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1. Introduction

In the thermodynamics of irreversible processes (TIP) for a com-
pressible gas, the balance laws of mass, momentum, and energy
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are completed by the classical Navier—Stokes-Fourier (NSF) constitutive
equations
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where p, t; = —(p+ IDs; + oy, & U T and ¢; (i,j = 1,2,3) are,

respectively, the mass density, stress tensor, specific internal energy,
velocity, temperature, and heat flux; p, IT and 0(;jy> are the pressure, the
dynamical pressure and the traceless shear viscosity tensor, while «, u
and v are the heat conductivity, shear, and bulk viscosity coefficients.

The system (1)-(2) has a parabolic structure, and its validity is lim-
ited to processes that satisfy the so-called local equilibrium assumption.

The theory of modern Rational Extended Thermodynamics (RET)
originates from Ruggeri’s idea [1] to consider a system of 14 balance
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for the extended 14 field components
u=(p, v,-,T,a(ij>,H,ql-) .

The first 5 scalar equations of (3) with F = p, F; = pv; and G, = 2pe +
pv? correspond to the conservation laws (1) with the momentum flux
F; and energy flux G,;, while the remaining 9 equations replace the
NSF Egs. (2). Due to the overwhelming difficulties, the system’s closure
was obtained in [1] utilizing the entropy principle under some suitable
assumptions, which were not motivated at the mesoscopic scale. Later
on, Liu and Miiller [2] proposed, in the case of a rarefied monatomic
gas, to identify the system of balance laws (3) as the system obtained
by taking the moments of the distribution function of the Boltzmann

equation, which implies G; = F;, H;; = F;;, H;j = G;j, P; =0, I); =
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Gy;;- In this case, the equations are 13 as IT is identically zero. More
recently, Arima, Taniguchi, Ruggeri, and Sugiyama [3] considered a
rarefied polyatomic gas; in this case, two hierarchies of moments were
written. These two hierarchies, with H;; = F;; and I;; = Gy;, are a
particular case of (3) as well.

The general principles of RET used to close the system were based
on the systematic use of universal principles like the entropy prin-
ciple, the Galilean invariance, and the convexity of entropy density.
In rarefied monatomic and polyatomic gases, it was proved that the
parabolic limit is the NSF theory. RET is now a well-established theory,
and the results are summarized in the book by Miiller, and Ruggeri for
monatomic gases [4] and in the books by Ruggeri and Sugiyama [5,6]
for polyatomic classical and relativistic gases. In recent years, efforts
have been made in order to include dense gases in the RET theory ([6],
and references therein); however, a RET theory for the general structure
(3) has not yet been obtained.

In this paper, we investigate the conditions under which the system
(3) converges in the first step of the Maxwellian iteration to the NSF sys-
tem. We will see that the convergence requires a simple compatibility
condition. Under this condition, the production terms as functions of
the phenomenological coefficients (heat conductivity, shear viscosity,
and bulk viscosity) are determined.

In the second part of the paper, we prove that the symmetric form
of the system that arises from the entropy principle automatically satis-
fies the compatibility condition. Therefore any system (3), compatible
with the universal principles of RET, converges formally to the NSF
equations in the parabolic limit.

2. Galilean invariance

The system (3) is a particular case of a general quasi-linear hyper-
bolic system of balance laws:

0 i
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According to the theorem given in [7], the system (4) is Galilean
invariant if it exists a matrix depending only on the velocity, X(v), such
that

FO = X(v) O, F* — oFF° = X(v) F¥, f=Xwf, (5)

where the hat indicates the quantities evaluated for zero velocity. The
general expression of X(v) is given in [7]. In the present case becomes

1 0 0 0 0
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v? 20; 1 0 0
Xw= 25, o s o
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1

and (5) implies
F;; — Fiv; = pyv; + Fijs
Gy = Gyv; = pv* + 20, F, + Gy,

Hl-j = pu;v; +ﬁij,
H;j — Hjjuy :2U(iﬁj)k+f{,-jk, ©
Ly = pvv; + Gy + 2Hyo + Iy,

Ty = Iyo = 3vqup ﬁ,')k + UGy + 20 Hyg + Ty,

P = Py,

Oy =208 + Oy
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With the conventional hydrodynamic variables, we have (see (1), (3))

Gy = 2pe, F;

ij = Gy = 2g;.

—tyy =@+ 1D; — 0,

The pressure p and the specific internal energy ¢ is given by the thermal
and caloric equations of state as the function of the mass density p and
the temperature 7.

Considering, as usual, processes that are linear with respect to the
non-equilibrium variables, we have the following representation for the
production terms:

P = a3116;; + ayoy;)y, Qi = a14;

and from the last two equations of (6) we obtain:

P = a31lé;; + ayoy;), Oy = 2a31Tv; + 2ay00; + a,4;, )

where the scalars a;, a,, a3 are functions of p and T to be determined.

3. Maxwellian iteration and NSF limit

The Maxwellian iteration was introduced by Ikenberry and Trues-
dell [8], and it is substantially composed of (i) an identification of the
relaxation times and (ii) a formal power expansion of the solution in
terms of the relaxation times: a sort of Chapman-Enskog procedure at a
macroscopic level. In general, the first iterates (i.e. the values at the first
step of the iterative procedure) are obtained from the right-hand side of
the balance laws by putting the “zeroth” iterates (equilibrium values)
into the left-hand side. The second iterates are obtained from the right-
hand side by putting the first iterates into the left-hand side, and so on.
Therefore we need to consider the balance laws with production terms
in (3) in which on the left-hand side we put the equilibrium values
and on the left-hand side, the production terms (7) at the first step of
the iterative procedure appear (we omit the apex (1) which is typically
used to indicate the first iterates). Given the tensorial character of the
system, we have:

TE _ TE _ FE _ FE _ PE _

Hj; = aé;, Hi; =0, 1; =0, Lk = boiges (Fij —p‘sij)’
where a and b are functions of p and T, and the superscript E denotes
values evaluated at equilibrium for which P; = 0,0, = 0 and as
consequence I1 = 0,0, =0,q; =0.

Taking into account the Galilean decomposition (6), we have
E _ 7E _
H;; = pvyv; + H;; = pvv; + aby,

1,
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It is seen that the equilibrium part of the tensors that appear in
the balance laws (3),s are completely determined except for the two
equilibrium functions a and b, while the production terms (7) depend
on the scalar equilibrium functions a;,a,,a;. All these 5 scalars are
functions of (p, T) and are to be determined.

Theorem 1. The necessary and sufficient condition for the system of
balance laws (3) 45 in the approximation of first-order Maxwellian iteration
to coincide with the NSF Egs. (2) is that the coefficients a and b satisfy the
relation:

a=p<i—£>. ©)]
2p,

Moreover, the following relations between the coefficients a,, a,,a; and the
phenomenological coefficients «, u, v hold:

a1=—%{b7-—2<£+§>pr},

a = -, (10)

asz =
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where for any function f =
Jr=(af/oT),.

f(p,T), we indicate f, = (df/dp)r and

Proof. The first step of the Maxwellian iteration applied to Eq. (3),,
taking into account (8), provides

0 0
> (pu,-uj + aﬁij) + a (pu,-ujuk +ad;;v; + 2pv(‘.5j)k) = a3llé;; + ay0;5,

which can be rewritten as:

. g 9 ap
asy; +2pu(0)) +a(‘5ua 2PE +20,5— ox,) = a3115;; + ayo5,, (11)
where the dot indicates the material derivative f = "f + 0L ax and

parentheses around a set of indices represent the symmetrlzatlon with
respect to those indices. The trace part of Eq. (11) provides:

Jdv; 2 Oy 2 op

2
a+3pv,v,+aa—+§ 6_x, 3 0 —a3H, 12)
and its traceless part is:
du
Y op
2pv;05y + Zpa " +20— o, = ay0(j)- (13)

Since we are now considering the first iteration of the procedure, we
need to insert in Eq. (12) and in Eq. (13) the expressions for p, v;, ¢
obtained from Eq. (1) at equilibrium, namely:

Jdv 7] ov . Tpr ov
p=—p = Lor 2 TPT 0N gy
dx; p Ox; p 0x; pc, 0x;
where ¢, = ¢ indicates the specific heat at constant volume. Since

a=a,p+arT, we find:

a=—|pa +&a ﬂ
? PCy T aXl.

Eq. (12) is then written as:

1 Tpr 2\ dy,
II=-— —ar—a—=p|—. 15
as (pa” " pey e 3p> 0x, (5

By comparing Eq. (15) to the equation for IT in the NSF theory, namely
IT = —vov, /0x,;, we obtain the coefficient a3 given in (10);.

Eq. (13) can be written as:

aU(I-
2pyj> = a,0(;j- (16)

By comparing Eq. (16) to the expression for o(;;, provided by the NSF
theory, namely, o;;y = 2udv;;/0x;,, we find the coefficient a, given in
(10),.

The first step of the Maxwellian iteration on the last equation of the
system (3), taking into account Eq. (8), takes the explicit form:

i)

0
5 (pvzu,- + 2pev; + 2av,-)
+ % (puzv,-uk + 2pev;v; + 2av;v; + 3pU(1UI5i)k + bﬁik> =
k
2a311v; +2a50(,,0; + a,4;,

which, after some manipulation with the use of (11), can be written as

Jv 7}
( pU +2p£+2a)u +2pve—2 v;p+2pv; — — vz—p
0x, 0x;
ob oy,
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Making use of Eq. (14), we write

Odp b
) LA
( > ox; * 0x; adi

Then, we obtain:

1 a dp
= b, -2 L op by —2(e+4
e O G L ElC
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By comparing Eq. (17) with the expression for ¢; provided by the NSF
theory, namely ¢; = —xdT /dx;, we obtain

1 a
b,—2 £+2>p =0, —{b —2<6+—>p}=—l('.
’ ( 14 ’ a) 4 P r

The first relation above represents the compatibility condition (9),
while the second one directly provides the expression of a; given in
the (10),. O

Therefore, if we assign the thermal and caloric equations of state p
p(p,T), € = € (p, T) and we know the phenomenological coefficients «, u, v
as functions of p and T, then thanks to the previous theorem only one scalar
function b = b(p,T) is arbitrary, being the remaining four a, a,, a, and a;
given by (9) and (10).

4. Entropy principle and symmetric form

In this section, we show that the compatibility condition (9) is
automatically satisfied under the general principles of RET, i.e. the
Galilean invariance of the balance laws and the entropy principle.

First, we recall that a system of balance laws (4) is compatible with
an entropy principle if any classical solution of (4) also satisfies the
supplementary entropy law:
oh®  on

+

—_— =X2>0. 18
ot ox; as)

Under the thermodynamic stability condition that A° is a convex func-
tion with respect the field of densities u = F°, Ruggeri and Strumia,
starting from the papers by Godunov [9] and Boillat [10], proved the
following theorem [11]:

Theorem 2 (Main Field and Symmetric Form). The compatibility between
the system of balance laws (4) and the supplementary balance law (18) with
h® being a convex function of u = FO implies the existence of the main field
u’ that satisfies

dh* =u' - dF?, >=u-f >0, a=0,1,2,3. 19

If we introduce the four-potential defined by
W=u"-F*-h%, (20)
then (19), can be rewritten as
dr'® =¥ - du'.
Choosing the components of u’ as field variables, we have
po = O
ou'’
and then the original system (4) with x° = t can be rewritten in a symmetric
form with Hessian matrices:
la 2 pla !
0 (oh®\ _p o 0N 0w _ . 1)
ox% \ ow ou'ow’ ox«
From (20) h'0 is the Legendre transform of h° and therefore is a convex
function of W’ and therefore the Hessian matrix with « = 0 in (21) is positive

definite. As a consequence, the system is symmetric hyperbolic according to
the Friedrichs definition.

In [7], it was proved that the Galilean invariance implies the

following condition:
v =X () = &/ X(—v). (22)

The expression (19) with the Galilean theorem (5) and (22) are equiv-
alent to (see for the details [6,7]):

di’ =d' -df°, dbi=v.4F, z=3=vo-f>0, (23)
with constraints
VAR =0, WAE =-qh"0s, 24)



T. Arima, A. Mentrelli and T. Ruggeri

where
A= <ﬁ> .
v, v=0

Theorem 3. If the general system (3) satisfies the entropy law (18)
with convex entropy and it is Galilean invariant, then the compatibility
condition (9) is automatically satisfied and therefore the system converges
in the first step of the Maxwellian iteration to the NSF system.

Proof. In the present case, denoting the main field as

u' = (A» Ai’”’Aij’Ci) ,

Eq. (23) is rewritten as

dh® = Jdp+ pdGy + AydHy; + Gy,

dhy = hdFy + pdGy + AydHyy + Ed Ty (25)
2= /iijﬁij +&0u;.

From Eq. (24),, we obtain

A= _% (Gul +211,8). (26)

We map the velocity independent 11 fields ¥ = {.0,G,,. A,;. I,;;} into
the 11 independent components of the main field evaluated at zero
velocity & = {4,0, 4, /i,- /-,5,-}, excluding i[, which depends on the other
components due to the constraint (26).2

Introducing the following 4-potentials

RO=d - F0 - R,
R =u-F —h,
Eq. (23) provides
dr'® = 0. gi’,
Specifically, we have

dh"® = pdd+ Gydj+ H,;d A, + Iy,dE,

~ f o T (27)
dhy = —AdFy + Gydp + Hjd Ay + Iy.dE,

where £, is a function of @'.

Equilibrium is a process in which the productions P; and Q;
vanish. The entropy production (25); becomes minimum and vanishes
at equilibrium, then we obtain the necessary conditions that at equi-
librium the main field components relative to the balance laws with
production term vanish [6]:

A;=0, & =o0.

This indicates that A, ; and ¢, are the fields that characterize tAhe non-
equilibrium state. The only components that are not zero are A and /.
In particular, at equilibrium [6]:

~ g N 1
Therefore, we adopt 1 and j as the fields that characterize an equilib-
rium state.

As we are interested in the tensors at equilibrium, it is enough
to take the potentials at first order in the non-equilibrium main field
variables, then

R, =G +00), 9

where § is a function of 1 and /. From (26) near an equilibrium state
with recalling Hj; = aé,; + ©(1), we obtain

A =-2¢ (e + ‘;Z) +0Q2),
2 An alternative and more sophisticated method to deal with the problem

that the main field evaluated for zero velocity is actually not a field was
presented by Pennisi and Ruggeri in [12].
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and from (27), we have the following two relations:

on’ . OF; ~dp+0Od ap ;

De 5Tk 3, 20+00) _, <e+ f) Ze 0@, (GO
A A d4 pP) 04

a;l;c & s 0F,

—* = F = A=K = b, +O(D). (31)
a¢; 0¢;

By putting (29) onto the left hand side of (31), we obtain

p=b,

and from (30) we obtain

"_?=z<e+2> % 32)
04 pPJ) 04

By changing the equilibrium field from {1, i} given by (28) to {p,T},
we can identify the relation (32) with (9). [J

5. Examples of RET of monatomic and polyatomic rarefied gases

As examples of the application of Theorem 1, we present the case of
monatomic and polyatomic rarefied gases modeled by the Boltzmann
equation
af of
LA , 33

at+cflaxi a(f) 33)
where f is the distribution function, & is the microscopic velocity and
Q(f) is the collision term.

5.1. Rarefied monatomic gases

The thermodynamic fields are identified as the moments of the
distribution function

Fijiyeiy, = /]R3 mé; &, - & fdE,

where m is the mass of a molecule. In this case, the state of the gas
is described by the velocity distribution function f = f (x,&,t), where
f(x,&,1)dx d€ represents the number density of molecules at time 7 and
in the volume element dx d¢ of the phase space (6D position-velocity
space) centered at (x, &) € R*xR3. Since the dynamic pressure vanishes
in rarefied monatomic gases, we identify H;; with F;; and the trace part
of the momentum flux F,; with the energy density G,,. Moreover, we
identify I,,; with the energy flux G;; = F;;. Then, we have H,; = F,;
and I;;;, = Fy;;. Therefore, the independent fields are now the 13 fields
F, F, F;;, and F;.

The coefficients a and b are related to the equilibrium part of the
moments as follows:

Ef =/ mC,C; fMdC = asy,
R3
EE = /Dy mCC,C, fMdC = b,

where C; = & — v; is the peculiar velocity (C? = C;C;) and f™ is the
Maxwellian distribution function:

fM_ﬁ m S/Zex _mC2
= m \ 2zkyT P\" 2,7 )

being kp the Boltzmann constant. Then, from the integral of the mo-
ments, we obtain

k 2
a=p, b=5<73> T2,

with the thermal and caloric equations of state

k k
p="Bor, e=3"E
m 2 m

It is easily verified that the compatibility condition (9) is satisfied.

T.
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From (35), we obtain the expressions of the expansion coefficients
of the production terms (10) as follows:

< kg )2 P p
a=-5(—1| =, ay = =, vay = 0. (34)
m K U

These expressions are consistent with the phenomenological RET the-
ory and the molecular RET theory with BGK-type collisional terms
[4]. The (34); reflects that the monatomic case is a singular limit and
there is no dynamic pressure in a rarefied monatomic gas. The singular
limit from the theory of polyatomic gases to monatomic gases has been
studied in [13] (see also [6]).

5.2. Rarefied polyatomic gases

For polyatomic gases, due to the existence of the molecular internal
modes such as the rotational and vibrational modes of a molecule,
the Borgnakke-Larsen model [14] has been proposed, and the kinetic
model presented in [15] has been developed in order to include molec-
ular relaxation processes. Based on the Borgnakke-Larsen model, the
velocity distribution function f is assumed to depend also on a non-
negative microscopic energy parameter I, i.e., f = f(x, &t 1) It
is also assumed that the evolution of the distribution function f is
described by the Boltzmann Eq. (33) and the influence of internal
degrees of freedom through the collision cross-section is taken into
account through the collisional term Q(f).

Since for polyatomic gases the dynamic pressure is in general non-
vanishing, and therefore F), is different from G, the fields are now F,
F,, F;, Gy, Gy;, which are the moments of the distribution function
defined as follows:

F 1

F o ¢

F, :{/ /1n1 G, |fehdlde,
Gy w0 £+ m
G Si <§2 + 2;])

where ¢(I) is the state density corresponding to I, i.e., ¢(I)dI repre-
sents the number of internal state between I and I +d1I.

The coefficients a and b are related to the equilibrium part of the
moments as follows:

[s+]
EL =/]R3/0 mC,C; fE(I)d1dC = asy,
A *® 21
GE = /}R3 /O mC,C, (02 + ;) FEG() d1 dC = b3y,
where f£ is the equilibrium distribution function [6]:

~ T L
with f —A(T)exp< kBT>’

being A(T') a normalization factor (partition function):

fE=Myr

A(T) = / ” ¢(1)e’ks+Td1.
0

From the integral of the moments, we obtain

k
a=p, b:2p<£+ —BT>, (35)
m
with the thermal and caloric equations of state
kp
p=—pT, e=¢(T).
m

Consequently, it is easy to find that the compatibility condition (9) is
satisfied.

From (35), we obtain the expressions of the expansion coefficients
of the production terms (10) as follows:

k

_ Y Saintirs

u 3 v 3¢,
These expressions are consistent with the phenomenological RET the-
ory [3] and the molecular RET theory with BGK-type collisional terms
[16] and in the monatomic limit as ¢, = 3kz/(2 m) reduce to (34).
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6. Conclusions

Hyperbolic theories of balance laws for generic — non-necessarily
rarefied — gases with 14 fields in the form of Eq. (3), compatible
with the universal principles of Rational Extended Thermodynamics,
involve tensors at equilibrium and production terms such that the
system at the first step of the Maxwellian iteration coincides with the
Navier-Stokes—Fourier system.

The present study sheds light on the behavior of RET theories in
their parabolic limit. It may be helpful in the construction of new causal
theories valid also in cases in which the kinetic theory is not applicable
as, for example, the case of dense gases.
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