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Abstract. We derive the spectrum and analyse the detectability prospects of secondary
gravity waves (GWs) associated to primordial black hole (PBH) production in a class of
string inflationary models called Fibre Inflation. The inflationary potential features a near
inflection point that induces a period of ultra slow-roll responsible for an enhancement of the
scalar perturbations which can lead to PBHs with different masses and contributions to dark
matter (DM) in agreement with current observational bounds, including CMB constraints on
the scalar spectral index and the tensor-to-scalar ratio. This enhancement of the curvature
perturbations sources secondary GWs which can be detected by either LISA, ET or BBO,
depending on the GW frequency but regardless of the amount of PBH DM since secondary
GWs remain detectable even if the PBH contribution to DM is exponentially suppressed. The
possibility to see a secondary GW signal is instead due to the presence of an ultra slow-roll
epoch between CMB horizon exit and the end of inflation.
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1 Introduction

One of the most pressing problems in modern physics concerns the nature of dark matter
(DM). A possible solution is that DM is composed of primordial black holes (PBHs) [1]. This
is a compelling possibility since it relies neither on modifications of gravity nor on physics
beyond the Standard Model (SM). With this assumption, these black holes should be much
lighter and smaller than astrophysical ones, implying that their formation cannot be the result
of stellar collapse. PBHs are formed during the radiation or matter eras when some large den-
sity fluctuations, produced during inflation, re-enter the horizon and undergo gravitational
collapse [2]. At present the values of allowed PBH masses are very constrained [3], if we as-
sume that they constitute a significant fraction of the total DM abundance. There are however
a couple of windows where constraints are absent and PBHs could still constitute all of the
DM. One such window lies aroundMPBH ∼ 10−12M� and the other aroundMPBH ∼ 10−15M�.

A signature of the presence of PBHs might be encoded in the stochastic background
of secondary gravitational waves (GWs) associated with the large curvature perturbations
that lead to their formation [4–10] (for a recent review see [11]). Thus current and future
interferometers can test the PBH hypothesis experimentally. In particular the LISA interfer-
ometer [12–14] is well suited for this job since, as pointed out in [3, 10], a δ-function power
spectrum peaked at the frequency where LISA sees its maximum sensitivity would correspond
to PBH masses around 10−12M�. Other interferometers that might be able to detect this
GW background are BBO [13] and ET [14, 15] which extend to larger frequencies associated
to a lower PBH mass range.

When discussing PBH formation it is also important to present a microscopic model
that allows for such a process to occur. Most of the simplest single-field models are based
on a near inflection point which leads to a period of ultra slow-roll (USR) responsible for
the amplification of the density perturbations at momentum scales which are higher than
the CMB ones [16–19]. One of the shortcomings of these constructions is in general the
need to fine tune the underlying parameters in order to induce a near inflection point at
the desired scales. A better approach relies instead on considering inflationary models with
a consistent UV embedding which can justify the required tuning freedom and its stability
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against quantum corrections. In this regard, a very promising class of single-field models is
Fibre Inflation [20–22] which arises within the framework of type IIB string compactifications.
These models are characterised by three appealing features: (i) their parameters are functions
of background flux quanta and Calabi-Yau topological data which are tunable in the string
landscape; (ii) the robustness of the tuning against radiative corrections is guaranteed by
the presence of an approximate rescaling symmetry [23–25]; (iii) Calabi-Yau constructions
with explicit brane setup, tadpole cancellation and moduli stabilisation provide concrete
realisations of the inflationary potential [26–28].

The typical potential of Fibre Inflation models is characterised by a plateau region
which resembles Starobinsky inflation [29] and α-attractors [30, 31]. However, as shown
in [32], its structure is rich enough to induce a near inflection point at large momentum
scales. ref. [32] presented a particular Fibre Inflation model which leads to PBH masses
around MPBH ∼ 10−15M� which can constitute all of the DM. The main shortcoming of the
model of [32] is that the scalar spectral index ns at CMB scale is more than 3σ away from
Planck data [33], and this tension increases when the PBH mass is enhanced. Notice that
obtaining the right observables at CMB scales and sufficient PBH production is a general
challenge of single-field models, as discussed in [34]. It is however worth pointing out that
the work of [32] should be considered just as a proof of concept regarding the possibility to
generate PBHs in Fibre Inflation since it considered just a simplified version of the scalar
potential of the explicit Calabi-Yau examples of [26–28] where some coefficients have been set
to zero by hand. In this paper we shall show that a more detailed study of the inflationary
potential of these models can allow for the production of PBHs which can form a considerable
fraction of DM, basically at any mass scale MPBH . 10−12M�, and in a way compatible with
ns within 1σ from the observed CMB value.

We will then analyse the associated production of secondary GWs in Fibre Inflation
models finding the following interesting results which we think to be qualitatively valid more
in general for any single-field model with a plateau and a near inflection point with a similar
tuning freedom:

1. PBH DM in agreement with present observational bounds (including CMB constraints
on ns) can be generated at any mass scale in the range 10−17M� .MPBH . 10−11M�.
Moreover, in Fibre Inflation models PBH production due to USR correlates with pri-
mordial tensor modes at CMB scales which are at the edge of detectability, r ' 0.01-
0.02, a factor of 2 larger than the prediction for cases without USR where r ' 0.007 [35];

2. Depending on the PBH mass, the peak of secondary GWs can be at any frequency in
the range 1 mHz . fpeak

GW . 1 Hz, resulting in a potential detection by either LISA, ET
or BBO;

3. The detectability of secondary GWs does not depend on the amount of PBH DM since
it holds true even if the PBH contribution to DM is exponentially suppressed. It is
instead tied to the presence of a period of USR.

Our findings imply that if DM is made of PBHs around MPBH ∼ 10−12M� or MPBH ∼
10−15M�, then secondary GWs should be seen respectively by LISA or BBO, while a lower
PBH mass (constrained by observations) would be associated to GWs detectable by ET.
This remains true even if DM is not made of PBHs but the inflationary potential features
a near inflection point which amplifies the density perturbations via an USR epoch. Thus a
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non-observation of any signal by future interferometers can, not just rule out the PBH DM
hypothesis, but also constrain the form of the underlying inflationary potential.

This paper is organised as follows. In section 2 we briefly review some aspects of Fibre
Inflation models and present the functional form of the inflationary potential. In section 3 we
discuss PBH formation and obtain the scalar power spectrum for the curvature perturbations,
together with the associated predictions for CMB observables like the scalar spectral index
and the tensor-to-scalar ratio. In section 4 we shortly recap the theory of secondary GWs,
while in section 5 we first derive the spectrum of secondary GWs produced in Fibre Inflation
and then we compare it with interferometry sensitivity curves discussing how the detection
of secondary GWs depends on the fraction of PBH DM. Finally we present our conclusions
in section 6.

2 Fibre inflation in a nutshell

Fibre Inflation is a class of models built within the framework of type IIB flux compactifica-
tions. Its name derives from the geometric properties of the extra dimensions which feature
a fibration structure. The inflaton is one of the so-called Kähler moduli which determine
the size of the dimensionless Calabi-Yau volume V in string units. This quantity, together
with the string coupling gs set by the value of the dilaton, controls the robustness of the 4D
effective field theory since perturbative corrections beyond the tree-level approximation arise
as either string loops weighted by positive powers of gs, or as higher derivative α′ effects
proportional to inverse powers of V. Hence control over the EFT requires always to focus on
values of the dilaton and the Kähler moduli such that gs � 1 and V � 1.

At leading order the inflaton potential vanishes due to the typical no-scale structure
of type IIB constructions which induces an effective shift symmetry [23–25] suitable to pro-
tect the flatness of the inflationary potential generated by subdominant loop and α′ correc-
tions [20–22]. This class of inflationary models has already received a lot of attention. Previ-
ous studies revealed that Fibre Inflation can be embedded into globally consistent Calabi-Yau
compactifications with moduli stabilisation [26–28] where geometrical constraints can allow
for an inflaton field range around 5 Planck units [36] corresponding to a tensor-to-scalar ratio
around r ' 0.007 [35]. Even if the underlying theory is multi-field, the effective inflationary
dynamics is fully single-field since fields which are heavier than the inflaton sit at their min-
ima, while lighter modes have been shown to act just as spectators [37–39]. Depending on
the exact duration of inflation, the pre-inflationary dynamics can be characterised by a CMB
power loss at large angular scales [40–42], while the post-inflationary evolution is determined
by the perturbative decay of the inflaton [43, 44] (preheating effects have instead been shown
to be negligible [45]) which can successfully avoid the overproduction of axionic dark radia-
tion [44], producing a SM thermal bath with a temperature below the upper bound coming
from decompactification due to finite-temperature effects [46].

For gs � 1 and V � 1 the contributions which arise at leading order in the string
loop and α′ expansions are 1-loop open string winding corrections [47–49]. In the explicit
Calabi-Yau models of [26–28], these loop effects, together with an appropriate sector which
uplifts the vacuum energy to positive values [50–53], generate an inflationary potential for
the canonically normalised inflaton φ of the form:

Vinf = V0

[
C1 − e−φ/

√
3
(

1− C2

1− C3 e−φ/
√

3

)
+ e2φ/

√
3
(
C4 −

C5

1 + C6 eφ
√

3

)]
, (2.1)
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Figure 1. Inflationary potential (2.1) for the parameter set P1 of table 1.

W0 DW GW RW

P1 14.2 5.90 · 10−7 2.949 · 10−2 0.67381098
P2 12.6 4.00 · 10−7 3.030 · 10−2 0.69435560
P3 12.1 3.30 · 10−7 3.065 · 10−2 0.70292692
P4 11.4 2.39 · 10−7 3.104 · 10−2 0.71296774
P5 13.7 5.20 · 10−7 2.938 · 10−2 0.67101003
P6 14.9 6.58 · 10−7 2.830 · 10−2 0.64335706

Table 1. Different parameter sets for the inflationary potential (2.1). Following the notation of [32],
in all cases C2 = 0.5, C3 = 1/

√
λ, C4 = 25γDW, C5 = 25γGW and C6 = γRW with γ ≡ λ3/2/V

for λ = 14.3 and V = 1000. C1 is instead found by requiring Vinf = 0 at the minimum and V0 ≡
W 2

0 /
(
25γ1/3V10/3).

where Ci ∀i = 1, . . . , 6 is a tunable coefficient in the string landscape since it depends on
combinations of microscopic parameters of the compactification like Calabi-Yau intersection
numbers, background and gauge fluxes, instanton wrapping numbers and ranks of condensing
gauge groups.

The potential (2.1) has enough tuning freedom to allow for an almost flat region at high
field values, corresponding to the usual slow-roll behaviour, and a near inflection point close
the minimum (parametrised by C5 and C6), that induces an USR dynamics. In table 1 we
list the illustrative parameter sets used in the analyses performed in the following sections,
and figure 1 shows the inflationary potential for the set P1.

3 PBHs in fibre inflation and CMB observables

As already pointed out, PBH formation is possible if the inflaton undergoes a period of
USR [54, 55] caused by the presence of a near inflection point in the potential, with a resulting
enhancement of the scalar power spectrum at PBH formation scales. Consequently some large
and relatively rare density perturbations undergo a gravitational collapse at horizon re-entry,
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during the radiation or matter phases, to form PBHs. In this work we will assume PBH
formation in the radiation era. The value of the enhancement of the scalar power spectrum
at PBH formation scales can be inferred considering the fraction of the total energy density
in PBHs with massMPBH at PBH formation time which takes the form (assuming a Gaussian
distribution for the curvature perturbations):

β(MPBH) ≡ ρPBH(MPBH)
ρtot

= 1√
2πσM

∫ ∞
ζc

dζ e
− ζ2

2σ2
M ≈ σM√

2πζc
e
− ζ2

c
2σ2

M , (3.1)

where ζc is the critical value for the gravitational collapse to take place, and we have used the
approximation σM � ζc.1 Moreover if we redshift and rescale up to present time we obtain
the relation:

β(M) ≈ 10−8
√
MPBH

M�
fPBH(MPBH) , (3.2)

where fPBH(MPBH) is the fraction of PBHs with mass MPBH contributing to the total DM
abundance. Then putting these two results together and setting ζc = 0.6 [58] we obtain:

σM√
2π · 0.6

e
− 0.36

2σ2
M ≈ 10−8

√
MPBH

M�
fPBH(MPBH) . (3.3)

If we assume a distribution peaked at MPBH = 10−12M�, and that fPBH(10−12M�) = 1
(i.e. all of DM is made of PBHs of this mass), then we obtain σM ' 0.078. Therefore
since σ2

M is related to the two-point function, σ2
M ∼ 〈ζζ〉, this means that the peak in the

power spectrum has to be of order O(10−3) at PBH formation scales, a value which is 6
orders of magnitude higher than that at CMB scales. Notice that this remains true even
for fPBH � 1 due to the exponential dependence on σM in (3.3) (for example σM ' 0.059 for
fPBH(10−12M�) ' 10−10). The possibility of having such an enhancement arises due to the
tuning freedom of the inflationary potential that allows to have a near inflection point after
the point in field space corresponding to CMB horizon exit.

The value of the PBH mass is related to the number of efoldings that elapsed between
the moments of CMB and PBH horizon exit via [54]:

∆NPBH
CMB = ln

(
aPBHHinf
aCMBHinf

)
= 18.4− 1

12 ln
(
g∗f
g∗0

)
+ 1

2 ln γc −
1
2 ln

(
MPBH

M�

)
, (3.4)

where we have assumed H to be constant during inflation (and equal to Hinf), g∗f,0 are
the number of relativistic degrees of freedom at PBH formation time and today, while γc
is a correction factor related to the details and the efficiency of the gravitational collapse.
Assuming γc = 0.8 (as in the case for a narrow power spectrum [59]) and that the only
degrees of freedom are those of the SM, so that g∗f = 106.75 and g∗0 = 3.36, for PBHs
of mass 10−12M�, we find that PBH scales leave the horizon approximately 32 efoldings
after CMB scales, or equivalently 21 efoldings before the end of inflation since recent studies
of reheating after the end of Fibre Inflation showed that CMB scales exit the horizon 53
efoldings before the end of inflation [44].

1For non-Gaussian corrections to PBH formation and the induced GW spectrum see [56, 57]. Non-
Gaussianities will induce a slight change of ζc with respect to the Gaussian estimate, which can easily be
accommodated in the present model.
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In order to compute the scalar power spectrum we need to know the evolution of the
rescaled curvature perturbations, which is governed by the Mukhanov-Sasaki (MS) equation:

u′′k(τ) +
(
k2 − z′′

z

)
uk(τ) = 0 , (3.5)

where the prime denotes a derivative with respect to conformal time τ , z =
√

2ε a and
uk = zζk is the MS variable. The Hubble slow-roll parameters:

ε = − Ḣ

H2 , η = ε̇

εH
, κ = η̇

ηH
, (3.6)

are computed solving the inflaton equation of motion, with the potential (2.1), coupled to
the Friedmann equation and enter the expression for the MS equation as:

z′′

z
= (aH)2

[
2− ε+ 3η

2 −
εη

2 + η2

4 + ηκ

2

]
. (3.7)

The dimensionless power spectrum Pζ(k) = k3

2π2 |ukz |
2 is then obtained solving the MS equation

numerically since the familiar slow-roll approximation:

P(sr)
ζ (k) = H2

8π2ε

∣∣∣∣
k=aH

, (3.8)

ceases to be valid due to super-horizon evolution during USR [18, 54]. To see this in more
detail, let us consider perturbations evolving in a background with constant η as in the USR
case. We can then integrate the equation for the first slow-roll parameter ε:

η = ε̇

εH
= εN

ε
=⇒ ε(N) = ε0 e

ηN , (3.9)

where the subscript N denotes a derivative with respect to the number of efoldings N such
that dN = Hdt = aHdτ . Then for η < 0 we have an exponential decrease of ε. For constant
η = −O(1) we can set κ = 0 and neglect in (3.7) the two terms proportional to ε, obtaining
the following approximation:

z′′

z
≈ (aH)2

[
2 + 3

2η + η2

4

]
. (3.10)

We can then recast the MS equation as a function of N as:

uNN + (1− ε)uN +
[(

k

aH

)2
+
(

2 + 3
2η + η2

4

)]
u = 0 . (3.11)

For super-horizon scales k � aH, and assuming ε� 1, this can be approximated as:

uNN + uN −
(

2 + 3
2η + η2

4

)
u = 0 . (3.12)

We look for solutions of the form u(N) = u0 e
λN , with λ to be determined and u0 an

integration constant. Inserting this Ansatz into (3.12) we get:

λ2 + λ−
(

2 + 3
2η + η2

4

)
= 0 ⇔ λ± = −1± |η + 3|

2 . (3.13)
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Figure 2. Scalar power spectrum for the parameter set P1 of table 1 as a function of the number
of efoldings before the end of inflation. The blue line represents the numerical solution of the MS
equation (3.5) while the orange line is the slow-roll approximation (3.8).

We now turn to the physical variable related to the curvature perturbations, i.e. the scalar
ζ = u/z. Using the definition for the MS variable we get:

z =
√

2ε a ∝ eN(1+ η
2 ) =⇒ ζ(N) ∝ eNω±(η) , (3.14)

where:
ω±(η) ≡ λ± − 1− η

2 = ±|η + 3| − (η + 3)
2 . (3.15)

Therefore the behaviour of the curvature perturbations is dictated by the sign of the expres-
sion ω±(η) in the exponent. The most general solution is then given by:

ζ(N) = ζ0 e
ω+N + ζ0 e

ω−N , (3.16)

where ζ0 and ζ0 are integration constants. We see that ω+ describes a constant mode for
η ≥ −3 and a growing mode for η < −3, while ω− describes a decaying mode for η ≥ −3
and a constant mode for η < −3. Therefore in an USR epoch characterised by η < −3, the
curvature perturbations grow exponentially and the slow-roll approximation (3.8) cannot be
trusted since it assumes that there is no super-horizon evolution.

The scalar power spectrum for parameter set P1 of table 1 is shown in figure 2, together
with the slow-roll approximation (3.8). The peak is at scales leaving the horizon about 21
efoldings before the end of inflation, corresponding to PBHs with mass MPBH ' 10−12M�,
and it is of order O(10−3) as previously discussed, such that PBHs can account for all DM.

Similar results have already been obtained in [32] for MPBH ' 10−15M� with however
a more than 3σ tension with the observed value of the scalar spectral index ns which gets
worse when PBH scales get closer to CMB scales, as for the case corresponding to MPBH '
10−12M�. We realised that this observational problem was just a consequence of setting
in the inflationary potential (2.1) the coefficient C4 = 0 by hand in [32], a choice taken
for simplicity of presentation given that the aim of that paper was just to show that Fibre
Inflation models can lead to enough PBH formation. As can be seen from table 1, in this
paper we have instead allowed a non-zero C4 whose tuning (guaranteed by the underlying

– 7 –
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Ppeak
ζ MPBH [M�] fPBH ns r

P1 6.6 · 10−3 O(10−12) O(1) 0.965 0.024
P2 6.4 · 10−3 O(10−15) O(1) 0.967 0.020
P3 6.2 · 10−3 O(10−16) O(1) 0.965 0.018
P4 6.1 · 10−3 O(10−17) O(10−3) 0.963 0.016
P5 4.1 · 10−3 O(10−12) O(10−8) 0.966 0.022
P6 1.1 · 10−4 O(10−12) 0 0.966 0.026

Table 2. Peak values of the curvature power spectrum, PBH mass and DM fraction, associated
predictions for the scalar spectral index and tensor-to-scalar-ratio for the parameter sets of table 1.

flux landscape) can lead to a scalar spectral index ns = 1 + d lnPk
d ln k = 0.965, which is fully

compatible with observations within 1σ [33]. To compute it we did not rely on the slow-roll
approximation due to the super-horizon evolution triggered by the USR phase. Hence we
performed a series of linear regressions of a dense set of points in the range N ∈ [52.5, 53.5]
and computed the mean value of the derivatives. The tensor-to-scalar ratio turns out to be
rather large, r ' 0.024, in accordance with a trans-Planckian inflaton range [60], and still
within current bounds. Notice that this prediction for r is about a factor of 2 larger than
the one of Fibre Inflation models which do not feature a period of USR [35]. The peak of the
scalar power spectrum, the PBH mass and DM fraction, together with the associated CMB
predictions, are listed in table 2 for all the parameter sets of table 1. The predictions are
evaluated at 53 efoldings before the end of inflation and each parameter set reproduces the
observed amplitude of the density perturbations at CMB scales.

4 Secondary GWs from PBHs: a brief review

The amplification of the scalar perturbations during inflation, as needed for PBH formation,
generates a stochastic background of GWs at second order in perturbation theory. More
detailed discussions about the derivation of the GW energy density can be found in [4–7].
In order to compute its corresponding tensor power spectrum we start from a perturbed flat
FRW metric in conformal gauge:

ds2 = a(τ)2
[
−(1 + 2Ψ) dτ2 +

(
(1− 2Ψ) δij + 1

2 hij
)

dxidxj
]
, (4.1)

where Ψ is a Bardeen potential, hij is the traceless and transverse tensor perturbation related
to GWs and we ignored vector perturbations. Inserting this metric into Einstein equations
and expanding up to second order, we obtain [61]:

h′′ij + 2H h′ij −∇2hij = −4Pk`ij Sk` , (4.2)

where H = a′/a is the conformal Hubble parameter and Pk`ij projects onto the transverse and
traceless part of the source term Sk`, in turn given by:

Sk` = 4Ψ∂k∂`Ψ + 2∂kΨ∂`Ψ− ∂k
(Ψ′
H

+ Ψ
)
∂`

(Ψ′
H

+ Ψ
)
. (4.3)

– 8 –
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We can also write the scalar perturbations using a transfer function for a radiation dominated
era and relate them to the initial gauge invariant curvature perturbations ζk as:

Ψ̂(τ,k) = 2
3 T (kτ)ζk with T (x) = 9

x2

sin
(
x/
√

3
)

x/
√

3
− cos

(
x/
√

3
) , (4.4)

where the hat denotes the Fourier modes of the Bardeen potential. Defining the tensor power
spectrum Ph(k) as:

〈h(m)
k (τ)h(n)

p (τ)〉 = δ(3)(k + p)δ(m)(n) 2π2

k3 Ph(τ, k) , (4.5)

where (m) and (n) stand for either one of two tensor polarisation states, (+) or (×), its
relation with the GW energy density ΩGW(τ, k) is [62]:

ΩGW(τ, k) ≡ ρGW(τ, k)
ρc

= 1
24

(
k

H(τ)

)2
Ph(τ, k) , (4.6)

where the bar denotes an average over time. Then a straightforward calculation (we refer
to [4–7] for all the details), after integration of Einstein equations with second order source
term in the scalars, shows that the energy density of these secondary GWs at present time
τ = τ0 is given by:

ΩGW(τ0, k) = cgΩr,0
36

∫ ∞
1√
3

ds
∫ 1√

3

0
dd
[

(s2 − 1/3)(d2 − 1/3)
s2 − d2

]2

×Pζ

(
k
√

3
2 (s+ d)

)
Pζ

(
k
√

3
2 (s− d)

)[
I2
c (s, d) + I2

s (s, d)
]
, (4.7)

where cg ' 0.4 is a function of the relativistic degrees of freedom (assumed to be only SM
ones), Ωr,0 ' 8 · 10−5 is the radiation energy density at present time and the functions
Ic,s(s, d) come from the analytic integration of the transfer function and read:

Ic(s, d) = −36π (s2 + d2 − 2)2

(s2 − d2)3 θ(s− 1) , (4.8)

Is(s, d) = −36s
2 + d2 − 2
(s2 − d2)2

[
s2 + d2 − 2
s2 − d2 ln

(
1− d2

|s2 − 1|

)
+ 2

]
, (4.9)

where θ is the Heaviside step function.

5 Secondary GWs in fibre inflation: predictions and detectability

In this section we analyse in detail the predictions and prospects for detectability of secondary
GWs produced in Fibre Inflation in association with PBH formation. We shall split our
discussion in two cases, depending on whether PBHs contribute to DM or not.
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Ppeak
ζ MPBH [M�] fPBH fpeak

GW [Hz] Ωpeak
GW h2

P1 6.6 · 10−3 O(10−12) O(1) 5.96 · 10−3 1.08 · 10−10

P2 6.4 · 10−3 O(10−15) O(1) 0.178 9.32 · 10−11

P3 6.2 · 10−3 O(10−16) O(1) 0.567 8.99 · 10−11

P4 6.1 · 10−3 O(10−17) O(10−3) 1.73 8.80 · 10−11

Table 3. Peak values of the curvature power spectrum, PBH mass and DM fraction, associated
predictions for secondary GW frequency and energy density at the peak for the parameter sets Pi,
i = 1, . . . 4, of table 1.

Figure 3. GW energy density as a function of frequency compared to the sensitivity curves of different
forthcoming observations for the parameter sets Pi, i = 1, . . . 4, of table 1.

5.1 Secondary GWs with PBHs

The parameter sets Pi in table 1 with i = 1, 2, 3 give rise to PBHs which are 100% of DM in
agreement with present observational bounds and for different ranges ofMPBH, from 10−12M�
to 10−16M�. Moreover, the case P4 can also produce the largest contribution to DM allowed
by Hawking evaporation, fPBH ∼ O(10−3), forMPBH ' 10−17M�. As can be seen from table 2,
in all these cases the peak value of the scalar power spectrum is of order Ppeak

ζ ∼ O(10−3).
Using (4.7) to make an illustrative estimate, this gives a peak value of the GW energy density
of order Ωpeak

GW h2 ∼ O(10−10) which is large enough to be detectable by future interferometers
like LISA, BBO or ET which focus on different frequencies (LISA is around 1-10 mHz,
BBO is around 0.1-1 Hz while ET is around 1-100). Notice that PBH masses in the range
10−12M� . MPBH . 10−17M� correspond exactly to secondary GWs peaked at frequencies
1 mHz . fpeak

GW . 1 Hz, with higher frequencies correlated with smaller PBH masses.
For each of the parameter sets Pi of table 1 with i = 1, . . . , 4, we performed a detailed

study of the associated secondary GW signal by first solving numerically the MS equation and
then inserting the scalar power spectrum in (4.7). In table 3 we report the exact values of the
secondary GW frequency and energy density at the peak, while figure 3 shows the resulting
GW energy density as a function of the frequency, together with the sensitivity curves of
current and future interferometers [12–15]. As anticipated by our estimate, the GW signal
turns out to be within reach of LISA, BBO and ET, but not by aLIGO-VIRGO which will be
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Figure 4. Scalar power spectrum as a function of the number of efoldings before the end of inflation
and GW energy density for the parameter set P5 of table 1.

sensitive to ΩGWh
2 & 10−10 and will operate at higher frequencies. Nevertheless, this result

is interesting since it implies that the secondary GW signal associated to PBH production
will be tested directly in the near future.

5.2 Secondary GWs without PBHs

Up to this point we focused on secondary GWs in cases where a considerable fraction of DM
is made of PBHs. This assumption can however be significantly relaxed. In fact, observable
secondary GWs can be obtained even when PBHs are a negligible component of the DM
abundance. As already noticed in [63], this is due to the exponential dependence of fPBH on
σM in (3.3) which implies that even a small decrease of σM makes the PBH contribution to DM
exponentially suppressed. On the other hand, since ΩGWh

2 ∼ P2
ζ ∼ σ4

M, such a small decrease
in the amplitude of the scalar power spectrum can still lead to a sizable ΩGWh

2. It is therefore
interesting to determine the value of σM, and the corresponding value of fPBH for a given
MPBH, that would still give observable secondary GWs, adjusting the magnitude of the peak
of ΩGWh

2 in such a way that it is still within the sensitivity curve of future interferometers.
In what follows we will focus on LISA and, to quantify this statement, we shall discuss

two examples, the parameter sets P5 and P6 of table 1, which give rise to MPBH ' 10−12M�,
corresponding to GW frequencies in the range 1-10 mHz probed by LISA.

• Parameter set P5: this case leads to a PBH mass scale similar to the parameter set
P1 but with fPBH � 1. To estimate the order of magnitude of fPBH, notice that P1 is
characterised by fPBH ∼ O(1) and ΩGWh

2(fmin
LISA) = 3.58 · 10−10 where fmin

LISA ' 2.52 mHz
is the frequency of the minimum of the LISA sensitivity curve. On the other hand,
P5 features ΩGWh

2(fmin
LISA) = 8.24 · 10−12. Recalling that ΩGWh

2 ∼ σ4
M, this implies a

reduction of σM of order σM → σM/1.46, which, when plugged into (3.3), would give
fPBH ∼ O(10−15) for MPBH ' 10−12M�.
Let us stress that this value of fPBH is underestimated since the previous discussion
concerned only the peak values of ΩGWh

2 and Pζ , ignoring that in (4.7) there is a
double integration of the power spectrum that conspires to increase the value of ΩGWh

2

from contributions at all scales. This does not make a big difference in the magnitude
of the GW signal but it has a strong impact on fPBH due to the exponential behaviour
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Ppeak
ζ MPBH [M�] fPBH fpeak

GW [Hz] Ωpeak
GW h2

P5 4.1 · 10−3 O(10−12) O(10−8) 5.97 · 10−3 8.80 · 10−11

P6 1.1 · 10−4 O(10−12) 0 2.80 · 10−3 3.35 · 10−14

Table 4. Peak values of the curvature power spectrum, PBH mass and DM fraction, associated
predictions for secondary GW frequency and energy density at the peak for the parameter sets P5
and P6 of table 1.

Figure 5. Scalar power spectrum as a function of the number of efoldings before the end of inflation
and GW energy density for the parameter set P6 of table 1.

in (3.3). Nevertheless our estimate still catches the main point: secondary GWs would
still be observable even with a tiny fraction of PBH DM.
In figure 4 we present the exact numerical results for the scalar power spectrum and
the GW energy density for the parameter set P5 of table 1. The values of the GW
frequency and energy density at the peak are given in table 4. This case leads to
MPBH ∼ O(10−12)M� and fPBH ∼ O(10−8) which has been computed using the peak
value of the scalar power spectrum in (3.3).

• Parameter set P6: this case corresponds instead to the limit where the peak of the
GW energy density coincides with the minimum of the LISA curve, i.e.:

Ωpeak
GW h2 = Ωmin

LISAh
2 . (5.1)

Figure 5 shows the numerical results for the scalar power spectrum and the GW energy
density for this case (parameter set P6 of table 1) and table 4 lists the values of the GW
frequency and energy density at the peak which matches Ωmin

LISAh
2 within a few percent.

This case features MPBH ∼ O(10−12)M� and a negligibly small PBH contribution to
DM, which we estimate to be around fPBH . O(10−700) ∼ 0.

The bottom line of our analysis is therefore that, while insisting on PBH DM implies
the production of secondary GWs, as stressed in [3], the converse is not necessarily true since
secondary GWs can be detectable even without PBHs contributing significantly to DM. A
detectable stochastic background of GWs is instead a signature of a prolonged period of USR
dynamics during the last phases of inflation, regardless of the PBH contribution to DM. It
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is worth stressing that, due to these general considerations, we expect this result to hold not
only for Fibre Inflation models, but also for all single-field models exhibiting USR dynamics
induced by a near inflection point in the inflationary potential.

Hence a non-detection of GWs by LISA would rule out, not just the PBH DM hypothesis,
but also any USR evolution during inflation on scales which cannot be probed directly by
the CMB, regardless of the nature of DM. In particular, a non-detection of the stochastic
background of GWs by LISA would imply a constraint on the maximum value of the power
spectrum at scales leaving the horizon around 20-24 efoldings before the end of inflation.
Larger momentum scales could be constrained by BBO and ET, where the corresponding
modes leave the horizon about 14-19 efoldings before the end of inflation, as for the parameter
sets Pi, i = 2, 3, 4 of table 1. As already stressed, given that fPBH is almost irrelevant when
computing ΩGWh

2, it is possible to relax the assumption that we need a PBH mass that
is not constrained when we compare with GW detections. Thus the whole region MPBH ∈
[10−17, 103] M� becomes available and having a peak in the curvature power spectrum at
the corresponding scales would still give a significant GW signal. These masses correspond
to scales leaving the horizon from N = 15.3 to N = 38.3 efoldings before the end of inflation
respectively, with a wide GW frequency band, fGW ∈ [2 · 10−10, 2] Hz.

6 Conclusions

This work was devoted to the analysis of PBH formation and the associated production of sec-
ondary GWs in the framework of Fibre Inflation which is a class of inflationary models derived
within the low energy effective action of a UV complete theory, string theory. This guarantees
the freedom to tune the parameters of the inflaton potential since they are related to the mi-
croscopic features of the compactification. Moreover, it enlightens the robustness of the model
and its stability under quantum corrections due to the underlying symmetries of string theory.

We first provided appropriate parameter sets allowing for an inflationary regime with an
USR period responsible for an enhancement of the scalar power spectrum at different momen-
tum scales larger than CMB ones. These scenarios allow for successful PBH formation with
any PBH contribution to DM at different PBH mass scales, extending previous results [32].
Our findings are compatible with current observational bounds also at CMB scales since they
lead to a scalar spectral index of order ns ' 0.965 and a rather large tensor-to-scalar ratio
at the edge of detectability, r ' 0.02.

These models lead also to a detectable stochastic background of secondary GWs sourced
by the enhancement of the scalar power spectrum responsible for PBH formation. Depending
on the PBH mass scale which, in turn, results in a different range of GW frequencies, a GW
signal could be seen by either LISA, BBO or ET, but not by higher frequency interferometers
like aLIGO-VIRGO since they would correspond to frequencies associated to PBH mass scales
MPBH . 10−17M� which are strongly constrained by Hawking evaporation.

Interestingly, we found that secondary GWs could be detectable even if the PBH con-
tribution to the total DM abundance is exponentially suppressed. The only requirement to
have a GW energy density large enough to be detected is an enhancement of the scalar power
spectrum induced by an USR period between CMB horizon exit and the end of inflation. We
therefore realised that the assumption to focus on PBH masses which are not constrained
by observations can be relaxed. In fact, since secondary GWs can be observed even for a
tiny PBH contribution to DM, we can consider the whole available range of PBH masses
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from 10−17M� to 103M� given that the constraints will not affect the peak value of the GW
energy density sensibly enough to exit the interferometer sensitivity curves.

In terms of detectability of secondary GWs by forthcoming interferometers, we there-
fore conclude that a non-observation would rule out both PBH DM for the whole range
10−17M� . MPBH . 10−12M� where PBHs could still constitute a considerable fraction of
the total DM abundance, and an USR epoch in the range 15 . N . 30 (and possibly even
higher) efoldings before the end of inflation. As a final remark, we stress that these features
are not expected to be exclusive of Fibre Inflation, since they are rather generic for any
single-field inflationary model with a potential that has a near inflection point, regardless of
its microscopic origin.
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