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1 Introduction

Off-shell currents are ordinarily used in efficient recursive evaluation of scattering ampli-
tudes. These are computed from off-shell currents by setting the external legs on-shell.
Off-shell currents were famously employed by Berends and Giele [1] to recursively calculate
tree-level gluon scattering and they are routinely used in matrix element generators [2–4].
Despite their success in practical calculations many of the appealing structures of on-shell
scattering amplitudes are either not manifest or difficult to expose [5–7] in off-shell cur-
rents. Similarly, in the classical limit of scattering amplitudes1 some of the on-shell features
present before taking classical limit are not inherited. Off-shell currents in the classical limit
have appeared recently in refs. [10–15].

In this paper we are concerned with off-shell currents in the classical limit from the
perspective of Kosower-Maybee-O’Connell (KMOC) [16–20], the Worldline Quantum Field

1The classical limit of amplitudes has been received considerable attention in the last few years. The
subject has been reviewed extensively in refs. [8, 9].

– 1 –



J
H
E
P
0
3
(
2
0
2
3
)
0
6
8

A

k1 kn. . .

p1 p2

Figure 1. Off-shell current. The blob represents a sum over tree-level Feynman diagrams. Wavy
lines represent off-shell outgoing massless gauge bosons.

Theory [21–28] and their connection. Throughout, we will focus on the study of the classical
limit of the tree-level off-shell current

An(p1, p2, k1, . . . , kn)
∣∣∣
k2
i 6=0, p2

i=m2
, (1.1)

which, assuming that p1, p2 are the momenta of two massive particles and k1, . . . , kn are
the momenta of massless gauge bosons, can be fused into a n + 2 scattering amplitude.
Unlike typical currents in Berends-Giele recursions here more than one leg is off-shell.
Similar objects have appeared previously in QCD, see e.g. ref. [29]. The n = 2 current with
spinning massive particles is relevant in the context of ongoing discussions of higher spin
gravitational Compton amplitudes in the classical limit [30–41].

The remaining of the paper is organized as follows. In section 2 we start with a general
definition of a current and show how its classical limit is obtained in WQFT. In section 3
we calculate currents in QED and gravity. In section 4 we apply our methods to compute
Hard Thermal Loops, which can be understood as classical objects in the high temperature
regime. Our conclusions are presented in section 5.

2 Off-shell currents in the classical limit

Let us consider a theory which models massive scalar particles coupled with massless gauge
bosons. Let p = (p1, p2) and k = (k1, . . . , kn) denote tuples of outgoing momenta of massive
and massless external legs, respectively. We define the n+ 2 off-shell current by

AI1,...,In
n (p, k) := δ̂4(p1 + p2 +

n∑
i=1

ki)AI1,...,In
n (p, k), (2.1)

where, without loss of generality the massive scalars obey p2
i = m2, while for the massless

particles k2
i 6= 0. We have introduced the notation δ̂n(x) := (2π)nδ(x) and for later use

we define d̂nx := (2π)ndnx. The upper indices denote collectively color and/or Lorentz
indices associated with the massless particles. For our purposes the evaluation of this
current will be through Feynman diagrams (see figure 1). The current can be fused into an
on-shell amplitude by dressing it with appropriate polarization vectors, imposing physical
constraints such as transverse polarization, and setting all external legs on-shell, namely

iT ∼ ξI1 · · · ξInAI1,...,In
n (p1, p2, k1, . . . , kn)

∣∣∣
k2
i=0,p2

i=m2
. (2.2)
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2.1 Classical limit à la KMOC

Suppose that we are interested in the classical limit of eq. (2.1) understood as the limit
~→ 0 or more precisely as a Laurent expansion in powers of some dimensionless parameter
ξ. In the spirit of KMOC one would restore ~ into the current and perform dimensional
analysis. One should also distinguish the momenta of massive scalar particles and massless
gauge bosons. The latter being described by wavenumbers through the rescaling k → ~k,
while the former obeys pµi = miu

µ
i , where u2

i = 1. To achieve definite classical momenta
the initial states must be dressed with appropriate coherent2 wavefunctions, giving us the
notion of sharply peaked position and momenta. The most general coherent relativistic
wavefunctions associated with the restricted Poincare group have the form [44]

fz(p) := 〈ez|f〉 =
∫

dΦ(p)e−iz·pf(p) , (2.3)

where dΦ(p) := (2π)d−1ddpδ(p2−m2)Θ(p0) and 〈ez|p〉 := Cze−ip·z. Here z(t) = x(t)− iy is
a complex vector, which in general is time-dependent. The classical phase space is obtained
by setting t = 0 in x(t) so it reduces to a constant [45]. The normalization of states can
be derived from

〈ez|ew〉 =
∫

dΦ(p)e−ip·(z−w̄) = CzC∗w
(
m

2πη

)d/2−1
Kd/2−1(ηm), (2.4)

where η =
√
−(z − w̄)2 and Kν(x) is the modified Bessel function. For z = w, η = 2|y|,

one obtains

Cz =
[(4π|y|

m

)d/2−1 1
Kd/2−1(2m|y|)

]1/2

. (2.5)

Wavefunctions employed by KMOC correspond to the case where one chooses the complex
vector to be

zµi = −bµi + i u
µ
i

mξ
, (2.6)

where ξ is a dimensionless parameter, which can be thought as the square of the ratio of
the Compton wavelength to the intrinsic spread of the wavepacket. Here ui is the classical
four velocity of the particle of mass mi. Therefore, it is natural to consider the current3

weighted with coherent wavefunctions as

Cn(p, k) :=
∫

dΦ(p1, p2)φz1(p1)φz2(p2)An(p1, p2, k1, . . . , kn) , (2.7)

where dΦ(p1, p2) := dΦ(p1)dΦ(p2). Now the classical limit of the current can be computed
from a Laurent expansion of the formal expression

Cn(p, k) =
∫

dΦ(p1, p2)φ(p1)φ(p2)eib·
∑n

i=1 kiAn(p1, p2, ~k1, . . . , ~kn) , (2.8)

2Here we think of coherent states in the sense of Perelemov [42]. We refer the interested reader to [43]
for details of the Perelomov formalism.

3We will keep the indices explicit for calculations but otherwise suppress them to avoid cluttered ex-
pressions.
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where we have used momentum conservation, k → ~k and b → b/~. The rescaling has
an important effect into the structure of (2.8). Indeed writing explicitly the momentum
conservation Dirac-delta we have

Cn(p, k) =
∫

dΦ(p1, p2)φ(p1)φ(p2)eib·
∑n

i=1 ki δ̂4
(
p1 + p2 + ~

n∑
i=1

ki

)
An(p, ~k) (2.9)

=
∫

dΦ(p1) φ(p1)φ
(
−p1 − ~

n∑
i=1

ki

)
δ̂

~2
n∑

i,j=1
ki · kj + 2~p1 ·

n∑
i=1

ki

 eib·
∑n

i=1 kiAn(p, ~k),

where we have used the momentum conservation Dirac-delta to perform the phase-space
integral over p2. Making the identifications q →

∑n
i=1 ki the remaining integral has the form∫

dΦ(p)φ(p)φ(−p− ~q)δ̂(2~p · q + ~2q2)f(p, q), (2.10)

which is sharply peaked around pµ = muµ, where uµ is the classical velocity of the particle
with mass m. The analysis of the above integral by KMOC (see appendix B of ref. [16])
does not depend on the on-shell properties of q, which plays the role of the momentum
mismatch in KMOC, so we can apply it here as well. The current then simplifies to

Cn(p, k) = 1
2 δ̂
(
p ·

n∑
i=1

ki

)
eib·
∑n

i=1 kiĀn(p, k) , (2.11)

where Ā(p, k) denotes the non-vanishing term in the Laurent expansion, where by abuse of
notation we have set p1 = p. From a practical point of view we are done. We can already
perform calculations following the KMOC algorithm and reach eq. (2.11) for the theory
under study.

A few comments are in order. Strictly speaking eq. (2.11) should be understood as
the average of the r.h.s. over wavefunction of p, which in KMOC is denoted by a double
bracket. The net effect of weighting over coherent wavefunctions is producing an overall
factor depending on the external soft momenta, which is analogous to the momentum
mismatch in classical observables. The attentive reader might ask about the presence of
singular terms produced by the series expansion. The current is not an observable so one
might expect such terms. However, the current is an off-shell tree-level object so we may
safely ignore Feynman’s iε prescription in calculations, thus leading to cancellation of those
singular terms. In QED we have checked this up to 7-points. In the worldline formulation
of the current the absence of those singular terms will become clear as we discuss now.

2.2 Relation to WQFT

We wish to relate the classical current (2.11) to a worldline path integral. Although we will
consider scalar QED as an illustration, the following discussion is also applicable to other
theories where the WQFT is known. The field theory action for scalar electrodynamics

SsQED[ϕ,ϕ†, A] =
∫

d4x
[
(Dµϕ)†Dµϕ−m2ϕ†ϕ

]
(2.12)
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with the gauge covariant derivative Dµ = ∂µ − ieAµ. The gauge-fixed Maxwell action is

Sgf[A] = −
∫

d4x

[1
4FµνF

µν + 1
2ξ (∂µAµ)2

]
, (2.13)

where we will use Feynman gauge (ξ = 1) in calculations. We know from standard QFT that
the current (2.1) can be written off-shell as a Fourier transform of a time ordered correlation
function of the quantum fields describing the external states after LSZ reduction, which can
be represented as a path integral. Moreover, we are interested in the classical limit so it will
be convenient to perform the LSZ reduction in two steps, first on the photon legs and then
on the scalar ones. In momentum space the amputation of the photon external legs leads to

PsQED
n (p, k) = 1

N

∫
DA eiSgf[A]

∫
DϕDϕ†eiSsQED[ϕ,ϕ†,A] (2.14)

× ik2
1 · · · ik2

n ϕ(p1)ϕ†(p2)Aµ1(k1) · · ·Aµn(kn)
∣∣∣
k2 6=0

.

Before LSZ let us consider the classical limit of eq. (2.14) following ref. [21]. In the
classical approximation we can neglect loops mediated by scalars and replace the path
integral over scalar fields by the photon-dressed scalar propagator, which we briefly review
now.4 In position space the photon-dressed scalar propagator reads

G(x1, x2)[A] = 1
N̄

∫
DϕDϕ†eiSsQED[ϕ,ϕ†,A]ϕ(x1)ϕ†(x2) . (2.15)

The dressed propagator admits a worldline path integral representation of the form

G(x1,x2)[A] = 〈x2|
1

D2 +m2− iε |x1〉 (2.16)

= i
∫ ∞

0
dT 〈x2|e−iT (D2+m2+iε)|x1〉=

∫ ∞
0

dT
∫ x(1)=x2

x(0)=x1
Dxe−i

∫ 1
0 dτ( 1

2T ẋ
2+eẋµAµ) ,

where T is the so-called Schwinger proper time while the Feynman iε prescription is un-
derstood in the path integral. The dressed propagator in momentum space can be written
as [54]

G(p, k)[A] = δ̂4
(
p1 + p2 +

n∑
i=1

ki

)
G(p, k)[A] , (2.17)

whose explicit form is not required for our purposes. Hence the path integral with no
matter loops is

PsQED
n (p, k) = 1

Ñ
δ̂4
(
p1 + p2 +

n∑
i=1

ki

)
(2.18)

×
∫
DA eiSgf[A]G(p, k)[A] ik2

1 · · · ik2
n Aµ1(k1) · · ·Aµn(kn)

∣∣∣trees

k2 6=0
,

4Dressed propagators have been developed in a worldline representation for a variety of models, see
e.g. [46–52]. A standard reference for worldline methods is ref. [53].
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where we have absorbed factors related to our definition of dressed propagator into Ñ .
This is not yet the classical limit of the current we are looking for because we have not
performed the LSZ reduction on the external scalar legs, namely [55]

Gc(p)[A] = lim
p2

1,p
2
2→m2

i(p2
1 −m2) i(p2

2 −m2)
∫

d4xd4y eip1·x+ip2·yG(x, y)[A] . (2.19)

At the level of the worldline integral we can also achieve the LSZ reduction by Fradkin’s
prescription of exchanging the limit of integration in the worldline action to (−∞,+∞)
as a consequence of performing the Schwinger proper time integration after amputating
the external scalar propagators. The latter step fixes the boundary conditions needed to
perform the perturbative expansion of the amputated dressed propagator. The equivalence
between both procedures is encoded in the relation

Σ(b, p;A)
Σ0

= eib·
∑n

i=1 ki δ̂

(
p ·

n∑
i=1

ki

)
Gc(p;A) , (2.20)

which was explicitly demonstrated for the graviton-dressed scalar propagator in ref. [21].
Here Σ0 is some overall factor that we can absorb into the normalization of the correlation
function. Notice that both sides depend only on p1 = p on the support of the Dirac-delta
in eq. (2.17). The left hand side of eq. (2.20) is given by

Σ(b, p;A) =
∫
Dx exp

[
−i
∫ ∞
−∞

dτ

(1
2 ẋ

2 + eẋµA
µ(x(τ))

)]
, (2.21)

where b and p arise from the background expansion xµ(τ) = bµ + pµτ + qµ(τ). We will see
in later sections how to evaluate (2.21) from Worldline Feynman Rules (WFRs).

Going back to eq. (2.19) and restricting the calculation to tree-level, the current can
be written as

AsQED
n (p, k) = 1

Ñ
δ̂4
(
p1 + p2 +

∑
i

ki

)
(2.22)

×
∫
DA eiSgf[A]Gc(p, k)[A] ik2

1 · · · ik2
n Aµ1(k1) · · ·Aµn(kn)

∣∣∣trees

k2 6=0,p2
i=m2

,

which brings us closer to the WQFT representation of CsQED
n (p, k). Recalling eq. (2.1) and

imposing momentum conservation we have

Ā(p, k) = 1
Ñ

∫
DA eiSgf[A]Gc(p, k)[A] ik2

1 · · · ik2
n Aµ1(k1) · · ·Aµn(kn)

∣∣∣
p2=−p1−

∑
i
ki
, (2.23)

which is a purely tree-level object in the classical approximation which we can identify with
Ā(p, k) in eq. (2.11). Thus, inserting this equation into eq. (2.11) we have

CsQED
n (p, k) = 1

Ñ
eib·
∑n

i=1 ki δ̂

(
p ·

n∑
i=1

ki

)
(2.24)

×
∫
DA eiSgf[A]Gc(p, k)[A] ik2

1 · · · ik2
n Aµ1(k1) · · ·Aµn(kn)

∣∣∣
p2=−p1−

∑
i
ki
.
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Finally, applying the relation (2.21) we arrive at the WQFT representation of the off-shell
current

CsQED
n (p, k) = 1

Z

∫
DAeiSgf[A]

∫
Dxe−i

∫∞
−∞ dτ [ 1

2 ẋ
2+eẋµAµ(x(τ))] ik2

1Aµ1(k1) · · · ik2
nAµn(kn),

(2.25)
which generalizes WQFT for an arbitrary number of off-shell photons.5 The factor Z
ensures that the current is normalized to one when there are no gauge fields in the path
integral and defines the WQFT partition function

Z =
∫
DAeiSgf[A]

∫
Dx e−i

∫∞
−∞ dτ( 1

2 ẋ
2+eẋ·A) . (2.26)

The boundary conditions on the worldline variables depend on the model under consider-
ation. Collecting all of the integration constants into Z the classical off-shell current in
WQFT can be succinctly written as

CsQED
n (p, k) = ik2

1 · · · ik2
n 〈Aµ1(k1) . . . Aµn(kn)〉WQFT . (2.27)

Calculations based on eq. (2.25) will produce precisely the factors in eq. (2.11) from which
we can extract Ān(p, k). In doing so one must keep in mind the overall factor of two
in eq. (2.11). Moreover, the presence of the Dirac-delta is required to match currents in
both approaches but can be dropped at the end of the computation. The worldline path
integral (2.27) can be treated perturbatively deriving Feynman rules from the worldline
action leading directly to Ān(p, k) without any Laurent expansion.

Other theories can be treated along the same lines. For gravity we will consider this
in section 3. Gauge theories with color can be treated along the same lines with the usual
caveats surrounding properties of color charges in the classical limit. On the amplitudes
side one can follow ref. [18] while in the WQFT front one can apply the methods of ref. [25].

Let us end this section by summarizing its key contribution. Starting with an off-
shell current we have shown that dressing it with coherent wave-functions (2.8) leads to a
WQFT path integral thus finding a direct connection of the KMOC approach and WQFT
for off-shell tree-level currents.

3 Computing off-shell currents

The evaluation of eq. (2.27) can be done by deriving worldline Feynman rules (WFRs),
which take care of the perturbative evaluation of the Gaussian path integral. There are
two types of Wick contractions: those related with the worldline path integral and Wick
contractions among gauge fields. The net effect of the contraction among fields will be to
generate permutations.

The partition functions considered in the rest of the paper have the schematic form

Z =
∫
DB eiS[B]

∫
Dx

∫
DχeiS[x,χ;B(x)] , (3.1)

5Another alternative to generate photon insertions is to consider the functional with a factor exp(JA)
and take derivatives over J .
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where B represents a background field and χ are auxiliary worldline variables. The action
S[B] is the gauge fixed action of the background field and S [x, χ;B(x)] is the worldline
action in WQFT, from which we can derive WFRs. We rescale the worldline parameter to
derive WFRs written in terms of the worldline momentum pµ instead of uµ. The relevant
wordline actions are

SBA[x, λ, λ̄, γ, γ̄; Φ] = −
∫ ∞
−∞

dσ
(1

2 ẋ
2 + iλ̄aλ̇a + iγ̄αγ̇α −

y

2Q
aΦaαQ̃α

)
, (3.2)

SYM[x, λ;A] = −
∫ ∞
−∞

dσ
(1

2 ẋ
2 + iλ̄aλ̇a + gẋµAaµQ

a
)
, (3.3)

SGR[x, ψ, ψ̄;A] = −
∫ ∞
−∞

dσ
(1

2gµν ẋ
µẋν + iψ̄a

Dψa

Dτ
− 1

8RabcdS
abScd

)
, (3.4)

for Bi-Adjoints, Yang-Mills, and GR, respectively. The covariant derivative is Dψa

Dτ =
ψ̇a + ẋµωµabψ

b and ωµab = eaν(∂µeνb + Γνµλeλb ) is the spin connection. The translation
between curved and flat indices is done by using the tetrad fields eµa . The spin tensor
of the particle is defined by Sµν = −2ieµaeνb ψ̄[aψb]. The derivation of WFRs is now well
established and described at length in refs. [21, 24–27] so here we only consider briefly EM.
Our treatment of color variables is equivalent to ref. [25] but differs on the introduction
of auxiliary color variables.6 The interested reader can see the details of the derivation of
WFRs with color in appendices B and C.

3.1 Gauge

WFRs are easy to derive for the colorless version of (3.3). Inserting the background ex-
pansion xµ(τ) = bµ + pµτ + qµ(τ) into the action

SsQED[x;A] = −
∫ ∞
−∞

dσ
(1

2 ẋ
2 + eẋµAµ

)
, (3.5)

with the momentum space expansions

qµ(τ) =
∫ ∞
−∞

d̂ω eiωτqµ(−ω), Aµ(x) =
∫ ∞
−∞

d̂4k eik·xAµ(−k), (3.6)

the propagators of the worldline and the gauge field (in Feynman gauge) are

qµ qν
ω

= −i ηµν

(ω + iε)2 , Aµ Aν
k

= −i ηµν

(k2 + iε) . (3.7)

In addition, the interaction vertices propagating n-quantum fluctuations of the worldline
variables can be compactly written as (see also ref. [27])

qαn(ωn)
qα2(ω2)
qα1(ω1)

Aµ(k)

k = e in−1eib·kδ̂

(
k · p+

n∑
i=1

ωi

)pµ n∏
i=1

kαi +
n∑
i=1

ωiη
µαi

n∏
j 6=i

kαj

 ,

(3.8)
6Color charges are given by Qa = λ̄ ·T a ·λ and Q̃α = γ̄ · T̃α ·γ, where λ and γ are the auxiliary variables.

A pedagogical description of auxiliary variables is in ref. [56]. See also refs. [57–59].

– 8 –



J
H
E
P
0
3
(
2
0
2
3
)
0
6
8

A1

k1

A2

k2

(a)

A1

k1

A2

k2

A3

k3

(b)

Figure 2. Worldline diagrams required for the calculation of 2-point (a) and 3-point (b) currents.
The dashed lines are drawn only for illustration and represent the worldline. Solid lines represent
fluctuations of matter lines and later also auxiliary variables. Wavy lines represent off-shell massless
particles and A its associated field.

where the solid lines are outgoing. Contractions of gauge fields generate topologies of
worldline diagrams, in which external propagators must be amputated in the sense of LSZ.
For instance at lower orders it is easy to see that the Wick contractions among gauge fields
lead us to evaluate the diagrams shown in figure 2.

Examples. Let us consider the n = 2 off-shell current for scalar electrodynamics. Two
equivalent diagrams with symmetry factor 1

2 are generated by the wordline path integration.
Hence it is enough to consider the one in figure 2a whose symmetry factor is unity. An
easy calculation gives

CµνsQED(p, k) = e2 eib·(k1+k2)δ̂ (p · (k1 + k2)) ĀµνsQED(k1, k2)

= e2 eib·(k1+k2)δ̂ (p · (k1 + k2)) i
(
ηµν + kµ2 p

ν

p · k1
− kν1p

µ

p · k1
− k1 · k2p

µpν

(p · k1)2

)
,

(3.9)

which satisfies the Ward identity ki,µCµνsQED(p, k) = 0 and matches what one calculates using
eq. (2.11). A nontrivial example is the n = 5 case. Some topologies involved are shown in
figure 3. Its Feynman diagrammatic calculation requires 450 diagrams but the worldline cal-
culation effectively requires only 12 diagrams summed over the permutations of the external
photons with no need to perform any Laurent expansion in ~, so its calculation is simpler
in WQFT. The result obtained with WQFT is lengthy.7 Schematically it can written as

Cµ1...µ5
sQED = e5 eib·(k1+···+k5)δ̂

(
p ·

5∑
i=1

ki

)
Āµ1...µ5

sQED = e5 eib·(k1+···+k5)δ̂

(
p ·

5∑
i=1

ki

) 2451∑
i=1

aiTµ1...µ5
i ,

(3.10)
where the sum runs over independent tensor structures. We have compared this result
against the Feynman diagram calculation and found agreement.

3.2 Gravity

The worldline QFT allows us to introduce classical spin effects at almost no cost so we will
do so. Let us briefly summarize the WQFT approach of ref. [24], which employs the so
called N = 2 model. This model captures quadratic in spin effects in classical scattering

7The full expression for Āµ1...µ5
sQED is attached to this submission in FeynCalc notation.
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Aµ1

k1

Aµ2

k2

Aµ3

k3

Aµ4

k4

Aµ5

k5

(a) S = 4!.

Aµ1

k1

Aµ2

k2

Aµ3

k3

Aµ4

k4

Aµ5

k5

(b) S = 3!.

Aµ1

k1

Aµ2

k2

Aµ3

k3

Aµ4

k4

Aµ5

k5

(c) S = 2× 3!.

Figure 3. Examples of worldline topologies required for the calculation of 7-point sQED current
and their symmetry factors S.

through the introduction of complex Grassman variables ψ, ψ̄ allowing to gauge two super-
symmetries on the worldline. The relevant actions to construct the partition function are

SEH[g] = − 2
κ2

∫
d4x
√
−g R, Sgf =

∫
d4x

(
∂νhνµ −

1
2∂µh

ν
ν

)2
, (3.11)

where the space time metric is perturbatively expanded as gµν = ηµν + κhµν . The gauge-
fixing term imposes a weighted version of the de Donder gauge ∂νhνµ = 1

2∂µh
ν
ν , which leads

to the graviton propagator

hµν hρσ

k

= i
2k2 (ηµρηνσ + ηµσηρν − ηµνηρσ) . (3.12)

The partition function can be written as follows

Z =
∫
Dhµν ei(SEH+Sgf)

∫
DxDψDψ̄ eiSGR , (3.13)

with the worldline action given in (3.4). The worldline path integral measure includes
Lee-Yang ghost fields

Dx =
∫
DxDaDbDc exp

(
− i

2

∫ ∞
−∞

dσ gµν (aµaν + bµcν)
)

(3.14)

with a bosonic and b, c fermionic, which make the measure translational invariant. For
details on the model we refer the reader to [24]. To derive WFRs in such a case one
also needs to background expand ψa(τ) = θa + Ψa(τ) where complex conjugation leads
to the expansion for the barred partner. This yields the classical value of the spin tensor
Sab = −2iθ̄[aθb], which is related to the Pauli-Lubanski spin vector sa = −1

2ε
abcdpbScd.

The required WFRs to perform calculations are given in the appendix A. Generalizing the
results in section 2.2, we write the off-shell current in gravity as

CGR
n (p, k) = (−i)nk2

1k
2
2 · · · k2

n 〈hµ1ν1(k1)hµ2ν2(k2) · · ·hµnνn(kn)〉WQFT (3.15)

understood as an expectation value over the partition function (3.13).
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hµν

k1

hαβ

k2

(a)

hµν

k1

hρσ

k2

(b)

hµν
k1

hαβ
k2

(c)

hµν
k1

hαβ
k2

(d)

Figure 4. Worldline diagrams contributing to the on-shell Compton amplitude. 4a, 4b, with
crossed topologies are associated with fluctuations of kinematic and spin variables, respectively.

As an example we consider the classical on-shell Compton amplitude,8 which describes
the scattering of linearized gravitational waves off a black hole. The on-shell Compton
amplitude is given by

Mh1h2(p, k1, k2) = M̄µναβ
GR (p, k1, k2)εh1

µν(k1)εh2
αβ(k2)

∣∣∣
k2
i=0

, (3.16)

where we can extract the amplitude from CµναβsGR = 1
2κ

2eib·(k1+k2)δ̂(p·(k1+k2))M̄µναβ
GR , which

receives contributions from the diagrams shown in figure 4. In the spinless case, we can
apply an off-shell version of the Kawai-Lewellen-Tye [60] relation

Cµ1ν1,µ2ν2
sGR = −κ2i eib·(k1+k2)δ̂(p · (k1 + k2))k1 · p k2 · p

k1 · k2
Āµ1µ2

sQEDĀ
ν1ν2
sQED , (3.17)

with the QED current given in eq. (3.9), after replacing e2 → κ2/4. In order to fuse
the full current into the amplitude (3.16), we use physical polarization tensors εµν±±(ki) =
εµ±(ki)εν±(ki) written as a product of null transverse photon polarizations. We set k1 as
incoming momentum and k2 as outgoing and choose the rest frame of the worldline, i.e.,

pµ = muµ = (m, 0, 0, 0), kµ1 = E(1, 0, 0, 1), kµ2 = E(1, sin θ, 0, cos θ), (3.18)

where E is the energy of the graviton. Explicit polarization vectors εµ± follow from the
transversality and traceless conditions. Therefore, we can evaluate (3.16) for the indepen-
dent set of helicity configurations (++), (+−). The scalar contributions are given by

|M++|0 = |M−−|0 = κ2m2

4
cos4 θ

2
sin2 θ

2
, |M+−|0 = |M−+|0 = κ2m2

4 sin2 θ

2 . (3.19)

Similarly, using the full current the linear in spin terms read

|M++|O(S) = |M++|0
∣∣∣s·(k1+k2) tan2 θ

2+i k1 · S · k2

mE cos2 θ
2

∣∣∣, |M+−|O(S) = |M+−|0 |s·(k1−k2)| ,

(3.20)
8In ref. [33] a direct classical calculation of the Compton amplitude has been done using the worldline

effective theory including cubic in spin corrections.
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while the quadratic in spin contributions can be recast in the suggestive way

|M++|O(S2)
= 1

2
|M++|2O(S)

|M++|0
, |M+−|O(S2)

= 1
2
|M+−|2O(S)

|M+−|0
. (3.21)

The remaining helicity configurations can be obtained by replacing Sab → −Sab, sa → −sa.
The above results are in agreement with [33] up to quadratic in spin upon matching with
our conventions.

4 Application to hard thermal loops

A nice application of the ideas presented in the past sections is the case of Hard Thermal
Loops (HTLs). These are currents in the high temperature limit which can be resumed
and incorporated into an effective theory known as HTL effective theory [61–65]. It is
well known that the high temperature regime is equivalent to a classical regime. Using
a KMOC-like approach this was explicitly demonstrated in ref. [66], where HTLs were
computed as the limit ~→ 0. Schematically HTL currents can be written as

Πn(k) =
∫

dΦ(p)f(p0)Ān(p, k) , (4.1)

where f(p0) is a distribution function at equilibrium and Ān(p, k) is the classical limit of
the current in the regularized forward limit. The regularization is required since the same
diagrams that contribute to the currents contribute to amplitudes so in general the forward
limit is singular. Let F be the set of all Feynman diagrams contributing to the current (2.1).
Diagrammatically the regularization consists on dropping the set of all diagrams producing
zero momentum internal edges X (see figure 5) in the forward limit.9 It is defined by

An(p, k) :=
∑

G∈F\X
d(G) , (4.2)

where d(G) is a rational expression of the form N(G)/D(G). In the forward limit p1 = −p2
so momentum conservation becomes

n∑
i=1

ki = 0. (4.3)

The classical limit of eq. (4.2) is obtained through eq. (2.11). These currents have been
considered in refs. [66, 67].

The WQFT approach gives us a new way of obtaining these currents. In QED the
equivalence between (2.11) and (2.27) implies that the n−point HTL can be read off from

i δ̂
(
p ·

n∑
i=1

ki

)
1
2Ān(p, k) = ik2

1ik2
2 · · · ik2

n〈Aµ1(k1)Aµ2(k2) · · ·Aµn(kn)〉WQFT, (4.4)

9These problematic diagrams appear e.g., eq. (2.27) and (3.15) so the regularization should also be
implemented in the worldline formalism.
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hµν
k1

hαβ
k2

hµν
k1

hαβ
k2

Figure 5. (Left) Example of a Feynman diagram in the set X for the n = 2 current in GR. (Right)
The singular diagram produced in the forward limit.

where the regularization is understood in both sides. Since we are interested in Ān(p, k)
we will strip-off the Dirac-delta produced by WQFT. Inserting the r.h.s. of this equation
side into eq. (4.1) gives and alternative worldline path integral representation of the HTL
resumed current. A similar matching can be used to obtain HTLs in other theories.

Diagrams that contribute at each order in perturbation can be determined from di-
mensional analysis. The treatment of colour in the classical limit requires special care due
to nontrivial cancellations between color and kinematics. In the worldline context this is
translated into the dynamics of auxiliary variables which are present in the worldline action
and give additional interactions. Their role is to encode non commutativity of color factors
in general. The fact that classical color factors commute in the classical limit is recovered
after integration over the auxiliary variables, a property that requires representations of
the gauge group to be large (See appendix C).

When classical color factors are recovered, thermal currents are obtained after phase-
space integration over color. Phase space integration over classical color factor is defined by

dc := d8c cRδ(cacbδab − q2)δ(dabccacbcc − q3), (4.5)

where q2 and q3 are Casimir invariants. The factor cR ensure that the color measure is
normalized to unity and we have set the gauge group to be SU(3). For bi-adjoint scalars
we will take two copies of the phase-space integration measure.

4.1 Scalars

As our first application let us consider scalar theories with cubic interactions. For instance,
the bi-adjoint field theory Lagrangian is given by [68, 69]

SBA[ϕ] =
∫

d4x

[
1
2∂µϕ

aα∂µϕaα − m2

2 ϕaαϕaα + y

3!f
abcf̃αβγϕaαϕbβϕcγ

]
, (4.6)

wherem is the mass and y the coupling constant. The bi-adjoint scalar field ϕaα transforms
under the adjoint representation for each factor of its globally symmetry group G×G̃. The
Lie algebra for each factor has the form [T a, T b] = fabcT c and the adjoint representation is
given by its structure constants, i.e. (T aA)bc = −fabc. Throughout we use Greek indices for
the group G̃. We briefly outline the derivation of WFRs for this theory in appendix B. It is
instructive to present the colorless and colorful cases separately to see how the appearance
of color affect the final results.
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Cubic scalars. Let’s consider the simplest example, where we have two soft scalars. Two
equivalent diagrams with symmetry factor 1

2 are generated by the path integration over
scalar fields. Hence it is enough to consider the one in figure 2a whose symmetry factor is
unity. Using WFRs we obtain10

ϕ(k1)

k1

ϕ(k2)

k2 = i12Ā2(p, k1) = i14y
2 k2

1
(k1 · p)2 , (4.7)

which we can use to extract Ā2(p, k1). Hence using momentum conservation, relabeling
the independent momentum k1 = k we obtain

Π2(k) = y2

2

∫
dΦ(p)f(p0) k2

(k · p)2 . (4.8)

The same procedure can be carried on in order to evaluate the three point thermal current.
Notice however that a diagram analogous to figure 4c also contributes to the current but
is singular in the forward limit so we discard it due to the regularization. The result now
depends on permutations of the diagrams in figure 2b, which can be easily evaluated

Ā3(k1, k2, k3) = y3

4
∑

σ∈Cyclic

kσ1 · kσ2kσ2 · kσ3

(p · kσ1) 2 (p · kσ3) 2 , (4.9)

where the sum runs only over cyclic permutations of {1, 2, 3}. This equation is in agreement
with ref. [67] obtained from semi-classical kinetic theory.

Bi-adjoint. The bi-adjoint scalar also generates Feynman rules which involve color-color
fluctuations and color-matter fluctuations, as explained in appendix B. It receives the
contributions from the diagrams11 with kinematic fluctuations of the worldlines

k1 k2 = iy
2

4 c
a1ca2 c̃α1 c̃α2 k1 · k2

(k1 · p)2 , (4.10)

and from the diagrams propagating color fluctuations

k1 k2 + k2 k1 = iy
2

4
c̃α1 c̃α2

k1 ·p
ū ·(T a1 ·T a2−T a2 ·T a1) ·u, (4.11)

k1 k2 + k2 k1 = iy
2

4
ca1ca2

k1 ·p
v̄ ·(T̃α1 · T̃α2− T̃α2 · T̃α1) ·v . (4.12)

10Notice that the propagators considered for our currents do not have an iε term. In order to recover
the retarded temperature dependent currents we consider the analytic continuation k0

n → k0
n + iε and

k0
i → k0

i − iε, for i = 1, . . . , n− 1, where we assume that the vertex corresponding to kn corresponds to the
one with the largest time [70].

11In the colored case, color fluctuations are of the same order in coupling as those with matter. However
upon restoring ~ one must also take into account that color factorization brings an additional power of ~.
See appendix C.
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It should be noticed how adding up the two topologies in each of eq. (4.11) and (4.12)
generates the structure constants of the Lie algebra

ū · (T a1 · T a2 − T a2T a1) · u = fa1a2a3ca3 (4.13)

where ca = ū · T a · u and the same for the tilded partner. Then, the current simplifies to

Āa1α1,a2α2
2 = y2

2

(
ca1ca2 c̃α1 c̃α2 k2

1
(k1 · p)2 + c̃α1 c̃α2fa1a2a3ca3 + ca1ca2 f̃α1α2α3 c̃α3

k1 · p

)
. (4.14)

The phase-space integration over color can be done using the identities∫
dc ca = 0,

∫
dc cacb = δab, (4.15)

which follow from eq. (4.5). Hence after some relabeling

Πa1α1,a2α2(k) = δa1a2δα1α2 q
2
2y

2

2

∫
dΦ(p) k2

(k · p)2 , (4.16)

which is in agreement with kinetic theory of ref. [67].

4.2 Gauge and gravity

As our final example, we move directly to scalar QCD since scalar QED HTLs can be
recovered from the off-shell currents in section 3.1 using momentum conservation. In
QED no singular diagrams arise in the forward limit. For instance, the 5-pt HTL is
straightforward to obtain from eq. (3.10) and eq. (4.3).

Let us consider the 3-point HTL. From the WFRs in appendix C there are two diagrams
we need to calculate. For example, for the permutation σ = (1, 2, 3) for the external gluons
one has

k1 k2 k3 = g3 ū · T a1 · T a3u ca2 pµ3

p · k3
Āµ2µ1

sQED(k2, k1) , (4.17)

k1 k2 k3 = −g3 ū · T a3 · T a1u ca2 pµ3

p · k3
Āµ2µ1

sQED(k2, k1) , (4.18)

which generate the SU(N) structure constants as in eq. (4.13). Performing the phase space
integration (4.15) and summing over all permutations the final answer can be written as

Āµ1µ2µ3
a1a2a3 = −2g3 ∑

σ∈S3

faσ1aσ2aσ3
pµσ3

p · kσ3
Ā
µσ2µσ1
sQED (kσ2 , kσ1) (4.19)

where S3 is the set of all permutations of {1, 2, 3}. The above result satisfies the identity

k3µ3 Ā
µ1µ2µ3
a1a2a3 = 2g3fa1a2a3

(
Āµ1µ2

sQED(k1,−k1)− Āµ1µ2
sQED(k2,−k2)

)
(4.20)
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and can be straightforwardly brought into the form given in ref. [66]. The form of eq. (4.19)
shows the direct connection between QED and QCD in the high temperature regime.

We have checked that the WQFT approach reproduces the higher-point examples
considered in refs. [66, 67] including the gravitational case. It is then safe to conjecture
that the remarkable simple expression

k2
1k

2
2 · · · k2

n〈AI1(k1)AI2(k2) · · ·AIn(kn)〉WQFT (4.21)

encodes the resumed HTL expansion for any theory where scalars interact with other scalar,
gauge bosons or gravitons.

5 Conclusions

We have exposed a relation between the WQFT path integral and the classical limit of an
off-shell current. The latter obtained through dressing up an off-shell current with first
quantized coherent states and its classical limit obtained through a KMOC-like procedure.
Using a localized wave-packet to compute classical currents is equivalent to pick up the
background expansion xµ = bµ + pµτ + qµ(τ) and setting τ ∈ (−∞,∞) in the worldline
action as we have shown in section 2. We then constructed the path integral representation
of the Green functions associated with the off-shell current and found a link to the worldline
theory in the classical limit, thus recasting the current as an expectation value of soft fields
inside a worldline path integral.

We have applied our methods in various settings. In QED we have tested the validity
of our approach up to 7-point, while in gravity we have verified that the N = 2 susy model
correctly reproduces the classical Compton amplitude up to quadrupole finding agreement
with ref. [33]. For colored scalars and QCD, we have applied our methods to obtain HTLs,
which are related to the classical limit of off-shell currents [66]. It is straightforward to
extend our approach to include more particles either massive or massless. For instance one
could easily include photons using the dressed propagator of ref. [26], while on the KMOC
side massless particles were studied in ref. [19].

Our work shows how to map computations of the classical contributions of the off-
shell (amplitude-like) current and the calculation based on worldline path integration, thus
providing a route to test future WQFT developments. For instance a possible application
of our currents would be the case of massive higher-spin particles, where one could compare
the off-shell current in the classical limit and the output produced by WQFT.

Off-shell currents are usually computed recursively in high-energy-physics applications
so it would be interesting to recursively compute currents WQFT too. Hints of their
recursive structure have already appeared in ref. [24]. Although we have considered only
tree-level currents our construction can be relaxed to include loops, which can be used in
the calculation of loop-level corrections to the background metric in general relativity [71–
73]. On the other hand, cuts that contribute classically might arise from sewing tree-level
currents as it is usual in the generalized unitarity method [74, 75].
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A WFRs for gravity

Starting from the action (3.4) one also needs to background expand ψa(τ) = θa + Ψa(τ)
and its conjugated in addition to xµ. This yields to the classical value of the spin tensor
Sab = −2iθ̄[aθb], related to the Pauli-Lubanski spin vector by sa = −1

2ε
abcdpbScd. The

propagation of fluctuations related to the Grassmann variables (spin variables) implies the
use of the following propagator

Ψµ Ψ̄ν
ω

= −i ηµν

ω + iε (A.1)

alongside with the worldline propagator for the kinematical fluctuations given in eq. (3.7).
For our applications we need the interaction vertices describing the emission of a graviton
from the worldline and propagating fluctuations of the configuration space variables. We
start by lowest order vertex, namely

hµν(k)

k = − iκ
2 δ̂(k · p)e

ib·k
(
pµpν + i(k · S)(µpν) − 1

2(k · S)µ(k · S)ν
)

(A.2)

alongside with the vertices propagating kinematical and spin fluctuations

qα(ω)

hµν(k)

k = κ

2 δ̂(k ·p+ω)eib·k (A.3)

×
[
2ωp(µδν)

α +pµpνkα+i(k ·S)(µ
(
kαp

ν)+ωδν)
α

)
− 1

2kα(k ·S)µ(k ·S)ν
]
,

hµν(k)

k

Ψρ(ω)
=−iκδ̂(k ·p+ω)eib·k

[
k[ρδ

(µ
σ] (p

ν)+i(k ·S)ν))
]
θ̄σ (A.4)

with the interaction vertex for Ψ̄ obtained by reversing the arrow and replacing θ̄ → θ.
Finally, we list the vertex describing the emission of two gravitons from the worldline,

– 17 –



J
H
E
P
0
3
(
2
0
2
3
)
0
6
8

produced by gauge invariance of the worldline action

hµν
k1

hαβ
k2

(A.5)

= −κ
2

4 δ̂(p · (k1 + k2))eib·k
(

(k1 · S)µ2pµ1ην1ν2 − Sµ1µ2(pν1kν2
1 −

1
2k1 · p ην1ν2)

+ iην1ν2

(
(k1 · S)µ1(k1 · S)µ2 + 1

2(k2 · S)µ1(k1 · S)µ2 − 1
2S

µ1µ2(k1 · S · k2)
)

+ i
4k1 · k2Sµ1ν2Sµ2ν1 + ikν2

1 ((k1 + k2) · S)µ1Sµ2ν1 + 1↔ 2
)
.

B Bi-adjoint scalar

Going back to the worldline approach let us discuss the bi-adjoint scalar in the classical
limit using on-shell dressed propagators. Following ref. [56] the action in configuration
space reads

SBA = θs+ φs̃−
∫ 1

0
dτ

( 1
2T ẋ

2 + iλ̄a (∂τ + iθ)λa + iγ̄α
(
∂τ + iφ̃

)
γα − y

2TQ
aϕaαQ̃α

)
,

(B.1)
where we have chosen the gauge (e, a, ã) = (T, θ, φ) and θ, φ ∈ [0, 2π] are interpreted as
angles. Further, we have defined the color charges Qα = λ̄ · Tα · λ and Q̃α̃ = γ̄ · T̃ α̃ · γ
with the gauge group generators T, T̃ in the adjoint representation. The scalar-dressed
propagator then reads

G[x, u, v, ū, v̄] =
∫ 2π

0

dθ
2π

∫ 2π

0

dφ
2π

∫ ∞
0

dT e−iT (p2−m2)
∫
DxDλDλ̄DγDγ̄ eiSBA−λ̄·λ(1)−γ̄·γ(1),

(B.2)
where the boundary conditions

(λ(0), γ(0)) = (u, v), (λ̄(1), γ̄(1)) = (ū, v̄), (x(0), x(1)) = (0, x) (B.3)

are consistent with the path integral on the line. Now, given the kinetic terms for the color
variables appear with covariant derivatives, we twist them as λa(τ) → e−iθτλ(τ), γa(τ) →
e−iφτγ(τ) to absorb the connection iθ. Then, we split the color variables as

λ̄a(τ) = zūa + β̄a(τ), λa(τ) = ua + βa(τ), (B.4)
γ̄α(τ) = wv̄α + η̄α(τ), γα(τ) = vα + ηα(τ). (B.5)

The color fluctuations (c, d) then acquire Dirichlet boundary conditions i.e. c(0) = c̄(1) = 0
and similarly for the adjoint partner. Finally, amputating the external legs and introducing
the change of variables z = eiθ, w = eiφ in the angle integration, we can write the partition
function for the bi-adjoint scalar as

Z = NBA

∮ dz
2πi

ezū·u

zs+1

∮ dw
2πi

ewv̄·v

vs̃+1

∫
DϕeiS[ϕ]

∫
DX eiS[X;ϕ] , (B.6)
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with X = (x, β, β̄, η, η̄), NBA a normalization constant to be fixed later on, while the WQFT
action reads as

S[X, ϕ] = −
∫ ∞
−∞

dσ

(1
2 ẋ

2 + β̄aβ
a + η̄αη̇

α − y

2Q
aϕaαQ̃α

)
(B.7)

with the background expanded color charges written as

Qa =
(
zū+ β̄

)
· (T a) · (u+ β) , Q̃α = (wv̄ + η̄) · (T̃α) · (v + η) , (B.8)

which allows us to identify the classical color charges as ca = ū·T a ·u and c̃α = v̄ ·T̃α ·v up to
a normalization factors, as we will see below. Notice that the accompanying factors of the
contour integrals in eq. (B.6) arise from boundary terms due to the splitting the color vari-
ables. Let us now move to the interaction vertices. Since we already background expanded
the color variables, we just need to expand the configuration space variables as xµ(τ) =
b+ pµτ + qµ(τ). In momentum space, the quantum fluctuation of the color variable is

βa(τ) =
∫ ∞
−∞

d̂ω eiωτβa(−ω) , (B.9)

and a similar expression for the color variable η(τ). This allows first to derive the worldline
propagator for kinematical and color fluctuations as

qµ qν
ω

= −i ηµν

(ω + iε)2 ,
βµ β̄ν

ω
= −i δν

µ

ω + iε (B.10)

with the adjoint fluctuations η(ω) having the same propagator as their partner. We start
by writing down the general n−point vertex propagating only quantum fluctuations of the
configuration space variables

qµn(ωn)
qµ2(ω2)
qµ1(ω1)

ϕaα(k)

k
= y

2c
a c̃α(i)n+1eib·kδ̂

k · p+
n∑
j=1

ωj

 n∏
i=1

kµi , (B.11)

which is the main ingredient needed to perform calculations. Next, the introduction of
color generates WFRs propagating fluctuations of the auxiliary bosonic variables

βµ(ω)

ϕaα(k)

k = iy2 c̃
αeib·k δ̂ (k · p+ ω) (ū · T a)µ ,

ηµ(ω)

ϕaα(k)

k = iy2c
aeib·k δ̂ (k · p+ ω) (v̄ · T̃α)µ .

(B.12)
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The rule for β̄(ω) is obtained by reversing the arrow and replacing (ū · T a)µ → (T a · u)µ.
The same holds for the vertex propagating η̄(ω) after exchanging u→ v.

To conclude this section, we fix the normalization constant NBA appearing in (B.6).
For this we require that, after switching off interactions, the partition function should be
normalized to one. This only leaves the moduli integration

∮ dz
2πi

ezū·u

zs+1 = (ū · u)s

s! , (B.13)

which sets the normalization constant to

NBA = s!
(ū · u)s

s̃!
(v̄ · v)s̃ . (B.14)

C Colored scalars on the worldline

Here we build up a partition function for scalar chromodynamics, following ref. [47], where
a worldline model has been used to evaluate 1PI diagrams in a Yang-Mills. This leads to
an equivalent model as the one used in ref. [25]. We choose to keep the gauge modulus z
generated by the gauge fixing of the U(1) symmetry in order to see how color factorization
in the classical limit is realized on the worldline. As we will see below, these factors can
be trivialized in explicit calculations upon proper implementation of color factorization on
the worldline. We consider the following partition function

Z = N
∫
DAeiSYM

∮ dz
2πi

ezū·u

zs+1

∫
DXeiS[X;A], (C.1)

where X = (q, β, β̄). The background expanded WQFT action can be written as

S[X;A] = −
∫ ∞
−∞

dσ

(1
2 ẋ

2 + β̄aβ̇
a + gẋµAaµ(zū+ β̄) · T a · (u+ β)

)
, (C.2)

where s is the Chern-Simons coupling, needed to perform the projection on the sub-Hilbert
space propagating totally symmetric tensor products of the fundamental color representa-
tion of SU(N). N is some normalization constant to be fixed later on.

Let us move to the derivation of WFRS from the interacting action. To set up the
perturbative expansion we background expand the configuration space variables (in mo-
mentum space) as usual. We list here all of the interaction vertices needed to perform the
calculations in the main text. In addition, we absorb the gauge modulus factor z inside ū,
since they always appear together in the background expansion of the color variables. The
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WFRs are then

qν(ω)

Aaµ(k)

k = gcaeib·k δ̂(k ·p+ω)(pµkν +ωηµν) , (C.3)

qσ(ω2)

qρ(ω1)

Aaµ(k)

k =−igcaeib·kδ̂(k ·p+ω1 +ω2)(ω1k
σηµρ+ω2k

σηµρ+pµkσkρ) , (C.4)

which only contains kinematical fluctuations i.e. fields related to the background expansion
of the position space variable. We will also need fluctuations of the background color
variables, which we require in QCD, namely

βσ(ω)

Aaµ(k)

k = −igeib·k δ̂ (k · p+ ω) (pµ) (ū · T a)σ, (C.5)

βσ(ω2)

qρ(ω1)

Aaµ(k)

k
= geib·kδ̂(k · p+ ω1 + ω2) (pµkρ + ω1η

µρ) (ū · T a)σ, (C.6)

where the second mixes kinematic and color fluctuations. The vertices propagating fluctu-
ations of β̄σ(ω) can be obtained by reversing the arrows and replacing (ū ·T a)σ → (T a ·u)σ

in the above ones.

Color factorization from the path integral. Let us now move to color factorization
in the classical limit. First we start by fixing the normalization constant in front of the par-
tition function (C.1). Absorbing divergent terms in the path integral measure and requiring
the path integral to be normalized to unity when switching off the YM background allows to
set the normalization constant to N = s!/(ū ·u)s once performed the contour integral over
the unit one circle (see eq. (B.13)), which picks up the residue in z = 0 of the integrand.

Let us see how color factorization works at the level of the path integral. We consider
the expectation value of two color charges on the free theory path integral. Following [18] we
restore factors of ~ through T a → ~T a. In this way, we can evaluate the above expectation
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value as

〈Qa(ω)Qb(ω̄)〉 = N
∮

dz

2πi
ezū·u

zs+1

(
~2z2 (ū · T a · u) (ū · T b · u) (C.7)

− iz~2

ω
ū · T a · T b · u− iz~2

ω̄
ū · T b · T a · u− ~2

ωω̄
Tr(T aT b)

)
= ~2s(s− 1) ū · T

a · u
ū · u

ū · T b · u
ū · u

+O(~) (C.8)

= ca cb +O(~) , (C.9)

which lead us to define the classical color charge as

ca = ~s
ū · T a · u
ū · u

. (C.10)

The charge is finite in the scaling limit in which we take s to be large as ~ → 0. On
the worldline side taking s to be large allows us to project on large representations of the
color group, when the worldline theory is quantized. This shows how color factorization is
directly related to the power counting of the gauge modulus z, which we can use to keep
track of the classical contributions.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited. SCOAP3 supports
the goals of the International Year of Basic Sciences for Sustainable Development.

References

[1] F.A. Berends and W.T. Giele, Recursive calculations for processes with n gluons, Nucl. Phys.
B 306 (1988) 759 [INSPIRE].

[2] T. Gleisberg and S. Hoeche, Comix, a new matrix element generator, JHEP 12 (2008) 039
[arXiv:0808.3674] [INSPIRE].

[3] A. Cafarella, C.G. Papadopoulos and M. Worek, Helac-Phegas: a generator for all parton
level processes, Comput. Phys. Commun. 180 (2009) 1941 [arXiv:0710.2427] [INSPIRE].

[4] A. Lifson and O. Mattelaer, Improving colour computations in MadGraph5_aMC@NLO and
exploring a 1/Nc expansion, Eur. Phys. J. C 82 (2022) 1144 [arXiv:2210.07267] [INSPIRE].

[5] R. Britto and A. Ochirov, On-shell recursion for massive fermion currents, JHEP 01 (2013)
002 [arXiv:1210.1755] [INSPIRE].

[6] P. Mastrolia, A. Primo, U. Schubert and W.J. Torres Bobadilla, Off-shell currents and
color-kinematics duality, Phys. Lett. B 753 (2016) 242 [arXiv:1507.07532] [INSPIRE].

[7] J.L. Jurado, G. Rodrigo and W.J. Torres Bobadilla, From Jacobi off-shell currents to integral
relations, JHEP 12 (2017) 122 [arXiv:1710.11010] [INSPIRE].

[8] D.A. Kosower, R. Monteiro and D. O’Connell, The SAGEX review on scattering amplitudes.
Chapter 14: classical gravity from scattering amplitudes, J. Phys. A 55 (2022) 443015
[arXiv:2203.13025] [INSPIRE].

– 22 –

https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/0550-3213(88)90442-7
https://doi.org/10.1016/0550-3213(88)90442-7
https://inspirehep.net/literature/252779
https://doi.org/10.1088/1126-6708/2008/12/039
https://arxiv.org/abs/0808.3674
https://inspirehep.net/literature/793879
https://doi.org/10.1016/j.cpc.2009.04.023
https://arxiv.org/abs/0710.2427
https://inspirehep.net/literature/764008
https://doi.org/10.1140/epjc/s10052-022-11078-2
https://arxiv.org/abs/2210.07267
https://inspirehep.net/literature/2165670
https://doi.org/10.1007/JHEP01(2013)002
https://doi.org/10.1007/JHEP01(2013)002
https://arxiv.org/abs/1210.1755
https://inspirehep.net/literature/1189676
https://doi.org/10.1016/j.physletb.2015.11.084
https://arxiv.org/abs/1507.07532
https://inspirehep.net/literature/1385136
https://doi.org/10.1007/JHEP12(2017)122
https://arxiv.org/abs/1710.11010
https://inspirehep.net/literature/1633462
https://doi.org/10.1088/1751-8121/ac8846
https://arxiv.org/abs/2203.13025
https://inspirehep.net/literature/2058023


J
H
E
P
0
3
(
2
0
2
3
)
0
6
8

[9] A. Buonanno et al., Snowmass white paper: gravitational waves and scattering amplitudes, in
the proceedings of 2022 Snowmass summer study, (2022) [arXiv:2204.05194] [INSPIRE].

[10] W.D. Goldberger and A.K. Ridgway, Radiation and the classical double copy for color
charges, Phys. Rev. D 95 (2017) 125010 [arXiv:1611.03493] [INSPIRE].

[11] W.D. Goldberger, S.G. Prabhu and J.O. Thompson, Classical gluon and graviton radiation
from the bi-adjoint scalar double copy, Phys. Rev. D 96 (2017) 065009 [arXiv:1705.09263]
[INSPIRE].

[12] W.D. Goldberger, J. Li and S.G. Prabhu, Spinning particles, axion radiation, and the
classical double copy, Phys. Rev. D 97 (2018) 105018 [arXiv:1712.09250] [INSPIRE].

[13] C.-H. Shen, Gravitational radiation from color-kinematics duality, JHEP 11 (2018) 162
[arXiv:1806.07388] [INSPIRE].

[14] M. Ben-Shahar and H. Johansson, Off-shell color-kinematics duality for Chern-Simons,
JHEP 08 (2022) 035 [arXiv:2112.11452] [INSPIRE].

[15] A. Cristofoli, Gravitational shock waves and scattering amplitudes, JHEP 11 (2020) 160
[arXiv:2006.08283] [INSPIRE].

[16] D.A. Kosower, B. Maybee and D. O’Connell, Amplitudes, observables, and classical
scattering, JHEP 02 (2019) 137 [arXiv:1811.10950] [INSPIRE].

[17] B. Maybee, D. O’Connell and J. Vines, Observables and amplitudes for spinning particles
and black holes, JHEP 12 (2019) 156 [arXiv:1906.09260] [INSPIRE].

[18] L. de la Cruz, B. Maybee, D. O’Connell and A. Ross, Classical Yang-Mills observables from
amplitudes, JHEP 12 (2020) 076 [arXiv:2009.03842] [INSPIRE].

[19] A. Cristofoli, R. Gonzo, D.A. Kosower and D. O’Connell, Waveforms from amplitudes, Phys.
Rev. D 106 (2022) 056007 [arXiv:2107.10193] [INSPIRE].

[20] R. Aoude and A. Ochirov, Classical observables from coherent-spin amplitudes, JHEP 10
(2021) 008 [arXiv:2108.01649] [INSPIRE].

[21] G. Mogull, J. Plefka and J. Steinhoff, Classical black hole scattering from a worldline
quantum field theory, JHEP 02 (2021) 048 [arXiv:2010.02865] [INSPIRE].

[22] G.U. Jakobsen, G. Mogull, J. Plefka and J. Steinhoff, Classical gravitational bremsstrahlung
from a worldline quantum field theory, Phys. Rev. Lett. 126 (2021) 201103
[arXiv:2101.12688] [INSPIRE].

[23] G.U. Jakobsen, G. Mogull, J. Plefka and J. Steinhoff, Gravitational bremsstrahlung and
hidden supersymmetry of spinning bodies, Phys. Rev. Lett. 128 (2022) 011101
[arXiv:2106.10256] [INSPIRE].

[24] G.U. Jakobsen, G. Mogull, J. Plefka and J. Steinhoff, SUSY in the sky with gravitons, JHEP
01 (2022) 027 [arXiv:2109.04465] [INSPIRE].

[25] C. Shi and J. Plefka, Classical double copy of worldline quantum field theory, Phys. Rev. D
105 (2022) 026007 [arXiv:2109.10345] [INSPIRE].

[26] F. Bastianelli, F. Comberiati and L. de la Cruz, Light bending from eikonal in worldline
quantum field theory, JHEP 02 (2022) 209 [arXiv:2112.05013] [INSPIRE].

[27] T. Wang, Binary dynamics from worldline QFT for scalar-QED, arXiv:2205.15753
[HU-EP-22/20] [INSPIRE].

– 23 –

https://arxiv.org/abs/2204.05194
https://inspirehep.net/literature/2065377
https://doi.org/10.1103/PhysRevD.95.125010
https://arxiv.org/abs/1611.03493
https://inspirehep.net/literature/1497494
https://doi.org/10.1103/PhysRevD.96.065009
https://arxiv.org/abs/1705.09263
https://inspirehep.net/literature/1601289
https://doi.org/10.1103/PhysRevD.97.105018
https://arxiv.org/abs/1712.09250
https://inspirehep.net/literature/1644892
https://doi.org/10.1007/JHEP11(2018)162
https://arxiv.org/abs/1806.07388
https://inspirehep.net/literature/1678649
https://doi.org/10.1007/JHEP08(2022)035
https://arxiv.org/abs/2112.11452
https://inspirehep.net/literature/1995079
https://doi.org/10.1007/JHEP11(2020)160
https://arxiv.org/abs/2006.08283
https://inspirehep.net/literature/1801182
https://doi.org/10.1007/JHEP02(2019)137
https://arxiv.org/abs/1811.10950
https://inspirehep.net/literature/1705424
https://doi.org/10.1007/JHEP12(2019)156
https://arxiv.org/abs/1906.09260
https://inspirehep.net/literature/1740902
https://doi.org/10.1007/JHEP12(2020)076
https://arxiv.org/abs/2009.03842
https://inspirehep.net/literature/1815667
https://doi.org/10.1103/PhysRevD.106.056007
https://doi.org/10.1103/PhysRevD.106.056007
https://arxiv.org/abs/2107.10193
https://inspirehep.net/literature/1889544
https://doi.org/10.1007/JHEP10(2021)008
https://doi.org/10.1007/JHEP10(2021)008
https://arxiv.org/abs/2108.01649
https://inspirehep.net/literature/1898379
https://doi.org/10.1007/JHEP02(2021)048
https://arxiv.org/abs/2010.02865
https://inspirehep.net/literature/1821624
https://doi.org/10.1103/PhysRevLett.126.201103
https://arxiv.org/abs/2101.12688
https://inspirehep.net/literature/1844011
https://doi.org/10.1103/PhysRevLett.128.011101
https://arxiv.org/abs/2106.10256
https://inspirehep.net/literature/1869302
https://doi.org/10.1007/JHEP01(2022)027
https://doi.org/10.1007/JHEP01(2022)027
https://arxiv.org/abs/2109.04465
https://inspirehep.net/literature/1919192
https://doi.org/10.1103/PhysRevD.105.026007
https://doi.org/10.1103/PhysRevD.105.026007
https://arxiv.org/abs/2109.10345
https://inspirehep.net/literature/1925220
https://doi.org/10.1007/JHEP02(2022)209
https://arxiv.org/abs/2112.05013
https://inspirehep.net/literature/1986837
https://arxiv.org/abs/2205.15753
https://inspirehep.net/literature/2089887


J
H
E
P
0
3
(
2
0
2
3
)
0
6
8

[28] G.U. Jakobsen, G. Mogull, J. Plefka and B. Sauer, All things retarded: radiation-reaction in
worldline quantum field theory, JHEP 10 (2022) 128 [arXiv:2207.00569] [INSPIRE].

[29] C. Schwinn and S. Weinzierl, Scalar diagrammatic rules for Born amplitudes in QCD, JHEP
05 (2005) 006 [hep-th/0503015] [INSPIRE].

[30] M. Chiodaroli, H. Johansson and P. Pichini, Compton black-hole scattering for s ≤ 5/2,
JHEP 02 (2022) 156 [arXiv:2107.14779] [INSPIRE].

[31] H. Johansson and A. Ochirov, Double copy for massive quantum particles with spin, JHEP
09 (2019) 040 [arXiv:1906.12292] [INSPIRE].

[32] Y.F. Bautista, A. Guevara, C. Kavanagh and J. Vines, Scattering in black hole backgrounds
and higher-spin amplitudes. Part I, arXiv:2107.10179 [INSPIRE].

[33] M.V.S. Saketh and J. Vines, Scattering of gravitational waves off spinning compact objects
with an effective worldline theory, Phys. Rev. D 106 (2022) 124026 [arXiv:2208.03170]
[INSPIRE].

[34] Z. Bern et al., Binary dynamics through the fifth power of spin at O(G2), arXiv:2203.06202
[INSPIRE].

[35] D. Kosmopoulos and A. Luna, Quadratic-in-spin Hamiltonian at O(G2) from scattering
amplitudes, JHEP 07 (2021) 037 [arXiv:2102.10137] [INSPIRE].

[36] G.U. Jakobsen and G. Mogull, Linear response, Hamiltonian, and radiative spinning
two-body dynamics, Phys. Rev. D 107 (2023) 044033 [arXiv:2210.06451] [INSPIRE].

[37] L. Cangemi and P. Pichini, Classical limit of higher-spin string amplitudes,
arXiv:2207.03947 [UUITP-30/22] [INSPIRE].

[38] Y.F. Bautista, A. Guevara, C. Kavanagh and J. Vinese, Scattering in black hole backgrounds
and higher-spin amplitudes. Part II, arXiv:2212.07965 [INSPIRE].

[39] Z. Bern et al., Spinning black hole binary dynamics, scattering amplitudes, and effective field
theory, Phys. Rev. D 104 (2021) 065014 [arXiv:2005.03071] [INSPIRE].

[40] A. Cristofoli et al., The uncertainty principle and classical amplitudes, arXiv:2112.07556
[SAGEX-21-31-E] [INSPIRE].

[41] R. Aoude, K. Haddad and A. Helset, Classical gravitational spinning-spinless scattering at
O(G2S∞), Phys. Rev. Lett. 129 (2022) 141102 [arXiv:2205.02809] [INSPIRE].

[42] A.M. Perelomov, Coherent states for arbitrary Lie groups, Commun. Math. Phys. 26 (1972)
222 [math-ph/0203002] [INSPIRE].

[43] A.M. Perelomov, Generalized coherent states and their applications, Springer (1986)
[INSPIRE].

[44] G. Kaiser, Phase space approach to relativistic quantum mechanics. 1. Coherent state
representation for massive scalar particles, J. Math. Phys. 18 (1977) 952 [INSPIRE].

[45] K. Kowalski, J. Rembieliński and J.-P. Gazeau, On the coherent states for a relativistic
scalar particle, Annals Phys. 399 (2018) 204 [arXiv:1903.07312] [INSPIRE].

[46] N. Ahmadiniaz, A. Bashir and C. Schubert, Multiphoton amplitudes and generalized
Landau-Khalatnikov-Fradkin transformation in scalar QED, Phys. Rev. D 93 (2016) 045023
[arXiv:1511.05087] [INSPIRE].

– 24 –

https://doi.org/10.1007/JHEP10(2022)128
https://arxiv.org/abs/2207.00569
https://inspirehep.net/literature/2104757
https://doi.org/10.1088/1126-6708/2005/05/006
https://doi.org/10.1088/1126-6708/2005/05/006
https://arxiv.org/abs/hep-th/0503015
https://inspirehep.net/literature/677642
https://doi.org/10.1007/JHEP02(2022)156
https://arxiv.org/abs/2107.14779
https://inspirehep.net/literature/1896596
https://doi.org/10.1007/JHEP09(2019)040
https://doi.org/10.1007/JHEP09(2019)040
https://arxiv.org/abs/1906.12292
https://inspirehep.net/literature/1741998
https://arxiv.org/abs/2107.10179
https://inspirehep.net/literature/1889546
https://doi.org/10.1103/PhysRevD.106.124026
https://arxiv.org/abs/2208.03170
https://inspirehep.net/literature/2132766
https://arxiv.org/abs/2203.06202
https://inspirehep.net/literature/2051084
https://doi.org/10.1007/JHEP07(2021)037
https://arxiv.org/abs/2102.10137
https://inspirehep.net/literature/1847792
https://doi.org/10.1103/PhysRevD.107.044033
https://arxiv.org/abs/2210.06451
https://inspirehep.net/literature/2164614
https://arxiv.org/abs/2207.03947
https://inspirehep.net/literature/2107953
https://arxiv.org/abs/2212.07965
https://inspirehep.net/literature/2614944
https://doi.org/10.1103/PhysRevD.104.065014
https://arxiv.org/abs/2005.03071
https://inspirehep.net/literature/1794736
https://arxiv.org/abs/2112.07556
https://inspirehep.net/literature/1990062
https://doi.org/10.1103/PhysRevLett.129.141102
https://arxiv.org/abs/2205.02809
https://inspirehep.net/literature/2077656
https://doi.org/10.1007/BF01645091
https://doi.org/10.1007/BF01645091
https://arxiv.org/abs/math-ph/0203002
https://inspirehep.net/literature/67619
https://inspirehep.net/literature/243773
https://doi.org/10.1063/1.523376
https://inspirehep.net/literature/124446
https://doi.org/10.1016/j.aop.2018.10.014
https://arxiv.org/abs/1903.07312
https://inspirehep.net/literature/1705772
https://doi.org/10.1103/PhysRevD.93.045023
https://arxiv.org/abs/1511.05087
https://inspirehep.net/literature/1404926


J
H
E
P
0
3
(
2
0
2
3
)
0
6
8

[47] N. Ahmadiniaz, F. Bastianelli and O. Corradini, Dressed scalar propagator in a non-Abelian
background from the worldline formalism, Phys. Rev. D 93 (2016) 025035 [Addendum ibid.
93 (2016) 049904] [arXiv:1508.05144] [INSPIRE].

[48] J.P. Edwards and C. Schubert, One-particle reducible contribution to the one-loop scalar
propagator in a constant field, Nucl. Phys. B 923 (2017) 339 [arXiv:1704.00482] [INSPIRE].

[49] N. Ahmadiniaz et al., One-particle reducible contribution to the one-loop spinor propagator in
a constant field, Nucl. Phys. B 924 (2017) 377 [arXiv:1704.05040] [INSPIRE].

[50] A. de Gouvea, V. de Romeri and C.A. Ternes, Probing neutrino quantum decoherence at
reactor experiments, JHEP 08 (2020) 018 [arXiv:2005.03022] [INSPIRE].

[51] O. Corradini and G.D. Esposti, Dressed Dirac propagator from a locally supersymmetric
N = 1 spinning particle, Nucl. Phys. B 970 (2021) 115498 [arXiv:2008.03114] [INSPIRE].

[52] N. Ahmadiniaz et al., Worldline master formulas for the dressed electron propagator. Part 2.
On-shell amplitudes, JHEP 01 (2022) 050 [arXiv:2107.00199] [INSPIRE].

[53] C. Schubert, Perturbative quantum field theory in the string inspired formalism, Phys. Rept.
355 (2001) 73 [hep-th/0101036] [INSPIRE].

[54] K. Daikouji, M. Shino and Y. Sumino, Bern-Kosower rule for scalar QED, Phys. Rev. D 53
(1996) 4598 [hep-ph/9508377] [INSPIRE].

[55] M. Fabbrichesi, R. Pettorino, G. Veneziano and G.A. Vilkovisky, Planckian energy scattering
and surface terms in the gravitational action, Nucl. Phys. B 419 (1994) 147
[hep-th/9309037] [INSPIRE].

[56] F. Bastianelli, F. Comberiati and L. de la Cruz, Worldline description of a bi-adjoint scalar
and the zeroth copy, JHEP 12 (2021) 023 [arXiv:2107.10130] [INSPIRE].

[57] J.P. Edwards and C. Schubert, Quantum mechanical path integrals in the first quantised
approach to quantum field theory, arXiv:1912.10004 [INSPIRE].

[58] F. Bastianelli, R. Bonezzi, O. Corradini and E. Latini, Particles with non Abelian charges,
JHEP 10 (2013) 098 [arXiv:1309.1608] [INSPIRE].

[59] O. Corradini and J.P. Edwards, Mixed symmetry tensors in the worldline formalism, JHEP
05 (2016) 056 [arXiv:1603.07929] [INSPIRE].

[60] H. Kawai, D.C. Lewellen and S.H.H. Tye, A relation between tree amplitudes of closed and
open strings, Nucl. Phys. B 269 (1986) 1 [INSPIRE].

[61] E. Braaten and R.D. Pisarski, Soft amplitudes in hot gauge theories: a general analysis,
Nucl. Phys. B 337 (1990) 569 [INSPIRE].

[62] J. Frenkel and J.C. Taylor, High temperature limit of thermal QCD, Nucl. Phys. B 334
(1990) 199 [INSPIRE].

[63] E. Braaten and R.D. Pisarski, Deducing hard thermal loops from Ward identities, Nucl. Phys.
B 339 (1990) 310 [INSPIRE].

[64] J.C. Taylor and S.M.H. Wong, The effective action of hard thermal loops in QCD, Nucl.
Phys. B 346 (1990) 115 [INSPIRE].

[65] J. Frenkel and J.C. Taylor, Hard thermal QCD, forward scattering and effective actions,
Nucl. Phys. B 374 (1992) 156 [INSPIRE].

– 25 –

https://doi.org/10.1103/PhysRevD.93.025035
https://arxiv.org/abs/1508.05144
https://inspirehep.net/literature/1388891
https://doi.org/10.1016/j.nuclphysb.2017.08.002
https://arxiv.org/abs/1704.00482
https://inspirehep.net/literature/1589249
https://doi.org/10.1016/j.nuclphysb.2017.09.012
https://arxiv.org/abs/1704.05040
https://inspirehep.net/literature/1591687
https://doi.org/10.1007/JHEP08(2020)049
https://arxiv.org/abs/2005.03022
https://inspirehep.net/literature/1794707
https://doi.org/10.1016/j.nuclphysb.2021.115498
https://arxiv.org/abs/2008.03114
https://inspirehep.net/literature/1810586
https://doi.org/10.1007/JHEP01(2022)050
https://arxiv.org/abs/2107.00199
https://inspirehep.net/literature/1874554
https://doi.org/10.1016/S0370-1573(01)00013-8
https://doi.org/10.1016/S0370-1573(01)00013-8
https://arxiv.org/abs/hep-th/0101036
https://inspirehep.net/literature/551914
https://doi.org/10.1103/PhysRevD.53.4598
https://doi.org/10.1103/PhysRevD.53.4598
https://arxiv.org/abs/hep-ph/9508377
https://inspirehep.net/literature/398727
https://doi.org/10.1016/0550-3213(94)90361-1
https://arxiv.org/abs/hep-th/9309037
https://inspirehep.net/literature/357958
https://doi.org/10.1007/JHEP12(2021)023
https://arxiv.org/abs/2107.10130
https://inspirehep.net/literature/1889527
https://arxiv.org/abs/1912.10004
https://inspirehep.net/literature/1772138
https://doi.org/10.1007/JHEP10(2013)098
https://arxiv.org/abs/1309.1608
https://inspirehep.net/literature/1253137
https://doi.org/10.1007/JHEP05(2016)056
https://doi.org/10.1007/JHEP05(2016)056
https://arxiv.org/abs/1603.07929
https://inspirehep.net/literature/1434987
https://doi.org/10.1016/0550-3213(86)90362-7
https://inspirehep.net/literature/217982
https://doi.org/10.1016/0550-3213(90)90508-B
https://inspirehep.net/literature/283717
https://doi.org/10.1016/0550-3213(90)90661-V
https://doi.org/10.1016/0550-3213(90)90661-V
https://inspirehep.net/literature/26486
https://doi.org/10.1016/0550-3213(90)90351-D
https://doi.org/10.1016/0550-3213(90)90351-D
https://inspirehep.net/literature/295635
https://doi.org/10.1016/0550-3213(90)90240-E
https://doi.org/10.1016/0550-3213(90)90240-E
https://inspirehep.net/literature/27804
https://doi.org/10.1016/0550-3213(92)90480-Y
https://inspirehep.net/literature/30813


J
H
E
P
0
3
(
2
0
2
3
)
0
6
8

[66] L. de la Cruz, Scattering amplitudes approach to hard thermal loops, Phys. Rev. D 104
(2021) 014013 [arXiv:2012.07714] [INSPIRE].

[67] L. de la Cruz, Kinetic theories with color and spin from amplitudes, Phys. Rev. D 106 (2022)
094041 [arXiv:2207.03452] [INSPIRE].

[68] A. Luna, R. Monteiro, D. O’Connell and C.D. White, The classical double copy for
Taub-NUT spacetime, Phys. Lett. B 750 (2015) 272 [arXiv:1507.01869] [INSPIRE].

[69] C.D. White, Exact solutions for the biadjoint scalar field, Phys. Lett. B 763 (2016) 365
[arXiv:1606.04724] [INSPIRE].

[70] F.T. Brandt, A.K. Das, J. Frenkel and A.J. da Silva, Retarded Greens functions and forward
scattering amplitudes in thermal field theory, Phys. Rev. D 59 (1999) 065004
[hep-th/9809177] [INSPIRE].

[71] S. D’Onofrio, F. Fragomeno, C. Gambino and F. Riccioni, The
Reissner-Nordström-Tangherlini solution from scattering amplitudes of charged scalars,
JHEP 09 (2022) 013 [arXiv:2207.05841] [INSPIRE].

[72] S. Mougiakakos and P. Vanhove, Schwarzschild-Tangherlini metric from scattering amplitudes
in various dimensions, Phys. Rev. D 103 (2021) 026001 [arXiv:2010.08882] [INSPIRE].

[73] G.U. Jakobsen, Schwarzschild-Tangherlini metric from scattering amplitudes, Phys. Rev. D
102 (2020) 104065 [arXiv:2006.01734] [INSPIRE].

[74] Z. Bern, L.J. Dixon, D.C. Dunbar and D.A. Kosower, Fusing gauge theory tree amplitudes
into loop amplitudes, Nucl. Phys. B 435 (1995) 59 [hep-ph/9409265] [INSPIRE].

[75] Z. Bern, L.J. Dixon, D.C. Dunbar and D.A. Kosower, One loop n point gauge theory
amplitudes, unitarity and collinear limits, Nucl. Phys. B 425 (1994) 217 [hep-ph/9403226]
[INSPIRE].

[76] R. Mertig, M. Bohm and A. Denner, FeynCalc: computer algebraic calculation of Feynman
amplitudes, Comput. Phys. Commun. 64 (1991) 345 [INSPIRE].

[77] V. Shtabovenko, R. Mertig and F. Orellana, New developments in FeynCalc 9.0, Comput.
Phys. Commun. 207 (2016) 432 [arXiv:1601.01167] [INSPIRE].

[78] V. Shtabovenko, R. Mertig and F. Orellana, FeynCalc 9.3: new features and improvements,
Comput. Phys. Commun. 256 (2020) 107478 [arXiv:2001.04407] [INSPIRE].

– 26 –

https://doi.org/10.1103/PhysRevD.104.014013
https://doi.org/10.1103/PhysRevD.104.014013
https://arxiv.org/abs/2012.07714
https://inspirehep.net/literature/1836435
https://doi.org/10.1103/PhysRevD.106.094041
https://doi.org/10.1103/PhysRevD.106.094041
https://arxiv.org/abs/2207.03452
https://inspirehep.net/literature/2107226
https://doi.org/10.1016/j.physletb.2015.09.021
https://arxiv.org/abs/1507.01869
https://inspirehep.net/literature/1381759
https://doi.org/10.1016/j.physletb.2016.10.052
https://arxiv.org/abs/1606.04724
https://inspirehep.net/literature/1469461
https://doi.org/10.1103/PhysRevD.59.065004
https://arxiv.org/abs/hep-th/9809177
https://inspirehep.net/literature/476826
https://doi.org/10.1007/JHEP09(2022)013
https://arxiv.org/abs/2207.05841
https://inspirehep.net/literature/2111258
https://doi.org/10.1103/PhysRevD.103.026001
https://arxiv.org/abs/2010.08882
https://inspirehep.net/literature/1823767
https://doi.org/10.1103/PhysRevD.102.104065
https://doi.org/10.1103/PhysRevD.102.104065
https://arxiv.org/abs/2006.01734
https://inspirehep.net/literature/1798970
https://doi.org/10.1016/0550-3213(94)00488-Z
https://arxiv.org/abs/hep-ph/9409265
https://inspirehep.net/literature/376524
https://doi.org/10.1016/0550-3213(94)90179-1
https://arxiv.org/abs/hep-ph/9403226
https://inspirehep.net/literature/37455
https://doi.org/10.1016/0010-4655(91)90130-D
https://inspirehep.net/literature/28757
https://doi.org/10.1016/j.cpc.2016.06.008
https://doi.org/10.1016/j.cpc.2016.06.008
https://arxiv.org/abs/1601.01167
https://inspirehep.net/literature/1413756
https://doi.org/10.1016/j.cpc.2020.107478
https://arxiv.org/abs/2001.04407
https://inspirehep.net/literature/1775290

	Introduction
	Off-shell currents in the classical limit
	Classical limit à la KMOC
	Relation to WQFT 

	Computing off-shell currents
	Gauge
	Gravity

	Application to hard thermal loops
	Scalars
	Gauge and gravity

	Conclusions
	WFRs for gravity
	Bi-adjoint scalar
	Colored scalars on the worldline

