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LEIBNIZ RULES AND GAUSS-GREEN FORMULAS IN
DISTRIBUTIONAL FRACTIONAL SPACES

GIOVANNI E. COMI AND GIORGIO STEFANI

ABSTRACT. We apply the results established in to prove some new fractional Leibniz
rules involving BV %P and S*P functions, following the distributional approach adopted
in the previous works . In order to achieve our main results, we revise the ele-
mentary properties of the fractional operators involved in the framework of Besov spaces
and we rephraze the Kenig—Ponce—Vega Leibniz-type rule in our fractional context. We
apply our results to prove the well-posedness of the boundary-value problem for a general
2a-order fractional elliptic operator in divergence form.
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1. INTRODUCTION

1.1. The fractional framework. Given a parameter « € (0, 1), the fractional a-gradient
and the fractional a-divergence are respectively the operators defined as

Vef(x) = pna /Rn y _’;)_(fagﬁzr;r{(x)) dy, xe€R", (1.1)
and
divp(x) = pina /R" v~ Ty) _(ifgza:f(x)) dy, x€R", (1.2)

where p, o is a suitable renormalizing constant depending on n and «a only.
Since its first appearance , the literature around the operator V* has been quickly

expanding in various directions, such as the study of PDEs 40, , and of
functionals involving fractional operators, the discovery of new optimal embedding

inequalities ,, and the development of a distributional and asymptotic analysis
in this fractional framework ,. We also refer the reader to the survey and
to the monograph [35].

At least for sufficiently smooth functions, the operators V¢ and div® are dual, in the
sense that

Fdivepde — —/ o Vofd. (1.3)
Rn Rn

Equality can be regarded as a fractional integration-by-parts formula and provides
the starting point for the distributional theory developed in the previous papers [8,[12-14].

By imitating the classical definition of BV function, for a given exponent p € [1, +0o0],
we say that a function f € LP(R"™) belongs to the space BV*?(R") if

DfIR") = sup{ [ fdivipds i € CERNRY), [lplluernn < 1} < +o0. (14)
In the case p = 1, we simply write BV*!(R") = BV*(R"). The resulting linear space
BV*P(R") ={f € LP(R") - |D° f[(R") < 400}
endowed with the norm

| fllBver@ny = | fllLr@wny + [DfI(R"), f € BV*P(R"),
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is a Banach space and the fractional variation defined in is lower semicontinuous with
respect to the LP-convergence. The fractional variation was considered by the authors in
the work [13] in the geometric framework p = 1, also in connection with the naturally
associated notion of fractional Caccioppoli perimeter. The fractional variation of an LP
function for an arbitrary exponent p € [1,400] was then explored in [12}|14].

By instead emulating the usual definition of Sobolev function, we say that a function
f € LP(R™) belongs to the space S®P(R™) if there exists a function V*f € LP(R™;R")
satisfying for all ¢ € C°(R™; R™). The resulting linear space

S*P(R") ={f € LP(R") : V*f € L"(R™";R")}
endowed with the norm
[ fllser@ny = | fllr@ny + IV fllLr@®n;rny,  f € S“P(R™),

is a Banach space as well and, actually, can be identified with the Bessel potential space
L*P(R™) whenever p € (1,400), see [8,29].

1.2. The fractional Leibniz rule: local and non-local parts. Playing with its defi-
nition (1.1)) (see |13, Lemmas 2.6 and 2.7] and |14, Lemmas 2.4 and 2.5] for the rigorous
statements), one immediately sees that the fractional gradient V* obeys the Leibniz-type
rule

V9 =gV + Vi + VRS 9) (1.5)
at least for f,g € CX(R™). The remainder term Vi (f,g) is the non-local fractional
gradient of the couple (f,g) and is defined as

o (£,9)(z) = e /R = 2)(f) — F@)gly) = 9(=) , = g, (1.6)

|y _ x|n+a+1

In contrast with the more familiar local part given by ¢ V* f+ f Vg, the operator in ({1.6)
is reminiscent of the intrinsic non-local nature of the fractional gradient V. An analogous
Leibniz-type rule can be obtained for the fractional divergence operator , whose
reminder term divyy is the non-local fractional divergence and is defined similarly to .

When dealing with less regular functions, there are two main obstacles for the validity
of naturally arising from its local and non-local parts respectively.

On the one side, in analogy with what already happens in the classical framework, one
expects that the local term fV®g + g V*f should be replaced by the sum of two distri-
butionally defined objects. In particular, if f and g have finite fractional variation ([1.4)),
then it is natural to replace the fractional gradients Vf, V¥g € L'(R™; R") with the frac-
tional variation measures D f, D%g € .# (R"™; R™), but one has to check that the resulting
measures g D®f and f D%g are well defined.

On the other side, one has to deal with the well-posedness and the integrability prop-
erties of (the extension of) the bilinear operator appearing as a remainder in the
Leibniz rule . In particular, the elementary estimate

‘V%Lofvg)(x)‘ < /Ln,a/ |f<y) B f(x)‘ |g(y) _g<x>’ d

R" |y — x[rte

y, xeR" (1.7)

suggests that one needs to take the interplay between the two fractional regularities of
the functions f and ¢ into consideration.
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Having in mind the development of the PDE theory [32,37-40,42,43] and the study
of functionals [4,/5,29] in this fractional setting, as well as the large collection of Leibniz-
type rules for fractional operators [6,(7,/10,/15,|16} 20,2325, 27|33} 34,50], the main aim
of the present paper is to move a first step towards the solution of these two problems,
providing new Leibniz rules for the pairing of functions having finite fractional variation as
well as for Bessel functions. As an application of our extended Leibniz rules, we show the
well-posedness of a general class of 2a-order fractional elliptic boundary-value problems.

1.3. Dealing with the local part. To treat the issues coming from the local part of

the fractional Leibniz rule ([1.5)), we take inspiration from the classical integer case o = 1.

As a matter of fact, it is well known that, if f,g € BV1*°(R"), then fg € BVH>(R")

with

D(fg)=g¢"Df + f*Dg in.#(R"R"), (1.8)

where BVI®(R") = {f € L>°(R") : |[Df|(R") < +oc}. Here and in the following, for a
function f € LL_(R™), we let

fH(z) = lim f(y) dy (1.9)

r—0t B, (;c)

for all x € R™ such that the limit exists and f*(z) = 0 otherwise. The function f*
defined by is the so-called precise representative of the function f. If f € BV,.(R"),
then the limit in exists for " 1-a.e. x € R" and it can be strengthened as

lim 1)~ £ dy =0
for " ae. x € R™\ Jy, see |19, Section 5.9] for example, where J; C R™ is the so-
called jump set of the function f € BV(R") (if f € WH'(R"), then J; is empty). Since
|IDf| < 2" for all f € BVio(R"), the Leibniz rule in (1.8)) is well posed.

We would like to emphasize that the role of the precise representative is obviously
relevant uniquely in the presence of a measure. In fact, for Sobolev functions, it is
much easier to see that, if f,g € WIP(R") N L>(R") for some p € [1,+0oc], then fg €
Whr(R™) N L>®(R™) with

V(fg)=fVg+gVf inLP([R"R").

A similar result clearly holds also for f € W'P(R™) and g € WH¢(R") with p,q € [1, +0o0]
such that %+% < 1, in which case fg € W' (R"), with r € [1, +o0] such that + = %—I— %.

Reasoning by analogy, we will have to face the issue linked to the well-posedness of the
local part of the fractional Leibniz rule only when dealing with functions with BV *?
regularity. The difficulties related to S*P functions, instead, will depend uniquely on the
non-local part of the formula.

In order to control the continuity properties of the fractional variation with respect to
the Hausdorff measure, we exploit [12, Theorem 1.1], which states that, if f € BV*P(R"),
then

W if pe {1, &) ,
D f] < . (1.10)
r ifpe {ﬁ,—l—oo} .
Consequently, the product ¢* D*f is well posed as soon as ¢g* is well defined as the
limit in in term of a Hausdorff measure of dimension not larger than the ones
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appearing in ([1.10). In particular, the function ¢ is allowed to belong to some Besov
space with sufficiently large regularity order. However, at least at the present stage of the
development of the theory, we are not able to consider functions g with finite fractional
variation since, in virtue of [12, Theorem 1.2], g*(x) would be defined only for S~ **¢-a.e.
x € R", for any € > 0 arbitrarily small.

1.4. Dealing with the non-local part. To overcome the issue related to the non-local
part of the fractional Leibniz rule (|1.5)), we need to understand the behavior of the non-
local fractional gradient .

A first step in this direction was already made in [13, Lemma 2.6] and |14, Lemma 2.4]
by the authors, who proved that

IUTMOC [‘f]W%’p(R”) [g]W%’q(R")
IVRLU DIz @nirey <9 2%tna || Iz @ny [glwer @) (1.11)

2,un,a [(ﬂW""l(R") HQHLOO(R")

whenever p,q € (1,+00) are such that % + % = 1. In addition, from the computations
made in |29, Equation (2.11)], one can also deduce the bound

2pn,a [f]Bg“o 1 (R™) ||g||LP(]R")

IVRLUF: O llw ey < ‘ (1.12)
2in.a || fll ey (9] B, e

for all p € [1,4o0].

In view of the simple bound (1.7)), inequalities ([1.11)) and (|1.12)) suggest that one should
study the integrability properties of the operator

DgL(f,g)(a;):/ /() = f(@)[lg(y) — g(=)]

R" |y — @[t

dy, =€ R"

in the general framework of Besov spaces. A simple application of Minkowski’s integral
inequality (see for instance [21], Exercise 1.1.6]) and then Holder’s inequality easily shows
that

[f]Bg,s(R“) [Q]B;t(R”)

DXL, D llr@ny < 21 f |r@n) [9]Be, e (1.13)

2 [f]Bg’l(R") 191l Lagrn)
whenever 3,7 € (0,1) are such that « = § + v and p,q,r,s,t € [1,+00] are such that
%—i—% =land 1 +1 =1, including (L.11]) and (L.12) as particular cases. Note that one can

argue in a similar way for the fractional gradient V in ((1.1]), since the related operator
Daf(l’):/ |f(y)_f(x)|d

no |y —xfrte

y, zeR"

satisfies
||Daf||LP(R") < [f]B;{l(Rn) (1.14)
for all p € [1,4+00], again by Minkowski’s integral inequality.
On the one side, the elementary bounds ([1.13]) and ([1.14]) can be taken as a new starting
point for the well-posedness of the fractional theory related to the operators V* and V§;,
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(and their companions div® and divy; ) in the setting of Besov spaces. This point of view
has the advantage of simplifying the exposition of the theory, providing a quicker and
more agile way to prove several preliminary results.

On the other side, inequalities and automatically extend the validity of the
fractional Leibniz rule to Besov functions, solving the well-posedness issue related
to the non-local part of the formula as soon as at least one of the two functions belongs
to some Besov space.

Although easy, the bound is rough, since moving the absolute value inside the
integral sign rules most of the cancellations originally allowed by the operator in ((1.6)).
Having this observation in mind, one is tempted to look for a different approach exploiting
the effect of the cancellations inside the integral . Going back to formula , one
can naively reverse the roles of the involved operators and rewrite as

z(fr9) =V (fg) —gVf = fV.

At this point, one exploits the relation V* = R(—A)z, where R is the Riesz transform
and (—A)? is the fractional Laplacian (see Section 2.1 below for the precise definitions),

so that
Ru(f,9) = R(Ha(f,9)) + [R.g(=2)% f + R, fl(—A)%g, (1.15)
where
Ho(f,9) = (=8)%(fg) —g (=A)%f — [ (=A)%yg (1.16)
and
(R, flg = R(fg) — gRf. (1.17)

With this new definition at disposal, the integrability properties of the non-local fractional
gradient reduce to the integrability properties of the operator H, in and the
mapping properties of R and of its commutator .

On the one side, the integrability properties of the operator H, date back to the fun-
damental work [28] by Kenig-Ponce-Vega, where the authors proved that

| Half 9)llzoeny < cnap (I(=2)% Flogn) Iglliosn + I Flloo@n) [(—=2) 2 gllogen)
(1.18)
for all f,g € C*(R™) and p € (1,400). The estimate in (1.18]) is often called fractional
Leibniz rule and was originally motivated by the study of the Korteweg—de Vries equation.
Although not fundamental for our purposes, it is worth to mention that the above bound
can be strengthened by replacing the L® norms appearing in the right-hand side with
BMO seminorms, see [30, Theorem 7.1]. Fractional Leibniz-type rules like have
been extensively investigated in the last thirty years, see [6,|7}/10,15,|16} 20}, 2325|127, 34]
and the monographs [33]/50] for most relevant results and applications in this direction.
On the other side, the mapping properties of the commutator ((1.17)) were studied by
Coifman—Rochberg—Weiss in [11], where they proved the inequality

IR, flgllzr@rirry < cnp | fllzoo@n) [|9]| e @my (1.19)

for all f,g € C°(R") and p € (1,400). Again, although not essential for our scopes, the
L norm in the right-hand side of the above inequality can be replaced with the BMO
seminorm, see |11, Theorem I} and also |30, Theorem 4.1].
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By combining (|1.15)) with the estimates (|1.18)) and ([1.19)) and recalling the LP-bounded-
ness of the Riesz transform for p € (1,+00), we conclude that

IVRLU 9 r@nsrny < enap(IV Fllio@n: e gl @y + | Flloe @y | VGl o gensen))
(1.20)
for all f, g € C°(R™). Inequality allows to extend the fractional Leibniz rule
to functions f,g € S*P(R")NL>(R") whenever p € (1,400) by a standard approximation
argument. However, since one cannot directly pass to the limit in the expression , the
non-local fractional gradient has to be understood in a proper weak sense via a non-local
analogue of the fractional integration-by-parts formula , ie.

Lo Vinlfgyde = [ fdivie(g.¢)da (1.21)
R» R™

for all functions f, g and vector-fields ¢ in suitable Besov spaces, once again thanks to
the bound (1.13).

Somehow in analogy with the failure of the L!-boundedness of the Riesz transform, the
inequalities (1.18)) and (1.19)) are not known in the boundary case p = 1 (and are not even
expected to hold, see the discussion at the beginning of [30, Section 9]). For this reason,
we do not know if the non-local fractional gradient is well defined — even in the
weak sense, via (1.21)) — for f, g € S®!(R") N L>(R"). Thus, at the present moment, we
are not able to extend the above approach to the case p = 1.

1.5. Main results. We can now state the three main theorems concerning fractional
Leibniz rules we are going to prove in the present paper.

Our first main result deals with the product of a BV *P function with a Besov function
with suitable regularity depending on the exponent p € [1, +00].

Theorem 1.1 (Leibniz rule for BV*? with Besov). Let o € (0,1) and let p,q € [1,+]
be such that % + % =1. If f € BV*?(R") and

B2, (R™) forp e [1, #) ;
L=(R") N By, (R" forp € [ ta)
ge ( ) q,l( ) {n a’l a) (122)

L®(R™) N By (R") with B € (Bupa:1) forp€ |, +00),

L®(R™) N WeL(R™) for p =400,

where
1 . 1 n
].—5 2fn22andp€[g,m>,

Bn,p,a -
(1=3)(a+3) #pe i to).
then fg € BV*"(R™) for all r € [1,p] with
D(fg) =g Df+ fVigL"+ V[, 9) ZL"  in #(R";R").
In addition,
D(fg)(R") = [ Vi (f,9)dw =0,

and

/fvo‘gdx:—/ g dDf.
R" R"
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Our second main result provides an analogue of Theorem for the product of two
Bessel functions.

Theorem 1.2 (Leibniz rule for S*? - S*9). Let o € (0,1) and p,q € (1,+00) be such
that % + % = L for some r € [1,400). There exists a constant ¢, qpq > 0, depending on
n, a, p and q only, with the following property. If f € S*P(R™) and g € S*I(R"), then
fg € S*(R™) with

Vfg)=gVf+ [fVi+Vu(f.g) inL'(R";R") (1.23)

and
IVRL(S Dl e @nin) < Cnapg 1 |ser@n) 19l 500 @ny. (1.24)

In addition, if r =1 then

L V(e = [ Viu(f.g)de=0 (1.25)

and
fVedx = —/ gV fdx. (1.26)

Rn Rn

Finally, our third main result rephrases the fractional Leibniz-type formula by
Kenig—Ponce-Vega for the product of two bounded S®? functions with p € (1,+00).
Here VY, denotes the non-local fractional gradient defined in the weak sense via the
integration-by-parts formula (1.21]), see Definition below for more details.

Theorem 1.3 (Leibniz rule in S*? N L>®). Let a € (0,1) and p € (1,+00). There exists
a constant ¢, op > 0, depending on n, o and p only, with the following property. If
f.g € SUP(R™) N L=(R™), then fg € SP(R") (1 L(R") and Vsy,(f,g) € LP(R™R"),
with

VUfg) =gVf+ Vi +Vip.(fig) in LP(R™R")
and

IVRLw (s Dllp@n ) < (1Y F oo @nsmn) gllos@ny + 1f e @ny Vgl p(@nimny )

1.6. An application to PDEs. In the classical setting, a second-order partial differen-
tial operator in divergence form on an open set {2 C R™ can be expressed as

Lu = —div(AVu) +b-Vu+cu (1.27)

for suitably regular u: Q — R and given A: Q@ — R", b: Q — R" and ¢: Q — R.

From the physical point of view, u is the density of some substance, so that the second-
order term —div(AVu) represents the diffusion of u within €2, where the coefficient matrix
A models the anisotropic heterogenous nature of the medium, the first order term b - Vu
stands for the transport of u within €2 according to the velocity field b, and the zero-order
term cu describes the local increase or depletion of the substance.

From a purely differential point of view, at least for a sufficiently regular vector field b,
there is no difference between the operator L in and the operator

Lu = —div(AVu) + div(bu) + ¢u, (1.28)

where the transport term b- Vu has been replaced by the continuity term div(bu). Indeed,
by the usual Leibniz rule, one has

div(bu) = udivb + b - Vu,
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so that we can rewrite the operator in in the form (|1.27)).
In the present fractional framework, for a € (0, 1), the natural fundamental diffusion
operator is given by the fractional Laplacian of order 2c
@ U(y) B u(x) n
<—A) 'U/(.T) = Cn,a /]Rn W dy, r€R y
where ¢, is a suitable constant. As proved in [44, Theorem 5.3], one can actually
write (—A)* = —div*V?, so that —div*(AV®u) can be seen as the natural model of an
anisotropic heterogenous fractional diffusion (see also [42]).

Following this analogy, we may interpret div®(bu) and b- V®u as the corresponding nat-
ural fractional continuity and transport a-order terms, respectively. However, differently
from the integer framework, even for a smooth vector field b the fractional continuity term
cannot be reinterpreted as a fractional transport term plus a zero-order term, since the
fractional Leibniz rule

div®(bu) = udiv®b + b - V¥ + divyy, (u, b)

forces the presence of the non-local divergence a-order term divyy (u,b). In this sense, the
most general expression of a 2a-order differential operator in (fractional) divergence form
is

Lou = —div*(AV®u) — ¢y div*(byu) + by - V¥u + 3 divyy (u, bs) + cou (1.29)
for some given A: R™ — R™, by, by, by: R™ — R™ and ¢g, ¢1, ¢3: R* — R.

At this point, it is natural to investigate under which (weakest possible) regularity
assumptions on A, by, b, b3, g, ¢; and c3 the fractional differential operator L, in ((1.29) is
well posed. Imitating the usual strategy adopted in the integer setting (see |18, Chapter 6]
for instance), we prove the following energy estimates for the associated bilinear form
B,: S*%(R") x S*%(R") — R given by

Ba[u,v] = V% - AV®udx + uby - V¥ (cyv) dx + vby - VYU dx
R" R" R™

(1.30)
+ / csv divyy, o, (u, bs) dx + / couv dx
R ’ R

for all u,v € S**(R"). In the above formula, divy , denotes the non-local fractional
divergence defined in the weak sense via the integration-by-parts formula ([1.21]), see Def-
inition 4.5 below for more details.

Proposition 1.4 (Energy estimates). Let a € (0,1) be such that a < 5. Let A €
LOO(R”;R"Q) be such that there exists a constant ¥ > 0 for which
£ A)E > Vel (1.31)

fora.e. x € R" and all £ € R". Let by, by € L®(R™R"), b3 € LR R") Nd% | (R™; R™),
cp € L¥R") Nb% (R™) and co,c3 € L>(R™). Then, there exist two constants C, M > 0
depending on

Al Lo nsmn2ys 1]z @rimmy, (102l oo @nimny, 103l oo (nimmy, [bs]Bg, | @nimmy,

||C1||L00(Rn), [Cl]Bi,l(R")a HCO”LOO(R")y ||CS||L°°(]R”)

only such that
’BQ[U,U” S M ||u||Sa,2(Rn) ||’U||Sa,2(Rn) (132)
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and

702y < Bl ] + C e (1.33)
for all u,v € S**(R"™).

As a consequence, thanks to the Lax—Milgram Theorem, we obtain the following well-
posedness result for the operator L, on an arbitrary open set with finite measure €2 C R",
generalizing [42, Theorem 1.13].

Corollary 1.5 (Fractional boundary-value problem). Let  C R"™ be an open set such
that |2 < 400 and let

S = {u e S*2(R") :u =0 in R"\ Q}.

With the same notation and the same assumptions of Proposition if A\ > C then, for
each f € L*(Q), there exists a unique weak solution u € Sg’z(Q) of the boundary-value
problem

(1.34)

Lou+Au=f in €,
u=>0 in R™\ Q,

in the sense that
Ba[u, U] + )\<u7 U>L2(Rn) = <f7 U>

for allv € S3*(Q), where f is the extension-by-zero of f outside Q and (., ) p2(mny 05 the
standard scalar product in L*(R™).

L2(R™)

Note that Corollary actually holds for any non-empty set {2 with finite measure,
not necessarily open—we added this topological assumption in analogy with the classical
setting.

Although we do not pursue this direction in detail here, it is worth mentioning that the
approach leading to Corollary [1.5| can be likewise applied to the boundary-value problem
for the parabolic fractional operator 9, + L,, (where now the coefficients of L, may depend
also on the time variable ¢ > 0) by suitably adapting the Garlekin’s approzimation method
(see [18, Chapter 7] for example) to the present fractional setting.

The validity of Proposition follows from the following Leibniz rule for the product of
an S*? function with a bounded function having finite B};-seminorm, where p € (1, +00),
n>apandr e [%, —i—oo} . The proof of Theorem |1.6/combines the previous results with the

T

fractional Sobolev embedding S“?(R") C L»=o» (R"). Here Vg , denotes the non-local
fractional gradient defined in the weak sense via the integration-by-parts formula ((1.21]),
see Definition [£.5 below for more details.

Theorem 1.6 (Leibniz rule for S*? with bounded Besov). Let a € (0,1) andp € (1, +00)
be such that n > ap, and let r € [g, —l—oo}. There exists a constant ¢, o, > 0, depending
onn, a and p only, with the following property. If f € S*P(R") and g € L>(R")Nbg, (R™),
then fg € S*P(R™) with

VAfg) =gV f+ Vi +VRpw(fig) in LP(R";R") (1.35)
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and

1 Vgl o@nzn) + | V30 w0 )| oz < cian 1110 R")||Vaf||LP Rns ey [9)B2, (7).
(1.36)
In particular, if r = %, then

1f Vegllr@nrm) + IVRLwW (s Ol r@eirry < nap IVOfllir@nirn) [9]g @ (1.37)

It is worth noting that an analogue of Theorem [I.6] can be stated for BV*® functions,
with p € {1, n”fa) We refer the interested reader to Theorem H below for the precise
statement.

1.7. Organization of the paper. The paper is organized as follows.

In Section [2] we recall the main notation used throughout the paper and we prove
several basic results for the involved fractional differential operators in the framework of
Besov spaces.

In Section , we establish our first main result Theorem proving each case in (|1.22))
separately, see Theorem [3.1], Corollary [3.3] Corollary [3.5], Corollary [3.6]and Corollary [3.7]
respectively. We also discuss some strictly related Gauss—Green formulas, see Section [3.3]

In Section || after having settled inequality , we show Theorem and Theo-
rem [L.3]

Finally, in Section [5] we first prove Theorem and then we conclude our paper by
establishing Proposition [I.4] and Corollary [L.5]

2. PRELIMINARIES

2.1. General notation. We start with a brief description of the main notation used in
this paper. In order to keep the exposition the most reader-friendly as possible, we retain
the same notation adopted in the previous works [8,12-14].

We let £ and J7“ be the n-dimensional Lebesgue measure and the a-dimensional
Hausdorff measure on R™, respectively, with a € [0,n]. Unless otherwise stated, a mea-
surable set is a . Z"-measurable set. We also use the notation |E| = Z"(E). All functions
we consider in this paper are Lebesgue measurable, unless otherwise stated. We denote
by B,(x) the standard open Euclidean ball with center x € R™ and radius r > 0. We let
B, = B.(0). Recall that w, = |By| = 72 /T (”T*Q) and " Y0B;) = nw,, where I is
Euler’'s Gamma function.

For k € NgU{+00} and m € N, we let C*(Q; R™) and Lip,(£; R™) be the spaces of C*-
regular and, respectively, Lipschitz-regular, m-vector-valued functions defined on R™ with
compact support in the open set Q C R". Analogously, we let CF(; R™) and Lip,(£2; R™)
be the spaces of C*-regular and, respectively, Lipschitz-regular, m-vector-valued bounded
functions defined on the open set 2 C R™. In the case k = 0, we drop the superscript and
simply write C.(£2; R™) and Cp,(€2; R™).

For m € N, the total variation on €2 of the m-vector-valued Radon measure p is defined
as

|1l (€2) = Sup{/ﬂso cdp o € CF(R™), ol (@srm) < 1}.

We thus let .Z(2;R™) be the space of m-vector-valued Radon measure with finite total
variation on Q. We say that (ug)gen C A4 (2;R™) weakly converges to u € A (;R™),
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and we write pr — pin A (;R™) as k — +o0, if

I -d :/ d 2.1
Jm o -dp = | @ dp (2.1)

for all ¢ € C.(Q;R™). Note that we make a little abuse of terminology, since the limit
in actually defines the weak*-convergence in . (Q; R™).

For any exponent p € [1,4o00], we let LP(2;R™) be the space of m-vector-valued
Lebesgue p-integrable functions on 2.

We let
WP(QR™) = {u € IP(UR™) : [ulwin@rm) = |Vl oo rem) < +00}

be the space of m-vector-valued Sobolev functions on €2, for instance see |31, Chapter 11]
for its precise definition and main properties. We let

BV(Q;R™) = {u € L'(%R™) : [ulpy(@rm) = | Dul(Q) < +o0}

be the space of m-vector-valued functions of bounded variation on €2, see for instance [3,
Chapter 3] or |19, Chapter 5] for its precise definition and main properties. For a € (0, 1)
and p € [1,+00), we let

WeP(Q;R™) = {u € LP (L R™) : [u]war(a;rm) = (/Q . lutz) — ulw)l” ;, d?/)p < +OO}

o — gl

be the space of m-vector-valued fractional Sobolev functions on €2, see [17] for its precise
definition and main properties. For a € (0,1) and p = +o00, we simply let

W (Q;R™) = {u € L=(Q;R™):  sup [u(z) = uly)| < —i—OO},
z,yeQ, x#y |x - y’a

so that W*>(Q;R™) = CP*(Q;R™), the space of m-vector-valued bounded a-Hélder
continuous functions on 2.
For a € (0,1) and p,q € [1, +00], we let
B (R R™) = {u € LP(R™;R™) : [u] gy, e mm) < +00}

be the space of m-vector-valued Besov functions on R", see [31, Chapter 17] for its precise
definitions and main properties, where

1
[u(-+ 1) = ullfo@ormy  \7 .
(/n e dh if ¢ € [1, 4+00),

[U] Bg  (R™;R™) =

* h - § n.Rm
sup luC +h) — ulle (R7; R™) if ¢ = o0.
heR™\ {0} ||

We also let
b;,q(Rn3Rm) - {“ € Llloc(Rn;Rm> : [U]Bqu(R";Rm) < +oo}.

In order to avoid heavy notation, if the elements of a function space F(€;R™) are
real-valued (i.e., m = 1), then we will drop the target space and simply write F'(2).
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Given « € (0,1), we also let

flz+y) — f(x)

R" |y |t

(—A)%f(l’) = Vna dy, T € Rn, (22)

be the fractional Laplacian (of order a) of f € Lip,(R™; R™), where

n+ao
_ oa fﬂr( 2 )
ana—27'l' 2 —

, ae(0,1).
r(-3)
Finally, we let

be the (vector-valued) Riesz transform of a (sufficiently regular) function f. We refer the
reader to [22, Sections 2.1 and 2.4.4], [48, Chapter 111, Section 1] and [49, Chapter III] for
a more detailed exposition. We warn the reader that the definition in agrees with the
one in [49] and differs from the one in [22,|48] for a minus sign. The Riesz transform ([2.3)) is
a singular integral of convolution type, thus in particular it defines a continuous operator
R: L*(R") — LP(R™;R") for any given p € (1,+00), see |21, Corollary 5.2.8]. We also
recall that its components R; satisfy

> R}=-Id on L*(R"),
i=1
see [21, Proposition 5.1.16].

2.2. The operators V® and div® and the associated fractional spaces. We are
going to briefly revise the theory on the non-local operators V and div?®, see [8,12-14,44]
and |35, Section 15.2].

Let a € (0,1) and set

n+a+1
— 9o -5 I ( 2 )
n,o — m

r(%)
Recall that fractional operators V and div® are defined by setting

Vef(x) = pina /]Rn y _|;)_(fg§ﬁ)+;+{(x)) dy, x€R", (2.4)

for f € Lip.(R™) and

L

divio(z) = pin.a /Rn v - ng _(i’(ﬁa:fp(x)) dy, = €R" (2.5)

for ¢ € Lip,(R"; R™). Thanks to [13, Corollary 2.3], we know that
V: Lip(R") — L'(R™;R") N L=(R"; R")
and, analogously,
div®: Lip (R™R") — L'(R™) N L>(R™),
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are two linear continuous operators. In addition, the fractional operators V¢ and div®
are dual, in the sense that

/ fdiviedr = —/ v - Vfdr, (2.6)
Rn R"

for all f € Lip.(R™) and ¢ € Lip,(R"; R"), see [44, Section 6] and |13, Lemma 2.5].

We can now quickly recall the functional spaces naturally induced by the two fractional
operators and , see [12-14] for a detailed exposition.

Let p € [1,+00]. We say that a function f € LP(R"™) belongs to the space BV*P(R™) if

DI = swp] [ fdivipds o € CRRY, pllimipnan < 1) < 400 (27
In the case p = 1, we simply write BV*!(R") = BV*(R"). The resulting linear space
BV*P(R") = {f € L"(R") : [D* f|(R") < +o0}
endowed with the norm

| fllBver@ny = || fllze@ny) + | DY fI(R"), f € BVP(R"),

is a Banach space and the fractional variation defined in is lower semicontinuous
with respect to the LP-convergence. Arguing as in the proof of |13, Theorem 3.2], it is
possible to show that a function f € LP(R™) belongs to BV*P(R"™) if and only if there
exists a finite vector valued Radon measure D f satisfying

Fdiviods = —/ o dDf
R Rn

for all ¢ € CP(R™R"), see [12, Theorem 3.1]. As in [12, Proposition 3.7], the vector
fields ¢ can actually be taken in a wider class depending on the value of p.

In a similar fashion, we say that a function f € LP(R™) belongs to the space S*P(R™)
if there exists a function V*f € LP(R";R"), called weak a-fractional gradient of f, satis-
fying (2.6)) for all ¢ € C*(R™; R™). We point out that, in general, if f € S*P(R"), then
Vf is not necessarily given by ([2.4)). The resulting linear space

STP(RY) = {f € LY(R) : V°f € LP(R™R")}
endowed with the norm

[fllser@n) = [ fllr@n) + 1V fllr@nrmy,  f € SUP(RY),
is a Banach space. In addition, S“P(R") can be identified with the Bessel potential space
L*P(R™) whenever p € (1,400), see [8,29].

2.3. The operators D® and Dy; on Besov spaces. We are now going to study the
fractional operators ad on Besov spaces. To this aim, we need to introduce
two following auxiliary operators.

Let a € (0,1). We let

Daf(m) — /n ’f(.l' Th}‘LT)Hr_a f(l')|

for all f € Lip.(R™;R™), m € N. Analogously, we let

Doy (10 = | !f(:v+h)—f(’:I;L)’Uffa(:Hh)—g(:c)l g oeez s

dh, x€R",
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for all f,g € Lip.(R";R™), m € N. The following result proves that the operators D*
and Dy, naturally extend to Besov spaces.

Lemma 2.1 (Integrability of D* and DY, ). L

ta
Letp,q,T,S,tG [1,+OO] be such that%—{—%:l and

(i) The operator D satisfies
1D fllo®ey < [flBg, &) (2.9)

,B,7 € (0,1) be such that « = 3+ 7.
1,1
s t :

for all f € b5, (R").
(ii) The operator DY satisfies

[1gs @y 9]y ,@my  for f € B (R"), g € by, (R"),
IDRL(f, D ller@ny < 21 lo@n) [9)Be, ) for f € LP(R™), g € b (R™), (2.10)
2[flsg,®ny |9l Larny — for f € by (R"), g € L4(R™).

Proof. We prove the two statements separately.
Proof of By Minkowski’s integral inequality, we can estimate

) 1F(-+h) — f]
1D s = | L e |
IfC+h) = flleren
_ dh
< fo
= [f]Bg, &)

and ([2.9) follows.
Proof of . Let us assume that s,¢ € (1,+00). By Minkowski’s integral inequality
and Holder’s (generalized) inequality, we can estimate

h ° h - (RN
D& (f, 9) || e ey </ (- +h) — f||l;fl|fl+1r) IMer@y

FC 4 B) = fllen g+ B) = gl

<

R® ’h’n+a
. h — P(R" . h — q(R"
g/ /(- + )ug“L @ [lg(- + )ﬂ Iro@n o0
: s B[
1 1
* + h - Sp n s ‘ + h p(RN t
o ([ MR Sl ) ([ VD) e,
n ‘h‘n—s—sﬂ n |h‘n+t'y
= [f]Bff,s(R”) [g]B;’yt(R")
and (2.10)) follows. The remaining cases are similar and are left to the reader. OJ

In the following result, we prove a Leibinz-type rule for the operator D* for the product
of two Besov functions.

Lemma 2.2 (Leibniz-type rule for D). Let o € (0,1) and let p,q,r € [1,+00] be such
that 1+ 1= 1. If f € By, (R") and g € By (R"), then D*(fg) € L"(R") with

ID*(fo)llrmny < [f]Be, @ llgllLa@ny + [ fl| 2o ey 9] 5o, ()
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Proof. For x € R™, we can estimate

|f()g(y) — f(x)g(x)]

D)) = [ ey
<[ l9(W)[ 1 f(y) —ff;)_l;li(ax)l l9(y) — g()] dy
lg(x +h)[[f(x+h) — f(z)]

= L. T dh + |f(z)| D%g(x).

Therefore, by Minkowski’s integral inequality and Hoélder’s (generalized) inequality, we
get

[e% g +h f +h —f T (Rn o
ID*(f9) |- @n) S/Rn llgC+ M| ‘(h‘m) e Y dh + || f D gl 1
gt +h a(Rn f -+ h —f p(R™ N
S /n || ( )HL (R )’}’J’nia ) ||L (R )dh‘l‘ ||f||Lp(]Rn)||D gHLq(R")

< [flBg,@mllgllLawn) + 1 f | o@n [9] B2, @)
thanks to Lemma and the conclusion readily follows. 0

2.4. The operators V* and div® on Besov spaces. We are now ready to study the

properties of the fractional operators (2.4) and ({2.5) on Besov spaces.
2. 1)

We start by observing that from Lemma we can easily deduce the following
integrability result for the operators V* and div® when applied to Besov functions.

Corollary 2.3 (Integrability of V* and div®). Let o € (0,1) and p € [1,4+00|. The linear
operators in (2.4) and (2.5)) can be extended to two linear operators (for which we retain

the same notation) satisfying
IV fll o s )
[div® @]l o n)
for all f € b5, (R") and p € b5 (R™";R™).

< Hn,a [f]Bgﬁl(R")
< tna [#]By (@R

In addition, the Leibniz-type rule for the operator D proved in Lemma allows us
to deduce the following integrability property for V¢ and div® when applied to product
of Besov functions.

Corollary 2.4 (Integrability of V* and div® for products). Let o € (0,1) and let p,q,r €
[1,400] be such that ;1) + % =1

r

(i) If f € By (R") and g € By (R"), then V(fg) € L"(R™;R"). In addition, if r = 1

then
/R Ve (fg)dz = 0. (2.11)
(ii) If f € By, (R") and p € By, (R";R"), then div®(fy) € L"(R"). In addition, ifr =1
then
/ div®(fy) dz = 0. (2.12)
Rn

In the proof of the above Corollary we need the following consequence of [14,
Proposition 2.7] whose simple proof is left to the reader.
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Lemma 2.5 (Zero total measure). Let o € (0,1). If f € BV*(R"), then D*f(R") = 0.
Proof of Corollary[2.4} Thanks to Lemma [2.2] we just need to prove (2.11]) and (2.12)) in

the case 7 = 1. To this aim, let us set u = fg € L'(R"). By Lemma 2.2, we know that
Doy € LY(R"™). Consequently, u € S**(R™) by Fubini’s Theorem and so follows
from Lemma [2.5] since S*!(R") C BV*(R"), thanks to [13, Theorem 3.25]. The proof
of is similar and is left to the reader. 0

Thanks to Lemma again, we can easily extend the validity of the integration-by-
parts formula (2.6) to Besov functions.

Lemma 2.6 (Duality for V* and div®). Let a € (0,1) and let p,q € [1,+00] be such that
1 +% = 1. If f € B;1(R") and p € By (R R"), then (2.6) holds. As a consequence,

)
By (R™) C S“P(R") with continuous inclusion.

Proof. By Corollary , both sides of (2.6) are well posed. Thanks to Lemma and

Fubini’s Theorem, we can write

. (v =) - (¢(y) ~ olx)
J faivedr = [ [ ) P T dy

o /R / f(x) (v — z@ -_(s;ﬁ)a;s@(y)) i dy

and, similarly,

/Rnso-vafdyzun,a/ﬂgn/nw(y)- @ = y)(f(@) — /y) dz dy.

|z —y|rrett

Therefore, by adding up the two expressions above, we get that

/IRnfdiVOl%de"’/IRn%D'vafdy:Nn,a/n/n (z—y)- (f(@)e(r) — f(y)e) d dy

|z —y|rrot!

= /Rn div*(fy)dx =0

thanks to Corollary . This shows that, for any f € By, (R"), the weak a-fractional
gradient of f is indeed V*f and it belongs to LP(R™; R™). This implies the validity of the
continuous inclusion By, (R™) C S“P(R"). The proof is thus complete. O

2.5. The operators V{; and divy; on Besov spaces. Let a € (0,1). We recall that
the non-local fractional operators V§; and divy; are defined by

(v =) ) = FEN (o) = o(a))

0 9)(@) = tina [ e TeR",  (213)

and

divie (£, 0) (@) = fne [ w=2). (f(f;) _‘gﬁiﬁ{jﬁf@ —@) gy werr (214)

for all f,¢g € Lip.(R") and ¢ € Lip.(R™;R"), see |13, Lemmas 2.6 and 2.7]. From
Lemma , we immediately deduce the following integrability result for the operators
V{, and divy; on Besov spaces.
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Corollary 2.7 (Integrability of V§;, and diVNL). Let o, B,y € (0,1) be such that o = f+.
Let p,q,r s,t € [1 —I—oo] be such that 1 5 = % and L st L — 1. The bilinear operators

mn and can be extended to two bilinear opemtors (for which we retain the
same notatzon) satzsfymg

Hn,o [ﬂBg,s(R”) [g]B;”t(R") fO’f’ f € bg,s(Rn)} g &€ bg,t(Rn):
IVRL(S, D er@nsrey < q 28n,0 | fllLe@en [9]Be, @y for f € LP(R"), g € bg,(R™),
2n,a [f]Bgyl(R") ||9||L‘1(1Rn) Jor f € bff,l(Rn); g€ Lq(Rn)

and, analogously,
b ) oy [Pl ey for £ € BL(R™), o € B (R R),
[divRL (f, )@y < 9 2tna 1 f e (]2 @nimmy  for e LP(R™), ¢ € by, (R™;R™),
2tna [flBg @) 1@l La@nrny  for [ € b5 (R™), ¢ € LY(R™ R™).

Remark 2.8 (Particular cases of Corollary 2.7)). As far as we know, two particular cases of
Corollary 2.7 are already known in the literature when 3 = a/s and v = /¢ (although for
more regular functions). The case r = 1, s = p and t = ¢ is considered in |13, Lemmas 2.6
and 2.7] and in the more general |14, Lemmas 2.4 and 2.5]. The case r = p, ¢ = +o0,
s = +oo and t = 1 can be recovered from the computations made in [29, Section 2.2,
Equation (2.11)].

Somewhat in analogy with the duality relation (2.6) proved in Lemma , we can
establish the following integration-by-parts formula for the operators Vg, and divy; on
Besov spaces.

Lemma 2.9 (Duality for V§; and divyy). Let « € (0,1) and let p,q,r € [1,400] be such
that >+ .+ =1. If f € LP(R"), g € b3, (R") and € L"(R™R"), then

| fdivtlg.0)de= [ ¢ Viu(f.g)da (2.15)

Proof. We start by noticing that both sides of (| are well defined by Corollary
and Holder’s inequality. Thanks to Lemma and Fubini’s Theorem, we can write

/ fdive, (g, )dx_um/ fo ( x)-(g(?;:jlaai)gif(y)—sﬁ(x)) dy da

R

_ Mw/ / ) (z —y) - (g(=) — gW))(p(2) — ¢(y) dy

|I’ _ y|n+oc+1

and, similarly,

/ o Ve (F.9) dx_ﬂm/ / —2)(f(y) = f(@))(g(y) — g(x)) dy da

|y — z|rrot!

e [ [ ol OO =T 0el) = 50)

|ZL‘ _ y|n+oc+1

Therefore, by exchanging the order of integration and adding up, we get

2 / fdivyy (g, ¢) dx
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_ Nn,a/n / (y—=) - (f(z) = f(y)(g(y) — 9(2))(e(y) — (x)) dy da

|y — a|rrot!

i / / =) (F(y) = F=) W) = 9@))(e(@) = W), o

|y _ x|n+o¢+1

= 2/Rns0-V%L(f79)dw
and the conclusion follows. O

We end this section with the following result showing that, under suitable Besov regu-
larity assumptions on the function h and the vector field ¢, the maps

(f.9) = [ V(o) de, (F9) s [ fdivie (o) da.

are symmetric. Up to our knowledge, this property was first noticed in [29, Equa-
tion (2.15)] but only for sufficiently regular functions.

Lemma 2.10 (Swapping property of V§{; and divy;). Let a € (0,1) and let p,q,r €
[1,4+00] be such that % + % +1 =1 Iffe L’R"), g € LYR"), h € b%4(R") and
@ € by (R™;R™), then

| I VRulghyde = [ 995 (fh)da (2.16)
and

/ fdiviy (g, ) dx = /Rn gdivyy (f, ) du. (2.17)

Proof. Thanks to Lemma [2.1f(i), both sides of (2.16) are well defined. Moreover, also
thanks to Fubini’s Theorem, we can write

/ £V (g, h) dz = pina /R/ f(x) (v = 2){g(y) — 9(x))(hly) = M=) ,

|y i xl”“!‘&-‘rl

_ _Nn,a/n / ) (y — 2)(9(y) — g(x))(h(y) — h(z)) dy da

|y — afrrett

by simply swapping the names of the variables. An analogous reasoning proves that

/ GV (f.1) dx_ﬂw/ / D)) = [@)(hly) = h@)) )y

‘y _ x‘n+a+1

i [ [ oty @D =IO =)

|y — et
We can thus write
2/ fVR(g, h
s / / (y —2)(f(y) = f(@))(9(y) = 9(2))(h(y) — h(z)) . d

|y _ l.|n+oz+l

=2 [ gVu(f.h)de
and ([2.16)) follows. The proof of (2.17) is similar and is thus left to the reader. O
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3. LEIBNIZ RULES INVOLVING BV %P FUNCTIONS

In this section, we detail the proof of our first main result Theorem

3.1. Products of BV*?P and continuous Besov functions. We begin with the fol-
lowing Leibniz rule for the multiplication of a BV *? function with a bounded continuous
Besov function.

Theorem 3.1 (BV*? - C, N B, with % +% =1). Let a € (0,1) and let p,q € [1,+00] be

such that % + % =1. If f € BV**(R") and g € Cy(R") N By (R"), then fg € BV*"(R")
for all r € [1,p], with

D(fg) =gDf + fVgL" + Vi (f,9) L" in .4 (R";R"). (3.1)
In addition,
DY (SR =0, [ Viu(f.g)dz=0, (3.2
e
and
AT —/Rnngaf. (3.3)

In the proof of Theorem [3.I] we take advantage of the following Leibniz rules for the
operators V¢ and div® in Besov spaces. Lemma below generalizes [13, Lemmas 2.5
and 2.6] and [14, Lemmas 2.4 and 2.5].

Lemma 3.2 (Leibniz rules for V* and div®). Let o € (0,1) and let p,q,r € [1,400] be
such that % + % =1,

T

(i) If f € By (R") and g € By (R"), then

ViAf9) =gV + Vi +VRu(fg) in L'(R™RY). (3-4)
(ii) If f € B3 (R") and v € By (R";R"), then
div*(fy) = ¢ - Vof + fdivie + diviy(f, ) in LT(R"). (3.5)

Proof. By Corollary , Corollary and Corollary , we already know that each of
the terms appearing in (3.4)) and (3.5)) is a well defined L"-function. Thanks to Lemma
and Fubini’s Theorem, we can thus write

Vo(f)(2) = fine / (v —2)(f(y)g(y) — f(x)g(x)) dy

R" |y — x[rratt

- /R (v — 2)(fW)9(y) — F@)g(y) + F(2)g(y) — f(=)g(z)) ,

|y — z[rrett

_ (y —2)(f(y) — f(z)) o
= lna /R 9(y) [ -zt dy + f(x) Vg(x)

Y

_ HW/” (y—2)(f(y) — f(#))(9(y) — 9(x)) dy + () VO £(2) + F(z) V()

|y _ x|n+a+1

= g(x) Vf(z) + f(z) Vog(x) + VRL(f, 9)(2)
for a.e. z € R™, proving (3.4)). The proof of (3.5) is similar and is left to the reader. [
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Proof of Theorem[3.1. Since g € LY(R™) N L*(R"), we clearly have that fg € L'(R™) N
LP(R™) by Hélder’s inequality. We divide the proof in two steps.

Step 1: proof of (3.1). Let ¢ € Lip,(R™;R") be given. By Lemma [3.2)(ii), we can write
div®(gep) = gdivip + ¢ - Vg + divyy (g, ¢) in LY(R"),
so that

/R fgdivipdr = /R fdiv®(gy) dz — /R fo-Vgdz — /R fdivie (g, ) da.
By Lemma [2.9, we have that

L fdivia(g.0)de= [ o Vi (f.9) d

Now let (f.)eso € BVP(R")NC>°(R™) be given by f. = g.* f for all e > 0. In particular,
we have fe € WHP(R™) for each € > 0, and we notice that W'?(R") C Bg (R") for all

€ (0,1) and p,q € [1,+00], see [31, Theorem 17.33]. As a consequence, we have
f6 € By (R") for each € > 0. Since gp € B (R";R") for each ¢ > 0, by Lemmawe

can write
/ f-div®(gyp) dx / g - V°f.dx

by Hoélder’s inequality in the case p < +o00 and by the Dominated Convergence Theorem
in the case p = +o00. On the other side, since gy € C.(R™;R"), we also have

1im/ gap-V“fadx:/ g - dDf
n Rn

e—01t JR

since D*f. = p. * D*f — D*f in .4 (R";R") as ¢ — 07, thanks to [12, Theorem 3.2].
We thus conclude that

/ fdiv®(gp)d / gp - dD"f,
so that
/Rn fgdivipde = —/RngswdDaf—/Rn f¢~Vagdx—An@~V§L(f,g)dx

for any ¢ € Lip.(R™;R") and (3.1) immediately follows by a standard approximation
argument which allows us to pass to test functions in C.(R"; R").

Step 2: proof of (3.2) and (3.3)). Since fg € BV*(R™) by Step 1, the first equation
in (3.2)) readily follows from Lemma 2.5 Moreover, since obviously divy; (g, v) = 0 for all
v € R", by Lemma we get

v [ Viu(fg)do= [ v Vii(fig)de= [ fdiviy(g,v)dr =0

for all v € R™ and also the second equation in (3.2) immediately follows. By combin-
ing (3.1) with (3.2)), we get (3.3) and the proof is complete. O
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3.2. Products of BV*? and Besov functions. In the remaining part of the present
section we aim to relax the assumptions on the Besov function g in Theorem [B.1], proving
our first main result Theorem [I.1]

Let us observe that the continuity of the Besov function ¢ in Theorem can be

trivially dropped for p € [1 ) since for the conjugate exponent g € (g, +o00| we know
that B, (R") C Cy(R") by the Sobolev Embedding Theorem, see |1, Theorem 7.34(c)]
and [31, Theorem 17.52].

Corollary 3.3 (BV®- By for 1 < p < ). Let a € (0,1), p € {1 L) and set

n ' n—a

g =32 € (2,+400]. If f € BVO?(R") and g € By (R"), then fg € BV (R"), with

p—1

r € [1,p], satisfies (3.1)). In addition, equalities (3.2) and (3.3|) hold.

In order to keep removing the continuity assumption on the Besov function g for higher

exponents p € [ +oo], we have to rely on the absolute continuity properties of the

fractional variation established in |12, Theorem 1.1]. To this purpose, we recall the notion
of («, p)-capacity, for whose properties we refer to |12, Section 5].

Definition 3.4 (The («, p)-capacity). Let o € (0,1) and p € [1,4+00). We let

Cap ,(K) = Wt {||f [Genn) : f € CERY), f 2 x|
be the («, p)-capacity of the compact set K C R™.

We begin with the following result, in which the continuity assumption on the Besov
function ¢ in Theorem |3.1|is dropped for exponents p € [n =01 ia), provided that in ((3.1)

and . the function g is replaced with its precise representative g*. We emphasize that,
since ¢ is a Besov function, its precise representative satisfies

lim Ig( ) =g (x)[dy =0

r=0T JB,(z

for every point z € R" outside a set Wthh is negligible with respect to a suitable (3, q)-
capacity, see [12, Theorem 5.4] for a more detailed explanation.

Corollary 3.5 (BV*P- LN B, for p e [~ -)). Let a € (0,1), p € [#, ﬁ) and
set q = ;b € (é, g} If f € BVC“”’(R") and g € L=(R")N By (R"), then fg € BV (R")
for all r € [1,p], with
D%(fg) =g D*f + fV g L" + VR (f,9) £ in A (R™R"). (3.6)
In addition,
DY(f)®) =0, [ Vi(f.g)dw=0, (3.7)
and

/Rnfvo‘gdxz—/Rng*dDo‘f. (3.8)

Proof. Note that n > 2 trivially. Let (g.).=0 be a family of standard mollifiers (see |13
Section 3.3] for example) and let g. = o. * g for all € > 0. Since g. € C,(R") N By (R")
for all € > 0 thanks to [31, Proposition 17.12], by Theorem [3.1| we immediately get that
fg. € BV*P(R") with

D*(fg.) =g-Df + f V9. L" + V([ 9:) L™ in A (R";R").
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By Lemma and Corollary , we have Vg € LI(R";R") and it is not difficult to
recognize that

Ve = 0. * V% in LYR™";R")
and

V&L (fs 9:) — VLS, g)HLl(Rn;Rn) = [[VRe(f; gc — g)HLl(R";R")
< 2 || fllLe@ny 9 — gel B2, @)

for all e > 0. Since g. * V*g — V% in LY(R™;R") and, by [31, Proposition 17.12],
g — ge]Bgl(Rn) — 0, the only thing we have to prove is that

lim g.(z) = ¢*(x) for |Dfl|-a.c. x € R"™. (3.9)
e—0+t

Now, since g € S*Y(R") and 1 < ¢ < %, by |12, Theorem 5.4] we get that
lim g.(z) = ¢*(x) forallz € R"\ D,, (3.10)
e—0t

for some set Dy C R™ with Cap,, ,(Dy) = 0. Recall that 7"~ " <« Cap,, , for any § > 0
sufficiently small by [2, Theorem 5.1.13 and Corollary 5.1.14]. Since p < ﬁ, we have
|Def| < ! by [12, Theorem 1.1(i)]. Observing that n — 1 > n — ag, we conclude

that [D*f|(Dy) = 0, thus proving (3.9). Finally, (3.7) and (3.8 can be proved as (3.2)
and (3.3) in Theorem [3.1] O

We continue to remove the continuity assumption on the Besov function g in Theo-

rem for larger exponents p € {ﬁ, +o00|. We treat the cases p < 400 and p = +o0
separately, see Corollary [3.6and Corollary 3.7 below. Since we still want to keep exploiting
the absolute continuity properties of the fractional variation proved in [12, Theorem 1.1},

we are forced to assume some additional fractional smoothness on the function g.

Corollary 3.6 (BV*P - LOOOB{;’:l for p € [{£,+00)). Let a € (0,1), p € [ﬁ, —l—oo) and

set q= p%l - (1, i} . Let 6 € (ﬁn,p,ou 1); where

1_113 ifn22andp€{ﬁ,ﬁ)y

Bn,p,a -
(1—%) (a—i—%) ifp e {ﬁ,—i—oo).

If f € BVP(R") and g € L®(R™) N BP (R™), then fg € BV (R™) for all r € [1,p] and
satisfies (3.6)). In addition, equalities (3.7)) and (3.8) hold.

Proof. Let (0:)eso be a family of standard mollifiers (see [13, Section 3.3] for example)
and let g. = p. * g for all £ > 0. The proof now goes as for Corollary again the only
thing we need to prove being (3.9). We now distinguish two cases.

Case 1: n > 2 and p € {L L) By [12, Theorem 5.4], we know that the limit

l1-a’ 1-«a
in ([3.10)) is valid for some set Dy C R™ such that Capg ,(Dy) = 0. Recall that #7540 <«

Capg , for any § > 0 by [2, Theorem 5.1.13 and Corollary 5.1.14]. Since p < -, we

have |Df| < 2" ! by [12, Theorem 1.1(i)]. Observing that n — 1 > n — fq, since
B> % =1- Il), we get that |[Df|(D,) = 0 and the conclusion follows.



24 G. E. COMI AND G. STEFANI

Case 2: p € [ﬁ,%—oo). Ifn=1andp= ﬁ, then f € (a,1) and ¢ = é > %, SO
that Bg 1(R) € Cp(R) by the Sobolev Embedding Theorem [1, Theorem 7.34(c)]. Hence
the limit in (3.10) is valid for all x € R and the conclusion follows immediately. We
can thus assume either n = 1 and p > ﬁ or n > 2. By [12, Theorem 5.4, we know
that the limit in (3.10)) is valid for some set D, C R™ such that Capg ,(D,) = 0. Recall
that J#"~F1t0 < Capg,, for any 6 > 0 by [2, Theorem 5.1.13 and Corollary 5.1.14]. Since
p > %, we have |D*f| < 21~ by [12, Theorem 1.1(ii)]. Observing that t—a>n—fq

if and only if 8 > e — 2 — (1—%) (a—l—%), we get that |D®f|(D,) = 0 and the

q q
conclusion follows. O

We notice that (,,, — at for p — 4o00. Consequently, at least heuristically, if
p = 400, then we can take g € L>®(R") N W2L(R") for all 8 € [a,1). Actually, since
WHALR™) ¢ WoLHR") for all 8 € [a,1), this is equivalent to choosing g € L®(R") N
WeLl(R"). The following result provides a rigorous formulation of this observation.

Corollary 3.7 (BV®> . L* N W*'). Let « € (0,1). If f € BV**(R") and g €
L*(R™) N W*YHR"), then fg € BV*'(R"™) N BV*>®(R") satisfies (3.6). In addition,
equalities (3.7)) and (3.8) hold.

Proof. Note that fg € L'(R") N L>®(R"™). Let (0.)e>0 be a family of standard mollifiers
(see [13 Section 3.3] for example) and let g. = o. * g for all € > 0. The proof now
goes as for Corollary again the only thing we need to prove being . Now,
by [36, Proposition 3.1], we know that the limit in (3.10) is valid for some set D, C R"
such that 7"~ *(D,) = 0. Since p = 00 and |D*f| < "~ * by [12, Theorem 1.1(ii)],
the conclusion immediately follows. 0

3.3. Some Gauss—Green formulas. We conclude this section by briefly discussing some
Gauss—Green formulas in the whole space.

We emphasize the following particular cases of Corollary [3.7] Note that Corollary
below generalizes the fractional Gauss-Green formula proved in [13, Theorem 4.2] on R™.
For the definitions of the fractional reduced boundary .Z“FE of a set E with finite fractional
Caccioppoli a-perimeter and of its measure theoretic inner unit fractional normal v, we
refer the reader to [13, Definition 4.7]

Corollary 3.8 (Generalized fractional Gauss-Green formulas). Let o € (0,1).
(i) If f € BV®>*(R"), then

apf =~ [ v |Vxslde
B FOE
for all measurable sets E C R™ such that xgp € W*Y(R"™), where

Ly epr g EO B
e -t

(ii) If f € W>HR™) N L>®°(R"™), then

[ verar=—[  frugdpiy
E FoE
for all measurable sets E C R™ such that |D*xg|(R™) < 4o00.
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Remark 3.9. By Corollary 3.7, if f € W*L(R") N L®(R"), then

/Rnfvafdx:o.

Consequently, we have

/ y§|V°‘XE\d$:/ v |V E|dr =0
ENF°E (FoE\E

for all measurable sets £ C R™ such that xp € W*(R").

As it is apparent from Corollary and Corollary [3.8] because of the problem of the
well-posedness of the product g* D f, we are forced to pair a function f with bounded frac-
tional variation together with a function g possessing a stronger W! regularity. Propo-
sition below shows that, if we are not interested in the fractional variation measure,
both functions f and g can have the same S*! regularity.

Proposition 3.10 (Gauss—Green formula in S*!' N L>). Let a € (0,1). If f,g €
Sel(R™) N L®(R"), then
/ fVedx = —/ gV fdx. (3.11)
Rn Rn

Proof. Since f, g € S®!'(R")NL>*(R™), both sides of are well defined. Moreover, we
can find (fi)ren, (gr)reny C C°(R™) such that fr — f and g — ¢ in S*!(R") and point-
wise a.e. in R™ as k — +o0, with || fi||zee®n) < || fl|zoe@ny and [|gi | Lo ®ny < || g £oemny for
all k£ € N. This statement easily follows from the proofs of |13, Theorems 3.22 and 3.23],
so we leave the details to the interested reader. We clearly have that

/ [ Vg dr = —/ 9k V fdx
Rn Rr

for all £ € N. We can now observe that

| 5eVegeda— [ pvegde| < [ 1RV = Voglde+ [ (5 fI[97g|d

< flleqer) 100 = Vgl iaensi + [ 1Fi = £ 19| do
so that
im [ f Vg do :/ F Ve dz
R™ R"

k—4o00

by the Dominated Convergence Theorem. A similar reasoning provides the other limit

lim / ngO‘fkda::/ gV°fdx
Rn Rn

k—+4o00

and the proof is thus complete. O

4. LEIBNIZ RULES FOR S*P FUNCTIONS

In this section, we prove our second and third main results, Theorem and Theo-
rem [1.3] respectively.
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4.1. Products of S*? and Besov functions. Similarly to Theorem we can prove
the following Leibniz rule for the product of S*? and Besov functions. Theorem [4.1| below
generalizes |4, Lemma 3.4] and [29, Lemma 2.11].

Theorem 4.1 (S*?- B,). Let a € (0,1) and let p,q,r € [1,+00] be such that %%—% =1
If f € S“P(R") and g € BS,(R"), then fg € S*"(R™) with

V(fg) =gVf+fVig+VRu(f.g) in L'(R™R"). (4.1)

Proof. We clearly have that fg € L"(R") by Hoélder’s (generalized) inequality. We now
let ¢ € Lip,(R™;R") be given. By Lemma [B.2|(ii), we can write

div®(gp) = gdivip + ¢ - Vg + diviy (9, ) in L¥ (R™),

where 1 + L =1, so that
p p

/R fgdivagpdx:/]R fdiv¥(gep) dm—/R fgo-Vo‘gda:—/R fdiviy (g, p) dx.

By Lemma [2.9] we have that

L fdivia(g. ) de = [ oo Vi (f.9) da.

Now let (0c)e>0 be a family of standard mollifiers (see [13], Section 3.3] for example) and
let (f)eso € S*P(R™) N C*°(R™) be given by f. = f * g. for all € > 0. Arguing as in the
proof of Theorem we see that f. € By (R") for each ¢ > 0. It is easy to check that
gp € B (R R"), so that by Lemma 2.6/ we can write

/ Jediv®(gp) dx = — / g - Vf.dx
R» R”

for all € > 0. On the one side, we have

lim/ fediv®(gyp) dﬂCZ/ fdiv®(gy) dx
Rn R™

e—0t+

by Hoélder’s inequality in the case p < +o00 and by the Dominated Convergence Theorem
in the case p = +00. On the other side, we also have

lim/ ggp-VafEdac:/ gp - Vfdx
Rn Rn

e—0t

again by Holder’s inequality in the case p < +oo and by the Dominated Convergence
Theorem in the case p = +oo, since VOf. = o. * V*f in LP(R";R") for all € > 0. We
thus conclude that

/Rn fdiv(gp) de = — /R 9¢ - V[ dz,
so that
| fgdivipde == [ o (gVoF+ [ Vg +Vin(f.g)) do

for any ¢ € Lip,(R™; R™) and the proof is complete. U
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4.2. Products of two Bessel functions. We are now ready to prove our second main
result Theorem [I.2] dealing with the product of two functions in S*? and S respectively,
with p,q € (1, +00) such that 1% + % € (0,1].

Proof of Theorem[1.7. By [8, Theorem A.1], we can find (fi)ken, (gk)ren € C°(R™) such
that fr — fin S*P(R") and gy — ¢ in S*?(R") as k — +00. Recalling |13, Lemma 2.6],
for each £ € N we can write

Ve (frgr) = g V[ + fr V9 + VL (frs 9k)- (4.2)

On the one side, we clearly have that
9V e+ i Vg = gV + [V in L"(R"R")
as k — +oo by Holder’s inequality. On the other side, by Corollary 2.7] we can estimate

|‘V§L<fkagk>_ %L(fag)HLT(R";R")
< [[VRL(fx = L9l e @nny + [ VRL(SF, 96 — 9)] 1R
SMn,a([fk_f] +[f] b [gk—g]

BE,®n) lg ’“]Bf2 (R™) BZ,@®m) BfQ(Rn)>

< cnapa(Ife = Fllser@) el sman + I1f | ser@n) g — gllsea@n))

for all k£ € N, since one easily sees that [u] < Cae ||ullgergny for all u € S@¢(R™)

BZ,@Y) =
with ¢ € [1,400), thanks to [8, Proposition B.2]. Therefore also

Vi (fes g6) = Vi (f,9)  in LT(R™ R™)
as k — +oo and so (|1.23) and (|1.24) readily follow. For the case r = 1, we observe that

/ frVegpdr = —/ 9k V° frdx
Rn Rn

for all k € N| so that (|1.26]) immediately follows by passing to the limit thanks to Holder’s

inequality again. Finally, the validity of (1.25) comes by combining (1.23]) and ((1.26)) with
Lemma 2.5 The proof is complete. O

4.3. An estimate a la Kenig—Ponce—Vega. The rest of the present section is devoted
to the proof of our third main result Theorem [I.3] To this aim, we need the following
preliminary result improving our previous integrability estimate for V§ established in

Corollary 2.7

Corollary 4.2 (Improved integrability of V). Let a € (0,1) and p € (1,+00). There
exists a constant cpqp > 0, depending on n, o and p only, such that

IVRL(f, ) o @nimny < Cnap (VO F | ogensrn) [glByogen) + [Flemon) | Vgl o @ns ) )
for all f,g € CX(R™).

The proof of Corollary [4.2]is a simple application of two well known integrability results
for commutators involving singular integral operators.

The first result we need is the following theorem which dates back to |11, Theorem IJ.
For a different proof, see |30, Theorem 4.1].
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Theorem 4.3 (Coifman-Rochberg-Weiss). Let p € (1,4+00). There exists a constant
cnp > 0, depending on n and p only, such that

17(f9) = fRYl| o @n; ey < Cnp [flBrMO@ER) (9]l 0 m)
for all f,g € C(R").
The second result we need provides two integrability estimates for the operator

Ho(f,9) = (D)% (fg) —g(-A)2f — f(=A)g

defined for all f, g € Lip,(R"). Theorem 4.4 was originally proved in [28, Appendix A]. For
a different proof, as well as for an account on the related literature, see [30, Theorem 7.1].

Theorem 4.4 (Kenig-Ponce-Vega). Let a € (0,1) and p € (1,+00). There ezists a
constant ¢, qp > 0, depending on n, o and p only, such that

1Ha(f; 9)llto@n) < Cnap [(=2)% Fllogan) [9]BMoEn)
for all f,g € C2(R™).
Proof of Corollary[{.3 Since V® = R(—A)2 on C>°(R"), we can write
VO (fg) —gVof - f Vg = R(H (.9))
+R(g(—A)5 f) — gR(-=A)5 f
+R(f(=A)%g) = FR(=A)%g.

On the one side, by Theorem and the continuity properties of the Riesz transform, we
have

< ClHo(f, 9)llr@n)
< CN(=L)% fllor@n [g]BMooRn)
<C Hvaf“LP(R";R”) [Q]BMO R")

Here and in the following, C' > 0 is a constant depending on n, o and p only that may
change from line to line. On the other side, by Theorem [.3] we can estimate

|R(9(—2)3f) — gR(-A)5 f

| (Ha(1.9))

LP(R7; R™)

< Clglmo@n) [1(=2)7 £l r@n)
< Cglzmon) |V fl o en; mny

LP(R™; R™)

and, similarly,
|R(f(=0)%g) — FR(-A)%g

The conclusion immediately follows. 0

<C [f]BMO(R") ”VQQHLP(RH;RH)-

LP(R7™;R™)

4.4. Products of two S*?NL* functions. Inspired by the duality relation between the
non-local operators proved in Lemma [2.9, we can now define the natural weak versions of
the non-local fractional gradient and of the non-local fractional divergence.
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Definition 4.5 (Weak non-local a-gradient and a-divergence). Let o € (0,1) and p,q €
[1,4+00] be such that %’~|— 1 <1 Let f € LP(R"), g € LY(R") and h € LI(R™;R"). We
say that Vi ,,(f,9) € IOC(R” R™) is a weak non-local fractional a-gradient of the pair
(f,9)if

| Fdivialg @) de = [ o Vi (f.9)da for all ¢ € CZ(R™RY),

and that divyy ,,(f,h) € L, (R") is a weak non-local fractional a-divergence of the pair

(f h)if
/ h- Ve (f, ) dx_/ Y dive, o (f, h) d for all ¢ € C(R™),

Thanks to Corollary [2.7] it is easy to check that Definition [4.5is well posed. In addition,
we can immediately see that, if it exists, then the weak non-local fractional gradient of
the pair (f,g) is unique and, thanks to Lemma , it must coincide with the weak
non-local fractional gradient of the pair (g, f). Consequently, the resulting functional
V{1 18 bilinear and symmetric on its domain of definition. Moreover, in virtue of the
integration-by-parts formula provided by Lemma [2.9] we immediately see that

I%TL,w(fa g) = aNL(f> g) for all f € Lp<Rn) and g € B(il(Rn)

Obviously, analogous considerations can be done also for the weak non-local fractional
divergence operator divyy, ,,-
Having Definition at disposal, we are now ready to prove our third main result

Theorem [L.3]

Proof of Theorem[1.5, Since f,g € S*P(R™) N L*(R"), we can find (fx)ken, (gr)ken C
C>®(R™) such that fy — f and g — g in S*P(R") as k — +oo and, additionally,
| frll oo @ny < || floe(mny and || gxllzoo@ny < [|g]|Loo(mny for all & € N. This statement easily
follows from the proofs of |13| Theorem 3.22] and of [29, Theorem 2.7], so we leave the
details to the interested reader. We can thus write and argue as in the proof of
Theorem [1.2] We define u, = V& (fx, gx) for all k € N By Corollary [1.2] we know that

”Ulc”LP(R";R") < C(HvakaLP(R";R") [gk]BMO(R") [fk]BMO(R") ’V ngLP(Rn;Rn))
< C(IIV Fllonirey gl ey + 1 Flloe @) VGl ogn: ) )

for all k£ € N sufficiently large. Here and in the following, C' > 0 is a constant depending
on n, o and p only that may change from line to line. By the known reflexivity properties

of LP(R";R"), we can find a subsequence (ug,)neny and a vector-valued function u €
LP(R™; R™) such that

(4.3)

lim © - U, dr = / - udx (4.4)
n Rn

h—+oo JR

for all p € C°(R™;R™). We now observe that

/R" Y- updr = /}Rn fre divyy (gx, ) dz
for each k € N, thanks to Lemma 2.9, By Corollary 2.7 and by (2.17) in Lemma [2.10] we

can also estimate

[, Fedivie(on@)de = [ Jdiviuo. 0 de | < i floscen v (90, @) o
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’/ f divi (9 — 9.0) da

< 2|fe = fllze@n) Ngellze@m [, @nirm) + ‘ /Rn(gk — g)divy,(f, ) dx

<2 [Qp]Bg‘l(R";R”)(ka = fllze@m) 19l oo @y + [1f || oo ny 191 — 9|’LP(Rn))
for all £ € N, so that

lim - updr = hrn / fr diviy (g, ¢ dx—/ fdiviy (g, @) dx (4.5)

k—+oc0 JRn

for all ¢ € C*(R™;R™). From -, ([4.5) and again ( in Lemma [2.10] we hence get
that

lim o updr = / Y- udr = / fdiviy (g, ¢) dz = / gdiviy(f,p)dr  (4.6)
R R" R

k—+o00 JR7

for all p € C°(R™;R™). In view of (4.3)) and (4.6), we must have that
u = V%L,w(fﬁ g)
as in Definition 4.5 with
IV (fs ) |oenmny < C(IV Fllzognimn) gl @) + 1 f oo [V gl o mm) ).

Therefore, we can integrate (4.2) against an arbitrary ¢ € C°(R™; R™) and pass to the
limit as k — +o00 to get that

/Rn fgdivipdr = /Rn o 9V + IV + ViLu(f.9)) do
and the conclusion follows. OJ

Remark 4.6 (The case p = 1 in Theorem . Concerning the validity of Theorem
in the case p = 1, we can make the following observation. If f,g € S®!(R") N L®(R"),
then

fg € S¥I(R") = 3IVRL,(f.9) € L'(R"R"), (4.7)
in which case
Vi(f9) =gV f+V9+ VRLw(f,9) in L'(R™RY). (4.8)
Indeed, for a given h € C>°(R™), by Theorem [3.1] we have gh € S*'(R™) N L>=(R") with
Ve(gh) = hVog + g Voh + V& (g, h) in L'(R™R").

Therefore, thanks to Proposition [3.10, we can write

/ ngahdx—/ £V (gh) dx—/ thagdx—/ £V (g, h) da
— ghV"‘fdm—/ thagdx—/ £V (g, h) da
R» R~ R~
for all h € C°(R™) and the validity of (4.7)) and (4.8) immediately follows. However, in

contrast with what happens for the case p € (1,+00) in Theorem , we do not know if
the implication

f,9 € S¥IR") NL®(R") = IViL,(f 9) € L'(R";R")
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is true. This is due to the fact that suitable extensions of Theorem K.3] and Theorem [£.4]
to the case p = 1 are not known (and not even expected to be possible, see the discussion
at the beginning of [30, Section 9]) due to the failure of the L' boundedness of the Riesz
transform. For strictly related considerations, see the discussion in [9, Remark 1.14].

5. APPLICATION TO ELLIPTIC FRACTIONAL BOUNDARY-VALUE PROBLEMS

This last section is devoted to the application of the theory developed so far to the well-
posedness of the boundary-value problem (|1.34)) for the fractional operator L, defined
in ((1.29).

5.1. Product with bounded Besov functions. We begin with the proof of the pre-
liminary Theorem [I.6]
Proof of Theorem[1.6. We divide the proof in two steps.

Step 1: proof of (1.35) for f € C*(R"). Let f € CX(R™) and ¢ € Lip.(R™;R").
Let (0:)e=0 be a family of standard mollifiers (see |13, Section 3.3] for example) and
let (ge)eso C b1 (R™) N Lipy(R™) be given by g. = g * o. for all ¢ > 0. Since clearly

Lipy(R") C BS, ;(R"), by Lemma we can write
div®(g.0) = g. div®p + ¢ - V. + divi; (-, ¢) in L'(R™)
for all € > 0. Observing that
| 9e diVaSOHLp’r(Rn) < ||ga||L°°(R”) ||div°‘g0||Lp/r(Rn),

HSD : VagsHLpé-(Rn) < Hn,a [gs]B,?jl(R") H@“LP’(R”;R")
and
divRL (9 O 1t gy < 2bma [92) B2, @) 121 Lo @ ey
in virtue of Corollary [2.3] and Corollary , where p, = 2=, p; = -3 and p’ = 25, we
also get that

div*(gep) = g- div¥o + ¢ - V¥ + divi (ge, ) in P (R™).
Hence we can write

| fo-divipde= [ fdiv(gp)de— [ fo-Vogde— [ fdivii(g..¢)dn

for all € > 0. Since g.¢ € Lip.(R™;R"™), we can write

/}R fdiv¥(gep) dz = —/R g0 -V fdx,
so that
/]R fgedivipdr = —/R gsso-V“fdx—/R Jo-Vege alrfc—/]R [ divyy (9, ) d

for all € > 0. Now, by the Dominated Convergence Theorem, it is easy to see that
lim / fo-divipdr = / fgdivitpdx
e—=0t JRn Rn

and
lim gsgo-Vafdx:/R gp-Vfdx

e—0t JRn
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Moreover, by Lemma [2.6, we have that

lim Y- V%% dr = — lim / g-div* dr = —/ g div®y dx
e—=0t JRn Rn

e—0t JR»

for all ¢ € Lip.(R™; R™). However, by Corollary again and [31, Proposition 17.12], we
also have that

IV Gell Lrmns ) < pina [9e]Be, &) < pna [9]B2, ®7) (5.1)

for all € > 0. Therefore, possibly passing to a subsequence (which we do not relabel for
simplicity), we have that

lim w-vaged:c:/ b - uds
Rn

e—0t JRn

for all ¥ € Lip.(R™; R™), for some u € L"(R™;R™). We thus must have that

Y -udr = —/ gdiv®y dx
Rn Rn

for all ¢ € Lip.(R™ R"™), proving that u = V%g according to [13, Definition 3.19]. As a
consequence, we can write

lim/]R fgo-V“ggdx:/R fo-Vedx.

e—0t

In a similar way, we have

| fdivtuge9)de= [ - Viu(f.g.) da

for all € > 0 by Lemma [2.9] and

lim [ fdivRy(g.,0)dr = lim | g.divRy(f, ) de = / gdivy(f, ) dx
n n R’I’L

e—0t JR e—0t JR

by Lemma [2.10l Observing that
IVRLUS, 9 ler @i vy < 240 || f || Lor ey (9] B2 @) < 2ptn,a || fllLer ey [9] B2, ) (5.2)

for all € > 0 by Corollary [2.7]and |31, Proposition 17.12], we get that (up to possibly pass
to a non-relabelled subsequence)

lim [ fdivip(ge¢)de = [ ¢ Vip,(fg)do

e—0t

according to Definition [4.5] In conclusion, we find that

/Rnfgdivo‘gac&:—/]Rnggo-vafd:v—/anfgo-Vo‘gdm—/Rngo-vm’w(f,g)d:v

whenever f € C*(R”), g € L>(R") N b2, (R") and ¢ € Lip (R";R™).

Step 2: proof of (1.35) and (1.36) for f € S*P(R™). Now let f € S*P(R™). We can find
(fe)ken C C°(R™) such that fr — f in S*P(R") as k — +o00. Given ¢ € Lip.(R™;R"),
by Step 1 we can write

| fgdivipd == [ gp- Vo fido~ [ fup-Vogde— [ o Vi (fig)de (53)
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Now, by the fractional Sobolev inequality (see [42, Theorem 1.8] and recall the identi-
fication L*P(R"™) = S*“P(R") proved in [829]), we know that S*P(R™) C LPr(R") with
continuous inclusion. More precisely, thanks to the interpolation of LP spaces, we have

£ 1ler @) < oo 1 2oy 1V F Il lens ey (5.4)
for all f € S*P(R"), Where cnap > 0 is a constant depending on n, a and p only,
and ¥ € [0, 1] satisfies ]l) -1=12 + =2 Now, since divd;(g,¢) € LP (R") thanks to

nap

Corollary [2.7] we can write

lim /Rn ¢ ViLw(frg)dr = lim /n frdiviy (g, ) dx = /]R” fdivyy (g, @) dx

k—4o00 k—+o00 JR

because fp — f in LP*(R") as k — —+o0o0. On the other side, by (5.2]) in Step 1, the
lower semicontinuity of the LP norm with respect to the weak convergence and ([5.4)), we
immediately deduce that

IVRLw(fr 9)llzr e rey < Tmnf [V, o (Fi 96) 2o vy
< i | fell o o L g (55)
< 2pn,a Cnaprk:HLp 2 ”VakaLP Rn; R™) [9]Be o (R™)

for all £ € N. Therefore, up to possibly pass to a subsequence (which we do not relabel
for simplicity), we get that

im |- Vi, (fe, 9) dfﬂ:/R ¢ udr

k—4o00 JR™
for all ¢ € Lip,(R";R"), for some u € LP(R";R™) such that

/Rngp-ud:c—/ fdiviy (g, @) dx.

We thus get that u = Vg ,(f,g) according to Definition and so (|1.35]) follows by
passing to the limit as & — +oo in (5.3)). The estimate (|1.36)) is a plain consequence
of (5.1)), the Holder and fractional Sobolev inequalities and ({5.5)), while (1.37)) is a trivial

particular case. The proof is complete. O

For the sake of completeness, below we state the analogue of Theorem for BV P
functions. In this case, the embedding BV *?P(R") C L#(R”) holds for p € |1, #) and
n > 2, see |12, Theorem 3.4]. In the case n = 1, we only have BV*?(R) C L%(R) for all
qe€ {p, ﬁ) whenever p € [1, ﬁ), see |12, Theorem 3.4] again.

Theorem 5.1 (Leibniz rule for BV*? with bounded continuous Besov). Let o € (0, 1),
€ [1,#) and q € (g,—i-oo} be such that % —I—% = 1. Also, letr € (g,q}, including
the case r = = for n > 2. There erists a constant cpqop, > 0 depending on n, a, p

and v only with the following property. If f € BV*P(R™) and g € C,(R™) Nb2, (R™), then
fg € BV*?(R™) with

D*(fg) =gD“f + [V g ZL" + Di(f,9) in #(R";R")
and

1f Vgl 1 @rimny + DR (> 9IR™) < i 11 7o ny DX FIR™) T [g] 52, ny,
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where ¥ € [0,1] satisfies 1 — 1 =2 4+ 152,

p n—o

The proof of Theorem is very similar to the one of Theorem presented above
and we thus omit it. Nonetheless, we would like to remark that, in the above statement,
the assumption g € Cy(R™) N by, (R™), for r € (g, q}, including the case r = % for n > 2,
can be actually weakened.

In the case r € (g, q} , it is enough to assume that g € L>(R")Nb% | (R"), the continuity
of g being a consequence of the Morrey inequality in Besov spaces, soe [31, Theorem 17.52].

In the case r = 7, for n > 2, we can also just assume that g € L>(R") Nb% ; (R"), but
the function g may not be continuous, so that g D*f has to be replaced with g Df.

Note that, under these assumptions, the measure ¢g* D“ f is well defined. Indeed, on the
one side, since p < -2 we have that |[D®f| <« 2", thanks to [12, Theorem 1.1]. On
the other side, by the known theory on Bessel functions and fractional capacities (see |12,
Section 5] for an account), if g € L>(R™) N b%jl(R”), then the precise representative g* is

well defined .#*-a.e., for any given € > 0. Indeed, it is easily verified that gn € S%= (R"?)
for any cut-off function n € C°(R"™) and, clearly, (gn)*(x) = g*(x) provided that n = 1
in an open neighborhood of the given point z € R".

5.2. Well-posedness of the fractional boundary-value problem. We are now ready
to deal with the fractional operator L, introduced in (|1.29)). We prove the energy estimates
1.50)

for the associated the bilinear form B, defined in (

Proof of Proposition|1.4. By Theorem , and, more specifically, estimate ((1.37)), we have
that c;v € S*?(R") for all v € S“?(R™), with

V*(c1v) = ¢1 V* + v V% + VL, (c1,v)  in L*(R™;R") (5.6)
and
||U Vacl ||L2(R7L;Rn) + va\?L’w(Cl’ U) ||L2(Rn;Rn) S Cn,a [CI]B%J(Rn) ||vav||L2(Rn;Rn), (57)

where ¢, , > 0 is a constant depending on n and « only. Similarly, again by Theorem
and by noticing that

div%L,w (U7 b3) = Z V%LﬂU(U? b3 ’ ej) : ej
j=1
in virtue of Definition (where ey, ..., e, is the canonical basis of R™), we have that
bsv € S*?(R™ R") for all v € S**(R™), with divyy (v, bs) € L*(R") and

|’diV§L,w(U7 bg) ||L2(Rn) S Cn,a [bg]B%J(Rn;Rn) HVO{UHLZ(Rn;Rn). (58)

We now prove the two estimates (1.32)) and (1.33) separately.
Proof of (1.32)). We clearly have that

Ve - AVOudr | < A poo gn, ge2y | VUl 20 ) [ V0| 2R R

R

Thanks to (5.6) and (5.7) above, we can estimate

/ uby - V(c1v) dx
Rn
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S HblHLoo(Rn;Rn) (Hcl HLoo(Rn) -+ Cn,a[cl]B%,l(Rno HUHLQ(Rn) HV”‘UHLz(Rn;Rn).

Analogously, thanks to (5.8]) above, we can estimate

/Rn csv divyy, ,, (U, bs) o | < [|es]| oo ey [bs] By s me) [V ul| 2@ mmy [0 L2 @y -

For the remaining terms, we easily see that

< [ba| oo mm) [Vl L2 @ ey |0] 22 ey

/ vby - V*u dx
Rn

and

< leol| oo @myl|ul L2 @y ]| L2 ),

’ / couv dx
Rn

so that ([1.32) readily follows by combining all the above estimates together.
Proof of (1.33)). In virtue of ((1.31)), we clearly have that

Veu - AV*udr > 19/ |Veul|® d.
Rn Rn
Again by (5.6) and (5.7)), we can also estimate

/ uby - V(cqu) dx | = / ciuby - V¥udx| + / u?by - Ve, dx

+

/ uby - VR (c1,u) d
Rr ’

< (1B [z sy el 2y (Nl | ooy | V0 2 @y + llu Voer | p2 ey
+ 1V (e, W) 2R Ry
< 101l e ns oy (llen e rny + emaler] s @) lull e | Vo0l 2genmn)-

Similarly, again by (5.8)), we can estimate

/ csudivyy ,(u, bs) dx
Rr ’

For the remaining terms, we easily see that

< HCSHLOO(R")[bs]B%(R";R")HUHLQ(RH)HVO‘UHLQ(R";R")-

/Rn Ubg - V% dx < HbZHL"O(R";R")HUHLQ(R")HvauHLQ(R";R")

and

< llcollzoe @ 1l 72 gy -

‘ / cou? dz
]Rn

Now we observe that
[l 2 @) IV ul| 2@ mry < Cellul|Fo@my + €l VUl 2 gn. gy

for all € > 0, where C. > 0 is a constant depending on € only. Hence we may choose € > 0
sufficiently small and achieve ((1.33)) by combining all the above estimates together. [
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We are thus left to establish the well-posedness of the fractional boundary-value prob-
lem ([1.34]). The proof is a simple consequence of the Lax—Milgram Theorem.

Proof of Corollary[1.5. Let fe L?*(R™) be the extension-by-zero of f outside the set 2.
Since Sy Q(Q) is a closed subspace of S*?(R"), in particular it is a Hilbert space, so that
we just need to find u € S§*(Q) such that

Ba[u, U] + )‘<u7 U>L2(]R”) = <f7 U>L2(Rn)

for all v € Sy 2(Q) In other terms, we simply have to check the assumptions of the
Lax-Milgram Theorem for the bilinear form B, »: S5°%(Q) x S§*(Q2) — R given by

Ba,)\ [u, U] = Ba [U, U] + )‘<u7 U>L2(]R”)

for all u,v € S§*(Q). This follows from the energy estimates (1.32) and (1.33) and the
fractional Poincaré inequality proved in [42, Theorem 3.3] (which actually holds under the
only assumption that |Q| < +oo, see also |4, Theorem 2.2]). The proof is complete. [
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