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Abstract: Interior permanent-magnet synchronous machines are widely spreading in automotive and
vehicle traction applications, because of their high efficiency over a wide speed range. This capability
can be achieved by appropriated control strategies: Maximum Torque per Ampere (MTPA), Flux
Weakening (FW) and Maximum Torque per Volt (MTPV). However, these control trajectories are often
based on an simplified magnetic model of the electrical machine. In order to improve the evaluation
of machine output capabilities, nonlinear magnetic behavior must be modeled. This is not only
related to the final application with a given drive and control structure, but also during the design
process of the electric machine. In the design process, the output torque Vs. speed characteristic
must be calculated following MTPA, MTPV and FW in the most accurate way to avoid significant
error. This paper proposes a set of algorithms to compute MTPA, FW and MTPV curves for interior
permanent-magnet synchronous machines taking into account the machines’ nonlinearities caused by
iron saturation and compares differed approaches to highlight the torque–speed capabilities for the
same machine following different methods. The algorithms are based on the maps of the equivalent
inductances of a reference interior permanent-magnet synchronous machine and inductances maps
were obtained via 2-D Finite Element Analysis over the machine’s operating points in id − iq reference
plane. The effects of different 2-D finite element methods are also computed by both standard
nonlinear magnetostatic simulations and Frozen Permeability simulations. Results show that the
nonlinear model computed via frozen permeability is more accurate than the conventional linear
and nonlinear models computed via standard magnetostatic simulations; for this reason, during the
electrical machine design, it is important to check the expected performance employing a complete
inductance map and frozen permeability.

Keywords: interior permanent-magnet; synchronous machines; nonlinear magnetic models; control
strategies; MTPA; flux weakening; MTPV; frozen permeability; inductance maps; Two-Dimensional
Finite Element Analysis

1. Introduction

Recently, interior permanent-magnet (IPM) synchronous machines have become
more and more popular in different transportation applications, such as automotive [1–4],
aerospace [5] and marine [6]. The key to their success is the combination of high torque
density and wide speed range. The former can be achieved thanks to permanent-magnets
and the latter thanks to high inductances and saliency ratio greater than the unity.

Specifically, the high-speed range can be achieved by accurate control strategies:
Maximum Torque per Ampere (MTPA), Flux Weakening (FW) and Maximum Torque per
Volt (MTPV) [7–9]. These control strategies are trajectories on a d-q reference plane where
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the operating regions are bounded by a Current Limit Circle (CLC) and Voltage Limit
Ellipses (VLE), as shown in Figure 1. The d-q plane is obtained by Clarke’s and Park’s
transformations of the electrical quantities.

Figure 1. MTPA, FW and MTPV trajectories on d-q reference frame.

The accuracy of these control strategies is strongly dependent on the knowledge of the
machine’s magnetic model and drive’s parameters, such as DC BUS voltage and current
rating. Moreover, such strategies are based on linear assumptions generally, i.e., considering
Ld and Lq as constant parameters [10].

As known, the classic d-q reference frame IPM machine model might be unreliable in
predicting the performance in case of iron saturation [11–13].

Several papers investigated solutions to overcome the aforementioned shortcomings.
In [14] the maps of flux linkages λd and λq are computed by Finite Element Analysis
(FEA) and used to compute MTPA and iso-torque curves. In [15], a nonlinear model
including saturation, cross-coupling, spatial harmonics and temperature effects is proposed.
In [16,17], an accurate machine model is proposed that relies on look-up tables populated
by FEA and including temperature variations. In [18,19], an interesting, though simplified
analytical approach is shown to compute the MTPA curve by mapping Ld, Lq and λpm by
FEA. In [20,21], the MTPA curve is analytically computed with respect to q-axis current.
In [22–24], FEA is used to computed flux linkages on d- and q-axis as a function of current.
In [25] a lumped-parameter model was developed, while in [26] a model-based correction
method using stator flux adjustment is proposed.

Authors in [27,28] propose an analytical model which consider saturation saliences for
the estimation of inductances value in permanent-magnet synchronous machine (PMSM).
The model was validated numerically and experimentally and good results were obtained
for PMSM machines. The proposed model can be used for different machines and, in par-
ticular, it can be very useful in IPM synchronous machines, where saliency’s influence is
higher.Another solution to include magnetic saturation in the control algorithm is to use
the Extended Kalman Filter (EKF) [29], which perform a good estimation of the currents
and inductances. EKF is an optimal estimation method for nonlinear systems, in which the
state’s estimation is obtained starting from its value and covariance matrix at the previous
moment, that are updated basing on measured values. A good estimation of machine
parameters is useful for sensorless control applications [30], where a good analytical model
of the machine is needed to obtain a good estimation of rotor’s position.

This paper proposes a new approach based on a set of algorithms to obtain an accurate
prediction of the electric machine behaviour considering nonlinear magnetic model. The
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possible variation of the permanent-magnet flux will not taken into account in this model
because in the design process of the electric machine, the permanent magnet operating
point can be set according to the working temperature and thus considering the worst
operating condition.

A reference IPM synchronous machine was chosen to assess the proposed method. Its
parameters are listed in Table 1. The machine’s equivalent inductances have been computed
by means of 2-D Finite Element Analysis (FEA) and simulations were performed with
different values of the stator currents in order to obtain complete maps of the Ld and Lq
inductances in the d-q reference frame. Two different 2-D FEA methods were adopted
to model magnetic nonlinearities and obtain equivalent inductances’ maps: a standard
magnetostatic method and Frozen Permeability (FP) method. Then, the two methods were
compared in in terms of control trajectories.

Table 1. Main parameters of the reference IPM synchronous machine.

Parameter Symbol Value Unit

n° of Pole Pairs pp 2 -
n° of Stator Slots Q 24 -

n° of Conductors per Slot nc 2 -
Stack Length Lstk 100 mm

Phase Resistance R 0.0032 Ω
Flux Linkage of PM λpm 0.0128 Wb

Rated Current Ilim 400 A
Overload Current IOL 720 A
DC BUS Voltage Vlim 48 V
Maximum Speed ωmax 30 krpm

FP method allows to obtain motor’s parameter operating under saturated conditions,
taking into account the effect of the permanent magnets even when they are turned off
(this is necessary to avoid the permanent magnets contribution to the flux linkage in the
inductance computation). Authors in [31] use FP to separate permanent magnets and
reluctance torque components [32] of a spoke-type IPM machine in order to optimize the
control design. Basing on the proposed model, Wu et al. implemented an optimization
process which allows to obtain a larger torque density; FEA and FP results were compared
to prove the advantages coming from the application of the proposed optimized model.
In [33], FP is used to provide an accurate inductance model of a variable-flux permanent
magnet machine and the results are compared with experimental measurements showing
a good correspondence. Frozen permeability can also be used to find a d-q model under
saturated conditions, as shown in [34], since the classic model does not take into account
saturation and cross magnetization; thanks to the FP method these factors can be included in
the model, ensuring a good representation of the machine’s magnetic behaviour. In general,
the FP method can be used to do a magnetic field analysis of the machine under saturated
conditions [35]. Anyway all these references do not provide methods or analytical solutions
to compute MTPA, MTPV and FW trajectories and corresponding isotropic curves.

Starting from the maps of the equivalent inductances, a series of algorithms were
developed in order to compute the operating points of MTPA, FW and MTPV trajectories,
Voltage Limit Ellipses (VLE) and Constant Torque Hyperbolas (CTH).

This paper is organized as follows: Section 2 reviews the synchronous machine model
in the d-q reference frame, along with MTPA, FW and MTPV formulations in the linear case.
At the same time, the limits of these strategies are pointed out when saturation effects are
taken into account. Section 3 presents the two nonlinear 2-D FEA methods adopted to map
the reference machine magnetic model. Section 4 provides a detailed explanation of the
algorithms used to compute each curve on the d-q plane. Section 5 compares the control
maps obtained with the two proposed nonlinear techniques with the curves obtained
via the conventional linear model. The results are also compared to the MTPA trajectory
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directly computed by 2-D FEA, taken as a reference. Finally, conclusions are drawn in
Section 6.

2. Operating Strategies in the Linear Model

Equation (1) reports the IPM machine voltage equations in the rotating d-q reference
frame and synchronous with the rotor’s speed.

v̄dq = Rīdq +
d
dt

(
λ̄dq

)
+ jppωmλ̄dq (1)

where:

• R: phase resistance;
• v̄dq: voltage vector;
• īdq: current vector;
• ωm: mechanical speed;
• pp: pole pairs number;
• λ̄dq = L̄dq īdq + λ̄pm,dq: flux linkage vector;

• λ̄pm,dq =

[
λpm

0

]
: flux linkage due to PM;

• L̄dq =

[
Ld 0
0 Lq

]
: inductance matrix.

Equation (1) can be split in two scalar equations for d and q axes as:

vd = Rid + Ld
d
dt
(id)− ppωmLqiq (2)

vq = Riq + Lq
d
dt
(
iq
)
+ ppωm

(
Ldid + λpm

)
(3)

Neglecting the voltage drop across the resistance and considering steady-state opera-
tion, torque can be expressed as:

T =
3
2

pp
[
λpmiq + idiq

(
Ld − Lq

)]
(4)

The operating limits of the machine can be identified as curves in the d-q plane: the
current limit is identified by a circle, Equation (5), and the voltage limit due to DC bus
voltage can be expressed as in Equation (6).

i2d + i2q = I2
lim (5)

v2
d + v2

q = V2
lim (6)

In steady-state, the voltage limit can be represent with an ellipse in the d-q reference
plane, Equation (7), by replacing Equations (2) and (3) in Equation (6) and neglecting the
resistance drop. (

Id +
λpm
Ld

)2

(
Vlim

ppωm Ld

)2 +
I2
q(

Vlim
ppωm Lq

)2 = 1 (7)

where capital letters stand for stationary values.
The center of the ellipses is [Ich; 0], where Ich is referred to as the characteristic current

of the machine that can be obtained with Equation (8).

Ich = −
λpm

Ld
(8)
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The allowed operating region of the machine is defined by the intersection of the
internal areas of the two curves of Equations (5) and (7), i.e., the Current Limit Circle (CLC)
and the Voltage Limit Ellipses (VLE) of Figure 1.

It is useful to express steady-state components Id and Iq as a function of the current
space vector amplitude I and phase γ as in Equation (9).{

Id = Isinγ
Iq = Icosγ

(9)

By replacing Equation (9) in Equation (4), torque can be expressed as in (10).

T =
3
2

pp

[
λpm Icosγ + I2sinγcosγ

(
Ld − Lq

)]
(10)

In MTPA operations, the control acts to regulate the maximum torque for a fixed cur-
rent amplitude. Considering Equation (10), MTPA locus can be expressed as Equation (11).

d
dγ (T/I) = 0

⇒ λpmsinγ + I(Ld − Lq)(sin2γ− cos2γ) = 0
(11)

The locus stated by Equation (11) is based on a number of assumptions:

1. Pure sinusoidal currents and air gap magnetic field distribution;
2. No cross-coupling between the equivalent magnetic circuit and the d-q axes. The two

axes are magnetically decoupled because they are at 90 electrical degrees;
3. No saturation effects, i.e., no variation of the inductances versus currents.

These assumptions are too restrictive for a complete model of an IPM machine, espe-
cially the last one. In fact, a machine’s inductances values cannot be considered constant,
but they vary as a function of both current vector amplitude and phase: Ld(I, γ) and
Lq(I, γ).

Therefore, the computation of the torque Equation (11) should include the partial
derivative of the inductances:

λpmsinγ + I
[

δLd(I, γ)

δγ
−

δLq(I, γ)

δγ

]
(sin2γ− cos2γ) = 0 (12)

By taking into account the variation of the inductances with the operating point,
it is not possible to obtain a simple analytical expression for the MTPA locus as in the
previous linear model case. In addition to that, the functions Ld(I, γ) and Lq(I, γ) should
be estimated starting from a complete map of the equivalent inductances over all the
possible operating points of the machine. Similar issues occur in the computation of the
other two operating modes loci: FW and MTPV.

The maximum-torque operating point lies on the intersection between the CLC and
the MTPA loci, but for high speeds, also the VLE must be taken into account. In fact,
MTPA operation is possible only below a certain speed referred to as base speed. Above the
base speed, the shrinkage of the VLE causes the maximum-torque point to lie outside
voltage limit, making the operating point inaccessible for steady-state operations (Figure 1).
For each operating point of MTPA (Id; Iq), the base speed value can be computed as the
intersection between MTPA (Equation (11)) and the VLE Equation (7)).

ωbase =
Vlim

pp

√
(Ld Id + λpm)2 + (Lq Iq)2

(13)

As a consequence, when higher speeds are required, the machine must be operated in
FW mode, where the maximum output torque decreases with speed. The terminal voltage
and the amplitude of the current vector are kept constant at their limits Vlim and Ilim, while
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the phase angle is increased with the speed, thanks to the demagnetizing d-axis reaction.
This trajectory can be expressed as the intersection between the CLC (Equation (5)) and the
VLE (Equation (7)) as shown in (14).

I2
d + I2

q = I2
lim(

Id+
λpm
Ld

)2

( Vlim
ppωm Ld

)2 +
I2
q( Vlim

ppωm Lq

)2 = 1

⇒Id=
Ldλpm
L2

d−L2
q

{
−1+

√
1−

L2
d−L2

q
Ldλ2

pm

[
λ2

pm+L2
q I2

lim−
Vlim

ppωm

2
]}

(14)

In order to take into account nonlinearities in the computation of FW strategy, the con-
stant inductances of Equation (14) should be replaced with Ld(I, γ) and Lq(I, γ). However,
this is far too complex for a real-time implementation.

It is not possible to operate up to an arbitrarily high velocity in FW operation, but there
is an FW speed limit. The maximum achievable speed corresponds to the smallest VLE
touching the CLC, that can be computed from Equation (7) with Iq = 0 and Id = −Ilim.

ωFW,end =
Vlim

pp(Ld Ilim + λpm)
(15)

However, if the characteristic current of the machine falls inside the CLC, it is possible
to reach a high speed with MTPV operation. In this case, the optimal current vector follows
the MTPV trajectory up the point [Ich; 0], corresponding to infinite speed and zero torque
operation. In MTPV, the voltage is not sufficient to hold current to Ilim and the flux linkage
λ must be decreased with the increase of speed, as λ ≈ Vlim/ppwm. Actually, MTPV
operation comes into action at the intersection point between its trajectory and the CLC
(Figure 1). In fact, from that point, it is possible to obtain the same torque output for a
lower current amplitude.

The computation of MTPV trajectory is easier in a new D-Q reference frame, whose ori-
gin is in the centre of the VLE. So doing, the current components become as in Equation (16).{

ID =
λpm+Ld Id

Lq

IQ = Iq
(16)

By replacing Equation (16) in Equation (7), the VLE becomes a voltage limit circle as shown
in Equation (17).

I2
D(

Vlim
ppωm Lq

)2 +
I2
Q(

Vlim
ppωm Lq

)2 = 1 (17)

The new current vector in D-Q reference frame can be defined in terms of amplitude and
phase as in Equation (18).  I′ =

√
I2
D + I2

Q = Vlim
ppωm Lq

γ′ = tan−1
(

ID
IQ

) (18)

By replacing Equation (18) into Equation (4):

T =
3
2

Vlim
ωmLq

[
Vlim

ppωm

(
1− Lq

Ld

)
sinγ′cosγ′ + λpm

Lq
Ld

cosγ′
]

(19)

The MTPV locus can be obtained from torque Equation (19) with respect to the current
angle in the D-Q frame:
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d
dγ′ (T/Vlim) = 0

⇒ (Ld − Lq)
[
(

Ld Id+λpm
Lq

)2 − I2
q

]
+ λpm(

Ld Id+λpm
Lq

) = 0
(20)

As for MTPA, Equation (20) is based on restrictive assumptions, thus more accurate
results can be achieved only including partial derivative of inductances.

In conclusion, a closed analytical formulation is possible if and only if the behavior of
inductances is known as a function of the current amplitude and phase angle. Moreover,
this would result in a very complex solution, not suited to real-time implementation.

This paper proposes a viable solution taking into account the variation of Ld and Lq
with the working point of the reference machine. Complete maps of the two equivalent
inductances along the d-q axes are defined thanks to 2-D FEA. Then, the computation
of MTPA, FW and MTPV curves follows an algorithmic approach, based on the above
mentioned maps.

3. Finite Element Analysis for Magnetic Model Mapping

This section briefly describes the two different 2-D FEA methods employed to model
the nonlinear magnetic behaviour of the reference IPM machine. The geometry of the
chosen reference machine is shown in Figure 2 and its parameters are listed in Table 1.

Figure 2. Geometry of the reference IPM synchronous machine.

3.1. Standard Method

The first adopted method (Standard Method) is based on standard nonlinear magneto-
static simulations. Specifically, it uses only one nonlinear magnetic 2-D FEA, that includes
both armature current and permanent-magnets as MMF sources. FEA simulations were
performed with different values of the stator currents in order to obtain a complete map of
the Ld and Lq inductances in the d-q plane.

The inductances maps for the reference machine are shown in Figures 3 and 4.
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Figure 3. Inductance map of d-axis (Ld) obtained with the Standard Method.

Figure 4. Inductance map of q-axis (Lq) obtained with the Standard Method.

3.2. Frozen Permeability Method

The Frozen Permeability method (FP) relies on two different sets of simulations. The
first simulation is run in a specific operating point, generally rated operation, and the
nonlinear magnetic model is obtained via 2-D FEA considering MMF contributions from
armature currents and permanent-magnets. Then, the iron permeability is computed and
stored for each mesh element by this nonlinear magnetic field analysis. Finally, permeability
values are set for a second linear 2-D FEA simulation where permanent-magnets’ MMF is
set to zero.

Thanks to FP the stator inductances are evaluated with the actual working point of
the ferromagnetic material. Hence, the estimation of inductances is accurate even when
the permanent-magnets’ MMF is set to zero, since FP includes the effects of permanent-
magnets in the working point of stator and rotor laminations on the B− H curve Further
details on FP method can be retrieved in [35,36]. This method provides inductance values
significantly different from the Standard Method.

Like the Standard Method, the complete maps of Ld and Lq inductances are obtained
by a set of simulations with different couples of id − iq currents. The maps of the magnetic
model of reference machine are shown in Figures 5 and 6.
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Figure 5. Inductance map of d-axis (Ld) obtained with the Frozen Permeability method.

Figure 6. Inductance map of q-axis (Lq) obtained with the Frozen Permeability method.

4. Nonlinear d-q Model Computation

In the following, the algorithms developed for each control trajectory will be pre-
sented. The code is based on the Ld and Lq maps obtained from the nonlinear magnetic
models computed by the two presented 2-D FEA methods. Before introducing control
strategies algorithms, two control loops must be presented: iterative numeric process and
stationary loop.

The iterative numeric process is necessary to overcome an existing circular dependency:
in order to compute the operating point (Id; Iq), the values of Ld and Lq must be known;
however, these values are functions of the still unknown (Id; Iq) values. The iterative
numeric process is adopted for all the curves and operates as follows:

• Define a starting value of Ld, Lq considering a known point belonging to the desired
control curve;

• Compute Id, Iq according to Equation (11), Equation (14) or Equation (20) for MTPA,
FW and MTPV respectively;

• Re-compute Ld, Lq with the current values of Id, Iq and the inductances map;
• Use the new value of Ld, Lq computed in the previous bullet for the next iteration.



Machines 2023, 11, 77 10 of 20

This iterative process can be further improved by a stabilizing loop that reiterates the
previous procedure until the difference between the current value and the previous one is
below a fixed threshold. As an example, this method was used for the estimation of the
characteristic current Ich, that has a circular dependency on Ld:

• Ich is estimated with Equation (8) using the mean value of Ld on the overall domain;
• Ld and Lq are computed in the point (Ich; 0) with the inductances map;
• Ich is re-computed with Equation (8);
• The difference ∆Ich between the current Ich value and the previous one is computed

and compared with a desired threshold.

This loop continues iterating until ∆Ich decreases below the fixed threshold. In this
way, undesired numerical oscillations are limited and Ld and Lq converge to the most
precise values in the point of interest.

4.1. Maximum Torque Per Ampere (MTPA)

As shown in Section 2, MTPA curve cannot be expressed in a closed-form, when
numerical maps of Ld and Lq are used. The numeric algorithm developed for MTPA
iterates as follows:

• A space vector of current amplitude [I] is defined ranging from 0 to current limit Ilim
value;

• For each value of [I], a vector of current phase [γ]] is defined ranging from 90° to 180°;
• Each couple of the matrix [I; γ] identifies an operating point in the second quadrant of

the d-q plane;
• For each couple, Ld and Lq are interpolated from inductances maps at disposal. Torque

is computed by Equation (4) and stored in a matrix;
• For each value of [I], the maximum torque is computed comparing the matrix elements

corresponding to each value of [γ]. Also the corresponding values of Ld, Lq, Id and Iq
are computed and stored.

In this way, the MTPA trajectory is identified and the base speed vector ωbase can be
computed with Equation (13) for each value of [I]. The ending element of ωbase vector will
be used for the computation of FW trajectory.

4.2. Flux Weakening (FW)

While MTPA points are computed starting from a [I; γ] matrix, FW and MTPV points
are based on a speed vectors. In fact, these last two strategies come into play for high
speeds, and the maximum output torque is fixed by the speed. Hence, the procedure for
FW computation is similar to the one for MTPA, but based on a speed vector. The FW
algorithms works as follows:

• The last element of the base speed vector [ωbase] of MTPA is selected as the starting
element for the FW speed (ωFW,start);

• The limit speed in FW (ωFW,end) is computed according to Equation (15);
• The FW speed vector ranges from ωstart to ωlim;
• Starting values of Ld and Lq are computed in the end point of MTPA trajectory:

Ld = Ld(Idend,MTPA
, Iqend,MTPA) and Lq = Lq(Idend,MTPA

, Iqend,MTPA);
• For each element of the speed vector, the following parameters are computed and stored:

– Id by Equation (14);
– Iq by the Current Limit Circle of Equation (5);
– Torque by Equation (4);
– The new values of Ld and Lq to be used for the next speed value are interpolated

from the map with the current Id and Iq values.

A graphical representation of the procedure is depicted in Figure 7.
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Figure 7. Procedure of the FW algorithm on the d-q reference plane .

4.3. Maximum Torque Per Volt (MTPV)

The algorithm for MTPV starts from a speed vector, considering Iq = 0 and then
iterating for the overall range of γ. This procedure is more complex than the previous
ones: in MTPA the computation was based on a [I; γ] matrix and in FW a starting point
was available, being the ending point of MTPA. Here, the starting values of Ld, Lq and γ
are required at the beginning of each iteration. Hence, the point (Ich; 0) is chosen as the
starting point for the trajectory computation, that corresponds to the infinite velocity point.
In order to practically define a speed vector, the infinite velocity has been approximated
with a very high velocity. Thus, the starting point of MTPV is located at γ = 180° and an
high speed value. Specifically, the algorithm for MTPV is based on the following loop:

• Starting values of Ld and Lq are computed in the starting point (Ich; 0) with the
stabilizing loop described in Section 4;

• For each element of the speed vector with γ′ = 180, the Ld and Lq values computed at
the previous iteration are taken as starting values and the stabilizing loop is performed.
After their values are fixed with high accuracy, the following parameters are computed:

– I′ and the ID are computed by Equation (18) where IQ = 0;
– Id and Iq are computed by Equation (16);
– Torque is computed by Equation (4) and stored in a matrix;
– The new values of Ld and Lq to be used for the next speed value are interpolated

from the map with the current Id and Iq values.

So doing, the inductances and the torque on the d-axis have been fixed. Starting from
these values, it is possible to iterate the procedure on the overall range of γ′. For each
speed value:

• I′ is computed by Equation (18);
• ID and IQ are computed from I′ and γ′ by Equation (18);
• Id and Iq are computed by Equation (16);
• Torque is computed by Equation (4) and stored in a matrix;
• The new values of Ld and Lq to be used for the next γ′ value are interpolated from the

map with the current Id and Iq values.
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Once the complete torque matrix is computed for each operating point of [ωMTVP, γ]
the maximum torque is computed comparing the matrix elements corresponding to each
value of [γ]. Also the corresponding values of Ld, Lq, Id and Iq are computed and stored.
In this way, the operating points of MTPV trajectory are obtained.

A graphical representation of the procedure is depicted in Figure 8.

Figure 8. Procedure of MTPV algorithm on the new D-Q reference plane.

4.4. Voltage Limit Ellipses

As for the previous curves, also for the Voltage Limit Ellipses, the initial values for
Ld and Lq must be set. For each ellipse, a initial point was chosen on the MTPA trajectory,
computed in the previous subsection. Then, the points of the ellipse were computed
iterating for lower Id values (moving to the left) and higher Id values (moving to the right)—
i.e., d-axis current is negative. Hence, the ellipse is divided in a left and right side with
respect to the MTPA curve. In the following, only the algorithm approach for left part of
VLE is described.

A set of values [Iq] for which the corresponding ellipses will be evaluated is defined
and for each element of this vector, then the following steps are carried out:

• The corresponding Id on the MTPA trajectory is identified;
• The starting values of Ld and Lq are interpolated from the inductance map;
• The corresponding speed value is computed by Equation (7);
• A vector ranging from the identified Id to the current limit −Ilim is defined. For each

value of this vector:

– Iq is evaluated with the Ld and Lq of the previous step by Equation (7);
– The new Ld and Lq with the current values of Id and Iq are interpolated from the

maps for the next iteration.

As an example, if the ending point of MTPA is used for the computation, the voltage
limit ellipse corresponding to the rated speed will be obtained. The code for the right part
of the ellipse is similar to the left part one, but the vector of Id values ranges up to Ilim
instead of −Ilim.

4.5. Constant Torque Hyperbolas

The Constant Torque Hyperbolas are computed with the same method of the Voltage
Limit Ellipses and, in the following, only the code of left part is described. A set of values
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[Iq] for which the corresponding hyperbole will be evaluated is defined and for each
element of this vector, the following steps are carried out:

• The corresponding Id on the MTPA trajectory is identified;
• The starting values of Ld and Lq are interpolated from the inductance map;
• The corresponding torque value is computed by Equation (4);
• A vector ranging from the identified Id to the current limit −Ilim is defined. For each

value of this vector:

– Iq is evaluated with the Ld and Lq of the previous step by Equation (4);
– The new Ld and Lq with the current values of Id and Iq are interpolated from the

map for the next iteration.

5. Results and Comparisons
5.1. Generated Control Trajectories

The control trajectories on the d-q plane were computed with both Standard Method
and FP. The results are reported in Figures 9 and 10 along with the curves obtained with
the conventional linear magnetic model (Figure 11) in order to provide a clear comparison
about their performance.

In the pictures, MTPA curves are drawn both in rated current case (solid line) and
in overcurrent case (dashed line). MTPA trajectory is remarkably different with the three
methods, especially at high currents (dashed line). In fact due to high saturation, induc-
tances computed with FP differ significantly from the ones computed with the Standard
and the linear method.

Figure 9. Control trajectories on the d-q plane computed with a Standard Method.
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Figure 10. Control trajectories on the d-q plane computed with FP.

Figure 11. Control trajectories on the d-q plane computed with the conventional linear model.
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The Voltage Limit Ellipses (black solid lines) are very different from the ideal ellipses of
the conventional linear model (where the Ld and Lq are assumed to be constant). Specifically,
on the left side of the d-q plane the ellipses moves away from the d-axis. Similarly to the
case of MTPA, the linear model is less accurate when the amplitude of the current vector
increases. These phenomena cause differences in the MTPA base speed and FW limit speed.
On the other hand, the characteristic current point [Ich; 0] is similar for both the approaches,
falling inside the rated current limit circle.

MTPA and MTPV curves are reported in the same figure for FP and Standard Method
(Figure 12): MTPA trajectory computed with FP is more tilted towards the negative d-axis,
underlining a better capability of such method to detect the correct behaviour of the
machine when saturation starts to be non-negligible.

Figure 13 highlights the differences between the two methods for the Voltage Limit
Ellipse (computed at base speed) and the Constant Torque Hyperbola (computed at rated
torque).

Figure 12. Comparison of MTPA and MTPV curves, obtained with Standard Method (blue) and FP
(yellow).
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Figure 13. Comparison of Voltage Limit Ellipse (at base speed) and Constant Torque Hyperbola (at
rated torque), obtained with Standard Method (blue) and FP (yellow).

5.2. Comparison of the Two Different Nonlinear Methods

The comparison is further enhanced with a reference curve, based on trajectories
computed with a 2-D FEA. Specifically, MTPA is computed by 2-D FEA FEMM with the
following procedure:

• A range of current density [J] is defined;
• A range of current phase angle [γ] is defined;
• For each couple of [J; γ] matrix, five different rotor positions are defined (6 mechanical

degrees apart one from the other in order to cover 360 electrical degrees);
• The solution of the magnetic model is found for all the different rotor positions and

torque is evaluated by the Maxwell’s stress tensor;
• The mean value of the torque on all position is computed;

This process is repeated for each element (J; γ). Then, MTPA trajectory is obtained
computing the maximum torque value on all the values of γ.

Figure 14 shows a comparison between the MTPA curve obtained with: (i) the conven-
tional linear model (green line); (ii) the nonlinear model based on standard magnetostatic
simulations (blue line); (iii) the nonlinear model based on FP simulations (yellow line); (iv)
the reference trajectory computed via 2-D FEA (purple line).
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Figure 14. Comparison of MTPA curve obtained by the conventional linear model, nonlinear model
based on Standard Method, nonlinear model based on FP and direct computation via 2D FEA.

Results show that the MTPA trajectory is remarkably different for two nonlinear
methods, especially at high currents (dashed lines). As shown, the reference 2-D FEA
MTPA trajectory is much better matched with the MTPA obtained with FP method rather
than with the one obtained with the Standard Method. The error for the linear model curve
and for the Standard Method curve is significant especially outside the rated CLC, where
the saturation effects are higher.

Regarding the output torque vs. speed characteristic, the comparison between linear
model, standard nonlinear method and nonlinear FP is reported in Figure 15; in the constant
torque region the three methods lead to a significant differences in the torque value, while
in the constant power region the frozen permeability and the standard nonlinear methods
lead to similar results. This is due to the effect of de-saturation linked with flux weakening.

In conclusion, FP method proves to be more accurate in the mapping and modeling of
IPM synchronous machines.
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Figure 15. Comparison of torque–speed curves obtained by the conventional linear model, nonlinear
model based on Standard Method and nonlinear model based on FP.

6. Conclusions and Future Development

This paper presents a new algorithmic approach to compute the machine performance
in MTPA, FW and MTPV for IPM synchronous machines. The proposed approach is
applied to compute the current components in the id − iq reference frame for the MTPA,
FW and MTPV, evaluating also the voltage limit ellipses, iso-torque curves, and torque
vs. speed characteristic. Moreover, the proposed algorithms are efficient and suited to a
real-time implementation, being still quite reliable in case of magnetic saturation

More traditional methods are based on a linear model, that does not account for Ld
and Lq variations with the working point of the machine. Hence, traditional method fails at
high speed, and/or with magnetic saturation, on the other hand a direct analytical solutions
would require the computation of partial derivatives of Ld(I, γ) and Lq(I, γ) with respect
to the current phase angle, leading to complex and unfeasible real-time implementations.

This paper proposes a method for MTPA, FW and MTPV that is efficient and suited to
a real-time implementation, being still quite reliable in case of magnetic saturation.

The proposed method is based on the inductance maps of the machine obtained by
2-D Finite Element Analysis. Two different methods were adopted for the FEA simulations:
a standard nonlinear magnetostatic method (Standard Method) and Frozen Permeability
method (FP Method). The two solutions were assessed by a reference curve, obtained
with a direct computation 2-D FEA via the Maxwell’s stress tensor. MTPA curve obtained
with the conventional linear model differs significantly from the reference curve, especially
for high currents values. On the other hand, the trajectory obtained with the proposed
algorithmic approachis more similar to the reference. In addition to that, a comparison
of the accuracy of the Frozen Permeability method with respect to the Standard Method
was made.
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Results prove the higher accuracy of the nonlinear model based on Frozen Permeability,
especially in case of relevant currents and high saturation.
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