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Abstract. Fifteen three-dimensional classical minimally superintegrable systems in
a static electromagnetic field are shown to possess hidden symmetries leading to their
linearization, and consequently the corresponding subsets of maximally superintegrable
subcases are also linearizable. These results are strengthening the conjecture that
all three-dimensional minimally superintegrable systems are linearizable by means of
hidden symmetries, even in the presence of a magnetic field.

1. Introduction

In classical mechanics [44], Liouville theorem [23] was the starting point for the search of
complete integrability [30, 43 [1], and then superintegrability [37], a name that appears
for the first time in [45]. While the first steps in the study of superintegrability
was made by Bertrand [4] in the 19th century, it was Smorodinsky, Winternitz et
al. [13, 14 25] that gave momentum to the field. Subsequently, many papers have
been published on this subject by different authors in different countries, see e.g.
[10, 19, 12, (40} 2 42 24, 29, 28| 8, O B9] and references therein. In this paper, our
goal is not to find new superintegrable systems, nor to find integrals of motion, but to
investigate known superintegrable systems in a static electromagnetic field by means of
hidden symmetries and how those can lead to linearizable equations.

The use of Lie symmetries [22] for differential equations has been tremendous, and
many textbooks are available, see e.g. [36, 4], I8, I7] and references therein. A major
drawback of Lie’s method is that it is useless when applied to systems of n first-order
equations, e.g. Hamiltonian equations, because they admit an infinite number of Lie
symmetries, and there is no systematic way to find even one-dimensional Lie symmetry
algebra, apart from trivial groups like translations in time admitted by autonomous
systems. However, in [31] it was remarked that any system of n first-order equations
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could be transformed into an equivalent system where at least one of the equations is of
second order. Then, the admitted Lie symmetry algebra is no longer infinite dimensional,
and hidden symmetries of the original system could be retrieved. Consequently, in
[31] hidden symmetries of the Kepler problem were determined by this method. Also,
in [34] the well-known linearization of the Kepler problem, as well as the linearity of
generalizations of the Kepler problem with and without drag were determined by means
of hidden symmetries.

Such hidden symmetries are more general than those considered e.g. in [7],
which are just symmetries of the Hamiltonian, in the sense that they are canonical
transformations where both positions and momenta change, and that leave the
Hamiltonian function unchanged.

In [35], it was shown that a two-dimensional superintegrable system [3§], such that
the corresponding Hamilton-Jacobi equation does not admit the separation of variables
in any coordinates, can be transformed into a linear third-order equation by means of
hidden symmetries.

In [I5], several examples of classical superintegrable systems in two-dimensional
Euclidean space [I3] [42] were shown to possess hidden symmetries leading to their
linearization, and it was conjectured that all classical superintegrable systems in two-
dimensional spaces have hidden symmetries that make them linearizable.

In [16], nineteen classical superintegrable systems in two-dimensional non-Euclidean
spaces [19, 2, B] were shown to possess hidden symmetries leading to linearity.

In [32], maximally superintegrable Hamiltonian systems in three-dimensional
Euclidean space [10, [IT] were also linearized by means of their hidden symmetries,
and it was conjectured that three-dimensional minimally superintegrable systems may
be similarly linearizable.

In [33], minimally superintegrable Hamiltonian systems in three-dimensional
Euclidean space [10] were shown to possess hidden symmetries leading to their
linearization.

In [2§], a systematic study of integrable and superintegrable systems in the presence
of a magnetic field in three-dimensional Euclidean space was initiated, and then
continued in several papers [20], B, 27, [6]. All of those systems are autonomous, integrable
and separable in at least one set of coordinates.

The purpose of this work is to to show that all those fifteen nonlinear minimally
superintegrable systems are intrinsically linear by determining their hidden Lie
symmetries.

The classical Hamiltonian of a particle in Cartesian coordinates ¥ = (z1,x2, T3)
and with linear momentum p’ = (py, p2, p3) that moves under the influence of a static
electromagnetic field is

H = % ((pl + A1(f))2 + (p2 + A2(f))2 + (ps + AB(f))Q) + W(Z), (1.1)

where W (Z) represents the electrostatic potential and the three functions A;(Z)
represent the components of the vector potential A(Z) which defines the magnetic field
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B(#) = V A A(Z). (In [26, 5, 27, 6], the mass and the charge of the particle have been
rescaled to 1 and -1, respectively. We will follow this convention throughout this paper.)
The Hamiltonian equations corresponding to the Hamiltonian ([1.1)) are:

oOH 0H
‘rZ apZ ) pl axz Y (Z 17 27 3) ( 2)

le.:
3
@; = pi + Ai(T), pi = —Z(pj‘i‘Aj(f))

j=1

04, oW

(1.3)

If we introduce the covariant momenta II; = p; + A;(%), then the Hamiltonian
equations become invariant under the choice of gauge in the vector potential, i.e.

W@, (5. k=1,2,3), (14

where €, is the Levi-Civita symbol. A different choice of gauge in the vector potential A
yields a canonical transformation. Consequently, we use the covariant momenta notation
throughout this paper, i.e. without having to fix the vector potential.

We will also use cylindrical and spherical coordinates. The cylindrical coordinates

are defined as

x1 =1rcos(f), x9 = rsin(h), (1.5)
with the z3-coordinate unchanged, and their associated covariant momenta are:
sin(0) cos(0)

IT; = II, cos(f) — Iy, I, = I1, sin(0) +

r r
where r is the polar radius (r? = 22 4+ x3). The spherical coordinates are defined as

x1 = Rcos(0) sin(¢), x9 = Rsin(0) sin(¢), r3 = Rcos(¢)  (1.7)
and their associated covariant momenta are:

I, = cos(6) sin(g) 1 + SO 5@y sin(0)

Iy, (1.6)

R *" Rsin(g) "
[T, = sin(f) sin(¢)z + COSW%@T% + %H(;, (1.8)
I, = cos(6)Ilx — Slrﬁ)) 1,

where R is the spherical radius (R? = 2% + x5 + z2).

2. Two minimally superintegrable Cartesian systems with an additional
linear integral of motion

In [26], the authors considered Liouville integrable systems which possess two quadratic
integrals of motion (beyond the Hamiltonian) and determined three cases where an
additional integral linear in the momenta exists. We show that the two nonlinear
minimally superintegrable systems are actually linear. In [20] the linear minimally
superintegrable system, namely Case A.2, was studied and the eight-dimensional Lie
symmetry algebra of the corresponding linear Lagrangian equations was determined in
order to derive integrals of motion by means of a geometrical version Noether theorem.
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2.1. Case A.1

The scalar potential and the magnetic field are

2

Lk b -
W@ =3 (2} +a3) - 7 (a+43)°,  B@) =lbws,~bw1,0],  (2)

respectively, where the parameter b dictates the strength of the magnetic field, while
the parameter k£ appears in the scalar potential only. We use cylindrical coordinates
and consequently the Hamiltonian equations are:

.11 . 112 . .
P=11, 0=, i3 =1, I, = =2 + 0%® — (k+ blly)r, Ty =0, [Ty = brll,. (2.2)
T T

This system admits a three-dimensional Abelian Lie symmetry algebra generated by the
operators

ata 897 ax37 (23)
and consequently the six equations ([2.2)) can be reduced to the following three equations:

2 (k—0b%3 11
H; _ y31_9[ o ( = y3)y3 . bySH_37 Hl@ — O7 Hg = b’y3’ (24)
3iir T T

where y3 = r is the new independent variable. We can directly integrate the two last

equations and get
b
y(y3) = ax, I3(y3) = §y§ + ag, (2.5)
where a; and a, are arbitrary constants of integration. Substituting these results into

(2.4) yields the following first-order nonlinear (but separable) differential equation
_0Py§ — 2(ab + k)ys + 2a3

I 2.6
T 2y§,1—[7. ) ( )
that becomes linear by means of the transformation II,(y3) = \/u(ys), i.e.
/ 2,3 2a]
w(ys) = b7ys — 2(azb + k)ys + e (2.7)
3

This first-order differential equation is invariant under the translation by u, i.e. it admits
the Lie point symmetry 0,. Hence, we can integrate it to get

028 — 4(agb + k)yd + dagy? — 4a2
I, (y3) = T SR +2yzy3+ Qe — 7 (2.8)

where ag is an arbitrary constant of integration.

Therefore, Hamiltonian system ({2.2)) is linearizable using symmetries.

2.2. Case B

The case B in [20] is characterized by the following scalar potential and magnetic field:

W(f) = V(ZBg), E(f> = [07 0, bz] ) (29)
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respectively. The function V' is an arbitrary function of z3 and the magnetic field is
constant and oriented in the x3 direction. The Hamiltonian equations in Cartesian
coordinates are:

;= 11, To = 1y, x3 = I,
I, = —b.11,, IT, = b.I14, I3 = —V'(x3).

This system admits a three-dimensional Abelian Lie symmetry algebra generated by the

(2.10)

operators
O, Ory Oy (2.11)

and consequently the six equations (2.10) can be reduced to the following three
equations:

I Vv’
AT

1 1
where y3 = w3 is the new independent variable. The third equation (2.12)) becomes
linear by means of the transformation Il3(y3) = \/u(y3), and thus we get the general

solution

(2.12)

I3(ys) = vVar — 2V (ys3). (2.13)

The two remaining equations in (2.12)), i.e.:

11 Il
I, = —b, 2 I, =b L (2.14)

va — 2V(y3)’ 2 “Va, — 2V(y3)’

become a single linear second-order differential equation by solving the first by II; and

substituting its value into the second, i.e.
"n_ V/(yii) / bzﬂl
Yoa - 2V (y3) ! 2V/(ys) — a1’

and its general solution is:

= @9 Sin dys as cos dys
I (y3) = as (b/ a1_2v(y3)>+ 3 (b/m> (2.16)

Hence, the Hamiltonian system ([2.10)) is linearizable for any function V' (ys).

(2.15)

3. Ten minimally superintegrable Cartesian systems with an additional
quadratic (or higher-order) integral of motion

In [27], the investigation that began in [26] was continued by searching for
additional quadratic (or higher-order) integrals of motion. Eight classes of minimally
superintegrable systems were found and summarized in section 9.1 and three examples
(one linear) admitting higher-order integrals were presented in section 9.2. We
name them 9.2a, 9.2b, and 9.2c, respectively. We show that the two nonlinear
minimally superintegrable systems (Case 9.2a and Case 9.2b) hide linearity by means
of Lie symmetries. On the contrary, Case 9.2c¢ corresponds to a linear minimally
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superintegrable system, and therefore is outside the scope of this paper, although
the corresponding three linear Lagrangian equations admits an eight-dimensional Lie
symmetry algebra that could be used to determine integrals of motion either by means
of Noether’s theorem as in [20] or by means of Jacobi last multiplier as in [35].

Here, we consider all the ten classes of nonlinear minimally superintegrable systems,
and determine their hidden linearity by means of Lie symmetries.

3.1. Case l.a
The case L.a in [27] is characterized by the following potential and magnetic field:
b b3 =
W(Z) = by [k + 2wy ) e — Lm0 B(7) = [be?™,b5,0],  (3.1)
respectively. The Hamiltonian equations are

;= 11, To = 1y, x3 = I,

Hl = bgHg — %eb”?, Hg = Z—;eb”? (blebzxz — bgbgl’l — b%kl) 3 (32)

Hg = b1€b2z2H2 — bng.
This system admits a two-dimensional Abelian Lie symmetry algebra generated by the

operators 0, 0,,, and consequently the six equations (3.2)) can be reduced to the following
four equations:

o Iy 1 p I3 bibgeb2v2
1= s Hl - b3H2 bolly 7
1 g oboya s boya T | bieb2v2 baya _ 12
ITy = —bye"¥ [ — bybge¥? 1 + M2 (Dye b3ki) (3.3)

ITy = byeb2v2 — bsg—;,
with yo = 25 the new independent variable. Substituting the ratio IT; /Iy with 2 into
the last equation in (3.3)) yields a linear equation that can be integrated, i.e.:

b
3(y2) = b—lebm — b3y — ay, (3.4)
2
Then, the three remaining equations in (3.3|) become:
II b b — boky)eb2v2
g=l o e hile mhR)ERE g

1,
The third equation becomes linear by means of the transformation Ils(y2) = /u(y2),
and its general solution is

o \/bg(—ZklbleGbeQ + 2a1b16b292 + agbg)

o (y2) = by . (3.6)

The two remaining equations become a single linear second-order ordinary differential

equation by solving the first equation by II; and substituting its value into the second
equation, i.e.

g —biba(ag — kiby)ebv2 bobs(bszy + aq)

LT 9b(ay — kabo)et 2 + agby b 201eb¥2(ay — Kyby) + ashs
Therefore, this minimally superintegrable system is linearizable using hidden

x (3.7)

symimetries.
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3.2. Case I.b

The case L.b in [27] is characterized by the following potential and magnetic field:

b? b2 b2 x2 x?
WI(E) = — 2 (2?2 N2 _ 22 By (22 4p L
(x) 2 <I1 + xQ) 2x‘{‘ 2x‘21 ! 2x% + 3x%
b2b3 2 2 k2 k3
— ==+ k — + — 3.8
I%l’%—’— 1( 1+x2>+x%+x%a ( )
- b b
B(@) = |2byzs — 2;?;), —2by21 + 23:—?3, o} : (3.9)
2 1

respectively. The Hamiltonian equations are:

(

\

x; = I, To = I, xz = I,

2
H1 = Qb%l'l(l‘% + l‘g) - leng—g + 2b1b3x—; - 2b1$1H3

203 2b b II 2k:
— 5 32 3 2b2 ; — 2k’1$1 + — 2
1 xle 21
. ) 2b,bs (3.10)
H2 = 2b .Tg(xl -+ ZEQ) + 2b1b2—2 — 2b1b3—3 — 2611‘21_[3 — 39
) 0 L1 ok Lo Loy
2b
2b3 ; — 21{311'2 33
H1 I,

Hg = 2b1(ZL’1H1 + [L’QHQ) — 2b2 2b3?
1 2

This system admits a two-dimensional Abelian Lie symmetry algebra generated by
the operators 0y, 0,,, and consequently the six equations (3.10) can be reduced to the
following four equations:

( o Hl
1 H27
2k 2(byx] — by
Hll = —2]€1 2 ( 11— )(blygﬂfl

Hz ﬁHQ y2$1H2
+(b1ys — Y3115 + bs)xT + bay3),

a1
, 2k 2ks | 2(biys — bs) 2 4 (3:11)
I = — + =3 (biysx}
I, Y11y y2x1H2
+(b1yy — y3lls + bs)at + bay3),
H/ _ 2b1£l'f11 — bg& 2[)1?/31 — 2b3
[ I ys

where y, = 5 is the new independent variable. Substituting the ratio IT; /Iy with 2

into the last equation in (3.11)) yields a solvable equation which can be easily integrated,

l.e.:

be  byyt— a1 b
My(y) = bya? + = 4 2 UH T (3.12)
a7 Y3
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Then, the three remaining equations in (3.11]) become:

II K.
x’lzﬂ—l, H/1:2K1%—23—1_2[,
2 4 2 b (3.13)
? Y511,

where K1 = a1by — k1, Ko = a1by — ko, K3 = a1b3 — k3. The third equation in (3.13|)
becomes linear by means of the transformation ITs(y2) = /u(y2), and its general solution
1s

2Ky + axyl + 2K
t(y) = V2K =

The two remaining equations become a single nonlinear second-order ordinary

(3.14)

differential equation by solving the first equation by II; and substituting its value into

the second equation, i.e.

w2} (ya Ko — K3) — 2{ys Ko + y2 K
2iys(asys — 2y5 K1 — 2K3)

This equation admits a three-dimensional Lie symmetry algebra isomorphic to sl(2,R)

=2 (3.15)

and becomes linear if Ky = 0. Therefore, we use the general method described in [21]
and that may be applied to any second-order ordinary differential equation that admits a
Lie symmetry algebra s[(2, R). If we solve equation (3.15]) with respect to K5 and derive
once with respect to ys, then the following nonlinear third-order equation is obtained

.T”/ — _Bxlll'rll _ 6(K1y§ B K3)<y2‘r1x/1, B xlxll + yz(lé)?) (316)
! xy Y1 (2K1y3 + agys + 2K3) ’

which is linearizable since it admits a seven-dimensional Lie symmetry algebra and in

particular possesses the linearizing symmetry
1
v=—0,, (3.17)

X1

that yields the linearizing transformation x1(y2) = +/f(y2). Consequently, equation
(3.16]) becomes the following linear equation:

"_ K 4 K
f/// — _6 (y22f ‘{:)( 1y2 34)7 (318)
2y5(K1ys + K3) — agys

whose general solution is:
f(y2) = as + as(agys — 4K3) + a5\/a2y§ —2us K, — 2K3. (3.19)

Therefore, the minimally superintegrable system (3.10) is linearizable using hidden
symmetries.
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3.3. Case I.c

The case I.c in [27], is characterized by the following potential and magnetic field

. b2 2 b2 b2 b2b3l‘1
wW(z) = — 51 (490% + x%) — 521‘% — 2—;% — x—% — biboxy (427 + 23)
4b b k
;3:‘71 + 5 k(422 + 22) + Ry, (3.20)
2 3
oo 263
B(lL‘) = 2b1£L‘2 8b1l‘1 - bg, 0 (321)
3
respectively. The Hamiltonian equations are:
1y = 1, 19 = 1y, 13 = 13,
: 2 2 2 2 2 8blbiﬂl
Hl = 8b11'1(4$1 + 1‘2) + b1b2(12$1 + 1’2) + — .’L‘ — 8()1$1H3
2
bab
+b2flf2 + — 2 3 — b2H3 — 8]{?1[E1 - k?g,
3
: 8b1b 2byb 3.22
H2 = 2b2$2(4$% + x%) -+ 2blb21}1l’2 L 3I1 — 2[)13721_[3 — 2 33I1 ( )
3 Lo
2b 115 Qk
3 + 2b3 3 = 2]{311’2 +
x5 x5 Il
2
H3 = 2b1(4l’1H1 + LUQHQ) + bQHl ;3 2
\ 2

This system admits a two-dimensional Abelian Lie symmetry algebra generated by
the operators 0y, 0,,, and consequently the six equations (3.22)) can be reduced to the
following system of four equations:

( ! H1
l‘l = H_27
8b1b3) T blbgyg ]{fgyg + b2b3
I1) 8b2y5 + by — 8ky + +
( i v3 Hz ?JQH2
by
8b;— + — | I + 3202 12610
1H2+H2) 3t 1112+ 12H2 523)
2b b 3.23
lez( 2b1y2+—3)n—2+8b1(b1y2—y—3 H_IQ 2 2
205 [ b1y — = | =
+209 ( 192 ) I, —: Vil ;
H 2b1ys — 2b
I3 = (8b121 + ba) — -+ %,
\ H2 Y

where y, = 5 is the new independent variable. Substituting the ratio IT; /Iy with 2}
into the fourth equation of system yields an equation that can be easily integrated,
ie.

b1ys — a1ys + bs

[5(ys) = 4b127 + oy + 2 , (3.24)
2
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where a; is a constant of integration. Then, the three remaining equations in (3.23)

become:
11, by — k
ZL'Il = H/ = 8(a1b1 ]{?1) 1 —@1 2 2’
I’ PR (3.25)
H/ (2&1()1 — 2k1>y2 — 2&1()3 + 2]{73 )
2 y2H2

The third equation (3.25)) becomes linear by means of the transformation Ily(ys) =
u(y2), and its general solution is

\/2 arby — k1)ys + asys + 2a1bs — 2ks

HQ(QQ) s (326)
Y2
where as is a new constant of integration. The two remaining equations, i.e.
x/ - y2H1
1 )
\/2(a1b1 — kfl)yé + agy% + 2a1b3 — 2]{?3 (3 27)
, y2(8(albl kl)xl + a1by — k)g) ’

1=
\/2 arby — k1)ys + agys + 2a1b3 — 2k3

become a single linear second-order ordinary differential equation by solving the first

equation by II; and substituting its value into the second equation, i.e.

" 2(1{31 — albl)y§ + 2&1[)3 — 2]{33 ’ 8(&1[)1 — ]{fl)y%

Ty = T, + x
! y2(2(a1b1 — k’l)y% + agy% + 2(11()3 — 2]{53) ! 2((11b1 — kl)yg + agy% + 2a1b3 — 2]{33 !
by — ko2
X (ai 2 3)3/2 : (3.28)
2(&1[)1 — kl)y2 —+ a2Y5 + 2@1[)3 — 2]€3
an its general solution is
r1(y2) = as\/Q(Gﬂh — k1)ys + asys + 2a1bs — 2k
by — ks)y?
+ ag(4(arhy — k1)y3 + as) + (arbe = ko)yy (3.29)

2@2
Thus, the minimally superintegrable system (3.22)) is linearizable using hidden
symmetries.

3.4. Case I.d

The case I.d in [27], is characterized by the following potential and magnetic field

1
W) = k(] + 23) + kowy + ks — 5 (b2t + biah + bowy + bss)”,  (3.30)
é(f) = [2()11‘2 -+ bg, —2()11‘1 — bg, 0] s (331)

respectively. The Hamiltonian equations are:

x; = I, To = I, x3 = I,

I, = (by@? + b1a2 + boxy + bywa — I5) (212 + by) — 2ky 2y — ko,
Iy = (b1a2 + bya2 + boxy + bgwy — 3)(2by125 + bs) — 2ky x5 — ks,
II3 = (2byxy + b3)Ty 4 (20121 + by)II;.

(3.32)
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This system admits a two-dimensional Abelian Lie symmetry algebra generated by
the operators 0y, 0.,, and consequently the six equations (3.32)) can be reduced to the
following system of four equations:

4 l’& g;
2byx1 +b 2k1x1 + k
IT) = (b127 + b1y + baxy + bsys — I3) 11-1[ S .

9 11,
2b1ys + by 2kyys + k (3.33)
ITy = (bix} 4 biys + boxy + byyo — I13) ﬂﬁ 2 1y1_2[ iy

2 2

ITy
Hé = (2b1y2 + bg) (2b1£131 + bg)
\ H2

where y, = 5 is the new independent variable. Substituting the ratio IT; /Iy with 2

into the fourth equation of system ([3.33)) yields an equation that can be easily integrated,
ie.

[5(y2) = b1 + baay + biys + bsya — as, (3.34)
where a; is a constant of integration. Then, the three remaining equations in ((3.33))
become:

IT by — k
(L’ll = —1 Hll = 2(@1[)1 — kl)ﬂ + —al 2 2,

1l = H (3.35)
I, — 2(a1by — ki)yo + a1bz — kg‘

1T
The third equation in (3.35)) becomes linear by means of the transformation Ilz(y2) =
u(y2), and its general solution is

s (y2) \/2a1bl?/2 + 2a1b3y2 — 2k1y5 — 2ksys + as (3.36)
The two remaining equations, i.e.
= & ,
V2(a1br — k1)y2 + 2a1bsys — 2ksys + as (3.37)

, 2(0,1()1 ]ﬁ)xl + a1b2 /{ZQ
1=
\/2 Cl,lbl k‘l ’y2 + 2albgy2 — 2k3y2 + a2
become a single linear second-order ordinary differential equation by solving the first

equation by II; and substituting its value into the second equation, i.e.
L — 2(k1 — a1b)y2 — arbs + ks 2
! 2(@1[)1 — kl)y% + 2((11()3 — ]{Zg)yQ + a9 !
2(a1b1 — k’l)l'l + CleQ — k’g

3.38
2(arby — k1)ys + 2(arbs — k3)ya + as ( )
and its general solution is
z1(y2) = ag\/2a1b1y§ + 2a1b3ys — 2k1y3 — 2ksys + as
k?Q — a1b2
2(a1by — k by — k — 3.39
+ a4(2(a1by 1)y2 + a1bs 3) + 2(arby — ) ( )

Consequently, the minimally superintegrable system (3.32) is linearizable using hidden
symimetries.
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3.5. Cases I

All four systems of type II in [27] can be treated in the same manner. The scalar
potential and the magnetic field of each case are as follow:

e Case ll.a

b? .
W (T) = kyxy + kpe™" — 2—%&’)2%1, B() = [0,0,bye*] . (3.40)
e Case II.b
- b 2(b2—2) b2 ko
W(T) = = 520 7+ bilby = k™ + (3.41)
1
B(Z) = [0,0,b1(by — 2)27%]. (3.42)
e Case Il.c
. b? 9 ko o b
W(#) = =5 (nfan)* + kilnfai| + =, B(@) = |0,0,—|. (3.43)
Ty Z1
e Case II.d
. In |ZE1| k’% k‘g = b
= —bk -t B(Z) = —|. 44

We notice that all potentials depend on x; only, and all magnetic fields have only
one component along the xz-axis, Bz(x1), that depends on z; only. Therefore, the

Hamiltonian equations are:

( . . .
T :H17 T2 :H27 Zs3 :H37

II, = -8B 1I, —

‘ 1 3('T1) 2 d.fl ’ (345)
H2 = B3(£U1)H1,

H3 = O

\
The sixth and third equation can be immediately solved (I3 = ag = z3 = agt +a4), and
consequently the equations of motion are reduced to the remaining four equations (i.e.,
a system in two-dimensional space) that admit a two-dimensional Abelian Lie symmetry
algebra generated by the operators 0, 0,,, and consequently the four equations can be
reduced to the following system of two equations (N.B. Equation z}, = I, /II; is easy to
integrate once system (3.46)) is solved.):

' _ — f3(y)Il — W' (y1)
() = i ’ (3.46)
Hé(yl) = fé(yl)a

where y; = 1 is the new independent variable, Bs(y1) = f5(y1), and prime denotes the

total derivative with respect to y;. The second equation can be easily integrated, i.e.
a(y1) = f3(y1) + a2 (3.47)
and then the first equation in (3.46)) becomes

I () = —fé(yl)(fs(yl)nir a2) = W'(y1)

(3.48)
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which can be linearized by the transformation II;(y;) = +/2u(y1), and its general
solution is

(y1) = \/a3 —azf3(y1) — f3(y1)?/2 — W (). (3.49)

Consequently, the four minimally superintegrable systems of type II in [27] are all
linearizable using hidden symmetries.

3.6. Case 9.2a
The potential and magnetic field of Case 9.2a are
W(#) = % t kel B@) =1[0.,0], (3.50)
respectively. The Hamiltonian equations are:
= 1, Ty = Iy, x3 = I3, (3.51)
IT, = bIls, I, = Qx—]‘;} — koo, II; = —bIl,. (3.52)

2
Case 9.2a is actually a subcase of Case B by exchanging x, with x3. In the following,
we show another way to determine the hidden linearity of Case 9.2a. If we derive the
three covariant momenta II;(i = 1,2,3) from equations and replace them into
equations , then we obtain the following system of three second-order equations,
ie.

2k

ji1 = bitg, i2 - ? — 2]€2£L’2, 123 = —bit‘l. (353)
2

The second equation in z, admits a three-dimensional Lie symmetry algebra sl(2,R)
generated by the following operators:

875, sin( 8k2t)8t + 2]{721'2 COS( 8k2t)(9$1,
COS( 8k2t)(‘9t - 2k2x2 sin( 8]€2t)8zl (354)

However, if k; = 0, then the same equation admits an eight-dimensional Lie symmetry
algebra sl(3,R) and thus it is linearizable. Therefore, we use the general method
described in [21I] and that may be applied to any second-order ordinary differential
equation that admits a Lie symmetry algebra s[(2,R). If we solve the second-order
equation with respect to k; and derive once with respect to g, then the following
nonlinear third-order equation is obtained

3ToTo

— 8kyiiy. (3.55)

Tog = —
X2

which admits a seven-dimensional Lie symmetry algebra, and therefore is linearizable.
Indeed, the new dependent variable u(t) = x3 transforms equation (3.55)) into the linear
equation

i = —8kytl = u(t) = c1 + ay sin(+/8kat) + as cos(v/8kat), (3.56)
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where c¢;, a; and as are integration constant. However, since v = x5 1&,32 is not a
symmetry of the second-order differential equation (3.53]), an additional constraint on
the integration is needed. By substituting u in (3.53)), we get

’k 2ky + K
cl—\/“”*%fr L (3.57)
ko
2k 2ky + K
xo(t) = | a1 sin(+/8kat) + as cos(y/8kat) + \/a1 2 " ZQ iy (3.58)
2
The two remaining equations in (3.53|) are linear, i.e.
1 = by, i = —biy. (3.59)

If we derive 23 from the first equation and replace it into the second equation, then the
second equation becomes a linear third-order equation in the dependent variable x4, i.e.

Iy = —b%iy, (3.60)
and its general solution is
x1(t) = agsin(bt) + a4 cos(bt) + as. (3.61)

Consequently, we have shown that system Case 9.2a can be linearized in two
different ways by means of hidden symmetries.

3.7. Case 9.2b
The potential and magnetic field of case 9.2b are
W(Z) = — % (ha? + mia2)® + by (m1 + mga? — bgmlxj blllé)
2
Pkl ) o
B(7) = [ngmm - 2;2 —2bsly 1 + 2[’12 0} , (3.63)

respectively. (This system is integrable but not superintegrable in general. By imposing
some constraints on the parameters, the system becomes minimally superintegrable.

However, we will not impose those constraints.) The Hamiltonian equations are
(

v = T, 1y = 1y, &3 = s,
0 Qxbf’% i <—2n;%b3x§ N 242 1;:[%1;% 2, ) o (ha? )
2b3x1 (bily — (LTTs + 1)) + 2:% |
Il, = gj m1b3 2 — x2) + 2b3my Ty (llxl + mle) (3.64)
((miI3 + mo)xy + bylya7) + Qx—kgz 2;21 (by — 23113),
\ ;= —2b zn—% — szS—% + 2b3 (L ITy 4 my w11,).
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This system admits a two-dimensional Abelian Lie symmetry algebra generated by
the operators 0y, 0.,, and consequently the six equations (3.64]) can be reduced to the
following system of four equations:

( , H1
= =
1 HQ’ 272 ,.3
2b IT 2b3lix 2bsx
1) = (x_; — 2bslyzq H_z + 3H: L+ y23H21 (bslymays — lays + bilh)
1 2
+—2b2b3m1y§ -+ 2]€1y% — 2blb2 _ 2b§

y%xli’[l_lg . 2310y’
2113 203l
I, = (b — bymiys — !
; " 2 32 81y2>y§’H2 6 A 2 2
+2b3m1y2 — 2bs3moays + 2kay; — 2b7

(3.65)
(b1 — bymays)

b3m1y§ —b

+ 2% ,
b y%HQ b 4 b 2 ygx%rb
2D 1 20s3myy; — 204

M = ( byl — 22 ) =L 4 208> = S

= (2t 5 ) P

where y, = 5 is the new independent variable. Substituting the ratio IT; /Iy with 2
into the fourth equation of system yields an equation that can be easily integrated,
i.e.

by  bsmiys — arys + by

3(y2) = bl + — + 5 : (3.66)
7 Y32
Then, the three remaining equations in (3.65) become:
Ty = E—;,
I k’l — albg
I = 2bs(ayly — lg) — + 2————=
1 s(arly 2)H2 + S, (3.67)
y 2b3(a1m1 — mg)yg — 2@1[)1 —+ 2]€2
H2 - 3 .
(480

The third equation in (3.67)) becomes linear by means of the transformation Ily(ys) =
Vu(ys2), and its general solution is

2bs(aimy — me)ys + asys + 2a,b; — 2k
H2<y2):\/ 3(1 1 2)y2y2 2Yo 101 2'

The two remaining equations become a single nonlinear second-order ordinary

(3.68)

differential equation by solving the first equation by II; and substituting its value into
the second equation, i.e.
o = —2bz(aymy — ma)ys + 2a1by — 2k "
Yo (2bs(aymy — ma)ys + agys + 2a1by — 2ks)
2033 (aily — 1)

203(aymy — ma)ys + asys + 2a1b; — 2/{:2%1
N 2y3(a1by — ki) -3

2b3(a1my — ma)yd + agy? + 2a1by — kot

_|_

(3.69)

This equation admits a three-dimensional Lie symmetry algebra s[(2,R). However, if
Ky = k1 —a1by = 0, then the same equation admits an eight-dimensional Lie symmetry
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algebra sl(3,R) and thus it is linearizable. Therefore, we use again the general method
described in [2I]. If we solve the second-order equation with respect to K and derive
once with respect to ys, then the following nonlinear third-order equation is obtained

= — 31'/1,55/1 _ 6 by(aimi — ma)ys — aibi + ko "
1 Ya(2bg(army — ma)ys + azys + 2a1by — 2k;
6 bs(aymy — ma)ys — arby + ko (xh)?

yg(Zbg(Clel — mg)yé -+ GQy% + 2@1[)1 — 2]{32> T
((4ly — my)ay — 4y 4+ ma)bsys — 3arby + 3ks

5 I 5 xy, (3.70)
Y5 (ng(alml — mg)y2 + aslys + 2@1()1 — 2]{32)

which possesses a seven-dimensional Lie symmetry algebra, hence it is linearizable and

+2

in particular possesses the linearizing symmetry
1
— Oy (3.71)

T
that yields the linearizing transformation x;(y2) = /u(y2) that turns equation ([3.70)
into the following linear equation:
mo__ _bS(alml - mZ)yg +arb; — ky o
Ya(2b3(aymy — ma)ys + agys + 2a1b; — 2ks)
2((411 — ml)al — 412 + mg)b3y§ — 6@1[)1 + 6]€2 u, (3 72)
y%(2l)3<a1m1 — mg)yg + agyg + 2@161 — 2]{2) ’

and its general solution can be written in terms of hypergeometric functions.

Consequently, we have shown that system (3.64) is linearizable by means of hidden
symmetries.

4. Three minimally superintegrable system of non-subgroup type admitting
non-zero magnetic fields and an axial symmetry

In [5] the authors studied three-dimensional integrable systems of non-subgroup type
admitting non-zero magnetic fields and an axial symmetry. The systems correspond
to the circular parabolic, oblate and prolate spheroidal cases. In addition to those
integrable cases, one minimally superintegrable system was found with an additional
quadratic integral of motion. This system represents the intersection between the
circular parabolic case and the spherical case with a magnetic field. In [6] the
authors continued the study of three-dimensional integrable systems of non-subgroup
type admitting non-zero magnetic fields and an axial symmetry. Two new minimally
superintegrable systems admitting an additional quadratic integral were presented and
they represent the intersection of more than one integrable case.

We do not consider the superintegrable systems admitting an additional linear
integral as determined in [5] and [6] since they are subcases of the systems we have
already investigated in our present paper.

Here, we consider all the three classes of nonlinear minimally superintegrable
systems, and determine their hidden linearity by means of Lie symmetries.
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4.1. The intersection of the circular parabolic and spherical cases

The scalar potential and the magnetic field are

ki ko ksws | b2 b.bmas B bobar?  bpburs  B2r2 02,

o L W% A1
W@ =5+g3ter Tar T 2R °R e aop sl WU
S (b + bp3)xy (b + bp3)Te bpas + by (R? + 23)

B(Z) = o s 3 4b.|. (4.2)

We will use a more natural set of coordinates, the spherical coordinates, as defined in
equations (|1.7)) and (1.8). The Hamiltonian equations are
11, . Iy

R=Ilg, ¢ = ek 0= R2sin?(g)
m 2 2% ks 2kgcos(d)  bally  buTg
e = R3 * R3sin?(¢) * R3sin?(¢) * R? * R3sin?(¢)  R* R
2 2
+% + bnbm};gs(qﬁ) + bZan sin®(¢) + %R sin®(¢),
. — 112 cos(¢) N 2k cos(9) N ks(cos®(¢) + 1) b1y
7 RZsin®(¢) | RZsin’(9) R?sin®(¢)  RZ?sin(o) (4.3)
b.Ilgcos(¢)  2b,Ilgcos(¢p) . Db, sin(¢)
() Remn(d) + b cos(¢) sin(¢) + — 5
2
+b.b, R cos(¢) sin(¢) + bn;bz sin(¢) + %RQ cos(¢) sin(¢),
Iy = b,Ilzsin®(¢) + b, RIlgsin?(¢) + b.I1, cos(¢) sin(e)
+bmH¢ sin(¢) N 20,114 cos(¢) sin(¢)

\ R? R

This system admits a two-dimensional Abelian Lie symmetry algebra generated by the
operators 0y, 0y, and consequently the six equations (4.3)) can be reduced to the following
system of four equations:

( R/ _ RZHR
Iy '
T, = 1y 113 2k, ks 2ks cos(y2)  bullg

+ + + =
R RIgsin®(ys)  RIgsin®(yy) Iy Rllysin®(yp) Il
bRl N b2, N Dby cos(yo) N b2 R3 sin® () N bnb, R? sin?(y)
M, = RII, 1, 4T, o1l
IT; cos(ya) | 2kicos(ya) | ka(cos®(ya) +1) byl
[gsin®(ys)  Tgsin®(ys) I1, sin®(ys) I, sin(ys)

_ 2b,RIpcos(y2) b, R*Ty cos(y2) =~ b2 R?cos(ys) sin(ys) N bmbn R sin(ys)

I sin(y2) Iy sin(ys) I, I
bob. R3 sin(ys) cos(ya)  bynb.R?sin(ys)  b>R*sin(ys) cos(yz)
+ + +
I, oI, 411,

11
I, = R?sin®(y2) (b, + bZR)H_Z + sin(y2) (b, R* cos(y2) + 2b, R cos(y2) + b)),

(4.4)
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where y» = ¢ is the new independent variable. If we take the ratio Il1z/Il; from the first
equation and substitute it into the fourth equation, then it can be integrated directly
by expressing Iy as a function of R and and y», i.e.

b, . .
Iy = ERQ sin®(y2) + b, Rsin®(y2) — by, cos(y2) + ax, (4.5)

where a; is a constant of integration. Substituting this result into (4.4]), we are left with
the following three nonlinear equations

RI,
R = , (4.6)
I,
albn + k‘g H¢ (—2a1bm + 2k3) COS(yg) + a% + b2 + le
nm,=———=4+=-2 UC 4.7
R H¢ + R + RH¢ SiDQ(yg) ’ ( )
. (=a1by + k3) cos®(y2) + (af + b2, + 2ky) cos(y) — aiby, + k3
IT, = — . (4.8)
I, sin®(ya)

The equation 1' is separable and linearizable by setting I1,(y2) = \/u(y2). Hence, we
obtain

—ag cos?(ya) + (2a1by, — 2k3) cos(yz) — a? — b2, + az — 2k

g(y2) = — L L (4.9)

sin®(y2)
where as is a constant of integration. The remaining two nonlinear equations are
R R sin(ys) (4.10)
Va2 o8 () + (2a1by, — 2k3) cos(y) — af — b2, + ay — 2k

by, + k2)R) si

I, (a2 + (a1b, + k2)R) sin(y2) (4.11)

N Ry/—a3cos2(y2) + (2a1by, — 2ks) cos(yz) — a2 — b2, + ag — 2k,

If we derive Il from (4.10) and substitute it into (4.11)), then we obtain the nonlinear
second-order equation

R = 2(]1;)2 +a(y) R — By) R — (1) R, (4.12)

where a(ys), B(y2) and v(yo) are given by
(k3 — aiby) cos?(ye) + (at + b2, + 2k;) cos(ya) — arby, + k3

— 4.1
o(y2) sin(y2)(az cos?(y2)? + 2(ks — aiby,) cos(y) + a2 + b2, — as + 2k;)’ (4.13)
(a1by, + k2) sin®(y2)

= 4.14

) = o (2 T 20 — arby) cos(yg) + @+ BB, —ag + 2y’ (4.14)
. 9
a9 Sin

() = 250 (v2) (4.15)

ag cos?(ya)? + 2(ks — aiby,) cos(y2) + a3 + b2, — az + 2k;
However, this equation admits an eight-dimensional Lie symmetry algebra, and therefore
it is linearizable by the transformation of the dependent variable, R(y2) = 1/v(y2) that
yields the linear equation

V" = a(y2)v" +7(y2)v + B(ip), (4.16)
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and its general solution is

v(y2) = a3\/a2 cos?(y2) + 2(kz — arby,) cos(y2) + af + b2, — az + 2k,
~ (a1by + ko) (k3 — a1bp) cos(y2) + af + b3, — az + 2k)
CL%(CLQ — bgn) + 2a1bmk:3 - CL% + ag(bfn + 2]{?1) - ]{?32’
+ ag(arby, — ks — az cos(ys)) (4.17)

where a3 and a4 are constants of integration.
We can conclude that the minimally superintegrable system (4.3) is linearizable by
means of hidden symmetries.

4.2. The intersection between the cylindrical, spherical, oblate and prolate spheroidal
cases

Now let us consider the minimally superintegrable systems coming from section 5 in [6].
This Hamiltonian system is at the intersection of four integrable cases: the cylindrical,
spherical, oblate spheroidal and prolate spheroidal cases. The scalar potential and the
magnetic field are

- k1 /f2 2 b bsR4 bszTQ bobs o o 02, , VP 2 bf,?”2
w = — — k3R _ _ R?2 — Zsp2pdy == “pt
() 2t 2 43 4a3 1 s g8 83
= b,x b, T b
B(7) = { ;31 — byx123, ;—f — byys, x—g +by(r? + R?) + bzl : (4.18)
3 3 3

We use the cylindrical coordinates as defined in ([1.5]) and ([1.6)), and in those coordinates,
the Hamiltonian equations are

/ . H9

T = Hm 0= 5 xr3 = H37
r
: 2k b, by bs
II, = —1+2k3r+<—7’2—1_[>—+(27’ +x3)< )—
2 rT T
My br  bb 2y
~(bar? = Tly) O p g 2N a2y Lt %l 4 ),
4x3 T3 4
byr (4.19)

—3(:1:3H rTl3) + by(r(2r? + 23), + r’s1ls) + b.rll,,
T3

: 2%k
Il = —2 1 2ksw3 + (He

b22

bs
> £ + 5(1)27’2 — 2H9)133

b2r2x b?

4 4 s 3,2 2 z

Ty — 1)+ T5+1°) — —T3.

This system admits a two—dimensional Abelian Lie symmetry algebra generated by
the operators 0y, Jy, and consequently the six equations (4.19) can be reduced to the

following system of four equations:

T3 = (4.20)
b2y bbyy by(by2 — 20p) b2y
H/ — D sUpJ2 2 2 p\Y2J2 0 sY2 4 3
r 4x§HT + $§Hr ($3 +y3) + 2$§y21—[r + ATL, ( + 553?/2 + 92)



Linearity of minimally superintegrable systems in a static electromagnetic field 20

b. bo(2y5 +23) | 2k 2ksye 2y o
—y5 — 11 Iy — b.y5) ——, 4.21
i <2 . 9) pl, g, T, e be) (4.21)
b bs
Iy = (311, — y2H3)w§%2 + (25 + 203, + yos1ls) Hy2 + b.ya, (4.22)
3iir r
b2y; bsb b b2yl
H/:_p2 4 4\ YsUp —bz2 oI P 2 2\ YsJ243
3 2xgHr + (x3 y2)2xg]:[7~ + ( y2 _'_ 0>2I§H7~ + (SE3 + y?) ZHT
b 2k 2k b?
(bl — 20Lp) 25y S TS T (4.23)

21T, 310, IL, 411,
where yo = r is the new independent variable. If we derive I3 from and substitute
it into , then it can be integrated directly by expressing Il, as a function of x5 and
Y, i.€.
bszs by

bs b,
y(y2) = v ( 5 + 2_:1:§> + E?Jg + E?Jg +as, (4.24)

where a; is an constant of integration. We are left with the following three equations

I
r— =3 4.25
T3 II,’ ( )
m - (—4a1bs + 2b,bs — bzg—l— 8ks)ys + 4a? + 8]{:1’ (4.26)
4y 11,
b, + 2k
I = ((—day + 2b,)b, — b2 + 8hy) o + U2 L2 (4.27)

AL, 2300
The equation 1} is separable and linearizable by setting I1,.(y2) = \/u(yz2). Its general

solution is

—4ayby + 2b,bs — b2 4 8ks)y2  4a® + 8k
Hr(yz):\/< G T 2 s T 8ka)ys a1+81+a2, (4.28)

4 4y3

where a5 is a constant of integration. Consequently, we are left with the following two
nonlinear equations
2 = 2yo113 7
V/ (—4aybs + 2b,bs — b2 + 8k3)ys + 4asy? — 4a? — 8k,
;Y (—daybs + 2bybs — b? + 8k3)xs + 4ab, + 8ks
P 203\ /(—darb, + 2b,b, — b2 + Sks)yl + dazyZ — 4a? — Sky
If we derive I3 from and substitute it in the equation , then we obtain the

following nonlinear second-order equation

(4.29)

(4.30)

2 = ayg - ’ y%(OQ — IéOJ) (4 31)
P ya(—oys —dagy3 —an) P a3 (—oyd — dagy3 — on)’
where
a = (—4a; + 2b,)bs — b2 + 8k, «a; = —4a] — 8k, = —4asb, — Sky. (4.32)

This equation admits a three-dimensional Lie symmetry algebra isomorphic to sl(2, R)
and becomes linear if ay = 0. Therefore, we use the general method described in [21]
and that may be applied to any second-order ordinary differential equation that admits
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a Lie symmetry algebra s[(2,R). If we solve equation (4.31) with respect to as and
derive once with respect to g9, then the nonlinear third-order equation that is obtained
admits a seven-dimensional Lie symmetry algebra, and is therefore linearizable.

Consequently, we have shown that system is linearizable by means of hidden
symmetries.

4.8. The intersection between the cylindrical and circular parabolic cases

Here, we consider the Hamiltonian system at the intersection of the circular parabolic
case and the cylindrical case with a non-zero magnetic field. This system is minimally
superintegrable and has been investigated in Section 6 in [6]. The associated scalar

potential and magnetic field are
2

k
W(Z) = kyzs + r_; + ks(r? + 4x3) — ;—2 (2bz + by(r® + 4x§))2 , (4.33)
B(T) = [~2b,0123, —2byw013, b, + by(r? + 223)] . (4.34)

We use the cylindrical coordinates as defined in (1.5]) and ([1.6)), and in those coordinates,
the Hamiltonian equations are

‘ . TII
r= HT’7 9:_207 i3:H37
r
. H2 2k32 H0
I, = 7‘_39+7‘_3 — 2ksr — (bz+bq(r2+2x§))7
+(by(r? + 4a2) + 2b,) (b, (372 + 422) + 2bz)f_6, (4.35)
I, = (by(r? + 223) + b,)rIL, 4 2b,r%2;315,
. b 2
Iy = —ki — 8ksws — 2bgw;3llp + A (by(r® + 4a3 + 20.),

This system admits a two-dimensional Abelian Lie symmetry algebra generated by
the operators 0y, Jy, and consequently the six equations (4.35)) can be reduced to the
following system of four equations:

II
17?),(3/2) = H_37 (4.36)
112 I, b2y2$§ b yQ(b y2 +b )x2
HI — _9 _ b 2 2 2 bz q q qY2 P 3
r<y2) ygl—[r ( q(yg + 513’3) -+ )yznr + ]___[r + HT
302y5 + 8b.bgyS + (402 — 32k3)ys + 32k \
i 164311, ! (4.37)
I1
Iy (y2) = y2(bgy + 2by5 + bs) + 2bgy3a (4.38)
O, 4b%y2x3 + (b2ys + 2b,b.y2 — 16ks)xs — 2k
Hg(?h) _ _qux3n_0+ Y23 (qy2 2qH Y 3) 3 1’ (4‘39)

where y = 7 is the new independent variable. If we derive II3 from (4.36]) and substitute
it into (4.38)), then it can be integrated directly by expressing Ily as a function of z3 and
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Yo, l.€.

b b,
g (y2) = bgyzas(y2)® + qué + 595 + ay, (4.40)
where a; is a constant of integration. Using this result, we are left with the following

nonlinear equations:

I
() = (4.41)
_ _ 4 2
I (y2) = Cab, 4];3)32 2+ Ak (4.42)
Y511,
X
11 () = —(2a1by + 8ks)=>. (4.43)

11,
The equation (4.42) is separable and linearizable by means of the transformation

I1,(y2) = v/ u(y2), and consequently we have

aib a? + 2k
u(ys) = ag — (—1 14 2k3) Yz — = 5 2, (4.44)
2 Y2
where ay is a constant of integration. Consequently, we are left with the following two

linear first-order differential equations

oI
wy(yo) = : -, (4.45)
Vs = 2(and + 4ks)y3 — 4(a? + ko)
4 1
Hg<y2) _ ( albq + 6]{?3)1‘3 + 2]{Z1 (446)

\/4a2 — 2(arb, + 4ks)y2 — 4(a? + 2ks)y3>

We can conclude that the minimally superintegrable system (4.35)) is also
linearizable.

5. Final remarks

In this paper, fifteen three-dimensional nonlinear minimally superintegrable systems in
a static electromagnetic field are shown to possess hidden symmetries leading to their
linearization, and consequently the corresponding subsets of maximally superintegrable
subcases are also linearizable.

We underline that in each case none of the known first integrals have been used.

Our results are strengthening the conjecture that all three-dimensional minimally
superintegrable systems are linearizable by means of hidden symmetries.

It is worth noting that Case 9.2b, namely Hamiltonian system , is just
integrable, not superintegrable. Some parameters need to be commensurable for the
system to be superintegrable, constraints that we did not impose. This example hints
that also integrable systems may possess hidden symmetries leading to linearization.
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