 1, 2, 5, 0)

60 2su2 ⊕ su3 ⊕ su6 ⊕ su10 Z2 A10N2X2
½2;3�C

6X½8;5�X3
½2;1� δNð0;1Þ=2 (5, 0, 0, 3, 0)

61 su2 ⊕ su4 ⊕ su6 ⊕ su10 Z2 A4B2N6X½4;13�X10
½1;3�X½2;5� δNð0;1Þ=2 (2, 1, 0, 5)

62a su5 ⊕ su6 ⊕ su10 … A10B6X½9;−11�X½2;−3�X½3;2�X5
½2;1� … …

62b su5 ⊕ su6 ⊕ su10 Z2 A6X½2;−1�N5X½4;13�X10
½1;3�X½2;5� δNð0;1Þ=2 (3, 0, 5)

63 3su2 ⊕ su7 ⊕ su10 Z2 A7X½5;−2�X10
½2;−1�B

2C2X2
½3;1� δNð1;0Þ=2 (0, 5, 1, 1, 1)

64 su2 ⊕ su3 ⊕ su7 ⊕ su10 … A10X½3;−1�NX7
½3;1�X

2
½10;3�X

3
½7;2� … …

65 su4 ⊕ su7 ⊕ su10 … A7N4C10X½3;2�X½7;3�X½5;1� … …

66 su3 ⊕ su8 ⊕ su10 … A3X½1;−2�N8X½4;13�X10
½1;3�X½2;5� … …

67 su2 ⊕ su9 ⊕ su10 … A9X½4;−1�X2
½2;−1�N

10X½1;6�X½1;3� … …

68 su3 ⊕ 2su4 ⊕ su11 … A3N4X½2;3�C11X½4;3�X4
½2;1� … …

69 su2 ⊕ 2su3 ⊕ su4 ⊕ su11 … A11N3X4
½1;2�C

3X2
½4;1�X½6;1� … …

70 2su5 ⊕ su11 … A11X½3;−2�B5X½3;5�X½2;1�X5
½6;1� … …

71 2su3 ⊕ su5 ⊕ su11 … A3X½1;−3�X3
½1;−5�N

11X5
½1;3�X½2;5� … …
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72 2su2 ⊕ su3 ⊕ su5 ⊕ su11 … A11X½1;2�C5X2
½3;1�X

2
½6;1�X

3
½7;1� … …

73 su2 ⊕ su4 ⊕ su5 ⊕ su11 … A4B2N11X½1;7�X5
½1;3�X½2;5� … …

74 su2 ⊕ su3 ⊕ su6 ⊕ su11 … X2
½2;1�X

3
½3;1�A

11B6X½9;−11�X½2;−3� … …

75 su4 ⊕ su6 ⊕ su11 … A11X½6;−1�X½3;−1�N4X6
½1;2�X½2;3� … …

76 2su2 ⊕ su7 ⊕ su11 … A11X½1;2�C7X2
½7;5�X

2
½2;1�X½7;1� … …

77 su3 ⊕ su7 ⊕ su11 … A11X½2;3�C7X½10;7�X½8;5�X3
½2;1� … …

78 su2 ⊕ su8 ⊕ su11 … A11X½1;2�C8X2
½4;3�X½3;1�X½7;1� … …

79 su9 ⊕ su11 … A11X½3;−1�C9X½3;2�X½7;3�X½5;1� … …

80 su2 ⊕ 3su3 ⊕ su12 Z3 X3
½2;1�A

12B3X2
½1;−2�C

3X½8;5� δNð1;1Þ=3 (2, 8, 1, 0, 0)

81 3su2 ⊕ 2su3 ⊕ su12 Z6 A12X2
½6;−1�X

3
½5;−1�N

2C3X2
½3;1� δNð3;1Þ=6 (10, 1, 2, 1, 1, 0)

82 su2 ⊕ 2su4 ⊕ su12 Z4 A12N4X2
½1;3�C

4X½3;1�X½7;1� δNð1;3Þ=4 (3, 1, 0, 2)

83a 2su3 ⊕ su4 ⊕ su12 Z3 A12X½9;−1�X½6;−1�N4X3
½1;3�X

3
½1;2� δNð0;1Þ=3 (8, 0, 2, 2)

83b 2su3 ⊕ su4 ⊕ su12 Z6 A12N3C4X½10;7�X½8;5�X3
½2;1� δNð4;1Þ=6 (10, 2, 2, 1)

84a 2su2 ⊕ su3 ⊕ su4 ⊕ su12 Z2 A12X2
½6;−1�X

3
½5;−1�BC

4X2
½2;1� δNð1;1Þ=2 (6, 1, 0, 0, 1)

84b 2su2 ⊕ su3 ⊕ su4 ⊕ su12 Z4 A12N4X3
½1;3�X

2
½3;7�C

2X½7;1� δNð1;3Þ=4 (3, 1, 0, 1, 1)

85 3su2 ⊕ su5 ⊕ su12 Z2 A12N2C5X2
½7;5�X

2
½2;1�X½7;1� δNð1;1Þ=2 (6, 1, 0, 0, 1)

86 su2 ⊕ su3 ⊕ su5 ⊕ su12 … A5C2X½7;4�X12
½2;1�X½7;3�X

3
½3;1� … …

87a 2su2 ⊕ su6 ⊕ su12 Z2 A12N2X2
½2;3�C

6X½3;1�X½7;1� δNð1;1Þ=2 (6, 1, 1, 0)

87b 2su2 ⊕ su6 ⊕ su12 Z6 A12N6X2
½1;4�X½4;13�X½2;5�C

2 δNð4;1Þ=6 (10, 4, 1, 1)

88 su3 ⊕ su6 ⊕ su12 Z3 A12N6X½1;4�X½4;7�X½5;8�C3 δNð1;1Þ=3 (8, 2, 0)

89 su2 ⊕ su7 ⊕ su12 … A7X½1;−4�N12C2X½7;3�X½5;1� … …

90 2su2 ⊕ 2su3 ⊕ su13 … A13X2
½5;−1�X

3
½4;−1�N

2C3X½4;1� … …

91 su2 ⊕ su3 ⊕ su4 ⊕ su13 … A13X½6;−1�X½3;−1�N3X2
½2;1�X

4
½3;1� … …

92 2su2 ⊕ su5 ⊕ su13 … X5
½6;1�A

13BC2X2
½3;1�X½11;2� … …

93 su3 ⊕ su5 ⊕ su13 … A13X½1;2�C5X3
½3;1�X½5;1�X½9;1� … …

94 su2 ⊕ su6 ⊕ su13 … A13X½1;2�C6X2
½5;3�X½3;1�X½9;1� … …

95 su7 ⊕ su13 … A13BX½1;3�C7X½4;3�X½3;1� … …

96a su2 ⊕ 2su3 ⊕ su14 … A14X½3;−1�B2C3X½8;5�X3
½2;1� … …

96b su2 ⊕ 2su3 ⊕ su14 Z2 A14N2C3X3
½3;1�X½5;1�X½9;1� δNð1;1Þ=2 (7, 1, 0, 0)

97 3su2 ⊕ su3 ⊕ su14 Z2 X3
½6;1�X

2
½7;1�A

14BC2X2
½3;1� δNð1;1Þ=2 (1, 0, 7, 0, 0)

98 2su2 ⊕ su4 ⊕ su14 Z2 A14N2C4X2
½5;3�X½3;1�X½9;1� δNð1;1Þ=2 (7, 1, 0, 0)

99 su3 ⊕ su4 ⊕ su14 … A14BX½1;3�C4X½8;5�X3
½2;1� … …

100a su2 ⊕ su5 ⊕ su14 … A14X½1;2�C5X2
½3;1�X½6;1�X½9;1� … …

100b su2 ⊕ su5 ⊕ su14 Z2 A14X½2;−1�X2
½1;−2�N

5X½2;1�X½6;1� δNð0;1Þ=2 (7, 1, 0)
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101 su6 ⊕ su14 … A14X½3;−1�B6X½2;−3�X½2;1�X½5;1� … …

102 2su3 ⊕ su15 Z3 A15N3C3X½7;4�X½5;2�X½4;1� … …

103a 2su2 ⊕ su3 ⊕ su15 … A15N2C3X½4;1�X½9;1�X½11;2� … …

103b 2su2 ⊕ su3 ⊕ su15 Z3 A15N2C3X2
½3;1�X½6;1�X½9;1� δNð0;1Þ=3 (10, 0, 2, 0)

104 su2 ⊕ su4 ⊕ su15 … A15N2C4X½3;1�X½8;1�X½11;1� … …

105 su5 ⊕ su15 … A15B5X½2;−3�X½3;1�X½6;1�X½10;1� … …

106 3su2 ⊕ su16 Z4 A16BC2X2
½3;1�X

2
½5;1�X½7;1� δNð3;1Þ=4 (12, 1, 0, 1)

107a su2 ⊕ su3 ⊕ su16 … A16N2C3X½4;1�X½8;1�X½11;1� … …

107b su2 ⊕ su3 ⊕ su16 Z2 A16BC2X3
½3;1�X½5;1�X½9;1� δNð1;1Þ=2 (8, 0, 0)

108 su4 ⊕ su16 Z4 A16C4X½9;7�X½7;5�X½5;3�X½3;1� δNð1;1Þ=4 (12, 2)

109 2su2 ⊕ su17 … A17BC2X2
½3;1�X½21;5�X½9;2� … …

110 su3 ⊕ su17 … C3A17X½13;−1�X½10;−1�X½5;−1�X½1;−1� … …

111a su2 ⊕ su18 … A18BC2X½4;1�X½8;1�X½11;1� … …

111b su2 ⊕ su18 Z3 A18X½3;−1�NX2
½3;1�X½6;1�X½9;1� δNð0;1Þ=3 (12, 0)

112 su19 … A19X½12;−1�X½7;−1�X½4;−1�X½0;1�X½4;1� … …

113 2su5 ⊕ 2so10 … A5ðC5AX½1;2�ÞX5
½3;1�ðX5

½7;2�X½3;1�X½17;5�Þ … …

114 su4 ⊕ 2su6 ⊕ so10 Z2 ðA5BCÞN6X½3;10�X6
½1;3�X

4
½1;2� δNð1;0Þ=2 (2, 3, 3, 0)

115 2su5 ⊕ su6 ⊕ so10 … A5ðC5AX½1;2�ÞX6
½3;1�X½17;5�X

5
½7;2� … …

116 su2 ⊕ su4 ⊕ su5 ⊕ su6 ⊕ so10 Z2 ðA5BCÞN6X2
½2;7�X

5
½3;10�X

4
½1;3� δNð1;0Þ=2 (2, 3, 1, 2)

117 su2 ⊕ 2su7 ⊕ so10 … ðA5BCÞN7X½2;9�X7
½1;4�X

2
½1;3� … …

118 2su3 ⊕ su4 ⊕ su7 ⊕ so10 … ðA5BCÞN7X3
½1;4�X

4
½2;7�X

3
½1;3� … …

119 su2 ⊕ su3 ⊕ su5 ⊕ su7 ⊕ so10 … A5ðC5AX½1;2�ÞX7
½3;1�X

2
½10;3�X

3
½7;2� … …

120 su3 ⊕ su6 ⊕ su7 ⊕ so10 … ðA5BCÞN7X½2;7�X6
½1;3�X

3
½1;2� … …

121 su2 ⊕ su8 ⊕ 2so10 Z4 A8ðX5
½3;−1�AX½7;−2�ÞðC5AX½1;2�ÞX2

½3;1� δNð3;1Þ=4 (6, 1, 1, 0)

122 su2 ⊕ su3 ⊕ su4 ⊕ su8 ⊕ so10 Z4 ðA5BCÞN8X4
½1;5�X

2
½1;4�X

3
½1;2� δNð1;2Þ=4 (3, 2, 3, 1, 0)

123 2su2 ⊕ su5 ⊕ su8 ⊕ so10 Z2 ðA5BCÞN8X2
½1;5�X

5
½1;4�X

2
½1;3� δNð1;0Þ=2 (2, 4, 1, 0, 1)

124 su9 ⊕ 2so10 … A9X½5;−1�ðX5
½2;−1�AX½5;−2�ÞðC5AX½1;2�Þ … …

125 su2 ⊕ su5 ⊕ su9 ⊕ so10 … A5ðC5AX½1;2�ÞX9
½3;1�X½13;4�X

2
½7;2� … …

126 su6 ⊕ su9 ⊕ so10 … ðA5BCÞN6X½2;7�X9
½1;3�X½2;5� … …

127 2su3 ⊕ su10 ⊕ so10 … ðA5BCÞN10X3
½1;7�X½1;5�X

3
½1;2� … …

128 2su2 ⊕ su3 ⊕ su10 ⊕ so10 Z2 ðA10X2
½4;−1�X

3
½3;−1�ÞðC5AX½1;2�ÞX2

½3;1� δNð1;1Þ=2 (5, 1, 0, 2, 0)

129 su2 ⊕ su4 ⊕ su10 ⊕ so10 Z2 ðA5BCÞN10X2
½1;7�X

4
½1;6�X½1;4� δNð1;0Þ=2 (2, 5, 1, 0)

130 su5 ⊕ su10 ⊕ so10 … A10X½5;−2�X5
½2;−1�ðC5AX½1;2�ÞX½4;1� … …

131 su2 ⊕ su3 ⊕ su11 ⊕ so10 … A11X2
½3;−1�X

3
½2;−1�ðC5AX½1;2�ÞX½4;1� … …
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132 2su2 ⊕ su12 ⊕ so10 Z4 A12X½5;−1�X2
½3;−1�ðC5AX½1;2�ÞX2

½3;1� δNð3;1Þ=4 (9, 1, 1, 0)

133 A2 ⊕ su12 ⊕ so10 Z2 ðA5BCÞN12X½1;8�X3
½1;6�X½1;4� δNð1;0Þ=2 (2, 6, 0)

134 su2 ⊕ su13 ⊕ so10 … A13X½4;−1�X2
½2;−1�ðC5AX½1;2�ÞX½4;1� … …

135 su14 ⊕ so10 … ðA14X½6;−1�X½3;−1�ÞðC5AX½1;2�ÞX½4;1� … …

136 3so12 Z2 × Z2 ðA6BCÞðN6X½1;2�AÞðC6AX½1;2�Þ δNð1;0Þ=2,
δNð0;1Þ=2

((1, 1),(1, 0),(1, 0)),
((0, 1),(1, 1),(0, 1))

137 2su4 ⊕ 2so12 Z2 × Z2 ðA6BCÞX4
½2;−1�B

4ðX6
½1;−2�BX½3;−5�Þ δNð1;0Þ=2,

δNð0;1Þ=2

((1, 1), 2, 2,(1, 1)),
((0, 1), 0, 2,(0, 1))

138 2su3 ⊕ 2su5 ⊕ so12 … ðA6BCÞN5X3
½1;2�X

3
½2;3�C

5 … …

139 2su2 ⊕ 2su6 ⊕ so12 Z2 × Z2 ðA6BCÞN6X2
½1;2�X

2
½3;4�C

6 δNð1;0Þ=2,
δNð0;1Þ=2

((1, 1), 3, 0, 0, 3), ((0, 1), 0, 1, 1, 3)

140 su2 ⊕ 2su4 ⊕ su6 ⊕ so12 Z2 × Z2 ðA6BCÞN6X2
½1;3�X

4
½1;2�C

4 δNð1;0Þ=2,
δNð0;1Þ=2

((1, 1), 3, 1, 0, 2), ((0, 1), 0, 1, 2, 2)

141 su4 ⊕ su5 ⊕ su6 ⊕ so12 Z2 ðA6BCÞN5X½2;5�X6
½1;2�C

4 δNð0;1Þ=2 ((0, 1), 0, 3, 2)

142 2su7 ⊕ so12 … ðA6BCÞX½1;−3�N7X7
½1;2�X½2;3� … …

143 su3 ⊕ su5 ⊕ su7 ⊕ so12 … ðA6BCÞX5
½4;−3�X½9;−7�B

7N3 … …

144 su2 ⊕ 2su3 ⊕ su8 ⊕ so12 Z2 ðA6BCÞN8X3
½1;5�X

2
½1;4�C

3 δNð1;1Þ=2 ((1, 0), 4, 0, 1)

145 su3 ⊕ su4 ⊕ su8 ⊕ so12 Z2 ðA6BCÞN8X½1;4�X3
½1;2�C

4 δNð1;0Þ=2 ((1, 1), 4, 0, 2)

146 su2 ⊕ su5 ⊕ su8 ⊕ so12 Z2 ðA6BCÞX½1;−3�N8X5
½1;3�X

2
½1;2� δNð1;1Þ=2 ((1, 0), 4, 0, 1)

147 su5 ⊕ su9 ⊕ so12 … A9X½1;2�C5ðX6
½3;1�X½13;4�X½7;2�ÞX½5;1� … …

148 su2 ⊕ su3 ⊕ su10 ⊕ so12 Z2 ðA6BCÞN10X2
½1;7�X

3
½1;6�X½1;2� δNð1;0Þ=2 ((1, 1), 5, 1, 0)

149 su4 ⊕ su10 ⊕ so12 Z2 ðA6BCÞX½1;−3�N10X4
½1;5�X½1;3� δNð1;1Þ=2 ((1, 0), 5, 0)

150 su3 ⊕ su11 ⊕ so12 … ðA6BCÞN11X½1;7�X½1;4�C3 … …

151 su2 ⊕ su12 ⊕ so12 Z2 ðA6BCÞX½1;2�C12X½5;4�X2
½3;2� δNð1;0Þ=2 ((1, 1), 6, 0)

152 su13 ⊕ so12 … ðA6BCÞX½1;−3�X½1;−6�N13X½1;2� … …

153 su3 ⊕ su6 ⊕ so10 ⊕ so12 Z2 A6X3
½3;−1�ðX6

½2;−1�AX½5;−2�ÞðC5AX½1;2�Þ δNð1;1Þ=2 (3, 0,(0, 1), 2)

154 su8 ⊕ so10 ⊕ so12 Z2 ðC5AX½1;2�ÞA8X½3;−1�ðB6AX½3;−2�Þ δNð1;1Þ=2 (2, 4,(1, 1))

155 2su3 ⊕ 2so14 … ðA7BCÞðX7
½2;−1�X½3;−2�AÞX3

½3;−2�B
3 … …

156 su3 ⊕ 3su4 ⊕ so14 Z4 ðA7BCÞB4X3
½1;−2�X

4
½1;−3�N

4 δNð1;2Þ=4 (1, 1, 0, 3, 1)

157 su2 ⊕ su3 ⊕ 2su5 ⊕ so14 … ðA7BCÞB3N5X5
½1;3�X

2
½1;2� … …

158 su3 ⊕ su4 ⊕ su7 ⊕ so14 … ðA7BCÞB3N7X4
½1;5�X½1;3� … …

159 su2 ⊕ su5 ⊕ su7 ⊕ so14 … A7X½1;2�C5ðX7
½3;1�X½13;4�X½7;2�ÞX2

½4;1� … …

160 su6 ⊕ su7 ⊕ so14 … ðA7BCÞB7X½1;−2�X6
½1;2�X½2;3� … …

161 2su2 ⊕ su3 ⊕ su8 ⊕ so14 Z2 A8N2C3ðX7
½3;1�X½13;4�X½7;2�ÞX2

½4;1� δNð1;1Þ=2 (4, 1, 0, 2, 1)

162 su2 ⊕ su4 ⊕ su8 ⊕ so14 Z4 ðA7BCÞB4X2
½1;−2�N

8X½1;2� δNð1;2Þ=4 (1, 1, 0, 2)
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163 2su2 ⊕ su10 ⊕ so14 Z2 ðA7BCÞX2
½3;2�X½7;4�X

10
½2;1�X

2
½3;1� δNð1;0Þ (2, 0, 5, 1)

164 su3 ⊕ su10 ⊕ so14 … ðA7BCÞB3X½1;−3�N10X½1;2� … …

165 su2 ⊕ su11 ⊕ so14 … A11X½3;−1�NðX7
½3;1�X½13;4�X½7;2�ÞX2

½4;1� … …

166 su12 ⊕ so14 Z4 ðA7BCÞX½1;2�X½5;6�C12X½3;2� δNð1;2Þ=4 (1, 9)

167 su2 ⊕ su6 ⊕ so10 ⊕ so14 Z2 ðC5AX½1;2�ÞA6X2
½2;−1�ðB7AX½3;−2�Þ δNð1;1Þ=2 (2, 3, 1, 2)

168 su6 ⊕ so12 ⊕ so14 Z2 ðA6BCÞðN7AX½1;−2�ÞX6
½1;2�X½2;3� δNð0;1Þ=2 ((0, 1), 2, 3)

169 2su2 ⊕ 2so16 Z2 × Z2 ðA8BCÞðX8
½2;−1�BX½3;−1�ÞB2C2 δNð0;1Þ=2,

δNð1;1Þ=2

((1, 0),(1, 1), 1, 1),
((0, 1),(0, 1), 0, 0)

170 2su3 ⊕ 2su4 ⊕ so16 Z2 ðA8BCÞB3N4X4
½1;2�C

3 δNð0;1Þ=2 ((1, 0), 0, 2, 2, 0)

171 2su6 ⊕ so16 Z2 ðA8BCÞB6X½1;−2�C6X½3;2� δNð1;0Þ=2 ((1, 1), 3, 3)

172 2su2 ⊕ su4 ⊕ su6 ⊕ so16 Z2 × Z2 ðA8BCÞB4X2
½1;−2�N

6C2 δNð0;1Þ=2,
δNð1;1Þ=2

((1, 0), 2, 1, 0, 1), ((0, 1), 0, 1, 3, 0)

173 su2 ⊕ su5 ⊕ su6 ⊕ so16 Z2 ðA8BCÞB6X½2;−3�N5C2 δNð0;1Þ=2 ((1, 0), 3, 0, 1)

174 2su3 ⊕ su7 ⊕ so16 … ðA8BCÞB3N3C7X½3;2� … …

175 su2 ⊕ su3 ⊕ su8 ⊕ so16 Z2 ðA8BCÞB3X½1;−3�N8C2 δNð1;1Þ=2 ((0, 1), 0, 4, 0)

176 su2 ⊕ su10 ⊕ so16 Z2 ðA8BCÞX½1;2�C10X½3;2�X2
½3;1� δNð1;0Þ=2 ((1, 1), 5, 1)

177 2so10 ⊕ so16 Z2 ðA8BCÞðX5
½2;−1�X½1;−1�X½3;−1�ÞðN5CBÞ δNð0;1Þ=2 ((1, 0), 2, 2)

178 su2 ⊕ su4 ⊕ so12 ⊕ so16 Z2 × Z2 ðA8BCÞðX6
½2;−1�X½1;−1�X½3;−1�ÞB4N2 δNð0;1Þ=2,

δNð1;1Þ=2

((1, 0),(1, 1), 2, 0),
((0, 1),(1, 0), 0, 1)

179 2so18 … ðA9BCÞBðC9AX½1;2�ÞX½3;2� … …

180 su2 ⊕ 2su3 ⊕ su5 ⊕ so18 … ðA9BCÞX5
½1;2�X

3
½5;9�X

2
½3;5�C

3 … …

181 su2 ⊕ su4 ⊕ su6 ⊕ so18 Z2 ðA9BCÞN6X4
½1;5�X

2
½2;9�X½1;2� δNð1;0Þ=2 (2, 3, 2, 1)

182 su5 ⊕ su6 ⊕ so18 … ðA9BCÞCðX6
½3;1�X½17;5�X

5
½7;2�Þ … …

183 su2 ⊕ su3 ⊕ su7 ⊕ so18 … ðA9BCÞCX7
½3;1�X

2
½10;3�X

3
½7;2� … …

184 2su2 ⊕ su8 ⊕ so18 Z2 ðA9BCÞN8X½1;4�X2
½2;5�C

2 δNð1;0Þ=2 (2, 4, 1, 1)

185 su2 ⊕ su9 ⊕ so18 … ðA9BCÞCX9
½3;1�X½13;4�X

2
½7;2� … …

186 su10 ⊕ so18 … ðA9BCÞCðX10
½3;1�X½19;6�X½10;3�Þ … …

187 su5 ⊕ so10 ⊕ so18 … ðA9BCÞðX5
½2;−1�BX½3;−1�ÞN5X½1;2� … …

188 2su2 ⊕ 2su4 ⊕ so20 Z2 × Z2 ðA10BCÞN4X4
½1;3�X

2
½2;5�C

2 δNð1;1Þ=2,
δNð0;1Þ=2

((1, 0), 2, 0, 1, 0), ((0, 1), 0, 2, 0, 1)

189 2su5 ⊕ so20 … ðA10BCÞX½2;3�C5X5
½5;1�X½16;3� … …

190 su2 ⊕ su4 ⊕ su5 ⊕ so20 Z2 ðA10BCÞN4X2
½1;2�C

5X½3;1� δNð1;1Þ=2 ((1, 0), 2, 1, 0)

191 3su2 ⊕ su6 ⊕ so20 Z2 × Z2 ðA10BCÞN6X2
½1;5�X

2
½1;3�C

2 δNð1;1Þ=2,
δNð0;1Þ=2

((1, 0), 3, 0, 0, 0), ((0, 1), 0, 1, 1, 1)

192 su4 ⊕ su6 ⊕ so20 Z2 ðA10BCÞBX½3;5�C4X6
½2;1� δNð1;1Þ=2 ((1, 0), 0, 3)

193 su3 ⊕ su7 ⊕ so20 … ðA10BCÞðX½3;4�C7X3
½2;1�ÞX½5;1� … …
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194 su9 ⊕ so20 … ðA10BCÞX½4;−1�X½1;−2�N9X½1;3� … …

195 su2 ⊕ su3 ⊕ so10 ⊕ so20 Z2 ðA10BCÞðX5
½2;−1�BX½3;−1�ÞN3C2 δNð0;1Þ=2 ((0, 1), 2, 0, 1)

196 su3 ⊕ so12 ⊕ so20 Z2 ðA10BCÞðX6
½2;−1�BX½3;−1�ÞB3C δNð1;1Þ=2 ((1, 0),(1, 0), 0)

197 su2 ⊕ so14 ⊕ so20 Z2 ðA10BCÞX2
½3;−1�NðX7

½2;1�X½1;1�X½5;3�Þ δNð0;1Þ=2 ((0, 1), 1, 2)

198 2su3 ⊕ su4 ⊕ so22 … ðA11BCÞðN4C3X3
½2;1�ÞX½5;1� … …

199 su2 ⊕ su3 ⊕ su5 ⊕ so22 … ðA11BCÞX½2;3�C5X2
½5;1�X

3
½6;1� … …

200 su3 ⊕ su6 ⊕ so22 … ðA11BCÞCX½9;2�X6
½5;1�X

3
½6;1� … …

201 su2 ⊕ su7 ⊕ so22 … ðA11BCÞCðX½11;2�X7
½6;1�ÞX2

½13;2� … …

202 2su2 ⊕ 2su3 ⊕ so24 Z2 ðA12BCÞN3C2X2
½5;1�X

3
½6;1� δNð0;1Þ=2 ((1, 0), 0, 1, 1, 0)

203 su2 ⊕ su3 ⊕ su4 ⊕ so24 Z2 ðA12BCÞN2C4X3
½2;1�X½4;1� δNð1;0Þ=2 ((1, 0), 0, 2, 0)

204 2su2 ⊕ su5 ⊕ so24 Z2 ðA12BCÞX½−4;1�C2X5
½2;1�X

2
½5;2� δNð0;1Þ=2 ((1, 0), 1, 0, 1)

205 su2 ⊕ D5 ⊕ so24 Z2 ðA12BCÞðX5
½2;−1�X½1;−1�X½3;−1�ÞN2X½2;1� δNð0;1Þ=2 ((1, 0), 2, 0)

206 so12 ⊕ so24 Z2 ðA12BCÞðX6
½2;−1�X½1;−1�X½3;−1�ÞNX½4;1� δNð0;1Þ=2 ((1, 0),(1, 1))

207 su2 ⊕ su5 ⊕ so26 … ðA13BCÞCðX½11;2�X5
½6;1�ÞX2

½8;1� … …

208 su6 ⊕ so26 … ðA13BCÞBX½2;3�C6X½3;1� … …

209 so10 ⊕ so26 … ðA5BCÞðN13AX½1;−2�ÞX½2;15�X½1;6� … …

210 2su3 ⊕ so28 … ðA14BCÞX½2;−1�N3C3X½3;1� … …

211 2su2 ⊕ su3 ⊕ so28 Z2 ðA14BCÞX½−4;1�C2X3
½2;1�X

2
½4;1� δNð0;1Þ=2 ((0, 1), 1, 0, 0)

212 su2 ⊕ su4 ⊕ so28 Z2 ðA14BCÞX½−4;1�X½2;1�X4
½4;1�X

2
½9;2� δNð0;1Þ=2 ((0, 1), 0, 1)

213 su5 ⊕ so28 … ðA14BCÞCX½9;2�X5
½5;1�X½8;1� … …

214 su2 ⊕ su3 ⊕ so30 … ðA15BCÞCX2
½5;1�X

3
½6;1�X½9;1� … …

215 2su2 ⊕ so32 Z2 ðA16BCÞX½4;−1�X½2;1�X2
½4;1�X

2
½6;1� δNð0;1Þ=2 ((1, 0), 0, 0)

216 su3 ⊕ so32 Z2 ðA16BCÞX½4;−1�NX3
½2;1�X½4;1� δNð0;1Þ=2 ((1, 0), 0)

217 su2 ⊕ so34 … ðA17BCÞX½5;−1�X½2;−1�C2X½3;1� … …

218 so36 … ðA18BCÞCX½4;1�X½8;1�X½11;1� … …

219 3e6 Z3 ðA5BC2ÞðA5BC2ÞðX5
½2;1�X½5;2�A

2Þ δNð0;1Þ=3 (1, 1, 1)

220 2su4 ⊕ 2e6 … A4ðA5BC2ÞX4
½3;1�ðX5

½3;1�X½13;4�X
2
½7;2�Þ … …

221 su2 ⊕ su4 ⊕ 2su5 ⊕ e6 … A5X5
½2;−1�X

2
½3;−2�B

4ðA5BC2Þ … …

222 su2 ⊕ su6 ⊕ 2e6 Z3 ðA5X½2;1�X2
½4;1�ÞA6ðA5BC2ÞX2

½3;1� δNð0;1Þ=3 (1, 4, 1, 0)

223 su3 ⊕ 2su6 ⊕ e6 Z3 A6X3
½3;−1�X

6
½2;−1�X½3;−2�ðA5BC2Þ δNð0;1Þ=3 (4, 0, 2, 1)

224 2su3 ⊕ su4 ⊕ su6 ⊕ e6 Z3 A6X4
½3;−1�X

3
½2;−1�B

3ðA5BC2Þ δNð0;1Þ=3 (4, 0, 1, 2, 1)

225 su4 ⊕ su5 ⊕ su6 ⊕ e6 … A6X½1;2�C5X4
½3;1�ðX5

½3;1�X½13;4�X
2
½7;2�Þ … …

226 su7 ⊕ 2e6 … A7ðA5X½3;−1�B2ÞðA5BC2ÞX½4;1� … …

227 su2 ⊕ su3 ⊕ su4 ⊕ su7 ⊕ e6 … X4
½4;1�A

7X2
½2;−1�ðA5BC2ÞX3

½3;1� … …

228 2su2 ⊕ su5 ⊕ su7 ⊕ e6 … A7X5
½4;−1�X

2
½3;−1�B

2ðA5BC2Þ … …
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229 su3 ⊕ su5 ⊕ su7 ⊕ e6 … A5X7
½2;−1�X½5;−3�B

3ðA5BC2Þ … …

230 su2 ⊕ su6 ⊕ su7 ⊕ e6 … ðA5BC2ÞA6X2
½2;−1�B

7X½1;−2� … …

231 su2 ⊕ su5 ⊕ su8 ⊕ e6 … ðA5X½2;1�X2
½4;1�ÞA8X½1;2�C5X2

½3;1� … …

232 su6 ⊕ su8 ⊕ e6 … ðA5BC2ÞA8X½3;−1�B6X½1;−2� … …

233 2su3 ⊕ su9 ⊕ e6 Z3 ðA5BC2ÞA9X½3;−1�B3N3 δNð0;1Þ=3 (1, 6, 2, 0)

234 2su2 ⊕ su3 ⊕ su9 ⊕ e6 Z3 ðA5X½2;1�X2
½4;1�ÞA9N2C3X2

½3;1� δNð0;1Þ=3 (1, 6, 0, 2, 0)

235 su2 ⊕ su4 ⊕ su9 ⊕ e6 … A9BC2X4
½3;1�ðX5

½3;1�X½13;4�X
2
½7;2�Þ … …

236 su5 ⊕ su9 ⊕ e6 … A9X½3;−2�B5ðA5BC2ÞX½4;1� … …

237 su2 ⊕ su3 ⊕ su10 ⊕ e6 … A10X2
½2;−1�B

3ðA5BC2ÞX½4;1� … …

238 su4 ⊕ su10 ⊕ e6 … A10X½3;−1�NX4
½3;1�ðX5

½3;1�X½13;4�X
2
½7;2�Þ … …

239 2su2 ⊕ su11 ⊕ e6 … A11X2
½2;−1�X½4;−3�ðA5BC2ÞX2

½3;1� … …

240 su3 ⊕ su11 ⊕ e6 … ðA5BC2ÞA11X½6;−1�X½2;−1�N3 … …

241a su2 ⊕ su12 ⊕ e6 … A12X½3;−1�B2ðA5BC2ÞX½4;1� … …

241b su2 ⊕ su12 ⊕ e6 Z3 A12X½3;−1�X½3;−2�ðA5BC2ÞX2
½3;1� δNð0;1Þ=3 (8, 1, 0)

242 su13 ⊕ e6 … A13X½5;−1�X½2;−1�ðA5BC2ÞX½4;1� … …

243 su4 ⊕ su5 ⊕ so10 ⊕ e6 … A5ðC5AX½1;2�ÞX4
½3;1�ðX5

½3;1�X½13;4�X
2
½7;2�Þ … …

244 su2 ⊕ su7 ⊕ so10 ⊕ e6 … ðA5X½2;1�X2
½4;1�ÞA7ðC5AX½1;2�ÞX2

½3;1� … …

245 su8 ⊕ so10 ⊕ e6 … N8CðX5
½2;−1�BX½3;−1�ÞðN5CB2Þ … …

246 so12 ⊕ 2e6 … ðA5BC2ÞðC6AX½1;2�ÞðX5
½2;1�X½5;2�A

2Þ … …

247 su3 ⊕ su5 ⊕ so12 ⊕ e6 … A5B3ðN6AX½1;−2�ÞðA5NX2
½2;1�Þ … …

248 su7 ⊕ so12 ⊕ e6 … ðA5NX2
½2;1�ÞA7BðC6AX½1;2�Þ … …

249 su2 ⊕ su5 ⊕ so14 ⊕ e6 … ðA5NX2
½2;1�ÞA5N2ðC7AX½1;2�Þ … …

250 so10 ⊕ so14 ⊕ e6 … ðA5BC2ÞðA7BCÞðN5AX½−1;2�Þ … …

251 su5 ⊕ so16 ⊕ e6 … ðA5BC2ÞðA8BCÞN5X½1;3� … …

252 su2 ⊕ su3 ⊕ so18 ⊕ e6 … ðA5BC2ÞðA9BCÞB2N3 … …

253 su4 ⊕ so18 ⊕ e6 … ðA9BCÞCX4
½3;1�ðX5

½3;1�X½13;4�X
2
½7;2�Þ … …

254 su2 ⊕ so22 ⊕ e6 … ðA5BC2ÞðA11BCÞX½2;−1�N2 … …

255 so24 ⊕ e6 … ðA12BC2ÞðA5CX2
½3;1�ÞX½6;1� … …

256 2su3 ⊕ 2e7 … A3ðA6BC2ÞX3
½3;1�ðX6

½3;1�X½13;4�X
2
½7;2�Þ … …

257 su2 ⊕ su4 ⊕ 2e7 Z2 A4ðA6X½3;−1�B2ÞðA6BC2ÞX2
½3;1� δNð1;1Þ=2 (2, 1, 1, 0)

258 su5 ⊕ 2e7 … A5ðA6X½2;−1�N2ÞðA6BC2ÞX½4;1� … …

259 su2 ⊕ 2su4 ⊕ su5 ⊕ e7 Z2 ðA6BC2ÞA4B5X2
½1;−2�N

4 δNð1;1Þ=2 (1, 2, 0, 1, 2)

260 2su3 ⊕ su4 ⊕ su5 ⊕ e7 … A5X4
½2;−1�B

3N3ðA6BC2Þ … …

261 2su4 ⊕ su6 ⊕ e7 Z2 A4B4X½1;−3�N6ðA6BC2Þ δNð1;1Þ=2 (2, 0, 3, 1)

262 su2 ⊕ su3 ⊕ su4 ⊕ su6 ⊕ e7 Z2 X4
½4;1�A

6B2ðA6BC2ÞX3
½3;1� δNð1;1Þ=2 (2, 3, 1, 0)
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263 2su2 ⊕ su5 ⊕ su6 ⊕ e7 Z2 ðA6BC2ÞA6X2
½2;−1�B

5N2 δNð1;1Þ=2 (1, 3, 1, 0, 1)

264 su3 ⊕ su5 ⊕ su6 ⊕ e7 … A5X3
½2;−1�B

6X½1;−2�ðA6BC2Þ … …

265 su2 ⊕ 2su3 ⊕ su7 ⊕ e7 … A7N2C3X3
½3;1�ðX6

½3;1�X½13;4�X
2
½7;2�Þ … …

266 su3 ⊕ su4 ⊕ su7 ⊕ e7 … A4B7X½2;−3�N3ðA6BC2Þ … …

267 su2 ⊕ su5 ⊕ su7 ⊕ e7 … ðA6X½2;−1�N2ÞA5X2
½2;−1�B

7X½1;−2� … …

268 su6 ⊕ su7 ⊕ e7 … ðA6X½2;−1�N2ÞA7X½3;−1�B6X½1;−2� … …

269 2su3 ⊕ su8 ⊕ e7 … ðA6BC2ÞX3
½3;1�X

3
½4;1�A

8X½2;−1� … …

270 2su2 ⊕ su3 ⊕ su8 ⊕ e7 Z2 A8X3
½3;−1�X

2
½2;−1�ðA6BC2ÞX2

½3;1� δNð1;1Þ=2 (4, 0, 1, 1, 0)

271 su2 ⊕ su4 ⊕ su8 ⊕ e7 Z2 ðA6BC2ÞA8BX2
½1;2�C

4 δNð1;1Þ=2 (1, 4, 1, 0)

272 su5 ⊕ su8 ⊕ e7 … A8X½1;−2�N5ðA6BC2ÞX½4;1� … …

273 su2 ⊕ su3 ⊕ su9 ⊕ e7 … A9B2N3ðA6BC2ÞX½4;1� … …

274 su4 ⊕ su9 ⊕ e7 … ðA6BC2ÞA4X½1;−2�X½1;2�C9 … …

275 2su2 ⊕ su10 ⊕ e7 … A10X½3;−1�B2ðA6BC2ÞX2
½3;1� … …

276a su3 ⊕ su10 ⊕ e7 … A10X½3;−1�NX3
½3;1�ðX6

½3;1�X½13;4�X
2
½7;2�Þ … …

276b su3 ⊕ su10 ⊕ e7 Z2 ðA6BC2ÞA10X½5;−1�BC3 δNð1;1Þ=2 (1, 5, 0)

277 su2 ⊕ su11 ⊕ e7 … A11X½2;−1�N2ðA6BC2ÞX½4;1� … …

278 su12 ⊕ e7 … A12X½4;−1�BðA6BC2ÞX½4;1� … …

279 so8 ⊕ 2e7 Z2 ðA6BC2ÞðA6BC2ÞðA4BCÞ δNð1;1Þ=2 (1, 1,(1, 0))

280 su3 ⊕ su5 ⊕ so10 ⊕ e7 … A5ðC5AX½1;2�ÞX3
½3;1�ðX6

½3;1�X½13;4�X
2
½7;2�Þ … …

281 su2 ⊕ su6 ⊕ so10 ⊕ e7 Z2 A6ðB5AX½3;−2�ÞðA6BC2ÞX2
½3;1� δNð1;1Þ=2 (3, 2, 1, 0)

282 su7 ⊕ so10 ⊕ e7 … A7ðN5AX½1;−2�ÞðA6BC2ÞX½4;1� … …

283 su3 ⊕ su4 ⊕ so12 ⊕ e7 Z2 A4B3ðN6AX½1;−2�ÞðA6BC2Þ δNð1;1Þ=2 (2, 0,(0, 1), 1)

284 su6 ⊕ so12 ⊕ e7 Z2 ðA6BC2ÞA6BðC6AX½1;2�Þ δNð1;1Þ=2 (1, 3,(1, 1) )

285 so10 ⊕ so12 ⊕ e7 Z2 ðA6BC2ÞðA6BCÞðC5AX½1;2�Þ δNð1;1Þ=2 (1,(1, 0), 2)

286 su2 ⊕ su4 ⊕ so14 ⊕ e7 Z2 ðA6BC2ÞA4N2ðC7AX½1;2�Þ δNð1;1Þ=2 (1, 2, 1, 2)

287 su5 ⊕ so14 ⊕ e7 … ðA6X½2;−1�N2ÞðA7BCÞB5X½1;−2� … …

288 su2 ⊕ su3 ⊕ so16 ⊕ e7 Z2 ðA6BC2ÞðA8BCÞN2C3 δNð1;1Þ=2 (1,(0, 1), 1, 0)

289 su3 ⊕ so18 ⊕ e7 … ðA9BCÞCX3
½3;1�ðX6

½3;1�X½13;4�X
2
½7;2�Þ … …

290 su2 ⊕ so20 ⊕ e7 Z2 ðA10BCÞBðA6BC2ÞX2
½3;1� δNð1;1Þ=2 ((1, 0), 1, 0)

291 so22 ⊕ e7 … ðA11BCÞCðA6NX2
½2;1�ÞX½5;1� … …

292 su3 ⊕ su4 ⊕ e6 ⊕ e7 … A3ðA6BC2ÞX4
½3;1�ðX5

½3;1�X½13;4�X
2
½7;2�Þ … …

293 su2 ⊕ su5 ⊕ e6 ⊕ e7 … A5ðA5X½3;−1�B2ÞðA6BC2ÞX2
½3;1� … …

294 su6 ⊕ e6 ⊕ e7 … A6ðA5X½2;−1�N2ÞðA6BC2ÞX½4;1� … …

295 so10 ⊕ e6 ⊕ e7 … ðA6BC2ÞðX5
½2;1�AX½3;2�ÞðX5

½3;1�X½7;2�A
2Þ … …

296 2su2 ⊕ 2e8 … A2ðA7BC2ÞX2
½3;1�ðX7

½3;1�X½13;4�X
2
½7;2�Þ … …

(Table continued)
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3. One O7+

We proceed in this part to give the full list to brane configurations with a single O7þ realizing maximally enhanced 8D
vacua of rank (2, 10) in Table IV. This list precisely matches our previous results in 8D CHL strings in Appendix B of [34].
For each such brane configuration, in addition to giving all the information as provided in the previous table, we also refer to
its particular “uplift” to rank (2, 18), namely the rank (2, 18) configuration that one gets by unfreezing theAnO7þ stack into
a Anþ8BC stack.

TABLE III. (Continued)

No. g π1ðGnAÞ Brane configuration FNJ
π1ðGnAÞ ↪ ZðG̃nAÞ (Order via

brane configuration)

297 su3 ⊕ 2e8 … A3ðA7BC2ÞðA7BC2ÞX½4;1� … …

298 2su3 ⊕ 2su4 ⊕ e8 … ðA7BC2ÞA4N3X4
½1;2�C

3 … …

299 2su2 ⊕ 2su5 ⊕ e8 … ðA7BC2ÞA5B2N5C2 … …

300 su2 ⊕ su3 ⊕ su4 ⊕ su5 ⊕ e8 … ðA7BC2ÞA5X3
½2;−1�B

4N2 … …

301 2su6 ⊕ e8 … ðA7BC2ÞA6BC6X½3;2� … …

302 su3 ⊕ su4 ⊕ su6 ⊕ e8 … A4B3N6X½1;2�ðA7BC2Þ … …

303 su2 ⊕ su5 ⊕ su6 ⊕ e8 … A6X½1;2�C5X2
½3;1�ðX7

½3;1�X½13;4�X
2
½7;2�Þ … …

304 2su3 ⊕ su7 ⊕ e8 … ðA7BC2ÞA7BX3
½1;2�C

3 … …

305 2su2 ⊕ su3 ⊕ su7 ⊕ e8 … A8N2C3X2
½3;1�ðX7

½3;1�X½13;4�X
2
½7;2�Þ … …

306 su2 ⊕ su4 ⊕ su7 ⊕ e8 … ðA7BC2ÞA4N2C7X½3;2� … …

307 su5 ⊕ su7 ⊕ e8 … A7N5X½1;2�ðA7BC2ÞX½4;1� … …

308 su2 ⊕ su3 ⊕ su8 ⊕ e8 … A8N2C3ðA7BC2ÞX½4;1� … …

309 2su2 ⊕ su9 ⊕ e8 … A9BC2X2
½3;1�ðX7

½3;1�X½13;4�X
2
½7;2�Þ … …

310 su3 ⊕ su9 ⊕ e8 … ðA7BC2ÞA3X½1;2�C9X½3;2� … …

311 su2 ⊕ su10 ⊕ e8 … A10BC2ðA7BC2ÞX½4;1� … …

312 su11 ⊕ e8 … A11X½3;1�NðA7BC2ÞX½4;1� … …

313 2so10 ⊕ e8 … ðA7X½3;−1�B2ÞðA5BCÞðN5AX½1;−2�Þ … …

314 su2 ⊕ su5 ⊕ so10 ⊕ e8 … A5ðC5AX½1;2�ÞX2
½3;1�ðX7

½3;1�X½13;4�X
2
½7;2�Þ … …

315 su6 ⊕ so10 ⊕ e8 … A6ðC5AX½1;2�ÞðA7BC2ÞX½4;1� … …

316 2su3 ⊕ so12 ⊕ e8 … A3N3ðC6AX½1;2�ÞðA7BC2Þ … …

317 su5 ⊕ so12 ⊕ e8 … ðA7BC2ÞðA6BCÞC5X½3;2� … …

318 su2 ⊕ su3 ⊕ so14 ⊕ e8 … ðA7BC2ÞX2
½4;1�X

3
½5;1�ðA7CX½3;1�Þ … …

319 su2 ⊕ so18 ⊕ e8 … ðA9BCÞCX2
½3;1�ðX7

½3;1�X½13;4�X
2
½7;2�Þ … …

320 so20 ⊕ e8 … ðA10BCÞCðA7BC2ÞX½4;1� … …

321 su2 ⊕ su4 ⊕ e6 ⊕ e8 … A2ðA7BC2ÞX4
½3;1�ðX5

½3;1�X½13;4�X
2
½7;2�Þ … …

322 su5 ⊕ e6 ⊕ e8 … ðA7BC2ÞðA5BC2ÞX5
½2;1�X½5;2� … …

323 so8 ⊕ e6 ⊕ e8 … ðA7X½2;−1�N2ÞðA5BC2ÞðA4NX½2;1�Þ … …

324 su2 ⊕ su3 ⊕ e7 ⊕ e8 … A2ðA7BC2ÞX3
½3;1�ðX6

½3;1�X½13;4�X
2
½7;2�Þ … …

325 su4 ⊕ e7 ⊕ e8 … ðA7BC2ÞðA6BC2ÞC4X½3;2� … …
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TABLE IV. All 8D maximally enhanced rank (2, 10) brane configurations, in similar convention as the above rank (2, 18) catalog.

No. No.rk 20 ĝ (g) π1ðGnAÞ Brane configuration FNJ π1ðGnAÞ ↪ ZðG̃nAÞ
1 320 e8 ⊕ sp2=ðso20Þ 0 ðA2O7þÞCðA7BC2ÞX½4;1� … …

2 319 e8 ⊕ sp1=ðso18Þ ⊕ su2 0 ðAO7þÞCX2
½3;1�ðX7

½3;1�X½13;4�X
2
½7;2�Þ … …

3 291 e7 ⊕ sp3=ðso22Þ 0 ðA3O7þÞCðA6NX2
½2;1�ÞX½5;1� … …

4 290 e7 ⊕ sp2=ðso20Þ ⊕ su2 Z2 ðA2O7þÞBðA6BC2ÞX2
½3;1� δNð1;1Þ=2 (1, 1, 0)

5 289 e7 ⊕ sp1=ðso18Þ ⊕ su3 0 ðAO7þÞCX3
½3;1�ðX6

½3;1�X½13;4�X
2
½7;2�Þ … …

6 288 ðso16 ⊕Þe7 ⊕ su3 ⊕ su2 Z2 ðA6BC2ÞO7þN2C3 δNð1;1Þ=2 (1, 1, 0)

7 255 e6 ⊕ sp4=ðso24Þ 0 ðA4O7þÞðA5CX2
½3;1�ÞX½6;1� … …

8 254 e6 ⊕ sp3=ðso22Þ ⊕ su2 0 ðA5BC2ÞðA3O7þÞX½2;−1�N2 … …

9 253 e6 ⊕ sp1=ðso18Þ ⊕ su4 0 ðAO7þÞCX4
½3;1�ðX5

½3;1�X½13;4�X
2
½7;2�Þ … …

10 252 e6 ⊕ sp1=ðso18Þ ⊕ su3 ⊕ su2 0 ðA5BC2ÞðAO7þÞB2N3 … …

11 251 ðso16 ⊕Þe6 ⊕ su5 0 ðA5BC2ÞO7þN5X½1;3� … …

12 218 sp10=ðso36Þ 0 ðA10O7þÞCX½4;1�X½8;1�X½11;1� … …

13 217 sp9=ðso34Þ ⊕ su2 0 ðA9O7þÞX½5;−1�X½2;−1�C2X½3;1� … …

14 216 sp8=ðso32Þ ⊕ su3 Z2 ðA8O7þÞX½−4;1�NX½4;1�X3
½6;1� δNð0;1Þ=2 (1, 0)

15 215 sp8=ðso32Þ ⊕ 2su2 Z2 ðA8O7þÞX½−4;1�X½2;1�X2
½4;1�X

2
½6;1� δNð0;1Þ=2 (1, 0, 0)

16 214 sp7=ðso30Þ ⊕ su3 ⊕ su2 0 ðA7O7þÞCX2
½5;1�X

3
½6;1�X½9;1� … …

17 213 sp6=ðso28Þ ⊕ su5 0 ðA6O7þÞCX½9;2�X5
½5;1�X½8;1� … …

18 212 sp6=ðso28Þ ⊕ su4 ⊕ su2 Z2 ðA6O7þÞX½−4;1�X½2;1�X4
½4;1�X

2
½9;2� δNð0;1Þ=2 (1, 0, 1)

19 210 sp6=ðso28Þ ⊕ 2su3 0 ðA6O7þÞX½2;−1�N3C3X½3;1� … …

20 211 sp6=ðso28Þ ⊕ su3 ⊕ 2su2 Z2 ðA6O7þÞX½−4;1�C2X3
½2;1�X

2
½4;1� δNð0;1Þ=2 (1, 1, 0, 0)

21 209 sp5=ðso26Þ ⊕ so10 0 ðA5BCÞðN13AX½1;−2�ÞX½2;15�X½1;6� … …

22 208 sp5=ðso26Þ ⊕ su6 0 ðA5O7þÞBX½2;3�C6X½3;1� … …

23 207 sp5=ðso26Þ ⊕ su5 ⊕ su2 0 ðA5O7þÞCðX½11;2�X5
½6;1�ÞX2

½8;1� … …

24 206 sp4=ðso24Þ ⊕ so12 Z2 ðA4O7þÞðX6
½2;−1�X½1;−1�X½3;−1�ÞNX½4;1� δNð0;1Þ=2 (1,(1, 1))

25 205 sp4=ðso24Þ ⊕ so10 ⊕ su2 Z2 ðA4O7þÞðX5
½2;−1�X½1;−1�X½3;−1�ÞN2X½2;1� δNð0;1Þ=2 (1, 2, 0)

26 204 sp4=ðso24Þ ⊕ su5 ⊕ 2su2 Z2 ðA4O7þÞX½−4;1�C2X5
½2;1�X

2
½5;2� δNð0;1Þ=2 (1, 1, 0, 1)

27 203 sp4=ðso24Þ ⊕ su4 ⊕ su3 ⊕ su2 Z2 ðA4O7þÞN2C4X3
½2;1�X½4;1� δNð0;1Þ=2 (1, 0, 2, 0)

28 202 sp4=ðso24Þ ⊕ 2su3 ⊕ 2su2 Z2 ðA4O7þÞN3C2X2
½5;1�X

3
½6;1� δNð0;1Þ=2 ((1, 0, 1, 1, 0)

29 201 sp3=ðso22Þ ⊕ su7 ⊕ su2 0 ðA3O7þÞCðX½11;2�X7
½6;1�ÞX2

½13;2� … …

30 200 sp3=ðso22Þ ⊕ su6 ⊕ su3 0 ðA3O7þÞCX½9;2�X6
½5;1�X

3
½6;1� … …

31 199 sp3=ðso22Þ ⊕ su5 ⊕ su3 ⊕ su2 0 ðA3O7þÞX½2;3�C5X2
½5;1�X

3
½6;1� … …

32 198 sp3=ðso22Þ ⊕ su4 ⊕ 2su3 0 ðA3O7þÞðN4C3X3
½2;1�ÞX½5;1� … …

33 197 sp2=ðso20Þ ⊕ so14 ⊕ su2 Z2 ðA2O7þÞX2
½3;−1�NðX7

½2;1�X½1;1�X½5;3�Þ δNð0;1Þ=2 (1, 1, 2)

34 196 sp2=ðso20Þ ⊕ so12 ⊕ su3 Z2 ðA2O7þÞðX6
½2;−1�X½1;−1�X½3;−1�ÞB3C δNð1;1Þ=2 (1,(1, 0), 0)

35 195 sp2=ðso20Þ ⊕ so10 ⊕ su3 ⊕ su2 Z2 ðA2O7þÞðX5
½2;−1�X½1;−1�X½3;−1�ÞN3C2 δNð0;1Þ=2 (1, 2, 0, 1)

36 194 sp2=ðso20Þ ⊕ su9 0 ðA2O7þÞX½4;−1�X½1;−2�N9X½1;3� … …

(Table continued)

CVETIČ, DIERIGL, LIN, and ZHANG PHYS. REV. D 106, 026007 (2022)

026007-40



4. Two O7+ ’s

Finally, we give all six vacua in the rank (2, 2) branch via brane configurations in Table V, this time no longer restricting
to maximally enhanced cases. This is the first time that the global structure of such string vacua without a heterotic or CHL
description has been computed.

TABLE IV. (Continued)

No. No.rk 20 ĝ (g) π1ðGnAÞ Brane configuration FNJ π1ðGnAÞ ↪ ZðG̃nAÞ
37 193 sp2=ðso20Þ ⊕ su7 ⊕ su3 0 ðA2O7þÞðX½3;4�C7X3

½2;1�ÞX½5;1� … …

38 192 sp2=ðso20Þ ⊕ su6 ⊕ su4 Z2 ðA2O7þÞBX½3;5�C4X6
½2;1� δNð1;1Þ=2 (1, 0, 3)

39 191 sp2=ðso20Þ ⊕ su6 ⊕ 3su2 Z2 × Z2 ðA2O7þÞN6X2
½1;5�X

2
½1;3�C

2 δNð1;1Þ=2,
δNð0;1Þ=2

(1, 3, 0, 0, 0), (1, 0, 1,
1, 1)

40 189 sp2=ðso20Þ ⊕ 2su5 0 ðA2O7þÞX½2;3�C5X5
½5;1�X½16;3� … …

41 190 sp2=ðso20Þ ⊕ su5 ⊕ su4 ⊕ su2 Z2 ðA2O7þÞN4X2
½1;2�C

5X½3;1� δNð1;1Þ=2 (1, 0, 2, 1)

42 188 sp2=ðso20Þ ⊕ 2su4 ⊕ 2su2 Z2 × Z2 ðA2O7þÞN4X4
½1;3�X

2
½2;5�C

2 δNð1;1Þ=2,
δNð0;1Þ=2

(1, 2, 0, 1, 0), (1, 0, 2,
0, 1)

43 179 sp1=ðso18Þ ⊕ so18 0 ðAO7þÞBðC9AX½1;2�ÞX½3;2� … …

44 187 sp1=ðso18Þ ⊕ so10 ⊕ su5 0 ðAO7þÞðX5
½2;−1�BX½3;−1�ÞN5X½1;2� … …

45 186 sp1=ðso18Þ ⊕ su10 0 ðAO7þÞCðX10
½3;1�X½19;6�X½10;3�Þ … …

46 185 sp1=ðso18Þ ⊕ su9 ⊕ su2 0 ðAO7þÞCX9
½3;1�X½13;4�X

2
½7;2� … …

47 184 sp1=ðso18Þ ⊕ su8 ⊕ 2su2 Z2 ðAO7þÞN8X½1;4�X2
½2;5�C

2 δNð1;0Þ=2 (0, 4, 1, 1)

48 183 sp1=ðso18Þ ⊕ su7 ⊕ su3 ⊕ su2 0 ðAO7þÞCX7
½3;1�X

2
½10;3�X

3
½7;2� … …

49 182 sp1=ðso18Þ ⊕ su6 ⊕ su5 0 ðAO7þÞCðX6
½3;1�X½17;5�X

5
½7;2�Þ … …

50 181 sp1=ðso18Þ ⊕ su6 ⊕ su4 ⊕ su2 Z2 ðAO7þÞN6X4
½1;5�X

2
½2;9�X½1;2� δNð1;0Þ=2 (0, 3, 2, 1)

51 180 sp1=ðso18Þ ⊕ su5 ⊕ 2su3 ⊕ su2 0 ðAO7þÞX5
½1;2�X

3
½5;9�X

2
½3;5�C

3 … …

52 169 ðso16 ⊕Þso16 ⊕ 2su2 Z2 × Z2 O7þðX8
½2;−1�X½1;−1�X½3;−1�ÞB2C2 δNð0;1Þ=2,

δNð1;1Þ=2

((1, 1), 1, 1), ((0, 1), 0,
0)

53 178 ðso16 ⊕Þso12 ⊕ su4 ⊕ su2 Z2 × Z2 O7þðX6
½2;−1�X½1;−1�X½3;−1�ÞB4N2 δNð0;1Þ=2,

δNð1;1Þ=2

((1, 1), 2, 0), ((1, 0), 0,
1)

54 177 ðso16 ⊕Þ2so10 Z2 O7þðX5
½2;−1�X½1;−1�X½3;−1�ÞðN5CBÞ δNð0;1Þ=2 (2, 2)

55 176 ðso16 ⊕Þsu10 ⊕ su2 Z2 O7þX½1;2�C10X½3;2�X2
½3;1� δNð1;0Þ=2 (5, 1)

56 175 ðso16 ⊕Þsu8 ⊕ su3 ⊕ su2 Z2 O7þB2X½1;−3�N8C2 δNð1;1Þ=2 (0, 4, 0)

57 174 ðso16 ⊕Þsu7 ⊕ 2su3 0 O7þB3N3C7X½3;2� … …

58 171 ðso16 ⊕Þ2su6 Z2 O7þB6X½1;−2�C6X½3;2� δNð1;0Þ=2 (3, 3)

59 173 ðso16 ⊕Þsu6 ⊕ su5 ⊕ su2 Z2 O7þB6X½2;−3�N5C2 δNð0;1Þ=2 (3, 0, 1)

60 172 ðso16 ⊕Þsu6 ⊕ su4 ⊕ 2su2 Z2 × Z2 O7þB4X2
½1;−2�N

6C2 δNð0;1Þ=2,
δNð1;1Þ=2

(2, 1, 0, 1), (0, 1, 3, 0)

61 170 ðso16 ⊕Þ2su4 ⊕ 2su3 Z2 O7þB3N4X4
½1;2�C

3 δNð0;1Þ=2 (0, 2, 2, 0)
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