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Abstract

We prove the existence of a weak solution for boundary value problems driven by a
mixed local-nonlocal operator. The main novelty is that such an operator is allowed
to be nonpositive definite.
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1 Introduction

In this paper we are concerned with semilinear elliptic problems driven by a mixed
local-nonlocal operator of the form

Lo :=—Au+a(—A)u.
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Here o € R with no a priori restrictions, Au denotes the classical Laplace operator
while (—A)%u, for fixed s € (0, 1) is the fractional Laplacian, usually defined as

u(x) —u(y)
n |x_y|n+2s Y

(=A)’u(x) :=C(n,s) P.V./

R

where P.V. denotes the Cauchy principal value, that is

p_y/ Mdy
Rn |x _ y|n+2s

ux) —u(y)

= lim y|n+2x

=0 JiyeRrr: y—x|ze} X —

Clearly, when « = 0, one recovers the classical Laplacian, while, for « > 0, one is
led to consider a positive operator which can be considered as a particular instance of
an infinitesimal generator of a stochastic process involving a Brownian motion and a
pure jump Lévy process.

We briefly recall, focusing merely on the more recent (elliptic) PDEs oriented
literature, that problems driven by operators of mixed type, even with a nonsingular
nonlocal operator [19], have raised a certain interest in the last few years, for example
in connection with the study of optimal animal foraging strategies (see e.g. [23] and
the references therein). From the pure mathematical point of view, the superposition
of such operators generates a lack of scale invariance which may lead to unexpected
complications.

At the present stage, and without aim of completeness, the investigations have taken
into consideration interior regularity and maximum principles (see e.g. [2, 9, 14, 18,
26, 27]), boundary Harnack principle [16], boundary regularity and overdetermined
problems [10, 38], qualitative properties of solutions [3], existence of solutions and
asymptotics (seee.g. [6-8, 13, 17,21, 22,28, 35, 37]) and shape optimization problems
[4,5,29].

In this paper we deal with the following boundary value problem:

Lou = f(x,u), in Q
{u:O, inR"\ Q’ (.

where  C R, with n > 2, is an open and bounded set with C'-smooth boundary.
In particular, we consider two different sets of assumptions on the nonlinear term
f QxR — R, which is always supposed to be a Carathéodory function: first,
we deal with the asymptotically linear case, and second with the superlinear and
subcritical case.
In the first setting, we assume that f has at most linear growth, according to the
following assumption: there exist a function a € L?*(2) and b € R such that

|f(x,t)] <a(x)+blt] forallt € Randforae. x € Q. (1.2)
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In order to state our result, we also need the following measurable functions:

) 1
() = Timinf L0 < Jimsup 200 _
|t| =400 t |#]— +00

1 0(x). (1.3)

A trivial example of such function f is given by f(x,t) = At + a(x), where L ¢ R
anda € L*(Q).
Instead, in the superlinear and subcritical case, we assume:

f(x,0) =0 forae.x € Q; @)
there exist a function a € L*°(2)4, anumber b € R and r € (2, 2*) such that
| f(x, 1) <a(x)+blt|™" forallr € Randforae. x € Q; (ii)

thereexist u > 2, i > 2, R > 0,c >0, A € L>®(Q) andd € L'() such that
t2
0< uF(x,t)— /LA(X)E < f(x,0)t — A(x)t2 forall |¢| > R and for a.e. x € 2,
(iii)
F(x,t) > c|t|’1 —d(x) forallt € Randfora.e.x € 2,

where F(x,t) = fot f(x,0)do forany t € R.
Here 2* denotes the classical Sobolev critical exponent, namely

2n

2% =
n—2"

A trivial example for f in this case is given by f(x,t) = At + |1|P~2¢, with A € R
and p € (2,2%).

Remark 1 We remark that condition (iii) means that f(x,t) — A(x)t satisfies the
Ambrosetti-Rabinowitz condition [1], where the growth from below is necessary, see
[33]. For the model just above we clearly have A = A.

As for the asymptotically linear case, we need to introduce asymptotic functions,
which are now relevant as t — 0:

i . ot
00x) = liminf L% < fim sup L9
=0 4 t—0 t

= O®). (1.4)

Our aim is to prove the existence of weak solutions to problem (1.1) (see Section 2
for the precise definition). As partially expected, if « > 0, our existence results (see
Theorem 1 and Theorem 2) are either known or applications of standard variational
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946 A. Maione et al.

methods (for instance, see [32] or [34] when o = 0, or [31] for the pure fractional
case). A similar behaviour happens to hold if we take

—— <a<0,
C

where C > 0 is the constant of the continuous embedding H(} C H* (seee.g. [20]),

i.e.
_ 2
// u@) —u)| dxdy < C / |Vu|2dx.
R |x — y|ntEs Q

In this perspective, the probably more interesting case is for o < —%.

Indeed, the situation becomes suddenly more delicate, mainly because the local—
nonlocal operator is not more positive definite. As a consequence, the bilinear form
naturally associated to it does not induce a scalar product nor a norm, the variational
spectrum may exhibit negative eigenvalues and even the maximum principles may
fail, see e.g. [2].

Let {A}xen be the sequence of eigenvalues of L, see Proposition 1 for details.
The main result in the asymptotically linear case states as follows.

Theorem 1 Assume that f satisfies (1.2) and that the limits in (1.3) are uniform in x.
If either

— V(x) < Ay forae. x € Q, or
— there exists k € N such that Ay < v(x) < V(x) < Akt fora.e x € L,

then problem (1.1) admits a weak solution.
Its counterpart in the superlinear and subcritical case states instead as follows.

Theorem 2 Assume f satisfies (i), (ii) and (iii) and that the limits in (1.4) are uniform
in x. If either

- Ol <XiaexeQor -
— there exists k € N such that Ay < O(x) < O(x) < Ag41 fora.e. x € Q and

F(x,t) > Kk% fora.e x € Qandforanyt € R, (1.5)

then problem (1.1) admits a weak solution.

We stress that, despite being slightly non-standard, the latter assumption (1.5) is
satisfied in the model case previously mentioned.

The paper is organized as follows: in Section 2 we collect all the assumptions and
preliminary results, including a description of the variational spectrum (Proposition 1).
In Section 3 we prove Theorem 1, while Theorem 2 is proved in Section 4.
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Variational methods for nonpositive... 947

2 Assumptions, notations and preliminary results

Let Q € R”, n > 2, be a connected and bounded open set with C!-smooth boundary
9€2. We define the space of solutions of problem (1.1) as

X(Q) :={ue H'®R"): u=0 ae onR"\ Q}.

Thanks to the regularity assumption on 92 (see [11, Proposition 9.18]), we can identify
the space X(£2) with the space H(} (£2) in the following sense:

u€ Hy(Q) < u-lgeX(Q)), Q2.1
where 1g is the indicator function of 2. From now on, we shall always identify a

function u € Hj (Q) with i := u - 1o € X(R).
By the Poincaré inequality and (2.1), we get that the quantity

1/2
lullx == (/ |Vu|2dx> . ueX(Q),
Q

endows X(£2) with a structure of (real) Hilbert space, which is isometric to H(} (). To
fix the notation, we denote by (-, -)x the scalar product which induces the above norm
on X(£2). We briefly recall that the space X(£2) is separable and reflexive, C{°(2) is
dense in X(£2) and eventually that X(£2) compactly embeds in L?(2) and in

Hj(Q) :={H'R"): u=0ae.onR"\ Q}
by [30, Theorem 16.1].

Definition 1 A function u € X() is called a weak solution of (1.1) if

/(Vu,V(p)dx+ot/f (u@) —u()) (@) — () dxdy:/ Fx. u)pdx
Q R2n Q

|x — y|r+2

for every ¢ € X(£2).

As usual, weak solutions of (1.1) can be found as critical points of the functional
J : X(2) = R defined as

_ 2
Tw) = /|W| dx + 2 // uC) ZuI” dy—/ Fxu)dx.
R2n |x_ |n+2s Q

Here
t
F(x,1) :=/ f(x,o)do, teR.
0
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948 A. Maione et al.

The functional 7 is Fréchet differentiable and

J’<u><<p>=/<vu,v¢>dx+a// () — uGN @ ~ 90N,
Q RZn

|x _ y|n+2s

—/ fx,u(x)p(x)dx forevery ¢ € X(2).
Q

Definition 2 Consider the bilinear form 5, : X(2) x X(2) — R, defined by

By (. v) :=/(Vu,Vv)dx+oz// (u(X)—u(y))(v(X)—v(y)) dxdy
Q R2n

lx — y|rta

for any u, v € X(£2). We say that # and v are B-orthogonal if
By (u,v) =0.

The terminology adopted above is justified by the fact that, for @ > 0, the bilinear
form B, becomes a true scalar product.

We conclude this section dealing with the eigenvalue problem associated to the
operator Ly, that is the following boundary value problem

{Eau = Au, in 2.2)

u=0, inR"\Q

where A € R. According to Definition 1, we give the following definition.

Definition 3 A number A € R is called a (variational) eigenvalue of L, if there exists
a weak solution u € X(2) of (2.2) or, equivalently, if

(Vu Vo) dx + o (M(X)—u(y))(w(X) () dxdy = [ updx
R2n _ |n+2€ Q

for every ¢ € X(€2). If such function u exists, we call it eigenfunction corresponding
to the eigenvalue A.

The next result permits a complete description of the eigenvalues and related
eigenfunctions of L.

Proposition 1 The following statements hold true:

(a) Ly admits a divergent, but bounded from below, sequence of eigenvalues { i }reN,
i.e., there exists C > 0 such that

—C<AM<M<...<Xtg > 400, ask — +o0.
Moreover, for every k € N, A can be characterized as
2
u(x) —u
A = min / |Vu| dx +« /f Ju(x) W dxdy;, (23)
uePy R |x — y|n+2s
”M”LZ(Q)ZI
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Variational methods for nonpositive... 949

where
P, = X(RQ),
and, for every k > 2,
Py := {u € X(RQ) : By(u,uj) =0 forevery j =1,...,k— 1};

(b) for every k € N there exists an eigenfunction uy € X(S2) corresponding to i,
which realizes the minimum in (2.3);

(c) the sequence {uy}renN of eigenfunctions constitutes an orthonormal basis of L2(Q).
Moreover, the eigenfunctions are B-orthogonal;

(d) for every k € N, Ay has finite multiplicity.

Proof If @ = 0 the result is the classical spectral theorem for the Laplace operator (see
e.g. [11]). As already mentioned in the Introduction, the case o > —% (with C > 0
being the constant of the continuous embedding HO1 C H?) is also pretty standard.
Therefore, in what follows we assume o < — L

C
By [12, Theorem 1], there exists a positive constant C such that

2(1—s)

2
LZ(Q) ||M|| ;

2

for any u € X(£2). We remind that the optimal constant C can be explicitly computed
with the help of Fourier transform (see e.g. [15]).

We now combine the previous interpolation estimate with the Young inequality
(with exponents % and ﬁ), i.e.forany ¢ € R™ there exist positive constants c;, c1, 2,
depending on s and &, such that

llur? < 1o1C (1 = $)eeluls g + sellully )
= laferellull g + leleallull?a g
for any u € X(2). Therefore, by choosing ¢ = #Ial’ we get

1
2 2 2
= _”u”X(Q) + V||M||L2(Q)

lerf[uly = 5

for any u € X(€2), where y only depends on s, ¢ and «, and so
2 Lo
By (u, u) + )’”u“Lz(Q) = EHMHX(Q) for any u € X(2). 2.4)

At this point, in a standard fashion (for instance, see [24, Chapter 6]) one can prove
the existence of an increasing sequence of eigenvalues {A}x of £, with Ay — oo
as k — oo, such that every Ax has finite multiplicity and is given by the variational
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950 A. Maione et al.

characterization in (2.3). Moreover, if ¢ is the eigenfunction associated to A, we have
that {ex }x is an orthonormal basis of L2(§2) with

Be(ek, ej) = Ai(ek,ej)2q) =0 forevery j #k,

that is, e; and e; are also By-orthogonal. O

By [25, Theorem 5.2.4] and Proposition 1 (a), we can also infer the existence of
a positive integer No € N such that Ay, is the first (not necessarily simple) positive
eigenvalue. Of course, A; > O for every k > No.

We further notice that

lu(x) — u(y)|?
A1 u 2dx < |Vu| dx +« dxdy 2.5)
R2n |x _ y|n+25

for every u € span(uy, ..., uk)l = Pi41 and
_ 2
|Vu| dx +« ul) — u )| dxdy < A u®dx (2.6)
n+2s
R |[x — | Q
for every u € span(uy, ..., ux) =: Hi.

While (2.5) directly follows from the variational characterization (2.3), the latter
(2.6) can be proved as follows: by assumption, let u = Zf: 1 ciu;. Then,

By (u, u) = By (chu,,chu])— Z cicjBy (ul,u])—Zc By (u;, ui)

i,j=1

k
:Zciz)»,'/ u? dx 5)%/ u? dx.
i=1 @ @

3 The asymptotically linear case

In this section we prove Theorem 1.

Proof of Theorem 1 Case 1: U(x) < A fora.e. x € Q.
We claim that

lim J )

Hu\lx%Jroo ||u||X

3.1

Once this is established, we have that functional .7 is coercive and sequentially weakly
lower semicontinuous in X(£2), since

— the map u — |Ju||x is sequentially weakly l.s.c. in X(£2) (being a norm);
— the map u — [u]; is continuous, because X(£2) compactly embeds in Hg (2);
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Variational methods for nonpositive... 951

— the map u — [, F(x,u)dx is continuous by (1.2).

By the very definition of v, for every ¢ > 0 there exists R > 0 such that
fx,0) < (v(x) +¢e)o forevery|o| > R. (3.2)
On the other hand, assumption (1.2) readily gives that
f(x,0) <a(x)+bR forevery|o| <R. 3.3)

Combining (3.2) with (3.3), we then get that

. F(x,0) 7v(x)+e
lim sup <

> =< for every ¢ > 0
lo|—>+c0 O 2

and, passing to the limit as ¢ — 0T, we finally get that

34)

Let us now proceed with the proof of (3.1). We take a sequence {u;}; C X(£2) such
that [luj|lx — +ooas j — +o0 and we define the normalized sequence w; := n»:ﬁ
Then, possibly passing to a subsequence, we can assume the existence of a function
uo € X(2) such that w; — uo weakly in X(£2), strongly in L?*() and a.e. in .
Moreover, |lug|lx < 1 and, by (1.2), it holds that

Juj?
F(x,uj) - a(x)|ujl +b——
lujllz ~ llu j11%

- 5u(%(x) in L1(Q).

Now, write
Q={x €Q:u;(x)isbounded} U{x € Q: |uj(x)| > +oo} =1 Q1 N Q.

Of course, if x € Q1, then

F(x,uj
i (x_uzl): (3.5)
j=roo lujllx
while, if x € 2, thanks to (3.4), we get
2 _
F(x,u; F(x,uj) uj(x)
limsup(x—uzj)zlimsu (’; uj) 1 <YWy (3.6)
jo+oo i jotoo ui(x)  lluglik 2
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952 A. Maione et al.

By the generalized Fatou Lemma, combined with (3.5) and (3.6), we have that
F N / . F )
limsup/ (x—”zf)dnghmsup(x— / ") 200 ax. (3.7)
j—otoo Jao llujlly Q jotoo lujll%

On the other hand, by the definition of 1|, we have

2 Juj () —uj(MI° uj(y)|? )
dx + - // dxd
IIMJIIX( /' uj|”dx S s T

U3 (x) M/ 24 -
_— — | ug(x)dx, asj— +oo.
2 Jallujlk 2 Ja

(3.8)

To prove the validity of (3.1), we have to consider two possible situations: either
ug # 0 orug = 0 a.e. in Q. If the first happens to be true, then we combine (3.7) and
(3.8) with the standing assumption v < A (a.e. in 2), getting that

lim inf ———~ J@)) / <ﬂ — @> M%(x) dx > 0.
Q

Jj—+oo ”MJ”X 2 2

On the contrary, if ug = 0 a.e. in 2, we notice that, by compactness,

2
llue 113 // |MJ(X) |b:zi(2):)| dxdy — 0, asj— +o00,
u] X R2n y

and therefore we have that

i 1
tim inf %) >
Jj—>—+o0 ||1,¢]||X 2

In any case, (3.1) holds and an application of the Weierstrass Theorem closes the proof
of Case 1.
Case 2: there exists k € N such that A; < v(x) < V(x) < Ag4 forae. x € Q.
Note that, reasoning as in the proof of (3.4) in Case 1, we have that

. Fx,o) ux)
lim inf T = = fora.e. x € Q. 3.9
|o|—400 o 2

Take a sequence {u;}; C Hj (recall its definition in (2.6)) such that [u;||x — +o0
as j — +oo. Since Hy is finite dimensional, we can infer the existence of a function
ug € Hy, with |Jugllx = 1, and such that the normalized sequence nfm — up

J
strongly in X(£2), strongly in L?(£2) and a.e. in . Exploiting now (2.6), combined
with the standing assumption on A and (3.9), we get

llmsupj( /) / (E—@)M%(x)dx<0,
Q

Jj—+00 ””/”X 2 2
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which implies that

lim sup J @) <0

5 (3.10)
ueH, |lulx——+oo lullx

Moreover, once again mimicking the argument adopted in Case 1, we have that

J W)
u€Ppy1, llullx—+oo ||u ||§g

(3.11)

It follows from (3.11) that for any positive constant M > 0, there exists a positive
constant R > 0 such that if u € Pr4; with |lu||x > R, then J(#) > M. On the other
hand, if u € Pr41 with |ullx < R, a direct application of (1.2), (2.5), Holder’s and
Poincaré’s inequalities gives

Ak+1 b
T (W) 2 == ulfag) — el el g = S lulgag = =C.

where C = C(R, @, llall;2(q), b) > 01is a positive constant. Therefore, we have that
Jwu) =M —C, foreveryu € Pry.
On the other hand, by (3.10), we can choose a positive number 7" > 0 such that

sup Jwu)<M-—-C.
u€H, lullx=T

It readily implies that

sup Jw)y<M—-C< inf T,

ueH, llullx=T u€Pkry

which in turn proves the validity of the topological requirements to apply the Saddle
Point Theorem.

It now remains to show the validity of the Palais-Smale condition. Since the
space X(£2) compactly embeds in L>(£2), it is enough to prove that the Palais-Smale
sequences are bounded. Arguing by contradiction, assume that the sequence {u }; is
unbounded, define the normalized sequence w; := nzﬁ and assume the existence
of up € X(2) such that w; — ug (up to subsequences) as j — +o00, weakly in
X(£2), strongly in L%(Q) and a.e. in Q. Since {J’(uj)}j is bounded, we can infer the
existence of a positive constant M > 0 such that

| T (uj) ()] _ fx,uj)
flujlix o llujlix

lellx
llue 1l

Be(wj, ) — for any ¢ € X(Q).

dx‘fM

(3.12)
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Recalling the standing assumption (1.2) on f, we have that

[fGoupl o atx) Lb | j

< , (3.13)
lluejllx flujllx lleejllx

and we notice that the r.h.s. of (3.13) is bounded in L%($2). Therefore, there exists
B e L?(2) such that (up to subsequences)

f(x’uj)

T weakly converges to 8 in LX(Q), as j — +4oo.
Ujllx

Claim A: there exists a measurable function m : 2 — R such that

1) B(x) = m(x)ug(x) for a.e. x € Q;
(i) v(x) <m(x) <v(x) fora.e. x € Q.

In order to prove the claim, we first notice that, if x € € is such that up(x) > 0,
thenu; = wjllu;|lx — +oo and then, recalling (1.3),

timinf L8 piming LD WS o
Jj—>+00 ||M]||X J%+00 Uuj ||Mj||X
while
X, U; ) u uj
lim s.upM = lim sup ——— fex, j) —L < v(xX)ug(x) .
oo lujllx jotoo i lujlix

If x € Q is such that up(x) < 0, both inequalities are reversed. Now, recall that, if
{v }; weakly converges to v in L%(Q), g; j < v and g; converges to g strongly in
L? (2) and a.e. in €2, then g < v a.e. in Q. In this way, setting

LION if uo(x) # 0

ug(x)

v(x) +v(x)
2 9

m(x) :=
if ug(x) =0

we complete the proof of (i7), and thus of Claim A, since, if ug(x) = 0, then from
(3.13) we have

|fCupl _ alo) ‘b | j

lojlle = lujllss lluglix

—- 0, asj— +4oo.
Then, by passing to the limit in (3.12), we get
By (ug, ¢) — / m(x)uo(x)p(x)dx =0 forevery ¢ € X(2). (3.14)
Q
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Claim B: up = 0 a.e. in Q. Since ug € X(£2), we can write
up =uy +uz, uy € Hy, uy € Pryq.
Now, take ¢ = u1 and then ¢ = u» in (3.14). Comparing, we get
By (uy, up) — /Qm(x)u%(x) dx = By (ua, uz) — [Qm(x)u%(x)dx . (3.15)
Keeping in mind (2.5) and (2.6), from (3.15) we find
0> [Q(Ak — m(x))uf(x)dx > By (uy, ur) — [Qmmu%(x)dx
= Bz = [ @ dx > [ Gusr = m)dwds = 0.

but this is impossible unless #; = uy = 0 a.e. in 2, and this proves Claim B.
We now test (3.12) with ¢ = wj, getting

1+«

[, _/ fu)) uj
Q u; Il

5 for every j € N.
lleejll% ujllx

= lluglix

Passing to the limit as j — 400 we finally reach the contradiction ”1=0" and this
closes the proof. O
4 The superlinear and subcritical case

In this section we prove Theorem 2. We first need the following preliminary result
inspired by Rabinowitz [36].

Lemma 1 Let k € N be such that

M <0Ox) < Bx) < Mk41 forae x € Q,

and decompose the space X(2) as X(R) = Hy & Pyry1, where Hy :=
span(uy, ..., ug). Then, there exists a positive constant 8 such that
Ba (u, u) — / O@)u’dx = Bllullyq, foranyu € Pryi @1
Q

or, equivalently,

inf
uePy1\{0}

2 T2
{1 . alul? — [, ©()u dx} o

llZ o
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956 A. Maione et al.

Proof By contradiction, assume the existence of a sequence {u,}, C Prs1 \ {0}
satisfying

afuy]? — Ja O(x)uzdx

5 <0 foranyn e N
||“n||X(Q)

and denote v, = for any n € N. Then, the sequence {v,}, is bounded in Py

Un
o llunllx () )
and, by reflexivity, weakly convergent (up to subsequences) to v in Py . Therefore,

up to a further subsequence, {v,}, strongly converges to v in L%() and in H*(R"),
and so

1+ afv,]?> — /Q@(x)vf,dx — 1 4av]? — /Q@(x)vzdx <0. 4.2)
Therefore, by (2.5) and (4.2),
0< /Q(AM — O)vidx < By(v,v) — /Q@(x)v2dx <0.
Since ® < A1 ae. in 2, we get v = 0 and so, by (4.2)
1=1 +a[v]? — /Q@(x)vzdx <0,

which yields a contradiction. O

Proof of Theorem 2 We decompose X(Q2) = Hy @ Py41, and we show the existence
of o, @ > 0 such that

inf Jw) =a.

u€SyNPx41

We first we claim that for any ¢ > 0 there exists C; > 0 such that
F(x,t) < %(@(x) + 8)l2 + Celt|" ae.xeQandforallz e R. 4.3)
Indeed, if we fix ¢ > 0, by (1.4), there exists § = §(¢) > 0 such that
F(x,1) < %(@(x) +e)? ae.x e Qforall|t] <3$. (4.4)
Moreover, by (ii)

lt"

t
F(x,1) < / (a(x)+b|a|r_1)do 5a(x)|t|+b—| ae.x € Qforallr e R.
0 r

4.5)
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Combining (4.4) (for |¢| < §) and (4.5) (for |¢| > §), we finally get

) 2 =t b,
F(x,1) < 5(0(x) + &)t +a()|t|—— + — |t
2 |t|r r
15 2, alx) b
< SO +e)* + (5 + Dl
2 S r

IA

1 —
;@) +e)> + Colt]” ae.x e Qforallt e R.

Notice that, by (4.3) and the Sobolev inequality, we also have

/ Fx,u)dx < %/(@(x)+£)|u|2dx+cg/. lu|" dx
Q Q Q (4.6)

IA

1 — _
5/(@@) +&)|ul? dx + Cellullk
Q

for any u € X(2).
Now, take u € Pr41. Then, by (4.1), (4.6) and the Poincaré inequality

J ) = %Ba(u,u) — /Q F(x,u)dx

1 1 _ _

> By~ L / @) + e)lul>dx — Crlluly
2 2 Jo
1 e _

> SBllully = Sllullga g, — Cellully

2

1 & — _
(Eﬂ ~ 5~ Cellully 2) llull%,

v

where w1 denotes the first eigenvalue of —A in 2. Now we choose ¢ and o > 0 so
small that

inf  Jw)=a>0.

u€Sy NPy 41

To verify that J satisfies the geometric condition of the Linking theorem, we show
the existence of a radius p > o such that

sup Jw) <0,

U€, @span(uy 41) A

where A = (Ep N Hy) & {tugy1 : t € [0, pl}.
For this, first let us notice that J(u) < 0 for any u € Hj, as we easily get by
combining (2.6) with the assumption (1.5). Therefore,

supJ =0.
Hy
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Moreover, notice that there exists a positive constant ¢ (if « < 0, then ¢; = 1) such
that

By(u,u) < cillul% forany u € X(). .7

Now take # > 0 and u € X. Then, by (iii) and (4.7) we have

1
T+ tugy) = EBa(u +tupr, U+ tugyr) —/ F(x,u+tugyr)dx
Q

Cll‘2 u

2 i 4 i
=< T”? + w1 llx —Ct“ll; + i Iy

Liy Tl — —o0
as t — 0o, having assumed & > 2.

In this way the geometric assumptions of the Linking Theorem are satisfied. Notice
that, letting k = 0, we recover the geometric situation of the Mountain Pass Theorem
when ©(x) < A a.e. x € Q.

We conclude by showing the validity of the Palais-Smale condition, that is, that
every Palais-Smale sequence, i.e. every sequence {u;}; in X(£2) such that {7 (u;)};
is bounded and J'(u;j) — 0 in X(Q)~ ! as j — oo, has a strongly converging
subsequence in X(€2).

So, let {u;}; C X(2) be a Palais-Smale sequence. We first prove that {u;}; is
bounded in X(£2).

Assume, by contradiction, that {u;}; is unbounded in X(€2). Then, there exists
u € X(£2) such that (up to subsequences)

uj
lJue I xc

— u weakly in X(€2) and strongly in H{j(£2), in L* (R2) and a.e. in 2.

Now, take n € (2, ). Then, by (i7) and (iii), there exists a positive constant Dg such
that

0 < nJ ) = J'wjuj _ (Q 3 1) By(uj, uj)

llej 1% 2 e 1%
f{luj|>R}(f(x, uju;j % A(x)uf —nF(x,u;))dx
i e 1%
f{|uj|§R}(’7F(x’ uj) — f(x,uj)uj)dx
- luj 1% @9

12 _
= (T (14a i ) B P g ax
2 lluej Il lujllx Je ’

2
+<1_ﬁ) fQAujdx_ Dr
27 ujlk lluj 1%
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By Young’s inequality, for every ¢ > 0, there exists a constant D > 0 such that
(1= 5) 1A= @ 132y < & [ lujldx + D (4.9)
2 L>(Q) J LZ(Q) = o J . .

By (4.8), (4.9) and (iii) we get

L) — / . . 12
0 < T]j(“]) \7(”])”] > (Q_1> 1+« [u]]s

luej 1% 2 e 1% 4.10)
Juj|*
+ [(w —mn)c —¢] 5dx +o(1),
Q ”u]”x

where o(1) — 0 as j — oo. Choosing ¢ < (u — n)c, we immediately get that
2
1 +oaful; <0,

sothat u # Oif @ < 0, while it is already a contradiction if @ > 0. On the other hand,
if in (4.10) we divide by ||u ||§_2 and pass to the limit, we get u = 0, which yields a
contradiction.

Thus, {u;}; C X(€2) is bounded in X(£2) and, by reflexivity and Rellich’s theorem,
there exists u € X(£2) such that (up to subsequences)

uj — u weakly in X(£2) and strongly in Hj(£2), in L?(2) (p < 2¥) and a.e. in Q.

Now, it is standard to prove that u j — u strongly in X(£2).
Hence the Mountain Pass Theorem (if ®(x) < A1) or the Linking Theorem can be
applied and Theorem 2 holds. O
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