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A B S T R A C T

In this work, a simplified analytical framework based on the multiple scattering theory is proposed to model
the structure–soil–structure interaction of buildings excited by antiplane shear waves. To this purpose, each
building is modelled as a single degree-of-freedom oscillator, whereas the soil as a viscoelastic layer laying on
an elastic half-space. By neglecting the soil-foundation kinematic interaction and considering only its inertial
counterpart, the coupled response of buildings is modelled using a multiple scattering approach, where the
buildings scattered wavefields are described via Green’s functions.

The developed analytical framework is exploited to discuss the dynamic response of a single building,
evaluating the variation of its amplitude with respect to the characteristic site frequencies. The dynamics of two
buildings are then studied by modelling their coupled response. In particular, the interaction between them is
investigated as a function of the buildings spacing, mass, and relative stiffness. Finally, the analysis is extended
to the coupled response of a cluster of five buildings. Through the discussed examples, it is demonstrated how
the proposed methodology can serve as a computationally inexpensive tool for predicting the interaction among
vibrating structures under shear antiplane waves propagating at different frequencies.
. Introduction

During a seismic event, the ground motion excites all structures
o some varying degree. The structures, vibrating, act as additional
ources of waves which are radiated back into the soil in the form of
cattered wavefields. In urban areas, these scattered wavefields interact
ith other structures resulting in either amplification or deamplifi-

ation of the buildings vibrations. In literature, this phenomenon is
ainly known as structure–soil–structure interaction (SSSI) [1–3]. The

SSI phenomenon is of importance as it can amplify or diminish the
uilding motion by tens of percent [4].

The study of the interaction between buildings was preceded by
he study of the interaction between the foundation of a building and
he soil, referred to as soil–structure interaction (SSI) [5,6]. Research
nto this subject has revealed that the dynamic response of a structure
uilt on a rigid substrate differs notably from the response of an
dentical structure constructed on flexible support like soft soil [7,8].
he variation in the response is mainly due to the resonance of elastic
aves in the flexible substrate which depends on the ratio between

he thickness of the layer and the wavelength of the waves [9,10].
n the presence of multiple buildings in the vicinity of each other,
his interaction evolves into a cross-interaction problem between the

∗ Corresponding authors.
E-mail addresses: xingbo.pu2@unibo.it (X. Pu), antonio.palermo6@unibo.it (A. Palermo).

structures, generally referred to as (i) structure–soil–structure inter-
action (SSSI) [1], (ii) dynamic cross interaction (DCI) [11], or (iii)
foundation–soil–foundation interaction (FSFI) [12].

From a historical perspective, studies on how multi-structure sys-
tems interact through soil began in the latter half of the 20th century.
For an in-depth literature review of SSSI, the reader is referred to [13].
Given the constant increase in computational resources, researchers
have rapidly adopted numerical techniques to model complex SSSI con-
figurations, e.g. with multiple different and closely spaced buildings,
which were out of the modelling capabilities of the available analytical
formulations. In particular, the use of finite element (FE) [14,15],
boundary element (BE) [9,10], and coupled FE/BE [16–18] techniques
have been proposed. Besides their potential, numerical models remain
computationally expensive, can suffer from mesh dependency issues,
and can require artificial boundary conditions, like Perfectly Matched
Layers (PMLs) for the FEM, to truncate the computational domain [16,
19,20]. These aspects render these methods unpractical for parametric
analysis and inaccessible to the majority of professionals interested in
assessing the effect of SSSI.

In this regard, analytical approaches are desirable since they are
able to overcome some of the above limitations while still providing
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meaningful insights into the SSSI problem. Note that the use of ana-
lytical approaches for SSSI modelling trace back to the seminal work
of Luco and Contesse [1], who modelled the steady-state response of
two parallel shear walls with semi-circular foundations welded to a
homogeneous elastic half-space and excited by vertically incident shear
horizontal (SH) waves. This work was later extended to investigate the
response of multiple shear walls [21,22]. Following a complementary
approach, lumped models were later proposed to study structure–soil–
structure interactions involving two [23,24] and three buildings [3,25].
Nonetheless, the modelling of multiple buildings interacting in a city-
like environment requires the use of a continuous description of the
soil substrate where the scattered waves can propagate and interact. In
this context, Boutin and Roussillon [26,27] proposed a city-impedance
model (CIM) to assess the SSSI effect of the urban environment on
seismic motions. In their model, the substrate is described as a homoge-
neous elastic half-space while the buildings are modelled as a periodic
array of equivalent single-degree-of-freedom (SDOF) oscillators. Note
that such a SDOF model of the building neglects the soil–structure kine-
matic interaction and accounts only for its inertial contribution [26].
Indeed, this is a reasonable assumption for buildings lying on thin and
rigid foundations [26,27]. Indeed, such a city-impedance model can
explain the main features and parameters driving the so-called site–city
interactions [28] as demonstrated by comparison with numerical and
experimental evidence.

Within the same context, an analytical formulation is proposed
here to describe the SSSI problem for incident SH waves, allowing to
consider a finite set of different buildings arbitrarily arranged on the
soil surface. The formulation exploits a multiple scattering scheme to
couple the free incident field with the multiple scattered fields gen-
erated by the buildings so to compute their dynamic response and the
wave motion within the substrate. In particular, the incident wavefield,
generated by shear horizontal waves, is computed at the free surface.
The scattered wavefields, radiated in the soil by the buildings, are
calculated by means of ad-hoc Green’s functions and buildings transfer
functions. The latter are derived by describing the buildings as single
degree-of-freedom mechanical oscillators.

Compared with most of the available analytical tools, our approach
provides some advantages. First, by leveraging the multiple scattering
theory to set a mutual wave interaction problem, it allows us to directly
obtain the scattered waves generated by each building. Second, it has
no constraint on the number of buildings and spacing, in contrast with
the city-impedance model of Refs. [26,27] which assumes a regular-
infinite arrangement of buildings. This could be particularly attractive
for the analyses of soil-city response in irregular urbanized scenarios.
Third, it can be easily extended to study the SSSI problem for other
mechanical waves such as Rayleigh, Love, and shear vertical (SV)
waves.

The work is organized as follows: in Section 2, the proposed analyt-
ical framework is detailed. Section 3 presents a series of case studies
where single, double and multiple-building scenarios are analysed.
In Section 4, some concluding remarks and outlooks on the possible
extension of the method are provided.

2. Mathematical framework

In this section, the analytical formulation proposed to model the
structure–soil–structure interaction (SSSI) under the action of plane SH
waves is described. A schematic of the problem is shown in Fig. 1.
In particular, the soil is modelled as a bi-layer medium with a soft
soil layer of thickness ℎ laying over the bedrock (Fig. 1a). Struc-
tures placed atop the soil are modelled as one-dimensional mechanical
resonators, oscillating in the 𝑧-direction (Fig. 1b). A generic distri-
bution of 𝑁 resonators placed at positions 𝑥𝑖, collected in the set
𝑆 = {𝑥1, 𝑥2, 𝑥3,… , 𝑥𝑁 |𝑁 ∈ Z+}, is considered. Harmonic antiplane
shear waves polarized in the 𝑧 direction propagate in the half-space.
The resonators, actuated at their bases by the incident SH waves,
2

𝑚

exert harmonic shear forces at the soil surface which, in turn, radiate
additional wavefields (Fig. 1d). The incident and the 𝑁 radiated, or
scattered, wavefields interact such that the dynamic response of each
structure depends on the response of the wave-coupled problem [29]
(Figs. 1c, d).

To build the related mathematical description, in the following, the
formulation of the SH waves free-field displacement (Section 2.1) and
the Green’s function of the wavefield generated by a surface shear
source are recalled (Section 2.2). The free-field and the Green’s function
are then coupled to the resonators transfer function (Section 2.3) to set
up a multiple scattering problem and to obtain the coupled response of
SH waves and resonators scattered wavefields (Section 2.4).

2.1. Free-field sh motion for a bi-layer medium

Referring to Fig. 1c, the SH wave field in each layer comprises
both up-going (𝑦 > 0) and down-going (𝑦 < 0) waves. Following
he classical approach for SH waves in layered media [30], a local
oordinate system for each layer is defined, and the origins of 𝑦 axes
re set at the top of the bedrock and the soil layer. Accordingly,
he corresponding coordinate systems are used to express the scalar
avefield displacements as:

𝑚 = (𝐴𝑚e−i𝛽𝑚𝑦𝑚 + 𝐵𝑚ei𝛽𝑚𝑦𝑚 )e−i𝑘𝑥𝑥+i𝜔𝑡, 𝑚 = (𝐿,𝑅) (1)

here 𝑤𝑚 is the antiplane displacement in 𝑧 direction. The index 𝑚 is
sed to identify the soil layer (𝐿) and the bedrock (𝑅), respectively.
n Eq. (1), 𝐴𝑚 and 𝐵𝑚 are the amplitudes of up-going and down-going
lane waves, respectively; 𝑘𝑥 and 𝛽𝑚 denote the horizontal and vertical
ave numbers in layer 𝑚, respectively, which satisfy:

𝑥 = 𝜔
𝐶𝑠,𝑚

cos 𝜗𝑚, (2a)

𝛽𝑚 = 𝜔
𝐶𝑠,𝑚

sin 𝜗𝑚, (2b)

here 𝐶𝑠,𝑚 =
√

𝜇𝑚∕𝜌𝑚 refers to the shear wave velocities in the two
layers, 𝜇𝑚 and 𝜌𝑚 denote the shear moduli and the densities of the
ayers, and 𝜗𝑚 is the incidence angle of the SH wavefront (see Fig. 1). It

is worth mentioning that material damping can be taken into account
in Eqs. (2a), (2b) by introducing complex material properties [31],
e.g., the complex shear modulus, as used later in Section 3.

By imposing stress-free boundary condition at 𝑦𝐿 = 0 and continuity
of displacement and stress at the interface (𝑦𝐿 = −ℎ), the wave
amplitudes 𝐴𝐿, 𝐵𝐿 and 𝐵𝑅 can be expressed as function of the up-going
bedrock amplitude 𝐴𝑅 as:

𝐴𝐿 = 𝐵𝐿 = 1
cos 𝛽𝐿ℎ + i�̄� sin 𝛽𝐿ℎ

𝐴𝑅, (3)

𝑅 =
cos 𝛽𝐿ℎ − i�̄� sin 𝛽𝐿ℎ
cos 𝛽𝐿ℎ + i�̄� sin 𝛽𝐿ℎ

𝐴𝑅, (4)

in which �̄� defines the impedance ratio between the two layers:

̄ =
𝜌𝐿𝐶𝑠,𝐿 sin 𝜗𝐿
𝜌𝑅𝐶𝑠,𝑅 sin 𝜗𝑅

. (5)

2.2. Green’s functions for a SH source

The governing scalar wave equations for the two layers read:

∇2𝑤 = 1
𝐶2
𝑠,𝑚

𝜕2𝑤(𝑥, 𝑦, 𝑡)
𝜕𝑡2

, 𝑚 = (𝐿,𝑅). (6)

Substituting the steady state displacement 𝑤(𝑥, 𝑦, 𝑡) = 𝑤(𝑥, 𝑦) ei𝜔𝑡 in
Eq. (6), leads to:

(∇2 + 𝑘2𝑠,𝑚)𝑤(𝑥, 𝑦) = 0, (7)

where ∇2 = 𝜕2

𝜕𝑥2
+ 𝜕2

𝜕𝑦2
, 𝑘𝑠,𝑚 = 𝜔

𝐶𝑠,𝑚
is the wavenumber in the domain

= (𝐿,𝑅).
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Fig. 1. Schematic of structure–soil–structure interaction for arbitrary configuration of 𝑁 buildings in a layered half-space. (a) Schematic of buildings. (b) Schematic of the coupled
implified model. (c) Schematic of the free field. (d) Schematic of the scattered fields.
Fig. 2. (a) Schematic of a SH source at the surface of a layered half-space.(b) Detail on a constant, finite length shear source.
𝜏

The spatial Fourier transform of Eq. (7) along the 𝑥 axis reads:
(

𝜕2

𝜕𝑦2
− 𝑞2𝑚

)

�̃�(𝑘, 𝑦) = 0, 𝑚 = (𝐿,𝑅) (8)

with:

�̃�(𝑘, 𝑦) = ∫

∞

−∞
𝑤(𝑥, 𝑦)e−i𝑘𝑥 d𝑥, (9)

and 𝑞2𝑚 = 𝑘2 − 𝑘2𝑠,𝑚. The solution of Eq. (8) for the layer (𝑚 = 𝐿) can be
written as:

�̃�(𝑘, 𝑦) = 𝐴1e−𝑞𝐿𝑦𝐿 + 𝐵1e𝑞𝐿𝑦𝐿 , (−ℎ ≤ 𝑦𝐿 ≤ 0) (10a)

�̃�(𝑘, 𝑦) = 𝐴2e−𝑞𝑅𝑦𝑅 + 𝐵2e𝑞𝑅𝑦𝑅 = 𝐵2e𝑞𝑅𝑦𝑅 , (𝑦𝑅 ≤ −ℎ) (10b)

where 𝐴2 must vanish to prevent an unbounded response for the
3

bedrock (𝑚 = 𝑅). 𝜏
At this stage, the computation of the unknown amplitudes in
Eqs. (10a), (10b) is performed by imposing stress boundary condition at
the half-space surface (𝑦𝐿 = 0), continuity of stresses and compatibility
of displacements at the interface between the soil layer and the bedrock
(𝑦𝐿 = −ℎ).

As such, according to Hooke’s law, and using the spatial Fourier
transform along the 𝑥 direction, the transformed shear stress in both
the domain 𝑚 can be written as:

̃𝑦𝑧(𝑘, 𝑦) = 𝜇𝑚
𝜕�̃�(𝑘, 𝑦)

𝜕𝑦
. (11)

Substituting Eq. (10a) into Eq. (11) leads to the transformed shear stress
in the soil layer:

̃(𝐿)(𝑘, 𝑦) = 𝜇 (−𝐴 𝑞 e−𝑞𝐿𝑦𝐿 + 𝐵 𝑞 e𝑞𝐿𝑦𝐿 ), (−ℎ ≤ 𝑦 ≤ 0) (12)
𝑦𝑧 𝐿 1 𝐿 1 𝐿 𝐿
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Similarly, for the bedrock, the transformed shear stress is calculated
by substituting Eq. (10b) into Eq. (11):

̃(𝑅)𝑦𝑧 (𝑘, 𝑦) = 𝜇𝑅𝑞𝑅𝐵2e𝑞𝑅𝑦𝑅 , (𝑦𝑅 ≤ −ℎ) (13)

The stress boundary condition at the half-space surface (𝑦𝐿 = 0) is
imposed by equating the layer shear stress of Eq. (11), 𝜏(𝐿)𝑦𝑧 (𝑘, 0), to the
spatial Fourier transform 𝜏0(𝑘, 0) of the shear source 𝜏0(𝑥, 0)ei𝜔𝑡 acting
at the surface, as:

𝜇𝐿(−𝐴1𝑞𝐿 + 𝐵1𝑞𝐿) = 𝜏0(𝑘, 0), (14)

where 𝜏0(𝑥, 0)ei𝜔𝑡 is the uniform time-harmonic antiplane shear stress
applied at the half-space surface over the resonator base of length 2𝑎,
as illustrated in Fig. 2.

Conversely, at the layer-bedrock interface (𝑦𝐿 = −ℎ), a rigid, no-slip,
connection is assumed which implies the continuity of displacements
and stresses, or, equivalently, the continuity of their Fourier transforms:

�̃�(𝐿)(𝑘,−ℎ) = �̃�(𝑅)(𝑘,−ℎ), (15a)

̃(𝐿)𝑦𝑧 (𝑘,−ℎ) = 𝜏(𝑅)𝑦𝑧 (𝑘,−ℎ). (15b)

Substituting Eqs. (10a) and (10b) in Eq. (15) yields:

𝐴1e𝑞𝐿ℎ + 𝐵1e−𝑞𝐿ℎ = 𝐵2e−𝑞𝑅ℎ, (16a)

𝜇𝐿𝑞𝐿(−𝐴1e𝑞𝐿ℎ + 𝐵1e−𝑞𝐿ℎ) = 𝜇𝑅𝑞𝑅𝐵2e−𝑞𝑅ℎ. (16b)

The system of Eqs. (14), (16a), (16b) can be solved as function of the
shear stress amplitude 𝜏0 to obtain:

𝐴1 =
(𝜇𝐿𝑞𝐿 − 𝜇𝑅𝑞𝑅) 𝜏0

𝜇𝐿𝑞𝐿(−𝜇𝐿𝑞𝐿 + 𝜇𝑅𝑞𝑅 + 𝜇𝐿𝑞𝐿e2ℎ𝑞𝐿 + 𝜇𝑅𝑞𝑅e2ℎ𝑞𝐿 )
, (17a)

1 =
(𝜇𝐿𝑞𝐿 + 𝜇𝑅𝑞𝑅)e2ℎ𝑞𝐿 𝜏0

𝜇𝐿𝑞𝐿(−𝜇𝐿𝑞𝐿 + 𝜇𝑅𝑞𝑅 + 𝜇𝐿𝑞𝐿e2ℎ𝑞𝐿 + 𝜇𝑅𝑞𝑅e2ℎ𝑞𝐿 )
, (17b)

2 =
2e(𝑞𝐿+𝑞𝑅)ℎ 𝜏0

−𝜇𝐿𝑞𝐿 + 𝜇𝑅𝑞𝑅 + 𝜇𝐿𝑞𝐿e2ℎ𝑞𝐿 + 𝜇𝑅𝑞𝑅e2ℎ𝑞𝐿
. (17c)

At this stage, by using the inverse Fourier transform, the wavefields in
both the soil layer and bedrock are computed as:

F−1[𝑤(𝑘, 𝑦)] = 𝑤(𝑥, 𝑦)

= 1
2𝜋 ∫

∞

−∞
(𝐴1e−𝑞𝐿𝑦𝐿 + 𝐵1e𝑞𝐿𝑦𝐿 )ei𝑘𝑥 d𝑘, (−ℎ ≤ 𝑦𝐿 ≤ 0) (18)

F−1[𝑤(𝑘, 𝑦)] = 𝑤(𝑥, 𝑦) = 1
2𝜋 ∫

∞

−∞
𝐵2e𝑞𝑅𝑦𝑅+i𝑘𝑥 d𝑘, (𝑦𝑅 ≤ −ℎ) (19)

2.2.1. Green’s function for a unit amplitude, finite length, shear source
Let us assume a rigid, massless, resonator foundation. Under this

assumption, the expressions in Eqs. (18) and (19) should be specialized
for a harmonic shear stress with constant unit amplitude distributed
along a finite length of the half-space surface [𝑥𝑛 − 𝑎, 𝑥𝑛 + 𝑎], as shown
in Fig. 2b:

𝜏0(𝑥𝑛, 0) =
{

1, if |𝑥 − 𝑥𝑛| ≤ 𝑎
0, elsewhere (20)

The Fourier transform of Eq. (20) along the 𝑥 direction reads:

̃0(𝑘, 0) =
2 sin(𝑘𝑎)

𝑘
e−i𝑘𝑥𝑛 . (21)

he Green’s function of the wavefields generated by a unitary strip sur-
ace shear load is thus obtained by substituting Eq. (21) in Eqs. (17a),
17b), (17c) and combining the results with Eqs. (18) and (19).
4

.3. Transmissibility of surface oscillators

Let us consider the dynamic response of the 𝑛th oscillator, belonging
o the array S, placed on the free surface of the bi-layer medium and
xcited by a harmonic base motion. As stated in the above section, each
scillator has a footprint length equal to 2𝑎, so that the area of contact
etween the resonator and the half-space extends from (𝑥 = 𝑥𝑛 − 𝑎) to
𝑥 = 𝑥𝑛+𝑎). The equation of motion for the 𝑛th oscillator can be written
s:

𝑛�̈�𝑛 + 𝑐𝑛�̇�𝑛 +𝐾𝑛𝑊𝑛 = 𝑐𝑛�̇�𝑛 +𝐾𝑛𝑤𝑛, (22)

here 𝑀𝑛 and 𝐾𝑛 denote the mass and the stiffness respectively; 𝑐𝑛
s viscous damping coefficient; 𝑊𝑛 is the absolute displacement of the
esonator; 𝑤𝑛 refers to the displacement of the resonator footprint.

At steady state, the ratio of the amplitude of the oscillator motion
o the base motion is given by the transmissibility 𝑇𝑛 [32]:

𝑊𝑛
𝑤𝑛

≡ 𝑇𝑛 =
𝜔2
𝑛 + 2𝑖𝜁𝑛𝜔𝑛𝜔

(𝜔2
𝑛 − 𝜔2) + 2𝑖𝜁𝑛𝜔𝑛𝜔

, (23)

where the resonant angular frequency of the 𝑛th oscillator is given by
𝜔𝑛 =

√

𝐾𝑛∕𝑀𝑛, while 𝜁𝑛 = 𝑐𝑛∕(2𝑀𝑛𝜔𝑛) denotes its damping ratio.
Assuming that the SH wavelength is much greater than the width

of the building foundation [33], the small variation of displacement
along the foundation is neglected. Thus, for a building/resonator with
footprint coordinates (𝑥𝑛 − 𝑎, 𝑥𝑛 + 𝑎), only the displacement at 𝑥𝑛 is
considered, so that the tangential force applied by the resonator to the
elastic medium can be expressed as:

𝑃𝑛 = 𝑀𝑛𝜔
2𝑇𝑛𝑤(𝑥𝑛, 0), ∀ 𝑥𝑛 ∈ 𝑆 (24)

where 𝑤(𝑥𝑛, 0) denotes the displacement at the midpoint resonator
footprint. As a result, the uniform shear stress along the soil-resonator
contact area is:

𝑄𝑛(𝑥, 0) =
𝑃𝑛
2𝑎

≡ 𝑍𝑛𝑤(𝑥𝑛, 0) for 𝑥 ∈ (𝑥𝑛 − 𝑎, 𝑥𝑛 + 𝑎), 𝑥𝑛 ∈ 𝑆 (25)

.4. Multiple scattering formulation

Equipped with appropriate expressions for the uniform shear stress
long the soil-resonator contact area, Eq. (25), and the related Green’s
unction, Eqs. (18) and (19), a multiple scattering formulation is used
o compute the total wavefield within the bi-layered medium. Indeed,
hen the incident field impinges on the array of 𝑁 oscillators, the total
ave field 𝑤 can be expressed as the summation of the incident and

cattered wave fields [34]:

(𝑥, 𝑦) = 𝑤(𝑓 )(𝑥, 𝑦) +
𝑁
∑

𝑛=1
𝑄𝑛𝐺𝑤(𝑥 − 𝑥𝑛, 𝑦), (26)

here 𝑤(𝑓 ) is the incident fields; 𝑄𝑛 is the amplitude of the uniform
hear stress at the base of the 𝑛th resonator; 𝐺𝑤 is the Green’s func-
ion. At this stage, the stress amplitude 𝑄𝑛 is obtained by substituting
q. (25) into Eq. (26) and specifying the total displacement at the base
f the resonator at position 𝑥𝑚 as:

−1
𝑚 𝑄𝑚 = 𝑤(𝑓 )(𝑥𝑚, 0) +

𝑁
∑

𝑛=1
𝑄𝑛𝐺𝑤(𝑥𝑚 − 𝑥𝑛, 0), 𝑛, 𝑚 = 1,… , 𝑁 (27)

Eq. (27), after some algebra, can be organized in matrix form as [35]:

𝐀𝐗 = 𝐁, (28)

where:

𝐀 =

⎡

⎢

⎢

⎢

⎢

𝑍−1
1 − 𝐺𝑤(0, 0) −𝐺𝑤(𝑥1 − 𝑥2, 0) ⋯ −𝐺𝑤(𝑥1 − 𝑥𝑁 , 0)

−𝐺𝑤(𝑥2 − 𝑥1, 0) 𝑍−1
2 − 𝐺𝑤(0, 0) ⋯ −𝐺𝑤(𝑥2 − 𝑥𝑁 , 0)

⋮ ⋮ ⋱ ⋮
−1

⎤

⎥

⎥

⎥

⎥

,

⎣

−𝐺𝑤(𝑥𝑁 − 𝑥1, 0) −𝐺𝑤(𝑥𝑁 − 𝑥2, 0) ⋯ 𝑍𝑁 − 𝐺𝑤(0, 0) ⎦
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Table 1
Physical parameters and mechanical properties of the substrate and the
buildings.

Parameter Value

Mass density of bedrock, 𝜌𝑅 2000 kg/m3

Mass density of soil layer, 𝜌𝐿 1700 kg/m3

Shear wave velocity of bedrock, 𝐶𝑠,𝑅 1000 m/s
Shear wave velocity of soil layer, 𝐶𝑠,𝐿 300 m/s
Depth of soil layer, ℎ 50 m
Hysteretic damping ratio of the soil layer, 𝜉𝐿 2%
Hysteretic damping ratio of the bedrock, 𝜉𝑅 2%
Unit mass of the building, 𝑀 105 kg/m
Width of the foundation, 2𝑎 10 m
Damping ratio of the building, 𝜁 5%
Layer resonant frequency, 𝑓𝑠1 1.5 Hz

𝐗 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑄1
𝑄2
⋮

𝑄𝑁

⎤

⎥

⎥

⎥

⎥

⎦

, 𝐁 =

⎡

⎢

⎢

⎢

⎢

⎣

𝑤(𝑓 )(𝑥1, 0)
𝑤(𝑓 )(𝑥2, 0)

⋮
𝑤(𝑓 )(𝑥𝑁 , 0)

⎤

⎥

⎥

⎥

⎥

⎦

. (29)

The solution of Eq. (28) provides the vector 𝑄𝑛. Substitution of 𝑄𝑛 in
Eq. (26) allows obtaining the total wave field of the coupled problem
in the layered half-space. The reader can refer to Appendix for the
numerical validation (via FEM) of the approach.

3. Case studies

The dynamic response of a series of buildings excited by SH waves
propagating through the substrate is here examined. The investigation
begins by computing the response of a single building considering its
interaction with the substrate and, hence, the scattered field generated
by its vibration. The results of this analysis are used to better inter-
pret the scenarios of multiple buildings placed in the vicinity of each
other and highlight the effects induced by the building–soil–building
interactions. The building–soil–building analysis starts, instead, from
the configurations with two buildings, where a parametric study is
performed to evidence the physical parameters driving the interaction.
Then, the study is extended by considering an array of five equally
spaced buildings as an example of a highly urbanized scenario.

3.1. Soil–structure interaction for a single building scenario

The dynamic response of a single building overlaying a layered
soil is computed assuming the physical and mechanical parameters
collected in Table 1. The following assumptions are considered:

• to account for wave energy dissipation, hysteretic damping for the
soil layer and the bedrock is considered by assuming a dynamic
modulus 𝜇′

𝑚 = 𝜇𝑚 + 𝑖𝜇∗
𝑚, where 𝜇∗

𝑚 = 2𝜉𝑚𝜇𝑚 [36,37], where
𝑚 = (𝐿,𝑅);

• the site resonant condition is referred to as the configuration
where the natural frequency of the building 𝑓𝑛 matches the first
characteristic frequency of the soil-layer 𝑓𝑠1. In this regard, the
soil-layer transfer function is denoted as 𝑇𝑆 , which accounts for
the ground motion amplification due to the presence of the soft
layer. In particular, from Eq. (3), the transfer function can be
written as 𝑇𝑆 = 2𝐴𝐿∕𝐴𝑅 = 2

cos 𝛽𝐿ℎ+i�̄� sin 𝛽𝐿ℎ
. For a small damping

in the soil, the resonance occurs when cos 𝛽𝐿ℎ = 0, i.e., 𝑓𝑠1 =
𝐶𝑠,𝐿∕(4ℎ) for a vertically incident field. This results in the upper
bound |𝑇𝑆 |𝑚𝑎𝑥 = 2𝜌𝑅𝐶𝑠,𝑅∕(𝜌𝐿𝐶𝑠,𝐿). Since vertically incident SH
waves lead to the maximum building response, oblique incident
SH waves will not be investigated.

• the uncoupled response of the building is evaluated by neglecting
the contribution of the scattered field. As such, the normalized
absolute displacement for the uncoupled case can be computed
as |𝑊 ∕𝐴𝑅| = |𝑇𝑆 ||𝑇𝑛|, where 𝑊 and 𝐴𝑅 represent the ampli-
tudes of the building oscillation and of the incident SH wave in
5

the bedrock, respectively, while 𝑇𝑛 is the transmissibility of the
building, Eq. (23).

The results for a single oscillator are given in Fig. 3. In particular,
Figs. 3a and 3b show the displacement at the top of the building
for a range of exciting frequencies of the seismic waves normalized
with respect to the amplitude of the incident SH waves in the bedrock
(𝐴𝑅). The solid grey lines represent the displacement for the uncoupled
scenario, where the building’s scattered field is neglected.

Fig. 3a shows that the peak of the normalized displacement for
the coupled scenario |𝑊 ∕𝐴𝑅| is approximately 30% lower than the
uncoupled one |𝑇𝑆 ||𝑇𝑛|. This can be explained by taking into consider-
tion the energy radiated by the vibrating building into the substrate,
ommonly referred to as radiation damping. Additionally, the peak re-
ponse of the building is shifted towards a lower frequency with respect
o the natural frequency of the building [38]. The formulation correctly
redicts such time period lengthening [39] and its dependence on the
ass of the building and on the stiffness of the underlying strata.

ig. 3b shows the amplitude responses like in Fig. 3a but considering
non-resonant site condition characterized by a natural frequency of

he building 𝑓𝑛 = 1.5𝑓𝑠1. One can again notice a reduction in the
peak response of the building in comparison to the uncoupled model.
Similarly, the peak of the response occurs at a lower frequency with
respect to the uncoupled response. Fig. 3c depicts the peak values
of the responses considering buildings with a resonant frequency in
the range 0.1 ≤ 𝑓𝑛∕𝑓𝑠1 ≤ 2. Again, it is noticed how the uncoupled
model overestimates the building responses when compared to the
coupled one. Nonetheless, when 𝑓𝑛 < 𝑓𝑠1, small discrepancies are found
between the coupled and the uncoupled predictions. In particular, for
𝑓𝑛 ≪ 𝑓𝑠1 the building resonance occurs at the frequency when the soil
transfer function is minimal |𝑇𝑆 | = min(2𝐴𝐿∕𝐴𝑅) = 2. Consequently,
the maximum building response can be approximated as max|𝑊 ∕𝐴𝑅| =
max|𝑇𝑅||𝑇𝑆 | ≈ 1∕𝜁 . Conversely, for 𝑓𝑛 ≈ 𝑓𝑠1, the model predicts
a reduction in the peak response by ∼ 30% in comparison to the
uncoupled model.

Fig. 3d displays the amplitude of the scattered field with respect
to the free field, namely |𝑤(𝑠)∕𝑤(𝑓 )

|. As expected, the amplitude of
the scattered wavefield |𝑤(𝑠)

| is not negligible for a site resonant
condition 𝑓𝑛 = 𝑓𝑠1. In particular, at the foundation level, for the
adopted mechanical parameters, the scattered field amplitude accounts
approximately for 60% of the free field. Notably, the amplitude decays
for a larger distance due to material and geometric damping as shown
by the values calculated at 0.1𝜆𝑛, 𝜆𝑛 and 2𝜆𝑛 from the building, where
𝜆𝑛 = 𝐶𝑠,𝐿∕𝑓𝑛. As expected, the field decays rapidly away from the
building with an amplitude reduction of almost 70% within a distance
of one wavelength. At longer distances from the building, the waves
are attenuated at a slower rate. This can be partially attributed to
the two-dimensional setting of our model, which underestimates the
geometrical damping at large distances.

Large amplitudes of the scattered wavefield at resonance can result
in a deamplification of the total ground motion 𝑤(𝑡𝑜𝑡) in the build-
ing’s close vicinity. To better appreciate this phenomenon, Figs. 3e
and 3f display the amplitude ratio |𝑤(𝑡𝑜𝑡)∕𝑤(𝑠)

| [40], and the phase
difference between scattered and incident free field. Across the resonant
condition, the scattered field at the foundation level becomes out-of-
phase with respect to the free field (Fig. 3f, red line). This results in
destructive interference between scattered and incident waves yielding
an overall reduction of the ground motion close to the building (Fig. 3e,
red line). At a distance of one wavelength from the building, one
can appreciate an amplification of the ground motion at resonance
(Fig. 3e, blue line). Indeed, from Fig. 3f (blue line), it is inferred that
the two fields are in-phase for 𝑓 = 𝑓𝑛, thus resulting in a constructive
interference that amplifies the total ground motion.

With a clear picture of the single building–soil coupled behaviour,
let us proceed to investigate the building–soil–building interaction by

considering two oscillators placed over the stratified soil.
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Fig. 3. Dynamic response of a single building coupled to an elastic bi-layer medium in presence of incident SH waves. The normalized building amplitude for (a) site resonant
condition (𝑓𝑛 = 𝑓𝑠1 = 1.5 Hz), and (b) non-resonant case (𝑓𝑛 = 1.5, 𝑓𝑠1 = 2.25 Hz). Plot (c) gives the maximum spectral value of the building oscillation. The strength of the scattered
field (d), and the total field (e) normalized with respect to the free field have been computed at various distances from the building with 𝜆𝑛 = 200 m. (f) The phase difference
between the free and the scattered field. For comparison, the grey lines represent the uncoupled building response. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)
3.2. Building–soil–building interaction

Our investigation starts by considering two buildings placed on top
of the elastic bi-layer substrate excited by normally incident SH waves.
For all the considered scenarios, the dynamic response of the two build-
ings are computed assuming the physical and mechanical parameters
collected in Table 1, unless otherwise specified. The response of each
building is influenced by the total displacement of the soil under their
respective foundations.

Fig. 4 reports the results of a configuration consisting of two build-
ings placed at varying distances from one another. Dashed grey lines
denote the coupled response of the building when the other building is
not present, here reported to better appreciate the contribution of the
building–soil–building interaction.

The interaction between two identical buildings with a natural
frequency equal to the first site resonant frequency can either be detri-
mental or beneficial to the buildings depending on the spacing between
them. This can be appreciated from Fig. 4a, where the response of the
two identical buildings is reported for different spacing (𝑑=[0.1, 1, 2]
𝜆 ). In particular, a reduction (∼ 20%) of the amplitude of vibration
6

𝑛

is noted when the buildings are close to each other, e.g., 𝑑=0.1𝜆𝑛.
This beneficial effect is evinced also in Ref. [41], where the SSSI of
twin shear walls over a layered half-space is studied via the indirect
boundary element method. Conversely, an amplification ∼ 10% in the
amplitude is registered at the building resonance when the spacing
between the buildings is equal to one resonant wavelength 𝜆𝑛. Again,
similar findings are found in Ref. [41].

The structure–soil–structure interaction (SSSI) for two identical
buildings having a natural frequency different from the site resonant
frequency (𝑓𝑛 = 1.5𝑓𝑠) shows a similar trend, as evident from Fig. 4b.
The SSSI effect is again evidenced at the building resonant frequency
(𝑓 = 𝑓𝑛1), while it becomes almost negligible at the soil resonant
frequency.

For the case of two non-identical buildings, with building (1) at
resonant condition (𝑓𝑛1 = 𝑓𝑠1), the effects of the SSSI are almost
imperceptible. This is evidenced by the responses of buildings (1) and
(2) reported in Figs. 4c and 4d, respectively. For building (2), which
is less stiff than building (1), a marginal amplification/deamplification
of amplitude is noted at the resonant frequency of building (1), which,
again, depends on the buildings relative distance.
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Fig. 4. Effects of building–soil–building interaction. (a) The response of two identical buildings (𝑓𝑛1 = 𝑓𝑛2 = 1.5 Hz and 𝜆𝑛1 = 200 m) at site resonant condition. (b) A non-resonant
case (𝜆𝑛1 = 133 m). Similar analysis has been carried out in (c) and (d) for a pair of non-identical buildings with 𝜆𝑛1 = 200 m. Grey plots represent the coupled response of a
stand-alone building. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

Fig. 5. Coupled response of a pair of buildings with properties chosen from Table 1. Parametric study on (a) spacing between the buildings (𝑓𝑛1 = 𝑓𝑛2 = 𝑓𝑠1 = 1.5 Hz), (b) relative
stiffness of the buildings (𝜆𝑛1 = 200 m), (c) relative stiffness of the soil layer and the bedrock (𝑓𝑛1 = 𝑓𝑛2 = 1.5 Hz), and (d) the mass of the buildings (𝑓𝑛1 = 𝑓𝑛2 = 𝑓𝑠1 = 1.5 Hz).
Grey plots represent the coupled response of a stand-alone building. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version
of this article.)
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3.2.1. Parametric study
The SSSI interaction between buildings depends on many parame-

ters, namely the buildings’ mass, stiffness, relative distances, etc [42].
In what follows, the sensitivity of this interaction to four major param-
eters is investigated, namely: the spacing between the buildings, the
relative stiffness of the buildings, the mass of the buildings, and the
relative stiffness of the soil layer to the bedrock.

Fig. 5a plots the maximum response of two identical buildings as
a function of the distance between them. The horizontal grey plot is
the response of a stand-alone building. For two buildings placed in the
vicinity of each other (𝛥𝑥 < 0.7𝜆𝑛1), there is a reduction in amplitude
n comparison to the single building scenario. Conversely, a maximum
mplitude response occurs for a distance 𝛥𝑥 ≈ 1.1𝜆𝑛, consistent with
esults provided in Ref. [41]. Indeed, the amplification/deamplification
f building (1) response with the inter distance 𝛥𝑥 follows a clear
scillatory behaviour, with a characteristic length given approximately
y 2𝜆𝑐 , with 𝜆𝑐 = 𝐶𝑠,𝐿∕𝑓𝑐 , where 𝑓𝑐 is the coupled resonant frequency,
amely the resonance frequency of the building (1) lying over the soft
ayer.

To better appreciate the effect of building distance across the whole
requency range of interest, Fig. 5b compares the maximum response of
single building (1) with its maximum response in presence of building

2) for a range of natural frequency ratio of the two buildings. The study
s performed for two building distances, 0.1𝜆𝑛1 and 𝜆𝑛1. It is observed
hat the buildings have a negligible effect on each other when their
atural periods are well separated. Conversely, one can appreciate the
SSI effect when the two buildings have comparable natural frequencies
𝑓𝑛1 ≈ 𝑓𝑛2). A comparison with Fig. 3f helps the reader in understanding
he deamplification and amplification of the building’s response when
laced 0.1𝜆𝑛1 and 𝜆𝑛1 from each other respectively.

The third parameter that has been considered is the relative stiffness
f the soil layer to the stiffness of the bedrock. In particular, for
very value of the shear wave velocity ratio 𝐶𝑠,𝐿∕𝐶𝑠,𝑅, the maximum
isplacement of two identical structures is computed. Three building
istances of 0.1𝐶𝑠,𝐿∕𝑓𝑛1, 𝐶𝑠,𝐿∕𝑓𝑛1, and 2𝐶𝑠,𝐿∕𝑓𝑛1 are considered, and
he response is compared with that of a stand-alone building. As the
oil layer becomes more rigid and its shear wave velocity approaches
hat of the bedrock (𝐶𝑠,𝐿 ∼ 𝐶𝑠,𝑅), the SSSI effects become negligible as
|𝑊 ∕𝐴𝑅| → 1∕𝜁 , see Fig. 5c. This is directly attributed to the diminish-
ing strength of the scattered wavefields in stiff soils and the absence of
the amplification of the seismic waves in non-layered substrates [43].

Finally, similar to the scenario in Fig. 5c, two identical buildings
are chosen and placed at three different distances from one another
while varying the masses of both buildings. The results, in terms of
max peak responses, are plotted in Fig. 5d. For low mass structures,
all three plots converge to the peak response of the uncoupled model
as |𝑊 ∕𝐴𝑅| → |𝑇𝑆 ||𝑇𝑛|, see Fig. 3a, confirming that the strength of
the scattered wavefields is negligible for low mass buildings. Conse-
quently, building–soil–building interactions are insignificant. As the
mass increases, the strength of the scattered fields increases. The struc-
tures radiate more energy back into the substrate, thus reducing the
amplitude of vibrations [44].

3.2.2. An array of buildings
The proposed model is able to treat a generic number of structures.

Here, the response of five adjacent buildings with identical dynamic
properties is computed and discussed. Two configurations with a con-
stant building spacing of 0.1𝜆𝑛 and 𝜆𝑛 are examined at site resonant
and non-resonant conditions. The results are shown in Fig. 6. Due to
the symmetry of the configurations, the pairs of buildings (1, 5) and
(2, 4) have identical responses in the presence of normally incident SH
waves.

The case of buildings at site resonance (𝑓𝑛 = 𝑓𝑠1) with a building
spacing of 0.1𝜆𝑛 and 𝜆𝑛 are plotted in Figs. 6a and 6b respectively. For
a spacing of 0.1𝜆𝑛, the peak response of all the buildings in the array is
8

almost halved compared to the single-building scenario. This beneficial
roup effect is consistent with the findings provided in Ref. [45],
here dense arrays of structures interacting with the soil, to model a

eismic site–city configuration, are studied using 2D boundary element
ethod. The cause for such behaviour is credited to the reduction of

he ground motion in the close vicinity of the buildings at resonance.
he buildings are shielded from the seismic waves due to multiple
cattered fields cancelling out a fraction of the ground motion at the
ase of each building. This phenomenon can be thought of as a case
f buildings acting as tuned mass dampers (TMDs) by oscillating out-
f-phase with the input motion [3]. Similar effects are also evidenced
n the so-called seismic metasurfaces, where regular array of resonant
nits are purposely exploited to dampen out the propagation of seismic
aves [46,47]. For spacing of 𝜆𝑛, the response remains fairly identical

o the single building case.
For the non-resonant case (𝑓𝑛 = 1.5𝑓𝑠1), the response of the buildings

or a spacing of 0.1𝜆𝑛 is markedly lower than the stand-alone building,
s evident from Fig. 6c. Conversely, for a spacing of 𝜆𝑛, significant

amplification of the building response occurs at the building resonance,
Fig. 6d. As the non-resonant case (𝑓𝑛 ≠ 𝑓𝑠1) is more likely to be
encountered in a real-world scenario, the detrimental effects of SSSI
should be considered when the structures are placed a few hundred
meters apart [48].

4. Conclusions

In this work, a simple analytical formulation to study the interaction
of buildings during seismic motion has been developed. Buildings are
modelled as single degree-of-freedom resonators and SH waves are
considered as input ground motions. By exploiting a multiple scattering
formulation, the mutual responses of the buildings are coupled through
the substrate. The method can capture the effects of the incident and
scattered wavefields on the response of the structures. The formula-
tion is able to handle a generic number of structures arranged on
the surface of the substrate in a random configuration. The model
has been validated for a single building to capture the soil–building
interaction before addressing the more complex dynamic interaction of
two buildings. For the two building scenarios, a large parametric study
has been performed considering:

• The effects of the building distance on the buildings response.
Results have evidenced how a pair of closely spaced buildings
have a lower dynamic response with respect to a stand-alone
building. Furthermore, it has been evidenced and explained the
occurrence of response amplification at specific building distances
(e.g. 𝑑 ≈ 1.1𝜆).

• The effects of the relative building resonant frequencies on the
buildings maximum response, quantifying the reduction and the
increase for two distinct building spacing (0.1𝜆𝑛𝑎𝑛𝑑𝜆𝑛).

• The effects of the relative stiffness between the soil layer/bedrock.
Results have evidenced that SSSI effects become less significant
when a stiffer soil layer is considered.

• The effects of the relative mass of the buildings at various building
distances, showing how SSSI effects become more pronounced
when large mass structures are considered.

It is remarked here that the conducted parametric study accounts
for a total of more than 600 scenarios. The vast number of con-
sidered configurations underlines the suitability of our inexpensive
computation tool to perform large parametric analysis and provide a
qualitative indication of mechanical parameters driving the SSSI effects
for antiplane shear waves.

Finally, the response of a cluster of five closely spaced buildings has
been evaluated. For such an array of buildings, the interactions become
particularly significant when the site-building resonance occurs, result-
ing in a collective effect that reduces ground motion throughout the
entire building set. This effect can be significant, reducing the building
motion by almost 50%.
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Fig. 6. Response of an array of five equally spaced identical buildings with physical parameters chosen from Table 1. Results are computed for a spacing of 0.1𝜆𝑛 and 𝜆𝑛. Plots
a) and (b) refer to the site resonant case (𝜆𝑛 = 200 m) while (c) and (d) exhibit the results for a non-resonant case (𝜆𝑛 = 133 m). Grey plots represent the coupled response of a
tand-alone building. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
Overall, the proposed simplified model allows to shed light on the
eriod lengthening of structures on soft soils, the mutual interaction
etween multiple close buildings and the dependence of this interaction
n various physical parameters. The model can be used as a computa-
ionally inexpensive tool for a preliminary assessment of SSSI. Due to its
lexibility, the proposed formulation can be easily extended to deal with
V problems. Note that the free field and Green’s function for in-plane
hear strip sources on a bilayer half-space are readily available in [49].
uture research efforts will be devoted to extending the methodology to
nclude multiple degree-of-freedom systems coupled to a 3D substrate,
hus paving the way to study seismic site–city interaction with simple
nalytical tools.
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Appendix. Validation of the multiple scattering formulation

In this Appendix, a truncated 3D FE model (soil layer) is built
in COMSOL Multiphysics (Fig. A.1a) with dimensions 𝓁𝑥 = 800 m,
𝓁𝑦 = ℎ = 50 m, 𝓁𝑧 = 1 m, to verify the multiple scattering formulation
provided in Eq. (28). To capture the mutual interaction, two identical
buildings with resonance frequency 𝑓𝑛1 = 𝑓𝑛2 = 1.5𝑎𝑛𝑑𝑓𝑠1 = 2.25 Hz are
considered, where a centre distance of 200 m (𝑥1 = −100 m, 𝑥2 = 100
m) is assumed. To simulate the uniform antiplane SH force imposed
on the footprint by each building, the SDOF resonator is modelled by
a distribution of 𝑛 = 11 truss elements, in which each point mass is
𝑚𝑡 = 𝑀∕11, and the Young’s modulus 𝐸𝑡 = (𝑚𝑡𝜔2 + 2i𝑚𝑡𝜁𝜔𝑛𝜔)𝓁𝑡∕𝐴𝑡,
where 𝓁𝑡 and 𝐴𝑡 denote the length and cross-sectional area of the truss.

To model the antiplane SH wave propagation, the displacement
components in the 𝑥 and 𝑦 directions are prescribed as 𝑢 = 0, 𝑣 =
0 in the whole model. Additionally, a pair of continuous boundary
conditions, i.e., 𝑤(𝑥, 𝑦, 𝑧 = 0) = 𝑤(𝑥, 𝑦, 𝑧 = −𝓁𝑧), are imposed on
the front and back faces to ensure the antiplane invariance of SH
waves in the 𝑧 direction. It should be noticed that the truncation of
the computation domain along the 𝑥-axis plays a role in the resonator
response. Following Ref. [50], a pair of periodic boundary conditions,
i.e., 𝑤(𝑥 = −𝓁𝑥∕2, 𝑦, 𝑧) = 𝑤(𝑥 = 𝓁𝑥∕2, 𝑦, 𝑧), are imposed on the left
and right faces. Although, such an operation is equivalent to analysing
an infinitely periodic system, this approximation is reasonable when
the model is large enough due to the weak coupling. In our numerical
simulations, the convergent result is obtained for |𝓁𝑥∕2 − 𝑥2| > 2𝜆𝑛.

To simulate the vertical SH-wave input, the shear stress 𝑓𝑦𝑧 =
𝜌 𝐶 𝜕𝑤′∕𝜕𝑡 + 𝜏′ , where the prime denotes a quantity in the free
𝑅 𝑠,𝑅 𝑦𝑧
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Fig. A.1. (a) Schematic of the 3D FE model. (b) Comparison between the FE and analytical solutions.
ield. To absorb outgoing waves, the Lysmer–Kuhlemeyer dashpot [51]
s used: 𝑓𝑦𝑧 = −𝑐𝑑𝜕𝑤∕𝜕𝑡 = −𝜌𝑅𝐶𝑠,𝑅𝜕𝑤∕𝜕𝑡.

Using the same parameters displayed in Table 1 and meshing the
model using free tetrahedral element, we calculate and show the am-
plitude ratio vs. frequency in the range of 𝑓 = (0, 2]𝑓𝑠1 in Fig. A.1b at
two locations, namely, the receiver 1 at 𝐫1 = (0, 0,−ℎ) m and receiver
2 at 𝐫2 = (0, 0, 0) m. The FE simulations, marked by circles, are in
good agreement with the analytical results (solid line) computed using
Eq. (28).
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