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REGULARITY OF LIPSCHITZ FREE BOUNDARIES FOR A
p(z)-LAPLACIAN PROBLEM WITH RIGHT HAND SIDE

FAUSTO FERRARI AND CLAUDIA LEDERMAN

ABSTRACT. We continue our study in [FL] on viscosity solutions to a one-phase
free boundary problem for the p(z)-Laplacian with non-zero right hand side.
We first prove that viscosity solutions are locally Lipschitz continuous, which
is the optimal regularity for the problem. Then we prove that Lipschitz free
boundaries of viscosity solutions are C1®. We also present some applications
of our results.

Moreover, we obtain new results for the operator under consideration that
are of independent interest, such as a Harnack inequality.

1. INTRODUCTION AND MAIN RESULTS

In this paper we continue our study in [FL] on a one-phase free boundary problem
governed by the p(z)-Laplacian with non-zero right hand side. More precisely, we
denote by

Apayu = div(|Vu[P®~2vuy),
where p is a function such that 1 < p(z) < 4+o00. Then our problem is the following:

Apyu=f, inQF(u):={zeQ:u(x) >0},

(1.1)
[Vu| =g, on F(u) :=0Q+ (u) N Q.

Here Q € R™ is a bounded domain, p € C(Q) is a Lipschitz continuous function,
feC(Q)NL>®Q) and g € C%(Q)NL>®(Q), g > 0.

This problem comes out naturally from limits of a singular perturbation problem
with forcing term as in [LW1], where solutions to (I.1J), arising in the study of flame
propagation with nonlocal and electromagnetic effects, are analyzed. On the other
hand, (1)) appears by minimizing the following functional

v|P(@)
(1.2) J(v) = /Q (% + Mz) X {v>0y + f(x)v) dz
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studied in [LW3], as well as in the seminal paper by Alt and Caffarelli [AC] in the
case p(z) = 2 and f = 0. We refer also to [LW4], where (LI]) appears in the study
of an optimal design problem.

We are interested in the regularity of both the solutions and the free boundaries
of viscosity solutions of (ILT)). This problem has been already faced in [LW2] for
weak solutions of (L)), with the aid of the techniques developed in [AC].

In the present work we are following the strategy introduced in the important
paper by De Silva [D], that was inspired by [S], for one-phase problems and linear
non-divergence operators. [D] was further extended to two-phase problems in dif-
ferent settings see [DFSI] [DFS2, [DES3]. The same technique was applied to the
p-Laplace operator (p(z) = p in (L)) for the one phase case, with p > 2, in [LR].

In the linear homogeneous case, f = 0, (LI]) was studied for viscosity solutions
in the pioneer works by Caffarelli [C2]. The results in have been widely
generalized to different classes of homogeneous elliptic problems. See for example
[CES| [FSTL [FS2] for linear operators, [AT [F11 [F2] [Fell W1, [W2] for fully nonlinear

operators and [LN1l [LN2] for the p-Laplacian.
We recall that problem (CI]) was originally studied in the linear homogeneous

case in [AC], associated to (L.2)). These techniques were generalized to the linear
case with f # 0 in [GS| [Le]. In the homogeneous case, to a quasilinear uniformly
elliptic situation [ACF], to the p-Laplacian [DP], to an Orlicz setting [MW] and to
the p(z)-Laplacian with p(z) > 2 [FMW]. Finally, (LI with 1 < p(z) < co and
f # 0 was dealt with in [LW2].

In [FL] we proved that flat free boundaries of viscosity solutions to (L] are
O, Here we first prove that viscosity solutions are locally Lipschitz continuous,
which is the optimal regularity for the problem. Then we prove that Lipschitz free
boundaries of viscosity solutions are C1:<.

We devote this sequel to the study of these issues, which brought challenging dif-
ficulties due to the nonlinear behavior of the p(z)-Laplacian and, as a consequence,
we present several novelties that are described in detail below.

Our main results are the following (for notation and the precise definition of
viscosity solution to (ILI]) we refer to Section [2])

Theorem 1.1 (Optimal regularity). Let u be a viscosity solution to (LTl in By.
There exists a constant C' > 0 such that

IVullpe (s, ,,) < C.

Theorem 1.2 (Lipschitz implies C1'®). Let u be a viscosity solution to (L) in
By, with 0 € F(u). If F(u) is a Lipschitz graph in a neighborhood of 0, then F(u)
is C1® in a (smaller) neighborhood of 0.

In addition to the assumptions already stated above, we suppose that there exist
positive numbers pumin, Pmax and o such that 1 < pyin < p(z) < pmax < 00 and
g(z) =70 > 0.

In Theorem [TI] the constant C' depends only on pumin, Pmax, ||vp||Loo(BS/4)7
||f||L°°(B3/4)’ ||9||co,ﬂ(m), B, ||u||Loo(B3/4) and n (the dimension of the space).

In Theorem [[.2] the constant a depends only on puwin, Pmax, 85 [|9llz~(B,), 70 and
n, where p is the radius of the ball B, where F'(u) is Lipschitz. Moreover, the size of
the neighborhood where F'(u) is C1'* depends only on p, pmin, Pmax; IVpllLe(s,),
Ilfllo(B,) ||9||CD,B(37P)7 Y0, B, lull L (B,,,4), » and the Lipschitz constant of F'(u).
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After we develop the necessary tools, Theorem follows from Theorem 1.1 in
—where we proved that flat free boundaries are C1**— and from the main
result in [LNT], via a blow-up argument.

As already mentioned, problem (L)) was faced in [LW2] for weak solutions with
the techniques developed in [AC]. We want to emphasize at this point that the
approach in [AC] for weak solutions gives that flat free boundaries are C1®. Alt
- Caffarelli’s approach does not include the result Lipschitz free boundaries are
Che. One of the consequences of our Theorem is an analogous result for weak
solutions of ([IL1) (see Corollary [T3]).

Among the novelties that our work presents, we also refer to Section Bl where
we prove some auxiliary results that are crucial in the proof of our main theorem.
In that section we revisit some lemmas that are well known in the linear setting
(see [CS] and the Appendix in [C2]), for the case of pp-harmonic functions (i.e.,
Ap,u =0, py € (1,00)). Our results concern the existence of first order expansions
at one side regular boundary points of positive Lipschitz pg-harmonic functions,
vanishing at the boundary of a domain. This part required great effort and passed
through the equivalence of the notions of weak and viscosity solution in the case of
the pg-Laplace operator. Moreover, our proof can be applied to a general class of
fully nonlinear degenerate elliptic operators (see Remark (.2]). We strongly believe
that these results are of independent interest.

We remark that, as was the case in [FL], carrying out, for the inhomogeneous
p(z)-Laplace operator, the strategy devised in [D] required that we develop new
tools. In fact, the p(z)-Laplacian is a nonlinear operator that appears naturally in
divergence form from minimization problems, i.e., in the form divA(z, Vu) = f(z),
with

n

WP O < 3 I0i e e < ApPe2e, € e R
521 O
where 0 < A < A. This operator is singular in the regions where 1 < p(z) < 2 and
degenerate in the ones where p(z) > 2.

Let us stress that the main arguments in the approach introduced in [D] are based
on Harnack inequality. However, Harnack inequality for the p(x)-Laplacian has a
different form from the standard one —still valid for the pg-Laplace operator— even
in the homogeneous case. Namely, Harnack inequality for the inhomogeneous equa-
tion Apyu = f, with f bounded, states that, for any nonnegative weak solution u
in Byg, there exist constants C' > 0 and p > 0 such that

(1.3) supu < C(infu + R+ pR),
Br Br

where C' depends on u, and p depends on || f|| (B, ,) (among other dependencies).
We refer to [Wo] for the the proof and further details on Harnack inequality for the
inhomogeneous p(x)-Laplacian.

The presence of the extra term appearing in the right hand side of ([3]) —
even present when f = 0, in which case ¢ = 0— brought a major difficulty in the
application of the strategy of [D] for problem (L), under a small perturbation
assumption. In order to successfully apply that strategy, we proved a new Harnack
inequality for the inhomogeneous p(z)-Laplacian (Theorem B:2) that is appropriate
for small perturbation settings. Our result roughly says that if || f||- is small and
p(x) is close to a constant pg, then the constant terms appearing in the right hand
side of (3] can be taken small.
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This constitutes a key result in our proof of the nondegeneracy of viscosity
solutions of () with Lipschitz free boundaries, and it eventually leads to our
main Theorem Let us emphasize that, in light of the discussion above on
inequality (3], our Harnack inequality for small perturbation settings is indeed of
independent interest.

Another important matter, not present in other free boundary problems treated
with the present approach, is the a priori control on the dependence on u in the
constant C' appearing in Harnack inequality (I3]). This control is required in order
to perform iteration and blow-up arguments. This same fact made the proof of
Theorem [T much more delicate.

As already mentioned, in Theorem [[.2 we make use of the main result in [LNT].
It is worth noticing that the application of this result to our problem required
nontrivial arguments due to the different notion of solution employed in [LN1] (see
Secton 6, Theorem and Propositions and [6.9]).

Let us remark that, as a by-product of our theorems on the regularity of F'(u), we
get in Corollary [6.6] further regularity results for F(u), under additional regularity
assumptions on the data p, f and g.

We also discuss some applications of Theorem 1.1 in and Theorem [[.2] in
the present paper (see Section B and, in particular, Remark [B4)).

Let us mention as well that our results in Sections [ and [ are new even for
p(z) = po, with py a constant.

We finally point out that the p(z)-Laplacian is a particular case of operator with
nonstandard growth. Partial differential equations with nonstandard growth have
been receiving a lot of attention due to their wide range of applications. Among
them we mention the modeling of non-Newtonian fluids, for instance, electrorheo-
logical [R] or thermorheological fluids [AR]. Other applications include non-linear
elasticity [Z1], image reconstruction [AMS] [CLR] and the modeling of electric con-
ductors [Z2], to cite a few.

Our work is organized as follows. In Section [2] we provide notation and basic
definitions. We also recall the relationship between the different notions of solutions
to Apgyu = f we are using. In Section [3] we obtain a Harnack inequality for the
inhomogeneous equation Apyu = f (Theorem B.2) that is appropriate for small
perturbation settings. Next, in Section [ we prove the local Lipschitz continuity
of viscosity solutions of ([LI), Theorem [Tl We then show the nondegeneracy of
these solutions under the additional assumption that F(u) is a Lipschitz graph.
In Section Bl we obtain a result on asymptotic developments of positive Lipschitz
po-harmonic functions at one side regular boundary points that we use in Theorem
and in Section [l Then, in Section [Gl we prove our main result, Theorem
In Section [ we discuss some consequences, and finally, in Section [§] we present
some applications of our results. For the sake of completeness, in Appendix [A] we
introduce the Sobolev spaces with variable exponent, which are the appropriate
spaces to work with weak solutions of the p(z)-Laplacian. We conclude the paper
with Appendix [Bl where we include a Liouville type result that we use in our main
theorem.

1.1. Assumptions. Throughout the paper we let 2 C R" be a bounded domain.

Assumptions on p(z). We assume that the function p(x) verifies

peCHR), 1< pmin<p(@) < Pmax <00,  Vpe L¥(Q),
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for some positive constants pyin and pmax.

Assumptions on f. We assume that function f verifies

fec(Q)nL=9).

Assumptions on g. We assume that the function ¢ verifies
ge ™ (NLE(Q),  glx) =7 >0,

for some positive constants 0 < 5 < 1 and ~p.

2. BASIC DEFINITIONS, NOTATION AND PRELIMINARIES

In this section, we provide notation, basic definitions and some preliminaries
that will be relevant for our work.

Notation. For any continuous function v : 2 C R® — R we denote
(2.1) QF(u) = {z € Q:u(z) > 0}, F(u) :== Q" (u) N Q.

We refer to the set F'(u) as the free boundary of u, while Q% (u) is its positive phase
(or side).
Throughout the paper, when we say that F(u) is Lipschitz we are assuming that

QO (u) = {z = (2/,20) € Q: 2, > P(2)},

in an appropriate coordinate system, with 1 Lipschitz on R"~!,

We begin with some remarks on the p(x)-Laplacian. In particular, we recall the
relationship between the different notions of solutions to A, u = f we are using,
namely, weak and viscosity solutions. Then we give the definition of viscosity
solution to problem (1) and we deduce some consequences. We here refer to the
usual C-viscosity definition of sub/supersolution and solution of an elliptic PDE,

see e.g., [CIL].

We start by observing that direct calculations show that, for C? functions u such
that Vu(z) # 0,

Apipyu = div(|Vu[P®=2Vy)
= |Vu(2)P@ 7% (Au+ (p(z) — 2)ALu + (Vp(x), Vu(z)) log | Vu(z)]) ,

where

Vu(z)  Vu(z) >
Vu@)] ' V(@)
denotes the normalized oco-Laplace operator.

We also deduce that

(2.2)
[Vu@)P) 2 (Mj, 2, (D?u(2)) + (Vp(), Vu(2)) log |Vu(z))

ANy = <D2u(x)

< Ay < [Vu(@)PO 2 (MY, 4, (D?u(x)) + (Vp(), Vu(x)) log [Vu(w)])
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where, \p := min{1, pmin — 1} and Ag := max{1l, pmax — 1}. As usual, if 0 < A < A
are numbers, and e; is the ¢—th eigenvalue of the n x n symmetric matrix M, then
M7, and M7 , denote the extremal Pucci operators and are defined (see [CC]) as

MIAM) =23 et A D e

(2 3) e; <0 e; >0
M;A(M) =A Z e; + A Z €;.
e;<0 e; >0

First we need (see Appendix [Al for the definition of Sobolev spaces with variable
exponent)

Definition 2.1. Assume that 1 < pmin < p(2) < pmax < 00 with p(z) Lipschitz
continuous in © and f € L*°(Q).

We say that u is a weak solution to A
every ¢ € C§°(Q), there holds that

—/ |Vu(:v)|p(m)_2Vu-chd;v=/cpf(x)dx.
Q )

We recall the following result we proved in (see [FL], Theorem 3.2)

yu = fin Qif u € WHP1)(Q) and, for

p(z

Theorem 2.2. Let p and f be as in Definition 21l Assume moreover that f €
C(Q) and p € C1(Q).
Let u € WHPO(Q) N C(Q) be a weak solution to Apyu = f in Q. Then u is a

viscosity solution to Apyu = f in Q.

Remark 2.3. We point out that the equivalence between weak and viscosity so-
lutions to the p(z)-Laplacian with right hand side f = 0 was proved in [JLP]. On
the other hand, this equivalence, in case p(x) = p and f # 0 was dealt with in [JJ]

and [MO]. See also [JLM] for the case p(z) = p and f = 0.

We need the following standard notion.

Definition 2.4. Given u,p € C(Q), we say that ¢ touches u from below (resp.
above) at zg € Q if u(zg) = ¢(x0), and
u(z) > o(x) (resp. u(xz) < (x)) in a neighborhood O of .
If this inequality is strict in O \ {zo}, we say that ¢ touches u strictly from below
(resp. above).
Definition 2.5. Let u be a continuous nonnegative function in 2. We say that u
is a viscosity solution to (1) in €2, if the following conditions are satisfied:
(i) Apyu = fin QF (u) in the weak sense of Definition 211
(ii) For every ¢ € C(), ¢ € C?*(Q+(p)). If p* touches u from below (resp.
above) at xg € F(u) and V(xg) # 0, then

V(o) < g(xo) (vesp. > g(xo)).

Next theorem follows as a consequence of our Theorem

Theorem 2.6. Let u be a viscosity solution to (L1l) in Q. Then the following
conditions are satisfied:

(1) Apyu = f in QF(u) in the viscosity sense, that is:
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(ia) for every ¢ € C*(2F(u)) and for every xo € QF(u), if ¢ touches u
from above at xo and Vo(xo) # 0, then Ay ¢(20) > f(x0), that is,
u 1§ a viscosity subsolution;

(ib) for every ¢ € C*(Q*(w)) and for every xo € QT (u), if ¢ touches u
from below at xo and V(xg) # 0, then Ay @(xo) < f(x0), that is,
u 1S a viscosity supersolution.

(ii) For every ¢ € C(Q), ¢ € C*(Q+(p)). If pT touches u from below (resp.
above) at xo € F(u) and V(xg) # 0, then

[Ve(xzo)| < g(xo)  (resp. = g(w0))-

Remark 2.7. If p(x) = p or f =0, then any function satisfying the conditions of
Theorem [2.0] is a solution to (II]) in the sense of Definition (see Remark [23)).

We introduce also the notion of comparison sub/supersolution.

Definition 2.8. We say that v € C'(f2) is a strict (comparison) subsolution (resp.
supersolution) to (L)) in Q if v € C?(Q*(v)), Vv # 0 in QF(v) and the following
conditions are satisfied:

(1) Ap@yv > f (resp. < f) in QF(v);

(i) If xp € F(v), then

|Vu(zo)| > g(wo) (resp. [Vu(xo)| < g(wo))-

Notice that by the implicit function theorem, according to our definition, the
free boundary of a comparison sub/supersolution is C?.

As a consequence of the previous discussion we have

Lemma 2.9. Let u be a viscosity solution to (L)) in Q2. Ifv is a strict (comparison)
subsolution to (L)) in Q and v > v in Q thenu > v in Q1 (v)UF(v). Analogously,
if v is a strict (comparison) supersolution to (L)) in Q and v > u in Q then v > u
in QF(u) U F(u).

Notation. From now on B,(z) C R" will denote the open ball of radius p centered
at xo, and B, = B,(0). A positive constant depending only on the dimension n,
Pmin, Pmax Will be called a universal constant. We will use ¢, ¢; to denote small
universal constants and C', C; to denote large universal constants.

3. A HARNACK INEQUALITY FOR A, u = f

In this section we prove a Harnack inequality for A, yu = f, under a small
perturbation assumption (Theorem [32)).
We first prove

Lemma 3.1. Assume that 1 < pmin < p(2) < Pmax < 00 with p(x) Lipschitz
continuous in By and ||Vp|lp~ < L, for some L > 0. Let py be such that pmin <
Po S Pmax and f S LOO(BI)
Let u € WHPO)(By) N L>®(By) be a nonnegative solution to
Ap(m)u = f m Bl,
with ||u|| e,y < M, for some M > 0.
Given n > 0, there exists £g = £o(1), Ny Pmin, Pmax, M, L) > 0 such that if

fllL=(B1) <€ llp = pollLe=(m,) <&
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with € < €q, then

(3.1) [lu = woll Lo (By,4) < 15
for a suitable ug € W'>°(Bj3,4) nonnegative solution to
(32) APDUO =0 n B3/4.

Proof. Let us suppose by contradiction that there exist 19 > 0 and a sequence
of nonnegative functions us, € WP+()(By) N L>®(B;) with puin < pe(r) < Pmaxs
Vprlle < L, [Jug||L(p,) < M, such that

)

e

1
il < 20 e = pollzee s, <

Apk(w)uk = fk in Bl,
and such that
lluk — vl|Loe (By,4) = N0
for every v € Wl’OO(Bg/4) nonnegative solution to A, v =0 in Bg 4.
Then, by Theorem 1.1 in [Fa] we obtain that
||uk||cl’a(m) <C with 0O<a<l,

where C' and « depend only on n, pmin, Pmax, L and M. Therefore, there is a
function ug € CH*(Bs,4) such that, for a subsequence,
up —ug and  Vup — Vug uniformly in Bz 4.
Since
fr—0 and pp — po uniformly in By,
it follows that ug € W1>°°(B3/4) is a nonnegative solution to
APOUO =0 in B3/4
and thus,
0 <mno < |Jug — uollL=(B,,,) — 0,

which gives a contradiction and concludes the proof. 0
As a consequence we get

Theorem 3.2. Assume that 1 < pmin < p(2) < pmax < 00 with p(x) Lipschitz
continuous in Q and ||Vpllp~ < L, for some L > 0. Let pg be such that pmin <
P0 < Pmax and f € L®(Q). Let zg € Q and 0 < Ry < R < Ry such that
BR(I()) c Q.

Let u € WP (Bg(x0)) N L®°(Bgr(x0)) be a nonnegative solution to

AZD(I)U’ = f in BR(xO)v

with ||u|| Lo (Bp(z0)) < M, for some M > 0.
Given o > 0, there exist positive constants e1 = £1(0, N, Pmin, Pmax, M, L, R1, R2)
and C = C(n, Pmin; Pmax) Such that if

(3.3) 1fllLo(Br(zo)) < & [P = pollLo(Br(zo)) <&
with € < &1, then
(3.4) sup u<C inf wu+o.

Brys(zo) Br/2(0)
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Proof. We assume without loss of generality that zy = 0.

Case I. Suppose first that R = 1.

We let 7 > 0 to be precised later. We now take g9 = £¢(1), 7, Dmins Pmax, M, L)
given by Lemma [3Jl Then, if (B3) is satisfied with & < £, there holds &1]), for a
suitable ug € W' (Bs,4) nonnegative solution to (B2).

By Harnack’s inequality (Theorem 1.1 in [T]), there exists a positive constant
C' = C(n, Pmin, Pmax) such that

sup ug < C inf wuyg.
By/2 Bi/2

Since ||u — uo||p~(B,,,) < 1, we obtain
sup u < sup ug +n < C inf ug+1n
B2 By Biyz
< C inf u—l—(C—Fl)ngCénf u+ o,

1/2 1/2
if we choose 7 such that (C'+ 1)n < 0. So B4) follows if [B.3)) is satisfied with
£ S 507 where 50 = 50(07n7pmin7pmaxa M7 L)
Case II. We now assume that 0 < R; < R < 1 and consider @(z) = @. Then,
u € WHPO(By) N L*°(By) is a nonnegative solution to

Af(w)ﬁ e f_ in By,

p

with ||| (5,) < M, where p(z) = p(Rz), |Vp|r~ < L, f(z) = Rf(Rz) and

||f_||L°°(Bl) < fllze(Br) < & I[P — pollze(By) = [IP — Pollo=(BRr) <€,
for e < &y, with &y = &0(0, 1, Prmin, Pmax; M, L) chosen as in Case I, we get

sup u < C inf u + o.
B2 Bi/2
That is,
sup u < C inf v+ Ro < C inf u+ 0.

Br/2 Brj2 Bry2
Hence we get B.4), if (B3) is satisfied with ¢ < e1(0, 7, Pmin, Pmax, M, L, R1).

Case III. Finally, if we assume that 0 < Ry < R < R, we proceed as in Case IT
and we obtain the desired result with 1 = £1(0, 1, Pmin, Pmax, M, L, R1, R2). O

4. LIPSCHITZ CONTINUITY AND NONDEGENERACY

In this section we prove Theorem [Tl which gives the optimal regularity for
viscosity solutions to (L)), i.e., the local Lipschitz continuity. We also prove that
if F(u) is a Lipschitz graph, then viscosity solutions to (1) are nondegenerate.

We recall the following result we proved in [FL]

Lemma 4.1. Let g € By and 0 < 71 < 72 < 1. Assume that 1 < pmin < p(x) <
Pmax < 00 and ||[Vp|/re < ', for some 0 < 6 < 1. Let ¢; and cy be positive
constants.

There exist positive constants v > 1, ¢ and €9 such that the function

w(z) = er|lz — xo| 7 — co,
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satisfies, for 71 < |z — xo| < T,
Ap(m)w >¢, for 0<e<eg.
Here Y= '-Y(n;pminvpmax); c= E(pminypmaxa Cl) and €0 = EO(n;pminypmaX; 'Fl; Cl)-

Proof. See Lemma 4.2 in . O

We will now prove two key estimates for viscosity solutions to ([LI). Estimate
(#2) will imply that viscosity solutions are locally Lipschitz continuous (see The-
orem [[T)). If F(u) is a Lipschitz continuous graph, we also obtain estimate (@3],
which gives the nondegeneracy of u close to F'(u).

We will use the notation p’, = supg p and p” = infp p, for r > 0 (see [Wa]).

Proposition 4.2. Let pmin < po < Pmax and 0 < v0 < go < [|gllpe(By). Let u
be a wiscosity solution to (1)) in By such that 0 € F(u). There exists a constant
0 < € <1 such that if
(4.1)
[fllLemsy <& llg = gollie(s) <& IVDllLe(ny) <& llp—pollLeem,) <&,
then
(4.2) u(x) < Codist(x, F(u)), =€ Bi"/2(u).

Assume moreover that F(u) is a Lipschitz continuous graph in Bs. Then

(4.3) codist(z, F(u)) < u(x), =€ Bf (u).
p3/27p3/2
The constants €, ¢y and Cy depend only onn, Pmin, Pmax, ||g||L°°(B2) and ||U||Lto(33;2)7

where pi/Q = supg, , P and pi/Q = infp, , p. The constants € and co depend also

on the Lipschitz constant of F(u) and on vy, and the constant py depends only on
the Lipschitz constant of F(u).

Proof. Without loss of generality we will assume that go = 1. We let zg € BI”/2 (u)
and we denote d = dist(xo, F'(u)). We consider the rescaled function

(4.4) i(z) = YT+ dz).
d
Then @ is a viscosity solution to (I} with right hand side f(x) = df (zo + dz),
exponent p(z) = p(xg + dz) and free boundary condition g(z) = g(z¢ + dx). Since
d <1, the assumptions (@] hold for the rescaled functions in Bs,.
In particular, @ is well defined in the ball By, with @ > 0 in By, and it satisfies
the equation

(4.5) Aﬁ(m)’ﬁ = f in Bl.
We will show that
(4.6) co < u(0) < Co,

for suitable universal constants Cop, ¢ > 0.

Step I: Upper bound. Let us prove the upper bound in (£6]). We will argue by
contradiction, assuming that @(0) > Cp, with Cy > 1 to be precised later.

We will use a barrier like the one considered in Lemma[1] in the annulus B \ B,
with r suitably chosen.
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We are going to fix 0 < r < 1 in a universal way, keeping in mind the particular
form of Harnack’s inequality for the p(z)-Laplacian (see Theorem 2.1 [Wo]). In fact,
since there holds (£H), it follows from [Wo| that there exists a positive constant
C'y such that

(4.7) sup@ < Cpr(inf a+ r (| fl| o ™77 + 1),

r

if r < 1. Using that [£]] - < 1 and ||V5||,- < 1, we obtain that the constant

~dr _ =Ar
Cy depends only on 7, pmin, Pmax and ||11||Lto(§4’r), where p{” = supp, p and

P =infp,, P
‘We now notice that
o 4 1\PY 7Y
(4.8) ey < e (5) ,
(4.9) ﬁir —-pr < ||V13||Loo(B4T)8T < d||Vp||Loo(Bd(m0))2 < 2d,
and also

(4.10) ﬁff —p* = sup p(xo+dx) — inf p(zo+dr) < sup p— inf p.
z€By, x€Bay Ba(zo) Ba(wo)

Then, from [@.8)), (@.9) and [@.I0) and using that By(zo) C Bs/2, we conclude that

B ﬁ4r7ﬁ47r 3/2 7p7/2
@l h,) < emax {1, Jlullfgr ) b,
here ¢ = )27 82— d p*? = inf
where ¢ = sup,c 1) (3) P =supp, , p and p”'~ = infp, , p.
Hence, from 7)) and the fact that || f||,« < 1, we deduce that for every z € B,
u(0
(4.11) u0) _ 2r <infa < a(x).
H B,
We now fix 7 = min{g, ﬁ}, and using that a(0) > Cy > 1, we get from [E.II])
_ w(0) —
>80 LB,
a(x) > 50 x
Next let

w(z) = 2|77 -1,
where we fix ¥ = ¥(n, Pmin, Pmax) > 1 given in Lemma [T}
We denote

(4.12) G(z) = Cw(z) = C(|z|77 = 1)
in By \ B, where we fix C = C(r,v) > 0 in such a way that G =1 on 9B,
Let

G(z) = kG(z) = kC(|z|7" — 1), where k = &.
2CH

Recalling that a(z) > 2—) > %o in B, we get
0= G, on 8B1,

(4.13) X .

u>k=G, on 0B,.

We claim that

(4.14) A
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if € is suitably chosen.
In fact, by Lemma 1] we know that

Aﬁ(m)é >c¢ in By \ Br,

with ¢ = &(Pmin, Pmaxs &, C), if & < &0(1, Prain, Pmax, 75 k, C), since || Vp||p~ < &. So,
if we let £ <, then ||f]|z~ < & That is, (@Id) holds.

Then, from ([5), @I4) and [@I3), we conclude that @ > G'in By \ B,., with G €
C? and VG # 0 in that set, and G touches @ from below at some z € 9By N F(1).
Then

CQ’}/C
2Cy "’

so we obtain a contradiction if we choose Cy = max {1, 8$—5’} Hence [@.2) follows.

. C
2>14£>§(z) > |VG(2)| = ﬁwa(m =

Step II: Lipschitz estimate. From ([@2]) we deduce that u is Lipschitz continuous
in By /4, with a Lipschitz constant depending only on n, pmin, Pmax and Cy. In fact,
this can be seen with similar arguments as those in Theorem [ Step III. When
estimating the Lipschitz constant, we use that, in the present case, ||f||z~(p,) <
£<1and ||Vp||Loo(32) <e< 1.

Step III: Lower bound. Now we assume that F'(u) is a Lipschitz continuous graph
in By. Without loss of generality we assume that F(u) is a Lipschitz graph in the
direction e, with Lipschitz constant 1. We want to prove that @ given by (£4)
satisfies the lower bound in (4.0]).

We assume moreover that our point z € BY/Q (u) belongs to B, with pg < 1/5.
Then, d = dist(zo, F(u)) < po < 1/5 so @ is well defined in the ball Bs.

Taking additionally py < 1/24, we also obtain from the previous step that @
is Lipschitz in Bj, with Lipschitz constant depending only on 7, pmin, Pmax and
Co. Moreover, since there exists £ € 0By N F(a), ||t||p~(p,) depends only on the
Lipschitz constant of 4 in Bs.

Let us point out that also in this part of the proof we need to use more delicate
arguments than those in [D]. Thus, we first remark what does not change. Since
F(a) is a Lipschitz continuous graph, then {@& > 0} is a NTA domain, see [JK].
This fact implies that for every couple of points d-away from F(u) in {@ > 0} such
that they are contained in a ball of size M4, there exists a Harnack chain of balls,
whose length is of order M, contained in the domain, connecting the two points. In
other words, there exist k balls in {@& > 0} of radius comparable to § (k depending
only on M), such that consecutive balls intersect, connecting the two points.

As a consequence we will show that, in the present case, we can apply a suitable
Harnack inequality (Theorem [B.2]) at each ball, and this will allow us to estimate
the value of o at the first point with the value of @ at the last one, times a universal
constant, provided ([T holds, for appropriate é.

We start by considering, for n > 0,

G(z) =n(1 — G(z)), inBi\B,

where G, as well as the constants 7, v and C, are defined as in @12).
We observe that, VG # 0 in By \ B, and, on 0B,

VG| = 3C|Vw| = nCyr='77,
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then we can choose n = n(r,~), so that
~ 1
VG| < 5 <1—¢ ondB,,

if € < % Now, since

(4.15) Ap)G = =By (nG),  nGlx) = nC(l2| ™ = 1),
we can apply Lemma [£I] once more and deduce that
(416) A;ﬁ(m) (nG) Z ¢ in Bl \BT,

with ¢ = é(pminapmaxﬂ]a C), if € < €o(n, Pmins Pmax, 7,1, C), since ||[Vp|[L= < €. So,
if we let & < ¢, then ||f|[z(B,) < ¢ and therefore, from ([@IT) and {IG), we get

Aﬁ(z)é < —||fllz=(ms) in Bi\ B.

That is, G is a strict supersolution to the rescaled free boundary problem in
B1 \ BT.

Next, observe that from the assumptions we made, F(@) is a Lipschitz graph in
the direction e, with Lipschitz constant 1 and consider the function

Gz + 4ey)

in By (—4e,)\B,(—4e,), which is a strict supersolution of our rescaled free boundary
problem. There holds that G(z + 4e,) > 0 as well as G(z + 4e,) > a(z) in
B(—4ey,) \ B(—4ey,), since @ = 0 in By (—4ey,).

Now we move back the graph, by a translation depending on ¢ > 0, until the
graph of the function

Glz+@A—te,): —(4—t)e, +(B1\ B,) = R
touches the graph of @. Let say that the contact happens when ¢ = t* at a point 2z

such that @(2) = G(Z + (4 — t*)en).

Since G(z + (4 — t*)ey)) is a strict supersolution to the rescaled free boundary
problem, recalling the comparison result (see Lemma[Z0]), we conclude that G (z+
(4 —t*)e,) cannot touch @ from above at the common free boundary sets, neither
at interior of the annulus.

Then the contact point Z belongs to —(4—t*)e, +0B;. As a consequence ) = 4(z)
and d = dist(Z, F(@)) < 1. Since @ is Lipschitz continuous with universal constant,

then n = a(2) < Cd so that
(4.17) Clp<d<i.

Hence, from ([@IT) and by applying the cited result on NTA domains, we know
that we can construct a Harnack chain connecting 0 and Z, and the length of this
chain, let us say m, is bounded by a universal constant.

That is, we have balls By, (x;) with radius r; comparable to 1, Ba,, (x;) C {t@ > 0},
0<i<m,z0=0,2,==2and y; € By,_,(x;—1) N By, (x;), for 1 <i <m.

We can now apply Theorem B2 to @ at every ball Bs,,(x;). That is, given 0 > 0
there exist £; = &1 (o) and C* universal such that if ||f—po||z < & and || f||p~ <&,
with € < e, then

(4.18) sup 4 <C* inf d+o.
By, (x4) By, (zi)
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For the application of Theorem we need to recall that |[a|| e p,) < M, with
M universal.
Now, ([AI]) implies that for any z,y € By, (x;),

cifx) — co < aly),

1

where we have denoted ¢ = oLk

Then, we obtain
ctu(yr) — co < a(xo),

ct(yit1) — co < u(yi), 1<i<m-1,
and
(X)) — co < U(ym)-
Then, iterating we deduce

m—+1
" i(xy,) — o Z ¢ < a(xo).
j=1

Thus, since g = 0 and x,,, = Z, we have

1 1—cmtt L mil
" a(z) — 0017 =c"Ma(z) - o E ¢ < a(0).
—c
j=1
. _omtl .
Hence denoting ¢; = ¢™*! and ¢y = ¢4 1~ We obtain

c1n —oce = 1u(Z) — oca < @(0),

where ¢; and ¢y are universal constants. Now we fix ¢ universal,

_an
262 '
In this way we conclude that
- 11 17
0) > - ==
a(0) 2 e = = 5
if ||5 = pollze < [[p = pollLoe(p,) < & and ||f|lzee < ||f[lLoe(my) < & with & < 1(0).
Since 7 is universal as well, we have finished the proof. O

From Proposition [£2] we can now obtain the proof of Theorem [L.11
We recall again the notation we use: p} = supp p and p” = infp, p, for r > 0.

Proof of Theorem I3l Let u be a viscosity solution to (II)) in By. We will
divide the proof into several steps.
Step I. Let us fix zo € Bs s N F(u). For 0 < p < %, we consider the function
1
u(x) = ;u(zo +px), =€ Bs.

Then 4 is a viscosity solution to (ILI)) in Bz, with right hand side f(x) = pf (20 +
px), exponent p(z) = p(zo + px) and free boundary condition g(z) = g(zo0 + pz).
Moreover, 0 € F(u).

Let us see that we can apply the first part of Proposition .2 to w, if p is suitably
chosen.
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For that purpose, let us first show that the constants appearing in that propo-
sition can be taken independent of p. More precisely, we want to find a bound
independent of p for

/_p/2

i _3/2 = =3/2 L e o

||u||L°°(Bg/) where  p/ =Smwp, P- —églip.
In fact, we have

PR /2 _p3/? IR

(4.19) allz 5, ) < Nl Bl/s<zo>>( ) :
and

_3/2 _3/2
(4.20) P <3|Vl oo (B,,0) < 30 VPl oo (B, 4 (20))-

Then, from (@I9) and [@20), we conclude that

3/2 ,3/2

||u||Lw(; 3/2) <C= O(”u”Loo(Bl/g(Z())) ||vp||L°°(Bl/8(zU)))'

It follows that in order to apply the first part of Proposition 4.2l to u we can
take the constants € and C in that proposition depending only on n, Pmin, Pmax,

||u||L°°(Bl/g(z0))7 ||VP||Loo(Bl/S(ZO)) and ||g||L°°(Bl/g(z0))-
Then, if p is small enough, there holds in By

|F @) < FllLe (B, s(z0)) P < &
19(x) = g(20)| = [9(20 + p) — g(20)| < 2[g]co.5(B, (20)) p’<é
V(@) < [VpllLee (B, 5(20)) P < €
[p(x) — p(20)| = [p(20 + pz) — P(20)| < 2[|VD||Lo(B, )5(z0)) P < €

Hence, if p < pg, po depending only on &, ||f||LOO(Bl/8(z0)), [g]co,ﬁ(Bl/s(ZO)), B and
||vp||L°°(Bl/8(z0))7 then u satisfies

a(x) < Codist(z, F(u)), =ze€ Bfm(’)
Step II. We deduce from the previous step that for every 29 € Bs/s N F'(u) there
holds
(4.21) u(z) < Codist(z, F'(u)), x € By, (20) N{u > 0},

forCop >0and0 < p; < % constants depending only on 7, Prmin, Pmax; ||u||Loo(BS/4)7
||Vp||L°°(B3/4)a [ f1lzoe (Bs,4)s ||g||co,ﬁ(m) and f3 (here we have used that By /3(20) C
By for every zp € By s N F(u)).

Step III. Let xg € B1/2( u) such that dist(zq, F(u)) < p1/2. We will show that

(4.22) [Vu(zo)| < C1,
for Cy > 0 universal.
In fact, we denote dy = dist(zo, F(u)) and we define a(x) = diou(;vo + dox).
Then, since By, (zo) C {u > 0},
Apyl = f in By,

with f(z) = dof(zo + doz) and p(z) = p(zo + doz) and therefore,
(4.23) ||V75||LOO(BI) < ||Vp||L°°(Bd0(m0))’ ||f||L°°(Bl) < ||f||L°°(Bd0(m0))'
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Since dy = dist(zo, F'(u)), there exists zo € F(u) such that |z¢g — 29| = dp and
recalling that dy < 1/8 we see that zo € Bs/s N F(u).
Also By, (z0) C Baay(20) C By, (20). Then (£.21)) yields

u(z) < Codist(x, F(u)) in Bg,(xo).
Moreover, if & € By, (o),
dist(z, F(u)) < |z — 20| < 2dy

and then,
u(z) < Codist(x, F(u)) < Co2dy  in By, (o)

which implies

_ 1
(4.24) @l oo 5,y = d_0||u||L°°(Bd0(zo)) < 2C0.

Hence, from Theorem 1.1 in [Fa] we deduce that @ € C*(B; /5) and IVi|| L= (B, ) <
(4. Taking into account (23] and ([@24]), we obtain that the constant C; > 0 can
be taken depending only on n, pumin, Pmax, ||Vp||Lm(BS/4), ||f||Loo(Ba/4) and Cp. It
follows that

[Vu(zo)| = [Va(0)] < C,
which proves (£22).

Step IV. Let xy € Bfm(u) such that dist(zg, F'(u)) > p1/2. We will show that

(4.25) [Vu(zo)| < Cs,

for Cy > 0 universal.
In fact, there holds that B, /5(x0) C {u > 0} and then,

Ap(w)u = f in Bp1/2($0)-

Now Theorem 1.1 in [Fa] implies that v € C"*(B,, j4(x0)) and IVullpe(B,, ju(zo)) <
C5, where Cy > 0 is a constant that can be taken depending only on n, pmin, Pmax,
||u||Loo(Ba/4)7 ||Vp||L°°(B3/4)’ ||f||Loo(B3/4) and p;. This proves [@25) and completes
the proof. O

5. ASYMPTOTIC EXPANSIONS

In this section we revisit some lemmas that are well known in the linear setting
(see [CS] and the Appendix in [C2]), for the case of pp-harmonic functions (i.e.,
Apyu =0, po € (1,00)). Our results —that are used in Theorem [[2] and Section
[— concern the existence of first order expansions at one side regular boundary
points of positive Lipschitz pp-harmonic functions, vanishing at the boundary of a
domain. The proof can be applied to a general class of fully nonlinear degenerate
elliptic operators (see Remark [(5.2)).

For the notion of solution we refer to Definition [Z1] and Remark [Z3l Our result
is the following

Lemma 5.1. Let 1 < pg < oo and let u be a positive Lipschitz po-harmonic function
in a domain Q C R™. Let o € 082 and assume that u vanishes continuously on
QN B,(xg), for some p > 0.
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(a) If there exists By(y) C § such that o € 0B(y), then
u(z) = alz — x9,v)" + o(|x — o),
in the ball B(y), with « >0 and v = ‘z:iz‘.
(b) If there ezists a ball B,(y) C Q° such that xo € 0B, (y), then
u(z) = Blz — x0,v)" + o(|z — zol),
with 8> 0 and v = IiEIZ\' In addition, if 8 > 0, then B, (y) is tangent to
o at xg.

Proof. We will assume, without loss of generality, that o = 0, v = e, and p > 1.
We will let \g := min{1,pg — 1} and Ay := max{1,py — 1}.
We define
o u xeQn B_l,
(5:1) “_{o v e QB
Hence @ is Lipschitz in B;. To simplify the notation we will denote @ as u.
Case (a). Let h be the solution of
M;(),AO(DQh) =0, Br(y) \Br/Q(y)
h=0, on 0B.(y)
h= minm(y) u, on 0B, /5(y).

Let h = ming— ., uin B, 2(y) and h = 0in BE(y). Then, h > 0, h € C*(B,(y) \ B,2(y)),
see [CC], and
(5.2) h(z) = ez} + o(|z]), ¢>0.

In addition, recalling [2:2), we have in B,(y), in the viscosity sense,

Vu(z) Vu(z)
Vu(@)] [Vu(@) >)

0= Ay u(z) = |Vu(z)Po2 (Au + (po — 2)(D?u(x)

> [Vu(@) P72 My, 4, (D?u(x)).

Hence, applying Lemma 6 in [IS], we conclude that M, (D?u(z)) < 0, in the
viscosity sense, in B,.(y). Since u > 0 in B, (y), we deduce that v > h in B, (y). We
define now
ag =sup{m: u(z) >mh(z), BiNDB.(y)}
and for £k € N
ap =sup{m: u(x) >mh(z), By-xNB.(y)}.

In particular these sets are well defined and not empty, since m = 1 belongs to all
of them. The sequence {ay }ren is increasing and bounded because u is Lipschitz.
Let

a= lim ay.

k— o0
From the definition of & there holds that & > 0 and
—ah
(5.3) fminf @) =A@
x—0, z€B,(y) |$|

Let us show that

(5.4) lim sup ulw) = ah(z)

<0.
z—0, 2€B,.(y) |$|
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Then, (52), (3) and (BA) will give the desired result.
We argue by contradiction assuming that
—ah
lim sup M =26 > 0.
2—0, 2€B,.(y) |$|

Hence, there exists a sequence ¥ € B,.(y), |z*| = rr — 0 such that for every k
u(x®) — ah(z)
2"

> 6.

We define rj, = |2¥|, y* = %, so that r, — 0 and |y*| = 1. Moreover, we denote

ug(z) = M, hi(z) == M

Tk Tk

Since u and h are Lipschitz in By and u(0) = h(0) = 0 then, there exists v Lipschitz
continuous in R™ such that, for a subsequence,

Uk — &hk — vV
uniformly on compact sets and such that y* — 3%, |3°| = 1, ¥ > 0. Since
ur(y*) — ahi(y*) = 6,

as a consequence v(y’) > 6. Then there exists 20 with |2°] = 1, 20 > 0 and
B.(z%) C {z;,, > 0} such that

N

v(z) > in B.(2")
and

(5.5) ug(z) — ahg(x) >

N

in B.(2°).
We know that in B,(y) N By—»
u(z) > aph(z),
and 7, — 0. We take a sequence j — +oo such that r, < 277 and then
u(z) > aj h(z)  in Br(y) N By-jy.
Hence
u(z) > aj h(z) i |z| <7k, € Br(y).

As a consequence,

ug(z) > aj he(x) i x| <1, |z — £| < L,

Tk Tk

and, recalling (5.5), we have uy(z) — o, hi () > 3§ in B-(2"). We also observe that

M, Ao (D*hy) =0 in B%(ﬁ) mﬁ; (£)7
(5.6) kT , e T
- 2 .
M3, (D) <0 in By N B%(E),
Hence, in the viscosity sense, if k is large,
MXO,AO(D%W@ —ajhi)) <0 in BN Bi(i),

Th T
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In fact, since aj, hy € C?, we get from (E.6), reasoning as in Proposition 2.13 in

ICd,
M,y (D? (u — g hi)) < =M ) (D*(aj, hy)) =0

in By N Bi (%) We now consider, for large k, wy, satisfying
M;07A0(D2wk) =0 inDg:=BiN B#(%),
wy = %$¢  on B.(z°) N 0Dy,
wr =0 on 0Dy \ B(29),
p € C°(B:(2"), 0<p<1, @=1inB.p(2")
Then wy, € C(Dy) N C?*(Dy N Biy3), wx > 0 in Dy and
up — o, b > wy in Dy.

We claim that there exist g > 0 and py > 0 such that, for large k,

() > in Bp, ﬁBTL(ﬁ).

(5.7) T (@) G

In fact, we consider ¢, a C? diffeomorphism which maps, for py small, B,,NB = (%)
in B := BN {x, > 0}, with ¢(B,, NOB (%)) = BiN{z, = 0} and ¢ (0) = 0.
We choose ¢y, with uniformly bounded C? norms. Then, we define
wy () = wk(<p,;1(:17)), he(z) = hk(%zl(a:)) for z € B
We first observe that, for every M, N € 8"*" the following inequalities hold (see
Lemma 2.10 in [CC])
M, g (M = N) 2 MG (M) = My, (N) 2 M5 (M= N).
Then, we can apply Proposition 2.1 in [SS] with F/(M) := M, (M) and we
obtain that
Fy.(D*y,(x), Divg(z),#) =0 in B,
where, for M € S™", g € R" and = € B,
F (M, q,x) := M, s (D] (0,1 (€)M Doy (0, () + D> @r (03, ' (1)),
with Fy, satisfying for every M, N € 8"*" p,q € R and z € B,
MYO,AO(M - N) =+ K|p - Q| > Fk(MvpaI) - Fk(quaI)
> My, (M —N)—Klp—gql|

Here K is a fixed constant depending only on the uniform bound of the C? norms

of .

As a consequence, Wy, satisfy in the viscosity sense, the following set of inequal-
ities
(5.8) M o (D¥iy) + K[Vig| >0 in By,

MXO,AO(DQﬁ’k) — K|V <0 in By .

With similar arguments we obtain that hy, satisfy in the viscosity sense the
inequalities in (5.8) in By, as well.

We also notice that, since hy(z) — cz;” uniformly on compact sets of R", with
¢ > 0, then, hy(3en) = hi(pr ' (Ren)) — &> 0.
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Hence, we can apply Proposition 2.4 of [SS] and we get

(5.9) hy(z) < Cﬁk(%en)xn < Coz, in Bf'/z,

for a positive constant Cy and large k.
On the other hand, for k; large and fixed, there holds wy > wg, in Dy, , for
k > k1. We remark that wy, > 0 in Dy, . Thus, for any 0 < ry < 1,
T

- —1,T —1,T ~
(510)  dk(gen) = wilpy (Gen) > wiy (0 (Fen)) = &y > 0.

Now the application of Proposition 2.5 in [SS] to w,°(x) = wy(rox), for ro > 0
universal and small, gives

- ~ T .
Wi (x) > cowk(goen)xn in B};,

for a positive constant ¢o. Hence, using (B.I0) with this choice of ro, we get
(5.11) wy(z) > ey, in B,

2
for ¢; a positive constant and large k. Thus, from (B9) and (E.I1]), we obtain

Euk(x) > a = in B;“l,

hk (:E) OO
for p1 > 0 small and large k. Now, going back to the original variables, we conclude
that

wi(2) . Y
> B; N B (=
hk ({E) Z mn PO T (Tk )7

for some constants gy > 0 and p > 0, and large k. That is, (E7) holds.
Finally, since

uk—ajkhk >we in By ﬂBﬁ(ﬁ),
we get
Wi . Y
U — o, g > Wy, = h—khk > phy  in Bﬁ"mBi(ﬁ)'

As a consequence,
up — (o, + )hi, >0 in Bs, N Bﬁ(%)

Then, in the original variables, we have

_ r

u(rgz) — (aj, + p)h(ryz) >0 when |z| < jo, |z — %' <
k k
or, equivalently, when |rgz| < 70, |rex —y| < r. Since oy, + u — & + p, there
holds that «;, + ¢ > &+ /2, if k is large enough. Hence,
u_(d+ﬂ/2)h20 in BT‘koﬁomBT‘(y)7
for some suitable ky. As a consequence, if 27F < Tko PO,
u— (g +p/2)h > u—(&+p/2)h >0 in By-r N By (y),

but this contradicts the definition of o and completes the proof.

Case (b). Recalling (5.1)), we have that @ is Lipschitz in By, satisfies A, @ > 0
in B; in the sense of Definition 2.2 in [JLM]| and, by Theorem 2.5 of that paper,
in the viscosity sense. We again denote u as u. Without loss of generality we may
suppose that Bs,.(y) C By.
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Let h be the solution of
M3, 2, (D?h) =0, Bar(y) \ Br(y)
h=0, on 0B,(y)
) U, on aBQT(y)a
and define h =0 in B,.(y). Then, h > 0, h € C?(Ba,(y) \ B-(y)), see [CC], and
(5.12) h(z) = ez} +o(|lz]), ¢>0.

In addition, recalling ([22]), we have in By, in the viscosity sense,

h = maxpp,, (

0< Apu(r) = |Vu(3:)|p°_2 <Au + (po — 2)<DQU(I) |§ZE§§| ’ |§ZE§§| >)

< [Vula) M, o (D2u(x).
Hence, applying Lemma 6 in [IS], we conclude that ./\/lj\ro)AU (D?u(z)) > 0, in the

viscosity sense, in Bj. Since u = 0 on dB,(y), then u < h on 9(Ba,(y) \ B:(y)),
thus we deduce that u < h in Ba,(y) \ B(y). We define now

Bo=inf{m: mh(z)>u(x), B1NB(y)}
and for k € N
Br =inf{m: mh(z) > u(z), By rNB(y)}.

In particular these sets are well defined and not empty, for k > kg, since m = 1
belongs to all of them. The sequence {8 }ren is monotone decreasing, so that

5 N
B éggﬁk_O,

because (; > 0 for k € N. There holds that

— jBh
(5.13) lmsup B =B
z—0, x€B:(y) |$|
We will show that
— Bh
(5.14) lming A =B
-0, £€BS(y) ||

Then, (512), (EI3) and (BEI4) will give the desired result.

We will proceed by contradiction. In fact, assume that there exists 6 > 0 such

that ~
lim inf M — —9§.
x—0, zeBS(y) |CL'|

Then, there exists a sequence {z*}ren C Bg(y), ¥ — 0, such that

u(a*) — Bh(a")

||

IN

—0.
We define rj, = |2F|, y* = %, so that r, — 0 and |y*| = 1. Moreover, we denote
u(rpx)

ug(z) = ——=, hp(x):= h(rk:v)'

Tk Tk

Since w is Lipschitz in By, h € C?(Ba,(y) \ Br(y)) and u(0) = h(0) = 0 then, there
exists v Lipschitz continuous in R” such that, for a subsequence,

uk—Bhk—>v
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uniformly on compact sets and such that y* — %, |y°| =1, y2 > 0. Since

ue(y*) — Bhi(y*) < =0,

as a consequence v(y’) < —4. Then there exists 20 with |2°] = 1, 22 > 0 and

B.(z%) C {z;,, > 0} such that

v(x) < —g in B.(2°)

and
~ 1)
(5.15) uk(z) = Bhi(z) < =3 in B.(z").
We know that in BE(y) N By
u(z) < Brh(),

and 7, — 0. We take a sequence j;, — +oo such that r, < 277 and then

u(x) < ﬂjkh’(‘r) in Bﬁ(y) N B2*J'k-
Hence

u(x) < Bj h(z) if |z] <rk, x € Bi(y).
As a consequence,
. r
up(x) < B hi(zx) if|z| <1, |z — £| > —,
Tk Tk

and, recalling (5:10)), we have ug(x) — 5, he(z) < —% in B.(2Y). We also observe

that

Moo (D) =0 in B (D) B (),
(5 16) oo Tk Tk kO Tk
ML A (DPu) 20 i BinBS% (L)

"k Tk

Hence, in the viscosity sense,
M (D (ug = B, ) 20 in Bin B ().

In fact, since 83;,hy € C?, we get from (G.16]), reasoning as in Proposition 2.13 in

[Cd,
M (D (uk = B hi)) = =M (D*(Bj,hi)) =0

in By N B (;£). Thus, we deduce that
Tk

My, a0 (D?Bihi —ug)) <0 in By n B (L),

"k Tk

We now consider wy, satisfying
My, (D*wi) =0 in Dy =By mﬁ%(%),
wy, = %cp on B.(2°)NaDy,
wp =0 on 0Dy \ B-(2%),
(5.17) pe Ogo(Bs(ZO))a 0<p<I1, ¢=1lin Ba/2(zo)-
Then wy, € C(Dy) N C?*(Dy N Biy3), wy > 0 in Dy and

ﬂjk hk — U Z Wi in D_k
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We claim that there exist g > 0 and po > 0 such that, for large k,

() >p  in Bp, ﬁgi(ﬁ).

(5.18) T () =

In fact, we consider ¢, a C? diffeomorphism which maps, for py small, B, NB (%)
Tk
in B := BN {x, > 0}, with ¢(B,, NOB= () = Bin{z, = 0} and ¢4 (0) = 0.
We choose ¢y, with uniformly bounded C? norms. Then, we define
Wy () = wi(py (7)), hi(x) = hi(py ' (z))  for z € B,

Reasoning as in Case a), we get that wy, satisfy in the viscosity sense, the following
set of inequalities

(5.19) { MY, 5, (D) + K| Vi >0 in BY,

M;, a, (D?0g) = K|V <0 in B,
where K is a fixed constant depending only on the uniform bound of the C? norms
of ¢i. With similar arguments we obtain that hy satisfy in the viscosity sense the
inequalities in (519) in B, as well.
We also notice that, since hy(z) — cz;” uniformly on compact sets of R", with
¢ >0, then, hy(3e,) = hi(py ' (2en)) — &> 0.
Hence, we can apply Proposition 2.4 of [SS] and we get
- -1 )
(5.20) hi(z) < C’hk(gen)xn < Cox,, In Bf_/z’
for a positive constant Cy and large k.
On the other hand, let wq satisfying
M;()’AO(D2w0) =0 in Bf,
wy = %(p on B.(z°) N aBy,
wo =0 on dB\ B(2%),
with ¢ as in (GI7). Then wy > wp in Bf". We remark that wy > 0 in B; . Thus,
for any 0 < 7o < 1,
_ T 4,7 4,7 _
(5.21) D en) = wi(py, (Gren)) 2 wo(y (en)) = &y > 0.
Now the application of Proposition 2.5 in [SS| to @,°(x) := wx(rox), for 1o > 0
universal and small, gives

r
wg(z) > cowk(goen)xn in BY,,
2
for a positive constant ¢y. Hence, using (5.21]) with this choice of ro, we get
(5.22) wy(x) > e1w,  in B,
2

for ¢; a positive constant and large k. Thus, from (B20) and (522]), we obtain

wi(z) _ @ —

— > — = in B,

fn(x) ~ Co N Z

for p; > 0 small and large k. Now, going back to the original variables, we conclude
that

wi(2) . = Y
> By NE (L
() = IR0

for some constants gy > 0 and p > 0, and large k. That is, (5.I8) holds.

)



24 FAUSTO FERRARI AND CLAUDIA LEDERMAN

Finally, since

ﬂjkhk—uk > Wi in By QF%(%),

we get

Binhr —up > wy, = %hk > phy  in Bp, ﬁgi(ﬁ)
hk "k Tk

As a consequence,
(B —whe —uk >0 in By, r@%(%)_
Then, in the original variables, we have
r

(B, — Wh(rea) = ulrez) 20 when [z] < o, |0 — 2| > —,
Tk Tk
or, equivalently, when |ryz| < 7p0, |rex — y| > . Since 8, — u — B — p, there
holds that £, —u < — 4§, if k is large enough. Hence,
(B_U/2)h_u2 0 in BTkOﬁo N B (y),
for some suitable kg. As a consequence, if 27F < Tko PO,
(Br—n/2h—u> (B—p/2h—u>0 in By 0 BE(y),
but this contradicts the definition of 8 and completes the proof. O

Remark 5.2. Lemma [5.] also holds if we replace in the statement the po-Laplace
operator by a general class of fully nonlinear degenerate elliptic operators. More
precisely, we can consider u a Lipschitz viscosity solution of an equation of the form
F(D?*u(x), Du(x),z) =0 in Q,
with F' satisfying for every M € S"*™ q € R™ and x € Q,
|q|” M A (M) < F(M, q,2) < |q|” M ,(M),
for some 0 < A < A and o € R, and the same proof applies.

6. REGULARITY OF THE FREE BOUNDARY

In this section we prove our main result, namely, Theorem

Since we will apply a result of [LN1], we include first the definition of viscos-
ity solution employed in that paper in case of nonnegative solutions. These are
solutions of problem (1)) with p(x) = pg, f =0 and g = 1.

Definition 6.1 (Definition 1.4 in [LNTI]). Let D C R™ be a domain, u € C(D) be
nonnegative and 1 < py < 0o. u is a viscosity (or weak) solution of

Apou=0 in DT (u):={z € D:u(z) >0},
(6.1)

[Vu|=1 on F(u):=dD"(u)N D,
if there holds that u is po-harmonic in DT (u), in the sense that u € WPo (D™ (u))
and

/ |VulP~2Vu - Vpdr =0 for every ¢ € Wy (D (u)),
D (u)

and the free boundary condition in (G is satisfied in the following sense. Assume
that xp € F(u) and there exists a ball B,(y) C D, with xg € 0B, (y). If v = ﬁ,
then the following holds, as * — x¢ non-tangentially, for a = 1,
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(i) if B,.(y) € D" (u), then u(x) = af{x — xo,v)" + o(|x — x0]),
(ii) if By (y) € DT (u), then u(z) = a(zg — x,v)T + o(|x — xo)).

We next extend the result of Lemma 6.2 in [DEFST] to the global homogenous po-
Laplacian free boundary problem (i.e., to problem (IT]) in Q = R™ with p(z) = po,
f=0and g =1). This result is valid for globally Lipschitz continuous functions.
The notion of viscosity solution we employ in Lemma [6.2] is the one in [LNT] (see
Definition [6] above).

Lemma 6.2. Let 1 < pg < 0o. Let v : R™ = R be a nonnegative Lipschitz viscosity
solution (in the sense of Definition[G1) to

Apov =0, in{v>0},
(6.2)

Vol =1, on F(v):=0{v> 0}
Assume that

{v>0}={(a",z,) ER": 2’ € R =z, >h()},
with h a Lipschitz continuous function, h(0) = 0 and Lip(h) < M. Then h is linear
and, after a rotation,
v(z) =z

Proof. We will denote B. the ball of radius r centered at 0 in R"~1.

We follow the idea of the proof in Lemma 6.2 in [DFSI], coupled with results
about the regularity of the free boundary in the homogeneous two phase problem
associated with the po-Laplace operator. In fact, if v is a viscosity solution of ([G.2))
and its free boundary is a Lipschitz graph, from the regularity results in [LN1], we

know that the free boundary F(v) is C%“ in By, with a bound C depending only
on n,po and on the Lipschitz constant M of h. Then,

(6.3) |h(z") = h(0) = (Vh(0),2")| < Cla’|*+e
in Bf, where C = C(n,po, M). Moreover, since v is a global solution to (6.2]),

considering the rescaled function vg(z) = ”(gm), we still obtain a solution to prob-

lem (62]) whose free boundary is the graph of the function hgr(z') = h(RTf,) for

2/ € R*!. This function preserves the same Lipschitz constant and then satisfies
the inequality (63). That is,

|ha(a") = ha(0) = (Vha(0),2')| < Cla’["*®
for 2/ € Bj. This fact can be read as

|h(Rz') — h(0) — (VR(0), Rz')| < CR|2'|'T
for 2/ € Bj. Then,

' , /|

|h(y") — h(0) = (VA(0),y")] < CT
for y' € Bf. Hence, passing to the limit R — oo, we conclude that h is linear in
R™!. Since v is Lipschitz, then Lemma [B]in Appendix [Bl applies and, up to a
proper rotation, v(z) = z;}. (]

For the sake of completeness we recall the following theorem we proved in
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Theorem 6.3 (Theorem 1.1 in ). Let u be a viscosity solution to (L)) in By.
Assume that 0 € F(u), g(0) = 1 and p(0) = po. There exists a universal constant
g > 0 such that, if the graph of u is E—flat in By, in the direction e,, that is

(xp, —&)" <wu(z) < (z,+8)T, z€ B,
and

(6.4) VPl <& Ifllee) <&  [9lcosm <6,

then F(u) is CY® in Bys.
The constants € and « depend only on pmin, Pmax, B and n.

In the proof of Theorem we will also use

Proposition 6.4. Let uy be a sequence of viscosity solutions to (LI in Ba, with
right hand side fi,, exponent pr and free boundary condition g, where fi, pi and
gr are as in Subsection[I1]. Assume that uy are uniformly Lipschitz and that, for
some a > 0 and v € R™ with |v| = 1, up = up(x) = oz, )", fr = 0, pr — po,
Vpr — 0 and g, — 1 uniformly in Ba. Assume moreover that F(uy) are uniform
Lipschitz graphs and F(uy) — F(ug) in Hausdorff distance in By. Then « > 1.

Proof. Without loss of generality we assume that v = e,,. Suppose by contradiction
that 0 < o < 1. We take ¢ € C°(R"), with 0 < ¢ < 1, ¢=0in B}, and p=1in
By 4. For 0 < £ < 1/4 depending on a, to be fixed later, and 0 < ¢ < 1, we define
D. =Dt =By N{x, > +ep(x)}
Let Ao, Ag as in ([222)). For p > 0 fixed and depending on «, to be precised later,
we consider v. such that
MXD)AO (D*v.) = —p, in D.
ve = a(zy, + &), on 0By N{x, > =&},
ve=0, on ByN{z,=—-+cp(x)},

ve.=0on By \ D..

Step I. We will show that, in Bs4, v is a strict supersolution to problem (LI])
with right hand side fj, exponent px and free boundary condition g, for p, € and
& suitably chosen and large k.

We first observe that v. > 0 in D.. In addition, v. € C*%(D.) and v. €
Ch%(D. N Bs4). We define

we = ve — afx, + §),
that satisfies
M;)’AO(D2w€) =—p, in D,
w. =0, on 0By N{x, > —¢},
we = —a(z, + &) = —acp(z), on By N{x, = —£+cp(x)}.
Hence, using ABP estimate (Theorem 3.6 in [CC]), we obtain that ||[w||f~p.) <
Co(p + €), with Cy > 0 independent of € and ¢ universal. Then from the inner

estimates in Corollary 5.7, [CC] and the boundary estimates in Theorem 1.4, [SS]
we deduce that there exist positive constants C; and Cy such that

6.5) Nwellors@mzs ) < C1 (lwelli=n.) + p+ acellellcras,) < Calp+e),
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where C; and C5 depend on the maximal curvature of {z,, = —{+ep(z)}, see [SS,
and can be chosen universal independent of € and . Then

||vw€||L°°(DEﬁB3/4) < Ca(p+e)

and

[[Vve| — a] < |V —ae,| < Co(p+e) in D. N By y.
We now fix

p=%2  0<e<min{2, 4}, 20 =min{%Y 1},
(6.6)

with  c¢(a) = i min{35%, 2} and C» asin (GH),
and then,

1 S

(6.7) % < |Voe| < % in D. N By)a.

Recalling ([2.2)), we obtain, in D, N By 4,
Apk(z)vg <I+4+1II

where
1= [V @25, (D)
and
IT = |V, [PE@®=2(Tp, (), Vv, ) log | Voe|.
Then

I =V [*®72(=p) < —erp,
since |Vo.|P*(®) =2 > ¢; = ¢ (, pmax) because of ([G.7). Moreover,
11 < [V [P Vpy ()] [log [Voe|| < [Vpi(e)ez,

where we have used that [¢t|P*(®) =1 [log|t|| < co = c2(pmin) for |t| < 1 and (GD).
Then,
P 1

C
(6.8) Ay ave € —e1p+ ||Vpkllpez € —eip+eaf = —5p
2

if k is large so that |[Vpgl[ . < 4.
On the other hand, for k large, we have |[fx||;~ < $p and gi(z) > F% in By

and then,

Ap@)Ve < =Fp < —[lfullpee < fr, in DeN Bsyy
(6.9) |Vue| > 5, in D.N By (this implies Vv # 0)
|Voe| < 12 < gi, in DeN By

Hence, for our choice of p, € and £ done in ([6.0), v. is a strict supersolution to
problem (LI)) in Bs/, with right hand side fy, exponent py and free boundary
condition g, for large k, as claimed.
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Step II. We will now get some uniform bounds for the functions uy. In fact, let

v be such that

M o (D?0) = —p, in {z, > =€, 5/8 < || <1},

v=a(r, +§), on dByN{x, > —E},

v=0, on {z,=-¢& 5/8<|z| <1},

v=0, on dBs/;sN{x, > —E}.
Then, ve > v > 0 in {z, > —§, 5/8 < |z| < 1}. Moreover, there exists cg > 0
universal such that

(6.10) v>cg  in {z, > —g, 3/4 <|z| <1}.
Let us now fix § universal such that
(6.11) 0<0< g and  2L6 < cs,

where L is the uniform Lipschitz constant of the functions uy.
We will first show that, if k is large,

(6.12) ug =0 in By N{z, <-4},
(6.13) up < 2L6 in By N {|z,| <6},
(6.14) g <|Vup| <L in BN {x, > 6}

In fact, since O{uy, > 0} — 9{up > 0} = {z,, = 0} in the Hausdorff distance
in Bg, then 0{ux > 0} C {|x,| < 0} in Bo, if k is large. Hence (612) and (GI3)
follow.

Since uy, — up = az;} uniformly in B, then for large k,

> a8 i [}
(6.15) { up > ag 1nth{xn>2}, S
Apk(w)uk =fr in BsN {In > 5},
and then, by the C1% estimates (Theorem 1.1 in [Fa]),
Vug — ae, uniformly in By N {z, > 6},
which gives ([@I4) for k large.
We now observe that v —ug > $£ on dB1 N {x,, > —%} and

a8 §

’U—UQZZ in{xn2—§, 1—0<|z| <1},
for some universal 0 < o < 1/4. Here we have used that v € C*({x,, > —¢, 5/8 <
|z] < 1}) (see, for instance, Theorem 2 in [Si]). Then,
af

v —up > 5 in {xnz—g, 1—0<|z| <1},
for large k. Recalling (G.I0), (610) and (613), we obtain
(6.16) Ve > U in {|z,| <6, 3/4 <|z| <1},
€

(6.17) Ug—ukz%g in {xn>—§, 1—0o<|z| <1}

Step I1I. 'We will show that

(6.18) ve >wuyp in By, forevery 0 <e< g,
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if k is large.
If the result is not true, then

max(uy — ve) = (ur — v:)(Tr) >0  for some iy € B.
1

If || > 3/4, then ([E12), (6I6) and ([GI7) imply that
Ty €{xy >0, 3/4<|z| <1-0}.
From (G.I4) and ([CIT) we get
3 <IVee(@)| < L
and
(6.19) Apy (a5 Ve(Tr) = [ul@n).-
Now, the uniform C*® estimates for v. in By N {x,, > 0} give
TSIVl 2L in B, (@),

for some g > 0 universal. Then, proceeding as in the computations leading to (G-g)),
we get
Apy(a)ve < —Cp  in By(Zx),
with ¢ > 0 universal, if k is large. Therefore,
Ap@yve < fr in Bpu(@n),
for large k, which contradicts (6.19). Then T € Bs4.
Since € < % and 6 < %, we have

NHuk > 0} C {|an| <6} C{zn > - +ep(2)},
and then zj € {ur >0} N B3/4 c DN B3/4.
So ([G.9) implies that, for large k,
VUE(CZ';C) 75 0
and
Fe(@r) > Ap, @ ve(@r) > fr(Zk),
a contradiction. This shows ([GI8]).

Step IV. We will finally show that, for some e > 0, we have ve, > ug in Bgy
and F(ug) N F(ve,) N Bsyy # 0, if k is large enough. This will contradict that v. is
a strict supersolution to problem (LIl in B3/, and concludes the proof.

In fact, from (6I8) we know that
§

ve > uy  in {ug > 0} f0r0<5<§.

Let
skzsup{£>0: Ve > up in {uk>0}}.

Since £ < 1/4, if we consider ¢ = 2¢, then Be C {x, < —§ + ep(z)} because, in
Bijg, tn = —§ +ep(x) = £+ 26 =¢.

Moreover, 0 € d{ug > 0} and O{ur, > 0} — I{ug > 0} in the Hausdorff
distance, then for k large, there exist & € Be N d{uy > 0} and Tj € Be such that
up(Zr) > 0 = v-(Ty), with Ty, € {ur > 0}. Then, 0 < g < 2¢.
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Therefore, there holds v, > uy in {ur > 0} and then,
Ve, > up  in By,

Ve, () = ug(xg)  for some xy € {ug > 0}.

Proceeding exactly as in Step III we obtain that
Tk € {uk > 0} n 33/4.

If 2 € {ur > 0} N Byyy, then v, (21) = ug(wx) > 0. Since v, > u > 0in a
neighborhood of xy, this produces a contradiction because v., is a strict superso-
lution to problem (L)) in Bs 4.

As a consequence x € d{uy, > 0} N B3y and vg, (xx) = ug(xx) = 0 and there
exist xy; — xp such that ug(xx,) > 0. Then v, (2x,) > ug(xr;) > 0 and therefore
xy, € 0{ve, > 0}. Hence xp € F(ug) N F(ve,) N Bsjy, which gives a contradiction
again. This shows that o > 1 and completes the proof. O

We will also need

Proposition 6.5. Let ui be a sequence of viscosity solutions to (LI in Ba, with
right hand side fy, exponent pr and free boundary condition gy, where fi, pr and
gr are as in Subsection[I 1l Assume that, for some a > 0 and v € R™ with |v| =1,
up — ug(x) = alz, V)", fr = 0, pr — po, Vpr — 0 and g — 1 uniformly in Bs.
Then o < 1.

Proof. Without loss of generality we assume that v = e,,. Suppose by contradiction
that o = 1 4+, with n > 0, then

ug(x) = (1+n)z;).
For 6 > 0 and £ > 0 small, to be precised later, we define

Q) i= (L4 ) + 07 — ela’?,

where we denote x = (2/, z,,), ' € R™.
Let us show that

(6.20) {uo >Q in By, \ {0},

uo(0) = Q(0),

for some py = po(d,n) > 0. In fact, there holds that

up(z) = (1 +m)at > (1+ g)xn 1022 >Qz)  for 0< |z, < %
ug(z’,0) = 0 > —¢l2’|* = Q(a',0) for ' # 0,

so ([6.20) follows for pg = min{1, 5k }.
Claim. We claim that, in By, @ is a strict subsolution to problem (1) with
right hand side fj, exponent p, and free boundary condition gy, for large k.
Indeed, we have

VQ = (1+ g)en LoMz,  D2Q=2M,
where M € R™ " is given by
(621) Mij =0 for i #‘] M“ = —¢ for 1 }é n, Mnn =.
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Then,
(6.22) 1+g§|VQ|§1+77 in By,

if 6 <n/8and e < n/8.
Moreover, applying the lower bound in ([22)), we obtain

(6.23)
Ap Q@) > [VQPI T2 My, 4 (D?Q) + [VQIPF™)™2(VQ, Vpi(2)) log |VQ)|
> [VQIPF™) 722 M, 4, (M) — [Vpi(a)|[VQ[P* ) log [V Q).

We also observe that ([6.22)) implies

(6.24) VQIPF=2 > ¢ [VQP* ™) og |VQ| < ca,

in By, where ¢1 = ¢1(1), Pmin) > 0 and ¢2 = ¢2(7, Pmax) > 0.
Now, from (@21)) and (Z3)) it is not hard to see that

Aod
(6.25) M3, (M) = —Roe(n — 1) + Xod > ==,
ife < ij_l). We next take k large enough so that
Aod Aod
(6.26) |Vpr| < . Cl, | fx] < @129 for x € Bj.
202 4

Putting together ([€23)), (624), ([€25) and (G20, we obtain in By

Ay ) Q) = cr2My \ (M) — [Vpi(z)|e2
)\0601
co

Z Cl>\05 -

Co > fk
If, additionally, k is large so that
gk§1+g, for x € By,

we obtain from ([6.22]) that
|VQ| > gk in By,

thus proving our claim.
We finally deduce from (G20) that there exist a sequence o, — 0 and points
x), € B, such that, denoting Qi = @ + oy, we get

up > Qr  in B,
{uk(fﬂk) = Q(x),

if k is large. We notice that if ug(zg) > 0, then Qi(xx) > 0. Otherwise ug(zx) =
0 = Qk(zx), and since VQi(xy) # 0, then x5, € F(Qy).

That is, for large k, Qy, is a strict subsolution in B, to problem (I)), with right
hand side fi, exponent p and free boundary condition g, touching uy from below
at oy, € B} (Qr) U F(Q4), a contradiction. Then a < 1. O

0

We are now in a position to prove Theorem
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Proof of Theorem .21 Let u be a viscosity solution to (II) in By such that
0 € F(u) and such that F(u) is a Lipschitz graph in B, for some 0 < ro < 1.
Without loss of generality we assume that ¢(0) = 1 and we denote p(0) = po.

We will divide the proof into several steps.

Step I. Lipschitz continuity and nondegeneracy. Let us first show that w is
Lipschitz and nondegenerate in a neighborhood of 0.
In fact, for 0 < r < %" < %, we consider the function

1
u(x) = —u(rz), x € Ba.
r

Then 7 is a viscosity solution to (IT)) in Bs, with right hand side f(z) = rf(rz),
exponent p(r) = p(ra) and free boundary condition g(x) = g(rz). Moreover,
0 € F(a).

From Theorem [I.I] we know that @ is Lipschitz continuous in B; 2 with a Lips-
chitz constant depending only on n, pmin, Pmax, ||Vp||Loo(Bgm/g), ||f||Loo(Bgm/8), 5,
||g||co,5(m) and HUHLW(BSTO/s)'

In order to prove the nondegeneracy, let us see that we can apply the second
part of Proposition 2 to @, if r is suitably chosen.

For that purpose, let us first show that the constants appearing in that propo-
sition can be taken independent of r. More precisely, we want to find a bound
independent of r for

_3/2  _3/2
N _3/2 _3/2 e o
ul|, 5 , where =supp, p/° = inf p.
all 5 5, ) fond ngp D inf P
In fact, we have
_3/2  _3/2 _3/2  _3/2 1 522 _p3/?
_ Py Py =P ¥
(6.27) [ali7 s < il o (5) ,
and
_3/2  _3/2 _
(6.28) Y2 =52 <3IIVDll e s, ) < 371IVDl e i, )
Then, from (627) and ([628]), we conclude that
N
) < € = Cllullim (B 199 iy )

It follows that in order to apply the second part of Proposition [£2] to @ we can
take the constants £ and ¢ in that proposition depending only on n, pmin, Pmax,
||u||Loo(Bgm/4), ||Vp||Lm(Bsm/4), ||g||Loo(BT0), 7o and on the Lipschitz constant of

Then, if r is small enough, there holds in Bs

[F(@)] < 7llfllLee(m,,) <&
g(2) — 1] = lg(rz) — 9(0)| < 2r’[glco.0(m,,) < &
IVo()| < rl[VpllLe(B,,) <&,
p(z) = pol = |p(rz) — p(0)| < 2r|[Vpl|L=(8,,) <&
Hence, for 7 small enough, u is nondegenerate in B, for pg > 0 depending only
on the Lipschitz constant of F'(u).

That is, u is Lipschitz continuous and nondegenerate in By,, for a suitable uni-

versal pg > 0, with a universal Lipschitz constant L.
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Step II. Blow up limit. We now consider the blow up sequence

(6.29) ug(z) = us, (x) = u(?:x)j

0k > 0. As before, each uy, is a viscosity solution to (LI with right hand side
fiu(x) = 0k f(0rx), exponent pi(z) = p(drx) and free boundary condition gi(z) =

g(ékx).
Our goal is to apply Theorem to uy, for large k. We will first observe that,
taking k sufficiently large, the assumption (6.4)) in that theorem is satisfied for the

universal constant €. In fact, in By,
| fi(@)] = k| f(0k2)| < Skl|fllLoe(B,,) <&
[Vpr(2)| < 6l|VpllL=(B,,) <&
(6.30) Ipk(z) — pol = |p(Okx) — p(0)| < 0k||VpllL>(B,,) <&

where §;, — 0,

[9k]co.5(B,) < 55[9]C°’B(Bm) < g,
lgr(z) — 1] = |g(6kz) — g(0)] < 8} [glco.s(p,,) < &

On the other hand, since u is Lipschitz and nondegenerate in B, , with Lipschitz
constant Lg, then, for every R > 0, u; are Lipschitz and uniformly nondegenerate
in Bgr, with Lipschitz constant Lo, if & > ko(R). Then, standard arguments (see
for instance, [AC], 4.7) imply that (up to a subsequence), there holds that
(6.31) uy, — ug in CLY(R™), for all 0 < v < 1,

' A > 0} — 0{ug > 0} locally in HausdorfT distance,
to a function uy : R®™ — R, which is globally Lipschitz with constant Ly and
nondegenerate in R™. Moreover, F'(ug) is a global Lipschitz graph.

We also observe that the estimates in (G30]) also imply that

fe—=0, Vpr—0, pr—po, ¢gr— 1, uniformly on compacts of R".

Step III. Limit equation. Since u satisfies in the viscosity sense A u = f in
{u > 0}, then every uy satisfies in the viscosity sense A, yur = fi in {ux > 0}.
We claim that the blow up limit ug is a viscosity solution to Ap ug = 0 in {uy > 0}.

In fact, let us see that v is a viscosity subsolution to Ap up = 0 in {uy > 0}.

Let 29 € {ug > 0} and let P be a quadratic polynomial such that P > wug in
B, (x0), P(xo) = u(zo) and VP(zo) # 0. We can assume that |[VP| > ¢ > 0 in
By(x0) and B, (x0) C {ug > 0} for k large, so Ay, (myur(x) = fe(x) in By (x0). We
want to prove that A, P(xo) > 0. We argue by contradiction assuming that there
exists p > 0 such that A, P(z9) < —p < 0. For € > 0, we define P(:v) = Pa(:v) =
P(x) 4 e|x — x0|?. Hence VP = VP + 2¢(x — x0) and

(6.32) VP| > g in B, (x0),
if € is sufficiently small. Letting ¢ — 0, we get

Apy P(w0) = Apy P(x0) < —p
and then, if € is small enough, we obtain

(6.33) A, P(z0) < —g.
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We now fix € > 0 small such that (632) and ([633) hold. We have
(6.34) P(z) > ug(z) in By(z0)\ {xo}, and P(zo) = uo(xo).

Moreover, since uy, — ug uniformly in B, (), then |ur — ug| < v in By (z9) with
v — 0. Hence, from

P(z) > ug(x) > ug(z) — v in By(zo),

it follows

P(x) + v, > ug(z) in Be(zo).
Let

ty=sup{t >0: P(z)+y; >ur(x)+t in By(xo)}.
Since 7y, — 0 and P(:E) + 7% is bounded in B, (xg), then tj is finite so that

P(z) +vi > up(x) +t  in By(xo)

and there exists o, € B, () such that

P(zk) + v = uk(zk) + tr.
Then

k(o) + vk + Vi > wo(zo) + v = P(x0) + Y% > uk(xo) + ti.

As a consequence
te <27 — 0

and t,, — 0. Let Py(z) = P(z) + v — t.
Then R
Pi(x) > ug(z) in By(xg)
and Pk(:tlg) = uy(zy) for z, € By (20).
Since P(z) > ug(z) on 0B, (xo) then

P(z) —uo(x) > >0

on 0B, (zp) and

Py(w) = ur(x) = P(@) + i =t — up(a) > P(x) + v — te = uo() —

= P(x) =t —ug(z) > c—t) > g
on 0B, (xzo) if k > ko, since t — 0. We recall here that up < ug + 5. Hence
2 & OBy (x0) if k > ko. Then

P(x) > up(z) in By(xo),

Pi(xy) = up(xy) for z € By(xo), and VP # 0 in B, (20) and thus,
(6.35) Apean P@r) = Ay, ) Pr(@r) > fr(an).

Since x € B,(x0) then, for a subsequence, zx — Z € B, (1g). Hence, using that
v — 0, tx — 0 and

Pak) + v — th = Po(ax) = un(zy),

we obtain that P(Z) = ug(Z). Then & = x¢, because ([.34) holds.
Now, letting k — oo in (G.33]), we get

APOP(‘IO) Z 0,
which gives a contradiction to (6.33]). Hence A, P(zg) > 0.



REGULARITY OF LIPSCHITZ FREE BOUNDARIES FOR THE p(z)-LAPLACIAN 35

Arguing in a similar way, we deduce that uo is a viscosity supersolution to
Apyug =0 in {ug > 0} as well.

Step IV. Limit free boundary problem. We want to show that wug is a viscosity
solution (in the sense of Definition [6.1]) to problem

Apyug =0, in {uy > 0},
(6.36)
[Vuol =1, on F(up).

Hence we have to check that free boundary condition is satisfied in the sense of (i)
and (ii) of that definition. We divide our analysis into two cases.

Case (a). Let zp € F(up) such that there exists a ball B,(y) C {ug > 0}, with
2o € 0B, (y). We denote v = #=2%. Then, by Case (a) in Lemma [5.T]

ly—zol
(6.37) up(z) = alz — o, V)" +o(|lx — x0])  in B(y),
with a > 0.
We now consider a sequence A\; — 0, A; > 0. Since ug is Lipschitz in R™ then
there exists a function ugg such that, for a subsequence,
ug (IO + )\JI)
Aj
From ([637) we know that ugo(z) = afx,v)* in {(z,v) > 0}. Then {(z,v) =0} C
F(ugp). Since F(up) is a Lipschitz graph, also F(ugg) is a Lipschitz graph, so we
have {(x,v) = 0} = F(uqo). Hence,

— ugp(z) uniformly on compact sets of R™.

upo(r) = alz,v)t  in R™.
This result holds for any sequence A; — 0, A; > 0, therefore
(6.38) up(z) = alw — w0, V)T + o]z — 20|) in R",

with o > 0.
We want to show that a = 1.
Since xg € F(ug) and recalling ([629) and (6.31]), we know that there exists, up
to a subsequence,
xk € Fuk), |zn —xo| < 1/k.
We fix R > 0 such that |z¢| < R and let pu; = 1/1/5.
For each j there exists k; > j such that

lug; () — uo(z)| < % for € Brya.
We now define
1 1
(uky ), (@) = ;ukj (Th; +p5z),  (uo)y,; () = ;uo(‘f’%‘ + 15).

J J
Then7 lfj > j07

| (s ) s () = (o), ()]

We now observe that

_ Juw, (i + py) — wo(an, + )|
M

1
< - for x € Bs.
J

|.’L'kj —.’L‘o| - l/kj < 1

— =0,
14 i NI
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and, recalling (6.38)), we obtain

(10), (2) = woo(2) = afz,v)*

uniformly in Bs.
Then,

[ (g )y () = woo ()] <|(ur; ) p; () = (u0) s ()]

+ |(uo)p,; () — uoo(z)| = 0 uniformly in Bs.
Denoting p; = Ok, jtj, Tj = Ox, T, and u,, (z) = piju(ij +pjx) = (uk; ), (), we get
p; — 0, ijF(u), z; — 0,
1
up, (z) = —u(z; + pjz) = olz,v)"  uniformly in B,.

J
Reasoning as in Step II, we see that each u,; is a viscosity solution to (LI]) in B
with right hand side f;(x) = p; f(Z; + pjz), exponent p;(x) = p(Z; + pjz) and free
boundary condition g;(z) = ¢(Z; + p,z),

f_j -0, Vp; =0, p; —=po, g;—1, uniformlyin Bs.
Moreover, u,; are uniformly Lipschitz and nondegenerate in By for j > jo, 0{u,, >
0} are uniform Lipschitz graphs and d{u,, > 0} — {(z,v) = 0} in Hausdorff
distance in Bs.
Now, applying Propositions and to the sequence u,,, we deduce that

a = 1. Then, (i) in Definition [61]is satisfied in this case.

Case (b). Let xp € F(ug) such that there exists a ball B, (y) C {uo = 0}, with
xo € 0B, (y). We denote v = I;S:ZI' Then, from the proof of Case (b) in Lemma
B we get ‘

(6.39) up(x) = alx — 20, v) " +o(|lx — z0|) in BS(y),
with a > 0.

We now consider a sequence A\; — 0, A; > 0. Then, for a subsequence and a

function wgg,
UQ (,TO + )\Jac)
Aj
From ([6.39) we know that ugo(z) = a(z,v)™ in {(x,v) > 0}. Since B,(y) C {uo =
0}, we have ugp(z) = 0 in {(z,v) < 0}. Hence,

— ugp(z) uniformly on compact sets of R™.

upo(r) = alz,v)t  in R™.

Now, if & = 0, then ugp = 0 in R™. This contradicts that F(ugg) is a Lipschitz
graph and shows that o > 0.
Since this result holds for any sequence A; — 0, A; > 0, we conclude that

uO(I) :O[<ZZ?—IO7I/>++O(|$—$O|) in an

with o > 0. Now proceeding as in Case (a), we obtain that o = 1. Then, (ii) in
Definition is satisfied in the present case.

This shows that ug is a viscosity solution to problem (636) in the sense of
Definition [611

Step V. Conclusion. We have proved that ug is a viscosity solution (in the sense
of Definition [61)) to ([@30]) that is Lipschitz continuous and F(ug) is a Lipschitz
graph.
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Thus, from Lemma [62] it follows that, up to a rotation, ug(xz) = z;. Then for
sufficiently large k we have that, in B,

(6.40) (Tn —&)F <ur(z) < (xn +8)7,

for £ the universal constant in Theorem Recalling ([@30), we deduce that
Theorem applies and, as a consequence, we conclude that the free boundaries
of uy, as well as that of v are C1®, in a neighborhood of 0. O

As a by-product of Theorems and [[2] we obtain further regularity results
for F'(u) under additional regularity assumptions on the data.

Corollary 6.6. Let u be as in Theoreml[6.3 or as in Theorem[L.2. Assume moreover

that p € C?(By), f € CY(B1) and g € C?(By), then there exists 6 > 0 such that

Bs N F(u) € C%9 for every 0 < o < 1. If p € C™L9(By), f € C™°(By) and

g € C™tL9(By) for some 0 < o <1 and m > 1, then Bs N F(u) € C™+27.
Finally, if p, f and g are analytic in By, then Bs N F(u) is analytic.

Proof. The result follows from the application of Theorem 2 in [KNJ. O

7. SOME CONSEQUENCES

In this section we discuss some consequences of our results.

As already mentioned, in [LW2] problem (L)) was considered for weak solutions,
which is a different notion of solution from the one we are considering here (see
Definition [TI] below). One of the consequences of our Theorem [[2is an analogous
result for weak solutions (Corollary [[3]).

The notation and the assumptions on €2, p, f and g will be the same as in the
rest of the paper (see Subsection [T and Section 2]). In particular we will use the
notation QF(u) and F'(u) in 7).

We first have

Definition 7.1 (Definition 2.2 in [LW2]). We call v a weak solution of (L)) in ©
if
(i) u is continuous and nonnegative in Q, u € WPO(Q) and Ay u = f in
Q7" (u) (in the sense of Definition 2.]).
(ii) For D CC € there are constants ¢min = Cmin(D), Cmax = Cmax(D), 10 =
ro(D), 0 < ¢min < Cmax, 7o > 0, such that for balls B.(z) C D with
x € F(u)and 0 <r <rg

1
Cmin S — Sup u S Cmax-
r B (x)

(iii) For H"" ! a.e. xg € Orea{u > 0} (that is, for H" -almost every point
xo € F(u) such that F'(u) has an exterior unit normal v(z) in the measure
theoretic sense) u has the asymptotic development

u(z) = g(zo)(z — o, ¥(20))” + of|z — o).
(iv) For every g € F(u),

lim sup [Vu(z)| < g(zo).
I*}Io

u(z)>0
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If there is a ball B C {u = 0} touching F(u) at o then,

lim su _u(@)
m%mop dlst(x, B)
u(xz)>0

> g(wo).

Then we prove

Proposition 7.2. Let u be a weak solution to ([LI)) in Q in the sense of Definition
[7dl Then u is a viscosity solution to (LI in Q in the sense of Definition 225

Proof. Let u be as in the statement. Then w is continuous and nonnegative in €2 and
satisfies condition (i) in Definition In order to show that it verifies condition
(ii) in that definition, we divide the analysis into two cases.

Case (a). Let p € C(Q), ¢ € C?(Q1(p)) be such that pT touches u from below
at xg € F(u) and Vo(zg) # 0. We want to show that

(7.1) IVo(zo)| < g(w0).

We first observe that, under the present assumptions, Proposition 2.1 in [LW2]
applies, so u is locally Lipschitz in €.

Also there holds that ¢+ has a C? extension ¢ in a neighorhood O of q (¢ = ¢+
in QF () N O, ¢ < 0 otherwise in @), that to simplify the notation we still denote

®.

Moreover, ¢ touches u from below at xg € F(u) as well.

By the implicit function theorem, F(p) is a C? hypersurface in a neighborhood
of zg. Then, F(p) has a tangent ball B at xg, with B C QT (p) and also with
B C Q" (u) and zo € F(u) N IB.

We now consider a sequence A; — 0, A; > 0. Since u and ¢ are Lipschitz in a
neighborhood of xy, then there exist Lipschitz functions uy and ¢q such that, for a
subsequence,

u(zo + Ajx) P(zo + \jw)

Aj Aj
uniformly on compact sets of R™. For simplicity we assume that the interior normal
to OB at zg is e,,. Then

uo(w) > po(z) = |Vep(wo)lay in {z, >0},
Apoug =0 in {uy > 0} D {z,, > 0}, with py = p(zo).
Then, the application of Lemma 5.1l Case (a), at the origin, gives

— uo(x), — wo(x),

uy, (z) =

ug(z) = vzt +o(|z|) in Bi(e,), with v > 0.

We now consider a sequence p; — 0, p; > 0. Then, there exist Lipschitz
functions ugg and g such that, for a subsequence,

(uo)p,; () = %j@ — ugo(z), %jﬂ) — vo0(®),

uniformly on compact sets of R™. There holds that

uoo () = vz, > @oo(x) = [Ve(zo)|zt in {z, >0},

(7.2) [Vugo(z)] =~ > |[Ve(xo)| in {z, > 0}.
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Now let
a = limsup |Vu(zx)|.
Then, by (iv) in Definition [}, we have
(7.3) g(zo) > a.
Let us see that
(7.4) [Vugo| < a in R™.

In fact, let R > 0 and € > 0. Then, there exists A9 > 0 such that |Vu(x)| < a+e€in
By r(wg). We thus have |Vuy,(x)| < a+ € in Bp for j large. Passing to the limit,
we obtain [Vug| < o+ € in Bg and then [Vug| < a in R”. Now also |V (uq),;| < a
in R™. Passing to the limit again, we obtain (4.

Then, (73), (T4) and (2] give g(zo) > o > v > [Vp(xo)|. That is, (TI) holds.

Case (b). Now let ¢ € C(2), p € C*(Q*(p)) such that ¢T touches u from
above at xg € F(u) and Vp(xg) # 0. We want to show that

(7.5) IVo(zo)| > g(0).

Also in this case there holds that ¢ has a C? extension @ in a neighborhood of
Zp, that to simplify the notation we still denote ¢.
By the implicit function theorem, F(¢) is a C? hypersurface in a neighborhood

of zg. Then, F(p) has a tangent ball B at xo, with B C Q\ Q*(¢) and also with
B C {u =0} and x¢ € F(u) N JB.

Now let
: u(z)
=1 .
“ lﬂiﬂp dist(z, B)
u(x)>0
Then, by (iv) in Definition [}, we have
(7.6) g(zo) < a.

Let x) — x¢ with u(zy) > 0 be such that

u(xy)
7.7 —_— .
(7.7) dist(zx, B) -
Since ¢ > u in a neighborhood of g, then ¢(zx) > 0. Now let y, € B such
that dist(zx, B) = |zr — yx|. Then ¢(yr) < 0 and

p(r) — o(yr) p(xr) u(wy)
(78) ox — x| = dist(zs, B) = dist(zx, B)’

But, for a subsequence,

IVep(xo)|”
where for every k, & is a point in the segment joining z; and y;. Putting (1),

(T8) and (TI) together we get |V (xo)| > a. Now recalling (Z0), we get (TH)
which completes the proof. O

o(rr) —o(yr) (K — k)
(7.9) E Veelé) |21 — yil

Then, we obtain
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Corollary 7.3. Let u be a weak solution to (1)) in By in the sense of Definition
[71] with 0 € F(u). If F(u) is a Lipschitz graph in o neighborhood of 0, then F(u)
is C1® in a (smaller) neighborhood of 0.

Proof. The result is an immediate application of Theorem and Proposition
W) 0

8. SOME APPLICATIONS

In this section we discuss some applications of both the results obtained in the
present paper and in [FL], and we draw some conclusions on them (see Remark
[B).

The applications of our results discussed here correspond to three different min-
imization problems that were already studied in [LWI1], [LW3] and [LW4]. Our
results below rely on the thorough understanding of the properties of nonnegative
local minimizers achieved in those papers. We also refer to them for the motivation
and related literature.

The notation and the assumptions on €2, p and f will be the same as in the rest of
the paper (see Subsection [[LTland Section2]). In particular we will use the notation
QT (u) and F(u) in @ZI).

Our first application is

Proposition 8.1. Let Q, p and [ be as above. Let 0 < Apin < A(x) < Apax < 00
with A € C%8(Q). Let u € WO (Q) N L>®(Q) be a nonnegative local minimizer of

Vol
the energy functional J(v) = / (% + M) x{v>0y + fv) dz in Q.
Q
Then, u is a viscosity solution to (LI)) in Q with g(x) = (p&()mzl z)) /P,

Let xg € F(u) be such that F(u) is a Lipschitz graph in a neighborhood of xo,
then F(u) is C1 in a (smaller) neighborhood of xq.

Let xy € F(u) be such that F(u) has a normal in the measure theoretic sense,
then F(u) is C® in a neighborhood of xy.

Moreover, there is a subset R of F(u) which is locally a C*® surface. The set
R is open and dense in F(u) and the remainder of the free boundary has (n —
1)—dimensional Hausdorff measure zero.

Proof. By Theorem 5.1 in [LW3], u is a weak solution to (L)) in Q with g(z) =
(p@@l A(x))/P®) in the sense of Definition [l Then by Proposition 2 u is a
viscosity solution to (L)) in €2 in the sense of Definition 2.3 with the same g.

Let z9 € F(u) be such that F(u) is a Lipschitz graph in a neighborhood of xy.
Then, from the application of Theorem [2] F(u) is C1'® in a smaller neighborhood
of Zg-

Let xg € F(u) be such that F(u) has a normal in the measure theoretic sense.
Without loss of generality we assume that xop = 0, g(0) = 1 and that the inward
unit normal to F'(u) at 0 in the measure theoretic sense is e,. Also we denote

p(0) = po.
Then, by Theorem 3.9 in [LW3] there holds that
(8.1) u(z) =z} + o(jz|) in R™.

By Corolary 3.2 and Theorem 3.5 in [LW3] we know that u is Lipschitz and
nondegenerate in some ball B, , with 0 < rg < 1.
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Then, as in Step II in the proof of Theorem [[.2, we take o > 0, §, — 0, and
consider a blow up sequence uy as in ([6:29). As in that theorem, our goal is to
apply Theorem to uy, for large k. We first observe that, taking k sufficiently
large, the assumption (4] in that theorem is satisfied for the universal constant &.
In fact, in By, ([G30) holds.

Arguing again as in Theorem[[2] we see that (G31]) holds with ug(z) = z;} in R",
because of (8I). Then, reasoning as in this same theorem and using Theorem 3.6
in [CW3], we obtain for k sufficiently large that (640) holds in By, for & the uni-
versal constant in Theorem Therefore, Theorem applies to ug, and as a
consequence, F(u) is C1% in a neighborhood of 0.

Finally, denoting R the set of points in F(u) such that F(u) has a normal in the
measure theoretic sense, we argue as in Theorem 5.2 in [LW3| and obtain that R
is dense in F(u) and H" 1 (F(u) \ R) = 0. O

Our next application is

Proposition 8.2. For ¢ > 0, let B-(s) = [; B-(7) dr where B.(s) = %B(g), with
B a Lipschitz function satisfying 8 > 0 in (0,1), 8 = 0 outside (0,1). Let Q, p
and [ be as above, 1 < pmin < Pe, (%) < Pmax < 00 and ||Vpe, || < L. Let u® €
Wl’psi(')(ﬂ) be a family of nonnegative local minimizers of the energy functional

pe; (2)
Je; (v) = / (% + B, (v) + fafv) dx in Q such that u® — u uniformly on
Q €

compact subsets of 0, f% — f x—weakly in L>(Q), pe, — p uniformly on compact
subsets of Q2 and €; — 0.

Then, u is a viscosity solution to (1) in Q with g(z) = (p&()mzl M)MP@) and
M = [ B(s)ds.

Let xp € F(u) be such that F(u) is a Lipschitz graph in a neighborhood of xq,
then F(u) is C1 in a (smaller) neighborhood of xq.

Let xg € F(u) be such that F(u) has a normal in the measure theoretic sense,
then F(u) is C1® in a neighborhood of xy.

Moreover, there is a subset R of F(u) which is locally a CY* surface. The set
R is open and dense in F(u) and the remainder of the free boundary has (n —
1)—dimensional Hausdorff measure zero.

Proof. We argue exactly as in the proof of Proposition Bl We apply again our
results in Proposition [[.2] and Theorems and [6.3] and in this case we make use
of Theorems 5.3, 4.3, 4.4 and Remark 4.2 in [LW3], and Theorem 5.3 in [LW1]. O

We also obtain

Remark 8.3. In [LW4] an optimization problem with volume constraint for an
energy associated to the inhomogeneous p(x)-Laplacian was considered. By means
of a penalization technique, it was shown that nonnegative minimizers u are weak
solutions to (LI)) in a bounded domain 2 in the sense of Definition [T with g(z) =
(% ) /P@) where A\, > 0 is a constant.

Under the assumptions we made on p and f at the beginning of present section,
by combining our results with those in [LW4], we can argue as in Propositions [R1]

and and obtain the same conclusions for u and F'(u).
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Remark 8.4. In Propositions Bl and and Remark B3] our C1® regularity
results on F'(u) under the Lipschitz assumption on F'(u) follow from the application
of Theorem [[.2] in the present paper and are new.

We want to point out that the rest our C1'* regularity results on F(u) in Propo-
sitions and and Remark B3] which follow from Theorem (i.e., Theorem
1.1in ), were already obtained in [LW3] and [LW4], from the application of the
results in [LW2], but under different assumptions on f and p.

In fact, our results in [FL] —inspired in De Silva’s approach (see [D])— require
that f € C(Q)NL>(Q) and p € C*(Q) and Lipschitz, whereas the results in [LW2]
—inspired in Alt - Caffarelli’s approach (see [AC])— require that f € L*>(Q) N
Wh4(Q) and p € WHo(Q) N W24(Q), for ¢ > max{1,n/2}.

The reason for this difference in the assumptions relies on the fact that in De
Silva’s approach for viscosity solutions the estimates are obtained by comparison
with suitable barriers. In Alt - Caffarelli’s approach for weak (variational) solutions,
certain estimates on |Vu| close to the free boundary are obtained by looking for an
equation for v = |Vu|, which requires more delicate computations.

APPENDIX A. LEBESGUE AND SOBOLEV SPACES WITH VARIABLE EXPONENT

Let p: Q — [1,00) be a measurable bounded function, called a variable exponent
on €2, and denote pmax = esssup p(x) and pmin = essinf p(x). The variable exponent
Lebesgue space LP()(Q) is defined as the set of all measurable functions u : Q — R
for which the modular g,.)(u) = [, [u(z)[?®) dx is finite. The Luxemburg norm
on this space is defined by

[ull e @) = lullpy = mE{A > 02 0 (u/A) < 13

This norm makes LP()(Q) a Banach space.
There holds the following relation between op,.)(u) and [Jul| s

1/Pmin 1/Pmax
min { ([ Jup@az) (@ dz) T < ull oo oy
Q Q

Smax{(/Q |u|P(®) dﬂg)l/pm"‘7 (/Q|u|p(m) dx)l/pmax}.

Moreover, the dual of LP()(€2) is LF'()(Q) with ﬁ + ﬁ =1
WhP()(Q) denotes the space of measurable functions u such that u and the

distributional derivative Vu are in LP()(Q2). The norm

lullipey = llellpe) + 1V ulllpey
makes W1P()(Q) a Banach space.

The space Wol’p(')(ﬂ) is defined as the closure of the C§°(Q2) in WhP()(Q).
For further details on these spaces, see [DHHR], [KR], [RR] and their references.

APPENDIX B. A LIOUVILLE TYPE RESULT

In this Appendix we prove, for the sake of completeness, a Liouville type result
for the po-Laplace operator, because we did not find it in the literature in this form.
This result plays a key role in Section [Gl
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Lemma B.1. Let 1 < pg < 0o be constant. Let w be Lipschitz in R™ N {x, > 0}
and solution to

Apou =0, in {x, >0},
(B.1)
u=0, on {x, =0}.

Then, there exists C € R such that u(x) = Cx,, in {x, > 0}.

Proof. We consider, for z = (2/,x,), 2’ € R""!, x, € R, the extended function
w(x',wy,) = {

From the Lipschitz continuity of w in the set {z,, > 0} it follows that @ is Lipschitz
in R” and @ € WL°(R"). Now let ¢ € C5°(R™). There holds

U(I/,In), In Z 07
—u(z', —xp), xn <O0.

/ |Vﬂ|p°_2<Vﬂ,ch>d:U:/ |Va|Pe—2(Va, V)dr
R™ R*»N{z, >0}

+/ |Va|Pe—2(Va, V)da

(B.2) st

:/ |Vu|p°72<Vu,Vg0>d:c—/ |VuPo=3(Vu, V@) dr
R?*N{z, >0} R*»N{z, >0}

-/ (VP (Vu, Vi)dz,
R*N{z, >0}

where @(2',x,,) := o(2', —x,) and n(z) = p(a',x,) — ¢(@', —x,) € C§(R™). In
particular, n(a’,0) = 0 and thus, there exists {n;}jen C C§°(R™ N {z,, > 0}) such
that n; — n in WhPo(R" N {x, > 0}) with sptn;,sptn C Bg, for some R > 0.
Then,

/ |Vu|Po~2(Vu, Vi;)dz = 0,
R»N{z, >0}

since u is solution to (B]).
We claim that

(B3) / Va2 (Vu, Vi)dz = 0
RrN{x,>0}
and therefore, by (B2l),
/ (V| (Va, Ve)dr = 0.
R’n

That is, @ is a weak solution to A, 4 = 0 in R".
In fact,

‘ / |VulPo~2(Vu, Vij — Vn)da:’ < / |VulPo~tVn; — Vi|dx
R*N{z, >0} RO {zn>0}

P%—;l 1/po
< / [VulPodx / [Vn; — Vn|Podx — 0,
BrN{z,>0} Brn{z,>0}

thus (B3) holds.
Hence, Ap, = 0 and |a(x)| < L|z| in R™, with L the Lipschitz constant of

4, and the same result holds for up(z) = @, for any R > 0. Moreover, by
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the Ch® estimates for the po-Laplace operator, there exists o € (0,1) such that
g € CH%(By) and for every z,y € By,

\Vir(z) = Var(y)| _ [Vu(Rz) — Va(Ry)|
|z =yl [z —yl*
where M and o depend only on n,pg and supp, |tr(z)| < 2L. Thus, it follows that

for z and k in Bg,

M >

)

|z —K|*
Ra
In particular, fixing z,x € B; and letting R — oo, we deduce that
[Vi(z) — Va(k)| =0

for every z,k € By. That is, Vu is constant and 4 is linear in Bj.

On the other hand, for every A > 0, the function @ (z) = @ is still a Lipschitz
solution of problem (B)). Hence, by the argument above, @y is linear in By and
tx(z) = (vx, z) in By, for some vy € R™. Thus @(Az) = (vx, Ax) in By and therefore,

’&(y) = <’U)\, y> = <Vﬁ(0)7y> in Bj.

|Via(z) — Via(k)| < M

Since A > 0 is arbitrary, 4(y) = (V@(0),y) in R™. Now, denoting C' = 8;;3), we
conclude that u(x) = Cx,, in {x, > 0}. O
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