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A B S T R A C T

In this work, we propose a procedure to estimate the Minimum Observable Damage (MOD) by a vibration-
based Structural Health Monitoring (SHM) system. The MOD is defined as the smallest damage size that can be
detected by an SHM system with given Probability of Detection (POD) and Probability of False Alarm (PFA). To
this purpose, the MOD is computed by exploiting the Receiver Operating Characteristic (ROC) analysis, once a
damage index (DI) built on monitoring data/features is defined. In particular, the MOD is defined as the damage
intensity corresponding to an area under the ROC curve of 95%. The proposed idea is discussed by utilizing
pseudo-experimental data generated via numerical simulations for undamaged and damaged structures. In the
developed simulations, environmental uncertainties and measurement noises are considered. As case studies,
we consider truss structures and use modal data, namely frequencies of vibrations and mode shapes, to build
the DIs. Using the dataset of DIs, the ROC methodology is exploited to establish the probability of detecting
certain damage over the probability of false alarms. For a given DI, results are provided in terms of MOD for
each structural element of the truss structure considering one damaged element at a time. By establishing a
relation between modal data, damage size, and POD/PFA, the proposed approach can assess the quality of the
adopted DI, thus supporting the initial design of an SHM system.
. Introduction

Vibration-based structural health monitoring (SHM) aims at the de-
ection of damages, namely mechanical or geometrical changes of struc-
ural elements, by exploiting modal parameters (i.e., modal frequencies,
ode shapes, and modal damping) [1–3]. To this purpose, accelerations
ue to ambient vibrations are recorded in several locations along the
tructure and modal parameters are estimated via Operational Modal
nalysis procedures [4,5]. Such parameters are then used to feed met-
ics, commonly termed as damage indexes (DIs), meant at denoting the
ppearance, and eventually the evolution, of structural damages [1–3].

In this context, one of the main issues is the limited number and
ccuracy of modal parameters that can be experimentally estimated
rom the monitored accelerations due to the low levels of excitation,
s well as due to the presence of environmental uncertainties and
easurement noises [6,7]. Among the environmental uncertainties,

or instance, the temperature is acknowledged as the main source of
ariability in the modal parameters due to its effect on structural
arameters and boundary conditions [8–12]. Similarly, measurement
oises along the data acquisition chain and/or induced by the opera-
ional conditions (e.g., traffic), can impact the number and accuracy

∗ Corresponding author.
E-mail address: alessandro.marzani@unibo.it (A. Marzani).

of modal data that can be estimated from recorded accelerations, thus
limiting the potential of SHM systems.

To overcome these limitations, SHM systems generally rely on (i) an
increased number of sensors, (ii) sensors with higher sensitivity, (iii)
measuring chains with higher performance, and (iv) advanced signal
processing strategies. Still, these countermeasures introduce additional
costs and complexities in the SHM system and thus their adoption
should be carefully evaluated.

Motivated by this need, here we propose a procedure to quantify the
minimum level of detectable damage in a structure for a given number
of modal parameters exploited by a vibration-based SHM system.

First, we introduce the concept of Minimum Observable Damage,
namely the smallest damage intensity characterized by a high Prob-
ability of Detection (POD) and low Probability of False Alarm (PFA)
that can be detected for a given damage index (DI) built on a set of
modal parameters. To this aim, we compute the distribution of the DI
for the healthy structure (the baseline), where temperature and added
noise introduce variability on the modal parameters and, in turn, on
the DI. Similarly, we compute the distribution of the DI of the damaged
structure for a certain level of the damage 𝜅𝑖.
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Fig. 1. Flowchart of the proposed method.
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Using the DI distributions of the baseline and damaged structure,
e compute the Receiver Operating Characteristic (ROC) curve [13,
4] and evaluate the Area under the ROC curve (AROC). The AROC
easures the accuracy of the considered DI in discriminating the 𝜅𝑖
amaged scenario from the healthy one with respect to a random
lassifier. We replicate the procedure by increasing the damage size
n order to obtain a relationship between the AROC and the damage
ize. We finally define the Minimum Observable Damage (MOD) as
he damage level associated to an AROC of 95% so that the MOD is
haracterized by a high POD and a low PFA.

Overall, the procedure allows assessing the performance of the
ibration-based SHM approach for each damaged scenario, namely the
alues of MOD versus the damage index considered, and thus versus
he number and type of modal data exploited.

To discuss the proposed methodology, we consider truss structures
nd build synthetic datasets of modal data using a standard finite
lement model. The datasets are built by considering a single damaged
lement of a truss structure at a time. To account for environmental and
perational variability, all the numerical examples include the effect of
emperature variation and measurement noises on the modal parame-
ers. To this end, normally [15,16] and uniformly [17–19] distributed
andom noises are respectively applied to the elastic modulus of the
lements and the computed modal data. The DIs are computed by
xploiting classical damage metrics like the Natural Frequency Ratio
NFR) [20,21] and the Modal Assurance Criterion (MAC).

A two-dimensional statically determinate truss bridge, a two-
imensional truss tower with an increasing level of structural redun-
ancy, and a three-dimensional redundant tower, are used to discuss
he proposed methodology.

The work is organized as follows. First, the methodology is de-
cribed in Section 2. A first application on simple statically determined

russ structure is shown in Section 3. The suitability and performance a

2

of the proposed procedure are investigated on different truss structures
in Section 4. Finally, some conclusions and perspectives are provided
at the end of the work.

2. Proposed methodology

In this section, we briefly describe the approach to simulate the
modal parameters of truss structures considering the influence of tem-
perature variations and measurement noise. The distributions of modal
parameters, computed for both healthy and damaged structures, are
exploited to build distributions of damage indexes DIs. In particular,
damage indicators like the NFR and the MAC, computed from natural
frequencies and mode shapes, respectively, are used to define the DIs.
Next, ROC curves computed on the DI distributions are used to correlate
the number and type of modal parameters to the minimum observ-
able damage in each element of the truss structure. The procedure is
schematically summarized in Fig. 1 and described in the section.

2.1. Pseudo modal datasets

Truss structures are modeled via the finite element method where
each 𝑖th truss element of the structure is characterized by Young’s
modulus 𝐸𝑖 and cross-section 𝐴𝑖. In order to simulate modal param-
eters with a given variability, first a temperature-dependent Young’s
modulus is considered in the formulation of the dynamic equilibrium
equations, and later the computed modal parameters are polluted
by noise. The temperature-dependent Young’s modulus is 𝐸𝑖(𝑇𝑖) =

0 [1 − 𝛽(𝑇𝑖 − 𝑇0)
]

, where 𝐸0 is the nominal modulus at the reference
emperature 𝑇0, 𝛽 is the linear regression coefficient, and where the
emperature 𝑇𝑖 is sampled from a normal distribution centered at 𝑇0

nd having a standard deviation of 𝜎𝑇 [8–12].
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Fig. 2. (a) Bi-variate classification for two independent distributions; (b) receiver operating characteristic (ROC) curve.
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For each 𝑇𝑖, the modal parameters of the structure are computed
by finding the eigensolutions of the dynamic equilibrium equation [22,
23]:

[𝐊𝑒 +𝐊𝑔 − 𝜔2
𝑗𝐌]𝜙𝑗 = 𝟎 (1)

where the global elastic stiffness matrix 𝐊𝑒, geometric stiffness matrix
𝐊𝑔 , and mass matrix 𝐌, are considered. Note that the linearized geo-
metric stiffness matrix 𝐊𝑔 depends on the internal axial forces induced
y the equivalent thermal nodal loads and is not null in redundant truss
tructures. In Eq. (1), 𝜔𝑗 = 2𝜋𝑓𝑗 and 𝜙𝑗 are the 𝑗th natural frequency
nd mode shape of the structure, respectively.

A scenario is defined by setting a damage level in a given element
f the truss. In particular, damage scenarios where a single element is
amaged are considered. The damage in the 𝑖th element is modeled as
reduction of its axial stiffness 𝐸𝑖𝐴𝑖, herein denoted as damage size,

s:

𝑖 = 1 −
𝐸𝑑
𝑖 𝐴

𝑑
𝑖

𝐸𝑢
𝑖 𝐴

𝑢
𝑖

(2)

here 𝑢 and 𝑑 refer to undamaged and damaged scenarios, respectively,
ith 𝜅𝑖 ∈ [0 − 1]. It follows that 𝜅2 = 0.1, for example, denotes a

eduction of the axial stiffness in the element number 2 of 10%.
For a given scenario, we perform 𝑁 numerical simulations to build

dataset of modal solutions affected by the variability induced by the
emperature 𝑇𝑖. Additionally, to account for noise typically encountered

along the measurement chain, the modal parameters are polluted as
follows [17–19,24,25]:

𝑓𝑗 = 𝑓𝑗
[

1 + 𝑛𝑓 (2𝑝 − 1)
]

(3)

�̃�𝑗 (𝑙) = 𝜙𝑗 (𝑙)
[

1 + 𝑛𝛷(2𝑝 − 1)
]

(4)

where 𝑓𝑗 is the 𝑗th natural frequency polluted by noise, 𝑛𝑓 is the level
of noise of the natural frequency, and 𝑝 is sampled from a uniform
distribution, i.e., 𝑝 ∈ [0−1]. Similarly, �̃�𝑗 (𝑙) is the 𝑙th component of the
𝑗th mode shape and 𝑛𝜙 the level of noise applied to the mode shapes.
In this example, values of 𝑛𝑓 = 𝑛𝜙 = 1% are considered.

2.2. Damage index (DI)

From the set of modal parameters associated to a damage size 𝜅𝑖,
the Natural Frequency Ratio (NFR) [20,21] and the Modal Assurance
Criterion (MAC) [20,21], are built as follows:

𝑁𝐹𝑅𝑗 =
𝑓𝑗
𝑓 𝑟
𝑗

(5)

𝑀𝐴𝐶𝑗 =
|�̃�𝑟𝑇

𝑗 �̃�𝑗 |
2

(�̃�𝑟𝑇
𝑗 �̃�𝑟

𝑗 )(�̃�
𝑇
𝑗 �̃�𝑗 )

(6)

here 𝑓 𝑟
𝑗 is the reference 𝑗th frequency, computed as the mean of all

he 𝑁 frequencies 𝑓 for the undamaged structure. Likewise, �̃�𝑟 is the
𝑗 𝑗

3

eference mode shape, namely the mean value of all 𝑁 mode shapes of
he undamaged structure.

Based on the damage indicators of Eqs. (5) and (6), two damage
ndices are built as:

𝐼 = 1 − 1
𝑚

∑

𝑗
𝑁𝐹𝑅𝑗 (7)

𝐷𝐼 = 1 − 1
𝑚

∑

𝑗
𝑀𝐴𝐶𝑗 (8)

with 𝑚 being the number of modal parameters used in the DI computa-
tion. For instance, if 𝑗 = [1, 3, 5], the first, third and fifth frequencies or
mode shapes are used, with 𝑚 = 3. Other DIs, based on the combination
f frequencies and mode shapes, could be easily considered. Still, the
cope of this work is not towards the identification of the best DI for the
onsidered structures but more on proposing a procedure to estimate
he MOD. Indeed, the proposed procedure could be also applied to
tatic monitoring parameters as well as to a combination of static and
ynamic monitoring parameters, as long as they can be considered to
orm a DI.

.3. DI performance via ROC curves

We use the Receiver Operating Characteristic (ROC) curve [26]
o quantify the ability of a certain damage index (DI) to properly
lassify undamaged versus damaged scenarios. For each scenario, we
onsider two distributions of DI, one with 𝑁 samples computed for the

undamaged structure and a second one with 𝑁 samples computed for
the damaged one (see Fig. 2a). Given this dataset, a threshold 𝜏 on
he DI is defined to label each sample as undamaged, when DI < 𝜏, or
amaged when DI > 𝜏, respectively. Depending on the chosen 𝜏 and

the DI distributions, the obtained classification can be either correct
(true) or incorrect (false). The classification performance of the DI for
the given threshold can by computed by the number of:

• true undamaged (TU) samples, namely the number of undamaged
samples correctly classified as undamaged;

• false undamaged (FU) samples, namely the number of damaged
scenarios incorrectly classified as undamaged;

• true damaged (TD) samples, namely the number of damaged
scenarios correctly classified as damaged;

• false damaged (FD) samples, namely the number of undamaged
samples incorrectly classified as damaged.

In particular, for a given 𝜏, the probability of detection 𝑃𝑂𝐷(𝜏) and the
robability of false alarm 𝑃𝐹𝐴(𝜏) can be defined as follows:

𝑂𝐷(𝜏) =
𝑇𝐷(𝜏)

𝑇𝐷(𝜏) + 𝐹𝑈 (𝜏)
(9)

𝑃𝐹𝐴(𝜏) =
𝐹𝐷(𝜏) (10)
𝐹𝐷(𝜏) + 𝑇𝑈 (𝜏)
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or equivalently as:

𝑃𝑂𝐷(𝜏) = ∫

+∞

𝜏
𝑓𝑑 (𝑥)𝑑𝑥 = 1 − 𝐹𝑑 (𝜏) (11)

𝑃𝐹𝐴(𝜏) = ∫

+∞

𝜏
𝑓𝑢(𝑥)𝑑𝑥 = 1 − 𝐹𝑢(𝜏) (12)

hen the probability density functions 𝑓𝑑 (𝑥) and 𝑓𝑢(𝑥) and the cumu-
ative distribution functions 𝐹𝑑 (𝜏) and 𝐹𝑢(𝜏) are known. It is worth
entioning that Eqs. (9) and (10) are applicable to discrete variables,
hereas Eqs. (11) and (12) represent their extension to continuous
ariables. In Eq. (9), TD(𝜏) is the number of damaged DIs greater
han 𝜏, and 𝑇𝐷 + 𝐹𝑈 is the total number of damaged DIs. Therefore,
𝐷∕(𝑇𝐷 + 𝐹𝑈 ) represents the probability that a random DI is greater

han 𝜏. Similarly, Eq. (11), namely the integral from 𝜏 to +∞ of the
robability density function, is equivalent to 𝑃 (𝑥 > 𝜏), where the
ariable 𝑥 is a sample of the DI distribution. Analogous considerations
an be made for Eqs. (10) and (12).

The ROC curve is thus obtained by plotting the 𝑃𝑂𝐷(𝜏) vs 𝑃𝐹𝐴(𝜏),
ee Fig. 2b. Given the 𝑃𝑂𝐷(𝜏) vs. 𝑃𝐹𝐴(𝜏) relationship, the Area under
he ROC curve can be computed as:

𝑅𝑂𝐶 = ∫

1

0
𝑃𝑂𝐷(𝑃𝐹𝐴−1(𝑥))𝑑𝑥 (13)

here 𝑥 is the 𝑃𝐹𝐴, and 𝑃𝐹𝐴−1(𝑥) is the threshold value 𝜏 that must
e provided to obtain that 𝑃𝐹𝐴 (i.e., its argument).

The AROC provides the probability that the given classifier, i.e.,
he DI, ranks a randomly chosen damaged instance higher than a
andomly chosen undamaged instance. A more intuitive explanation
f its value can be found by looking at the ROC representation in
ig. 2(b). For a ROC curve, in fact, it is possible to identify a so-called
ptimal point 𝑃 , having a minimal distance w.r.t a perfect classifier
ith 𝑃𝑂𝐷 = 1 and 𝑃𝐹𝐴 = 0, namely no damages missed with zero

alse alarms. Note that when 𝑃 approaches the condition 𝑃𝑂𝐷 = 1,
𝐹𝐴 = 0, the AROC approaches the unit value. More in general, a large
alue of AROC is associated with an optimal point with high 𝑃𝑂𝐷 and
ow 𝑃𝐹𝐴, a desirable condition for any DI.

.4. Minimum observable damage from AROC curves

For a given selected element of the structure, namely the 𝑖th el-
ment, we compute the AROC for 𝜅𝑖 = [0.0, 0.1, 0.2, 0.3,… , 1.0] and
uild the curve AROC versus size of damage. As an example, in Fig. 3,
hree AROC versus damage curves are shown. These curves are not
omputed from dataset of a specific structure but are artificially built
o clarify the MOD computation approach. To this end, we consider
ormal distributions of 𝑁 = 5000 samples, each having a mean equal
o 𝜅𝑖 (0 ≤ 𝜅𝑖 ≤ 1) and standard deviation 𝜎 equal to 10%, 20% and 30%
f 𝜅𝑖. The case with 𝜅𝑖 = 0 is the one representative of the undamaged
cenario (baseline). Non-zero values of 𝜅𝑖 refer, instead, to damaged
cenarios. We exploit the AROC curve to estimate the minimum ob-
ervable damage in the 𝑖th element of the truss. In particular, we set
he MOD as the damage intensity related to an AROC value of 95%. As
uch the MOD for the scenario 𝜅𝑖 considering 𝜎 = 10%, 𝜎 = 20% and
= 30% are equal to 0.24, 0.46 and 0.70, respectively.

In practical cases, as it will be shown in the next section, for the
ame modal properties considered, different DIs will lead to different
ROC curves and thus to different MOD for the same AROC value of
5%. As such, the proposed strategy allows to formulate the best DI by
elating the considered modal properties to the structural damage.

. Numerical application

We consider the 9-bar planar truss structure shown in Fig. 4. The
russ is composed of steel bars with nominal 𝐸0 = 200 GPa, temperature
orrelation coefficient 𝛽=0.0036%, reference temperature 𝑇0 = 20 ◦C.

3
or each element, mass density of 𝜌 = 7850 kg∕m , cross-sectional area

4

Fig. 3. Artificially built AROC vs damage curves.

of 𝐴 = 0.0025 m2, and thermal expansion coefficient 𝛼 = 1.17×10−5, are
considered. The temperature 𝑇𝑖 is sampled from a normal distribution
with standard deviation of 𝛿𝑇 = 1 ◦C centered at 𝑇0. As an example,
we show in Fig. 5 the distributions of the NFR and MAC for the first
three frequencies and modes shapes, 𝑗 = 1, 2, 3, obtained by 𝑁 = 100
simulations for the undamaged 𝜅2 = 0 (blue) and 𝑁 = 100 simulations
for damaged 𝜅2 = 0.1 (yellow) scenarios.

We exploit the proposed procedure to estimate the minimum ob-
servable damage in the element number 2 of the truss. To this purpose,
for 𝜅2 = [0, 0.01, 0.02,… , 0.3], we compute for each damage size the
modal properties, different damage indexes and the related AROC
curves. In particular, in Fig. 6a we show the variation of five different
damage indexes, namely 𝐷𝐼1(𝑓1), 𝐷𝐼2(𝑓2), 𝐷𝐼3(𝑓3), 𝐷𝐼4(𝑓1, 𝑓2) and
𝐷𝐼5(𝑓1, 𝑓2, 𝑓3), with respect to the damage size 𝜅2, where for example
𝐷𝐼4(𝑓1, 𝑓2) denotes the DI computed by considering Eq. (7) and the
first two frequencies 𝑓1 and 𝑓2. Since for each damage level N=100
samples are computed, the mean value and the standard deviation of
the DIs, namely 𝜇(𝐷𝐼) and 𝜎(𝐷𝐼), are represented in Fig. 6a and b,
respectively. Finally the AROC curves are shown in Fig. 6c. As expected,
the AROC for all the computed DIs increases by increasing the damage
size. Similarly, the use of a larger number of frequencies is beneficial
to improve the classification performance of the DI measured by the
AROC. We remark that the non-smooth behavior of the AROC curves
is due to the finite sampled space of instances, 𝑁 = 100 in this case,
considered to built the DI distributions.

We define the damage size related to AROC=0.95 as the minimum
observable damage for the given truss element. Since this damage size
is related to an AROC=0.95, its optimal point is associated with a high
POD and a low PFA, as discussed in the previous section.

In this regard, the MOD computed for DIs based simply on the 1st,
2nd, and 3rd natural frequencies, Fig. 6, c are equal to 18%, 11%, and
7%, respectively. In addition, the MOD for element 2 decreases to 8%
and 6% considering a DI based on the combined first two and first three
natural frequencies, respectively. In this regard, one can observe how
the third frequency alone contributes mostly to reducing the minimum
observable damage.

It should be noted that the plot of DI vs. 𝜅 does not retain informa-
tion on the PFA and/or POD, whereas the AROC plot of Fig. 6c contains
information on both parameters at the same time. We emphasize here
that a larger DI does not necessarily represent a better damage index to
use. For example, 𝐷𝐼3 in Fig. 6a is the largest index, whereas in Fig. 6c,
𝐷𝐼5 is more effective based on the AROC values. The reason is related
to the higher standard deviation of 𝐷𝐼3 w.r.t. 𝐷𝐼5, as it can be seen in
Fig. 6b. Such higher standard deviation reduces the values of the ROC
curves for 𝐷𝐼3 and, in turn, its AROC curves. As such, the AROC curve
does not only retain the information of PFA and POD but contemplates
both the mean and standard deviation of the DI for damage detection

purposes.
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Fig. 4. Schematic of the 9-bar planar truss structure.
Fig. 5. NFR and MAC probability density functions for undamaged (blue) and damaged structure (yellow) considering 𝜅2 = 0.1: (a)–(c)-(e) first, second and third frequency;
(b)–(d)-(f) first, second and third mode shape.
The same study can be extended to all the truss elements of the
structure. In particular, in Fig. 7a we report the MOD computed for DIs
based on the 1st, 2nd, and 3rd natural frequencies and the combination
of all of them. The reader can appreciate how changing the DIs result in
significantly different MOD results. Note that none of the DIs based on
a single frequency can ensure a MOD 𝜅𝑖 < 0.8 for all the truss elements
(see Fig. 7a). Additionally, regardless of the damage size, the DIs based
on the 3rd natural frequency cannot identify damages in elements 1
and 4 with the desired AROC value, namely MOD=1 for 𝐷𝐼 in Fig. 7a.
3

5

The existence of such unobservable damages (UD) for an AROC value
of 0.95 in a statically determinate structure can be particularly critical
since unobservable damages would lead to the collapse of the structure.
Overall, the use of multiple frequencies as in 𝐷𝐼5 (see Fig. 7a) improves
the performance of the classifier, avoiding the presence of UDs, and
yielding to a MOD 𝜅𝑖 < 0.65 in all the truss elements.

Similarly, in Fig. 7b we computed the MOD by considering the DIs
built on MAC as per Eq. (8). In particular, Fig. 7b shows the MOD
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Fig. 7. MOD for a 9-bar planar truss structure considering (a) four damage indexes based on frequencies and (b) four damage indexes based on mode shapes. MOD equal to 1
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computed by considering the first, second, and third mode shapes (𝜙1,
2, and 𝜙3) and the combination of the three mode shapes.

As expected, a comparison between Fig. 7a and Fig. 7b highlights
he superior performance of MAC-based DIs over NFR-based DIs. In
articular, DIs based on the combination of the first three modes ensure
MOD 𝜅𝑖 < 0.25 for all the truss elements. Nonetheless, it must be

emarked that all the components of the mode shapes have been used
n the computation of the MAC. In practical scenarios, the components
f a mode shape are estimated via Operational Modal Analysis (OMA)
rocedures only at those nodes and directions where an accelerometer
s available. The other components are eventually estimated using
odal expansion techniques which can introduce further uncertainties

n the unmeasured components.
Besides this aspect, we observe how the use of different modal

arameters yields significantly different MODs in the various elements
f the structure. This variability reflects the sensitivity of the modal
arameters to the location of the damages.
 o

6

Next, we investigate the sensitivity of the MOD against the number
f modal parameters used to compute the DIs accounting for the
tandard deviation 𝛿𝑇 used in input to generate the modal data. In
his regard, Fig. 8 shows the MOD computed for an increasing number
f frequencies and mode shapes for temperature standard deviations
𝑇 = 1 ◦C (first row), 𝜎𝑇 = 5 ◦C (second row), and 𝜎𝑇 = 10 ◦C (third
ow), respectively.

The MOD computed by considering the frequencies of vibration
Figs. 8a, b, c) reduces for all the elements of the structure by increasing
he number of frequencies. For a DI computing with a number of
requencies equal to or larger than 6, the MOD for all the elements
f the structure is approximately equal to 0.1, 0.2, and 0.3 for 𝜎𝑇 =
, 5, 10 ◦C, as shown in Fig. 8a, b, c, respectively. Conversely, Figs. 8
, e, f show that for DIs built on mode shapes, the best number of modes
o consider is not nine, i.e. the maximum number of modes, but 4 or
. By using 4 or 5 modes shapes the average MOD for all the elements

f the structure is approximately 0.05, 0.1 and 0.2, for the cases of
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Fig. 8. MOD computed by considering NFR (left column) and MAC (right column) and a distribution of temperature having 𝜎𝑇 = 1 ◦C (first row), 𝜎𝑇 = 5 ◦C (second row),
𝜎𝑇 = 10 ◦C (third row).
𝜎𝑇 = 1, 5, 10 ◦C. Hence, one can observe that, while for a small
number of frequencies or modes, namely 1, 2 or 3, the use of modes
w.r.t frequencies yields always a smaller MOD, the opposite takes place
for DIs built by considering 6, 7, 8 or 9 frequencies or modes. As such,
the proposed procedure helps in defining the best combination of modal
parameters to be used in the DI computation.

To assess the reliability of the results discussed in Fig. 8, we perform
statistical analysis on the MOD. In particular, considering distributions
of DIs of 𝑁 = 30 samples, i.e. obtained for 30 different values of
temperature 𝑇𝑖, we computed the mean and the standard deviation of
the MOD.

Fig. 9 shows that for each element and for the considered DI
the standard deviation of the MOD (shaded area) is very low, thus
confirming the reliability of the proposed procedure.

4. Case studies

In this section, we apply the procedure to three case studies and
describe synthetically its outcomes in terms of MOD maps. These maps

are obtained by reporting on the geometrical layout of the structure

7

the MOD values for each element. As such, a MOD map gives clear
and intuitive information on how different DIs can (or cannot) provide
observable damage in any element of the structure.

4.1. Statically determinate 25-bar planar truss structure

Our first case study consists of the planar truss structure shown in
Fig. 10. The structure has 25 elements and 14 nodes. All truss elements
are characterized by material density 7850 kg∕m3 and Young’s modulus
200 GPa at the reference temperature of 20 ◦C. The cross-section area
of all vertical and top peripheral elements is 0.1164 m2 whereas for all
horizontal and diagonal elements is 0.0556 m2. Concentrated loads of
𝑃 = 10 kN are applied to the seven top nodes, in the vertical direction,
and contribute to the generation of axial stresses in the elements and,
in turn, to the magnitude of the geometric stiffness matrix.

The modal dataset accounts for N=100 samples (modal data) for
each scenario, undamaged or damaged, with a 𝜎𝑇 = 1 and a noise level
of 1% applied on the modal data.

The MOD maps computed for AROC values of 95% using NFR

damage indicators to build the DIs are shown in Fig. 11. In particular,
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Fig. 9. (a) Sensitivity analysis of MOD vs. the number of frequencies considered to build the DI. (b) Sensitivity analysis of MOD vs. the number of mode shapes considered to
build the DI.
Fig. 10. A statically determinate 25-bar planar truss structure.
Fig. 11. MOD maps computed for (a) 𝐷𝐼1(𝑓1); (b) 𝐷𝐼2(𝑓2); (c) 𝐷𝐼3(𝑓3); (d) 𝐷𝐼5(𝑓1 , 𝑓2 , 𝑓3), (e) 𝐷𝐼1(𝜙1); (f) 𝐷𝐼2(𝜙2); (g) 𝐷𝐼3(𝜙3); (h) 𝐷𝐼5(𝜙1 , 𝜙2 , 𝜙3). UD denotes those elements
ith unobservable damage.
2

he MODs computed for 𝐷𝐼1(𝑓1), 𝐷𝐼2(𝑓2), 𝐷𝐼3(𝑓3) and 𝐷𝐼5(𝑓1, 𝑓2, 𝑓3),
re shown in Fig. 11(a), (b), (c) and (d), respectively. For these plots,
he average values of MOD are equal to 0.62, 0.71, 0.66, and 0.46, re-
pectively. Nonetheless, elements with unobservable damages, namely
OD=1 or very close to that, are present for all the DIs considered,

hus warning a possible SHM user of the blind spots of an SHM system
sing such common frequency-based DIs.

Alike, the MOD maps computed by considering MAC-based damage
ndexes are shown in the right column of Fig. 11. As expected, lower
ODs indices are achieved using the MAC values of the first three mode

hapes. In particular, the use of 𝐷𝐼5(𝜙1, 𝜙2, 𝜙3) avoids the presence of
unobservable damages (UD).
8

4.2. Structural redundancy vs the MOD

The approach is further discussed on a truss tower with increasing
structural redundancy to examine its effect on the performance of the
DIs and the related MODs. For this purpose, the planar truss structures
shown in Fig. 12 are considered. They include a statically determinate
truss (Fig. 12a), and three statically redundant trusses (Fig. 12b, c, d)
with 1, 2, and 3 degrees of redundancy, respectively. All the structural
members are made of steel with material density 𝜌 = 7850 kg∕m3

and modulus of elasticity at a reference temperature of 20 ◦C of
00 GPa. The elements have an identical cross-sectional area 𝐴 =
0.1164 m2. Temperature effects and measurement noises are introduced
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Fig. 12. The planar truss structures: (a) 12-bar; (b) 13-bar; (c) 14-bar; (d) 15-bar.
Fig. 13. MODs computed from the first three natural frequencies: (a) 12-; (b) 13-bar; (c) 14-bar; (d) 15-bar planar trusses.
a

as in the previous example. Alike, an AROC of 0.95 is assumed in the
computation of the MOD.

Fig. 13 reports the value of the MOD obtained by considering the
combination of the first three natural frequencies, namely 𝐷𝐼5(𝑓1, 𝑓2,
3). For each structure, the MOD in the truss elements is minimum at
he bottom level. Additionally, for the same class of elements, namely
ertical, diagonal and horizontal bars, the MOD increases along the
eight of the tower, leading to unobservable damages at the top of
he structure for the three statically redundant systems. Overall, the
istribution of the MOD over the structures is in agreement with
he distribution of modal strain energy associated with the modes of
ibration considered in the DIs.

On average, the MOD increases when the degree of redundancy of
he structure increases, e.g., the mean MOD computed by averaging the
OD of all the elements in the structure is 0.24, 0.36, 0.41, and 0.37,

or the cases in Fig. 13(a), (b), (c) and (d), respectively.
The use of a MAC-based DI built on the combination of the first

hree mode shapes is able to partially mitigate this issue. In fact, from
ig. 14, where the MOD for the 4 structures is shown, we observe
maller values of MOD and smaller variations w.r.t. the structural
edundancy. Indeed, the average values of MOD are equal to 0.09, 0.10,
 b

9

0.12, and 0.10, for the structures in Figs. 14(a), 14(b), 14(c), and 14(d),
respectively.

4.3. 3D tower

In this final example, we apply the proposed procedure to a three-
dimensional 70-bar spatial truss structure. The length, width, and
height of the structure are 1 m, 1 m, and 5 m, respectively, as shown in
Fig. 15a. All the truss elements are characterized by circular hollow
cross-section with external and internal diameters equal to 0.042 m
and 0.036 m, respectively. The structure is restrained at the four
bottom joints. The modulus of elasticity of the material at the reference
temperature of 20 ◦C is 𝐸 = 70 GPa and the mass density is 3129.86
kg∕m3.

MODs are computed considering N=100 cases for the undamaged
and damaged structures, 𝜎𝑇 = 1 ◦C, an added noise level on the
modal parameters of 1%, and an AROC=0.95. Results are given in
Fig. 15(b) and (c) in terms of colormaps of MOD ranging from 0 to 1.
In particular MOD maps in Fig. 15(b) and (c) are computed for 𝐷𝐼1(𝑓1)
nd 𝐷𝐼5(𝑓1, 𝑓2, 𝑓3), respectively.

Alike for the 2D truss tower, the MOD decreases moving from the

ottom of the structure to its top elements. The average values of MOD
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Fig. 14. MOD computed for the first three mode shapes: (a) 12-bar; (b) 13-bar; (c) 14-bar; (d) 15-bar planar trusses (UD represents the unobservable damages).
Fig. 15. (a) 3D truss structure. (b) MOD map computed for 𝐷𝐼1(𝑓1). (c) MOD map computed for 𝐷𝐼5(𝑓1 , 𝑓2 , 𝑓3).
in Fig. 15(b) and (c) are equal to 0.83 and 0.78, respectively. Although
increasing the number of frequencies from one to three slightly im-
proves the results, damages in many elements are still unobservable
with the desired POD and PFA (namely AROC=0.95).

5. Conclusions

A procedure based on the use of the Receiver Operating Character-
istic (ROC) has been proposed to introduce and estimate the minimum
observable damage in truss structures, namely an element damage
intensity that can be observed with a high POD and low PFA. For such
purpose, a FE code has been used to generate synthetic datasets of
modal data for healthy and damaged truss structures. Pseudo-modal
data have been computed considering temperature variations in the
structural element and adding measurement noises. Undamaged and
damaged pseudo-modal data have been used to build damage indexes,
10
later used to feed the ROC curves. ROC curves have been computed for
increasing levels of damage, and the related AROC values have been
used to estimate the MOD in the truss elements.

The proposed approach can provide a map that relates the con-
sidered modal parameters and the designed damage indicator to the
minimum observable damage. We remark that one limitation of the
results presented in this work is the consideration of damage scenarios
where only a single element at a time is damaged. This choice was use-
ful to plot the minimum observable damage maps. Still, the procedure
is not limited to these damage scenarios, and can equivalently deal with
cases where multiple elements of the structure are damaged.

In addition, we remark that the proposed method is here tested
using simulated data rather than real measurements. This choice was
dictated by the possibility of building multiple damage scenarios, more
than those generally available from real data, to show the potential
of the approach. Still, the simulated data considered are a reasonable
representation of real data, as the added levels of noise on modal data
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are those generally experienced by vibration-based monitoring systems.
Overall, given its simplicity, the method can be used in the initial
design phase of vibration-based SHM systems to estimate the number of
modal parameters required to detect the presence of structural damage
in an element with high POD and low PFA.
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