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Abstract: Indicators of expected quality of service in public contracts are often based on some kind of
“punctuality”, usually defined in terms of the percentage of trains arriving at the final destination
(and/or at intermediate significant stops) within a given delay. Passengers, however, tend to use
the word “punctuality” with a more general meaning, mostly as a synonym for expected delay at
their own destination, and especially in case of commuters are much less tolerant of even smaller
delays than train operators would normally allow. In particular, measuring the delay only at the final
destination is perceived as largely inadequate, leading to underestimation of the actual percentage of
late trains, and in turn undermining passengers’ trust in official performance statistics. In this paper,
we take the passengers’ perspective, introducing a family of delay indices called D-indices aimed
at capturing the overall performance of a train “as a whole”, taking into account both the delays
at the sampling points and the mutual location and order of such sampling points. In this paper,
all indicators have the physical dimension of time in order to be easily replaceable to other delay
measures. We first present typical approaches and definitions of punctuality in the literature, then
introduce D-indices while exploring their features, pros and cons, and relevant properties. We validate
and discuss our approach by comparing this model with existing approaches both theoretically and
by comparison with selected datasets consisting of about one hundred trains transcribed over the last
three years.

Keywords: punctuality; delay indices; performance indicators; train punctuality

1. Introduction

In an ideal world, trains would always operate perfectly on time. In the real world,
of course, train operations are actually subject to many factors which may cause small or
larger delays; thus, the overall quality of train service is a complex issue from the technical,
economical, and user experience viewpoints.

From the technical viewpoint, train delay can be defined as “the deviation from a
scheduled event or process time of this train” [1]; there, punctuality is seen as an aggregate
measure, defined as “the percentage of the trains arriving (or departing, or passing) a
location with a delay less than as certain time in minutes” [1,2].

More generally speaking, as highlighted in [3], delays and punctuality are different in
that delays refer to measures in time units, while punctuality is expressed as a percentage.

From the microeconomic/performance accounting viewpoint, the definition of ex-
pected quality of service in public contracts can take into account “punctuality indica-
tors” [4,5], typically defined in terms of the percentage of trains arrived “on time”, i.e.,
within a given delay, at stations, which can mean either at their final destination or also at
intermediate “significant” stops. The delay threshold varies from country to country [6]
(e.g., 3 min in the Netherlands [7], 5–10 min in the UK [6], 6–10 min in Belgium [8], 5 min
in Germany [6], and 5–15 min in Italy for commuter and long-distance trains, respec-
tively [5,9–12]; for a full list, readers are referred to [13,14]). Measures can also be based on
the “average delay per train” [4,15], on the standard deviation of the travel time [4], and on
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other metrics [13]. Indeed, punctuality is “claimed to be one of the most important quality
indicators” [3] in railways, and is crucial for customer satisfaction. Such performance tar-
gets, especially the commuter ones, can refer to specific lines in a given region, or possibly
to the typical weekday, or to peak hours only. In certain cases, a bonus/penalty system
is introduced for awarding/fining train operators whose indices meet/do not meet the
expected standards, in which case forms of compensation can be established in favor both
of the public commissioner and/or final customers.

Widening the discourse, analogous considerations hold for schedule-based bus opera-
tions, where a service is often considered on time if “it runs between a certain amount of
minutes early and minutes late” [16], and punctuality is usually measured at the origin and
at several stops along the route, in particular, at “regulation stops” [17], i.e., key stops along
the route. Suitable punctuality indicators are defined for business models purposes [18],
and a bonus/penalty system can be established [17] based on whether operators exceed or
fall short of a pre-defined standard.

Customers, however, tend to use the word “punctuality” with quite a more general
meaning, mostly as a synonym for “expected delay” [19,20] experienced at their own
destination on the specific lines and trains they normally use, borrowing the semantics from
their everyday life where “punctual” means no or little delay on a given clearly-identified
event. Accordingly, the customers’ viewpoint is both “multidimensional, subjective” [13],
and quite a lot less forgiving: indeed, passengers experience even small delays of a minute
or so quite negatively, which is much stricter than the 5-minute allowance adopted by
many train operators in considering a train “on time”. Delays of 30 min or more exacerbate
passenger frustration, with notable policy implications for train operators [21]. Notably,
the passengers’ viewpoint is situated, i.e., specifically focused on the passengers’ own
experience, leading to a possible difference in perceptions of delays and punctuality with
respect to the statistical definition of punctuality that is traditionally adopted by train
operators and infrastructure managers, which is rather meant to provide a comprehensive
view of performance for professional use (including line planning and timetabling [13,22],
timetable stability analysis and optimisation [23], delay management [24], simulation [23],
and performance evaluation in terms of reliability and availability of service [4,6]). In fact,
the average delay has been found to be inconsistent with travelers’ preferences [4].

In this paper, we focus on the performance accounting viewpoint, yet from the passen-
gers’ perspective, which calls for “conformity with observable behaviour” [25]. In this context,
measuring train delays only at the final destination – a long-standing habit in the field – is
often misleading. This habit was rooted in the professional context, especially for long-haul
trips, and was later extended to all kinds of trips, including short-haul and commuter
lines; however, it can lead to possible mismatches between the officially reported data
and passengers’ feeling, thereby undermining their trust [19]. The possible alternative of
measuring delays at selected intermediate stations may appear to be unsatisfactory as well,
both because of the arbitrariness of the number, location, and importance of such reporting
points and most importantly because it does not provide a single comprehensive indicator
that can be interpreted as “the performance of that specific train” as a whole. Of course,
one could combine the set of different measures in several ways, e.g., by averaging the
measured delays to provide a single number; however, apart from the arbitrariness of any
combining formula, an important aspect is to preserve a clear and generally-acknowledged
passengers’ perception of number significance. In principle, what is needed from the
passengers’ viewpoint is a “natural” way to capture their daily experience.

When speaking about “punctuality” and punctuality indicators (e.g., [13,23]), the
purpose is typically to obtain a comprehensive statistical measure of a set of trains in a
given time period and/or line(s), often providing percentage probabilities that a train will
arrive with a given delay. This is the purpose of the railway metrics defined, e.g., in [26],
where the focus is on the punctuality of the railway, measured by taking the “lateness” of
each train, in principle, at each intermediate station and at termination, providing equal
weighting to each recorded stop. In this study, instead, the focus is on trying to capture the
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behavior of a single train as experienced by its passengers, with a single number with the
physical dimension of time, which can then be used for subsequent elaborations.

Accordingly, in this paper we introduce a set of delay indices (D-indices henceforth)
precisely aimed at this purpose. The basic idea is that such a number could replace the
unsatisfactory measure at the final destination (or any other) in potentially any kind of
subsequent elaboration related to the perceived quality of service, be it the synthesis of a
statistical performance indicator over a large number of trains in a given period for a given
line, a microeconomic model, or others. As discussed in the next sections, a family of indices
is defined, rather than a single one, in order to enable the train journey to be observed from
(slightly) different standpoints depending on the purpose of such observation, whether one
is mainly interested in the train performance per se, or in weighting it by the number of
passengers or other aspects, in comparing the train with other similar ones, in highlighting
the presence of excessive recovery time, etc.

Conversely, it is of key importance to highlight what this paper is not about. Inten-
tionally, our goal is not to face any microeconomic or technical aspects, such as defining
general economic evaluation/performance indicators, estimating/modeling train delays to
perform statistical analyses (e.g., distribution, parameter estimation, etc.), or infrastructure
modelling or simulation, as is commonly done, e.g., in the timetable design process to
avoid/minimise conflicts; we forward interested readers to [4,13,23]. Accordingly, concepts
such as dwell time, recovery times, extra times, and buffer times, which pertain the train
operator and the infrastructure manager in their design and development activities, are
outside the scope of this paper, and the same holds more generally for every study or
activity performed a priori before the train service is established.

Instead, we position ourselves ex post, trying to capture the quality of the travel
experience from the passenger, especially commuter, perspective. This perspective has
gained growing interest in the last 15-20 years, both in official reports from train op-
erators or customer associations (e.g., [19,20,27]) and in notable research papers (see
for instance [4,7,13,20,28,29]).

The rest of this paper is structured as follows. Section 2 introduces the basic terminol-
ogy and related works, then Section 3 provides a short overview of the typical approaches
used to measure train delays, highlighting their pros, cons, and weaknesses. In Section 4,
D-indices are introduced and thoroughly discussed with suitable examples; a number of
relevant properties are discussed in Section 5. Section 6 is devoted to the validation of
the proposed approach, discussing the results obtained in characterising suitable sets of
trains via D-indices with respect to other possible alternatives. Finally, a discussion and
conclusions are provided in Section 7.

2. Delays and Punctuality: Background and Related Work

According to [30], quoting [31], train punctuality is “related to trains running according
to schedule”, while [32] refers to punctuality as a “numerical measurement (. . . ) part of
trains arriving on time to the stations.” Olsson [33] reports that “in most cases, this is
measured to the terminus, but in some cases, it could also be measured at intermediary
stops.” In fact, in [34], punctuality is measured at any stop.

Of course, this requires defining in which circumstances an arrival is counted as a delay.
Indeed, one of the basic measures used to classify a train as “on time” or “late” has long
been the delay at the final destination. On top of this basic value, punctuality indicators are
usually defined in terms of the percentage of trains arriving within a given delay, which is
typically lower for short-haul and commuter services (e.g., 3–5–6 min, depending on the
country) and larger for long-haul services (e.g., 10–15 min) [13,14]. This approach is both
easy to understand and somewhat natural from a train operator’s viewpoint, as the goal is
to guarantee the overall stability of the timetable from the operational perspective, which
clearly depends on rolling stock being available for the next train at the expected time in
the expected location to ensure that the delay of one train is not transferred to the next.
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However, both in commuter lines and long-haul journeys, only a minority of passen-
gers actually makes the whole trip from the train origin to the final destination, with the
possible exception of short shuttle services with few or no intermediate stops. Indeed, most
passengers get on and off at intermediate stops, especially if the train serves one or more
major hubs. For such passengers, delays at intermediate stops do matter, as they cause
delays in reaching their work site, school, business meeting, etc. [4]; yet, if the train recovers
from the delay in the subsequent part of its journey, such delays can virtually disappear in
the statistics and in the official quality of service reports, undermining passengers’ trust in
official punctuality figures and, overall, in the service itself [19]. This is why, as pointed
out by U. Martin in 2008 [6], the reporting points where punctuality is recorded should be
distributed over the whole network (at least at major intermediate stations) and not limited
to terminal stations. Indeed, more recent approaches [26] aim to measure the delay of each
train, at least in principle, at each intermediate station, other than its final destination.

In schedule-based bus operation, a service is usually considered on time if it runs
between a certain amount of minutes early and minutes late (in the USA, commonly
between 1m30s early and 5m late per bus stop [16], typically measured at the origin and at
several stops along the route), in particular at the so-called “regulation stops” [17] (short
early arrivals (30s) are often considered on time as well). Accordingly, punctuality can be
defined as “the share of buses departing within a certain time window with respect to the
planned timetable from several key stops along the route” [17].

Over the last fifteen years, awareness has been growing around the importance of
taking the passengers’ viewpoint into account. Among the major train operators, Infrabel [8]
explicitly states the idea of measuring punctuality “during the entire train journey”, namely,
“at 95 strategic measurement points on the network”, to consider the case when a train
succeeds in eliminating a previously-accumulated delay and arrives on time at its final
destination. Train operators in UK and Sweden used to consider the “average delay per
train” as a valuable indicator [4,20]. Other authorities (e.g., [5]) establish that the delay be
evaluated at “relevant” intermediate stations, where the relevance is based on a pre-defined
classification that takes into account the number of served passengers, interchange stations,
provincial capitals, etc.

From a different perspective, the comprehensive study by Transport Focus (the operat-
ing name of the Passengers’ Council in the UK) [19] investigated the passengers’ viewpoint
more in detail. Essential findings include the fact that punctuality is a vital prerequisite for
building trust between passengers and a train company, and that the passengers’ concept
of a train being ‘on time’ is much stricter (about one minute) than most industry standards
(usually 5 min, often 10–15 min for long-distance trains; see [13] for a comprehensive
table). Moreover, passenger satisfaction appears to decline quickly for each extra minute
of lateness, especially for commuters. As a consequence, quoting [19], “a significant de-
gree of passenger satisfaction is lost when trains are officially on time according to the
industry measure, but late in passengers’ eyes.” Not surprisingly, passengers observed that
“punctuality should be measured at all stations, not just where a train terminates.” The
passenger survey conducted in [4] confirmed that “the common practice of using average
delay as performance indicator is misleading, if the aim is to reflect travelers’ preferences.”
In fact, more recently the passengers’ perspective is being taken into account in railway
timetabling [29].

Another interesting finding is that the actual indicator to be measured should possibly
be the number of passengers arriving on time, rather than number of trains. This suggests
that in order to find the actual picture of the inconvenience caused to people, delays should
somehow be weighted by the number of passengers who experience the delay itself. This
is why one of the D-indices is defined by taking this aspect into account.
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Finally, passengers in [19] objected to the standard practice of adding extra time into
the timetable on approach to the destination station, seen as a way to “adjust” the train
performance rather than an effective technique to absorb delays and prevent a delay from
being transferred to the subsequent trains. This point further stresses the need for a kind of
measure able to see “the whole picture” of a train journey from the passengers’ eyes.

Technical studies take a different viewpoint, and are mostly rooted in the operations
research, transportation, and microeconomic areas. There, the train delay is typically
defined as “the deviation from a scheduled event or process time of the train” [1], whereas
punctuality is “the percentage of the trains arriving (or departing, or passing) a location
with a delay less than as certain time in minutes” [1,2]. All the relevant technical aspects
of train operation are considered, from delay distribution models [28], line planning and
timetabling [22], timetable stability analysis and optimisation [23], delay management [24],
simulation [23], and performance evaluation in terms of reliability and availability of
service [4,6,13]. In [14], a systemic classification of delay causes was proposed based on a
comprehensive literature review which includes the main definitions of punctuality and
reliability, together with delay thresholds in many European countries. In [35], the focus is
on punctuality reporting systems, aimed at performing an in-depth analysis of the delay
causes and of the train run.

For timetable planning purposes, in particular, the train movement is first carefully
modelled taking into account its acceleration/deceleration and the allowed speed on
different sections of the railway line based on its characteristics in order to find the pure
running time, then the dwell time at stations is taken into account and recovery times are
further added to allow for small delay compensation (usually, a percentage of the running
time). Train paths are then modelled (which in turn require proper infrastructure modelling)
and proper separation schemes (e.g., block sections, protected zones) and infrastructure
(e.g., signalling) are considered to guarantee the necessary train separation [23]. Buffer
times are added to prevent the transmission of small delays. Train scheduling is then
performed, usually in a computer-assisted way. Finally, train running times are carefully
estimated for different train configurations. Clearly, such a complex process strongly
builds on optimisation techniques, the desired result being a robust timetable, that is, a
timetable which does not suffer considerably from small perturbations [23]. Other aspects,
as mentioned above, range from timetable stability analysis, which includes, among others,
the study of delay propagation, to simulation tools, which allow for a very cost-effective way
to check hypotheses, verify interactions, highlight possible conflicts, etc., not to mention
optimisation of energy and cost issues.

As pointed out in the introduction, most of this huge corpus of knowledge is fun-
damentally exploited ex ante to design and implement the train service. Following the
passengers’ viewpoint, our approach is basically ex post view, which observes the train’s
behaviour when the service has already been designed and implemented, judging its
quality in terms of “distance” from the published schedule; the closer, the better. Recent
approaches, such as [26] in the UK, have actually aimed to monitor train behaviour for
quality of service purposes, defining a notable set of metrics and potentially measuring
the delay of each train at all stations in terms of whether such a delay is within a given
threshold. These data are then exploited to derive the percentage of “on time” trains, i.e.,
the punctuality, of the railway; in principle, the same could obviously be done for single
lines of interest.

3. Typical Approaches

As highlighted above, a long-used approach for building performance indicators
is to measure the delay of trains at their final destination, then use these data to build
punctuality statistics. The threshold within which a train is considered “on time” is usually
lower for commuter and regional services than for long-haul and inter-city services, the
first ranging from 3 to 6 min and the other from 10 to 15 min. Passengers, however, are
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much less tolerant, and tend to consider their trains “on time” within much stricter margins
of about one minute or thereabouts.

Of course, measuring the delay of a train at its final destination is quite an approximate
way of evaluating its quality of service, because (a) a train might either arrive nearly ‘on time’
at the final destination despite performing poorly in the earlier part of its journey thanks to
suitable recovery time in the schedule, extra time, or even dwell time at intermediate major
hubs; conversely, (b) it might be counted as ‘late’ if something delays it in the latter part
of its journey, despite good performance in all the previous part of the journey. The first
situation is perhaps most typical in commuter, regional, and short-haul services if there are
one or more major hubs in the middle of the journey; the second can equally affect regional
and long-haul trains, which tend to connect major cities end-to-end.

A natural idea to improve on the final-destination approach is to average the delays
measured at a set of intermediate reporting points (intermediate stops, stations, etc.); unsur-
prisingly, this is precisely what emerged following a 2011 dialog between passengers and a
company inspector [27]. At first sight, an average (possibly with its standard deviation)
appears “naturally” more indicative of the whole train journey than a single measure; yet,
the result reflects mainly the available samples rather than the actual progress of the journey.
This weakness is noted in [4,13] with respect to a set of trains (comparing a situation where
“all trains are one minute late, and two out of ten are five minutes late”) rather than the
samples of a single train, as in our case. The point is that the average is (i) highly sensitive
to the presence of more/less samples in the journey, (ii) does not consider the specific
locations where the samples are taken (which reflects the intermediate stop sequence), and
(iii) is insensitive to the corresponding inter-station distances, which indirectly influence
the delay inter-dependence.

To illustrate such aspects, in the figures throughout this paper we adopt a kind of
distance–time diagram—henceforth called the delay diagram—to map the registered delay
at each sampling point (train stops or other points of interest along the train line). The
diagram reports the sampling points on the X-axis (possibly reflecting their mutual distance,
as described below), and the corresponding delays on arrival on the Y-axis; in this way,
delays are not merely “counted” in a formula, instead being directly related to the expected
train journey (the sequence of sampling points) and schedule (a perfectly on time train
would have its graph fully overlapping the X-axis). Actually, many kinds of time–distance
diagrams are of standard use in railway operation and planning; while an overview is
outside the scope of this paper, interested readers can refer to [23] for an in-depth discussion.

Figure 1(left (a)) shows the first issue, i.e., that the number of sampling points may
lead to different average values for the same journey. This suggests that such numbers do
not represent the journey, only the sampling points selected during the journey. It should
be noted that the average results may be different even if the delay remains the same
throughout the whole section A–D, while a reasonable indicator could be expected to not
be influenced by the presence/absence of intermediate samples such as B and C between A
and D.

Figure 1. Critical issues defining punctuality as the average of delays. (Left): delays at stations A–F,
with corresponding average values. (Right): delays plotted in proportion to the inter-station distance.
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Figure 1(left (b–d)) illustrate the second complementary issue: different delay se-
quences representing quite different journeys may result in the same average if the sampled
delays are numerically the same, regardless of where they were registered. In other words,
such numbers lack situatedness, representing only the unordered set of the sampling points.

Figure 1(right) illustrates the third issue: the same delays, even when registered in
the same locations and sequence, may lead to the same average independently of the mutual
placement of the measurement stations, while in fact, for physical reasons, the more the
sampling stations are closer to each other, the more delays are inter-dependent, because the
registered delay tends to be similar due to sampling the same (or a similar) delay multiple
times. Conversely, the farther the sampling stations are from each other, the less dependent
the sampled delays are, representing a larger part of the train journey. This suggests that a
passenger-oriented indicator could take into account the mutual location of the sampling
points, possibly in terms of sequence and mutual distance other than the pure delay values,
before combining this information in an effective and self-coherent way.

More recent approaches, as mentioned in Section 2, are based on counting the number
of trains arriving within a (tight) threshold at (all) stations, and use such data to derive
the percentage of “on time” trains. This approach is widely adopted and very effective, as
it makes it possible to sample many trains at several sampling points in a practical way;
yet, it is somehow “digital” in that a train at each station/sampling point either fits the
threshold or does not (although this aspect can be partially compensated by taking tight
thresholds). The above-mentioned lack of situatedness applies as well, as the location of
the sampling stations does not influence the result.

In principle, all approaches based on taking frequent samples, possibly obtained
by real-time information on the train journey and hence actually interpolating the delay
diagram, could provide an analogous information base; the average of many samples
would then accurately describe the train behaviour. However, such (big) data would likely
be available mainly to train operators, not directly to passengers or the general public,
which could possibly reproduce the “undermining trust” issue between official data and
passengers’ feelings reported in [19], as such big data elaboration would likely be out of
reach for passengers, commuters’ associations, etc.

Moreover, all the above approaches do not explicitly deal with possible early arrivals,
which are normally counted as “on time” trains, even though early arrivals represent
deviations from the expected schedule.

The D-indices, introduced below, aim to achieve a similar result from a set of sampling
points (in practice, stations and intermediate stops) that are commonly available to the
general public, combining them with the notion of situatedness, that is, relating them to the
physical mutual location of the sampling points, and explicitly dealing with early arrivals,
providing a set of views that aim to capture different aspects of train performance.

4. D-Indices

Following the above considerations, an indicator aimed at actually representing the
train journey from the passengers’ perspective should not only measure the delays at
(several) sampling points, it should combine them in such a way that the result is:

• closely related to the measured delays (as well as to possible early arrivals);
• easily understandable to passengers;
• situated, that is, somehow related to the physical location of the sampling points.

The latter requirement is a distinguishing feature of the proposed model and is at the
base of the contribution of this work. Accordingly, the above requirements can be refined
as follows:

• delays should be sampled at a multiplicity of sampling points;
• the sequence and mutual order of such sampling points should be taken into account

in terms of their inter-distance.
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Delay diagrams make a step in this direction, provided that the sampling points on the
X-axis are scaled in proportion to their mutual distance. In this way, items on this axis are
not just categories, as in conventional histograms, they are measurement points plotted
according to a kind of scale based on their “distance”.

Moreover, such distance need not necessarily be the obvious spatial distance (e.g.,
in kilometres) among the sampling points, but could be a time-based distance, such as the
scheduled travel time; the X-axis would then be labelled in time units (e.g., minutes) and
the sampling points would be mapped based on the expected time of arrival/passage of the
train at that point. While the first alternative is clearly absolute, as the physical location of
the sampling points is immutable and is the same for all trains, the second is relative to the
planned schedule of each specific train, suggesting an interesting dimension to be explored.

4.1. The Basic Idea

Moving on from the above considerations, the basic idea beyond D-indices is to assume
the area resulting from the interpolating line in the delay diagram as representing the overall
delay accumulated by the train during its whole journey, in a schedule-proportional way
(Figure 2a). In principle, other interpolation curves could be used; however, a linear
approach seems preferable both for simplicity and for the physical nature of delays, as if
sampling points are reasonably close to each other the inherent inertia of delays due to the
physical nature of train movement makes sudden changes rather unlikely.

In order for the resulting index to have the physical dimension of time, the area is
then normalised by the total travel distance in the formal definitions provided below.
By construction, this area inherently provides each travel portion with its own “weight”,
bringing about several benefits; in particular, it helps to address issues (i)–(iii) in the average
approach. In fact, because the sampling points are in sequence and to the scale, if these
are closer then the enclosed area is smaller, while if they are farther then the area becomes
larger, thereby inherently taking into account and compensating for the number and mutual
location of the sampling points themselves.

(a) (b)

Figure 2. (a) The basic idea; the area obtained by plotting stations on the X-axis represents the
the overall delay accumulated by the train in its whole journey in a schedule-proportional way.
(b) The area represents the globally accumulated delay independently of both the delay at the final
destination and the average of delays.

As shown in Figure 2b, if a train arrives late only at a (limited) subset of stops, a
situation in which the delay affects only a small part of the journey, the corresponding area
is smaller, providing only a limited contribution to the global figure even if the delay affects
the final part of the journey (top diagram in Figure 2b). Considering only the delay at the
final destination, such a train would be improperly tagged as ‘late’, making it virtually
undistinguishable from a ‘really late’ train (third diagram). Conversely, if a train arrives
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late for a large part of its journey, the corresponding area is bigger even if the delay decreases
or becomes zero at the final destination (second and fourth diagrams in Figure 2b), preventing
a poorly performing train from being optimistically counted as ‘on time’. Overall, this
approach avoids the situation in which a train that performs well for most of its journey
is judged poorly due to its behavior only on the final part of the journey, and conversely
a train that performs poorly for most of its journey is judged well only because it was
able to absorb the delay in the last part of the journey thanks to recovery and extra times
incorporated in the schedule.

It is worth noting that because we assume the passengers’ viewpoint, only the delay
on arrival at each station is relevant; an analogous approach is mentioned in [13]: “a depar-
ture delay can be recovered and thus bears no impact for users.” In train timetable and
planning techniques, of course, things are different, and many other factors (e.g., dwell
time, departure times, etc.) must be considered [23,29]. It could be argued that due to the
dwell time and possible recovery time included in the schedule a train can leave a station
with a different (shorter or longer) delay than it arrived; thus, in principle, each train stop
should be modelled more precisely as a pair of possibly-distinct delays. However, as noted
above, from the passengers’ viewpoint a delay on departure is only relevant as long as it
is not absorbed before the next stop; otherwise, it all comes down to a shorter trip, with
no consequence at all. This is why, for the sake of simplicity, we opted to represent only
the delay on arrival; if necessary, delays on departure are indirectly considered by the
delay on arrival at the subsequent stops. The consequences of this choice are discussed in
Section 4.4.

Based on this idea, a family of indices can be defined which share a set of features and
properties yet aim to capture specific aspects and viewpoints, for instance, static-oriented
and dynamic-oriented views, absolute vs. relative views, etc., as discussed below. The
resulting indices effectively synthesise global information into a single number that retains
the physical dimension of time, and as such remains interpretable as a “the train delay”, yet
in the more comprehensive form of delay indicator; as such, it could potentially be used in
punctuality statistics or in more complex performance indicators or microeconomic models
as a replacement for other measures of delay.

4.2. Basic Indices

The above-outlined framework intentionally leaves a degree of freedom in the kind of
‘distance’ to be used on the X-axis, accounting for a family of indices, namely, spatial- and
time-based indices, yielding absolute vs. relative views, respectively.

Basic indices, defined below, are the simplest form of indices, built upon the plain area
underlying the interpolation lines among delays on arrival at the sampling points.

Definition 1. Delay-Distance (DD0) basic index

DD0 =
1
2
· ∑N

1 (di + di−1)Li

∑N
1 Li

or just DD0 =
1
2
· ∑N

1 (di + di−1)Li
Ltot

(1)

where di is the delay on arrival at the i-th station and Li is the distance (in kilometres or
miles) between the i-th station and the (i-1)-th station. The departure station is conven-
tionally considered the 0-th station. By convention, the delay d0 at such a station is either
the delay on departure, if the train actually originates there, or the delay on arrival from a
previous section of the journey if there is one. The next index functions analogously in the
time domain.

Definition 2. Delay-Time (DT0) basic index

DT0 =
1
2
· ∑N

1 (di + di−1)Ti

∑N
1 Ti

or just DT0 =
1
2
· ∑N

1 (di + di−1)Ti
Ttot

(2)
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where Ti is the scheduled travel time between the i-th station and the (i-1)-th station; the
other symbols have the same meaning as above. Note that because Ti represents travel
times, Ttot represents the total travel time net of all dwell times at all stops.

It is worth noting that both formulas interpolate the delay values by simply connect-
ing delay points with each other, which is clearly unrealistic when the sampling points
are stations, as trains obviously cannot leave a stop earlier than scheduled; this is why
basic indices should be seen only as a proof-of-concept towards more comprehensive
definitions, as developed in the next Subsections. In fact, as an extreme case, under these
definitions a train arriving early at most/all stations would result in a negative index.
As the implications of negative contributions (and indices) are all but trivial in terms of
opportunity, representation fidelity, and the related pros and cons, we discuss this issue in
depth separately (Section 4.5), introducing bounded indices to capture this aspect properly.

Figure 3 illustrates the basic indices compared to the average of delays for the same
situations previously shown in Figures 2a,b. No distinction is made here between the DD
and DT indices, as the spatial/temporal nature of the ‘distance’ on the X-axis is irrelevant
at this stage.

Figure 3. D-indices vs. averages in the above cases: (top) in the presence/absence of intermediate
sampling points, (bottom) the representation of five different journeys with the same average.

In Section 3, we noted that the average is (i) highly sensitive to the presence of
more/less samples in the journey, that (ii) does not consider the specific locations where
samples are taken (which reflects the intermediate stop sequence), and that (iii) is insensitive
to the corresponding inter-station distances. Issue (i) means that the number of sampling
point can yield different results for the same journey; in particular, the presence/absence of
the intermediate sampling points at B and C, even though sampling the same delay as A
and D, influences the average. Issue (ii) implies that different delay sequences, representing
different journeys, can result in the same average if the sampled delays are numerically the
same, independently of where they were registered. Issue (iii) concerns the benefit of taking
into account the inter-distance of the measurement stations in order to indirectly account
for the interdependency of delays. As shown in Figure 3(top left), the D-indices do not
suffer from these issues; as long as they sample the same delay as the adjacent points, the
presence/absence of intermediate sampling points such as B and C is irrelevant. Moreover,
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if another sample (such as D in Figure 3(top right)) is removed, the index obviously changes
(+17%); however, the impact is lower than would be the case when using the average
(+40%). Another key feature is that different journeys result in correspondingly different
D-indices (Figure 3(bottom)), even when the average is the same.

Thus, the D-indices seem promising in combining the relevant information into a
single more comprehensive indicator; the physical dimension of time makes it an easy
replacement for the delay at the final destination or the average of delays. Yet, basic
indices may result in inaccuracies when modelling specific situations, as discussed below;
for this reason, we derive a family of indices (Sections 4.4–4.7), providing a multiplicity
of viewpoints.

4.3. Spatial vs. Temporal Indices

DD indices adopt a spatial metrics for the sampling points on the X-axis; thus, the
resulting indicators are “absolute” in the sense that the physical location of the sampling
points is immutable and the same for all trains of a given line. This is clearly a natural
choice which allows for easy comparisons among different trains on the same line, yet
it corresponds to a “static” view in which train performance is evaluated based on static
coefficients determined by the intrinsic route characteristics.

DT indices instead adopt a temporal metrics, that is, the distance between the sampling
points on the X-axis is the time spent by the train to cover that journey according to its
schedule. Such a metrics is “relative”, as the coefficients are specific to that train; this
approach emphasizes a more “dynamic” view, with train performance evaluated based on
what that specific train was supposed to do, rather than a fixed scale. Of course, in periodic
timetables adopting the same schedule for all trains in a given category, the DT indices of
trains in the same category are mutually comparable, the same as if DD indices were used.

An identical DD index captures the fact that such trains actually showed the same
delays in the same points of the same route, providing (at least apparently) the same quality
of service; however, it can be argued that this tells only part of the truth, as a slower train
is actually allowed a longer time to cover the same distance. As a consequence, it should
perhaps “not have been so late” as a faster one under the same conditions. Said differently,
the slower train had better opportunities to compensate for its delay than the faster train,
but did not (as its DD index is identical); thus, it actually under-performed with respect to
the faster one. DT indices are conceived precisely to reveal this issue; by taking the time
schedule into account by construction, their synthesis of train behaviour embeds the idea
that “good performance means making good use of the allowed time”.

Time-based indices, however, may involve interpretative subtleties. To identify the
possible issues, let us first observe that by construction the faster the train schedule, the lower
the area in the time-based diagram, and conversely, the slower the train schedule, the higher
the area. This property, however, does not necessarily transfer onto DT indices; in particular,
a train with a larger area (and a larger amount of ‘globally accumulated delay’) may result
in a lower DT index than a train with a lower area if its scheduled journey time is more
than proportionally shorter than the other.

To better understand the implications of this aspect, let us imagine two nearly identical
trains covering the same route and calling at the same stations, showing exactly the same
delays at all stations; the slower train results in a lower DT index, (apparently) providing a
‘better’ service than the other. Whether this is a correct representation of the passengers’
feeling is clearly questionable, and depends on the type of service. For long-distance
high-speed trains, where passengers reasonably expect little/no delay (somewhat due to
the ticket price of such services), the DT index is likely to fit the passengers’ expectation;
the faster the train was supposed to be, the more intolerable delays are. For commuter
services, things may be different; the longer the trip schedule, the more intolerable the
delay becomes for passengers. In this case, the DT index might somehow be misleading.
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This dichotomy should not come as a surprise, as any indicator inherently provides its
own viewpoint focused on the specific aspects embedded in its definition. The viewpoint
embedded in DT indices is that “good performance means making good use of the allowed
time”; the passengers’ experience being multi-facet and heterogeneous [13], if the viewpoint
changes, as in the commuter’s case, a different index may be needed to properly capture
the new aspect. We address this issue in Section 4.7 by introducing “absolute” indices
uninfluenced by the journey time.

4.4. Standard Indices

As noted above, the main limitation of the basic indices is that they interpolate the
sample delays by simply connecting delay points with each other, actually adopting the
delay on arrival (the right side of each area section in the delay diagram) as representative
of the delay on departure (the left side of each area section) for the next area section. This
leads to a clear misrepresentation in the case of early-arriving trains, which certainly cannot
leave the stop earlier than scheduled. In the extreme case, a train arriving early at most
stations would have a negative index.

A more correct model should then allow negative delays at stations to appear only as
delays on arrival, i.e., as right-hand terms in the formulas (di), not as delays on departure,
i.e., as left-hand terms (di−1), where they should be lower-bounded to zero. Note that
this correction only concerns train stops, not other possible sampling points en route. The
following definitions henceforth replace Definitions 1 and 2 above.

Definition 3. standard Delay-Distance (DD) index

DD =
1
2
·

∑N
1 (di + d∗i−1)Li

∑N
1 Li

or just DD =
1
2
·

∑N
1 (di + d∗i−1)Li

Ltot
(3)

Definition 4. standard Delay-Time (DT) index

DT =
1
2
·

∑N
1 (di + d∗i−1)Ti

∑N
1 Ti

or just DT =
1
2
·

∑N
1 (di + d∗i−1)Ti

Ttot
(4)

where d∗i is the possibly bounded delay on arrival; if the i-th sampling point is a stop, the (negative)
delay is replaced by zero. All the other symbols maintain their previous meaning.

The delay diagram can now contain discontinuities, as the left-hand side of each area
section is zero-bounded while the right-hand side is not. Figure 4 illustrates the difference
between the basic DD index (top) and the standard DD index (center) for the same train.
Analogous diagrams could be made for DT indices.

Philosophically speaking, early arrivals in this context become a sort of ‘benefit’ which
reduces the area (and the index) of a well-behaving train in the same way as late arrivals
punish a poorly-behaving train. At first sight, this seems reasonable, yet such a benefit
inherently rewards larger schedules in which trains are intentionally assigned longer travel
times than they can actually meet. Although train operators could have good reasons to
do this, from the passengers’ viewpoint a longer-than-necessary travel time could hardly
be seen as ‘quality’. Moreover, the above situation could be a sign of imprecise schedule
planning, which is not the kind of situation one would want to reward.

This is why it might be desirable to neutralise the effect of such early arrivals in
selected situations; bounded indices, discussed below, are introduced for this purpose.
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Figure 4. Delay diagram of basic DD, standard DD, and bounded DD indices of a given train.

4.5. Bounded Indices

In order to not reward early arrivals as ‘good performance’, two further indices can
be defined.

Definition 5. Bounded Delay-Distance (DD*) index:

DD∗ =
1
2
·

∑N
1 (d∗i + d∗i−1)Li

∑N
1 Li

or just DD∗ =
1
2
·

∑N
1 (d∗i + d∗i−1)Li

Ltot
(5)

Definition 6. Bounded Delay-Time (DT*) index:

DT∗ =
1
2
·

∑N
1 (d∗i + d∗i−1)Ti

∑N
1 Ti

or just DT∗ =
1
2
·

∑N
1 (d∗i + d∗i−1)Ti

Ttot
(6)

where all delays, not just the left-hand terms, are now zero-bounded, i.e., d∗i ≥ 0 for any i.
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Figure 4(bottom) illustrates this situation in comparison with the two previous cases.
Obviously, negative areas disappear. With this view, systematic early-arrival scenarios or
intentionally large (or poorly-designed) schedules are represented by a ‘perfect’ 0-index
with no intrinsic reward at all. Whether to use standard (Definitions 3 and 4) or bounded
(Definitions 5 and 6) indices depends on the analysis to be performed and on the issues
one aims to highlight; for most situations, bounded indices can be a natural choice due
to their inherent interpretation of early arrivals. However, standard indices can be an
effective choice if one is interested in capturing the behaviour of the train “as is”, with the
least elaboration and no intrinsic interpretation of early arrivals, as the reward implicit in
admitting delay compensation highlights the actual fact that passengers did arrive less late
at subsequent stations. Overall, bounded indices are better able to reveal out-of-standard
situations and to stress the performance of a train under worst-case assumptions when no
compensation for early arrivals is permitted.

4.6. Weighted Indices

As mentioned in Sections 1 and 2 and in [19], delay indicators can be weighted to
the proportion of passengers experiencing the delay, providing a measure of the overall
impact of such a delay on everyday life. This could be done by weighting the train stops
(e.g., assigning higher weights to more important stations and major hubs) and/or specific
trains, etc.

Whatever the weighting criteria, adding weights simply amounts to inserting suitable
coefficients in the formulas, thereby amplifying certain delays with respect to others, e.g.,
stating that 5 min late to the hub station H counts the same as, say, 10 min late to stations
A or B. A normalising factor is inserted, down-scaling the resulting area in proportion
to the applied weights to ensure that the weighted indices remain comparable with the
standard ones.

Definition 7. Weighted D-indices:

WDx =
1
2
·

∑N
1 (Widi + Wi−1d∗i−1)Di

∑N
1 Di

· N + 1

∑N
0 Wi

(7)

where WDx is the weighted version of any of the DD/DT indices, Wi ≥ 1 are the weights, and Di
are the spatial or temporal distances (i.e., either Li for DD or Ti for DT), as in Definitions 3 and 4,
etc.; the other symbols have the usual meaning.

Weights express the relative strength of each delay contribution; these indices model
situations in which train stops contribute non-homogeneously to the perceived quality of
service. For instance, if a train is nearly on time to the hub station (actually serving most
passengers well) but accumulates delay in other less relevant parts of the journey, suitable
weights can prevent its D-indices from being unfairly poor (Figure 5(top right)). Conversely,
if the delay is experienced mostly at the hub, impacting the majority of passengers, the
resulting D-index becomes worse than in the plain formulas, matching the perceived quality
of service (Figure 5(top left)). The difference is evident in Figure 5(bottom), where the delay
diagrams for the standard and weighted DD index are plotted together; the hub near km
150 is weighted twice, making the weighted graph (red) larger in that section.

Weights can be chosen in a variety of ways. In principle, the number of alighting
passengers would be the ideal; however, as such data are not typically available, less
precise yet still indicative weights could be used to capture the station weights indirectly
depending on which information is available from transportation and/or local authorities.
For instance, a first raw choice could be to simply use the population of the city intended as
a generic indirect indicator of its relevance to indicate the amount of involved passengers.
A better choice might be the average amount of travelers (commuters) involved in that
hub, either generally, or maybe in the time slot where the specific train runs. If available,
a more precise alternative could be the average amount of travelers (commuters) on that
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specific line, again, either generally or in the time slot where the specific train runs. In the
end, it depends on available data, as weighted indices are neutral per se with respect to the
chosen coefficients.

Figure 5. Weighted indices. (top left) A case where the delay is higher in the hub station, where
applying a weight makes the weighted D-index worse. (top right) The opposite case. (bottom)
Standard (blue) vs. bounded (red) DD indices for a given train; the hub near km 150 is weighted twice.

4.7. Delay-Absolute Time Indices

As discussed in Section 4.3, the DT index might be misleading in situations where it is
necessary to evaluate the train performance in a way that is uninfluenced by the journey
time (and length); this is what delay-absolute time indices are for.

The starting point is that in the D-indices framework the faster the train schedule, the
lower the area in the time-based diagram; this is an absolute property uninfluenced by
the journey. As such, in principle, it can be seen as an indicator per se, usable precisely in
the cases where the goal is to compare two trains operating on the same route without any
normalisation, as implied in standard DT indices. However, using the plain area as an index
would be doubly impractical due to the lack of both a direct physical meaning and the
proper physical dimension (as areas are time to the square). As here we are only interested
in actual delays (i.e, non-negative delays), it is safe to take the square root of such area, i.e.,
of the numerator of the DT index, as follows.

Definition 8. Delay-Absolute time index:

DA =

√√√√1
2
·

N

∑
1
(di + d∗i−1)Ti (8)

While the previous indices are representative of the train ‘delay’ from some viewpoint,
the latter has no direct physical counterpart, yet fits the purpose of comparing late trains,
most likely (though not necessarily) on the same route, to each other in an absolute way, as
unconsciously done by most passengers.
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To compare the DA indices of different trains, one possible approach is to compute
their ratio; the resulting values then represent “how much worse” or “how much better” a
given train performs with respect to the one assumed as the reference.

For instance, if two trains cover the same line and maintain the same delay at all
stations, the standard indices would be equal, while if the two trains have two (slightly)
different planned schedules, the delay of the train with a larger schedule is proportionally
worse than that of the other, which has less recovery time in its schedule. DA indices make
this kind of situations explicit, capturing the difference in actual behaviour and in the
provided quality of service. A numerical example can be found in Section 6.3.

5. Relevant Properties

D-indices feature a number of relevant properties, discussed more in detail in
Appendix A:

• proportionality;
• compositionality;
• insensitivity to sampling point insertion;
• comparability.

Certain properties hold for all kinds of indices, others only for some of them.
Proportionality means that two trains A and B with the same delays, in the same

order, and with the same sampling points have the same D-indices (either DD or DT) if
their inter-sampling point distances (Li or Ti, respectively) are in the same proportion. For
instance, a train B that is twice as slow as train A (i.e TB

i = 2 · TA
i for any index i) but

exhibits the same delays has the same DT and DD index as train A. This can be interpreted
in the sense that D-indices are capable of ‘extracting’ the actual delay information from the
train journey independently of its spatial/temporal characteristics.

Compositionality derives from the fact that areas in the delay diagram are inherently
additive; thus, the D-indices D1 of a train covering route segment A–B and D2 of the same
train continuing to route segment B–C can be composed together using the respective
fractions of distance as coefficients. In the case of time-based indices, this requires the extra
assumption that the timeline is not altered, that is, the presence of the intermediate point
(station) B does not change the global trip duration ∆T of the whole route A–C, which
remains the sum of the two durations ∆T1 of the route segment A–B and the ∆T2 of the
route segment B–C, as obviously occurs for spatial distances.

Insensitivity to sampling point insertion is a consequence of compositionality, and
holds under the same assumptions; adding an extra sampling point does not alter the
D-index if the delay measured at the new point is either the same of the two adjacent ones
or is in their proportion (i.e., geometrically, it fits the line conjuncting them). In other words,
if a train maintains the same delay in the whole section A–C, adding the extra measure of
the (same) delay at the intermediate sampling point B does not alter the index, as it would
for the average of delays. This also holds if the delay either grows or decreases linearly in
section A–C, and then has the “proper” proportional intermediate value at intermediate
point B. While this might seem a strong constraint to satisfy, chances are that it is not
uncommon in practice, at least in short-to-medium route sections, as due to the physical
nature of the train movement delays cannot change suddenly with spikes in the absence
of major dwell times at an intermediate station. As recalled above, in timetable planning
the time flow would certainly be altered by the insertion of an intermediate stop; here,
however, the viewpoint is different, as the X-axis simply represents the time flow in terms
of scheduled arrival/passing times at specified locations and is all-inclusive as perceived
from the passengers’ eyes.

Comparability is a consequence of insensitivity to sampling point insertion, and holds
under the same assumptions; it means that the performance of local vs. express trains
serving the same route can be compared on a uniform basis. For instance, if train T1 (the
‘local’ train) makes more stops than train T2 (the ‘express’ train), the above property, as far
as it holds, makes their D-indices mutually comparable despite the different number of



Information 2023, 14, 269 17 of 31

stops made. Of course, such a comparison is valid only as far the previous property holds,
i.e., if the delay is constant or linearly increasing in the section where the local train makes
the extra stops. Outside of such scenario, the more the real situation deviates from such an
ideal setting, the less meaningful the comparison becomes.

6. Validation

In order to validate the D-indices framework, we transcribed from public sources
the behaviour of about one hundred of trains over a period of 3 years between 2020 and
2022. Both regional (commuter) and long-distance inter-city trains (though not high-speed
trains) were selected; regional trains were chosen based on the most common working
hours and long-distance trains according to a more widespread approach during the whole
day. For regional trains, we focused on a line taken with (a) several stops (though not all
trains actually stopped at all of them) and (b) a major city hub in between, ensuring that the
typical cases discussed in Section 4 were all present. Validation was organised in two steps:

• first, choosing eight trains (four regional and four long-distance) monitored for over a
week;

• then, by monitoring fourteen trains (ten regional and four long-distance) over a two-
year period to obtain 126 samples per train (95 actually usable due to lack of data or
incomplete data on particular days).

The first dataset was intended to provide a basis for preliminary considerations and
comparisons, while the latter aimed to provide a basis for wider data analysis.

Starting from these datasets, the D-indices were compared with both the delay on
arrival-based and average-based approaches. Moving from the first dataset, several inter-
esting analyses can be made, discussed below:

• the situation in a typical day;
• the situation in a typical week;
• considerations about the DA index.

Then, in Section 6.4, we consider specific ad hoc trains to place in evidence further
situations and corner cases. The wider dataset, discussed in Section 6.5, aims to explore
the pros and cons of the D-indices with respect to other possible indicators; to this end,
a specific train among the fourteen trains monitored was chosen as representative for a
discussion of its indices, delay distributions, and other relevant properties.

In order to aggregate the results of single trains for both the typical week and the
considerations in the wider dataset, we opted to average the values of interest of the
corresponding trains. Although other approaches would be possible, e.g., counting the
number of trains with a D-index within a given threshold (see Section 7), using the average
seems more suited to the “analog” nature of the D-indices, as their values are in minutes
and fractions. Additional details are provided in the specific subsections.

6.1. Findings in a Typical Day

For this comparison, we use four regional (commuter) trains and four inter-city trains,
50% southbound and 50% northbound. For each train, Table 1 shows D-indices compared
with the average of delays and the delay at the final destination. The maximum delay
and advance are reported as a further reference. All the sampling points are train stops,
i.e., there are no sampling points en route where trains do not stop. For regional trains,
the selected line section includes one major hub in between. For weighted indices, we
arbitrarily weight the hub stations as double the other stations.

The delay at the final destination, rather expectedly, turns out to be quite an imprecise
measure. REG 2, for instance, arrives 3 min late at its final destination despite good
performance at most of the previous stops; indeed, its DD and DT indices are close to 0 and
better than all the other trains which arrived at their final destination on time. REG 3 even
arrived early at its final destination, though only thanks to the recovery time embedded
in its schedule; actually, passengers getting off at intermediate stations experienced non-
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negligible delays, as captured by DD and DT indices of 4.2 and 4.17 min, respectively. It is
worth noting that all trains occasionally experienced non-negligible deviations from their
schedule here and there at certain stops, as shown by the maximum delay and advance,
obviously affecting the passengers getting off there; however, such peaks were not enough
to characterise the overall train behaviour.

Table 1. D-indices vs. other delay measures for the selected trains in a typical day (minutes).

REG
1

REG
2

REG
3

REG
4 IC 1 IC 2 IC 3 IC 4

Journey length (km) 350 350 350 350 1011 568 568 1011

DD 1.91 0.09 4.20 0.30 1.47 0.04 −0.22 2.30
DT 1.91 0 4.17 0.31 1.64 0.02 −0.22 2.27
Bounded DD 2.20 0.41 4.31 0.75 2.23 0.61 0.41 2.65
Bounded DT 2.23 0.38 4.29 0.77 2.32 0.58 0.39 2.61
Weighted DD 2.23 0.06 5.05 0.23 1.36 0.04 −0.25 2.33
Weighted DT 2.30 −0.04 5.06 0.24 1.50 0.02 −0.27 2.30

Delay at final dest. 1 3 −2 −1 1 0 1 1
Average of delays 1.57 −0.3 3.28 −0.13 1.26 −0.50 −0.83 2.29

Maximum delay +9 +3 +15 +7 +15 +3 +2 +10
Maximum advance −3 −6 −3 −5 −6 −5 −7 −9

The average of delays may appear to be a better indicator, yet it actually “mixes”
delays independently of the inter-station distances, leading to over-sampling of journey
sections in which the train stops are closer to each other. REG 1, for instance, travels with a
non-negligible delay for over 175 km, within which it makes 10 stops; then, in the next 155
km with 13 more stops, it recovers. Because 13 stops is weighted more heavily than 10 stops,
the second part of the journey (which is actually shorter) contributes more to the average
than the first (which is longer), leading to an average delay of 3.28 min that makes the train
performance to appear better than it was. Its D-indices (DD = 4.2, DT = 4.17), however, tell
a different story, returning a closer view to what passengers actually experienced.

Looking at long-distance trains, the delay at the final destination is negligible (0–1 min)
in all cases, while the actual behaviours are different, and the D-indices are as well. IC 4,
for instance, is about 2 min late throughout its journey, as confirmed both by the D-indices
and, in this case, the average of delays, as the delay is rather uniform. IC 3 instead fits its
schedule almost perfectly, often arriving slightly earlier than scheduled.

Bounded indices, which do not award early arrivals as good performance, could be
of interest in these scenarios; IC 1, for instance, thanks to early arrivals at 11 intermediate
stations, has low standard DD/DT indices (1.47/1.64 min, respectively), while its bounded
indices are significantly higher (2.23/2.32 min, respectively), bringing out the hidden
compensation of previous delays, which, in fact, occasionally reached 15 min.

Weighted indices can be useful for differentiating early/late arrival at minor stations
from major hubs. REG 3 arrives 15 min late at the intermediate major hub, while REG 4
arrives there early. In fact, the weighted indices for REG 3 (5.05/5.06 min, respectively) are
higher than its standard indices (4.20/4.17 min, respectively), while the opposite holds for
REG 4, whose weighted indices (0.23/0.24 min, respectively) are lower than the standard
ones (0.30/0.31 min, respectively).

6.2. Findings in a Typical Week

For each of the above trains, we registered the behaviour on all days in a given sample
week; in order to aggregate them, we then averaged the results for each train stop. Table 2
reports the results, which are similar to the single-day results reported above.
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It is worth noting here that the “hub effect” at the major hub, highlighted by weighted
indices, is more perceived on the regional trains (intentionally chosen at peak commuter
hours) than on the long-distance trains, which connect major cities by definition. The
opposite holds for bounded indices, which are more sensitive for long-distance trains; this
is reasonable, as their schedule is more likely planned to account for more recovery and
extra times considering the longer journey. Accordingly, early arrivals are more likely to
occur when everything goes well.

Table 2. D-indices vs. other delay measures for the selected trains in a typical week (minutes)

REG
1

REG
2

REG
3

REG
4 IC 1 IC 2 IC 3 IC 4

Journey length (km) 350 350 350 350 1011 568 568 1011

DD 0.27 0.63 1.22 0.63 0.18 0.96 0.21 0.69
DT 0.33 0.57 1.20 0.66 0.18 0.76 0.22 0.64
Bounded DD 0.72 0.95 1.54 1.04 1.11 1.64 1.15 1.39
Bounded DT 0.80 0.93 1.49 1.07 1.09 1.49 1.10 1.38
Weighted DD 0.37 0.66 1.42 0.59 −0.01 0.97 0.16 0.71
Weighted DT 0.46 0.61 1.40 0.62 −0.07 0.77 0.16 0.66

Delay at final dest. 4.43 2.57 −1.57 1.00 0.29 5.29 −1.29 0.57
Average of delays −0.06 0.31 0.69 0.46 −0.45 0.08 −0.37 0.12

Other interesting analyses could be made by weighting the weekdays differently than
the weekends based on the type of service; commuter services could be weighted more
heavily on weekdays, while tourist-oriented services could be assigned higher weights on
the weekends and selected major holidays. Table 3 reports the average indices for weekdays
only; a quick comparison with Table 2 shows that, as expected, commuter services tend to
perform worse on the weekdays, when the load and possible interference in the network are
higher. To a certain extent, the same holds for long-distance trains, though in certain cases
(es. IC 2) the behaviour appears to be better, possibly due to higher load on the weekends.

Table 3. D-indices vs. other delay measures for the selected trains in a typical week (minutes)–
weekdays only

REG
1

REG
2

REG
3

REG
4 IC 1 IC 2 IC 3 IC 4

Journey length (km) 350 350 350 350 1011 568 568 1011

DD 0.50 0.86 1.61 0.95 0.58 0.01 0.42 1.14
DT 0.61 0.80 1.58 0.98 0.56 −0.04 0.43 1.09
Bounded DD 0.94 1.17 1.87 1.33 1.40 0.64 1.31 1.78
Bounded DT 1.04 1.14 1.83 1.35 1.36 0.60 1.27 1.77
Weighted DD 0.62 0.91 1.87 0.90 0.41 0.02 0.38 1.16
Weighted DT 0.75 0.85 1.85 0.93 0.34 −0.03 0.36 1.11

Delay at final dest. 7.60 3.40 −1.60 1.40 2.00 1.40 −1.60 2.00
Average of delays 0.33 0.55 1.08 0.80 0.01 −0.70 −0.13 0.70

In order to further put in evidence the difference between weekdays and weekends, it
would be possible to compute a new weighted average among the indices computed on
the weekdays and weekends; as an example, Tables 4 and 5 report the case when weekdays
are weighted twice the weekends and vice versa.
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Table 4. D-indices vs. other delay measures for the selected trains in a typical week (minutes) with
weekdays having twice the weight of weekends

REG 1 REG 2 REG 3 REG 4 IC 1 IC 2 IC 3 IC 4

Journey length (km) 350 350 350 350 1011 568 568 1011

DD 0.36 0.72 1.39 0.76 0.35 0.57 0.30 0.88
DT 0.45 0.67 1.36 0.80 0.34 0.43 0.31 0.83
Bounded DD 0.81 1.04 1.67 1.16 1.23 1.22 1.22 1.55
Bounded DT 0.90 1.02 1.64 1.19 1.20 1.12 1.17 1.54
Weighted DD 0.47 0.76 1.61 0.72 0.16 0.57 0.25 0.89
Weighted DT 0.58 0.71 1.59 0.75 0.10 0.43 0.24 0.85

Delay at final dest. 5.75 2.92 −1.58 1.17 1.00 3.67 −1.42 1.17
Average of delays 0.10 0.41 0.85 0.60 −0.26 −0.24 −0.27 0.36

Table 5. D-indices vs. other delay measures for the selected trains in a typical week (minutes) with
weekends have twice the weight of weekdays

REG 1 REG 2 REG 3 REG 4 IC 1 IC 2 IC 3 IC 4

Journey length (km) 350 350 350 350 1011 568 568 1011

DD 0.13 0.50 1.01 0.46 −0.04 1.49 0.10 0.43
DT 0.18 0.45 0.98 0.49 −0.03 1.21 0.11 0.39
Bounded DD 0.60 0.83 1.35 0.88 0.95 2.20 1.05 1.17
Bounded DT 0.66 0.82 1.31 0.91 0.94 1.98 1.01 1.16
Weighted DD 0.22 0.52 1.17 0.42 −0.25 1.50 0.05 0.46
Weighted DT 0.29 0.48 1.16 0.45 −0.30 1.21 0.05 0.41

Delay at final dest. 2.67 2.11 −1.56 0.78 −0.67 7.44 −1.11 −0.22
Average of delays −0.27 0.17 0.47 0.27 −0.71 0.51 −0.50 −0.20

6.3. About the DA Index

As discussed above, the DA index has no physical counterpart; its purpose is to enable
a comparison (most likely, yet not necessarily, among trains operating on the same line)
in a more “absolute” and passenger-oriented way. For this purpose, let us consider, e.g.,
trains REG 1 and REG 2, which cover the same line in opposite directions, and let us further
suppose that on a particular day they maintain the same delay, say, 5 min, at all stations.
Then, of course, the standard indices, the delay at the final destination, and the average of
delays would all be 5 min.

However, this hides the fact that the planned schedule of such trains is (slightly)
different; because REG 2 has a larger schedule, its 5-minute delay is proportionally worse
than the same 5-minute delay of REG 1, which has less recovery time in its schedule. This
is what DA indices are for; indeed, REG 1 has a DA value of 36.54, while REG 2 has a value
of 37.1, capturing the difference in their actual behaviour and quality of service.

6.4. Corner Cases

In order to highlight specific situations that could occasionally be of interest, we
consider and compare two more trains:

• a high-speed train that arrives at the final destination more than 15 min late despite
good performance for most of the previous part of its journey;

• a regional train which arrives at its final destination quite late after arriving late at
all/most of the previous stops.

The first case is interesting because, according to the quality parameters defined
in [5,13], arriving more then 15 min late at the final stop leads to the train being classified
as “not on time”, yet its D-indices (DD = 2.52, DT = 2.26) tell a much less severe story,
indicating that most of its delay was probably accumulated only in the last section of
the journey.
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The second case is interesting for the opposite reason, as the delay at the final destina-
tion and all other indices, both the average of delays and the D-indices, are over 20 min,
indicating a persistent delay affecting passengers throughout the journey.

6.5. Analysis of a Larger Dataset

We monitored and transcribed from public sources fourteen trains (ten regional and
four long-distance) over a period of 2 years between 2021 and 2022; each train was sampled
126 times, though only 95 records per train were actually usable due to a lack of data on
certain days.

In order to better investigate the pros and cons of the D-indices with respect to other
indicators, we focus on one of these trains, namely, a regional service with a 350 km journey,
4h27 total journey time (3h50 of actual travel time without dwell times at stops), and
22 stops (plus the departure station).

Figure 6 shows the distribution of delays at the 23 stops (for the first, the delay on
departure is considered instead of the one on arrival) for the 95 samples of the selected
train. It turns out that the distribution is in most cases approximately log-normal, and
delays are less variable in the initial than in the central (and, to a minor extent, final) part of
the train journey. Despite peaks, i.e., days where the train ran considerably out of schedule
(which are quite of interest for the passengers’ experience), such a distribution suggests
that the mean of the 95 train trips is actually significant enough to depict the behaviour
of the “typical” journey of the train; indeed, the median (not shown) is very close to the
mean. Due to the sum-based nature of the D-indices, we assume that aggregating these
95 train runs (which refer to the same train sampled 95 times) by averaging their single
D-indices can be a meaningful approach for our comparison purposes. Accordingly, in the
following we take the averaged D-indices as the reference for our subsequent data analysis.
In order to support intuition, the resulting average values can be thought of as if they were
the actual values of a sort of “imaginary train”. We adopt this terminology below in both
the text and figure captions.

Figure 6. Distribution of delays at 23 stops (95 train samples), plotted in different colors. For the first
stop, the delay on departure is considered instead of the delay on arrival.

Figure 7 shows the corresponding results; in order to ease the comparison with the
delay at the final destination and the average of delays, the latter are provided zero-
bounded, i.e., computing 0 for early arrivals. First, it can be seen that, as expected, the
basic indices are smaller than the standard indices, and in turn these are lower than the
bounded indices. This is coherent with their definitions, as DD and DT (Definitions 3 and 4)
consider the possibly negative delay on arrival and zero-bound the delay on departure,
while bounded DD and DT (Definitions 5 and 6) zero-bound both. In this sense, DD and DT
can be seen as an intermediate viewpoint, “fair enough” from the passengers’ perspective



Information 2023, 14, 269 22 of 31

in that they do award early arrivals yet with no over-estimation. Moreover, the average
of delays appears between the basic and standard indices, while its bounded version is
greater than the bounded indices. As discussed above, this is because the average assigns
the same weight to all samples, independently of their order and inter-distance. It is worth
noting that the bounded DD index, perhaps the most natural reference, is 2.03, while the
corresponding bounded average delay is 2.17; although this might appear low, a nearly 7%
difference is not negligible, in particular as it is the result of averaging over 95 trains.

Figure 7. Aggregated D-indices obtained as the average of the 95 single D-indices (82 for DA).

For the sake of completeness, Figure 7 includes the average delay at the final destina-
tion, although a more typical performance indicator is the number of trains arriving within
a given delay threshold. Here, the purpose is merely to compare its order of magnitude
with respect to the D-indices. It is worth highlighting that the above indices, being the
result of averaging 95 trains, indicate unsatisfactory performances even when their values
are apparently not very high; for instance, while DD = 1.68 min may seem low, it has to be
read together with the corresponding average delay at the final destination of 0.32, which
is about five times lower.

Because quality of service indicators in contracts are often expressed in terms of how
many trains, as a percentage, arrive at the final destination (say) 5–10–15 min late with
respect to their schedule, it may be interesting to do the same on our dataset. Figure 8
shows the results; four trains out of 95 arrived more than 15 min late, one train arrived
more than 10 min late, and a further train arrived more than 5 min late, leading to an
impressive 93.7% of (apparently) “on time” trains. Yet, the D-indices tell another story.
Figure 9 shows the DD delay diagram for the “imaginary” train obtained by averaging the
95 single D-indices. The right side of the graph, close to the last stop, actually drops, in
accordance with the above percentage; however, the overall behaviour of the train shows
that the passengers’ experience has been different, with notable delay peaks (as well as an
early arrival) at several intermediate points. This is why the resulting DD is 1.68, and is the
reason why such an apparently low value has to be properly interpreted.

Figure 8. Number of late trains at the last stops plotted per range of delay (95 trains).
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Figure 9. DD delay diagram for the imaginary train obtained as the mean of 95 single DDs.

In order to further investigate the difference between the D-indices and the average
of delays, it is worth comparing space- and time-based representations of delay at each
stop (i.e., DD/DT basic indices) vs. a representation in which the sampling points are
equidistant (i.e., uninfluential), which recalls the standard average of delays (Figure 10) in
which space/time distances on the X-axis are normalised to an a-dimensional 0-1 interval.
Blue areas represent basic D-indices, while red areas the equidistant version, recalling the
standard average. Overall, these diagrams confirm that the viewpoints provided by DD
and DT indices, that is, space vs. scheduled time, are similar as concerns their ability to
capture the overall train behaviour, whereas equidistant points, recalling the plain average
approach, are inherently different. In particular, DD and DT are obviously similar for lines
where the schedule is planned assuming about the same commercial speed for all/most of
the trains; in such cases, what actually matters is clearly just the spatial distance among the
sampling points.

Figure 10. Normalized basic DD (top) and DT (bottom) delay diagram vs. equidistant point delay
diagram. Distances in space and time are normalized to the a-dimensional [0–1] interval.
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7. Discussion and Conclusions

The D-indices aim at providing a view of train performance that retains the physical
dimension of time while being closer to the actual passengers’ experience, and possibly
easier to understand by passengers, commuters’ associations, etc.

As such, D-indices are intended to capture the quality of the travel experience from the
passengers’ perspective for commercial and performance purposes; they are not conceived
for use ex ante, in the planning phase, for train operators and infrastructure managers in
their design and development activities, or for any technical aspects, nor to estimate/model
train delays for statistical analyses, infrastructure modelling, simulation, etc., the passen-
gers’ perspective in railway timetabling being a wholly different research area [29].

Rather, they could in principle be used as replacements for commercial quality of
service indicators [13], usually defined as the percentage of trains “on time” or travelling
within a given delay, once a suitable aggregation policy is defined for aggregating the single
D-indices of a set of train runs into a single indicator. Potentially, D-indices allow for a
plurality of aggregation policies; the aggregated numbers, however obtained, could then
be used to verify the selected performance targets. In Section 6.5, we explored the idea of
averaging the single D-indices, but one could also evaluate, e.g., the number/percentage
of trains whose D-index is below a given threshold, or others as well. Whatever the
aggregation policy, aggregating the D-indices of single train runs makes it possible to
identify and keep separate the performance of each train run and the aggregated measure,
which in turn makes the aggregated indicator more transparent and easier to understand
by passengers, an important requirement for ensuring trust in the official statistics. Of
course, as discussed above, train operators possess huge amounts of much more detailed
data, possibly from real-time measurements in the infrastructure and trains themselves,
which can be used to build more sophisticated representations for any possible use; yet,
such processing is likely out of reach for passengers, consumers’ associations, and possibly
even authorities, risking to reproduce the “undermining trust” issue between official data
and passengers’ feelings reported in [19].

The reason for defining a family of indices rather than a single one is that a single
indicator can hardly represent the multi-facet reality of passengers’ experience [13]; in par-
ticular, whether to either award early arrivals as a sign of good performance or conversely
to consider them as poor performance is a key issue leading us to distinguish among basic,
standard, and bounded indices. In addition, whether to prefer a “static” view, such as the
one provided by space-based indices, or to opt for a more relative and “dynamic” metrics,
such as the one provided by time-based indices, is another issue, and reflects the user’s
preference for evaluating train performance, either on a fixed scale or based on what the
specific train was supposed to do. The delay-absolute index makes it possible to evaluate
the train performance in a way that is uninfluenced by the journey time, while weighted
indices make it possible to assign more weight to those delays that impact more passengers.

The drawback of having this many indices is clearly that there is a degree of uncertainty
as to which should be chosen; thus, Table 6 summarises their features, limitations, and
intended use cases.

In short, standard indices are a natural choice whenever one is interested in obtaining
the picture of a train “as is”, with no intrinsic interpretation; while they do award early
arrivals, according to the passengers’ feeling that arriving earlier is generally considered
good, early arrivals are not transferred on departure as the raw basic indices would do,
avoiding misinterpretation and over-awarding. Bounded indices, in turn, discourage any
deviation from the expected schedule, not rewarding early arrivals. In this sense, they
probably fit the most common expectation and are adequate for a variety of situations
and passengers’ perceptions. They can be helpful for detecting larger schedules, when
passengers are forced to spend more time on the journey than actually needed. At the
same time, their approach may appear counter-intuitive in that passengers often do not
disdain arriving earlier, at least, as long as their journey does not become artificially longer
as a result. Weighted indices, straightforwardly, make it possible to assign more weight,
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regardless of the weighting criterion, to hubs and more generally to stations with many
alighting passengers, even if the train continues its journey thereafter.

Table 6. The D-indices family: feature summary.

Index Features Limits Use Cases

Basic DD Static view; early arrivals
awarded

early arrivals counted also
on departure,

over-compensate delays
N/A

Basic DT Dynamic view; early
arrivals awarded

early arrivals counted also
on departure,

over-compensate delays
N/A

Standard DD Static view; fair treatment of
early arrivals

early arrivals can
compensate actual delays

scenarios where passengers
are sensitive to early arrivals

Standard DT Dynamic view; fair
treatment of early arrivals

early arrivals can
compensate actual delays

scenarios where passengers
are sensitive to early arrivals

in a dynamic view

DA view uninfluenced by the
journey time no direct physical meaning

absolute comparison of
trains w/each other (how

worse/better)

Bounded DD Static view; early arrivals do
not compensate delays

worst-case approach, early
arrivals seen as negative

identify any deviation from
schedule in the most

common scenario

Bounded DT
Dynamic view; early

arrivals do not compensate
delays

worst-case approach, early
arrivals seen as negative

identify any deviation from
schedule in common

scenarios, in a dynamic
view

Weighted DD Static view; hubs can weight
more early arrivals as in DD most common scenarios as

in DD

Weighted DT Dynamic view; hubs can
weight more early arrivals as in DT most common scenarios as

in DT

As concerns the spatial vs. temporal issue, the DT indices are perhaps more useful
when evaluating the performance of a single train, while the DD indices (and DA, from a
different standpoint) can be more helpful when comparing multiple trains on the same line.
In fact, by mapping delays onto its own scheduled timeline, DT evaluates each train in
terms of what it was expected to do (the “dynamic” view), while DD evaluates all the trains
of a given line on the same (fixed, spatial) “static” basis, which is inherently insensitive to
the scheduled planning, working in a certain sense as if all trains were supposed to share
the same schedule. For this reason, DD can be a better choice if the goal is to compare
different trains (typically, with different schedules) on the same line. If a time-based yet
more absolute view is needed, however, the DA index could work better despite its lack of
direct physical meaning.

Under certain conditions, the D-indices feature a number of interesting properties that
can be of help in composing and comparing train performance.

On the other hand, the D-indices suffer from some limitations. First, time-based
indices are potentially less easy to interpret than space-based indices due to subtleties
that it is important to be aware of. In this sense, spatial indices, with their static yet
easier-to-interpret view, are probably the better choice to start from in the analysis process.
Time-based indices can play a role later in the process to investigate whether a train is
“making good use” of its allowed time.

Another point worthy of attention is that if the sampling points are close enough
to each other, then the difference with the average of delays tends to be reduced. In
principle, very frequent delay samples, possibly obtained via a real-time delay check,
would accurately describe the train behavior, leading the D-indices approach becoming
identical to the average one, apart from the consideration of early arrivals at intermediate
stops. However, such data, provided that they are made available to passengers and
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the general public, would require ad hoc elaborations, likely out-of-reach for passengers,
re-introducing the risk of possibly “undermining trust” in the official statistics [19]. In this
sense, the D-indices can be seen as way to achieve a similar result from a set of sampling
points (in practice, stations and intermediate stops) that are easily available to the general
public, in combination with the notion of situatedness which relates them to the physical
mutual location of the sampling points.

Lastly, the definitions of the D-indices intentionally exclude the delay on departure,
according to the assumption (as in [13]) that passengers are only interested in their arrival
time and that delays on departure are only relevant to the extent that they cause a delay
on arrival at subsequent stops. Although a more precise model could in principle be
devised in which delays on departure are explicitly modelled, it is unclear how such delays
should be regarded; if, on the one hand, a train leaving late is a clear deviation from the
planned schedule, on the other hand it could allow late passengers to make an unhoped-for
train. Moreover, the actual relevance of a delay on departure depends on the impact on
subsequent delays on arrival, if any.

As mentioned above, an open research direction concerns the exploration of other
aggregation policies other than the plain D-indices average adopted in Section 6.5. In
particular, following more recent approaches in the literature (Section 2), it would be
worthwhile to evaluate a policy based on counting the number/percentage of trains with a
D-index below a given threshold, then comparing it with current best practices.

Other future work will be devoted to further analysis on wider and possibly more
specific datasets, especially as concerns the DD/DT dichotomy, in order to better investigate
their representativeness in specific contexts.
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Appendix A

In this Appendix, we discuss in more depth the mathematics behind the properties
presented in Section 5.

Appendix A.1. Proportionality

Proportionality means that two trains A and B with the same delays, in the same order,
and with the same sampling points have the same D-indices if their inter-sampling point
distances (Li or Ti, respectively) are in the same proportion:

∃k ∈ Int : ∀i ∈ [1..N], LA
i /LB

i = k for DD
∃k ∈ Int : ∀i ∈ [1..N], TA

i /TB
i = k for DT

For instance, a train B half as fast as train A (i.e., TB
i = 2 · TA

i for any index i) but
exhibiting the same delays has the same DT index as train A. This is precisely what makes
D-indices meaningful for performance; the lower the index, the better the performance,
and vice versa, independent of the spatial/temporal characteristics of the train journey.

In the very special case when all the delays are identical, i.e., di = d ∀i ∈ [1..N], the
two DD and DT indices are identical as well, and both are equal to d, the same value that
both the delay-on-arrival and the average approaches would compute. The DA index,
instead, results in

√
d · Ttot, confirming its lack of direct physical meaning.
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Appendix A.2. Compositionality

Compositionality derives from the fact that areas in the delay diagram are inherently
additive; thus, the D-indexes D1 of a train covering the route segment A–B and D2 of
the same train continuing in the route segment B–C can be composed together using the
respective fractions of (spatial or temporal) distance as coefficients. In the case of time-
based indices, this requires the extra assumption that the timeline is not altered, that is,
that the addition of the intermediate point (stop) B does not change the global trip duration
∆T of the whole route A–C, which remains the sum of the two durations ∆T1 of the route
segment A–B and ∆T2 of the route segment B–C, as obviously occurs for spatial distances.
For the sake of simplicity, in the following we refer to DT index only, though analogous
considerations hold for the other DD indices.

Let us consider two sub-parts 1 and 2 of a given train journey, and let DX1 and DX2

be their corresponding sub-indices. More precisely, let us say that part 1 covers station 0 to
station P, meaning that its sum in the DX1 index ranges from stations 1 through P, while
part 2 covers from station P to station N and its sum in the DX2 index ranges from stations
P+1 through N. The global D-index DXG of the whole journey can then be expressed as
follows (where Di indifferently stands for spatial or temporal distances):

DXG =
1
2
·

∑N
1 (di + d∗i−1)Di

D0−N
tot

=

=
1
2
·

∑P
1 (di + d∗i−1)Di

D0−N
tot

+
1
2
·

∑N
P+1(di + d∗i−1)Di

D0−N
tot

=

=
1
2
·

∑P
1 (di + d∗i−1)Di

D0−P
tot

· D0−P
tot

D0−N
tot

+
1
2
·

∑N
P+1(di + d∗i−1)Di

DP−N
tot

· DP−N
tot

D0−N
tot

=

= DX1 · D0−P
tot

D0−N
tot

+ DX2 · DP−N
tot

D0−N
tot

= DX1 · D1
tot

Dtot
+ DX2 · D2

tot
Dtot

(A1)

which can be rephrased to say that the global index is the weighted average of the two
sub-indices, where the weights are the respective fractions of distance.

Figure A1 illustrates this situation, elaborating on the example already presented in
Figure 3(top). As shown in the tables, the D-index of the first A–C section of the journey is
2.0, while the D-index of the second C–F section of the journey is 3.7; as the A–C section is
22 units long and the C–F is 37 units long, the global D-index can be obtained by composing
the two sub-indices by factors of 22/59 and 37/59, respectively.

Figure A1. Compositionality: the global D-index is the weighted average of the two sub-indices.

Appendix A.3. Insensitivity To Sampling Point Insertion

Insensitivity to sampling point insertion is a consequence of compositionality, and
holds under the same assumptions; it means that, unlike what happens with the average,
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adding an extra sampling point does not alter the D-index if the delay measured at the new
point is either the same of the two adjacent ones or is in their proportion (i.e., fits the line
conjuncting them).

To better illustrate this aspect, we can consider two trains T1 and T2 covering the
same route A–F with the same schedule, with the only difference being that train T2
stops at intermediate stations B and C while train T1 does not (Figure 1(left (a))). Clearly,
the average of delays is sensitive to the presence/absence of extra values sampled at
intermediate points, even in the (frequent) case when the delays sampled at the extra
stations simply confirm the adjacent values. The area-based approach of the D-indices
helps to address this issue; in fact, as long as the area below the corresponding section
of the diagram remains the same (as in the case shown in Figure 3, top, for stations B,C),
the resulting indices do not change either provided that the distance between the two adjacent
stations remains the same (Figure 3(top left)).

This continues to hold if the delay either grows or decreases linearly in section A–F,
meaning that it has the “proper” proportional intermediate value at the new intermediate
point. Graphically speaking, it means that the new delay dE′ measured at the extra point E’
is aligned with the two adjacent delays (Figure A2(left)). If these conditions do not hold
(Figure A2(right)), the property does not hold either; of course, the lower the deviation
from the scenario in which it holds, the more it can be taken as “approximately” valid for
practical purposes.

Figure A2. Insensitivity to sampling point insertion. (left) A case where property still holds (aligned
delay) and (right) a case where it does not.

While the above might seem a strong constraint, the depicted situation might not be
unlikely to occur (at least approximately) in practice, as delays by nature feature a kind
of ‘inertia’ in that cannot suddenly disappear or have sharp edges for physical reasons,
meaning that smooth trends are the most probable. As recalled above, in timetable planning
the time flow would be certainly altered by the insertion of an intermediate stop; here,
however, the viewpoint is different, as the X-axis simply represents the time flow in terms
scheduled arrival/passing times at specified locations all-inclusively as perceived from the
passengers’ eyes.

Appendix A.4. Comparability

Comparability is a consequence of insensitivity to sampling point insertion and holds
under the same assumptions, making it possible to compare the performance of local vs.
express trains serving the same route on a uniform basis. In fact, if train T1 (the ‘local’
train) makes more stops than train T2 (the ‘express’ train), the above property makes their
D-indices mutually comparable so far as it holds, despite the different number of stops
made, as the number of sampling points is not directly relevant.
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In the same situation, the average of delays would instead provide two hardly com-
parable values, as one average (A1) would be made on more samples than the other (A2);
removing the effect of the extra stops not present in A2 from A1 would be impractical, the
only way being to effectively recalculate the average itself, provided that the basic data
are available.

Of course, comparability is valid only if the delay is constant or linearly increasing
in the section where the local train makes the extra stops (Figure A3(top left)); the more
the real situation deviates from such an ideal setting, the less meaningful the comparison
becomes (Figure A3(top right)).

Figure A3. Comparability: (top) local vs. express trains (perfect/approximate comparison) and
(bottom) comparison restricted to a common route section.

In addition, it is possible to compare trains by section, that is, restricting the com-
parison to a relevant section of their routes; in Figure A3(bottom), the D-index of train T1
running from A to E is 2.3, while the D-index of train T2 running from B to F is 3.3. While
a direct comparison of these values does provide relevant information about the overall
performances of the two trains during their whole journeys, a comparison restricted to the
common B–E section would focus on the trains’ performance on the busier and more critical
central section. Thanks to the property of invariance to sampling point insertion, so far as
it holds, the resulting indices are valid independently of the presence of the intermediate C
and D stops.
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