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ABSTRACT

It is shown that all minimally superintegrable Hamiltonian systems in a three-dimensional flat space derived in the work of Evans [Phys.
Rev. A 41, 5666-5676 (1990)] possess hidden symmetries leading to their linearization.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0086431

I. INTRODUCTION

The superintegrability of Hamiltonian systems is classically analyzed in terms of the separability properties of the corresponding
Hamilton-Jacobi equation and the algebraic relations among the corresponding constants of the motion. However, as shown in recent works
(see, e.g., Refs. 1-4 and references therein), superintegrable systems are deeply related to the linearization problem of differential equations.
In this context, several types of superintegrable Hamiltonian systems can be linearized using their hidden symmetries, obtained by application
of various reduction techniques and transformations that are more general than point symmetries.”® The analysis of hidden symmetries and
the subsequent linearization does not depend upon the degree of the constants of the motion, or the particular class of separating coordinates.
Along these lines, it was shown in Ref. 3 that all maximally superintegrable systems in a flat three-dimensional space as classified in Ref. 7 by
Evans are linearizable by hidden symmetries.

In this work, we continue with the analysis begun in Ref. 3 concerning the linearizability of superintegrable systems in a three-
dimensional flat space, according to the classification given in Ref. 7. While the case of maximally superintegrable Hamiltonians was covered
in Ref. 3, it remains to inspect the eight classes of minimally superintegrable potentials described in Ref. 7. It turns out that, of these eight
systems, only one is genuinely three-dimensional, while the other seven cases correspond to a (separable) extension of the superintegrable
potentials on the real plane described in Ref. 8, the linearizability of which has been shown in earlier works (see, e.g., Refs. 2 and 9 and
references therein).

We briefly recall the classification in Ref. 8, where all plane systems admitting two quadratic first integrals in addition to the Hamiltonian
were determined. Four classes were found, and it was proven that the corresponding Hamilton-Jacobi equation was separable in at least two
different coordinate systems.

1. Typel:
1,2 o W, 2 B P
Hi==(pi+p3)+ — + + =+ = 1
1=5 (Pl Pz) 5 (wy +w3) w T w? 1)
2. Typell:
1 W’
7-[2:7(pf+p§)+—(4wf+w§)+ﬂ1w1+ﬁ—22. ()
2 2 w5
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3. TypellL:

ERYER A B
Ha= 2(‘D' - r2)+ r rz(cosz(g) " sinz(g))' )

Hy = (Pr @) o %(ﬁl cos(g) + 2 sin(g)). (4)

It was shown in Refs. 2 and 9 that these four types (and generalized Hamiltonians) are all linearizable by means of their hidden symme-
tries. These hidden symmetries are more general than the symmetries of the Hamiltonian and do not correspond to canonical transformations
that preserve the Hamiltonian.

4. TypelV:

1. MINIMALLY SUPERINTEGRABLE SYSTEMS IN R?

Besides the maximally superintegrable systems in R?, Evans established in Ref. 7 the existence of eight equivalence classes of minimally
superintegrable systems in R depending on an arbitrary function and possessing first integrals that are at most quadratic in the canonical
momenta. If H = %|P|2 + V (w1, w2, ws3) denotes the Hamiltonian of the system in Cartesian coordinates, with P the linear momentum, these
potentials are given by

L Vi(w,wy,ws) =5+ By Ky -+ F(r), = wi +wi +w?,
1 2

Vir(wr, wa, ws3) = k(w1 +w2) :}‘f + 71;2% + F(ws),

2
3. VIH(wl,wz,w3) = k(4w% + w%) ku2 + F(w3),
4

Viv(wi, w, w3) = ke, kw = + F(ws),

w 2-*—w w] wi/wi+w

k: F(w,/w
5. Vv(wl,wz,w3)—k(w1+w2+w3)+ 32+75Uzi/w;),
1 2
2 2 F(w,/w
6. Vvi(wi,wy,ws) = k(wf +wj) + 4kw? + #,
1 2
_ kyws F(wy/w) 2 _ .2 2 2
7. Vvi(wi, wz, ws) = —;+W+ wirwl o T = wi +w; + w3,

kin/RE kyn/R= 2 2.2
8. Vvmr(wy, wy,ws) = § AR A 4 F(ws),  RT=wi 4wy,

where k, ki, k2, and k3 are arbitrary constants.

It is immediate to observe that for the potentials Vi; — Vi, the Hamiltonian systems can be interpreted as an extension of a
(superintegrable) system in the plane, which suggests to reduce these systems to a canonical form, which has already been shown to be
linearizable.”

A. The potential V,(w;, wa, wz)

For the Hamiltonian

BB k), (%)
2 3

oo 2 oy ki
= E(pl +p2 +p3) + E +
1
it is more convenient to consider spherical coordinates w; = rsin@cosy, w; = rsin@siny, and ws = rcos @ so that the Hamiltonian is

rewritten as 5
(pr p*’ Py )+ K ok 5 R, (6)

T 2sin?0) " 12 sin® B cos? v r2sin®Osin’y T cos 6

and the equations of motion are

pesin® 0+ p;, . 2(ky cos® y + ky sin” ) . 2ks  dF(r)

= pr .r = . . . >
Pr P 13 sin? 6 rsin? @sin® ycos?y  r3cost  dr
. P . PycosB 2 cos B(kycos’y+kysin®y)  2ks sin 6 7
0= > = . 3 + - 3 ) - > ( )
2 r?sin’ 0 r? sin® Osin” y cos? ¢ r2 cos® 0
. Dy . 2kycosy 2k; sin y
V= Zante 7T Zen?osind ¥ r2sin’fcos ¢’

We begin by solving the last equation with respect to y, observing that

. d 2k 2k si
pw:ﬂ Rw _ .2COS-I// B .lsmv/ ’ ®

dy r2sin*6  r2sin’fsin’ ¢y r2sin® Ocosd v
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which yields the separable equation
dpy _ 2ka cosy 2k siny
Vdy — sin’y cos*y

with the solution

pfu=2(co & b )=>pw=ﬂ\/co— b b (10)

siny  cos?y siny  cos?y

for some constant Cp. At this stage, we follow the same procedure used in Ref. 4 to analyze the remaining equations. If, now, hy is a constant
such that the Hamiltonian (6) satisfies H = ho, solving with respect to p, taking into account identity (10) leads to

\/2 cos (0)? sin (0)2r2(2hg — F(r)) — cos (0)? sin (0)2pj — Co cos (8)? — 2k; sin (6)?
pr= .

11
r cos(6) sin(0) (11)
We now solve the fourth equation of (7) observing that
_dpape _ py cos 6 . 2 cos B(ka cos® y + ky sin® y) _ 2k; sin 0 (12)
T df 2 r2sin’@ 12 sin® O'sin® y cos? ¥ r2cos’ 0’
Replacing p,, by (10) and simplifying the resulting expression leads to the separable equation
dps 2 cos* 0Cy — 2k; sin* 0 (13)
a0 ~ sin® 6 cos? 6
with the solution
2 Qgin2 _ 2 _ in2
po = \/cos 0sin® 6C; — cos? OCy — 2k3 sin” 0 (14)

sin 8 cos 6

for some constant C;.
With the appropriate replacements of p,, py, and p,, by (11), (14), and (10), respectively, the remaining three first-order equations adopt
the form

dr  \/2r%ho - 2rF(r) - C

dt r ’

dé \/sin2 0 cos? OC; — cos? OCy — 2k3 sin® 6

- = , (15)
dt r? sin 6 cos 0

dy  /sin? y cos? yCo — 2k, cos® y — 2k; sin’ y

dt r2sin® 0 sin ¥ cos ¥ '

The first of these equations is separable and, thus, in principle, formally solvable by quadratures. Considering the change of variables
Y = 2arctanr,, 0 = 2 arctan r3, taking into account the relation

d7‘3 dr; drz
drs _drsdr 16
dt  dr, dt (16)
the combination of the transformed equations leads to the first-order differential equation
dry  2V2rs(r3 = )\ /((4C1 = 2Co)r3 = Co(1 +18)) (1 = 1)% = 8ksr3 (13 + 1)2 )

dn o2+ DV (2Co3 — ka3 + 1)2) (13 = 1)? = 4ka 3 (13 + 1)

We solve this expression with respect to the constant k3 and derive once with respect to the variable r,, which yields the second-order ordinary
differential equation (ODE)

d’rs 2 dr; \? drs r3(r§ + 1)4C0 - 16C1r§

&n ) 45 (r) 22 sy (r , 18

dr? ré’—n(drz) i 2)drz 2(r2) (r2+1)3(r2-1) (18)
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where
3k2r§2 + 4(2k1 - kz - C())T;O + (12C0 - 8k1 - 5k2)1’§ + (Skz - 40k1 - 12C0)r§

S =-
l(rZ) (rg - rz)(k2r§ + (4k1 - ZC())I’g + (8](1 - 2k2 + 4(:())1’421 + (4k1 - 2C0)1’§ + kz)
~ (ky — 24k; — 12Cy)75 — 4kar3 + ko (19)
(13 = 12) (Kar§ + (4ki = 2Co)r$ + (81 — 2Kz + 4Co)rd + (4ky = 2C0)13 +k2)”
2 1\2,2
Sz(f’z) _ 8(1’2 1) P

(13 + 1)2(kar§ + (4ky — 2Co)r$ + (8ky — 2ky + 4Co)ri + (4ky — 2Co)r2 + k2 )’

and the functions are related by 251 (r2)S2(r2) — dsz =

If C; = 0, we consider the change of dependent variable r3 = %(w —Vw? - 4), which transforms (18) into the linear equation
d?w dw
— =-S — - CoS ,
ar 1(r2)01r2 0S2(r2)w

from which we conclude that it has eight point symmetries. For C; # 0, the equation admits a three-dimensional symmetry algebra isomorphic
to 5[(2,R) and symmetry generators

"4 dU
X = U(r2)0 27((] S —)a,, 20
(r2) AT (r2)S1(r2) + ar, )% (20)
where U(r,) is a solution of the third-order linear equation
U (.ds du (d’s ds ds
ar 3 (Zdilfsl(rz) 4C082(72))7+(d7217$1( 2)7172C0d Z)U(i’z) 0. (21)

This fact suggests us to apply the procedure described in Ref. 6 and that is valid for any second-order ordinary differential equation
possessing s[(2, R) symmetry. To this extent, we solve Eq. (18) with respect to the constant C; and derive once with respect to r,, which yields
the third-order equation

Ers _ 3(r5+3) drdrs  Si(n) A 12 (%)3
dr - rs—rs dri dr,  (r; —12)Ss(r2) dr2 s —rs\dn

(1’3 +3)S3(i’2) (d?’3) _ 354(?’2) %

ra(ryry —ry — 13 + 1)r3Ss(r2) \dna r2(rd = 1)285(r,) dr,’

(22)

where
S3(r2) =12(r3 = 1)°13Co — 24k175 (13 = 3)(r3 + 1)* = 3ka (313 = 1) (15 — 1)*(r3 - 1),

S4(r2) = - 4C0r§(r§ + 3)(r§ - 1)4 + 8k1r§(r§ + 1)2(1’2 - 5r‘21 + llrg +1)
+h(n-D'B+1) (5 -2 +1),
Ss(r2) = 4kir (r3 + 1) + ka(r3 — 1)* = 2Cor3 (13 — 1)

The symmetry generators of the equation have the generic form

X = Vl(f’z)ayz + ) (Vz(?’z)rg + (7’; + Tz)V3(7‘2))ars. (23)

1
(r3-1

The coefficient function V(r,) provides three point symmetries, as it satisfies the third-order differential equation

vy ( 684(r2) S%(r) . 96(r3 — 12)*Co )dv1
dr} (13 -12)285(r2)  3(r3 —12)28i(r2)  (r2+1)4S5(r2) ) drz
. 55(1‘2)

(13 =12)*S5(r2)?

(24)
Vi(r2),

where Ss(r2) is given by
Ss(r2) =6((3r2 — 613 — 1)(r3 + 1) (13 — 3)k3 + 8(5r3 — 215 = 1)(13 + 12)*kaCo

(25)
-323Co)r5 (13 = 1)°Co - 3(512n K1 + (13 = 1)° )3 ) (5 + 1)°.
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The coefficient functions V,(r2) and V3(R;) provide three point symmetries and one point symmetry, respectively, as they satisfy the
differential equations

d3V2 _ 53(1’2) d2V2 B 354(1’2) % 26)
dri  nSs(r) A2 (r5-12)Ss5(r2) dry’

dvs  d*v, S3(r2) dvy 1 285(r2)*  3S4(r2)

T T q2 Tas T T 2 2~ Vi(r2)

drz d1’2 3(7‘2 - 1"2)35(1’2) d?’z (rz - 7'2) 985(7'2) 85(1’2) (27)

32r3(r3 - 1)*Cy

[CEREM

Consequently, the symmetry algebra of (22) is seven-dimensional, corresponding to the maximal symmetry of third-order equations. For the
particular values Vi(r2) = 0, V2(r2) = A2, and V3(r2) = %Ag,, with A; constant, the vector fields

- 1
(-1

generate a two-dimensional non-Abelian intransitive symmetry algebra. Following Lie’s classification,'’ the symmetry generators (28) can be
reduced to the normal forms

(Azrg + %(T’; + 1’2)/13)(%3 (28)

X] = (9“, Xz = u@u (29)

4
T

through the transformation y = r, and u = 3:11 . In these canonical coordinates, the nonlinear Eq. (23) is transformed into the following linear
3

third-order ODE:

2

d*u S5(y)  du 38(y)  du (30)

Summarizing, the Hamiltonian (6) hides a third-order equation, leading to the linearization of the system. The general solution can be derived
by substitution and integration by quadratures, without making explicit use of the constants of the motion.
B. Potentials obtained by extension of planar systems

As commented before, for the remaining seven potentials, we show that the system is obtained by the extension of one of the four types
of Hamiltonians shown in Ref. 8 to be superintegrable, the linearizability of which was proved in Refs. 9 and 2.

1. The potential Vy(w;, ws, wsz)

For the Hamiltonian

1
H:E(pf+p§+p§)+k(wf+w§)+k—12+k—22+F(w3), (31)
wy Wy
we get the equations of motion
. 2k
wy =p1, p1=-2kw; + 732,
wy
. . 2k,
w2 =py,  p2=-2kwy+ w3 (32)
2
W = . 7dF(w3)
3=p3 p3= 7dw3 .

Considering the last two equations and introducing the new variable y = w3, with % = p3, we are led to the separable equation

p3 dps = —F'(y)dy, (33)
from which p3 = 2(Cy — F(y)) follows for some constant Cy. Introducing this result into Eq. (31) leads us to the reduced two-dimensional
Hamiltonian

~ 1 k k
H:E(pf+p§)+k(wf+w§)+—12+w—22+C0, (34)
1 2

corresponding to the Hamiltonian of type (1) with k = w?, ky = ﬁl, and k; = /32. It was shown in Ref. 2 that the Hamiltonian system (34) hides
a third-order linear equation, from which we conclude the linearizability of the Hamiltonian (31).

J. Math. Phys. 63, 123510 (2022); doi: 10.1063/5.0086431 63, 123510-5
Published under an exclusive license by AIP Publishing


https://scitation.org/journal/jmp

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

2. The potential Vi (w;, wa, ws)

The Hamiltonian

H:%(pf+p§+p§)+4kwf+kw§+k—22+F(w3) (35)
wy

yields the equations of motion

wy =p1, p1=—8kwy,

. 2k>
br=pa o= —2kws+ 2,
wy = pa p2 wy + w3 (36)

_dF(ws) ’

w3 =p3, p3= dws

As before, we take w3 as the new variable y so that p, is given by p3 =2(Co - F(»)). Inserting it into (31) leads to the two-dimensional
Hamiltonian

-~ 1 k
H-= 5(pf +p5) + 4kwi + kw3 + wiz + Co, 37)

2

which corresponds to the Hamiltonian of type (2) with k = *, B, = 0, and k; = f3,. Following Ref. 2, the system determined by (37) hides a
second-order linear equation and a third-order linear equation, from which the linearizability of the Hamiltonian (35) follows. We observe
that this case was already considered in Ref. 3 by direct computation.

3. The potential V,,(w;, ws, ws)

For the Hamiltonian
k + k2 k1w1

1,2 2 2
H=_(pi+pr+p3)+ 22
2
2 Vwi+w: o wy o wiw? +w?

the equations of motion are given by

+ F(’LU3 ), (38)

. kwlwg +k1wf ki
wir=pn pr= 2 2 z .2 2 2’
'UJ22'LU1+U)2 'LU2 w1+w2
. sz +k1w1 2k1w1 2k2 39
wz = P2, p2= = 2+ 3 = 2+73, ( )
wa/ Wy + w5 wz\/w1 +w; w;
. p p dF(w3)
w3 = ps, 3= ——F -
d’LU3

Solving again the last equation with respect to p, and the new variable y = w3 leads to p3 = 2(Co — F(y)) as before. The reduced
two-dimensional system has the Hamiltonian

1,2 o k k> kiw;
H=—(p1+p3)+ + =+ + Co. (40)
PP e e e T O
which expressed in polar coordinates {r, 6} adopts the form
~ 1, pi\ k ka ky cos 6
H=— + = +-+ + + Co. 41
2 (P T r 2sin?0  r2sin2f (1)
Now, observing that cos 0 = cosz(g) — sin? ( 59) and sin 6 =2 sin(g) cos(g), the Hamiltonian (41) can be rewritten as
~ 15 pa\ k  k+k ky -k
H=— + =+ -+ + + Co. 42
2 (Pr ) 4arrsin?(8)  4r2cos?(?) ’ (42)

This corresponds to the Hamiltonian of type (3) with k = &, 1 = klfikl ,and B, = . The systems of this class were shown in Ref. 2 to hide

a second-order linear equation, from which the linearizability of the Hamiltonian (38) follows.

ko =k,
4
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4. The potential Vy(w;, wa, ws)
The Hamiltonian

Hs =~
)

is more conveniently expressed in cylindrical coordinates w; = r cos 6, w, = rsi

1(pf+p§+p§)+k(wf+w§+w§)+—+

ARTICLE

k3 F(’I_Uz/wl)
wi  w?+wl

n6,and w; = z as

L(a2 po 2\, ks 2, 2y, F(tan(6))
Hszi(pr+ﬁ+pz)+;+k(r +z )+T,
leading to the Hamiltonian equations
O £ ()
T r = r3 >
b po _ —sec?(0) dF(tan(8))
2’ r? de ’

. . 2ks
Z=ps po= 5 - 2kz.

& _pe
)

Introducing the new variable y = 6 such that

%, the fourth equation in (45) adopts the separable form

po dpy = —sec’(y)F'(tan(y))dy,

scitation.org/journal/jmp

(43)

(44)

(45)

(46)

from which we obtain p5 = 2(Co — F(tan(y))). Substitution into (44) leads to the two-dimensional Hamiltonian

1
Hs=-
°T 2

2 2 k3 2 2 Co
(pr+pz)+z—2+k(r +z )+r—,

(47)

corresponding to the Hamiltonian of type (1) with k = w?, Cy = B, and k3 = B,, the linearizability of which follows from the analysis in Ref. 2.

5. The potential Vy,(w;, wz, ws)

In Cartesian coordinates, the Hamiltonian is given by

He = %(pf+p§+p§)+k(wf+w§)+

F(wz/w1)

2 2

2
4kws +
wl + wz

(48)

Again, it is convenient to consider cylindrical coordinates w; = r cos 6, w; = rsin 8, and w3 = z so that He can be rewritten as

1 : F(tan 6
Hg = 5(1)3 +% +p§) + ke’ + k2 + %
with canonical equations given by
) . 2F(tan 0) Ph
r:pr, pr:T—Zkr+F,

h_ Po .
9—;, Po = r?
zZ=p; p.=-8kz

B sec’ 8 F'(tan 6)

(49)

(50)

If we take y = 6 as the new variable, the same calculation as before gives p§ = 2(Co — F(tan(y))), which substituted into (49) leads to the

two-dimensional Hamiltonian

~ 1 C
Ho = (pr+pz) + k' + 4k’ + 3, (1)
r
corresponding to the Hamiltonian of type (2) with k = w’, B, = 0, and Cy = §,.
6. The potential V,(w;, wz, ws)
In cylindrical coordinates {r, 6, z}, the Hamiltonian is given by
1,2 po k kiz F(tan )
H; = - + = + - + + , 52
’ Z(Pr p P Vr2+z2 2/ + 22 r? 52)
J. Math. Phys. 63, 123510 (2022); doi: 10.1063/5.0086431 63, 123510-7
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with canonical equations
2 2
. . 2kiz kiz — kr 2F(tan(0
g B ke heke )
Pz (r+z2) r

pobo o SeCOF (tanf) (53)
r2 TZ

Z-J_P P _ k1+kZ
Z> z (r2+z2)§.

The reduction with respect to the new variable y = 8 with p3 = 2(Co — F( tan(y)) leads to the two-dimensional Hamiltonian

—~ 1,, 2 k kiz Co
H; = - + - + +—, 54
772 (b +2) N R e N 54

which is of the same type as the Hamiltonian (40) and, thus, corresponds to type (3) with k = —a, 1 = ky :CO ,and B = C‘)T_k‘.

7. The potential VV//[(W], wo, W3)

Considering cylindrical coordinates {r, 6, z} defined as w; = rsin 6, w, = r cos 6, and w3 = z, the Hamiltonian is expressed as

2 —
Hszi(pf+P§+P§)+k+kl Lreos6, lovl-cosO, by, (55)
r r

v v

with canonical equations

p§+kr+k1 1+cos 0+ky\/1—cos @

F=pr pr= 5 P ,

h_Po . kisin6  kysind (56)
T P i Treos 8 2Tt cos 0

Z=ps Pz= —F'(2).

Considering z = y as the new variable, we deduce from the last two equations that p? = 2(Co — F(y)) for some constant. Inserting it
into (55) leads to the two-dimensional Hamiltonian

2 —
I':IS:%(Z p9)+k+k1 l1+cos 0 k1 C059+CO. (57)

+ 52 +
e v v
Observing now that /1 + cos 6 = \/Ecos( g) and V1 —-cos 0 = \/Esin( g ), Hj can be rewritten as

& U oo p) Kk k2 (g) kzﬁ.(g)
Hg—z(p,+r2)+r+ 7 cos 5 + 7 sin 5 + Co, (58)

showing that it corresponds to the Hamiltonian of type (4) with k = a, 51 = V2k1, and B2 = \/2k,. The linearization of such systems, which
follows as a subcase of a more general class of Hamiltonians, was proved in Ref. 9.

lll. CONCLUDING REMARKS

Using the Lie symmetry method in combination with the procedure of Ref. ¢ to linearize second-order ordinary differential equations
with symmetry algebra s[(2,R), as well as the reduction method used in Ref. 4, we have completed the linearizability analysis of superinte-
grable systems in a three-dimensional flat space begun in Ref. 3. Specifically, it has been shown that all minimally superintegrable systems
classified in Ref. 7 possess a hidden symmetry that allows us to linearize the system. For seven of the eight potentials presented in Ref. 7, the
system can be seen as an extension of one of the types classified in Ref. 8, the linearizability of which has been shown in a previous work.” For
the first potential, which constitutes the only system that is not obtained by the extension of a planar one, the linearization is proved applying
the method used in Ref. 4 to determine the linearizability of large classes of two-dimensional systems in non-Euclidean spaces.

The linearization process does neither depend on the separating coordinates of the system nor the degree of the first integrals. In this
context, it should be mentioned that the Hamiltonians with potentials V-V can be linearized in various ways. In this work, we have chosen
the simplest solution, showing that the potentials V-V are actually obtained from superintegrable systems in the plane that have already
been proved elsewhere to be linearizable.
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