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REGULARITY OF LIPSCHITZ FREE BOUNDARIES FOR A

p(x)-LAPLACIAN PROBLEM WITH RIGHT HAND SIDE

FAUSTO FERRARI AND CLAUDIA LEDERMAN

Abstract. We continue our study in [FL] on viscosity solutions to a one-phase
free boundary problem for the p(x)-Laplacian with non-zero right hand side.

We first prove that viscosity solutions are locally Lipschitz continuous, which
is the optimal regularity for the problem. Then we prove that Lipschitz free
boundaries of viscosity solutions are C1,α. We also present some applications
of our results.

Moreover, we obtain new results for the operator under consideration that
are of independent interest, such as a Harnack inequality.

1. Introduction and main results

In this paper we continue our study in [FL] on a one-phase free boundary problem
governed by the p(x)-Laplacian with non-zero right hand side. More precisely, we
denote by

∆p(x)u := div(|∇u|p(x)−2∇u),
where p is a function such that 1 < p(x) < +∞. Then our problem is the following:

(1.1)






∆p(x)u = f, in Ω+(u) := {x ∈ Ω : u(x) > 0},

|∇u| = g, on F (u) := ∂Ω+(u) ∩Ω.

Here Ω ⊂ R
n is a bounded domain, p ∈ C1(Ω) is a Lipschitz continuous function,

f ∈ C(Ω) ∩ L∞(Ω) and g ∈ C0,β(Ω) ∩ L∞(Ω), g > 0.
This problem comes out naturally from limits of a singular perturbation problem

with forcing term as in [LW1], where solutions to (1.1), arising in the study of flame
propagation with nonlocal and electromagnetic effects, are analyzed. On the other
hand, (1.1) appears by minimizing the following functional

(1.2) J(v) =

∫

Ω

( |∇v|p(x)
p(x)

+ λ(x)χ{v>0} + f(x)v

)
dx

Key words and phrases. free boundary problem, singular/degenerate operator, variable expo-
nent spaces, regularity of the free boundary, non-zero right hand side, viscosity solutions, Harnack
inequality, optimal regularity.
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studied in [LW3], as well as in the seminal paper by Alt and Caffarelli [AC] in the
case p(x) ≡ 2 and f ≡ 0. We refer also to [LW4], where (1.1) appears in the study
of an optimal design problem.

We are interested in the regularity of both the solutions and the free boundaries
of viscosity solutions of (1.1). This problem has been already faced in [LW2] for
weak solutions of (1.1), with the aid of the techniques developed in [AC].

In the present work we are following the strategy introduced in the important
paper by De Silva [D], that was inspired by [S], for one-phase problems and linear
non-divergence operators. [D] was further extended to two-phase problems in dif-
ferent settings see [DFS1, DFS2, DFS3]. The same technique was applied to the
p-Laplace operator (p(x) ≡ p in (1.1)) for the one phase case, with p ≥ 2, in [LR].

In the linear homogeneous case, f ≡ 0, (1.1) was studied for viscosity solutions
in the pioneer works by Caffarelli [C1, C2]. The results in [C1, C2] have been widely
generalized to different classes of homogeneous elliptic problems. See for example
[CFS, FS1, FS2] for linear operators, [AF, F1, F2, Fe1, W1, W2] for fully nonlinear
operators and [LN1, LN2] for the p-Laplacian.

We recall that problem (1.1) was originally studied in the linear homogeneous
case in [AC], associated to (1.2). These techniques were generalized to the linear
case with f 6≡ 0 in [GS, Le]. In the homogeneous case, to a quasilinear uniformly
elliptic situation [ACF], to the p-Laplacian [DP], to an Orlicz setting [MW] and to
the p(x)-Laplacian with p(x) ≥ 2 [FMW]. Finally, (1.1) with 1 < p(x) < ∞ and
f 6≡ 0 was dealt with in [LW2].

In [FL] we proved that flat free boundaries of viscosity solutions to (1.1) are
C1,α. Here we first prove that viscosity solutions are locally Lipschitz continuous,
which is the optimal regularity for the problem. Then we prove that Lipschitz free
boundaries of viscosity solutions are C1,α.

We devote this sequel to the study of these issues, which brought challenging dif-
ficulties due to the nonlinear behavior of the p(x)-Laplacian and, as a consequence,
we present several novelties that are described in detail below.

Our main results are the following (for notation and the precise definition of
viscosity solution to (1.1) we refer to Section 2)

Theorem 1.1 (Optimal regularity). Let u be a viscosity solution to (1.1) in B1.
There exists a constant C > 0 such that

‖∇u‖L∞(B1/2) ≤ C.

Theorem 1.2 (Lipschitz implies C1,α). Let u be a viscosity solution to (1.1) in
B1, with 0 ∈ F (u). If F (u) is a Lipschitz graph in a neighborhood of 0, then F (u)
is C1,α in a (smaller) neighborhood of 0.

In addition to the assumptions already stated above, we suppose that there exist
positive numbers pmin, pmax and γ0 such that 1 < pmin ≤ p(x) ≤ pmax < ∞ and
g(x) ≥ γ0 > 0.

In Theorem 1.1 the constant C depends only on pmin, pmax, ‖∇p‖L∞(B3/4),

‖f‖L∞(B3/4), ‖g‖C0,β(B3/4)
, β, ‖u‖L∞(B3/4) and n (the dimension of the space).

In Theorem 1.2 the constant α depends only on pmin, pmax, β, ‖g‖L∞(Bρ), γ0 and
n, where ρ is the radius of the ball Bρ where F (u) is Lipschitz. Moreover, the size of
the neighborhood where F (u) is C1,α depends only on ρ, pmin, pmax, ‖∇p‖L∞(Bρ),
‖f‖L∞(Bρ), ‖g‖C0,β(Bρ)

, γ0, β, ‖u‖L∞(B3ρ/4), n and the Lipschitz constant of F (u).
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After we develop the necessary tools, Theorem 1.2 follows from Theorem 1.1 in
[FL] —where we proved that flat free boundaries are C1,α— and from the main
result in [LN1], via a blow-up argument.

As already mentioned, problem (1.1) was faced in [LW2] for weak solutions with
the techniques developed in [AC]. We want to emphasize at this point that the
approach in [AC] for weak solutions gives that flat free boundaries are C1,α. Alt
- Caffarelli’s approach does not include the result Lipschitz free boundaries are
C1,α. One of the consequences of our Theorem 1.2 is an analogous result for weak
solutions of (1.1) (see Corollary 7.3).

Among the novelties that our work presents, we also refer to Section 5 where
we prove some auxiliary results that are crucial in the proof of our main theorem.
In that section we revisit some lemmas that are well known in the linear setting
(see [CS] and the Appendix in [C2]), for the case of p0-harmonic functions (i.e.,
∆p0u = 0, p0 ∈ (1,∞)). Our results concern the existence of first order expansions
at one side regular boundary points of positive Lipschitz p0-harmonic functions,
vanishing at the boundary of a domain. This part required great effort and passed
through the equivalence of the notions of weak and viscosity solution in the case of
the p0-Laplace operator. Moreover, our proof can be applied to a general class of
fully nonlinear degenerate elliptic operators (see Remark 5.2). We strongly believe
that these results are of independent interest.

We remark that, as was the case in [FL], carrying out, for the inhomogeneous
p(x)-Laplace operator, the strategy devised in [D] required that we develop new
tools. In fact, the p(x)-Laplacian is a nonlinear operator that appears naturally in
divergence form from minimization problems, i.e., in the form divA(x,∇u) = f(x),
with

λ|η|p(x)−2|ξ|2 ≤
n∑

i,j=1

∂Ai

∂ηj
(x, η)ξiξj ≤ Λ|η|p(x)−2|ξ|2, ξ ∈ R

n,

where 0 < λ ≤ Λ. This operator is singular in the regions where 1 < p(x) < 2 and
degenerate in the ones where p(x) > 2.

Let us stress that the main arguments in the approach introduced in [D] are based
on Harnack inequality. However, Harnack inequality for the p(x)-Laplacian has a
different form from the standard one —still valid for the p0-Laplace operator— even
in the homogeneous case. Namely, Harnack inequality for the inhomogeneous equa-
tion ∆p(x)u = f , with f bounded, states that, for any nonnegative weak solution u
in B4R, there exist constants C > 0 and µ ≥ 0 such that

(1.3) sup
BR

u ≤ C(inf
BR

u+R+ µR),

where C depends on u, and µ depends on ||f ||L∞(B4R) (among other dependencies).
We refer to [Wo] for the the proof and further details on Harnack inequality for the
inhomogeneous p(x)-Laplacian.

The presence of the extra term appearing in the right hand side of (1.3) —
even present when f ≡ 0, in which case µ = 0— brought a major difficulty in the
application of the strategy of [D] for problem (1.1), under a small perturbation
assumption. In order to successfully apply that strategy, we proved a new Harnack
inequality for the inhomogeneous p(x)-Laplacian (Theorem 3.2) that is appropriate
for small perturbation settings. Our result roughly says that if ||f ||L∞ is small and
p(x) is close to a constant p0, then the constant terms appearing in the right hand
side of (1.3) can be taken small.
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This constitutes a key result in our proof of the nondegeneracy of viscosity
solutions of (1.1) with Lipschitz free boundaries, and it eventually leads to our
main Theorem 1.2. Let us emphasize that, in light of the discussion above on
inequality (1.3), our Harnack inequality for small perturbation settings is indeed of
independent interest.

Another important matter, not present in other free boundary problems treated
with the present approach, is the a priori control on the dependence on u in the
constant C appearing in Harnack inequality (1.3). This control is required in order
to perform iteration and blow-up arguments. This same fact made the proof of
Theorem 1.1 much more delicate.

As already mentioned, in Theorem 1.2 we make use of the main result in [LN1].
It is worth noticing that the application of this result to our problem required
nontrivial arguments due to the different notion of solution employed in [LN1] (see
Secton 6, Theorem 1.2 and Propositions 6.4 and 6.5).

Let us remark that, as a by-product of our theorems on the regularity of F (u), we
get in Corollary 6.6 further regularity results for F (u), under additional regularity
assumptions on the data p, f and g.

We also discuss some applications of Theorem 1.1 in [FL] and Theorem 1.2 in
the present paper (see Section 8 and, in particular, Remark 8.4).

Let us mention as well that our results in Sections 7 and 8 are new even for
p(x) ≡ p0, with p0 a constant.

We finally point out that the p(x)-Laplacian is a particular case of operator with
nonstandard growth. Partial differential equations with nonstandard growth have
been receiving a lot of attention due to their wide range of applications. Among
them we mention the modeling of non-Newtonian fluids, for instance, electrorheo-
logical [R] or thermorheological fluids [AR]. Other applications include non-linear
elasticity [Z1], image reconstruction [AMS, CLR] and the modeling of electric con-
ductors [Z2], to cite a few.

Our work is organized as follows. In Section 2 we provide notation and basic
definitions. We also recall the relationship between the different notions of solutions
to ∆p(x)u = f we are using. In Section 3 we obtain a Harnack inequality for the
inhomogeneous equation ∆p(x)u = f (Theorem 3.2) that is appropriate for small
perturbation settings. Next, in Section 4 we prove the local Lipschitz continuity
of viscosity solutions of (1.1), Theorem 1.1. We then show the nondegeneracy of
these solutions under the additional assumption that F (u) is a Lipschitz graph.
In Section 5 we obtain a result on asymptotic developments of positive Lipschitz
p0-harmonic functions at one side regular boundary points that we use in Theorem
1.2 and in Section 7. Then, in Section 6 we prove our main result, Theorem 1.2.
In Section 7 we discuss some consequences, and finally, in Section 8, we present
some applications of our results. For the sake of completeness, in Appendix A we
introduce the Sobolev spaces with variable exponent, which are the appropriate
spaces to work with weak solutions of the p(x)-Laplacian. We conclude the paper
with Appendix B, where we include a Liouville type result that we use in our main
theorem.

1.1. Assumptions. Throughout the paper we let Ω ⊂ R
n be a bounded domain.

Assumptions on p(x). We assume that the function p(x) verifies

p ∈ C1(Ω), 1 < pmin ≤ p(x) ≤ pmax <∞, ∇p ∈ L∞(Ω),
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for some positive constants pmin and pmax.

Assumptions on f . We assume that function f verifies

f ∈ C(Ω) ∩ L∞(Ω).

Assumptions on g. We assume that the function g verifies

g ∈ C0,β(Ω) ∩ L∞(Ω), g(x) ≥ γ0 > 0,

for some positive constants 0 < β < 1 and γ0.

2. Basic definitions, notation and preliminaries

In this section, we provide notation, basic definitions and some preliminaries
that will be relevant for our work.

Notation. For any continuous function u : Ω ⊂ R
n → R we denote

(2.1) Ω+(u) := {x ∈ Ω : u(x) > 0}, F (u) := ∂Ω+(u) ∩ Ω.

We refer to the set F (u) as the free boundary of u, while Ω+(u) is its positive phase
(or side).

Throughout the paper, when we say that F (u) is Lipschitz we are assuming that

Ω+(u) = {x = (x′, xn) ∈ Ω : xn > ψ(x′)},
in an appropriate coordinate system, with ψ Lipschitz on R

n−1.

We begin with some remarks on the p(x)-Laplacian. In particular, we recall the
relationship between the different notions of solutions to ∆p(x)u = f we are using,
namely, weak and viscosity solutions. Then we give the definition of viscosity
solution to problem (1.1) and we deduce some consequences. We here refer to the
usual C-viscosity definition of sub/supersolution and solution of an elliptic PDE,
see e.g., [CIL].

We start by observing that direct calculations show that, for C2 functions u such
that ∇u(x) 6= 0,

∆p(x)u = div(|∇u|p(x)−2∇u)
= |∇u(x)|p(x)−2

(
∆u+ (p(x) − 2)∆N

∞u+ 〈∇p(x),∇u(x)〉 log |∇u(x)|
)
,

where

∆N
∞u :=

〈
D2u(x)

∇u(x)
|∇u(x)| ,

∇u(x)
|∇u(x)|

〉

denotes the normalized ∞-Laplace operator.
We also deduce that

|∇u(x)|p(x)−2
(
M−

λ0,Λ0
(D2u(x)) + 〈∇p(x),∇u(x)〉 log |∇u(x)|

)

≤ ∆p(x)u ≤ |∇u(x)|p(x)−2
(
M+

λ0,Λ0
(D2u(x)) + 〈∇p(x),∇u(x)〉 log |∇u(x)|

)
,

(2.2)
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where, λ0 := min{1, pmin − 1} and Λ0 := max{1, pmax − 1}. As usual, if 0 < λ ≤ Λ
are numbers, and ei is the i−th eigenvalue of the n× n symmetric matrix M, then
M+

λ,Λ and M−
λ,Λ denote the extremal Pucci operators and are defined (see [CC]) as

M+
λ,Λ(M) = λ

∑

ei<0

ei + Λ
∑

ei>0

ei,

M−
λ,Λ(M) = Λ

∑

ei<0

ei + λ
∑

ei>0

ei.
(2.3)

First we need (see Appendix A for the definition of Sobolev spaces with variable
exponent)

Definition 2.1. Assume that 1 < pmin ≤ p(x) ≤ pmax < ∞ with p(x) Lipschitz
continuous in Ω and f ∈ L∞(Ω).

We say that u is a weak solution to ∆p(x)u = f in Ω if u ∈ W 1,p(·)(Ω) and, for
every ϕ ∈ C∞

0 (Ω), there holds that

−
∫

Ω

|∇u(x)|p(x)−2∇u · ∇ϕdx =

∫

Ω

ϕf(x) dx.

We recall the following result we proved in [FL] (see [FL], Theorem 3.2)

Theorem 2.2. Let p and f be as in Definition 2.1. Assume moreover that f ∈
C(Ω) and p ∈ C1(Ω).

Let u ∈ W 1,p(·)(Ω) ∩ C(Ω) be a weak solution to ∆p(x)u = f in Ω. Then u is a
viscosity solution to ∆p(x)u = f in Ω.

Remark 2.3. We point out that the equivalence between weak and viscosity so-
lutions to the p(x)-Laplacian with right hand side f ≡ 0 was proved in [JLP]. On
the other hand, this equivalence, in case p(x) ≡ p and f 6≡ 0 was dealt with in [JJ]
and [MO]. See also [JLM] for the case p(x) ≡ p and f ≡ 0.

We need the following standard notion.

Definition 2.4. Given u, ϕ ∈ C(Ω), we say that ϕ touches u from below (resp.
above) at x0 ∈ Ω if u(x0) = ϕ(x0), and

u(x) ≥ ϕ(x) (resp. u(x) ≤ ϕ(x)) in a neighborhood O of x0.

If this inequality is strict in O \ {x0}, we say that ϕ touches u strictly from below
(resp. above).

Definition 2.5. Let u be a continuous nonnegative function in Ω. We say that u
is a viscosity solution to (1.1) in Ω, if the following conditions are satisfied:

(i) ∆p(x)u = f in Ω+(u) in the weak sense of Definition 2.1.

(ii) For every ϕ ∈ C(Ω), ϕ ∈ C2(Ω+(ϕ)). If ϕ+ touches u from below (resp.
above) at x0 ∈ F (u) and ∇ϕ(x0) 6= 0, then

|∇ϕ(x0)| ≤ g(x0) (resp. ≥ g(x0)).

Next theorem follows as a consequence of our Theorem 2.2.

Theorem 2.6. Let u be a viscosity solution to (1.1) in Ω. Then the following
conditions are satisfied:

(i) ∆p(x)u = f in Ω+(u) in the viscosity sense, that is:
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(ia) for every ϕ ∈ C2(Ω+(u)) and for every x0 ∈ Ω+(u), if ϕ touches u
from above at x0 and ∇ϕ(x0) 6= 0, then ∆p(x0)ϕ(x0) ≥ f(x0), that is,
u is a viscosity subsolution;

(ib) for every ϕ ∈ C2(Ω+(u)) and for every x0 ∈ Ω+(u), if ϕ touches u
from below at x0 and ∇ϕ(x0) 6= 0, then ∆p(x0)ϕ(x0) ≤ f(x0), that is,
u is a viscosity supersolution.

(ii) For every ϕ ∈ C(Ω), ϕ ∈ C2(Ω+(ϕ)). If ϕ+ touches u from below (resp.
above) at x0 ∈ F (u) and ∇ϕ(x0) 6= 0, then

|∇ϕ(x0)| ≤ g(x0) (resp. ≥ g(x0)).

Remark 2.7. If p(x) ≡ p or f ≡ 0, then any function satisfying the conditions of
Theorem 2.6 is a solution to (1.1) in the sense of Definition 2.5 (see Remark 2.3).

We introduce also the notion of comparison sub/supersolution.

Definition 2.8. We say that v ∈ C(Ω) is a strict (comparison) subsolution (resp.

supersolution) to (1.1) in Ω if v ∈ C2(Ω+(v)), ∇v 6= 0 in Ω+(v) and the following
conditions are satisfied:

(i) ∆p(x)v > f (resp. < f) in Ω+(v);
(ii) If x0 ∈ F (v), then

|∇v(x0)| > g(x0) (resp. |∇v(x0)| < g(x0)).

Notice that by the implicit function theorem, according to our definition, the
free boundary of a comparison sub/supersolution is C2.

As a consequence of the previous discussion we have

Lemma 2.9. Let u be a viscosity solution to (1.1) in Ω. If v is a strict (comparison)
subsolution to (1.1) in Ω and u ≥ v+ in Ω then u > v in Ω+(v)∪F (v). Analogously,
if v is a strict (comparison) supersolution to (1.1) in Ω and v ≥ u in Ω then v > u
in Ω+(u) ∪ F (u).

Notation. From now on Bρ(x0) ⊂ R
n will denote the open ball of radius ρ centered

at x0, and Bρ = Bρ(0). A positive constant depending only on the dimension n,
pmin, pmax will be called a universal constant. We will use c, ci to denote small
universal constants and C, Ci to denote large universal constants.

3. A Harnack inequality for ∆p(x)u = f

In this section we prove a Harnack inequality for ∆p(x)u = f , under a small
perturbation assumption (Theorem 3.2).

We first prove

Lemma 3.1. Assume that 1 < pmin ≤ p(x) ≤ pmax < ∞ with p(x) Lipschitz
continuous in B1 and ‖∇p‖L∞ ≤ L, for some L > 0. Let p0 be such that pmin ≤
p0 ≤ pmax and f ∈ L∞(B1).

Let u ∈ W 1,p(·)(B1) ∩ L∞(B1) be a nonnegative solution to

∆p(x)u = f in B1,

with ||u||L∞(B1) ≤M , for some M > 0.
Given η > 0, there exists ε0 = ε0(η, n, pmin, pmax,M,L) > 0 such that if

||f ||L∞(B1) ≤ ε, ||p− p0||L∞(B1) ≤ ε,
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with ε ≤ ε0, then

(3.1) ||u− u0||L∞(B3/4) ≤ η,

for a suitable u0 ∈ W 1,∞(B3/4) nonnegative solution to

(3.2) ∆p0u0 = 0 in B3/4.

Proof. Let us suppose by contradiction that there exist η0 > 0 and a sequence
of nonnegative functions uk ∈ W 1,pk(·)(B1) ∩ L∞(B1) with pmin ≤ pk(x) ≤ pmax,
‖∇pk‖L∞ ≤ L, ||uk||L∞(B1) ≤M , such that

||fk||L∞(B1) ≤
1

k
, ||pk − p0||L∞(B1) ≤

1

k
,

∆pk(x)uk = fk in B1,

and such that

||uk − v||L∞(B3/4) ≥ η0,

for every v ∈ W 1,∞(B3/4) nonnegative solution to ∆p0v = 0 in B3/4.
Then, by Theorem 1.1 in [Fa] we obtain that

||uk||C1,α(B3/4)
≤ C with 0 < α < 1,

where C and α depend only on n, pmin, pmax, L and M . Therefore, there is a
function u0 ∈ C1,α(B3/4) such that, for a subsequence,

uk → u0 and ∇uk → ∇u0 uniformly in B3/4.

Since

fk → 0 and pk → p0 uniformly in B1,

it follows that u0 ∈W 1,∞(B3/4) is a nonnegative solution to

∆p0u0 = 0 in B3/4

and thus,

0 < η0 ≤ ||uk − u0||L∞(B3/4) → 0,

which gives a contradiction and concludes the proof. �

As a consequence we get

Theorem 3.2. Assume that 1 < pmin ≤ p(x) ≤ pmax < ∞ with p(x) Lipschitz
continuous in Ω and ‖∇p‖L∞ ≤ L, for some L > 0. Let p0 be such that pmin ≤
p0 ≤ pmax and f ∈ L∞(Ω). Let x0 ∈ Ω and 0 < R1 ≤ R ≤ R2 such that
BR(x0) ⊂ Ω.

Let u ∈ W 1,p(·)(BR(x0)) ∩ L∞(BR(x0)) be a nonnegative solution to

∆p(x)u = f in BR(x0),

with ||u||L∞(BR(x0)) ≤M , for some M > 0.
Given σ > 0, there exist positive constants ε1 = ε1(σ, n, pmin, pmax,M,L,R1, R2)

and C = C(n, pmin, pmax) such that if

(3.3) ||f ||L∞(BR(x0)) ≤ ε, ||p− p0||L∞(BR(x0)) ≤ ε,

with ε ≤ ε1, then

(3.4) sup
BR/2(x0)

u ≤ C inf
BR/2(x0)

u+ σ.
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Proof. We assume without loss of generality that x0 = 0.
Case I. Suppose first that R = 1.
We let η > 0 to be precised later. We now take ε0 = ε0(η, n, pmin, pmax,M,L)

given by Lemma 3.1. Then, if (3.3) is satisfied with ε ≤ ε0, there holds (3.1), for a
suitable u0 ∈W 1,∞(B3/4) nonnegative solution to (3.2).

By Harnack’s inequality (Theorem 1.1 in [T]), there exists a positive constant
C = C(n, pmin, pmax) such that

sup
B1/2

u0 ≤ C inf
B1/2

u0.

Since ||u− u0||L∞(B3/4) ≤ η, we obtain

sup
B1/2

u ≤ sup
B1/2

u0 + η ≤ C inf
B1/2

u0 + η

≤ C inf
B1/2

u+ (C + 1)η ≤ C inf
B1/2

u+ σ,

if we choose η such that (C + 1)η < σ. So (3.4) follows if (3.3) is satisfied with
ε ≤ ε̃0, where ε̃0 = ε̃0(σ, n, pmin, pmax,M,L).

Case II. We now assume that 0 < R1 ≤ R ≤ 1 and consider ū(x) = u(Rx)
R . Then,

ū ∈ W 1,p̄(·)(B1) ∩ L∞(B1) is a nonnegative solution to

∆p̄(x)ū = f̄ in B1,

with ||ū||L∞(B1) ≤ M , where p̄(x) = p(Rx), ‖∇p̄‖L∞ ≤ L, f̄(x) = Rf(Rx) and

M = M
R1

.
Then, if

||f̄ ||L∞(B1) ≤ ||f ||L∞(BR) ≤ ε, ||p̄− p0||L∞(B1) = ||p− p0||L∞(BR) ≤ ε,

for ε ≤ ε̃0, with ε̃0 = ε̃0(σ, n, pmin, pmax,M,L) chosen as in Case I, we get

sup
B1/2

ū ≤ C inf
B1/2

ū+ σ.

That is,

sup
BR/2

u ≤ C inf
BR/2

u+Rσ ≤ C inf
BR/2

u+ σ.

Hence we get (3.4), if (3.3) is satisfied with ε ≤ ε1(σ, n, pmin, pmax,M,L,R1).

Case III. Finally, if we assume that 0 < R1 ≤ R ≤ R2, we proceed as in Case II
and we obtain the desired result with ε1 = ε1(σ, n, pmin, pmax,M,L,R1, R2). �

4. Lipschitz continuity and nondegeneracy

In this section we prove Theorem 1.1, which gives the optimal regularity for
viscosity solutions to (1.1), i.e., the local Lipschitz continuity. We also prove that
if F (u) is a Lipschitz graph, then viscosity solutions to (1.1) are nondegenerate.

We recall the following result we proved in [FL]

Lemma 4.1. Let x0 ∈ B1 and 0 < r̄1 < r̄2 ≤ 1. Assume that 1 < pmin ≤ p(x) ≤
pmax < ∞ and ‖∇p‖L∞ ≤ ε1+θ, for some 0 < θ ≤ 1. Let c1 and c2 be positive
constants.

There exist positive constants γ ≥ 1, c̄ and ε0 such that the function

w(x) = c1|x− x0|−γ − c2,
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satisfies, for r̄1 ≤ |x− x0| ≤ r̄2,

∆p(x)w ≥ c̄, for 0 < ε ≤ ε0.

Here γ = γ(n, pmin, pmax), c̄ = c̄(pmin, pmax, c1) and ε0 = ε0(n, pmin, pmax, r̄1, c1).

Proof. See Lemma 4.2 in [FL]. �

We will now prove two key estimates for viscosity solutions to (1.1). Estimate
(4.2) will imply that viscosity solutions are locally Lipschitz continuous (see The-
orem 1.1). If F (u) is a Lipschitz continuous graph, we also obtain estimate (4.3),
which gives the nondegeneracy of u close to F (u).

We will use the notation pr+ = supBr
p and pr− = infBr p, for r > 0 (see [Wo]).

Proposition 4.2. Let pmin ≤ p0 ≤ pmax and 0 < γ0 ≤ g0 ≤ ‖g‖L∞(B2). Let u
be a viscosity solution to (1.1) in B2 such that 0 ∈ F (u). There exists a constant
0 < ε̃ < 1 such that if
(4.1)
‖f‖L∞(B2) ≤ ε̃, ||g − g0||L∞(B2) ≤ ε̃, ||∇p||L∞(B2) ≤ ε̃, ||p− p0||L∞(B2) ≤ ε̃,

then

(4.2) u(x) ≤ C0dist(x, F (u)), x ∈ B+
1/2(u).

Assume moreover that F (u) is a Lipschitz continuous graph in B2. Then

(4.3) c0dist(x, F (u)) ≤ u(x), x ∈ B+
ρ0
(u).

The constants ε̃, c0 and C0 depend only on n, pmin, pmax, ‖g‖L∞(B2) and ||u||p
3/2
+ −p

3/2
−

L∞(B3/2)
,

where p
3/2
+ = supB3/2

p and p
3/2
− = infB3/2

p. The constants ε̃ and c0 depend also

on the Lipschitz constant of F (u) and on γ0, and the constant ρ0 depends only on
the Lipschitz constant of F (u).

Proof. Without loss of generality we will assume that g0 = 1. We let x0 ∈ B+
1/2(u)

and we denote d = dist(x0, F (u)). We consider the rescaled function

(4.4) ũ(x) =
u(x0 + dx)

d
.

Then ũ is a viscosity solution to (1.1) with right hand side f̃(x) = df(x0 + dx),
exponent p̃(x) = p(x0 + dx) and free boundary condition g̃(x) = g(x0 + dx). Since
d ≤ 1, the assumptions (4.1) hold for the rescaled functions in B3/2.

In particular, ũ is well defined in the ball B1, with ũ > 0 in B1, and it satisfies
the equation

(4.5) ∆p̃(x)ũ = f̃ in B1.

We will show that

(4.6) c0 ≤ ũ(0) ≤ C0,

for suitable universal constants C0, c0 > 0.

Step I: Upper bound. Let us prove the upper bound in (4.6). We will argue by
contradiction, assuming that ũ(0) > C0, with C0 ≥ 1 to be precised later.

We will use a barrier like the one considered in Lemma 4.1, in the annulus B1\Br,
with r suitably chosen.
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We are going to fix 0 < r < 1 in a universal way, keeping in mind the particular
form of Harnack’s inequality for the p(x)-Laplacian (see Theorem 2.1 [Wo]). In fact,
since there holds (4.5), it follows from [Wo] that there exists a positive constant
CH such that

(4.7) sup
Br

ũ ≤ CH(inf
Br

ũ+ r(||f̃ ||L∞

1
pmax−1 + 1)),

if r < 1
4 . Using that ||f̃ ||L∞ ≤ 1 and ||∇p̃||L∞ ≤ 1, we obtain that the constant

CH depends only on n, pmin, pmax and ||ũ||p̃
4r
+ −p̃4r

−

L∞(B4r)
, where p̃4r+ = supB4r

p̃ and

p̃4r− = infB4r p̃.
We now notice that

(4.8) ||ũ||p̃
4r
+ −p̃4r

−

L∞(B4r)
≤ ||u||p̃

4r
+ −p̃4r

−

L∞(Bd(x0))

(1
d

)p̃4r
+ −p̃4r

−

,

(4.9) p̃4r+ − p̃4r− ≤ ||∇p̃||L∞(B4r)
8r ≤ d||∇p||L∞(Bd(x0))

2 ≤ 2d,

and also

(4.10) p̃4r+ − p̃4r− = sup
x∈B4r

p(x0 + dx)− inf
x∈B4r

p(x0 + dx) ≤ sup
Bd(x0)

p− inf
Bd(x0)

p.

Then, from (4.8), (4.9) and (4.10) and using that Bd(x0) ⊂ B3/2, we conclude that

||ũ||p̃
4r
+ −p̃4r

−

L∞(B4r)
≤ cmax

{
1, ||u||p

3/2
+ −p

3/2
−

L∞(B3/2)

}
,

where c = supx∈(0,1)

(
1
x

)2x
, p

3/2
+ = supB3/2

p and p
3/2
− = infB3/2

p.

Hence, from (4.7) and the fact that ||f̃ ||L∞ ≤ 1, we deduce that for every x ∈ Br,

(4.11)
ũ(0)

CH
− 2r ≤ inf

Br

ũ ≤ ũ(x).

We now fix r = min{ 1
8 ,

1
4CH

}, and using that ũ(0) > C0 ≥ 1, we get from (4.11)

ũ(x) ≥ ũ(0)

2CH
, x ∈ Br.

Next let

w(x) = |x|−γ − 1,

where we fix γ = γ(n, pmin, pmax) ≥ 1 given in Lemma 4.1.
We denote

(4.12) G(x) = C̄w(x) = C̄
(
|x|−γ − 1

)

in B1 \Br, where we fix C̄ = C̄(r, γ) > 0 in such a way that G = 1 on ∂Br.
Let

Ḡ(x) = kG(x) = kC̄
(
|x|−γ − 1

)
, where k =

C0

2CH
.

Recalling that ũ(x) ≥ ũ(0)
2CH

> C0

2CH
in B̄r, we get

(4.13)
ũ ≥ 0 = Ḡ, on ∂B1,

ũ ≥ k = Ḡ, on ∂Br.

We claim that

(4.14) ∆p̃(x)Ḡ ≥ f̃ in B1 \ B̄r,
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if ε̃ is suitably chosen.
In fact, by Lemma 4.1, we know that

∆p̃(x)Ḡ ≥ c̄ in B1 \ B̄r,

with c̄ = c̄(pmin, pmax, k, C̄), if ε̃ ≤ ε̄0(n, pmin, pmax, r, k, C̄), since ||∇p̃||L∞ ≤ ε̃. So,

if we let ε̃ ≤ c̄, then ||f̃ ||L∞ ≤ c̄. That is, (4.14) holds.

Then, from (4.5), (4.14) and (4.13), we conclude that ũ ≥ Ḡ in B1 \Br, with Ḡ ∈
C2 and ∇Ḡ 6= 0 in that set, and Ḡ touches ũ from below at some z ∈ ∂B1 ∩ F (ũ).
Then

2 > 1 + ε̃ ≥ g̃(z) ≥ |∇Ḡ(z)| = C0

2CH
|∇G(z)| = C0γC̄

2CH
,

so we obtain a contradiction if we choose C0 = max
{
1, 8CH

γC̄

}
. Hence (4.2) follows.

Step II: Lipschitz estimate. From (4.2) we deduce that u is Lipschitz continuous
in B1/4, with a Lipschitz constant depending only on n, pmin, pmax and C0. In fact,
this can be seen with similar arguments as those in Theorem 1.1, Step III. When
estimating the Lipschitz constant, we use that, in the present case, ‖f‖L∞(B2) ≤
ε̃ < 1 and ||∇p||L∞(B2) ≤ ε̃ < 1.

Step III: Lower bound. Now we assume that F (u) is a Lipschitz continuous graph
in B2. Without loss of generality we assume that F (u) is a Lipschitz graph in the
direction en with Lipschitz constant 1. We want to prove that ũ given by (4.4)
satisfies the lower bound in (4.6).

We assume moreover that our point x0 ∈ B+
1/2(u) belongs to Bρ0 , with ρ0 < 1/5.

Then, d = dist(x0, F (u)) < ρ0 < 1/5 so ũ is well defined in the ball B5.
Taking additionally ρ0 < 1/24, we also obtain from the previous step that ũ

is Lipschitz in B5, with Lipschitz constant depending only on n, pmin, pmax and
C0. Moreover, since there exists x̄ ∈ ∂B1 ∩ F (ũ), ||ũ||L∞(B5) depends only on the
Lipschitz constant of ũ in B5.

Let us point out that also in this part of the proof we need to use more delicate
arguments than those in [D]. Thus, we first remark what does not change. Since
F (ũ) is a Lipschitz continuous graph, then {ũ > 0} is a NTA domain, see [JK].
This fact implies that for every couple of points δ-away from F (ũ) in {ũ > 0} such
that they are contained in a ball of size M̄δ, there exists a Harnack chain of balls,
whose length is of order M̄ , contained in the domain, connecting the two points. In
other words, there exist k balls in {ũ > 0} of radius comparable to δ (k depending
only on M̄), such that consecutive balls intersect, connecting the two points.

As a consequence we will show that, in the present case, we can apply a suitable
Harnack inequality (Theorem 3.2) at each ball, and this will allow us to estimate
the value of ũ at the first point with the value of ũ at the last one, times a universal
constant, provided (4.1) holds, for appropriate ε̃.

We start by considering, for η > 0,

G̃(x) = η(1 −G(x)), in B1 \ B̄r

where G, as well as the constants r, γ and C̄, are defined as in (4.12).

We observe that, ∇G̃ 6= 0 in B1 \Br and, on ∂Br,

|∇G̃| = ηC̄|∇w| = ηC̄γr−1−γ ,
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then we can choose η = η(r, γ), so that

|∇G̃| < 1

2
< 1− ε̃ on ∂Br,

if ε̃ < 1
2 . Now, since

(4.15) ∆p̃(x)G̃ = −∆p̃(x)

(
ηG
)
, ηG(x) = ηC̄

(
|x|−γ − 1

)
,

we can apply Lemma 4.1 once more and deduce that

(4.16) ∆p̃(x)

(
ηG
)
≥ ĉ in B1 \ B̄r,

with ĉ = ĉ(pmin, pmax, η, C̄), if ε̃ ≤ ε̂0(n, pmin, pmax, r, η, C̄), since ||∇p̃||L∞ ≤ ε̃. So,

if we let ε̃ < ĉ, then ||f̃ ||L∞(B5) < ĉ and therefore, from (4.15) and (4.16), we get

∆p̃(x)G̃ < −||f̃ ||L∞(B5) in B1 \ B̄r.

That is, G̃ is a strict supersolution to the rescaled free boundary problem in
B1 \ B̄r.

Next, observe that from the assumptions we made, F (ũ) is a Lipschitz graph in
the direction en with Lipschitz constant 1 and consider the function

G̃(x+ 4en)

in B1(−4en)\Br(−4en), which is a strict supersolution of our rescaled free boundary

problem. There holds that G̃(x + 4en) ≥ 0 as well as G̃(x + 4en) ≥ ũ(x) in
B(−4en) \Br(−4en), since ũ ≡ 0 in B1(−4en).

Now we move back the graph, by a translation depending on t > 0, until the
graph of the function

G̃(x+ (4− t)en) : −(4− t)en + (B1 \Br) → R

touches the graph of ũ. Let say that the contact happens when t = t∗ at a point z̃

such that ũ(z̃) = G̃(z̃ + (4− t∗)en).

Since G̃(x + (4 − t∗)en)) is a strict supersolution to the rescaled free boundary

problem, recalling the comparison result (see Lemma 2.9), we conclude that G̃(x+
(4− t∗)en) cannot touch ũ from above at the common free boundary sets, neither
at interior of the annulus.

Then the contact point z̃ belongs to −(4−t∗)en+∂B1. As a consequence η = ũ(z̃)

and d̃ = dist(z̃, F (ũ)) ≤ 1. Since ũ is Lipschitz continuous with universal constant,

then η = ũ(z̃) ≤ Cd̃ so that

(4.17) C−1η ≤ d̃ ≤ 1.

Hence, from (4.17) and by applying the cited result on NTA domains, we know
that we can construct a Harnack chain connecting 0 and z̃, and the length of this
chain, let us say m, is bounded by a universal constant.

That is, we have ballsBri(xi) with radius ri comparable to 1, B2ri(xi) ⊂ {ũ > 0},
0 ≤ i ≤ m, x0 = 0, xm = z̃ and yi ∈ Bri−1(xi−1) ∩Bri(xi), for 1 ≤ i ≤ m.

We can now apply Theorem 3.2 to ũ at every ball B2ri(xi). That is, given σ > 0

there exist ε1 = ε1(σ) and C
∗ universal such that if ||p̃−p0||L∞ ≤ ε and ||f̃ ||L∞ ≤ ε,

with ε ≤ ε1, then

(4.18) sup
Bri

(xi)

ũ ≤ C∗ inf
Bri

(xi)
ũ+ σ.
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For the application of Theorem 3.2 we need to recall that ||ũ||L∞(B5)
≤ M , with

M universal.
Now, (4.18) implies that for any x, y ∈ Bri(xi),

cũ(x) − cσ ≤ ũ(y),

where we have denoted c = 1
C∗

. Then, we obtain

cũ(y1)− cσ ≤ ũ(x0),

cũ(yi+1)− cσ ≤ ũ(yi), 1 ≤ i ≤ m− 1,

and

cũ(xm)− cσ ≤ ũ(ym).

Then, iterating we deduce

cm+1ũ(xm)− σ

m+1∑

j=1

cj ≤ ũ(x0).

Thus, since x0 = 0 and xm = z̃, we have

cm+1ũ(z̃)− σc
1− cm+1

1− c
= cm+1ũ(z̃)− σ

m+1∑

j=1

cj ≤ ũ(0).

Hence denoting c1 = cm+1 and c2 = c 1−cm+1

1−c , we obtain

c1η − σc2 = c1ũ(z̃)− σc2 ≤ ũ(0),

where c1 and c2 are universal constants. Now we fix σ universal,

σ =
c1η

2c2
.

In this way we conclude that

ũ(0) ≥ c1η −
c1η

2
=
c1η

2
,

if ||p̃− p0||L∞ ≤ ||p− p0||L∞(B2) ≤ ε̃ and ||f̃ ||L∞ ≤ ||f ||L∞(B2) ≤ ε̃, with ε̃ ≤ ε1(σ).
Since η is universal as well, we have finished the proof. �

From Proposition 4.2, we can now obtain the proof of Theorem 1.1.
We recall again the notation we use: pr+ = supBr

p and pr− = infBr p, for r > 0.

Proof of Theorem 1.1. Let u be a viscosity solution to (1.1) in B1. We will
divide the proof into several steps.

Step I. Let us fix z0 ∈ B5/8 ∩ F (u). For 0 < ρ ≤ 1
16 , we consider the function

ū(x) =
1

ρ
u(z0 + ρx), x ∈ B2.

Then ū is a viscosity solution to (1.1) in B2, with right hand side f̄(x) = ρf(z0+
ρx), exponent p̄(x) = p(z0 + ρx) and free boundary condition ḡ(x) = g(z0 + ρx).
Moreover, 0 ∈ F (ū).

Let us see that we can apply the first part of Proposition 4.2 to ū, if ρ is suitably
chosen.



REGULARITY OF LIPSCHITZ FREE BOUNDARIES FOR THE p(x)-LAPLACIAN 15

For that purpose, let us first show that the constants appearing in that propo-
sition can be taken independent of ρ. More precisely, we want to find a bound
independent of ρ for

||ū||p̄
3/2
+ −p̄

3/2
−

L∞(B3/2)
, where p̄

3/2
+ = sup

B3/2

p̄, p̄
3/2
− = inf

B3/2

p̄.

In fact, we have

(4.19) ||ū||p̄
3/2
+ −p̄

3/2
−

L∞(B3/2)
≤ ||u||p̄

3/2
+ −p̄

3/2
−

L∞(B1/8(z0))

(1
ρ

)p̄3/2
+ −p̄

3/2
−

,

and

(4.20) p̄
3/2
+ − p̄

3/2
− ≤ 3||∇p̄||L∞(B3/2)

≤ 3ρ||∇p||L∞(B1/8(z0))
.

Then, from (4.19) and (4.20), we conclude that

||ū||p̄
3/2
+ −p̄

3/2
−

L∞(B3/2)
≤ C = C

(
||u||L∞(B1/8(z0)), ||∇p||L∞(B1/8(z0))

)
.

It follows that in order to apply the first part of Proposition 4.2 to ū we can
take the constants ε̃ and C0 in that proposition depending only on n, pmin, pmax,
||u||L∞(B1/8(z0)), ||∇p||L∞(B1/8(z0))

and ||g||L∞(B1/8(z0)).

Then, if ρ is small enough, there holds in B2

|f̄(x)| ≤ ||f ||L∞(B1/8(z0)) ρ ≤ ε̃,

|ḡ(x)− g(z0)| = |g(z0 + ρx)− g(z0)| ≤ 2[g]C0,β(B1/8(z0)) ρ
β ≤ ε̃,

|∇p̄(x)| ≤ ||∇p||L∞(B1/8(z0)) ρ ≤ ε̃,

|p̄(x) − p(z0)| = |p(z0 + ρx)− p(z0)| ≤ 2||∇p||L∞(B1/8(z0)) ρ ≤ ε̃.

Hence, if ρ ≤ ρ0, ρ0 depending only on ε̃, ||f ||L∞(B1/8(z0)), [g]C0,β(B1/8(z0)), β and

||∇p||L∞(B1/8(z0)), then ū satisfies

ū(x) ≤ C0dist(x, F (ū)), x ∈ B+
1/2(ū).

Step II. We deduce from the previous step that for every z0 ∈ B5/8 ∩F (u) there
holds

(4.21) u(x) ≤ C0dist(x, F (u)), x ∈ Bρ1(z0) ∩ {u > 0},
for C0 > 0 and 0 < ρ1 <

1
32 constants depending only on n, pmin, pmax, ||u||L∞(B3/4),

||∇p||L∞(B3/4)
, ||f ||L∞(B3/4), ||g||C0,β(B3/4)

and β (here we have used thatB1/8(z0) ⊂
B3/4 for every z0 ∈ B5/8 ∩ F (u)).

Step III. Let x0 ∈ B+
1/2(u) such that dist(x0, F (u)) ≤ ρ1/2. We will show that

(4.22) |∇u(x0)| ≤ C1,

for C1 > 0 universal.
In fact, we denote d0 = dist(x0, F (u)) and we define ũ(x) = 1

d0
u(x0 + d0x).

Then, since Bd0(x0) ⊂ {u > 0},
∆p̃(x)ũ = f̃ in B1,

with f̃(x) = d0f(x0 + d0x) and p̃(x) = p(x0 + d0x) and therefore,

(4.23) ||∇p̃||L∞(B1)
≤ ||∇p||L∞(Bd0

(x0))
, ||f̃ ||L∞(B1)

≤ ||f ||L∞(Bd0
(x0))

.
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Since d0 = dist(x0, F (u)), there exists z0 ∈ F (u) such that |x0 − z0| = d0 and
recalling that d0 < 1/8 we see that z0 ∈ B5/8 ∩ F (u).

Also Bd0(x0) ⊂ B2d0(z0) ⊂ Bρ1(z0). Then (4.21) yields

u(x) ≤ C0dist(x, F (u)) in Bd0(x0).

Moreover, if x ∈ Bd0(x0),

dist(x, F (u)) ≤ |x− z0| < 2d0

and then,

u(x) ≤ C0dist(x, F (u)) ≤ C02d0 in Bd0(x0)

which implies

(4.24) ||ũ||L∞(B1)
=

1

d0
||u||L∞(Bd0

(x0))
≤ 2C0.

Hence, from Theorem 1.1 in [Fa] we deduce that ũ ∈ C1,α(B1/2) and ||∇ũ||L∞(B1/2) ≤
C1. Taking into account (4.23) and (4.24), we obtain that the constant C1 > 0 can
be taken depending only on n, pmin, pmax, ||∇p||L∞(B3/4)

, ||f ||L∞(B3/4) and C0. It

follows that

|∇u(x0)| = |∇ũ(0)| ≤ C1,

which proves (4.22).

Step IV. Let x0 ∈ B+
1/2(u) such that dist(x0, F (u)) > ρ1/2. We will show that

(4.25) |∇u(x0)| ≤ C2,

for C2 > 0 universal.
In fact, there holds that Bρ1/2(x0) ⊂ {u > 0} and then,

∆p(x)u = f in Bρ1/2(x0).

Now Theorem 1.1 in [Fa] implies that u ∈ C1,α(Bρ1/4(x0)) and ||∇u||L∞(Bρ1/4(x0)) ≤
C2, where C2 > 0 is a constant that can be taken depending only on n, pmin, pmax,
||u||L∞(B3/4), ||∇p||L∞(B3/4)

, ||f ||L∞(B3/4) and ρ1. This proves (4.25) and completes

the proof. �

5. Asymptotic expansions

In this section we revisit some lemmas that are well known in the linear setting
(see [CS] and the Appendix in [C2]), for the case of p0-harmonic functions (i.e.,
∆p0u = 0, p0 ∈ (1,∞)). Our results —that are used in Theorem 1.2 and Section
7— concern the existence of first order expansions at one side regular boundary
points of positive Lipschitz p0-harmonic functions, vanishing at the boundary of a
domain. The proof can be applied to a general class of fully nonlinear degenerate
elliptic operators (see Remark 5.2).

For the notion of solution we refer to Definition 2.1 and Remark 2.3. Our result
is the following

Lemma 5.1. Let 1 < p0 <∞ and let u be a positive Lipschitz p0-harmonic function
in a domain Ω ⊂ R

n. Let x0 ∈ ∂Ω and assume that u vanishes continuously on
∂Ω ∩Bρ(x0), for some ρ > 0.
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(a) If there exists Br(y) ⊂ Ω such that x0 ∈ ∂Br(y), then

u(x) = α〈x− x0, ν〉+ + o(|x− x0|),
in the ball Br(y), with α > 0 and ν = y−x0

|y−x0|
.

(b) If there exists a ball Br(y) ⊂ Ωc such that x0 ∈ ∂Br(y), then

u(x) = β〈x− x0, ν〉+ + o(|x− x0|),
with β ≥ 0 and ν = x0−y

|x0−y| . In addition, if β > 0, then Br(y) is tangent to

∂Ω at x0.

Proof. We will assume, without loss of generality, that x0 = 0, ν = en and ρ > 1.
We will let λ0 := min{1, p0 − 1} and Λ0 := max{1, p0 − 1}.

We define

(5.1) ũ =

{
u x ∈ Ω̄ ∩B1,
0 x ∈ Ω̄c ∩B1.

Hence ũ is Lipschitz in B1. To simplify the notation we will denote ũ as u.

Case (a). Let h be the solution of




M−
λ0,Λ0

(D2h) = 0, Br(y) \Br/2(y)

h = 0, on ∂Br(y)
h = minBr/2(y)

u, on ∂Br/2(y).

Let h ≡ minBr/2(y)
u in Br/2(y) and h ≡ 0 in Bc

r(y). Then, h ≥ 0, h ∈ C2(Br(y) \Br/2(y)),

see [CC], and

(5.2) h(x) = cx+n + o(|x|), c > 0.

In addition, recalling (2.2), we have in Br(y), in the viscosity sense,

0 = ∆p0u(x) = |∇u(x)|p0−2

(
∆u+ (p0 − 2)〈D2u(x)

∇u(x)
|∇u(x)| ,

∇u(x)
|∇u(x)| 〉

)

≥ |∇u(x)|p0−2M−
λ0,Λ0

(D2u(x)).

Hence, applying Lemma 6 in [IS], we conclude that M−
λ0,Λ0

(D2u(x)) ≤ 0, in the

viscosity sense, in Br(y). Since u ≥ 0 in Br(y), we deduce that u ≥ h in Br(y). We
define now

α0 = sup{m : u(x) ≥ mh(x), B1 ∩Br(y)}
and for k ∈ N

αk = sup{m : u(x) ≥ mh(x), B2−k ∩Br(y)}.
In particular these sets are well defined and not empty, since m = 1 belongs to all
of them. The sequence {αk}k∈N is increasing and bounded because u is Lipschitz.
Let

α̃ = lim
k→∞

αk.

From the definition of α̃ there holds that α̃ > 0 and

(5.3) lim inf
x→0, x∈Br(y)

u(x)− α̃h(x)

|x| ≥ 0.

Let us show that

(5.4) lim sup
x→0, x∈Br(y)

u(x)− α̃h(x)

|x| ≤ 0.
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Then, (5.2), (5.3) and (5.4) will give the desired result.
We argue by contradiction assuming that

lim sup
x→0, x∈Br(y)

u(x)− α̃h(x)

|x| = 2δ > 0.

Hence, there exists a sequence xk ∈ Br(y), |xk| = rk → 0 such that for every k

u(xk)− α̃h(xk)

|xk| ≥ δ.

We define rk = |xk|, yk = xk

rk
, so that rk → 0 and |yk| = 1. Moreover, we denote

uk(x) :=
u(rkx)

rk
, hk(x) :=

h(rkx)

rk
.

Since u and h are Lipschitz in B1 and u(0) = h(0) = 0 then, there exists v Lipschitz
continuous in R

n such that, for a subsequence,

uk − α̃hk → v

uniformly on compact sets and such that yk → y0, |y0| = 1, y0n ≥ 0. Since

uk(y
k)− α̃hk(y

k) ≥ δ,

as a consequence v(y0) ≥ δ. Then there exists z0 with |z0| = 1, z0n > 0 and

Bε(z0) ⊂ {xn > 0} such that

v(x) ≥ δ

2
in Bε(z

0)

and

uk(x) − α̃hk(x) ≥
δ

2
in Bε(z

0).(5.5)

We know that in Br(y) ∩B2−k

u(x) ≥ αkh(x),

and rk → 0. We take a sequence jk → +∞ such that rk < 2−jk and then

u(x) ≥ αjkh(x) in Br(y) ∩B2−jk .

Hence

u(x) ≥ αjkh(x) if |x| < rk, x ∈ Br(y).

As a consequence,

uk(x) ≥ αjkhk(x) if |x| < 1, |x− y

rk
| < r

rk
,

and, recalling (5.5), we have uk(x)−αjkhk(x) ≥ δ
2 in Bε(z

0). We also observe that

(5.6)

M−
λ0,Λ0

(D2hk) = 0 in B r
rk
(
y

rk
) ∩Bc

r
2rk

(
y

rk
),

M−
λ0,Λ0

(D2uk) ≤ 0 in B1 ∩B r
rk
(
y

rk
).

Hence, in the viscosity sense, if k is large,

M−
λ0,Λ0

(D2(uk − αjkhk)) ≤ 0 in B1 ∩B r
rk
(
y

rk
).
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In fact, since αjkhk ∈ C2, we get from (5.6), reasoning as in Proposition 2.13 in
[CC],

M−
λ0,Λ0

(D2(uk − αjkhk)) ≤ −M−
λ0,Λ0

(D2(αjkhk)) = 0

in B1 ∩B r
rk
( y
rk
). We now consider, for large k, wk satisfying





M−
λ0,Λ0

(D2wk) = 0 in Dk := B1 ∩B r
rk
( y
rk
),

wk = δ
4ϕ on Bε(z

0) ∩ ∂Dk,
wk = 0 on ∂Dk \Bε(z

0),

ϕ ∈ C∞
0 (Bε(z

0)), 0 ≤ ϕ ≤ 1, ϕ ≡ 1 in Bε/2(z
0).

Then wk ∈ C(Dk) ∩ C2(Dk ∩B1/2), wk ≥ 0 in Dk and

uk − αjkhk ≥ wk in Dk.

We claim that there exist µ > 0 and ρ̃0 > 0 such that, for large k,

(5.7)
wk(x)

hk(x)
≥ µ in Bρ̃0 ∩B r

rk
(
y

rk
).

In fact, we consider ϕk a C2 diffeomorphism which maps, for ρ0 small, Bρ0∩B r
rk
( y
rk
)

in B+
1 := B1∩{xn > 0}, with ϕk(Bρ0 ∩∂B r

rk
( y
rk
)) = B1∩{xn = 0} and ϕk(0) = 0.

We choose ϕk with uniformly bounded C2 norms. Then, we define

w̃k(x) = wk(ϕ
−1
k (x)), h̃k(x) = hk(ϕ

−1
k (x)) for x ∈ B+

1 .

We first observe that, for every M,N ∈ Sn×n, the following inequalities hold (see
Lemma 2.10 in [CC])

M+
λ0,Λ0

(M −N) ≥ M−
λ0,Λ0

(M)−M−
λ0,Λ0

(N) ≥ M−
λ0,Λ0

(M −N).

Then, we can apply Proposition 2.1 in [SS] with F (M) := M−
λ0,Λ0

(M) and we
obtain that

F̃k(D
2w̃k(x), Dw̃k(x), x) = 0 in B+

1 ,

where, for M ∈ Sn×n, q ∈ R
n and x ∈ B+

1 ,

F̃k(M, q, x) := M−
λ0,Λ0

(DϕT
k (ϕ

−1
k (x))MDϕk(ϕ

−1
k (x)) + qD2ϕk(ϕ

−1
k (x))),

with F̃k satisfying for every M,N ∈ Sn×n, p, q ∈ R
n and x ∈ B+

1 ,

M+
λ0,Λ0

(M −N) +K|p− q| ≥ F̃k(M,p, x)− F̃k(N, q, x)

≥ M−
λ0,Λ0

(M −N)−K|p− q|.
Here K is a fixed constant depending only on the uniform bound of the C2 norms
of ϕk.

As a consequence, w̃k satisfy in the viscosity sense, the following set of inequal-
ities

{ M+
λ0,Λ0

(D2w̃k) +K|∇w̃k| ≥ 0 in B+
1 ,

M−
λ0,Λ0

(D2w̃k)−K|∇w̃k| ≤ 0 in B+
1 .

(5.8)

With similar arguments we obtain that h̃k satisfy in the viscosity sense the
inequalities in (5.8) in B+

1 , as well.
We also notice that, since hk(x) → cx+n uniformly on compact sets of Rn, with

c > 0, then, h̃k(
1
2en) = hk(ϕ

−1
k (12en)) → c̃ > 0.
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Hence, we can apply Proposition 2.4 of [SS] and we get

(5.9) h̃k(x) ≤ Ch̃k(
1

2
en)xn ≤ C0xn in B+

1/2,

for a positive constant C0 and large k.
On the other hand, for k1 large and fixed, there holds wk ≥ wk1 in Dk1 , for

k ≥ k1. We remark that wk1 > 0 in Dk1 . Thus, for any 0 < r0 < 1,

(5.10) w̃k(
r0
2
en) = wk(ϕ

−1
k (

r0
2
en)) ≥ wk1(ϕ

−1
k (

r0
2
en)) → c̃r0 > 0.

Now the application of Proposition 2.5 in [SS] to w̃r0
k (x) := w̃k(r0x), for r0 > 0

universal and small, gives

w̃k(x) ≥ c0w̃k(
r0
2
en)xn in B+

r0
2

,

for a positive constant c0. Hence, using (5.10) with this choice of r0, we get

(5.11) w̃k(x) ≥ c1xn in B+
r0
2

,

for c1 a positive constant and large k. Thus, from (5.9) and (5.11), we obtain

w̃k(x)

h̃k(x)
≥ c1
C0

:= µ in B+
ρ1
,

for ρ1 > 0 small and large k. Now, going back to the original variables, we conclude
that

wk(x)

hk(x)
≥ µ in Bρ̃0 ∩B r

rk
(
y

rk
),

for some constants ρ̃0 > 0 and µ > 0, and large k. That is, (5.7) holds.
Finally, since

uk − αjkhk ≥ wk in B1 ∩B r
rk
(
y

rk
),

we get

uk − αjkhk ≥ wk =
wk

hk
hk ≥ µhk in Bρ̃0 ∩B r

rk
(
y

rk
).

As a consequence,

uk − (αjk + µ)hk ≥ 0 in Bρ̃0 ∩B r
rk
(
y

rk
).

Then, in the original variables, we have

u(rkx)− (αjk + µ)h(rkx) ≥ 0 when |x| ≤ ρ̃0, |x− y

rk
| < r

rk
,

or, equivalently, when |rkx| ≤ rkρ̃0, |rkx − y| < r. Since αjk + µ → α̃ + µ, there
holds that αjk + µ ≥ α̃+ µ/2, if k is large enough. Hence,

u− (α̃ + µ/2)h ≥ 0 in Brk0 ρ̃0 ∩Br(y),

for some suitable k0. As a consequence, if 2−k ≤ rk0 ρ̃0,

u− (αk + µ/2)h ≥ u− (α̃+ µ/2)h ≥ 0 in B2−k ∩Br(y),

but this contradicts the definition of αk and completes the proof.

Case (b). Recalling (5.1), we have that ũ is Lipschitz in B1, satisfies ∆p0 ũ ≥ 0
in B1 in the sense of Definition 2.2 in [JLM] and, by Theorem 2.5 of that paper,
in the viscosity sense. We again denote ũ as u. Without loss of generality we may
suppose that B2r(y) ⊂ B1.



REGULARITY OF LIPSCHITZ FREE BOUNDARIES FOR THE p(x)-LAPLACIAN 21

Let h be the solution of




M+
λ0,Λ0

(D2h) = 0, B2r(y) \Br(y)

h = 0, on ∂Br(y)
h = max∂B2r(y) u, on ∂B2r(y),

and define h ≡ 0 in Br(y). Then, h ≥ 0, h ∈ C2(B2r(y) \Br(y)), see [CC], and

(5.12) h(x) = cx+n + o(|x|), c > 0.

In addition, recalling (2.2), we have in B1, in the viscosity sense,

0 ≤ ∆p0u(x) = |∇u(x)|p0−2

(
∆u+ (p0 − 2)〈D2u(x)

∇u(x)
|∇u(x)| ,

∇u(x)
|∇u(x)| 〉

)

≤ |∇u(x)|p0−2M+
λ0,Λ0

(D2u(x)).

Hence, applying Lemma 6 in [IS], we conclude that M+
λ0,Λ0

(D2u(x)) ≥ 0, in the

viscosity sense, in B1. Since u = 0 on ∂Br(y), then u ≤ h on ∂(B2r(y) \ Br(y)),
thus we deduce that u ≤ h in B2r(y) \Br(y). We define now

β0 = inf{m : mh(x) ≥ u(x), B1 ∩Bc
r(y)}

and for k ∈ N

βk = inf{m : mh(x) ≥ u(x), B2−k ∩Bc
r(y)}.

In particular these sets are well defined and not empty, for k ≥ k0, since m = 1
belongs to all of them. The sequence {βk}k∈N is monotone decreasing, so that

β̃ := inf
k∈N

βk ≥ 0,

because βk ≥ 0 for k ∈ N. There holds that

(5.13) lim sup
x→0, x∈Bc

r(y)

u(x)− β̃h(x)

|x| ≤ 0.

We will show that

(5.14) lim inf
x→0, x∈Bc

r(y)

u(x)− β̃h(x)

|x| ≥ 0.

Then, (5.12), (5.13) and (5.14) will give the desired result.
We will proceed by contradiction. In fact, assume that there exists δ > 0 such

that

lim inf
x→0, x∈Bc

r(y)

u(x)− β̃h(x)

|x| = −2δ.

Then, there exists a sequence {xk}k∈N ⊂ Bc
r(y), x

k → 0, such that

u(xk)− β̃h(xk)

|xk| ≤ −δ.

We define rk = |xk|, yk = xk

rk
, so that rk → 0 and |yk| = 1. Moreover, we denote

uk(x) :=
u(rkx)

rk
, hk(x) :=

h(rkx)

rk
.

Since u is Lipschitz in B1, h ∈ C2(B2r(y) \Br(y)) and u(0) = h(0) = 0 then, there
exists v Lipschitz continuous in R

n such that, for a subsequence,

uk − β̃hk → v
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uniformly on compact sets and such that yk → y0, |y0| = 1, y0n ≥ 0. Since

uk(y
k)− β̃hk(y

k) ≤ −δ,
as a consequence v(y0) ≤ −δ. Then there exists z0 with |z0| = 1, z0n > 0 and

Bε(z0) ⊂ {xn > 0} such that

v(x) ≤ − δ
2

in Bε(z
0)

and

uk(x)− β̃hk(x) ≤ − δ
2

in Bε(z
0).(5.15)

We know that in Bc
r(y) ∩B2−k

u(x) ≤ βkh(x),

and rk → 0. We take a sequence jk → +∞ such that rk < 2−jk and then

u(x) ≤ βjkh(x) in Bc
r(y) ∩B2−jk .

Hence

u(x) ≤ βjkh(x) if |x| < rk, x ∈ Bc
r(y).

As a consequence,

uk(x) ≤ βjkhk(x) if |x| < 1, |x− y

rk
| > r

rk
,

and, recalling (5.15), we have uk(x) − βjkhk(x) ≤ − δ
2 in Bε(z

0). We also observe
that

(5.16)

M+
λ0,Λ0

(D2hk) = 0 in B 2r
rk

(
y

rk
) ∩Bc

r
rk

(
y

rk
),

M+
λ0,Λ0

(D2uk) ≥ 0 in B1 ∩B
c
r
rk

(
y

rk
).

Hence, in the viscosity sense,

M+
λ0,Λ0

(D2(uk − βjkhk)) ≥ 0 in B1 ∩B
c
r
rk

(
y

rk
).

In fact, since βjkhk ∈ C2, we get from (5.16), reasoning as in Proposition 2.13 in
[CC],

M+
λ0,Λ0

(D2(uk − βjkhk)) ≥ −M+
λ0,Λ0

(D2(βjkhk)) = 0

in B1 ∩Bc
r
rk

( y
rk
). Thus, we deduce that

M−
λ0,Λ0

(D2(βjkhk − uk)) ≤ 0 in B1 ∩B
c
r
rk

(
y

rk
).

We now consider wk satisfying




M−
λ0,Λ0

(D2wk) = 0 in Dk := B1 ∩B
c
r
rk

( y
rk
),

wk = δ
4ϕ on Bε(z

0) ∩ ∂Dk,
wk = 0 on ∂Dk \Bε(z

0),

(5.17) ϕ ∈ C∞
0 (Bε(z

0)), 0 ≤ ϕ ≤ 1, ϕ ≡ 1 in Bε/2(z
0).

Then wk ∈ C(Dk) ∩ C2(Dk ∩B1/2), wk ≥ 0 in Dk and

βjkhk − uk ≥ wk in Dk.
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We claim that there exist µ > 0 and ρ̃0 > 0 such that, for large k,

(5.18)
wk(x)

hk(x)
≥ µ in Bρ̃0 ∩B

c
r
rk

(
y

rk
).

In fact, we consider ϕk a C2 diffeomorphism which maps, for ρ0 small, Bρ0∩B
c
r
rk

( y
rk
)

in B+
1 := B1∩{xn > 0}, with ϕk(Bρ0 ∩∂B r

rk
( y
rk
)) = B1∩{xn = 0} and ϕk(0) = 0.

We choose ϕk with uniformly bounded C2 norms. Then, we define

w̃k(x) = wk(ϕ
−1
k (x)), h̃k(x) = hk(ϕ

−1
k (x)) for x ∈ B+

1 .

Reasoning as in Case a), we get that w̃k satisfy in the viscosity sense, the following
set of inequalities

{ M+
λ0,Λ0

(D2w̃k) +K|∇w̃k| ≥ 0 in B+
1 ,

M−
λ0,Λ0

(D2w̃k)−K|∇w̃k| ≤ 0 in B+
1 ,

(5.19)

where K is a fixed constant depending only on the uniform bound of the C2 norms
of ϕk. With similar arguments we obtain that h̃k satisfy in the viscosity sense the
inequalities in (5.19) in B+

1 , as well.
We also notice that, since hk(x) → cx+n uniformly on compact sets of Rn, with

c > 0, then, h̃k(
1
2en) = hk(ϕ

−1
k (12en)) → c̃ > 0.

Hence, we can apply Proposition 2.4 of [SS] and we get

(5.20) h̃k(x) ≤ Ch̃k(
1

2
en)xn ≤ C0xn in B+

1/2,

for a positive constant C0 and large k.
On the other hand, let w0 satisfying





M−
λ0,Λ0

(D2w0) = 0 in B+
1 ,

w0 = δ
4ϕ on Bε(z

0) ∩ ∂B+
1 ,

w0 = 0 on ∂B+
1 \Bε(z

0),

with ϕ as in (5.17). Then wk ≥ w0 in B+
1 . We remark that w0 > 0 in B+

1 . Thus,
for any 0 < r0 < 1,

(5.21) w̃k(
r0
2
en) = wk(ϕ

−1
k (

r0
2
en)) ≥ w0(ϕ

−1
k (

r0
2
en)) → c̃r0 > 0.

Now the application of Proposition 2.5 in [SS] to w̃r0
k (x) := w̃k(r0x), for r0 > 0

universal and small, gives

w̃k(x) ≥ c0w̃k(
r0
2
en)xn in B+

r0
2

,

for a positive constant c0. Hence, using (5.21) with this choice of r0, we get

(5.22) w̃k(x) ≥ c1xn in B+
r0
2

,

for c1 a positive constant and large k. Thus, from (5.20) and (5.22), we obtain

w̃k(x)

h̃k(x)
≥ c1
C0

:= µ in B+
ρ1
,

for ρ1 > 0 small and large k. Now, going back to the original variables, we conclude
that

wk(x)

hk(x)
≥ µ in Bρ̃0 ∩B

c
r
rk

(
y

rk
),

for some constants ρ̃0 > 0 and µ > 0, and large k. That is, (5.18) holds.
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Finally, since

βjkhk − uk ≥ wk in B1 ∩Bc
r
rk

(
y

rk
),

we get

βjkhk − uk ≥ wk =
wk

hk
hk ≥ µhk in Bρ̃0 ∩B

c
r
rk

(
y

rk
).

As a consequence,

(βjk − µ)hk − uk ≥ 0 in Bρ̃0 ∩B
c
r
rk

(
y

rk
).

Then, in the original variables, we have

(βjk − µ)h(rkx)− u(rkx) ≥ 0 when |x| ≤ ρ̃0, |x− y

rk
| > r

rk
,

or, equivalently, when |rkx| ≤ rkρ̃0, |rkx − y| > r. Since βjk − µ → β̃ − µ, there

holds that βjk − µ ≤ β̃ − µ
2 , if k is large enough. Hence,

(β̃ − µ/2)h− u ≥ 0 in Brk0 ρ̃0 ∩Bc
r(y),

for some suitable k0. As a consequence, if 2−k ≤ rk0 ρ̃0,

(βk − µ/2)h− u ≥ (β̃ − µ/2)h− u ≥ 0 in B2−k ∩Bc
r(y),

but this contradicts the definition of βk and completes the proof. �

Remark 5.2. Lemma 5.1 also holds if we replace in the statement the p0-Laplace
operator by a general class of fully nonlinear degenerate elliptic operators. More
precisely, we can consider u a Lipschitz viscosity solution of an equation of the form

F (D2u(x), Du(x), x) = 0 in Ω,

with F satisfying for every M ∈ Sn×n, q ∈ R
n and x ∈ Ω,

|q|σM−
λ,Λ(M) ≤ F (M, q, x) ≤ |q|σM+

λ,Λ(M),

for some 0 < λ ≤ Λ and σ ∈ R, and the same proof applies.

6. Regularity of the free boundary

In this section we prove our main result, namely, Theorem 1.2.
Since we will apply a result of [LN1], we include first the definition of viscos-

ity solution employed in that paper in case of nonnegative solutions. These are
solutions of problem (1.1) with p(x) ≡ p0, f ≡ 0 and g ≡ 1.

Definition 6.1 (Definition 1.4 in [LN1]). Let D ⊂ R
n be a domain, u ∈ C(D) be

nonnegative and 1 < p0 <∞. u is a viscosity (or weak) solution of

(6.1)






∆p0u = 0 in D+(u) := {x ∈ D : u(x) > 0},

|∇u| = 1 on F (u) := ∂D+(u) ∩D,
if there holds that u is p0-harmonic in D+(u), in the sense that u ∈W 1,p0(D+(u))
and ∫

D+(u)

|∇u|p0−2∇u · ∇ϕdx = 0 for every ϕ ∈ W 1,p0

0 (D+(u)),

and the free boundary condition in (6.1) is satisfied in the following sense. Assume
that x0 ∈ F (u) and there exists a ball Br(y) ⊂ D, with x0 ∈ ∂Br(y). If ν = y−x0

|y−x0|
,

then the following holds, as x→ x0 non-tangentially, for α = 1,
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(i) if Br(y) ⊂ D+(u), then u(x) = α〈x − x0, ν〉+ + o(|x− x0|),
(ii) if Br(y) ⊂ D+(u)c, then u(x) = α〈x0 − x, ν〉+ + o(|x− x0|).

We next extend the result of Lemma 6.2 in [DFS1] to the global homogenous p0-
Laplacian free boundary problem (i.e., to problem (1.1) in Ω = R

n with p(x) ≡ p0,
f ≡ 0 and g ≡ 1). This result is valid for globally Lipschitz continuous functions.
The notion of viscosity solution we employ in Lemma 6.2 is the one in [LN1] (see
Definition 6.1 above).

Lemma 6.2. Let 1 < p0 <∞. Let v : Rn → R be a nonnegative Lipschitz viscosity
solution (in the sense of Definition 6.1) to

(6.2)





∆p0v = 0, in {v > 0},

|∇v| = 1, on F (v) := ∂{v > 0}.
Assume that

{v > 0} = {(x′, xn) ∈ R
n : x′ ∈ R

n−1, xn > h(x′)},
with h a Lipschitz continuous function, h(0) = 0 and Lip(h) ≤M. Then h is linear
and, after a rotation,

v(x) = x+n .

Proof. We will denote B′
r the ball of radius r centered at 0 in R

n−1.
We follow the idea of the proof in Lemma 6.2 in [DFS1], coupled with results

about the regularity of the free boundary in the homogeneous two phase problem
associated with the p0-Laplace operator. In fact, if v is a viscosity solution of (6.2)
and its free boundary is a Lipschitz graph, from the regularity results in [LN1], we
know that the free boundary F (v) is C1,α in B1, with a bound C depending only
on n, p0 and on the Lipschitz constant M of h. Then,

(6.3) |h(x′)− h(0)− 〈∇h(0), x′〉| ≤ C|x′|1+α

in B′
1, where C = C(n, p0,M). Moreover, since v is a global solution to (6.2),

considering the rescaled function vR(x) =
v(Rx)

R , we still obtain a solution to prob-

lem (6.2) whose free boundary is the graph of the function hR(x
′) = h(Rx′)

R for

x′ ∈ R
n−1. This function preserves the same Lipschitz constant and then satisfies

the inequality (6.3). That is,

|hR(x′)− hR(0)− 〈∇hR(0), x′〉| ≤ C|x′|1+α

for x′ ∈ B′
1. This fact can be read as

|h(Rx′)− h(0)− 〈∇h(0), Rx′〉| ≤ CR|x′|1+α

for x′ ∈ B′
1. Then,

|h(y′)− h(0)− 〈∇h(0), y′〉| ≤ C
|y′|1+α

Rα

for y′ ∈ B′
R. Hence, passing to the limit R → ∞, we conclude that h is linear in

R
n−1. Since v is Lipschitz, then Lemma B.1 in Appendix B applies and, up to a

proper rotation, v(x) = x+n . �

For the sake of completeness we recall the following theorem we proved in [FL]
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Theorem 6.3 (Theorem 1.1 in [FL]). Let u be a viscosity solution to (1.1) in B1.
Assume that 0 ∈ F (u), g(0) = 1 and p(0) = p0. There exists a universal constant
ε̄ > 0 such that, if the graph of u is ε̄−flat in B1, in the direction en, that is

(xn − ε̄)+ ≤ u(x) ≤ (xn + ε̄)+, x ∈ B1,

and

(6.4) ‖∇p‖L∞(B1) ≤ ε̄, ‖f‖L∞(B1) ≤ ε̄, [g]C0,β(B1) ≤ ε̄,

then F (u) is C1,α in B1/2.
The constants ε̄ and α depend only on pmin, pmax, β and n.

In the proof of Theorem 1.2 we will also use

Proposition 6.4. Let uk be a sequence of viscosity solutions to (1.1) in B2, with
right hand side fk, exponent pk and free boundary condition gk, where fk, pk and
gk are as in Subsection 1.1. Assume that uk are uniformly Lipschitz and that, for
some α > 0 and ν ∈ R

n with |ν| = 1, uk → u0(x) = α〈x, ν〉+, fk → 0, pk → p0,
∇pk → 0 and gk → 1 uniformly in B2. Assume moreover that F (uk) are uniform
Lipschitz graphs and F (uk) → F (u0) in Hausdorff distance in B2. Then α ≥ 1.

Proof. Without loss of generality we assume that ν = en. Suppose by contradiction
that 0 < α < 1. We take ϕ ∈ C∞(Rn), with 0 ≤ ϕ ≤ 1, ϕ ≡ 0 in Bc

1/2 and ϕ ≡ 1 in

B1/4. For 0 < ξ < 1/4 depending on α, to be fixed later, and 0 < ε < 1, we define

Dε = Dξ
ε = B1 ∩ {xn > −ξ + εϕ(x)}.

Let λ0,Λ0 as in (2.2). For ρ > 0 fixed and depending on α, to be precised later,
we consider vε such that






M+
λ0,Λ0

(D2vε) = −ρ, in Dε

vε = α(xn + ξ), on ∂B1 ∩ {xn ≥ −ξ},
vε = 0, on B1 ∩ {xn = −ξ + εϕ(x)},

vε ≡ 0 on B1 \Dε.

Step I. We will show that, in B3/4, vε is a strict supersolution to problem (1.1)
with right hand side fk, exponent pk and free boundary condition gk, for ρ, ε and
ξ suitably chosen and large k.

We first observe that vε > 0 in Dε. In addition, vε ∈ C2,α̃(Dε) and vε ∈
C1,α̃(Dε ∩B3/4). We define

wε = vε − α(xn + ξ),

that satisfies



M+
λ0,Λ0

(D2wε) = −ρ, in Dε

wε = 0, on ∂B1 ∩ {xn ≥ −ξ},
wε = −α(xn + ξ) = −αεϕ(x), on B1 ∩ {xn = −ξ + εϕ(x)}.

Hence, using ABP estimate (Theorem 3.6 in [CC]), we obtain that ||wε||L∞(Dε) ≤
C0(ρ + ε), with C0 > 0 independent of ε and ξ universal. Then from the inner
estimates in Corollary 5.7, [CC] and the boundary estimates in Theorem 1.4, [SS]
we deduce that there exist positive constants C1 and C2 such that

||wε||C1,α̃(Dε∩B3/4)
≤ C1

(
||wε||L∞(Dε) + ρ+ αε||ϕ||C1,α̃(B1)

)
≤ C2(ρ+ ε),(6.5)
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where C1 and C2 depend on the maximal curvature of {xn = −ξ+εϕ(x)}, see [SS],
and can be chosen universal independent of ε and ξ. Then

||∇wε||L∞(Dε∩B3/4)
≤ C2(ρ+ ε)

and

||∇vε| − α| ≤ |∇vε − αen| ≤ C2(ρ+ ε) in Dε ∩B3/4.

We now fix

(6.6)
ρ = c(α)

C2
, 0 < ε ≤ min{ c(α)

C2
, 14}, 2ξ = min{ c(α)

C2
, 14},

with c(α) = 1
2 min{ 1−α

2 , α2 } and C2 as in (6.5),

and then,

(6.7)
α

2
≤ |∇vε| ≤

1 + α

2
in Dε ∩B3/4.

Recalling (2.2), we obtain, in Dε ∩B3/4,

∆pk(x)vε ≤ I + II

where

I = |∇vε|pk(x)−2M+
λ0,Λ0

(D2vε)

and

II = |∇vε|pk(x)−2〈∇pk(x),∇vε〉 log |∇vε|.

Then

I = |∇vε|pk(x)−2(−ρ) ≤ −c1ρ,

since |∇vε|pk(x)−2 ≥ c1 = c1(α, pmax) because of (6.7). Moreover,

II ≤ |∇vε|pk(x)−1|∇pk(x)| |log |∇vε|| ≤ |∇pk(x)|c2,

where we have used that |t|pk(x)−1 |log |t|| ≤ c2 = c2(pmin) for |t| ≤ 1 and (6.7).
Then,

∆pk(x)vε ≤ −c1ρ+ ||∇pk||L∞c2 ≤ −c1ρ+ c2
c1
c2

ρ

2
= −c1

2
ρ(6.8)

if k is large so that ||∇pk||L∞ ≤ c1
c2

ρ
2 .

On the other hand, for k large, we have ||fk||L∞ < c1
2 ρ and gk(x) >

1+α
2 in B1

and then,

(6.9)





∆pk(x)vε ≤ − c1
2 ρ < −||fk||L∞ ≤ fk, in Dε ∩B3/4

|∇vε| ≥ α
2 , in Dε ∩B3/4 (this implies ∇vε 6= 0)

|∇vε| ≤ 1+α
2 < gk, in Dε ∩B3/4.

Hence, for our choice of ρ, ε and ξ done in (6.6), vε is a strict supersolution to
problem (1.1) in B3/4 with right hand side fk, exponent pk and free boundary
condition gk, for large k, as claimed.
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Step II. We will now get some uniform bounds for the functions uk. In fact, let
v be such that




M+
λ0,Λ0

(D2v) = −ρ, in {xn > −ξ, 5/8 < |x| < 1},
v = α(xn + ξ), on ∂B1 ∩ {xn ≥ −ξ},
v = 0, on {xn = −ξ, 5/8 < |x| < 1},
v = 0, on ∂B5/8 ∩ {xn ≥ −ξ}.

Then, vε > v > 0 in {xn > −ξ, 5/8 < |x| < 1}. Moreover, there exists c3 > 0
universal such that

(6.10) v > c3 in {xn ≥ − ξ
2
, 3/4 ≤ |x| ≤ 1}.

Let us now fix δ universal such that

(6.11) 0 < δ <
ξ

2
and 2Lδ < c3,

where L is the uniform Lipschitz constant of the functions uk.
We will first show that, if k is large,

(6.12) uk = 0 in B1 ∩ {xn ≤ −δ},

(6.13) uk ≤ 2Lδ in B1 ∩ {|xn| ≤ δ},

(6.14)
α

2
≤ |∇uk| ≤ L in B1 ∩ {xn ≥ δ}.

In fact, since ∂{uk > 0} → ∂{u0 > 0} = {xn = 0} in the Hausdorff distance
in B2, then ∂{uk > 0} ⊂ {|xn| < δ} in B2, if k is large. Hence (6.12) and (6.13)
follow.

Since uk → u0 = αx+n uniformly in B2, then for large k,

(6.15)

{
uk ≥ α δ

4 in B2 ∩ {xn > δ
2},

∆pk(x)uk = fk in B2 ∩ {xn > δ
2},

and then, by the C1,ᾱ estimates (Theorem 1.1 in [Fa]),

∇uk → αen uniformly in B1 ∩ {xn ≥ δ},
which gives (6.14) for k large.

We now observe that v − u0 ≥ α
2 ξ on ∂B1 ∩ {xn ≥ − ξ

2} and

v − u0 ≥ αξ

4
in {xn ≥ − ξ

2
, 1− σ ≤ |x| ≤ 1},

for some universal 0 < σ < 1/4. Here we have used that v ∈ Cᾱ({xn ≥ −ξ, 5/8 ≤
|x| ≤ 1}) (see, for instance, Theorem 2 in [Si]). Then,

v − uk ≥ αξ

8
in {xn ≥ − ξ

2
, 1− σ ≤ |x| ≤ 1},

for large k. Recalling (6.10), (6.11) and (6.13), we obtain

(6.16) vε > uk in {|xn| ≤ δ, 3/4 ≤ |x| ≤ 1},

(6.17) vε − uk ≥ αξ

8
in {xn ≥ − ξ

2
, 1− σ ≤ |x| ≤ 1}.

Step III. We will show that

(6.18) vε ≥ uk in B1, for every 0 < ε <
ξ

2
,
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if k is large.
If the result is not true, then

max
B1

(uk − vε) = (uk − vε)(x̃k) > 0 for some x̃k ∈ B1.

If |x̃k| ≥ 3/4, then (6.12), (6.16) and (6.17) imply that

x̃k ∈ {xn > δ, 3/4 ≤ |x| ≤ 1− σ}.
From (6.14) and (6.15) we get

α

2
≤ |∇vε(x̃k)| ≤ L

and

(6.19) ∆pk(x̃k)vε(x̃k) ≥ fk(x̃k).

Now, the uniform C1,ᾱ estimates for vε in B1 ∩ {xn ≥ 0} give

α

4
≤ |∇vε| ≤ 2L in Bµ(x̃k),

for some µ > 0 universal. Then, proceeding as in the computations leading to (6.8),
we get

∆pk(x)vε ≤ −c̄ρ in Bµ(x̃k),

with c̄ > 0 universal, if k is large. Therefore,

∆pk(x)vε < fk in Bµ(x̃k),

for large k, which contradicts (6.19). Then x̃k ∈ B3/4.

Since ε < ξ
2 and δ < ξ

2 , we have

∂{uk > 0} ⊂ {|xn| < δ} ⊆ {xn > −ξ + εϕ(x)},
and then x̃k ∈ {uk > 0} ∩B3/4 ⊂ Dε ∩B3/4.

So (6.9) implies that, for large k,

∇vε(x̃k) 6= 0

and

fk(x̃k) > ∆pk(x̃k)vε(x̃k) ≥ fk(x̃k),

a contradiction. This shows (6.18).

Step IV. We will finally show that, for some εk > 0, we have vεk ≥ uk in B3/4

and F (uk) ∩ F (vεk)∩B3/4 6= ∅, if k is large enough. This will contradict that vε is
a strict supersolution to problem (1.1) in B3/4 and concludes the proof.

In fact, from (6.18) we know that

vε ≥ uk in {uk > 0} for 0 < ε <
ξ

2
.

Let

εk = sup
{
ε > 0 : vε ≥ uk in {uk > 0}

}
.

Since ξ ≤ 1/4, if we consider ε = 2ξ, then Bξ ⊂ {xn < −ξ + εϕ(x)} because, in
B1/4, xn = −ξ + εϕ(x) = −ξ + 2ξ = ξ.

Moreover, 0 ∈ ∂{u0 > 0} and ∂{uk > 0} → ∂{u0 > 0} in the Hausdorff
distance, then for k large, there exist x̂k ∈ Bξ ∩ ∂{uk > 0} and x̄k ∈ Bξ such that

uk(x̄k) > 0 = vε(x̄k), with x̄k ∈ {uk > 0}. Then, 0 < εk < 2ξ.
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Therefore, there holds vεk ≥ uk in {uk > 0} and then,

vεk ≥ uk in B1,

vεk (xk) = uk(xk) for some xk ∈ {uk > 0}.
Proceeding exactly as in Step III we obtain that

xk ∈ {uk > 0} ∩B3/4.

If xk ∈ {uk > 0} ∩ B3/4, then vεk (xk) = uk(xk) > 0. Since vεk ≥ uk > 0 in a
neighborhood of xk, this produces a contradiction because vεk is a strict superso-
lution to problem (1.1) in B3/4.

As a consequence xk ∈ ∂{uk > 0} ∩ B3/4 and vεk (xk) = uk(xk) = 0 and there
exist xkj → xk such that uk(xkj ) > 0. Then vεk(xkj ) ≥ uk(xkj ) > 0 and therefore
xk ∈ ∂{vεk > 0}. Hence xk ∈ F (uk) ∩ F (vεk) ∩ B3/4, which gives a contradiction
again. This shows that α ≥ 1 and completes the proof. �

We will also need

Proposition 6.5. Let uk be a sequence of viscosity solutions to (1.1) in B2, with
right hand side fk, exponent pk and free boundary condition gk, where fk, pk and
gk are as in Subsection 1.1. Assume that, for some α ≥ 0 and ν ∈ R

n with |ν| = 1,
uk → u0(x) = α〈x, ν〉+, fk → 0, pk → p0, ∇pk → 0 and gk → 1 uniformly in B2.
Then α ≤ 1.

Proof. Without loss of generality we assume that ν = en. Suppose by contradiction
that α = 1 + η, with η > 0, then

u0(x) = (1 + η)x+n .

For δ > 0 and ε > 0 small, to be precised later, we define

Q(x) := (1 +
η

2
)xn + δx2n − ε|x′|2,

where we denote x = (x′, xn), x
′ ∈ R

n.
Let us show that

(6.20)

{
u0 > Q in Bρ0 \ {0},
u0(0) = Q(0),

for some ρ0 = ρ0(δ, η) > 0. In fact, there holds that

u0(x) = (1 + η)x+n > (1 +
η

2
)xn + δx2n ≥ Q(x) for 0 < |xn| <

η

2δ
,

u0(x
′, 0) = 0 > −ε|x′|2 = Q(x′, 0) for x′ 6= 0,

so (6.20) follows for ρ0 = min{1, η
2δ}.

Claim. We claim that, in B1, Q is a strict subsolution to problem (1.1) with
right hand side fk, exponent pk and free boundary condition gk, for large k.

Indeed, we have

∇Q = (1 +
η

2
)en + 2Mx, D2Q = 2M,

where M ∈ Rn×n is given by

(6.21) Mij = 0 for i 6= j Mii = −ε for i 6= n, Mnn = δ.
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Then,

(6.22) 1 +
η

4
≤ |∇Q| ≤ 1 + η in B1,

if δ ≤ η/8 and ε ≤ η/8.
Moreover, applying the lower bound in (2.2), we obtain

∆pk(x)Q(x) ≥ |∇Q|pk(x)−2M−
λ0,Λ0

(D2Q) + |∇Q|pk(x)−2〈∇Q,∇pk(x)〉 log |∇Q|
≥ |∇Q|pk(x)−22M−

λ0,Λ0
(M)− |∇pk(x)||∇Q|pk(x)−1 log |∇Q|.

(6.23)

We also observe that (6.22) implies

(6.24) |∇Q|pk(x)−2 ≥ c1 |∇Q|pk(x)−1 log |∇Q| ≤ c2,

in B1, where c1 = c1(η, pmin) > 0 and c2 = c2(η, pmax) > 0.
Now, from (6.21) and (2.3) it is not hard to see that

(6.25) M−
λ0,Λ0

(M) = −Λ0ε(n− 1) + λ0δ ≥
λ0δ

2
,

if ε ≤ λ0δ
2Λ0(n−1) . We next take k large enough so that

(6.26) |∇pk| ≤
λ0δc1
2c2

, |fk| ≤
c1λ0δ

4
for x ∈ B1.

Putting together (6.23), (6.24), (6.25) and (6.26), we obtain in B1

∆pk(x)Q(x) ≥ c12M−
λ0,Λ0

(M)− |∇pk(x)|c2

≥ c1λ0δ −
λ0δc1
2c2

c2 > fk.

If, additionally, k is large so that

gk ≤ 1 +
η

8
, for x ∈ B1,

we obtain from (6.22) that

|∇Q| > gk in B1,

thus proving our claim.
We finally deduce from (6.20) that there exist a sequence σk → 0 and points

xk ∈ Bρ0 such that, denoting Qk = Q+ σk, we get

{
uk ≥ Qk in Bρ0 ,

uk(xk) = Q(xk),

if k is large. We notice that if uk(xk) > 0, then Qk(xk) > 0. Otherwise uk(xk) =
0 = Qk(xk), and since ∇Qk(xk) 6= 0, then xk ∈ F (Qk).

That is, for large k, Qk is a strict subsolution in Bρ0 to problem (1.1), with right
hand side fk, exponent pk and free boundary condition gk, touching uk from below
at xk ∈ B+

ρ0
(Qk) ∪ F (Qk), a contradiction. Then α ≤ 1. �

We are now in a position to prove Theorem 1.2.
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Proof of Theorem 1.2. Let u be a viscosity solution to (1.1) in B1 such that
0 ∈ F (u) and such that F (u) is a Lipschitz graph in Br0 , for some 0 < r0 ≤ 1.
Without loss of generality we assume that g(0) = 1 and we denote p(0) = p0.

We will divide the proof into several steps.

Step I. Lipschitz continuity and nondegeneracy. Let us first show that u is
Lipschitz and nondegenerate in a neighborhood of 0.

In fact, for 0 < r ≤ r0
2 ≤ 1

2 , we consider the function

ū(x) =
1

r
u(rx), x ∈ B2.

Then ū is a viscosity solution to (1.1) in B2, with right hand side f̄(x) = rf(rx),
exponent p̄(x) = p(rx) and free boundary condition ḡ(x) = g(rx). Moreover,
0 ∈ F (ū).

From Theorem 1.1 we know that ū is Lipschitz continuous in B1/2 with a Lips-
chitz constant depending only on n, pmin, pmax, ‖∇p‖L∞(B3r0/8), ‖f‖L∞(B3r0/8), β,

‖g‖C0,β(B3r0/8)
and ‖u‖L∞(B3r0/8).

In order to prove the nondegeneracy, let us see that we can apply the second
part of Proposition 4.2 to ū, if r is suitably chosen.

For that purpose, let us first show that the constants appearing in that propo-
sition can be taken independent of r. More precisely, we want to find a bound
independent of r for

||ū||p̄
3/2
+ −p̄

3/2
−

L∞(B3/2)
, where p̄

3/2
+ = sup

B3/2

p̄, p̄
3/2
− = inf

B3/2

p̄.

In fact, we have

(6.27) ||ū||p̄
3/2
+ −p̄

3/2
−

L∞(B3/2)
≤ ||u||p̄

3/2
+ −p̄

3/2
−

L∞(B3r0/4)

(1
r

)p̄3/2
+ −p̄

3/2
−

,

and

(6.28) p̄
3/2
+ − p̄

3/2
− ≤ 3||∇p̄||L∞(B3/2)

≤ 3r||∇p||L∞(B3r0/4)
.

Then, from (6.27) and (6.28), we conclude that

||ū||p̄
3/2
+ −p̄

3/2
−

L∞(B3/2)
≤ C = C

(
||u||L∞(B3r0/4), ||∇p||L∞(B3r0/4)

)
.

It follows that in order to apply the second part of Proposition 4.2 to ū we can
take the constants ε̃ and c0 in that proposition depending only on n, pmin, pmax,
||u||L∞(B3r0/4), ||∇p||L∞(B3r0/4)

, ||g||L∞(Br0)
, γ0 and on the Lipschitz constant of

F (u).
Then, if r is small enough, there holds in B2

|f̄(x)| ≤ r||f ||L∞(Br0)
≤ ε̃,

|ḡ(x) − 1| = |g(rx) − g(0)| ≤ 2rβ [g]C0,β(Br0)
≤ ε̃,

|∇p̄(x)| ≤ r||∇p||L∞(Br0 )
≤ ε̃,

|p̄(x)− p0| = |p(rx) − p(0)| ≤ 2r||∇p||L∞(Br0 )
≤ ε̃.

Hence, for r small enough, ū is nondegenerate in Bρ0 , for ρ0 > 0 depending only
on the Lipschitz constant of F (u).

That is, u is Lipschitz continuous and nondegenerate in Bρ̂0 , for a suitable uni-
versal ρ̂0 > 0, with a universal Lipschitz constant L0.
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Step II. Blow up limit. We now consider the blow up sequence

(6.29) uk(x) = uδk(x) =
u(δkx)

δk
, where δk → 0,

δk > 0. As before, each uk is a viscosity solution to (1.1) with right hand side
fk(x) = δkf(δkx), exponent pk(x) = p(δkx) and free boundary condition gk(x) =
g(δkx).

Our goal is to apply Theorem 6.3 to uk, for large k. We will first observe that,
taking k sufficiently large, the assumption (6.4) in that theorem is satisfied for the
universal constant ε̄. In fact, in B1,

|fk(x)| = δk|f(δkx)| ≤ δk||f ||L∞(Br0 )
≤ ε̄,

|∇pk(x)| ≤ δk||∇p||L∞(Br0)
≤ ε̄,

|pk(x)− p0| = |p(δkx)− p(0)| ≤ δk||∇p||L∞(Br0)
≤ ε̄,

[gk]C0,β(B1) ≤ δβk [g]C0,β(Br0)
≤ ε̄,

|gk(x)− 1| = |g(δkx)− g(0)| ≤ δβk [g]C0,β(Br0 )
≤ ε̄.

(6.30)

On the other hand, since u is Lipschitz and nondegenerate in Bρ̂0 , with Lipschitz
constant L0, then, for every R > 0, uk are Lipschitz and uniformly nondegenerate
in BR, with Lipschitz constant L0, if k ≥ k0(R). Then, standard arguments (see
for instance, [AC], 4.7) imply that (up to a subsequence), there holds that

(6.31)
uk → u0 in C0,γ

loc (R
n), for all 0 < γ < 1,

∂{uk > 0} → ∂{u0 > 0} locally in Hausdorff distance,

to a function u0 : R
n → R, which is globally Lipschitz with constant L0 and

nondegenerate in R
n. Moreover, F (u0) is a global Lipschitz graph.

We also observe that the estimates in (6.30) also imply that

fk → 0, ∇pk → 0, pk → p0, gk → 1, uniformly on compacts of R
n.

Step III. Limit equation. Since u satisfies in the viscosity sense ∆p(x)u = f in
{u > 0}, then every uk satisfies in the viscosity sense ∆pk(x)uk = fk in {uk > 0}.
We claim that the blow up limit u0 is a viscosity solution to ∆p0u0 = 0 in {u0 > 0}.

In fact, let us see that u0 is a viscosity subsolution to ∆p0u0 = 0 in {u0 > 0}.
Let x0 ∈ {u0 > 0} and let P be a quadratic polynomial such that P ≥ u0 in

Bσ(x0), P (x0) = u(x0) and ∇P (x0) 6= 0. We can assume that |∇P | ≥ c > 0 in
Bσ(x0) and Bσ(x0) ⊂ {uk > 0} for k large, so ∆pk(x)uk(x) = fk(x) in Bσ(x0). We
want to prove that ∆p0P (x0) ≥ 0. We argue by contradiction assuming that there

exists ρ > 0 such that ∆p0P (x0) < −ρ < 0. For ε > 0, we define P̃ (x) = P̃ε(x) =

P (x) + ε|x− x0|2. Hence ∇P̃ = ∇P + 2ε(x− x0) and

(6.32) |∇P̃ | ≥ c

2
in Bσ(x0),

if ε is sufficiently small. Letting ε→ 0, we get

∆p0 P̃ (x0) → ∆p0P (x0) < −ρ
and then, if ε is small enough, we obtain

(6.33) ∆p0 P̃ (x0) < −ρ
2
.
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We now fix ε > 0 small such that (6.32) and (6.33) hold. We have

(6.34) P̃ (x) > u0(x) in Bσ(x0) \ {x0}, and P̃ (x0) = u0(x0).

Moreover, since uk → u0 uniformly in Bσ(x0), then |uk − u0| < γk in Bσ(x0) with
γk → 0. Hence, from

P̃ (x) ≥ u0(x) > uk(x) − γk in Bσ(x0),

it follows
P̃ (x) + γk > uk(x) in Bσ(x0).

Let
tk = sup{t ≥ 0 : P̃ (x) + γk ≥ uk(x) + t in Bσ(x0)}.

Since γk → 0 and P̃ (x) + γk is bounded in Bσ(x0), then tk is finite so that

P̃ (x) + γk ≥ uk(x) + tk in Bσ(x0)

and there exists xk ∈ Bσ(x0) such that

P̃ (xk) + γk = uk(xk) + tk.

Then

uk(x0) + γk + γk ≥ u0(x0) + γk = P̃ (x0) + γk ≥ uk(x0) + tk.

As a consequence
tk ≤ 2γk → 0

and tk → 0. Let P̃k(x) = P̃ (x) + γk − tk.
Then

P̃k(x) ≥ uk(x) in Bσ(x0)

and P̃k(xk) = uk(xk) for xk ∈ Bσ(x0).

Since P̃ (x) > u0(x) on ∂Bσ(x0) then

P̃ (x)− u0(x) ≥ c̄ > 0

on ∂Bσ(x0) and

P̃k(x) − uk(x) = P̃ (x) + γk − tk − uk(x) ≥ P̃ (x) + γk − tk − u0(x)− γk

= P̃ (x)− tk − u0(x) ≥ c̄− tk ≥ c̄

2

on ∂Bσ(x0) if k ≥ k0, since tk → 0. We recall here that uk ≤ u0 + γk. Hence
xk 6∈ ∂Bσ(x0) if k ≥ k0. Then

P̃k(x) ≥ uk(x) in Bσ(x0),

P̃k(xk) = uk(xk) for xk ∈ Bσ(x0), and ∇P̃k 6= 0 in Bσ(x0) and thus,

(6.35) ∆pk(xk)P̃ (xk) = ∆pk(xk)P̃k(xk) ≥ fk(xk).

Since xk ∈ Bσ(x0) then, for a subsequence, xk → x̄ ∈ Bσ(x0). Hence, using that
γk → 0, tk → 0 and

P̃ (xk) + γk − tk = P̃k(xk) = uk(xk),

we obtain that P̃ (x̄) = u0(x̄). Then x̄ = x0, because (6.34) holds.
Now, letting k → ∞ in (6.35), we get

∆p0 P̃ (x0) ≥ 0,

which gives a contradiction to (6.33). Hence ∆p0P (x0) ≥ 0.
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Arguing in a similar way, we deduce that u0 is a viscosity supersolution to
∆p0u0 = 0 in {u0 > 0} as well.

Step IV. Limit free boundary problem. We want to show that u0 is a viscosity
solution (in the sense of Definition 6.1) to problem

(6.36)





∆p0u0 = 0, in {u0 > 0},

|∇u0| = 1, on F (u0).

Hence we have to check that free boundary condition is satisfied in the sense of (i)
and (ii) of that definition. We divide our analysis into two cases.

Case (a). Let x0 ∈ F (u0) such that there exists a ball Br(y) ⊂ {u0 > 0}, with
x0 ∈ ∂Br(y). We denote ν = y−x0

|y−x0|
. Then, by Case (a) in Lemma 5.1,

(6.37) u0(x) = α〈x − x0, ν〉+ + o(|x− x0|) in Br(y),

with α > 0.
We now consider a sequence λj → 0, λj > 0. Since u0 is Lipschitz in R

n then
there exists a function u00 such that, for a subsequence,

u0(x0 + λjx)

λj
→ u00(x) uniformly on compact sets of Rn.

From (6.37) we know that u00(x) = α〈x, ν〉+ in {〈x, ν〉 ≥ 0}. Then {〈x, ν〉 = 0} ⊂
F (u00). Since F (u0) is a Lipschitz graph, also F (u00) is a Lipschitz graph, so we
have {〈x, ν〉 = 0} = F (u00). Hence,

u00(x) = α〈x, ν〉+ in R
n.

This result holds for any sequence λj → 0, λj > 0, therefore

(6.38) u0(x) = α〈x− x0, ν〉+ + o(|x − x0|) in R
n,

with α > 0.
We want to show that α = 1.
Since x0 ∈ F (u0) and recalling (6.29) and (6.31), we know that there exists, up

to a subsequence,

xk ∈ F (uk), |xk − x0| < 1/k.

We fix R > 0 such that |x0| < R and let µj = 1/
√
j.

For each j there exists kj ≥ j such that

|ukj (x)− u0(x)| ≤
µj

j
for x ∈ BR+2.

We now define

(ukj )µj (x) =
1

µj
ukj (xkj + µjx), (u0)µj (x) =

1

µj
u0(xkj + µjx).

Then, if j ≥ j0,

|(ukj )µj (x) − (u0)µj (x)| =
|ukj (xkj + µjx)− u0(xkj + µjx)|

µj
≤ 1

j
for x ∈ B2.

We now observe that

|xkj − x0|
µj

<
1/kj
µj

≤ 1√
j

→ 0,
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and, recalling (6.38), we obtain

(u0)µj (x) → u00(x) = α〈x, ν〉+ uniformly in B2.

Then,

|(ukj )µj (x)− u00(x)| ≤|(ukj )µj (x)− (u0)µj (x)|
+ |(u0)µj (x) − u00(x)| → 0 uniformly in B2.

Denoting ρj = δkjµj , x̄j = δkjxkj and uρj (x) =
1
ρj
u(x̄j + ρjx) = (ukj )µj (x), we get

ρj → 0, x̄j ∈ F (u), x̄j → 0,

uρj (x) =
1

ρj
u(x̄j + ρjx) → α〈x, ν〉+ uniformly in B2.

Reasoning as in Step II, we see that each uρj is a viscosity solution to (1.1) in B2

with right hand side f̄j(x) = ρjf(x̄j + ρjx), exponent p̄j(x) = p(x̄j + ρjx) and free
boundary condition ḡj(x) = g(x̄j + ρjx),

f̄j → 0, ∇p̄j → 0, p̄j → p0, ḡj → 1, uniformly in B2.

Moreover, uρj are uniformly Lipschitz and nondegenerate in B2 for j ≥ j0, ∂{uρj >
0} are uniform Lipschitz graphs and ∂{uρj > 0} → {〈x, ν〉 = 0} in Hausdorff
distance in B2.

Now, applying Propositions 6.4 and 6.5 to the sequence uρj , we deduce that
α = 1. Then, (i) in Definition 6.1 is satisfied in this case.

Case (b). Let x0 ∈ F (u0) such that there exists a ball Br(y) ⊂ {u0 ≡ 0}, with
x0 ∈ ∂Br(y). We denote ν = x0−y

|x0−y| . Then, from the proof of Case (b) in Lemma

5.1, we get

(6.39) u0(x) = α〈x− x0, ν〉+ + o(|x − x0|) in Bc
r(y),

with α ≥ 0.
We now consider a sequence λj → 0, λj > 0. Then, for a subsequence and a

function u00,

u0(x0 + λjx)

λj
→ u00(x) uniformly on compact sets of Rn.

From (6.39) we know that u00(x) = α〈x, ν〉+ in {〈x, ν〉 ≥ 0}. Since Br(y) ⊂ {u0 ≡
0}, we have u00(x) = 0 in {〈x, ν〉 ≤ 0}. Hence,

u00(x) = α〈x, ν〉+ in R
n.

Now, if α = 0, then u00 ≡ 0 in R
n. This contradicts that F (u00) is a Lipschitz

graph and shows that α > 0.
Since this result holds for any sequence λj → 0, λj > 0, we conclude that

u0(x) = α〈x− x0, ν〉+ + o(|x − x0|) in R
n,

with α > 0. Now proceeding as in Case (a), we obtain that α = 1. Then, (ii) in
Definition 6.1 is satisfied in the present case.

This shows that u0 is a viscosity solution to problem (6.36) in the sense of
Definition 6.1.

Step V. Conclusion. We have proved that u0 is a viscosity solution (in the sense
of Definition 6.1) to (6.36) that is Lipschitz continuous and F (u0) is a Lipschitz
graph.
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Thus, from Lemma 6.2 it follows that, up to a rotation, u0(x) = x+n . Then for
sufficiently large k we have that, in B1,

(6.40) (xn − ε̄)+ ≤ uk(x) ≤ (xn + ε̄)+,

for ε̄ the universal constant in Theorem 6.3. Recalling (6.30), we deduce that
Theorem 6.3 applies and, as a consequence, we conclude that the free boundaries
of uk as well as that of u are C1,α, in a neighborhood of 0. �

As a by-product of Theorems 6.3 and 1.2, we obtain further regularity results
for F (u) under additional regularity assumptions on the data.

Corollary 6.6. Let u be as in Theorem 6.3 or as in Theorem 1.2. Assume moreover
that p ∈ C2(B1), f ∈ C1(B1) and g ∈ C2(B1), then there exists δ > 0 such that
Bδ ∩ F (u) ∈ C2,σ for every 0 < σ < 1. If p ∈ Cm+1,σ(B1), f ∈ Cm,σ(B1) and
g ∈ Cm+1,σ(B1) for some 0 < σ < 1 and m ≥ 1, then Bδ ∩ F (u) ∈ Cm+2,σ.

Finally, if p, f and g are analytic in B1, then Bδ ∩ F (u) is analytic.

Proof. The result follows from the application of Theorem 2 in [KN]. �

7. Some consequences

In this section we discuss some consequences of our results.
As already mentioned, in [LW2] problem (1.1) was considered for weak solutions,

which is a different notion of solution from the one we are considering here (see
Definition 7.1 below). One of the consequences of our Theorem 1.2 is an analogous
result for weak solutions (Corollary 7.3).

The notation and the assumptions on Ω, p, f and g will be the same as in the
rest of the paper (see Subsection 1.1 and Section 2). In particular we will use the
notation Ω+(u) and F (u) in (2.1).

We first have

Definition 7.1 (Definition 2.2 in [LW2]). We call u a weak solution of (1.1) in Ω
if

(i) u is continuous and nonnegative in Ω, u ∈ W 1,p(·)(Ω) and ∆p(x)u = f in

Ω+(u) (in the sense of Definition 2.1).
(ii) For D ⊂⊂ Ω there are constants cmin = cmin(D), Cmax = Cmax(D), r0 =

r0(D), 0 < cmin ≤ Cmax, r0 > 0, such that for balls Br(x) ⊂ D with
x ∈ F (u) and 0 < r ≤ r0

cmin ≤ 1

r
sup
Br(x)

u ≤ Cmax.

(iii) For Hn−1 a.e. x0 ∈ ∂red{u > 0} (that is, for Hn−1-almost every point
x0 ∈ F (u) such that F (u) has an exterior unit normal ν(x0) in the measure
theoretic sense) u has the asymptotic development

u(x) = g(x0)〈x− x0, ν(x0)〉− + o(|x − x0|).
(iv) For every x0 ∈ F (u),

lim sup
x→x0
u(x)>0

|∇u(x)| ≤ g(x0).
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If there is a ball B ⊂ {u = 0} touching F (u) at x0 then,

lim sup
x→x0

u(x)>0

u(x)

dist(x,B)
≥ g(x0).

Then we prove

Proposition 7.2. Let u be a weak solution to (1.1) in Ω in the sense of Definition
7.1. Then u is a viscosity solution to (1.1) in Ω in the sense of Definition 2.5.

Proof. Let u be as in the statement. Then u is continuous and nonnegative in Ω and
satisfies condition (i) in Definition 2.5. In order to show that it verifies condition
(ii) in that definition, we divide the analysis into two cases.

Case (a). Let ϕ ∈ C(Ω), ϕ ∈ C2(Ω+(ϕ)) be such that ϕ+ touches u from below
at x0 ∈ F (u) and ∇ϕ(x0) 6= 0. We want to show that

(7.1) |∇ϕ(x0)| ≤ g(x0).

We first observe that, under the present assumptions, Proposition 2.1 in [LW2]
applies, so u is locally Lipschitz in Ω.

Also there holds that ϕ+ has a C2 extension ϕ̃ in a neigborhood O of x0 (ϕ̃ = ϕ+

in Ω+(ϕ) ∩ O, ϕ̃ < 0 otherwise in O), that to simplify the notation we still denote
ϕ.

Moreover, ϕ touches u from below at x0 ∈ F (u) as well.
By the implicit function theorem, F (ϕ) is a C2 hypersurface in a neighborhood

of x0. Then, F (ϕ) has a tangent ball B at x0, with B ⊂ Ω+(ϕ) and also with
B ⊂ Ω+(u) and x0 ∈ F (u) ∩ ∂B.

We now consider a sequence λj → 0, λj > 0. Since u and ϕ are Lipschitz in a
neighborhood of x0, then there exist Lipschitz functions u0 and ϕ0 such that, for a
subsequence,

uλj (x) =
u(x0 + λjx)

λj
→ u0(x),

ϕ(x0 + λjx)

λj
→ ϕ0(x),

uniformly on compact sets of Rn. For simplicity we assume that the interior normal
to ∂B at x0 is en. Then

u0(x) ≥ ϕ0(x) = |∇ϕ(x0)|x+n in {xn ≥ 0},
∆p0u0 = 0 in {u0 > 0} ⊃ {xn > 0}, with p0 = p(x0).

Then, the application of Lemma 5.1, Case (a), at the origin, gives

u0(x) = γx+n + o(|x|) in B1(en), with γ > 0.

We now consider a sequence µj → 0, µj > 0. Then, there exist Lipschitz
functions u00 and ϕ00 such that, for a subsequence,

(u0)µj (x) =
u0(µjx)

µj
→ u00(x),

ϕ0(µjx)

µj
→ ϕ00(x),

uniformly on compact sets of Rn. There holds that

u00(x) = γx+n ≥ ϕ00(x) = |∇ϕ(x0)|x+n in {xn ≥ 0},
and

(7.2) |∇u00(x)| = γ ≥ |∇ϕ(x0)| in {xn > 0}.
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Now let

α := lim sup
x→x0
u(x)>0

|∇u(x)|.

Then, by (iv) in Definition 7.1, we have

(7.3) g(x0) ≥ α.

Let us see that

(7.4) |∇u00| ≤ α in R
n.

In fact, let R > 0 and ǫ > 0. Then, there exists λ0 > 0 such that |∇u(x)| ≤ α+ ǫ in
Bλ0R(x0). We thus have |∇uλj (x)| ≤ α+ ǫ in BR for j large. Passing to the limit,
we obtain |∇u0| ≤ α+ ǫ in BR and then |∇u0| ≤ α in R

n. Now also |∇(u0)µj | ≤ α
in R

n. Passing to the limit again, we obtain (7.4).
Then, (7.3), (7.4) and (7.2) give g(x0) ≥ α ≥ γ ≥ |∇ϕ(x0)|. That is, (7.1) holds.
Case (b). Now let ϕ ∈ C(Ω), ϕ ∈ C2(Ω+(ϕ)) such that ϕ+ touches u from

above at x0 ∈ F (u) and ∇ϕ(x0) 6= 0. We want to show that

(7.5) |∇ϕ(x0)| ≥ g(x0).

Also in this case there holds that ϕ+ has a C2 extension ϕ̃ in a neighborhood of
x0, that to simplify the notation we still denote ϕ.

By the implicit function theorem, F (ϕ) is a C2 hypersurface in a neighborhood

of x0. Then, F (ϕ) has a tangent ball B at x0, with B ⊂ Ω \ Ω+(ϕ) and also with
B ⊂ {u = 0} and x0 ∈ F (u) ∩ ∂B.

Now let

α := lim sup
x→x0

u(x)>0

u(x)

dist(x,B)
.

Then, by (iv) in Definition 7.1, we have

(7.6) g(x0) ≤ α.

Let xk → x0 with u(xk) > 0 be such that

(7.7)
u(xk)

dist(xk, B)
→ α.

Since ϕ+ ≥ u in a neighborhood of x0, then ϕ(xk) > 0. Now let yk ∈ ∂B such
that dist(xk, B) = |xk − yk|. Then ϕ(yk) ≤ 0 and

(7.8)
ϕ(xk)− ϕ(yk)

|xk − yk|
≥ ϕ(xk)

dist(xk, B)
≥ u(xk)

dist(xk, B)
.

But, for a subsequence,

(7.9)
ϕ(xk)− ϕ(yk)

|xk − yk|
= ∇ϕ(ξk) ·

(xk − yk)

|xk − yk|
→ ∇ϕ(x0) ·

∇ϕ(x0)
|∇ϕ(x0)|

,

where for every k, ξk is a point in the segment joining xk and yk. Putting (7.7),
(7.8) and (7.9) together we get |∇ϕ(x0)| ≥ α. Now recalling (7.6), we get (7.5)
which completes the proof. �

Then, we obtain
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Corollary 7.3. Let u be a weak solution to (1.1) in B1 in the sense of Definition
7.1, with 0 ∈ F (u). If F (u) is a Lipschitz graph in a neighborhood of 0, then F (u)
is C1,α in a (smaller) neighborhood of 0.

Proof. The result is an immediate application of Theorem 1.2 and Proposition
7.2. �

8. Some applications

In this section we discuss some applications of both the results obtained in the
present paper and in [FL], and we draw some conclusions on them (see Remark
8.4).

The applications of our results discussed here correspond to three different min-
imization problems that were already studied in [LW1], [LW3] and [LW4]. Our
results below rely on the thorough understanding of the properties of nonnegative
local minimizers achieved in those papers. We also refer to them for the motivation
and related literature.

The notation and the assumptions on Ω, p and f will be the same as in the rest of
the paper (see Subsection 1.1 and Section 2). In particular we will use the notation
Ω+(u) and F (u) in (2.1).

Our first application is

Proposition 8.1. Let Ω, p and f be as above. Let 0 < λmin ≤ λ(x) ≤ λmax < ∞
with λ ∈ C0,β(Ω). Let u ∈W 1,p(·)(Ω)∩L∞(Ω) be a nonnegative local minimizer of

the energy functional J(v) =

∫

Ω

( |∇v|p(x)
p(x)

+ λ(x)χ{v>0} + fv
)
dx in Ω.

Then, u is a viscosity solution to (1.1) in Ω with g(x) = ( p(x)
p(x)−1 λ(x))

1/p(x).

Let x0 ∈ F (u) be such that F (u) is a Lipschitz graph in a neighborhood of x0,
then F (u) is C1,α in a (smaller) neighborhood of x0.

Let x0 ∈ F (u) be such that F (u) has a normal in the measure theoretic sense,
then F (u) is C1,α in a neighborhood of x0.

Moreover, there is a subset R of F (u) which is locally a C1,α surface. The set
R is open and dense in F (u) and the remainder of the free boundary has (n −
1)−dimensional Hausdorff measure zero.

Proof. By Theorem 5.1 in [LW3], u is a weak solution to (1.1) in Ω with g(x) =

( p(x)
p(x)−1 λ(x))

1/p(x) in the sense of Definition 7.1. Then by Proposition 7.2, u is a

viscosity solution to (1.1) in Ω in the sense of Definition 2.5, with the same g.
Let x0 ∈ F (u) be such that F (u) is a Lipschitz graph in a neighborhood of x0.

Then, from the application of Theorem 1.2, F (u) is C1,α in a smaller neighborhood
of x0.

Let x0 ∈ F (u) be such that F (u) has a normal in the measure theoretic sense.
Without loss of generality we assume that x0 = 0, g(0) = 1 and that the inward
unit normal to F (u) at 0 in the measure theoretic sense is en. Also we denote
p(0) = p0.

Then, by Theorem 3.9 in [LW3] there holds that

(8.1) u(x) = x+n + o(|x|) in R
n.

By Corolary 3.2 and Theorem 3.5 in [LW3] we know that u is Lipschitz and
nondegenerate in some ball Br0 , with 0 < r0 < 1.
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Then, as in Step II in the proof of Theorem 1.2, we take δk > 0, δk → 0, and
consider a blow up sequence uk as in (6.29). As in that theorem, our goal is to
apply Theorem 6.3 to uk, for large k. We first observe that, taking k sufficiently
large, the assumption (6.4) in that theorem is satisfied for the universal constant ε̄.
In fact, in B1, (6.30) holds.

Arguing again as in Theorem 1.2, we see that (6.31) holds with u0(x) = x+n in R
n,

because of (8.1). Then, reasoning as in this same theorem and using Theorem 3.6
in [LW3], we obtain for k sufficiently large that (6.40) holds in B1, for ε̄ the uni-
versal constant in Theorem 6.3. Therefore, Theorem 6.3 applies to uk, and as a
consequence, F (u) is C1,α in a neighborhood of 0.

Finally, denoting R the set of points in F (u) such that F (u) has a normal in the
measure theoretic sense, we argue as in Theorem 5.2 in [LW3] and obtain that R
is dense in F (u) and Hn−1(F (u) \ R) = 0. �

Our next application is

Proposition 8.2. For ε > 0, let Bε(s) =
∫ s

0
β̃ε(τ) dτ where β̃ε(s) =

1
ε β̃(

s
ε ), with

β̃ a Lipschitz function satisfying β̃ > 0 in (0, 1), β̃ ≡ 0 outside (0, 1). Let Ω, p
and f be as above, 1 < pmin ≤ pεj (x) ≤ pmax < ∞ and ‖∇pεj‖L∞ ≤ L. Let uεj ∈
W 1,pεj

(·)(Ω) be a family of nonnegative local minimizers of the energy functional

Jεj (v) =

∫

Ω

( |∇v|pεj
(x)

pεj (x)
+Bεj (v) + f εjv

)
dx in Ω such that uεj → u uniformly on

compact subsets of Ω, f εj ⇀ f ∗−weakly in L∞(Ω), pεj → p uniformly on compact
subsets of Ω and εj → 0.

Then, u is a viscosity solution to (1.1) in Ω with g(x) = ( p(x)
p(x)−1 M)1/p(x) and

M =
∫
β̃(s) ds.

Let x0 ∈ F (u) be such that F (u) is a Lipschitz graph in a neighborhood of x0,
then F (u) is C1,α in a (smaller) neighborhood of x0.

Let x0 ∈ F (u) be such that F (u) has a normal in the measure theoretic sense,
then F (u) is C1,α in a neighborhood of x0.

Moreover, there is a subset R of F (u) which is locally a C1,α surface. The set
R is open and dense in F (u) and the remainder of the free boundary has (n −
1)−dimensional Hausdorff measure zero.

Proof. We argue exactly as in the proof of Proposition 8.1. We apply again our
results in Proposition 7.2 and Theorems 1.2 and 6.3, and in this case we make use
of Theorems 5.3, 4.3, 4.4 and Remark 4.2 in [LW3], and Theorem 5.3 in [LW1]. �

We also obtain

Remark 8.3. In [LW4] an optimization problem with volume constraint for an
energy associated to the inhomogeneous p(x)-Laplacian was considered. By means
of a penalization technique, it was shown that nonnegative minimizers u are weak
solutions to (1.1) in a bounded domain Ω in the sense of Definition 7.1 with g(x) =

( p(x)
p(x)−1 λu)

1/p(x), where λu > 0 is a constant.

Under the assumptions we made on p and f at the beginning of present section,
by combining our results with those in [LW4], we can argue as in Propositions 8.1
and 8.2 and obtain the same conclusions for u and F (u).
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Remark 8.4. In Propositions 8.1 and 8.2 and Remark 8.3, our C1,α regularity
results on F (u) under the Lipschitz assumption on F (u) follow from the application
of Theorem 1.2 in the present paper and are new.

We want to point out that the rest our C1,α regularity results on F (u) in Propo-
sitions 8.1 and 8.2 and Remark 8.3, which follow from Theorem 6.3 (i.e., Theorem
1.1 in [FL]), were already obtained in [LW3] and [LW4], from the application of the
results in [LW2], but under different assumptions on f and p.

In fact, our results in [FL] —inspired in De Silva’s approach (see [D])— require
that f ∈ C(Ω)∩L∞(Ω) and p ∈ C1(Ω) and Lipschitz, whereas the results in [LW2]
—inspired in Alt - Caffarelli’s approach (see [AC])— require that f ∈ L∞(Ω) ∩
W 1,q(Ω) and p ∈ W 1,∞(Ω) ∩W 2,q(Ω), for q > max{1, n/2}.

The reason for this difference in the assumptions relies on the fact that in De
Silva’s approach for viscosity solutions the estimates are obtained by comparison
with suitable barriers. In Alt - Caffarelli’s approach for weak (variational) solutions,
certain estimates on |∇u| close to the free boundary are obtained by looking for an
equation for v = |∇u|, which requires more delicate computations.

Appendix A. Lebesgue and Sobolev spaces with variable exponent

Let p : Ω → [1,∞) be a measurable bounded function, called a variable exponent
on Ω, and denote pmax = esssup p(x) and pmin = essinf p(x). The variable exponent
Lebesgue space Lp(·)(Ω) is defined as the set of all measurable functions u : Ω → R

for which the modular ̺p(·)(u) =
∫
Ω
|u(x)|p(x) dx is finite. The Luxemburg norm

on this space is defined by

‖u‖Lp(·)(Ω) = ‖u‖p(·) = inf{λ > 0 : ̺p(·)(u/λ) ≤ 1}.

This norm makes Lp(·)(Ω) a Banach space.
There holds the following relation between ̺p(·)(u) and ‖u‖Lp(·):

min
{(∫

Ω

|u|p(x) dx
)1/pmin

,
(∫

Ω

|u|p(x) dx
)1/pmax

}
≤ ‖u‖Lp(·)(Ω)

≤ max
{(∫

Ω

|u|p(x) dx
)1/pmin

,
(∫

Ω

|u|p(x) dx
)1/pmax

}
.

Moreover, the dual of Lp(·)(Ω) is Lp′(·)(Ω) with 1
p(x) +

1
p′(x) = 1.

W 1,p(·)(Ω) denotes the space of measurable functions u such that u and the
distributional derivative ∇u are in Lp(·)(Ω). The norm

‖u‖1,p(·) := ‖u‖p(·) + ‖|∇u|‖p(·)
makes W 1,p(·)(Ω) a Banach space.

The space W
1,p(·)
0 (Ω) is defined as the closure of the C∞

0 (Ω) in W 1,p(·)(Ω).
For further details on these spaces, see [DHHR], [KR], [RR] and their references.

Appendix B. A Liouville type result

In this Appendix we prove, for the sake of completeness, a Liouville type result
for the p0-Laplace operator, because we did not find it in the literature in this form.
This result plays a key role in Section 6.
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Lemma B.1. Let 1 < p0 < ∞ be constant. Let u be Lipschitz in R
n ∩ {xn ≥ 0}

and solution to

(B.1)





∆p0u = 0, in {xn > 0},

u = 0, on {xn = 0}.
Then, there exists C ∈ R such that u(x) = Cxn in {xn ≥ 0}.
Proof. We consider, for x = (x′, xn), x

′ ∈ R
n−1, xn ∈ R, the extended function

ũ(x′, xn) =

{
u(x′, xn), xn ≥ 0,
−u(x′,−xn), xn ≤ 0.

From the Lipschitz continuity of u in the set {xn ≥ 0} it follows that ũ is Lipschitz

in R
n and ũ ∈ W 1,∞

loc (Rn). Now let ϕ ∈ C∞
0 (Rn). There holds

∫

Rn

|∇ũ|p0−2〈∇ũ,∇ϕ〉dx =

∫

Rn∩{xn>0}

|∇ũ|p0−2〈∇ũ,∇ϕ〉dx

+

∫

Rn∩{xn<0}

|∇ũ|p0−2〈∇ũ,∇ϕ〉dx

=

∫

Rn∩{xn>0}

|∇u|p0−2〈∇u,∇ϕ〉dx −
∫

Rn∩{xn>0}

|∇u|p0−2〈∇u,∇ϕ̃〉dx

=

∫

Rn∩{xn>0}

|∇u|p0−2〈∇u,∇η〉dx,

(B.2)

where ϕ̃(x′, xn) := ϕ(x′,−xn) and η(x) := ϕ(x′, xn) − ϕ(x′,−xn) ∈ C∞
0 (Rn). In

particular, η(x′, 0) = 0 and thus, there exists {ηj}j∈N ⊂ C∞
0 (Rn ∩ {xn > 0}) such

that ηj → η in W 1,p0(Rn ∩ {xn > 0}) with sptηj , sptη ⊂ BR, for some R > 0.
Then,

∫

Rn∩{xn>0}

|∇u|p0−2〈∇u,∇ηj〉dx = 0,

since u is solution to (B.1).
We claim that

(B.3)

∫

Rn∩{xn>0}

|∇u|p0−2〈∇u,∇η〉dx = 0

and therefore, by (B.2),
∫

Rn

|∇ũ|p0−2〈∇ũ,∇ϕ〉dx = 0.

That is, ũ is a weak solution to ∆p0 ũ = 0 in R
n.

In fact,
∣∣∣
∫

Rn∩{xn>0}

|∇u|p0−2〈∇u,∇ηj −∇η〉dx
∣∣∣ ≤

∫

Rn∩{xn>0}

|∇u|p0−1|∇ηj −∇η|dx

≤
(∫

BR∩{xn>0}

|∇u|p0dx

) p0−1
p0
(∫

BR∩{xn>0}

|∇ηj −∇η|p0dx

)1/p0

→ 0,

thus (B.3) holds.
Hence, ∆p0 ũ = 0 and |ũ(x)| ≤ L|x| in R

n, with L the Lipschitz constant of

ũ, and the same result holds for ũR(x) = ũ(Rx)
R , for any R > 0. Moreover, by
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the C1,α estimates for the p0-Laplace operator, there exists α ∈ (0, 1) such that
ũR ∈ C1,α(B1) and for every x, y ∈ B1,

M ≥ |∇ũR(x) −∇ũR(y)|
|x− y|α =

|∇ũ(Rx) −∇ũ(Ry)|
|x− y|α ,

where M and α depend only on n, p0 and supB2
|ũR(x)| ≤ 2L. Thus, it follows that

for z and κ in BR,

|∇ũ(z)−∇ũ(κ)| ≤M
|z − κ|α
Rα

.

In particular, fixing z, κ ∈ B1 and letting R→ ∞, we deduce that

|∇ũ(z)−∇ũ(κ)| = 0

for every z, κ ∈ B1. That is, ∇ũ is constant and ũ is linear in B1.

On the other hand, for every λ > 0, the function ũλ(x) =
ũ(λx)

λ is still a Lipschitz
solution of problem (B.1). Hence, by the argument above, ũλ is linear in B1 and
ũλ(x) = 〈vλ, x〉 in B1, for some vλ ∈ R

n. Thus ũ(λx) = 〈vλ, λx〉 in B1 and therefore,
ũ(y) = 〈vλ, y〉 = 〈∇ũ(0), y〉 in Bλ.

Since λ > 0 is arbitrary, ũ(y) = 〈∇ũ(0), y〉 in R
n. Now, denoting C = ∂ũ(0)

∂yn
, we

conclude that u(x) = Cxn in {xn ≥ 0}. �
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