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1 Introduction

Potentials for moduli fields play a central role in string phenomenology. The simplest way
to generate these potentials is to consider solutions with background fluxes, see e.g. [1–5].
In the type IIB setting the effect of fluxes is to stabilise the complex structure moduli and
the axio-dilaton [5]. This is encoded in the Gukov-Vafa-Witten (GVW) superpotential [2]:

W =
∫
X
G3 ∧ Ω , (1.1)

where G3 = F3 − φH3 is the complexified 3-form flux, φ is the axio-dilaton1 and Ω the
holomorphic 3-form of the (orientifolded) Calabi-Yau (CY) X on which the theory is com-
pactified. The 3-form fluxes thread 3-cycles of the CY with their integrals over the cycles
satisfying Dirac quantisation conditions. Depending on the choice of fluxes, minima of the
associated potential can be isolated or have flat directions. Once the axio-dilaton and the

1In this paper we do not follow the standard convention to denote the axio-dilaton as τ to avoid confusion
with the period matrix τ ij of the toroidal case.
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complex structure moduli are integrated out, the effect of fluxes is captured by a constant
superpotential:

W0 ≡
〈∫

X
G3 ∧ Ω

〉
. (1.2)

The value of W0 is a key input for phenomenology.2 Again, this is determined by the
choice of flux quanta. Various recent studies have shown an interesting interplay between
the existence of (approximate) flat directions and a low value of W0 [7–12].3 Ref. [14]
argued that these perturbative flat directions are associated to pseudo-Goldstone bosons
of a 2-parameter family of scale invariance of the classical 10-dimensional theory. One
of these 2 symmetries is the scale transformation included in SL(2,R), while the other
transforms the metric. Both of them are spontaneously broken by the fact that both
the metric and the dilaton acquire a vacuum expectation value. When combined with
axionic shift symmetries, this is reflected in the 4-dimensional effective theory in the fact
that both the axio-dilaton and the overall Kähler modulus are flat directions at classical
level. However, in the 10-dimensional theory also G3 transforms with a non-zero weight.
When compactifying, 3-form fluxes take quantised background values, and so act as explicit
breaking parameters which lift the axio-dilaton. In [14] the explicit breaking parameter
was identified in W0 (promoted to a spurion), arguing that W0 = 0 implies the existence
of a flat direction, in agreement with the findings of [7–12].

Notice that the condition to have a flat axio-dilaton is that W0 = 0 after the complex
structure moduli have been integrated out. In fact, in this case the 4-dimensional action
does not see any explicit scale breaking parameter since the flux quanta do not contribute
to the scalar potential. On the other hand, W0 = 0 can clearly be compatible with a stable
axio-dilaton at classical level when W0 has an appropriate dependence on φ after complex
structure moduli stabilisation, even if the generic case would be characterised by W0 6= 0.

Let us stress that these flat directions are only approximate since they are expected to
be lifted by a combination of non-perturbative and perturbative effects. Nevertheless they
can have a wide variety of interesting phenomenological applications. The first is in the
context of Kähler moduli stabilisation. A low value of W0 is an essential ingredient for the
KKLT scenario [15] for moduli stabilisation. A method to construct vacua with low W0 has
been put forward in [7].4 This is in the large complex structure limit of the underlying CY
compactification. Flux quanta are so chosen that they yield a GVW superpotential which,
when computed using the perturbative part of the prepotential, is a degree-2 homogeneous
polynomial. The homogeneity property and the request of a vanishing flux superpotential
for non-zero values of the moduli guarantees the presence of a flat direction. This flat
direction is lifted when non-perturbative corrections to the prepotential are incorporated.
Hence W0 acquires an exponentially small value (at weak string coupling). Working with a
CY orientifold obtained by considering a degree-18 hypersurface in CP[1,1,1,6,9], [7] presented

2For a general discussion on W0 in the context of moduli stabilisation and phenomenology, see [6].
3Ref. [13] has even conjectured that tree-level Minkowski vacua in supergravity should always feature

massless modes that can potentially be flat directions.
4For earlier work on obtaining low values of W0 see [16, 17], while for challenges in implementing moduli

stabilisation and obtaining dS vacua in this setting see [18, 19].
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an explicit choice of flux quanta corresponding to W0 ∼ 10−8. Using the same method, an
example with W0 as low as 10−95 was constructed in [8, 9]. Further studies of this setup
have been carried out in [10, 11, 20–23].

Low values of W0 might also be important in the context of LVS models [24]. Recently
explicit LVS realisations of the Standard Model have been carried out by considering D3-
branes at an orientifolded dP5 singularity [25]. Here the cancellation of all D7-charges
and Freed-Witten anomalies forces the presence of a hidden D7 sector with non-zero gauge
fluxes which induce a T-brane background suitable for de Sitter (dS) uplifting [26]. The
T-brane contribution can give a leading order Minkowski vacuum if the value of the W0 is
exponentially small in the string coupling, i.e. it is precisely of the form described above.
A dS minimum with soft terms above the TeV scale requires W0 as small as 10−13. Let
us point out that, contrary to KKLT, in LVS an exponentially small value of W0 is just
a model-dependent condition since [27] presented a chiral global D3-brane model at an
orientifolded dP0 singularity which can allow for dS moduli stabilisation with T-brane
uplifting for W0 ∼ O(1).

Approximate flat directions are naturally interesting also in the context of cosmology.
In fact, the idea of focusing on degree-2 homogeneous superpotentials so as to obtain flat
direction(s) was first used in [28–30] to enhance the inflaton field range. More recently,
flat directions in the type IIB flux superpotential have been used to construct models of
sequestered inflation [31]. Interestingly, the predictions of the models carry signatures
of the moduli space geometry. Moreover, leading order flat directions can be promising
candidates to realise quintessence models in order to avoid any destabilisation problem
due to the inflationary energy contribution and to reproduce the correct tiny value of the
cosmological constant scale [32, 33].

Regarding supersymmetry breaking, type IIB models are characterised by a no-scale
relation which implies that generically the main contribution to supersymmetry breaking
comes from the Kähler moduli sector. In fact, typically at semi-classical level the complex
structure moduli and the axio-dilaton are fixed by setting their F-terms to zero withW0 6= 0
which induces instead non-zero F-terms for the Kähler moduli (that are still flat at this
level of approximation). However in scenarios with W0 = 0 and a flat axio-dilaton, all
F-terms are zero at leading order and the effective field theory after integrating out the
complex structure moduli has to include both φ and the Kähler moduli [34]. Therefore
the F-term of the axio-dilaton can also play an important role in supersymmetry breaking,
especially in sequestered models with D3-branes where gaugino masses are controlled by
the F-term of φ [35, 36].

Moreover, flux vacua with a leading order axionic flat direction and W0 6= 0 have been
shown in [37] to be very promising to obtain a dS uplifting contribution from non-zero
F-terms of the complex structure moduli, so providing an explicit realisation of the idea
proposed in [38, 39] without however the assumption of continuous 3-form fluxes. More
precisely, at perturbative level all F-terms of the complex structure moduli are zero with
W0 6= 0 and a flat axion. Instanton corrections to the superpotential lift the axion and
shift all the remaining moduli, so that the corresponding F-terms become non-zero and
can act as a dS uplifting source by an appropriate tuning of background fluxes [37].

– 3 –
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From a more theoretical point of view, developments under the name ‘the tadpole
problem’ [40–44] seem to suggest that flat directions of the GVW superpotential might be
a generic feature when the number of complex structure moduli is large. Thus classifying
and studying the precise nature of flat directions, together with finding mechanisms for
lifting them, are needed to develop a comprehensive understanding of the string landscape.

Finally let us make a few comments in the context of the statistical approach to string
phenomenology (see e.g. [45–59]). Given the rich phenomenological applications of vacua
with exponentially small W0 and (approximate) flat directions in the complex structure
and axio-dilaton moduli space, it is important to study how they fit in the full ensemble of
type IIB vacua and develop an understanding of their statistical significance. Preliminary
steps in this direction were taken in [20]. The analysis indicated that the class of vacua
obtained in [7] occupy a small fraction of the full set of vacua at low W0 as computed by
the statistical methods in [47]. Given this, it is important to look for novel classes so as to
enrich our knowledge of vacua at low W0.

In this paper we will present a novel and more general method to find supersymmetric
solutions with approximate flat directions in type IIB flux compactifications. We now give
a qualitative description of our method to obtain the solutions and we provide a summary
of the key results.

1.1 Summary of results

The superpotential in type IIB compactifications is given by the sum of the GVW super-
potential (1.1) and non-perturbative corrections. We will work with the GVW term (the
non-perturbative terms are small corrections in the large radius limit) and search for super-
symmetric minima with flat directions. At this level the conditions for supersymmetry are
DφW = ∂φW +W∂φK = 0 and DUαW = ∂UαW +W∂UαK = 0 where Uα (α = 1, . . . , h2,1

− )
are the complex structure moduli [5].5 Given that (1.1) does not depend on the Käh-
ler moduli Ti (i = 1, . . . , h1,1

+ ), the F-flatness conditions for these modes is W = 0 since
DTiW = W∂TiK with ∂TiK 6= 0 for finite field values. Thus supersymmetry at classical
level requires W = ∂φW = ∂UαW = 0. Notice that flat directions can clearly exist also for
W 6= 0 where supersymmetry is definitely broken by the Kähler moduli (and potentially by
the axio-dilaton and the complex structure moduli as well). Despite being interesting for
phenomenological and cosmological applications, these solutions would typically be char-
acterised by large values of W0 which are incompatible with the KKLT scenario (and some
LVS models with T-brane uplifting).

Our analysis will be for toroidal orientifolds and CY compactifications in the large
complex structure limit where the superpotential is a polynomial (after dropping exponen-
tially small terms in the large complex structure limit). Thus the F-flatness conditions
W = ∂φW = ∂UαW = 0 are n+ 1 = h2,1

− + 2 polynomial equations in n complex variables
which in general do not have a solution since the system is overdetermined. In addition,
we are interested in solutions with p ≥ 1 flat directions which can exist if the number of

5For toroidal compactifications primitivity of the fluxes has to be imposed as an additional requirement.
This is due to the presence of holomorphic 1-forms on tori [5]. In our study of a toroidal case we impose
this condition at the very end, after having obtained solutions to the F-flatness conditions.
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linearly independent equation is reduced from (n + 1) to (n − p) by an appropriate flux
choice. Thus the first step is to understand which choice of flux quanta can yield solutions
with flat directions. At present the answer to this in full generality is unknown, and so we
have to resort to a well motivated ansatz.

Before discussing our ansatz, let us recapitulate the basic idea in [7, 29]. Flux quanta
were chosen so that W was a degree-2 homogeneous polynomial. For such superpotentials:

2W = φ∂φW + Uα ∂UαW , (1.3)

holds as a functional relation (i.e. on all points on the moduli space). This implies that the
W = 0 equation is automatically satisfied once the derivatives of W vanish. Furthermore
the scaling behaviour of W implies that, if (φ̂, Ûα) is a solution, φ = λφ̂, Uα = λÛα remains
a solution, signaling the existence of a flat direction parametrised by λ.6 This implies that,
on top of (1.3), ∂φW can be expressed as a linear combination of the derivatives of W
with respect to the complex structure moduli. This can be easily seen in the h1,2

− = 1 case
where, setting c ≡WφφWUU −WφUWUφ, one has:WφφWU = WUφWφ + cU

2WφφW = W 2
φ + cU2

c = 0−−−→

WU =
(
WUφ

Wφφ

)
Wφ

2WφφW = W 2
φ

(1.4)

showing that the flux choice c = 0 (or WφφWUU = WφUWUφ) guarantees that W = 0 for
U 6= 0 and the fact that W = ∂UW = 0 is an automatic consequence of ∂φW = 0, signaling
the presence of a flat direction.

The lesson to take from the above is that superpotentials where there are functional
relations between W and its derivatives, such that the vanishing of some implies the van-
ishing of other(s), are particularly suited for obtaining solutions with flat directions. In this
paper we will focus on the more general case where W is not necessarily a homogeneous
function but its derivatives are linearly dependent:

λφ ∂φW + λα ∂UαW = 0 , (1.5)

where λφ and λα are constants with no moduli dependence. Note that particular examples
of W satisfying (1.5) have already been proposed in [28] and [30] derived the general
conditions to realise flux vacua with 1 axionic flat direction and W 6= 0. Our strategy is
as follows:

1. Given a toroidal orientifold or an orientifolded CY in the large complex structure
limit, we compute the superpotential in full generality as a function of the flux vectors
and moduli.

2. We impose that a condition of the form (1.5) holds as a functional relation, and
determine the constraints that this sets on the fluxes. At this stage λφ and λα are to
be thought of as parameters in the ansatz for the fluxes. Thus the constrained fluxes
are allowed to depend on them. This in general reduces the number of independent
equations from n+ 1 to n.

6Unless φ̂ = 0 and Ûα = 0 ∀α which is however a situation that we do not consider since it would lead
to a breakdown of the effective field theory.
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3. Taking the fluxes obtained in the previous step, we impose the F-flatness conditions
and the requirement to have at least 1 flat direction. Unlike the case of a degree-2
homogeneous superpotential, a complex flat direction with W = 0 is not guaranteed
if just a condition of the form (1.5) holds (on the other hand, we will see that for
W 6= 0, (1.5) is enough to ensure the existence of an axionic flat direction). When
possible, the existence of a flat direction is obtained by an appropriate choice of λφ
and λα which reduces further the number of independent equation from n to n − p
with p ≥ 1. Thus the requirement of a flat direction can further constrain the fluxes.7

4. The end result of step 3 are solutions to the F-flatness conditions with at least 1
flat direction and flux vectors parametrised by λφ and λα. Of these we isolate the
subset of flux vectors that satisfy the integrality and the D3 tadpole condition. We
also impose physical restrictions such as the positivity of Imφ which sets the string
coupling (Imφ = g−1

s ).

5. For toroidal examples we finally impose also the primitivity of G3 to have a super-
symmetric solution.

A few comments are in order. Implementing the procedure working with the general form
of the linear relation is rather cumbersome. It is easier to work case by case with the linear
relations being classified by which of the λφ and λα are non-vanishing. We have included
the checks for the solutions being physical in step 4 of the procedure. In practice, it is
easier to check for these conditions at every stage and discard any candidate solution as
soon as it becomes clear that it is unphysical.

Let us highlight our key results. An explicit implementation of the algorithm has
been carried out for the T 6/Z2 orientifold [60, 61], an orientifold of the CY obtained by
considering a degree-18 hypersurface in CP[1,1,1,6,9] (first studied in the context of mirror
symmetry in [62] and also the example studied in [7]), and an orientifold of the CY discussed
in [63].

• For the T 6/Z2 orientifold, we find solutions with 1 and 2 flat directions (and no
more). The solutions fall into various families (classified according to the nature of
the linear relation that holds). In all solutions the residual moduli space contains
regions in which the string coupling is arbitrarily small.

• For the T 6/Z2 orientifold, there are solutions which preserve N = 2 supersymme-
try in 4 dimensions. Being novel solutions with extended supersymmetry, they are
interesting in their own right.

• For the CP[1,1,1,6,9][18] case, we find essentially 1 family of fluxes which lead to solu-
tions with 1 flat direction corresponding to the axio-dilaton. One can ensure that the
moduli take on values in the large complex structure limit (as is required for the con-
sistency of our analysis) when the string coupling is taken to arbitrarily small values.

7In effect, we adjust fluxes to ensure the following. We have n independent equations in n variables:
f l(Uk) = 0, Uk = φ,Ua, after step 2. For cases with flat directions, det

(
∂kf

l
)
vanishes at the solution.
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• We find 68 distinct solutions in the CP[1,1,1,6,9][18] case, 15 of which are entirely
novel since the superpotential is a non-homogeneous polynomial. The remaining 53
solutions can instead be mapped by duality to the case when the superpotential is
a degree-2 homogeneous polynomial. However only 2 out of these 53 solutions lie
at weak string coupling and in a regime where the large complex structure limit is
definitely under control, reproducing the old vacua already found in [7, 20, 21].

• For the CP[1,1,1,6,9][18] case, we find also solutions with 1 axionic flat direction and
W 6= 0 which represent promising starting points for an explicit CY realisation of
winding dS uplift [37]. In this case, W is still a polynomial of degree 2 but not a
homogeneous function.

• For the CY studied in [63], which features effectively 1 complex structure modulus
more than the CP[1,1,1,6,9][18] example, we present a preliminary analysis where we
find solutions with 2 flat directions. Again, W is a polynomial of degree 2 that is
always non-homogeneous when W 6= 0, while it can become a homogeneous function
for some flux quanta only when W = 0 at the minimum (as in the CP[1,1,1,6,9][18]
case, there are W = 0 cases where W cannot be made non-homogeneous by duality).

Before closing the introduction we would like to mention that, while we provide a sys-
tematic classification of the solutions into families, we do not carry out an exhaustive search
determining all solutions in each family. For the toroidal case, we isolate the family that
contains all solutions up to duality equivalences. We provide a large class of representative
examples for both toroidal and CY cases, leaving exhaustive tabulations for future work.

This article is structured as follows. Section 2 is on the T 6/Z2 orientifold. Here,
after reviewing some background material, we provide a classifications of the solutions
with explicit examples. In particular, section 2.3 is devoted to solutions with N = 2
supersymmetry. Section 3 is instead on orientifolded CYs in the large complex structure
limit. After reviewing the basics and a general discussion, we give a detailed treatment
of the CP[1,1,1,6,9][18] example and a preliminary analysis of the CY studied in [63] which
features effectively 3 complex structure moduli. Section 4 gives a general discussion of how
the flat directions can get lifted and potential phenomenological implications. We conclude
in section 5.

2 Flat directions in the T 6/Z2 orientifold

In this section we will study classical supersymmetric solutions with flat directions that
can arise in the T 6/Z2 orientifold. This is the setting where some of the first explicit
computations of the flux potential in type IIB were carried out [60, 61]. Flux vacua in the
toroidal setting have been studied in much detail (see e.g. [64–73] for related studies). We
will follow the conventions of [60] in our treatment.

2.1 Type IIB toroidal flux compactifications

In this section we review some basic ingredients of type IIB compactifications on the T 6/Z2
orientifold with non-trivial 3-form fluxes turned on. This will also help to set our notation.

– 7 –
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The type IIB supergravity action in Einstein frame is:

SIIB = 1
2κ2

10

∫
d10x
√
−g

(
R− ∂Mφ∂

Mφ

2 (Imφ)2 −
G3 · Ḡ3

2 · 3! Imφ −
F̃ 2

5
4 · 5!

)

+ 1
2κ2

10

∫
d10x

C4 ∧G3 ∧ Ḡ3
4i Imφ + Slocal , (2.1)

where:

φ = C0 + i/gs , F3 = dC2 , H3 = dB2 ,

G3 = F3 − φH3 , F̃5 = F5 −
1
2C2 ∧H3 + 1

2F3 ∧B2 , ∗F̃5 = F̃5 . (2.2)

Upon compactifying on the T 6/Z2 orientifold with spacetime-filling D3-branes, the D3
tadpole condition is (setting 2π

√
α′ = 1):

1
2 Nflux +ND3 − 16 = 0 , Nflux ≡

∫
T 6
H3 ∧ F3 , (2.3)

where ND3 is the number of D3-branes. The flux contribution can been shown to be
positive semi-definite. The negative contribution arises from the 26 O3-planes. Clearly
this condition implies 0 < Nflux ≤ 32.8

The geometry of the torus will be parametrised as follows. The 6 real periodic coordi-
nates on T 6 are denoted as xi, yi, i = 1, 2, 3 with xi ∼ xi+1, yi ∼ yi+1. The holomorphic
1-forms are taken to be dzi = dxi + τ ijdyj , where τ ij is the period matrix. The choice of
orientation is: ∫

dx1 ∧ dx2 ∧ dx3 ∧ dy1 ∧ dy2 ∧ dy3 = 1 . (2.4)

We will make use of the following orthonormal basis {α0, αij , β
ij , β0} for H3(T 6,Z):

α0 = dx1 ∧ dx2 ∧ dx3 , αij = 1
2εilmdx

l ∧ dxm ∧ dyj ,

βij = −1
2εjlmdy

l ∧ dym ∧ dxi , β0 = dy1 ∧ dy2 ∧ dy3 , i, j = 1, 2, 3 , (2.5)

with: ∫
αI ∧ βJ = δJI . (2.6)

Finally the holomorphic 3-form is taken to be Ω = dz1 ∧ dz2 ∧ dz3. The NSNS and RR
fluxes can be expanded in terms of the orthonormal basis as:

F3 = a0α0 + aijαij + bijβ
ij + b0β

0 ,

H3 = c0α0 + cijαij + dijβ
ij + d0β

0 , (2.7)

where the Dirac quantisation condition requires (a0, aij , bij , b0, c
0, cij , dij , d0) to be integers.

We will restrict them to be even integers so as to avoid the need for any discrete flux on
the orientifold planes.9 The flux contribution to the D3 tadpole (2.3) takes the form:

Nflux = (c0b0 − a0d0) + (cijbij − aijdij) , (2.8)
8We do not consider the Nflux = 0 case since, due to the imaginary self-duality condition on the fluxes,

it corresponds to either gs →∞ or trivial flux quanta.
9See [60, 61] for a discussion on this point.
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while the GVW superpotential (1.1) becomes:

W = (a0 − φc0) det τ − (aij − φcij)(cof τ)ij − (bij − φdij) τ ij − (b0 − φd0) . (2.9)

Supersymmetry is preserved when the F-flatness conditions of this superpotential are sat-
isfied, together with W = 0 (which can be thought of as the F-flatness condition for the
Kähler moduli) and the requirement of primitivity of G3 (i.e. the existence of a Kähler
form such that J ∧G3 = 0). We will use the method described in section 1.1 to obtain su-
persymmetric solutions with at least 1 flat direction. The F-flatness and W = 0 conditions
are equivalent to:

f (1) ≡ a0 det τ − aij(cof τ)ij − bijτ ij − b0 = 0 ,
f (2) ≡ c0 det τ − cij(cof τ)ij − dijτ ij − d0 = 0 ,
f

(3)
kl ≡ (a0 − φc0)(cof τ)kl − (aij − φcij)εkimεljnτmn − (bij − φdij)δikδ

j
l = 0 . (2.10)

The primitivity of G3 will be imposed as a final condition. We will see that a suitable
choice of the Kähler form satisfying the primitivity condition can be found for all cases.

2.2 Supersymmetric solutions with W = 0

In this section we present explicit solutions for the T 6/Z2 orientifold. We will consider the
class in which the flux vectors are diagonal, i.e.:

aij = diag{a1, a2, a3}, bij = diag{b1, b2, b3}, cij = diag{c1, c2, c3}, dij = diag{d1, d2, d3} ,
(2.11)

which lead to:

Nflux = (b0c0 − a0d0) + (b1c1 − a1d1) + (b2c2 − a2d2) + (b3c3 − a3d3) . (2.12)

Given that the structure of (2.10) implies a diagonal form of the period matrix, we take:

τ ij = diag{τ1, τ2, τ3} . (2.13)

Note that this corresponds to a T 2 × T 2 × T 2 factorisation of the T 6 with τα (α = 1, 2, 3)
as the complex structure moduli of the 3 2-tori. For notational convenience we introduce:

(U1, U2, U3, U4) ≡ (τ1, τ2, τ3, φ) . (2.14)

With this, (2.9) takes the form:

W = (a0 − U4c
0)U1U2U3 − (a1 − U4c1)U2U3 − (a2 − U4c2)U1U3 − (a3 − U4c3)U1U2

−(b1 − U4d1)U1 − (b2 − U4d2)U2 − (b3 − U4d3)U3 − (b0 − U4d0) , (2.15)

and the system of equations (2.10) reduces to:

a0U1U2U3 − (a1U2U3 + a2U1U3 + a3U1U2)− (b1U1 + b2U2 + b3U3)− b0 = 0 , (2.16)
c0U1U2U3 − (c1U2U3 + c2U1U3 + c3U1U2)− (d1U1 + d2U2 + d3U3)− d0 = 0 , (2.17)

(a0 − U4c
0)U2U3 − ((a2U3 + a3U2)− U4(c2U3 + c3U2))− (b1 − U4d1) = 0 , (2.18)

(a0 − U4c
0)U1U3 − ((a1U3 + a3U1)− U4(c1U3 + c3U1))− (b2 − U4d2) = 0 , (2.19)

(a0 − U4c
0)U1U2 − ((a1U2 + a2U1)− U4(c1U2 + c2U1))− (b3 − U4d3) = 0 . (2.20)
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In the next sections we present different families of solutions to these F-flatness and W = 0
conditions. We start with an example without any flat direction and we then provide
our classification of the solutions with flat directions.10 Representative examples of flux
vectors satisfying the integrality condition are provided for all the families that arise in the
classification. We first present solutions with 1 flat direction and then solutions with 2 flat
directions (our ansatz does not lead to any solutions with higher number of flat directions).
As mentioned earlier, the solutions will be classified according to the nature of the linear
relation that the derivatives of the superpotential satisfy. This leads to 3 different cases (all
compatible with Nflux 6= 0) for which (2.16)–(2.20) admit complex solutions, i.e. ImUa 6= 0
∀a, with 1 or 2 flat directions:

1. Linear relation among all derivatives: λ1 ∂1W + λ2 ∂2W + λ3∂3W + ∂4W = 0 with
λα 6= 0 ∀α = 1, 2, 3 which can allow for solutions with W = 0 and either 1 or 2 flat
directions;

2. Linear relation among the derivatives of W with respect to the axio-dilaton and 1
complex structure modulus: λα ∂αW + ∂4W = 0 (no sum over α) with α = 1, 2, 3
which can feature solutions with W = 0 and 2 flat directions;

3. Linear relation among the derivatives of W with respect to 2 different complex struc-
ture moduli: ∂αW = λβ ∂βW (no sum over β) with α 6= β and α, β = 1, 2, 3 which
can give solutions with W = 0 and 2 flat directions.

Solutions without flat directions

In this section we review a solution presented in [60] which has W = 0 but no linearity
relation among the superpotential and its derivatives. Hence it does not feature any flat
direction since it can be shown that the solution is not part of a continuous family. In this
case the fluxes are taken to be proportional to identity:

(aij , bij , cij , dij) = (a, b, c, d) δij , a0 = b0 = c0 = −c = −d = 2 , a = b = 0 , d0 = −4 ,

and an explicit solution to (2.10) is given by:

τ ij = τ δij , τ = φ = ei 2π
3 . (2.21)

For a set of fluxes to find whether a given solution is isolated or part of a continuous family,
we will use linearised perturbation theory.11 For this let us write abstractly the system of
equations (2.10) as:

f (I)(Ua) = 0 , (2.22)
10Let us point out that this is not a full classification of the solutions since we obtain only those which

satisfy the linear dependence ansatz (1.5).
11This technique is not limited to diagonal fluxes. For a generic choice of fluxes, even if a given solution

has diagonal τ ij , that may be a part of a continuous family with non-zero off-diagonal terms. As a result, in
general we must deal with a 11× 10 matrix, as shown below. However only τ ij = τδij can satisfy (2.10) for
fluxes proportional to the identity. As a result, it is possible to work with a matrix with lower dimensions.
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where I runs over the 11 equations and Ua runs over the 10 variables (τ ij , φ). Then if the
solution Ûa is part of a continuous family, the following linear system for δUa must have a
solution:

∂Uaf
(I)
∣∣∣∣
Ûa

δUa = 0 , (2.23)

i.e. the rank of the matrix ∂Uaf (I)(Ûa) should be less than 10. Now, the matrix elements
are given by:12

∂τ ijf
(1) = 1

2a
0εiklεjmnτ

kmτ ln − akmεiklεjmnτ ln − bij , (2.24)

∂τ ijf
(2) = 1

2c
0εiklεjmnτ

kmτ ln − ckmεiklεjmnτ ln − dij , (2.25)

∂τ ijf
(3)
kl = (a0 − φc0)εikmεjlnτmn − (amn − φcmn)εikmεljn , (2.26)

∂φf
(1) = ∂φf

(2) = 0 , (2.27)

∂φf
(3)
kl = −c0(cof τ)kl + cijεikmεjlnτ

mn + dkl . (2.28)

For fluxes proportional to the identity, these matrix elements evaluated at (τδij , φ) become:

∂τ ijf
(1) = (a0τ2 − 2aτ − b)δij , (2.29)

∂τ ijf
(2) = (c0τ2 − 2cτ − d)δij , (2.30)

∂τ ijf
(3)
kl = [(a0 − φc0)τ − (a− φc)](δijδkl − δilδjk) , (2.31)

∂φf
(1) = ∂φf

(2) = 0 , (2.32)

∂φf
(3)
kl = −(c0τ2 − 2cτ − d)δkl . (2.33)

The above matrix has rank 10 at (2.21), implying that it is a solution with no flat directions.

Solutions with 1 flat direction

Solutions with 1 flat direction are all in 1 family. The linear relation satisfied in this
family is:

λ1 ∂1W + λ2 ∂2W + λ3 ∂3W + ∂4W = 0 , (2.34)

with λα 6= 0 ∀α = 1, 2, 3. The flux quanta (introduced in (2.11)) take the form:

{a0, a1, a2, a3} =
{

0, d3
λ2

+ d2
λ3
,−d2λ2

λ1λ3
,−d3λ3

λ1λ2

}
, {c0, c1, c2, c3} = {0, 0, 0, 0} ,

{b0, b1, b2, b3} =
{
b0,

d0 − b2λ2 − b3λ3
λ1

, b2, b3

}
,

{d0, d1, d2, d3} =
{
d0,−

d2λ2 + d3λ3
λ1

, d2, d3

}
, (2.35)

with the condition d2, d3, d2λ2 + d3λ3 6= 0. With this choice of fluxes Nflux becomes:

Nflux = 2
λ1λ2λ3

(
λ2

2d
2
2 + λ2λ3d2d3 + λ2

3d
2
3

)
, (2.36)

12Here we use ∂τij det τ = 1
2 εiklεjmnτ

kmτ ln, ∂τij (cof τ)ab = εialεjbnτ
ln, and repeated indices are summed.
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and the GVW superpotential reduces to:

W = 1
λ1

[(b2λ2 + b3λ3 − d0)U1 − λ1(b2U2 + b3U3 − d0U4 + b0)]

+ d2
λ1λ3

(U3 − λ3U4)(λ2U1 − βU2) + d3
λ1λ2

(U2 − λ2U4)(λ3U1 − λ1U3) . (2.37)

Demanding that the derivatives of the superpotential vanish implies that the 3 complex
structure moduli Uα, α = 1, 2, 3, are related to the axio-dilaton U4 as follows:

U1 = −λ1(b3d2 + b2d3)
2d2d3

+ λ1d0(λ2d2 + λ3d3)
2λ2λ3d2d3

+ λ1 U4 ,

U2 = −λ2b3
d3

+ λ2
2(b3d2 − b2d3)

2d3(λ2d2 + λ3d3) + λ2d0
2λ3d3

+ λ2 U4 ,

U3 = −λ3b2
2d2
− λ3(λ2b2 + λ3b3)

2(λ2d2 + λ3d3) + λ3d0
2λ2d2

+ λ3 U4 . (2.38)

The W = 0 condition instead implies:

(λ2d2 +λ3d3)
[
4b0d2d3 − 2λ2λ3d0(b2d3 + b3d2) + d2

0(λ2d2 + λ3d3)
]
+λ2λ3(b3d2−b2d3)2 = 0 .

(2.39)
Note that this can be thought of as a relation between the parameters λ2 and λ3. Hence
the flux quanta are essentially parametrised by 2 parameters and some integers. We could
have presented the flux vectors as functions of 2 parameters from the very beginning. In
this case the W = 0 condition would have been automatically satisfied. We did not do so
to avoid cluttering the notation.

In summary, the solutions are obtained by choosing the even integers b0, b2, b3, d0,
d2, d3 and the parameters λα α = 1, 2, 3 such that all flux quanta in (2.35) are even, the
W = 0 condition (2.39) is met and the D3 tadpole condition Nflux ≤ 32 (with Nflux given
in (2.36)) is satisfied. Furthermore, physical consistency conditions such as Im(U4) > 0
must be satisfied. It is easy to find explicit examples. For instance:

λ1 = λ2 = λ3 = 1 , b2 = b3 = 0 , d2 = d3 = 2 , (2.40)

and:
b0 = −4p2 , d0 = 4p , p ∈ Z , (2.41)

yields a family of solutions parametrised by p ∈ Z. The corresponding flux quanta are:

{a0, a1, a2, a3} = {0, 4,−2,−2} , {b0, b1, b2, b3} = {−4p2, 4p, 0, 0} ,
{c0, c1, c2, c3} = {0, 0, 0, 0} , {d0, d1, d2, d3} = {4p,−4, 2, 2} . (2.42)

It follows that Nflux = 24 and the superpotential can be written as:

W = 2
(
2p2 + 2p(U4 − U1) + U1(U2 + U3 − 2U4) + U4(U2 + U3)− 2U2U3

)
, (2.43)

which satisfies:

W ∝ (∂2W − ∂3W )2 + 4(∂2W + ∂3W )∂4W + 4(∂4W )2 . (2.44)
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Due to above relation, solving ∂aW = 0, a = 1, . . . , 4 automatically setsW = 0, althoughW
does not have any scaling property when p 6= 0.13 For p = 0, W is a degree-2 homogeneous
function. Let us mention that we are unable to find even integer fluxes (2.35) subject
to (2.39) and 0 < Nflux ≤ 32, for which Nflux is other than 24. At the F-flatness locus the
moduli take the values:

(U1, U2, U3, U4) = (U4 + 2p, U4 + p, U4 + p, U4) . (2.45)

This might seem as giving an infinite number of solutions. However, one needs to check
if the solutions are physically distinct or related by duality transformations. We give a
summary of the relevant duality transformations in appendix B. Applying these we find
that the infinite class actually corresponds to just 1 distinct solution with representative
the case p = 0.

Solutions with 2 flat directions

In this section we discuss solutions with 2 flat directions. Classified according to the nature
of the linear relations satisfied by the derivatives of the superpotential, these solutions fall
into 3 families.

Family A. For this family the linear relation involves the derivatives of W with respect
to all moduli and looks like:

λ1 ∂1W + λ2 ∂2W + λ3 ∂3W + ∂4W = 0 , λ1, λ2, λ3 6= 0 . (2.46)

With this, the allowed flux quanta fall into 3 subfamilies. We will refer to them as A1, A2
and A3.

Subfamily A1. Here the flux quanta are characterised by d3 6= 0 and take the form:

{a0, a1, a2, a3} =
{

0, d3
λ2
, 0,−d3λ3

λ1λ2

}
, {b0, b1, b2, b3} =

{
b3d0
d3

,−b3λ3
λ1

,
d0
λ2
, b3

}
,

{c0, c1, c2, c3} = {0, 0, 0, 0} , {d0, d1, d2, d3} =
{
d0,−

d3λ3
λ1

, 0, d3

}
. (2.47)

With this choice Nflux and W become:

Nflux = 2d2
3λ3

λ1λ2
, W =

(
d3U4 −

d3
λ2
U2 − b3

)(
U3 −

λ3
λ1
U1 + d0

d3

)
. (2.48)

The superpotential and its derivatives vanish when the moduli take the values:

(U1, U2, U3, U4) =
(
λ1
λ3

(
U3 + d0

d3

)
, λ2

(
U4 −

b3
d3

)
, U3, U4

)
. (2.49)

13By scaling property of a function g(U1 . . . , Un), we mean that there exists a set of numbers λ1, . . . , λn
not all zeros, such that

g(λw1U1, . . . , λ
wnUn) = λw(w1,...,wn)g(U1, . . . , Un), w(w1, . . . , wn) 6= 0 .
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Note that the residual moduli space is 2-dimensional and parametrised by U3 and U4. Let
us present an explicit solution. For λα = 1, ∀α = 1, 2, 3 and d3 = 2, Nflux = 8 and the
fluxes in (2.47) become:

{a0, a1, a2, a3} = {0, 2, 0,−2} , {b0, b1, b2, b3} =
{
b3d0

2 ,−b3, d0, b3

}
,

{c0, c1, c2, c3} = {0, 0, 0, 0} , {d0, d1, d2, d3} = {d0,−2, 0, 2} . (2.50)

Clearly b3 = 2p and d0 = 2q with p, q ∈ Z retain all fluxes even. With these choices we get
a quadratic superpotential:

W = −2 (U2 − U4 + p) (U3 − U1 + q) , (2.51)

and the solution to W = ∂aW = 0 ∀a = 1, . . . , 4 is given by:

(U1, U2, U3, U4) = (U3 + q, U4 − p, U3, U4) . (2.52)

All the solutions in this class, parametrised by a pair of integers (p, q), are shown to be
dual to 1 physically distinct solution with representative p = q = 0 in appendix B.

Subfamily A2. In this case d3 6= 0 again but the fluxes take the form:

{a0, a1, a2, a3} =
{

0, 0, d3
λ1
,−d3λ3

λ1λ2

}
, {b0, b1, b2, b3} =

{
b3d0
d3

,
d0
λ1
,−b3λ3

λ2
, b3

}
,

{c0, c1, c2, c3} = {0, 0, 0, 0} ,
{
d0, d1, d2, d3} = {d0, 0,−

d3λ3
λ2

, d3

}
. (2.53)

With this choice Nflux and W become:

Nflux = 2d2
3λ3

λ1λ2
, W =

(
d3U4 −

d3
λ1
U1 − b3

)(
U3 −

λ3
λ2
U2 + d0

d3

)
. (2.54)

The superpotential and its derivatives vanish when the moduli take the values:

(U1, U2, U3, U4) =
(
λ1

(
U4 −

b3
d3

)
,
λ2
λ3

(
U3 + d0

d3

)
, U3, U4

)
. (2.55)

Note that the residual moduli space is 2-dimensional and parametrised by U3 and U4. Let
us present an explicit example. For λα = 1, ∀α = 1, 2, 3 and d3 = 4, Nflux = 32 and the
fluxes in (2.53) become:

{a0, a1, a2, a3} = {0, 0, 4,−4} , {b0, b1, b2, b3} =
{
b3d0

4 , d0,−b3, b3
}
,

{c0, c1, c2, c3} = {0, 0, 0, 0} , {d0, d1, d2, d3} = {d0, 0,−4, 4} . (2.56)

Clearly, b3 = 2p and d0 = 4q with p, q ∈ Z retain all fluxes even. With these choices we
get a quadratic superpotential:

W = −4
(
U1 − U4 + p

2

)
(U3 − U2 + q) , (2.57)
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and the solution to W = ∂aW = 0 ∀a = 1, . . . , 4 is given by:

(U1, U2, U3, U4) =
(
U4 −

p

2 , U3 + q, U3, U4

)
. (2.58)

All the solutions in this class, parametrised by a pair of integers (p, q), are shown to be
dual to 2 physically distinct solutions with representatives p = q = 0 and p = 1, q = 0 in
appendix B.

Subfamily A3. Here d2 6= 0 and the fluxes look like:

{a0, a1, a2, a3} =
{

0, d2
λ3
,−d2λ2

λ1λ3
, 0
}
, {b0, b1, b2, b3} =

{
b2d0
d2

,−b2λ2
λ1

, b2,
d0
λ3

}
,

{c0, c1, c2, c3} = {0, 0, 0, 0} , {d0, d1, d2, d3} =
{
d0,−

d2λ2
λ1

, d2, 0
}
, (2.59)

With this choice Nflux and the superpotential become:

Nflux = 2d2
2λ2

λ1λ3
, W =

(
d2U4 −

d2
λ3
U3 − b2

)(
U2 −

λ2
λ1
U1 + d0

d2

)
. (2.60)

W and its derivatives vanish if the moduli take the values:

(U1, U2, U3, U4) =
(
λ1
λ2

(
U2 + d0

d2

)
, U2, λ3

(
U4 −

b2
d2

)
, U4

)
. (2.61)

Note that the residual moduli space is 2-dimensional and parametrised by U2 and U4. Let
us present an explicit example. For λ1 = λ3 = 1 and λ2 = d2 = 2, Nflux = 16 and the
fluxes in (2.59) become:

{a0, a1, a2, a3} = {0, 2,−4, 0} , {b0, b1, b2, b3} =
{1

2b2d0,−2b2, b2, d0

}
,

{c0, c1, c2, c3} = {0, 0, 0, 0} , {d0, d1, d2, d3} = {d0,−4, 2, 0} . (2.62)

Clearly b2 = 2p and d0 = 2q with p, q ∈ Z retain all fluxes even. With these choices we get
a quadratic superpotential:

W = −2 (U3 − U4 + p) (U2 − 2U1 + q) , (2.63)

and the solution to W = ∂aW = 0 ∀a = 1, . . . , 4 is given by:

(U1, U2, U3, U4) =
(
U2 + q

2 , U2, U4 − p, U4

)
. (2.64)

All the solutions in this class, parametrised by a pair of integers (p, q), are shown to be
dual to 2 physically distinct solutions with representatives p = q = 0 and p = 0, q = 1 in
appendix B.
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Family B. For this family the linear relation involves derivatives of W with respect to
the dilaton and 1 complex structure modulus and reads:

λ3 ∂3W + ∂4W = 0 , λ3 6= 0 . (2.65)

Similar solutions exist for linear relations of the form λα∂αW + ∂4W = 0 with λα 6= 0
for α = 1, 2, and so we do not list them separately. The allowed flux quanta fall into 2
subfamilies which we call B1 and B2.

Subfamily B1. Here d2 6= 0, c3d0 6= d1d2 and the fluxes take the form:

{a0, a1, a2, a3} =
{
− c3
λ3
,
d2
λ3
,
d1
λ3
,
b2c3
d2

}
, {b0, b1, b2, b3} =

{
b2d0
d2

,
b2d1
d2

, b2,
d0
λ3

}
,

{c0, c1, c2, c3} = {0, 0, 0, c3} , {d0, d1, d2, d3} = {d0, d1, d2, 0} . (2.66)

With this choice Nflux and the superpotential become:

Nflux = 2
λ3

(c3d0 − d1d2) , W =
(
U4 −

U3
λ3
− b2
d2

)
(U2(c3U1 + d2) + d1U1 + d0) . (2.67)

W and its derivatives vanish at:

(U1, U2, U3, U4) =
(
−d2U2 + d0
c3U2 + d1

, U2, λ3

(
U4 −

b2
d2

)
, U4

)
. (2.68)

Note that the residual moduli space is 2-dimensional and parametrised by U2 and U4. Let
us present an explicit solution. For λ3 = 1, c3 = 6, d0 = d2 = 2 and d1 = 0, Nflux = 24 and
the fluxes in (2.66) become:

{a0, a1, a2, a3} = {−6, 2, 0, 3b2} , {b0, b1, b2, b3} = {b2, 0, b2, 2} ,
{c0, c1, c2, c3} = {0, 0, 0, 6} , {d0, d1, d2, d3} = {2, 0, 2, 0} . (2.69)

Clearly b2 = 2p with p ∈ Z retains all fluxes even. With these choices we get a cubic
superpotential:

W = −2 (3U1U2 + U2 + 1) (U3 − U4 + p) , (2.70)

and the solution to W = ∂aW = 0 ∀a = 1, . . . , 4 is given by:

(U1, U2, U3, U4) =
(
−U2 + 1

3U2
, U2, U4 − p, U4

)
. (2.71)

All the solutions in this class, parametrised by an integer p, are shown to be dual to 1
physically distinct solution with representative p = 0 in appendix B.

Subfamily B2. In this case c3 6= 0, c3d0 6= d1d2 and the fluxes read:

{a0, a1, a2, a3} =
{
− c3
λ3
,
d2
λ3
,
d1
λ3
, a3

}
, {b0, b1, b2, b3} =

{
a3d0
c3

,
a3d1
c3

,
a3d2
c3

,
d0
λ3

}
,

{c0, c1, c2, c3} = {0, 0, 0, c3} , {d0, d1, d2, d3} = {d0, d1, d2, 0} . (2.72)
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This choice induce a flux contribution to the D3 tadpole and a superpotential of the form:

Nflux = 2
λ3

(c3d0 − d1d2) , W =
(
U4 −

U3
λ3
− a3
c3

)
(U2(c3U1 + d2) + d1U1 + d0) .

(2.73)
The superpotential and its derivatives vanish if the moduli take the values:

(U1, U2, U3, U4) =
(
−d2U2 + d0
c3U2 + d1

, U2, λ3

(
U4 −

a3
c3

)
, U4

)
. (2.74)

Note that the residual moduli space is 2-dimensional and parametrised by U2 and U4. Let
us present an explicit example. For λ3 = 1, c3 = d1 = d2 = 2 and d0 = 4, Nflux = 8 and
the fluxes in (2.72) take the form:

{a0, a1, a2, a3} = {−2, 2, 2, a3} , {b0, b1, b2, b3} = {2a3, a3, a3, 4} ,
{c0, c1, c2, c3} = {0, 0, 0, 2} , {d0, d1, d2, d3} = {4, 2, 2, 0} . (2.75)

Clearly a3 = 2p with p ∈ Z retains all fluxes even. With these choices the superpotential
is cubic:

W = −2 (U1U2 + U1 + U2 + 2) (U3 − U4 + p) , (2.76)

and the solution to W = ∂aW = 0 ∀a = 1, . . . , 4 is given by:

(U1, U2, U3, U4) =
(
−U2 + 2
U2 + 1 , U2, U4 − p, U4

)
. (2.77)

All the solutions in this class, parametrised by an integer p, are shown to be dual to 1
physically distinct solution with representative p = 0 in appendix B.

Family C. For this family the linear relation involves the derivatives of W with respect
to 2 complex structure moduli and takes the form:

∂1W = λ2∂2W , λ2 6= 0 . (2.78)

Similar solutions exist with linear relations of the form ∂αW = λ3 ∂3W with α = 1, 2 and
λ3 6= 0, and so we do not list them separately. With a relation of the form (2.78) the
allowed flux quanta fall into 3 subfamilies. We will refer to them as C1, C2 and C3.

Subfamily C1. Here b2c2 6= a2d2 and the flux quanta look like:

{a0, a1, a2, a3} =
{

0, a2
λ2
, a2, 0

}
, {b0, b1, b2, b3} = {0, b2λ2, b2, 0} ,

{c0, c1, c2, c3} =
{

0, c2
λ2
, c2, 0

}
, {d0, d1, d2, d3} = {0, d2λ2, d2, 0} . (2.79)

With this choice we have:

Nflux = 2 (b2c2 − a2d2) , W =
(
U1 + U2

λ2

)
(U3(c2U4 − a2) + λ2d2U4 − b2λ2) . (2.80)

The superpotential and its derivatives vanish at:

(U1, U2, U3, U4) =
(
−U2
λ2
, U2,−λ2

d2U4 − b2
c2U4 − a2

, U4

)
. (2.81)
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Note that the residual moduli space is 2-dimensional and parametrised by U2 and U4. Let
us present an explicit example. For a2 = d2 = 0, b2 = 4 and c2 = 2, Nflux = 16 and the
fluxes in (2.79) become:

{a0, a1, a2, a3} = {0, 0, 0, 0} , {b0, b1, b2, b3} = {0, 4λ2, 4, 0} ,

{c0, c1, c2, c3} =
{

0, 2
λ2
, 2, 0

}
, {d0, d1, d2, d3} = {0, 0, 0, 0} . (2.82)

Clearly λ2 = ±1,±1
2 retain all fluxes even. With these choices we get a cubic superpotential:

W = 2
(
U1 + U2

λ2

)
(U3U4 − 2λ2) , (2.83)

and the solution to W = ∂aW = 0 ∀a = 1, . . . , 4 is given by:

(U1, U2, U3, U4) =
(
−U2
λ2
, U2,

2λ2
U4

, U4

)
. (2.84)

Subfamily C2. In this case b2, c2, d3 6= 0 and the fluxes look like:

{a0, a1, a2, a3} =
{

0, b3c2
d3λ2

,
b3c2
d3

, 0
}
, {b0, b1, b2, b3} =

{
b2d3λ2
c2

, b2λ2, b2, b3

}
,

{c0, c1, c2, c3} =
{

0, c2
λ2
, c2, 0

}
, {d0, d1, d2, d3} = {0, 0, 0, d3} . (2.85)

This choices induces:

Nflux = 2b2c2 , W =
((

U1 + U2
λ2

)
+ d3
c2

)(
c2U3

(
U4 −

b3
d3

)
− b2λ2

)
. (2.86)

The superpotential and its derivatives vanish if the moduli take the values:

(U1, U2, U3, U4) =
(
−U2
λ2
− d3
c2
, U2,

b2d3λ2
c2d3U4 − b3c2

, U4

)
. (2.87)

Note that the residual moduli space is 2-dimensional and parametrised by U2 and U4. Let
us present an explicit solution. For b2 = c2 = 4, Nflux = 32 and the fluxes in (2.85) take
the form:

{a0, a1, a2, a3} =
{

0, 4b3
λ2d3

,
4b3
d3
, 0
}
, {b0, b1, b2, b3} = {λ2d3, 4λ2, 4, b3} ,

{c0, c1, c2, c3} =
{

0, 4
λ2
, 4, 0

}
, {d0, d1, d2, d3} = {0, 0, 0, d3} . (2.88)

Clearly λ2 = 1, d3 = 2p, b3 = qd3 with p, q ∈ Z retain all fluxes even. With these choices
we get a cubic superpotential:

W = 4 (U3U4 − qU3 − 1)
(
U1 + U2 + p

2

)
, (2.89)

and the solution to W = ∂aW = 0 ∀a = 1, . . . , 4 is given by:

(U1, U2, U3, U4) =
(
−U2 −

p

2 , U2,
1

U4 − q
, U4

)
. (2.90)
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All the solutions in this class, parametrised by a pair of integers (p, q), are shown to be
dual to 2 physically distinct solutions with representatives p = q = 0 and p = 1, q = 0 in
appendix B.

Subfamily C3. In this case d0, d2 6= 0, b2d3 6= b3d2 and the fluxes take the form:

{a0, a1, a2, a3} =
{

0, b3d2
d0

,
b3d2λ2
d0

, 0
}
, {b0, b1, b2, b3} =

{
b2d0
d2

, b2λ2, b2, b3

}
,

{c0, c1, c2, c3} =
{

0, d2d3
d0

,
d2d3λ2
d0

, 0
}
, {d0, d1, d2, d3} = {d0, d2λ2, d2, d3} . (2.91)

The expressions for Nflux and W become:

Nflux = 2d2λ2
d0

(b2d3 − b3d2) ,

W = (d2 (λ2U1 + U2) + d0)
(
U4

(
d3
d0
U3 + 1

)
− b3
d0
U3 − b2d0

)
. (2.92)

The superpotential and its derivatives vanish at:

(U1, U2, U3, U4) =
(
− 1
λ2

(
U2 + d0

d2

)
, U2,−

d0 (d2U4 − b2)
d2 (d3U4 − b3) , U4

)
. (2.93)

Note that the residual moduli space is 2-dimensional and parametrised by U2 and U4. Let
us present an explicit example. For λ2 = 1, b2 = 0, b3 = −4p, d0 = 4p, d2 = −2 and
d3 = 4p with p ∈ Z, Nflux = 8 and the fluxes in (2.91) become:

{a0, a1, a2, a3} = {0, 2, 2, 0} , {b0, b1, b2, b3} = {0, 0, 0,−4p} ,
{c0, c1, c2, c3} = {0,−2,−2, 0} , {d0, d1, d2, d3} = {4p,−2,−2, 4p} . (2.94)

Clearly all fluxes are even. With these choices we get a cubic superpotential:

W = −2 (U3U4 + U3 + U4) (U1 + U2 − 2p) , (2.95)

and the solution to W = ∂aW = 0 ∀a = 1, . . . , 4 is given by:

(U1, U2, U3, U4) =
(

2p− U2, U2,
1

U4 + 1 − 1, U4

)
. (2.96)

All the solutions in this class, parametrised by an integer p, are shown to be dual to 1
physically distinct solution with representative p = 0 in appendix B.

Dualities among solutions

The duality relations among the different classes of solutions presented above are analysed
in detail in appendix B (for the case where λα ∈ Z). Here we just summarise the main
results. The solutions of all 3 subfamilies in family A are dual to each other, and subfamily
A1 features inequivalent solutions. Similarly, all the solutions in B1 are dual to solutions in
B2, and B1 has physically different solutions. On the other hand, even if C2 and C3 are dual
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to each other, C1 is dual only to a subset of C2.14 Appendix B discusses the classification
of inequivalent solutions within C2, together with an explicit example of a solution which
is in C2 but not in C1.

An interesting fact is the presence of inter-family dualities despite distinct linear func-
tional relations for the derivatives of the superpotential across the families A,B, C. In
appendix B we have found that C2 is dual to B1 and A3 is dual to a subset of B1. Hence,
B1 is the subject of focus, for which physically distinct solutions have been classified in
great detail in appendix B.

Notice finally that in family A each subfamily gives a quadratic superpotential. Setting
p = q = 0 in (2.51), (2.57) or (2.63) yields the superpotential discussed in [29] which can also
be reproduced for suitable choices of fluxes in the cases B1, C1 and C3. On the other hand,
in the cases B2 and C2 the superpotential is always cubic. In light of aforesaid dualities,
a cubic superpotential can be mapped to a quadratic one in certain cases. However, we
can find cases where cubic W can be made quadratic but not a homogeneous function of
degree 2, e.g. setting λ3 = 1, b2 = 2, c3 = 4, d0 = 4, d1 = 0, d2 = 4 in (2.66).

Let us close this section commenting on some general features of the superpotential
that we observe in these cases. W is always a product of 2 factors, each of which depends
on 2 variables among U1, . . . , U4. They also do not depend on the same Ua, and one of
them is linear while the other is at most quadratic. Hence W can be written as:

W (U1, . . . , U4) = f(Up(1), Up(2)) g(Up(3), Up(4)) , (2.97)

where (p(1), . . . , p(4)) is a permutation of (1, . . . , 4), f is linear, g is at most quadratic and
the quadratic term in g (if any) is only the cross-term Up(3)Up(4). Clearly:

∂Up(1)W ∝ g , ∂Up(2)W ∝ g , ∂Up(3)W = f∂Up(3)g , ∂Up(4)W = f∂Up(4)g . (2.98)

Moreover, for a = 3, 4, ∂Up(a)g is of the form µaUp(b 6=a) + νa for some real coefficients µa
and νa at least one of which is non-zero. Hence ∂Up(a)W = 0 with a = 3, 4 sets f = 0 for
complex solutions Ûa. Due to this, solving f = g = 0 automatically sets W = ∂Up(a)W = 0,
∀a = 1, . . . , 4, reducing the number of linearly independent equation to 2. This shows
clearly the existence of 2 flat direction since the number of moduli is 4. Notice also that in
general neither f nor g (hereby W ) has any scaling property. However, each class of fluxes
presented above includes examples where at least one of the f and g, or both, can be made
homogeneous in their arguments by suitably setting some fluxes to zero. For example, for
a given class, f(Up(1), Up(2)) = µ1Up(1) + µ2Up(2) + ν can be made homogeneous in Up(1),
Up(2) by setting ν = 0 whenever allowed.

Primitivity

The solutions in the previous sections correspond to situations where the F-terms of the
axio-dilaton and the complex structure moduli vanish and W = 0. Additionally, to be
supersymmetric solutions of the 10-dimensional equations of motion, G3 needs to be prim-
itive. In this section we present a suitable Kähler form for all cases so that G3 is primitive.
The analysis is along the lines of [60].

14Precisely, C3 contains 2 copies of C2.
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The fluxes considered are diagonal, and so their expansion in the basis elements defined
in (2.5) is of the form:

F3 = a0α0 + a1α11 + a2α22 + a3α33 + b1β
11 + b2β

22 + b3β
33 + b0β

0 ,

H3 = c0α0 + c1α11 + c2α22 + c3α33 + d1β
11 + d2β

22 + d3β
33 + d0β

0 . (2.99)

The period matrix is also diagonal for all the solutions obtained. Thus dzj = dxj +
τjdyj , dz̄j = dxj + τ̄jdyj , j = 1, 2, 3. Now, taking the Kähler form to be:

J =
3∑
j=1

r2
j dzj ∧ dz̄j = −2i

3∑
j=1

Im (τj) r2
j dxj ∧ dyj , (2.100)

it is easy to see that J ∧G3 = 0, i.e. G3 is primitive.

2.3 Solutions with N = 2 supersymmetry and flat directions

Solutions with extended supersymmetry in 4 dimensions have been useful laboratories for
developing our understanding of string theory. Some of our solutions with 2 flat directions
preserve N = 2 supersymmetry in 4 dimensions. Being warped flux Minkowski compactifi-
cations with extended supersymmetry where the string coupling can be tuned to arbitrarily
small values, they should be of interest for various theoretical studies.

The number of supersymmetries that a solution preserves can be determined by ex-
amining the decomposition of the G3 flux under SU(2)L × SU(2)R ×U(1) ⊂ SO(6) (where
SO(6) is the group of rotations of the internal torus) [60]. In the charge convention of [60],
a general 3-form decomposes as:

[6× 6× 6]A → (2, 2)0 + (2, 2)0 + (3, 0)2 + (3, 0)−2 + (0, 3)2 + (0, 3)−2 . (2.101)

The requirement of extended supersymmetry is that G3 must take values so that only the
(0, 3)2 component is present. This implies that when G3 is written as:

G3 = ω ∧ dzα , (2.102)

where zα is the ‘complex direction’ with U(1) charge 2, then ω has to be self dual in
the remaining 4 (real) directions, with the orientation choice for Hodge duality which is
consistent with (2.4). We present 2 explicit solutions which preserve N = 2 supersymmetry.
In all our computations we will consider a metric of the form:

gī = r2
i δī , (2.103)

that will ensure primitivity of the solutions.

Example 1. This solution lies in subfamily A1 of section 2.2. Choosing λ1 = λ2 = λ3 = 1,
b3 = d0 = 0 and d3 = 2 in the expressions for the flux quanta in (2.47) we obtain:

{a0, a1, a2, a3} = {0, 2, 0,−2} , {b0, b1, b2, b3} = {0, 0, 0, 0} ,
{c0, c1, c2, c3} = {0, 0, 0, 0} , {d0, d1, d2, d3} = {0,−2, 0, 2} , (2.104)
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together with Nflux = 8, and so the tadpole bound is satisfied. The superpotential is
given by

W = 2(U1 − U3)(U2 − U4) . (2.105)

The residual moduli space can be parametrised as:

(U1, U2, U3, U4) = (U3, U4, U3, U4) , (2.106)

where we take U3, U4 to be in the fundamental domain of the upper half plane modulo mod-
ular transformations. Thus, all Ua have positive imaginary parts. The 3-form fluxes are:

F3 = −2dx1 ∧ dx2 ∧ dy3 + 2dx2 ∧ dx3 ∧ dy1 ,

H3 = 2dx1 ∧ dy2 ∧ dy3 − 2dx3 ∧ dy1 ∧ dy2 , (2.107)

leading to the complexified 3-form:

G3 = − 2
U3 − U3

(dz1 ∧ dz3 + dz3 ∧ dz1) ∧ dz2 ≡ ω ∧ dz2 . (2.108)

Identifying z2 as the U(1) coordinate, we see that G3 has hypercharge +2. Furthermore,
computing the SO(4) ⊃ SU(2)L × SU(2)R dual we get:

?4 ω = ω . (2.109)

Thus the solution preserves N = 2 supersymmetry. Notice that this corresponds to the
case studied in [29].

Example 2. This solution lies in subfamily B1 of section 2.2. Choosing λ3 = 1, b2 = 2,
d1 = 0 and c3 = d0 = d2 = 4 in the expressions for the flux quanta in (2.66) we obtain:

{a0, a1, a2, a3} = {−4, 4, 0, 2} , {b0, b1, b2, b3} = {2, 0, 2, 4} ,
{c0, c1, c2, c3} = {0, 0, 0, 4} , {d0, d1, d2, d3} = {4, 0, 4, 0} , (2.110)

together with Nflux = 8. The superpotential is given by

W = −2(U1U2 + U2 + 1)(2U3 + U4 + 1) . (2.111)

This is an example where using dualities the superpotential cannot be brought to a degree-2
homogeneous polynomial. The residual moduli space can be parametrised as:

(U1, U2, U3, U4) =
(
−U2 + 1

U2
, U2, U4 −

1
2 , U4

)
, (2.112)

where we take U2 and U4 to be in the fundamental domain of the upper half plane mod-
ulo modular transformations. Thus, all Ua have positive imaginary parts. The 3-form
fluxes are:

F3 = −4dx1 ∧ dx2 ∧ dx3 + 2dx1 ∧ dx2 ∧ dy3 + 4dx2 ∧ dx3 ∧ dy1 + 2dx2 ∧ dy1 ∧ dy3

−4dx3 ∧ dy1 ∧ dy2 + 2dy1 ∧ dy2 ∧ dy3 ,

H3 = 4dx1 ∧ dx2 ∧ dy3 + 4dx2 ∧ dy1 ∧ dy3 + 4dy1 ∧ dy2 ∧ dy3 , (2.113)
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leading to the complexified 3-form:

G3 = − 4
U2 − U2

(U2 dz1 ∧ dz2 + U2 dz2 ∧ dz1) ∧ dz3 ≡ ω ∧ dz3 . (2.114)

Identifying z3 as the U(1) coordinate, we see that G3 has hypercharge +2. Furthermore,
computing the SO(4) ⊃ SU(2)L × SU(2)R dual we get:

?4 ω = ω . (2.115)

Thus the solution preserves N = 2 supersymmetry.

3 Flat directions in Calabi-Yau orientifolds

In this section we turn to CYs in the large complex structure limit. A detailed study will be
carried out using the CY obtained by considering a degree-18 hypersurface in CP[1,1,1,6,9]
(first studied in the context of mirror symmetry in [62]). Then, we also briefly discuss
another CY with more moduli.

3.1 Type IIB Calabi-Yau flux compactifications at large complex structure

In this section we first recapitulate some basic material on type IIB flux compactifications
in the large complex structure limit15 and the CP[1,1,1,6,9] example.16 Given that our
discussion shall be quite brief, we refer the reader to [5, 7, 74, 75] for further details.

Type IIB flux compactifications have an internal manifold that is conformally an orien-
tifolded CYX. To describe these in the language of special geometry, one works with a sym-
plectic basis for H3(X,Z), {Aa, Ba} for a = 0, . . . , h1,2

− (X) with Aa∩Ab = 0, Aa∩Bb = δ b
a ,

and Ba ∩Bb = 0, and projective coordinates on the complex structure moduli Ua (in what
follows, we will take U0 = 1). The central object is the prepotential F , which is degree-2
and homogeneous in the projective coordinates. The period vector is given by:

Π =
( ∫

Ba Ω∫
Aa

Ω

)
=
(
Fa
Ua

)
, (3.1)

where F0 = 2F − UaFa with Fa ≡ ∂UaF . Similarly, (integer valued) flux vectors F and
H are obtained by performing integrals of the 3-form field strengths over the Aa and Ba
cycles. The flux superpotential, which is classically exact, is given by:

W = (F − φH)t · Σ ·Π , (3.2)

where:
Σ =

(
0 1
−1 0

)
, (3.3)

15For detailed studies of flux vacua in the large complex structure limit see e.g. [63, 76–82].
16We follow the notation and conventions of [7] but with 2 exceptions: (i) in the definition of the GVW

superpotential, the paper has an overall factor of
√

2/π which we set equal to unity to be consistent with
our earlier discussion. (ii) the paper uses τ to denote the axio-dilaton, while we will continue to use φ.
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is the symplectic matrix. The tree-level Kähler potential (for the complex structure moduli
and the axio-dilaton) is:

K = − ln
(
−iΠ† · Σ ·Π

)
− ln

(
−i(φ− φ̄)

)
. (3.4)

In the large complex structure limit, the prepotential is a sum of perturbative terms which
are at most degree-3 and instanton corrections, i.e. F(U) = Fpert(U) + Finst(U) with:

Fpert(U) = − 1
3! KabcU

aU bU c + 1
2 aabUaU b + baU

a + ξ , (3.5)

where Kabc are the triple intersection numbers of the mirror CY, aab and ba are rational,
and ξ = − ζ(3)χ

2(2πi)3 , with χ the CY Euler number. The instanton corrections are:

Finst(U) = 1
(2πi)3

∑
~q

A~q e
2πi~q·~U , (3.6)

where the sum runs over effective curves in the mirror CY. The form of the perturbative
part of the prepotential implies that it leads to a superpotential that is at most degree-3
polynomial in the complex structure moduli and the fluxes. Thus the search for super-
symmetric minima with flat directions can be carried out using the method we have put
forward in section 1.1.

3.2 Supersymmetric solutions with flat directions for CP[1,1,1,6,9][18]

The CP[1,1,1,6,9][18] example

In this section we implement our method to find supersymmetric minima with flat directions
focusing on the example of the degree-18 hypersurface in CP[1,1,1,6,9]. Let us record some
basic facts about this CY which has 272 complex structure moduli and a G = Z6 × Z18
symmetry. By considering fluxes which are G-invariant, one stabilises on the G-symmetric
locus (see [16]). Thus the stabilisation problem can be effectively reduced to a 2-moduli
one. For this, the relevant geometric data are:

K111 = 9 , K112 = 3 , K122 = 1 , a = 1
2

(
9 3
3 0

)
, ~b = 1

4

(
17
6

)
, (3.7)

and the instanton corrections are (2πi)3Finst = F1 + F2 + · · · with:

F1 = −540 q1 − 3 q2 , F2 = −1215
2 q2

1 + 1080 q1q2 + 45
8 q2

2 , (3.8)

where qa = exp(2πiUa) with a = 1, 2. We will consider the orientifold described in [83]
with the D7 tadpole cancelled by 4 D7-branes on top of each O7-plane. This setup yields
a D3-charge QD3 = 138.

Neglecting exponentially small corrections in the prepotential, the F-flatness conditions
are a set of 3 polynomial equations in 3 variables. We examine both cases, in which the
superpotential vanishes or assumes a non-zero value at the minimum. As described earlier,
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our ansatz will involve looking for solutions where there is a linear relation between the
derivatives of the superpotential.

Following the algorithm described in section 1.1, we start by writing the flux vectors as:

F = (f1 f2 f3 f4 f5 f6)t , H = (h1 h2 h3 h4 h5 h6)t , fi, hi ∈ Z . (3.9)

For simplicity in this paper we will take f4 = h4 = 0. As a result, the contribution to
the superpotential of the term involving the CY Euler number in the prepotential (3.5)
vanishes and the superpotential is polynomial with rational coefficients. This simplifies the
search for solutions. Now, defining Nflux ≡ 1

2Nflux = −1
2 H

t ·Σ ·F and denoting (U1, U2, φ)
by (U1, U2, U3), we have:

Nflux = 1
2(f2h5 + f3h6 − f5h2 − f6h3) ,

W = f1 + U1(f2 − h2U3) + U2(f3 − h3U3)

+1
4
(
2(3U1 + U2)2 − 18U1 − 6U2 − 17

)
(f5 − h5U3)

+1
2 (U1(3U1 + 2U2 − 3)− 3) (f6 − h6U3)− h1U3 . (3.10)

Solutions with W = 0

Given (3.10), consider the 4 polynomial equations in 3 variables: W (Ua) = ∂aW = 0
∀a = 1, 2, 3. The degree of each of these equations is 3 or less, depending upon the choices
of fluxes. For this system of equations to admit a solution, one of them should be dependent
on the others. Here, we examine cases when this dependence is linear:17

(i) When ∂1W = λ2 ∂2W + λ3 ∂3W with at least one of λ2 and λ3 which is non-zero
and subject to Nflux 6= 0, we find only 1 family of fluxes (details are given below)
for which W = ∂aW = 0 ∀a = 1, 2, 3 admit solutions in the large complex structure
limit. Here, we do not need to impose any further conditions ensuring the existence
of a flat direction since it turns out that we always have a flat direction (parametrised
by the axio-dilaton) with the above family of fluxes;

(ii) When ∂2W = λ3 ∂3W , λ3 6= 0, the conditions on the fluxes have no solution in
keeping with Nflux 6= 0.

We now provide the aforesaid family of fluxes which are dependent on the 5 parameters
λ2, λ3, f3, h1 and h3:

{f1, f2, f3, f4, f5, f6} =
{4f3h1 −

λ3((2λ2−3)(2h2
1+6h1h3+h2

3)−6λ2
2h

2
3)

(λ2−3)λ2

4h3
,

λ2f3 − λ3h1 −
3λ3h3

2 , f3, 0,
(2λ2 − 3)λ3h3

(λ2 − 3)λ2
,
(λ2 − 3)λ3h3

λ2

}
,

{h1, h2, h3, h4, h5, h6} = {h1, λ2h3, h3, 0, 0, 0} , λ2 6= 0, 3 , λ3, h3 6= 0 . (3.11)
17As the derivatives of the polynomialW are of lower degree,W can never be equal to a linear combination

of its derivatives.
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In this case we have:

Nflux =−3 ((λ2 − 3)λ2 + 3)λ3h
2
3

2(λ2 − 3)λ2
,

W = 1
2(λ2 − 3)λ2h3

(h1 + h3(λ2U1 + U2)) (3.12)

×(2(λ2 − 3)λ2(f3 − h3U3) + (3−2λ2)λ3h1 + λ3h3(3λ2(U1−2) + (2λ2−3)U2 + 9)) .

Now, solving W = ∂aW = 0, ∀a = 1, 2, 3, we see that U1 and U2 depend linearly on U3
with slopes −1/λ3 and λ2/λ3 respectively. Thus, by requiring λ2, λ3 < 0, we may obtain
ImUa, ∀a = 1, 2, 3 to be of the same sign. This keeps Nflux positive and also ensures that
U1 and U2 are in the large complex structure limit when ImU3 is taken large to be in the
weak string coupling regime.

Note the arguments of f5(λ2, λ3, h3), f6(λ2, λ3, h3), h2(λ2, h3) and Nflux(λ2, λ3, h3).
There are only 488 triples (λ2, λ3, h3), λ2, λ3 ∈ Q−, h3 ∈ Z, securing f5, f6, h2 ∈ Z and
Nflux ∈ Z/2 with 0 < Nflux ≤ 138. For 420 of them there are no f3, h1 ∈ Z that keep
all other fluxes in (3.11) integers. For each of the remaining 68 triples (λ2, λ3, h3), we get
a subfamily of integer fluxes (3.11) parameterised by f3 and h1. All the members in any
of the aforementioned subfamilies have the same Nflux(λ2, λ3, h3) which happens to be an
integer. In tables 1 and 2 we list a representative from each of these 68 subfamilies. Then,
we also discuss one of these subfamilies in detail. Let us stress that among the above 68
values of Nflux(λ2, λ3, h3) only 13 are distinct.

In all 68 cases in tables 1 and 2, W is a non-homogeneous function of degree 2. We
need to check if these cases are dual to cases where W is homogeneous (as in [7, 20]). To do
this, we can employ integer shifts of the complex structure moduli U1 and U2 and SL(2,Z)
transformations on the axio-dilaton U3.18 Note that h5, h6 6= 0 in (3.10) yield a cubic W .
In all cases in tables 1 and 2, h5 = h6 = 0 and f5 6= 0. From (A.1) we see that an SL(2,Z)
duality transformation with non-zero c and f5 leads to a non-zero h5, yielding a non-zero
coefficient for U2

2U3 in W . Thus, for the above check we must keep c = 0, and only integer
shifts of Ua ∀ a = 1, 2, 3 are useful. We find that in 53 of these 68 cases, appropriate integer
shifts of Ua can transform W into a homogeneous function of degree 2. Interestingly, after
including instanton corrections to the superpotential, it can be checked that only 2 out
of these 53 solutions feature a weak string coupling and an instanton expansion which is
definitely under control, corresponding to the 2 old vacua already found in [20, 21] (1 of
them has been originally discovered in [7]).

On the other hand, W remains non-homogeneous in the remaining 15 cases, with the
following case numbers in table 1 and 2: 3, 4, 21, 22, 23, 24, 25, 26, 33, 34, 38, 41, 55, 65, 66.
These 15 solutions represent therefore novel perturbatively flat vacua which are qualita-
tively different from the ones studied in [7, 20]. In order to check if these can be solutions
with small gs, one should perform a careful study of dilaton stabilisation via instantons
which we leave however for future research.

18See appendix A for the transformation rules.
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(λ2, λ3, h3) F H Nflux W

1 (-3,-72,1) {-9,-9,-9,0,36,-144} {-2,-3,1,0,0,0} 126 −(3U1 − U2 + 2)(18U1 + 18U2 − U3 − 27)
2 (-3,-72,-1) {-3,-9,15,0,-36,144} {2,3,-1,0,0,0} 126 (3U1 − U2 + 2)(18U1 + 18U2 − U3 − 33)
3 (-3,-8,3) {-11,-10,2,0,12,-48} {-5,-9,3,0,0,0} 126 −(9U1 − 3U2 + 5)(2(−1 + U1 + U2)− U3)
4 (-3,-8,-3) {-14,-13,11,0,-12,48} {7,9,-3,0,0,0} 126 (9U1 − 3U2 + 7)(2U1 + 2U2 − U3 − 5)
5 (-1,-48,1) {-33,72,0,0,60,-192} {0,-1,1,0,0,0} 126 −(U1 − U2)(18U1 + 30U2 − U3 − 90)
6 (-1,-48,-1) {-13,-10,-14,0,-60,192} {1,1,-1,0,0,0} 126 (U1 − U2 + 1)(18U1 + 30U2 − U3 − 46)
7 (−1,−16

3 , 3) {-3,-14,6,0,20,-64} {-6,-3,3,0,0,0} 126 −(U1 − U2 + 2)(6U1 + 10U2 − 3U3 − 4)
8 (−1,−16

3 ,−3) {-10,-9,1,0,-20,64} {3,3,-3,0,0,0} 126 (U1 − U2 + 1)(6U1 + 10U2 − 3(7 + U3))
9 (−3,−8

9 , 9) {-9,-14,6,0,4,-16} {-9,-27,9,0,0,0} 126 −(3U1 − U2 + 1)(2(1 + U1 + U2)− 9U3)
10 (−3,−8

9 ,−9) {1,-10,2,0,-4,16} {9,27,-9,0,0,0} 126 (3U1 − U2 + 1)(2(−3 + U1 + U2)− 9U3)
11 (−3

4 ,−
5
2 , 4) {-14,-13,14,0,16,-50} {-7,-3,4,0,0,0} 124 −(3U1 − 4U2 + 7)(U1 + 2U2 − U3 + 1)

12 (−3
4 ,−

5
2 ,−4) {-11,-12,6,0,-16,50} {3,3,-4,0,0,0} 124 (3U1 − 4U2 + 3)(U1 + 2U2 − U3 − 6)

13 (-12,-80,1) {-99,120,0,0,12,-100} {0,-12,1,0,0,0} 122 −(12U1 − U2)(−18 + 8U1 + 6U2 − U3)
14 (-12,-80,-1) {99,-120,0,0,-12,100} {0,12,-1,0,0,0} 122 (12U1 − U2)(−18 + 8U1 + 6U2 − U3)
15 (-6,-72,1) {-77,108,0,0,20,-108} {0,-6,1,0,0,0} 114 −(6U1 − U2)(−30 + 12U1 + 10U2 − U3)
16 (-6,-72,-1) {77,-108,0,0,-20,108} {0,6,-1,0,0,0} 114 (6U1 − U2)(−30 + 12U1 + 10U2 − U3)
17 (−1

2 ,−7, 2) {-3,-13,12,0,32,-98} {-4,-1,2,0,0,0} 114 −(4 + U1 − 2U2)(−2 + 3U1 + 8U2 − U3)
18 (−1

2 ,−7,−2) {-9,-14,0,0,-32,98} {1,1,-2,0,0,0} 114 (1 + U1 − 2U2)(−20 + 3U1 + 8U2 − U3)
19 (-3,-64,1) {-10,-11,-7,0,32,-128} {-2,-3,1,0,0,0} 112 −(2 + 3U1 − U2)(−23 + 16U1 + 16U2 − U3)
20 (-3,-64,-1) {-4,-10,14,0,-32,128} {2,3,-1,0,0,0} 112 (2 + 3U1 − U2)(−30 + 16U1 + 16U2 − U3)
21 (-3,-16,2) {-10,-13,-1,0,16,-64} {-4,-6,2,0,0,0} 112 −(2 + 3U1 − U2)(−9 + 8U1 + 8U2 − 2U3)
22 (-3,-16,-2) {-6,-11,9,0,-16,64} {4,6,-2,0,0,0} 112 (2 + 3U1 − U2)(−17 + 8U1 + 8U2 − 2U3)
23 (-3,-4,4) {-10,-14,2,0,8,-32} {-8,-12,4,0,0,0} 112 −2(2 + 3U1 − U2)(−1 + 2U1 + 2U2 − 2U3)
24 (-3,-4,-4) {-6,-10,6,0,-8,32} {8,12,-4,0,0,0} 112 2(2 + 3U1 − U2)(−5 + 2U1 + 2U2 − 2U3)
25 (-3,-1,8) {-9,-14,6,0,4,-16} {-8,-24,8,0,0,0} 112 −2(1 + 3U1 − U2)(1 + U1 + U2 − 4U3)
26 (-3,-1,-8) {1,-10,2,0,-4,16} {8,24,-8,0,0,0} 112 2(1 + 3U1 − U2)(−3 + U1 + U2 − 4U3)
27 (-3,-56,1) {-9,-10,-6,0,28,-112} {-2,-3,1,0,0,0} 98 −(2 + 3U1 − U2)(−20 + 14U1 + 14U2 − U3)
28 (-3,-56,-1) {-5,-11,13,0,-28,112} {2,3,-1,0,0,0} 98 (2 + 3U1 − U2)(−27 + 14U1 + 14U2 − U3)
29 (−3,−8

7 , 7) {-9,-13,3,0,4,-16} {-14,-21,7,0,0,0} 98 −(2 + 3U1 − U2)(1 + 2U1 + 2U2 − 7U3)
30 (−3,−8

7 ,−7) {-9,-14,6,0,-4,16} {14,21,-7,0,0,0} 98 (2 + 3U1 − U2)(2(−4 + U1 + U2)− 7U3)
31 (-3,-48,1) {-10,-12,-4,0,24,-96} {-2,-3,1,0,0,0} 84 −(2 + 3U1 − U2)(−16 + 12U1 + 12U2 − U3)
32 (-3,-48,-1) {-4,-9,11,0,-24,96} {2,3,-1,0,0,0} 84 (3U1 − U2 + 2)(−23 + 12U1 + 12U2 − U3)
33 (-3,-12,2) {-12,-9,3,0,12,-48} {-3,-6,2,0,0,0} 84 −(6U1 − 2U2 + 3)(3(−1 + U1 + U2)− U3)
34 (-3,-12,-2) {-14,-9,11,0,-12,48} {5,6,-2,0,0,0} 84 (6U1 − 2U2 + 5)(−7 + 3U1 + 3U2 − U3)
35 (-1,-32,1) {-22,48,0,0,40,-128} {0,-1,1,0,0,0} 84 −(U1 − U2)(−60 + 12U1 + 20U2 − U3)
36 (-1,-32,-1) {-12,-10,-6,0,-40,128} {1,1,-1,0,0,0} 84 (1 + U1 − U2)(−34 + 12U1 + 20U2 − U3)
37 (-1,-8,2) {-3,-14,6,0,20,-64} {-4,-2,2,0,0,0} 84 −2(2 + U1 − U2)(−2 + 3U1 + 5U2 − U3)
38 (-1,-8,-2) {-10,-9,1,0,-20,64} {2,2,-2,0,0,0} 84 (1 + U1 − U2)(−21 + 6U1 + 10U2 − 2U3)
39 (−3,−16

3 , 3) {-10,-14,2,0,8,-32} {-6,-9,3,0,0,0} 84 −(2 + 3U1 − U2)(−2 + 4U1 + 4U2 − 3U3)
40 (−3,−16

3 ,−3) {-6,-10,6,0,-8,32} {6,9,-3,0,0,0} 84 (2 + 3U1 − U2)(−10 + 4U1 + 4U2 − 3U3)
41 (−3,−4

3 , 6) {-9,-13,3,0,4,-16} {-12,-18,6,0,0,0} 84 −(2 + 3U1 − U2)(1 + 2U1 + 2U2 − 6U3)
42 (−3,−4

3 ,−6) {-9,-14,6,0,-4,16} {12,18,-6,0,0,0} 84 2(2 + 3U1 − U2)(−4 + U1 + U2 − 3U3)
43 (-2,-40,1) {3,-14,-3,0,28,-100} {-2,-2,1,0,0,0} 78 −(2 + 2U1 − U2)(−17 + 12U1 + 14U2 − U3)
44 (-2,-40,-1) {8,-10,-5,0,-28,100} {1,2,-1,0,0,0} 78 (1 + 2U1 − U2)(−23 + 12U1 + 14U2 − U3)
45 (−3

2 ,−9, 2) {-9,-9,12,0,16,-54} {-2,-3,2,0,0,0} 78 −(2 + 3U1 − 2U2)(−2 + 3U1 + 4U2 − U3)
46 (−3

2 ,−9,−2) {-2,3,-2,0,-16,54} {3,3,-2,0,0,0} 78 (3 + 3U1 − 2U2)(−5 + 3U1 + 4U2 − U3)
47 (-3,-40,1) {-9,-11,-3,0,20,-80} {-2,-3,1,0,0,0} 70 −(2 + 3U1 − U2)(−13 + 10U1 + 10U2 − U3)
48 (-3,-40,-1) {-5,-10,10,0,-20,80} {2,3,-1,0,0,0} 70 (2 + 3U1 − U2)(10(−2 + U1 + U2)− U3)
49 (−3,−8

5 , 5) {-9,-13,3,0,4,-16} {-10,-15,5,0,0,0} 70 −(3U1 − U2 + 3)(2U1 + 2U2 − 5U3 + 1)
50 (−3,−8

5 ,−5) {-14,-9,7,0,-4,16} {15,15,-5,0,0,0} 70 (3U1 − U2 + 3)(2U1 + 2U2 − 5U3 − 7)

Table 1. Representatives of families of integer fluxes for solutions with W = 0 and 1 flat direction,
Part 1.
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(λ2, λ3, h3) F H Nflux W

51 (-3,-32,1) {-10,-13,-1,0,16,-64} {-2,-3,1,0,0,0} 56 −(2 + 3U1 − U2)(−9 + 8U1 + 8U2 − U3)
52 (-3,-32,-1) {-6,-11,9,0,-16,64} {2,3,-1,0,0,0} 56 (2 + 3U1 − U2)(−17 + 8U1 + 8U2 − U3)
53 (-3,-8,2) {-10,-14,2,0,8,-32} {-4,-6,2,0,0,0} 56 −2(2 + 3U1 − U2)(−1 + 2U1 + 2U2 − U3)
54 (-3,-8,-2) {-6,-10,6,0,-8,32} {4,6,-2,0,0,0} 56 2(2 + 3U1 − U2)(−5 + 2U1 + 2U2 − U3)
55 (-3,-2,4) {-9,-13,3,0,4,-16} {-8,-12,4,0,0,0} 56 −(2 + 3U1 − U2)(1 + 2U1 + 2U2 − 4U3)
56 (-3,-2,-4) {-9,-14,6,0,-4,16} {8,12,-4,0,0,0} 56 2(2 + 3U1 − U2)(U1 + U2 − 2(2 + U3))
57 (-3,-24,1) {-9,-12,0,0,12,-48} {-2,-3,1,0,0,0} 42 −(2 + 3U1 − U2)(6(−1 + U1 + U2)− U3)
58 (-3,-24,-1) {3,3,3,0,-12,48} {2,3,-1,0,0,0} 42 (2 + 3U1 − U2)(−9 + 6U1 + 6U2 − U3)
59 (-1,-16,1) {-3,-14,6,0,20,-64} {-2,-1,1,0,0,0} 42 −(2 + U1 − U2)(−4 + 6U1 + 10U2 − U3)
60 (-1,-16,-1) {-10,-9,1,0,-20,64} {1,1,-1,0,0,0} 42 (1 + U1 − U2)(−21 + 6U1 + 10U2 − U3)
61 (−3,−8

3 , 3) {-9,-13,3,0,4,-16} {-6,-9,3,0,0,0} 42 −(2 + 3U1 − U2)(1 + 2U1 + 2U2 − 3U3)
62 (−3,−8

3 ,−3) {-14,-9,7,0,-4,16} {9,9,-3,0,0,0} 42 (3 + 3U1 − U2)(−7 + 2U1 + 2U2 − 3U3)
63 (-3,-16,1) {-2,-2,-2,0,8,-32} {-2,-3,1,0,0,0} 28 −(2 + 3U1 − U2)(−6 + 4U1 + 4U2 − U3)
64 (-3,-16,-1) {0,-1,3,0,-8,32} {2,3,-1,0,0,0} 28 (2 + 3U1 − U2)(−7 + 4U1 + 4U2 − U3)
65 (-3,-4,2) {-9,-13,3,0,4,-16} {-4,-6,2,0,0,0} 28 −(2 + 3U1 − U2)(1 + 2U1 + 2U2 − 2U3)
66 (-3,-4,-2) {-14,-9,7,0,-4,16} {6,6,-2,0,0,0} 28 (3U1 − U2 + 3)(2U1 + 2U2 − 2U3 − 7)
67 (-3,-8,1) {-1,-1,-1,0,4,-16} {-2,-3,1,0,0,0} 14 −(3U1 − U2 + 2)(2U1 + 2U2 − U3 − 3)
68 (-3,-8,-1) {-1,-2,2,0,-4,16} {2,3,-1,0,0,0} 14 (3U1 − U2 + 2)(2(−2 + U1 + U2)− U3)

Table 2. Representatives of families of integer fluxes for solutions with W = 0 and 1 flat direction,
Part 2.

Now, we consider one of the above 68 triples, (λ2, λ3, h3) = (−3,−72, 1). For this,
Nflux = 126 and (3.11) becomes:

{f1, f2, f3, f4, f5, f6} = {−63 + h1(f3 − 18(3 + h1)), 108− 3f3 + 72h1, f3, 0, 36,−144} ,
{h1, h2, h3, h4, h5, h6} = {h1,−3, 1, 0, 0, 0} , (3.13)

and (3.12) gives:

W = − (U2 − 3U1 + h1) (U3 − 18(−3 + U1 + U2)− f3 + 18h1) . (3.14)

Clearly, every f3, h1 ∈ Z retain all the fluxes integers and the solution to W = ∂aW = 0,
∀a = 1, 2, 3 is given by:

(U1, U2, U3) =
( 1

72 (U3 − f3 + 36h1 + 54) , 1
24 (U3 − f3 + 12h1 + 54) , U3

)
. (3.15)

Now, choosing h1 = 0 and f3 = 54, W becomes a homogeneous function of degree 2. For
this subfamily, although we obtain a non-homogeneous W with other choices of h1 and , f3,
W can always be made homogeneous by appropriate integer shifts of U1, U2 and U3.

Solutions with W 6= 0

As already pointed out in section 1.1, supersymmetric solutions require ∂aW = −W∂aK

∀a = 1, 2, 3. Thus, ifW 6= 0, solving the global supersymmetry flatness conditions ∂aW = 0
does not lead in general to F-flat solutions in supergravity. However, if the solutions to
∂aW = 0 feature a flat direction parametrised by U3, it is easy to realise that along the
flat direction ∂1K ∼ ∂2K ∼ ∂3K ∼ 1/Im(U3) → 0 for Im(U3) = g−1

s → ∞. This limit
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corresponds to weak string couplings and, as can be seen in the explicit solution (3.15), to
large complex structure where the non-perturbative contributions to the prepotential can
be ignored. Therefore solving the global supersymmetry flatness conditions can be a useful
starting point to construct solutions in a perturbative expansion. When U3 is flat, this
approximation can be made exact by taking by hand Im(U3) arbitrarily large, while when
U3 is lifted by instanton corrections, one has to make sure that at the minimum W∂aK is
infinitesimally small.

Below, we discuss some solutions to the global supersymmetry flatness conditions in the
CP[1,1,1,6,9][18] example. Given (3.10), consider the 3 polynomial equations in 3 variables:
∂aW = 0 ∀a = 1, 2, 3. The degree of each of these equations is 3 or less, depending upon
the choices of fluxes. For this system of equations to admit a solution with at least 1 flat
direction, one of them should be dependent on the others. Here we examine cases when
this dependence is linear:

(i) When ∂1W = λ2 ∂2W + λ3 ∂3W with at least one of λ2 and λ3 which is non-zero
and subject to Nflux 6= 0, we find only 1 family of fluxes (details are given below) for
which ∂aW = 0 ∀a = 1, 2, 3 admit complex solutions Ûa, i.e. Im Ûa 6= 0 ∀a. With the
above family of fluxes we have only 1 flat direction which is the dilaton;

(ii) When ∂2W = λ3 ∂3W with λ3 6= 0, the conditions on the fluxes have no solution in
keeping with Nflux 6= 0.

Let us provide the aforesaid family of fluxes which are dependent on 6 parameters λ2,
λ3, f1, f3, h1 and h3:

{f1, f2, f3, f4, f5, f6} =
{
f1, λ2f3 − λ3h1 −

3λ3h3
2 , f3, 0,

(2λ2 − 3)λ3h3
(λ2 − 3)λ2

,
(λ2 − 3)λ3h3

λ2

}
,

{h1, h2, h3, h4, h5, h6} = {h1, λ2h3, h3, 0, 0, 0} , λ2 6= 0, 3 , λ3, h3 6= 0 . (3.16)

In this case we have:

Nflux =−3 ((λ2 − 3)λ2 + 3)λ3h
2
3

2(λ2 − 3)λ2
,

W = (f1 + (f3 − h3U3)(λ2U1 + U2)− h1 (λ3U1 + U3)) + λ3h3
4(λ2 − 3)λ2

(3.17)

×
(
2λ2

2(U1(3U1 + 2U2 − 6)− 3) + 2λ2(9U1 + 2(U2 − 3)U2 +1)− 6(U2 − 3)U2 − 3
)
.

Now, solving ∂aW = 0 ∀a = 1, 2, 3, we see that U1 and U2 depend linearly on U3 with
slopes −1/λ3 and λ2/λ3 respectively. Thus, only by requiring λ2, λ3 < 0, we may obtain
ImUa, ∀a = 1, 2, 3 to be of the same sign. This also keeps Nflux positive. At the solution
we have:

W = f1 −
f3h1
h3

+ λ3
(
(4λ2 − 6)h2

1 + 6(2λ2 − 3)h1h3 +
(
−6λ2

2 + 2λ2 − 3
)
h2

3
)

4(λ2 − 3)λ2h3
, (3.18)

which we require not to vanish. In this case, by integer translations of U1, U2 and U3, W
cannot be made a degree-2 homogeneous function since a necessary condition for doing so
is the same as the vanishing condition of W at the minimum.
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Note the arguments of f5(λ2, λ3, h3), f6(λ2, λ3, h3), h2(λ2, h3) and Nflux(λ2, λ3, h3).
There are only 488 triples (λ2, λ3, h3), λ2, λ3 ∈ Q−, h3 ∈ Z, securing f5, f6, h2 ∈ Z and
Nflux ∈ Z/2 with 0 < Nflux ≤ 138. For each of the triples (λ2, λ3, h3), there exist f1, f3, h1 ∈
Z that keep all other fluxes in (3.16) integers, as well as W 6= 0. In fact, for each of the
triples, we get a subfamily of integer fluxes (3.16) parameterised by f1, f3 and h1. All the
members in any of the aforementioned subfamilies have the same Nflux(λ2, λ3, h3). Let us
point out that among these 488 values of Nflux(λ2, λ3, h3) only 64 are distinct. Below, we
discuss one of these subfamilies in detail.

We consider one of the 488 triples given by (λ2, λ3, h3) = (−4,−56,−1). For this,
Nflux = 93 and (3.16) becomes:

{f1, f2, f3, f4, f5, f6} = {f1,−4(f3 − 14h1 + 21), f3, 0,−22, 98} ,
{h1, h2, h3, h4, h5, h6} = {h1, 4,−1, 0, 0, 0} , (3.19)

and (3.17) gives:

W = f1− 4U1(f3− 14h1− 8U2 +U3 + 33) +U2(f3− 11U2 +U3 + 33)− h1U3 + 48U2
1 −

107
2 .

Clearly, every f1, f3, h1 ∈ Z retain all fluxes integers and the solution to ∂aW = 0, ∀a =
1, 2, 3 is given by:

(U1, U2, U3) =
( 1

56 (U3 − 22h1 + 33 + f3) , 1
14 (U3 − 8h1 + 33 + f3) , U3

)
. (3.20)

At the solution we have:

W = f1 + h1 (f3 − 11h1 + 33)− 107
2 , (3.21)

which is non-zero since f1, f3, h1 ∈ Z.

3.3 Flat directions in a Calabi-Yau with 4 moduli

In this section we search for flat directions using the CY discussed in [63] which features
effectively 3 complex structure moduli at the G-symmetric locus. We begin by quoting
the large complex structure expansion of the prepotential (denoting (U1, U2, U4, φ) by
(U1, U2, U3, U4)):

F(Ua) =−3U1U2U4 − 3U1U3U4 − 3U2U3U4 − 3U2U
2
4 − 3U3U

2
4 −

3
2 U

2
1U4 −

9
2 U1U

2
4 −

5
2 U

3
4

+3U1U4 + 3
2 U2U4 + 3

2 U3U4 + 15
4 U2

4 + 3
2 U1 + U2 + U3 + 11

4 U4 + ξ , (3.22)

where ξ (that involves the CY Euler number) is imaginary with irrational imaginary part.
The period vector Π is given by (3.1) and the superpotential can be written explicitly
using (3.2), together with the fluxes F = (f1 f2 f3 f4 f5 f6 f7 f8 f9 f10)t and H =
(h1 h2 h3 h4 h5 h6 h7 h8 h9 h10)t that are integer-valued. For simplicity we set f6 = h6 = 0
which eliminates the ξ dependence inW . Furthermore, due to the G-symmetry, we identify:

f4 = f3 , h4 = h3 , f9 = f8 , h9 = h8 , U2 = U3 . (3.23)
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Moreover the orientifold and brane setup discussed in [63] give a tadpole bound Nflux =
−1

2H
t ·Σ ·F ≤ 1

2
(
20 + 3(1 + 2nb)2) with nb ∈ Z. For definiteness, we shall choose nb = −2

which yields Nflux ≤ 47/2. With the above, we have:

Nflux = 1
2(f5h10 − f7h2 − 2f8h3 − f10h5 + f2h7 + 2f3h8) ,

W = (h10U4−f10)
[11

4 + 3(U1+U2) + 15
2 U3 −

3
2
(
(U1+2U2+3U3)2− (U2+2U3)2−U2

2

)]
+U1(f2 − h2U4) + 2U2(f3 − h3U4) + U3(f5 − h5U4)

+3
2(f7 − h7U4)(U3(2U1 + 4U2 + 3U3 − 2)− 1) + f1

+(f8 − h8U4)(3U3(2U1 + 2U2 + 2U3 − 1)− 2)− h1U4 . (3.24)

In this case we will not perform a systematic search for supersymmetric solutions with
approximate flat directions. As a preliminary analysis, we note however that, given (3.24)
and considering ∂1W = λ2 ∂2W , λ2 6= 0, Nflux 6= 0, there exists a class of fluxes for which
∂aW = 0, ∀a = 1, . . . , 4 admit complex solutions Ûa, i.e. Im Ûa 6= 0 ∀a with 2 flat directions.
The aforesaid class of fluxes and corresponding Nflux are given by:

{f1, f2, f3, f5, f7, f8, f10, h1, h2, h3, h5, h7, h8, h10} ={
f1,−2f3, f3,−

f8(h1 + h3)
h3

,−4
3 f8, f8, 0, h1,−2h3, h3, 0, 0, 0, 0

}
,

Nflux = −7
3 f8h3 , (3.25)

where f8, h3 6= 0 and λ2 = −1. Let us present an explicit example. For f8 = −3 and
h3 = 3, Nflux = 21. In this case the fluxes become:

{f1, f2, f3, f5, f7, f8, f10, h1, h2, h3, h5, h7, h8, h10} =
{f1,−2f3, f3, 3 + h1, 4,−3, 0, h1,−6, 3, 0, 0, 0, 0} , (3.26)

and the superpotential reads:

W = f1 + 2f3 (U2 − U1) + (U3 − U4) (h1 − 6U1 + 6U2) . (3.27)

Clearly, f1, f3, h1 ∈ Z retain all fluxes integer and the solution to ∂aW = 0, ∀a = 1, . . . , 4
is given by:

(U1, U2, U3, U4) =
(
U2 + h1

6 , U2, U4 −
f3
3 , U4

)
. (3.28)

Notice that when the flat directions U2 and U4 are in the large complex structure limit, the
same is necessarily true for U1 and U3. Moreover, the superpotential at the supersymmetric
minimum is:

W = f1 −
f3h1

3 . (3.29)

As in the CP[1,1,1,6,9][18] case, by integer translations of U1, U2, U3 and U4, a necessary
condition for making W a degree-2 homogeneous function is the same as the vanishing
condition of W at the minimum. Hence, for solutions with W 6= 0 at the minimum,

– 31 –



J
H
E
P
1
0
(
2
0
2
2
)
0
8
6

the superpotential is a non-homogeneous polynomial of degree 2, while for solutions with
vanishing W at the minimum, the superpotential in some cases can be brought to a homo-
geneous function of degree 2. An example where it can be done is the case with f1 = 6,
f3 = 3 and h1 = 6. However, in the case with f1 = −14, f3 = −6 and h1 = 7, W cannot be
brought to a degree-2 homogeneous function by integer shifts of Ua, although it vanishes
at the minimum. Detailed explorations in various CYs will be carried out in the future.

4 Lifting flat directions: phenomenology and applications

The flat directions studied in this paper have interesting phenomenological implications.
Before mentioning some of them, let us stress that these flat directions are approxi-
mate since they are expected to be lifted by subleading effects at either perturbative or
non-perturbative level. In the T 6/Z2 case, a non-zero W should be generated by non-
perturbative effects which depend on the Kähler moduli. A non-zero scalar potential for
the leading order flat directions is then generated by the U -dependence of the prefactor of
non-perturbative effects and the coefficients of α′ and string loop corrections to the Kähler
potential. Moreover one should carefully check potential modifications of the primitivity
condition by quantum corrections.

For the CY cases, the flat direction of perturbative flat vacua with W = 0 should be
lifted by instantons along the lines of [7]. On the other hand, for solutions with W 6= 0, the
imaginary part of the approximate flat direction would be lifted already at perturbative
level by including U -dependent effects that arise from the supergravity contribution to the
Kähler covariant derivative WKU .

Let us now briefly discuss several potential applications to phenomenology of approx-
imate flat directions:

1. Kähler moduli stabilisation: there are various mechanisms for stabilising the Kähler
moduli in type IIB (see for example [15, 24, 39, 84–90]). In particular, an expo-
nentially low W0 is crucial for KKLT constructions [15]. Flux vacua with W = 0
and flat directions have been shown to be a promising starting point to realise these
scenarios [7–11, 20, 22].
Even if not strictly required, very low values of W0 might be needed also in some dS
LVS constructions where the visible sector lives on D3-branes at singularities [25].
In these models consistency conditions, like D7-tadpole and Freed-Witten anomaly
cancellation, in general induce a T-brane background which yields a positive contri-
bution to the scalar potential in the presence of background 3-form fluxes [26]. In [25],
this contribution has been shown to be able to give a dS minimum for exponentially
small values of W0. On the other hand, [27] presented a different global model with
D3-branes at singularities where dS moduli stabilisation with T-brane uplifting can
be achieved also for W0 ∼ O(1).

2. Winding uplift: solutions with W 6= 0 could be a promising starting point for explicit
realisations of dS uplifting via exponentially small F-terms of the complex structure
moduli [37]. The idea is to have at leading order supersymmetric solutions in the

– 32 –



J
H
E
P
1
0
(
2
0
2
2
)
0
8
6

large complex structure limit with W 6= 0 and 1 axionic flat direction. In turn, this
axion is lifted by instantons which induce exponentially suppressed but non-zero F-
terms for the complex structure moduli, so leading to a tunable (via flux choices) and
positive uplifting contribution to the scalar potential.

To be more explicit, theW 6= 0 solutions discussed in section 3.2 for the CP[1,1,1,6,9][18]
case, feature ∂1W = λ2∂2W + λ3∂3W . Thus solving the full supergravity F-term
equations ∂aW +W∂aK = 0 ∀a = 1, 2, 3, is equivalent to solving:

∂1W = 0−W∂1K , (4.1)
∂2W = 0−W∂2K , (4.2)
∂1K = λ2∂2K + λ3∂3K . (4.3)

Eq. (4.1) and (4.2) are 2 complex equations, and so would fix the 2 complex moduli
U1 and U2 in terms of U3. Moreover their solutions would very well be approximated
by the solutions to ∂1W = ∂2W = 0 already found in section 3.2, if the minimum is
such that the supergravity corrections are infinitesimally small in the large complex
structure limit. Finally (4.3) is a real equation since K is just a function of the
imaginary parts of the complex structure moduli and the axio-dilaton in the large
complex structure limit (denoting Im(Ua) ≡ ua ∀a = 1, 2, 3):

K = − ln
[
4u1

(
3u2

1 + 3u1u2 + u2
2

)
− 4Im(ξ)

]
− ln (2u3) . (4.4)

Thus (4.3) should fix only Im(U3), leaving Re(U3) as the only axionic flat direction
that is expected to be lifted by instanton corrections to the prepotential. In the large
complex structure limit these contributions would be exponentially suppressed by
e−Im(U1) � 1 and e−Im(U2) � 1.

3. Cosmology: approximate flat directions have natural applications to cosmology where
inflaton fields are required to be lighter than the Hubble scale during inflation to be
in the slow-roll regime. In fact, flat directions in the type IIB flux superpotential have
already been used in [28–30] to enlarge the inflaton field range, and more recently
in [31] to build models of sequestered inflation. Approximate flat directions could
be promising candidates also to drive the present day accelerated expansion of our
universe since quintessence fields need to be very light to reproduce the observed
cosmological constant scale. Moreover, leading order flat directions can help to avoid
any destabilisation problem coming from contributions to the dark energy potential
due to the large inflationary energy scale [32, 33].

4. Supersymmetry breaking: leading order flat directions can also play a relevant role
in any model of supersymmetry breaking if W = 0 at classical level. In fact, in this
case the F-terms of the Kähler moduli are vanishing at leading order and the effective
field theory after integrating out the heavy complex structure moduli has to include
the Kähler moduli and all the complex structure moduli, including the axio-dilaton,
which are massless at leading order [34]. The dynamics which stabilises the Kähler
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moduli and the leading order flat directions is expected to break supersymmetry and
to develop non-zero F-terms for all these fields which will play an important role in
generating soft supersymmetry breaking terms. The F-term of the dilaton would be
particularly important in D3-brane models with sequestered supersymmetry breaking
where it is the main source for generating non-zero gaugino masses [35, 36].

5. Statistics in the landscape: the statistical approach to string phenomenology has re-
ceived a lot of attention during the last two decades (see e.g. [45–59]). Trying to
achieve a complete classification of flux vacua with exponentially small W0 is crucial
to understand the statistical significance of these vacua. The analysis of [50, 51]
implies that if W0 is uniformly distributed at very small values, then the scale of
supersymmetry breaking has a power-law distribution, while if W0 is exponentially
small in the dilaton, as in the models of [7], then the gravitino mass has a logarith-
mic distribution. Preliminary steps in understanding the statistical significance of
perturbatively flat vacua were taken in [20] which found that they represent a small
fraction of the full set of vacua at low W0 as estimated in [47]. Our paper goes in the
direction to explore novel classes of vacua at low W0 to enrich their knowledge.

6. CRG Conjecture: the solutions found should be interesting in the context of studies on
the consistency conditions of 4 graviton scattering in the classical limit (see [91, 92]).
The solutions obtained are warped Minkowski compactifications in which the string
coupling can be tuned to arbitrarily small values. The solutions are in the super-
gravity approximation. Developing a precise understanding of the fate of the solu-
tions beyond the supergravity approximations, i.e. checking if there can be a solution
where the flat direction survives to all orders in α′,19 (with the solution remaining
Minkowski) and the study of 4 graviton scattering in these backgrounds is relevant
in the context of the classical Regge growth conjecture.

5 Conclusions

In this paper we have presented a novel method to obtain type IIB flux vacua with flat
directions at tree level. The key idea is to make choices for flux quanta so that there
are relations between the flux superpotential and its derivatives. These relations ensure
that the equations of motion are satisfied. We implemented this method in toroidal and
Calabi-Yau compactifications in the large complex structure limit. Explicit solutions were
obtained and classified on the basis of duality equivalences. In the toroidal setting we
presented solutions with both N = 1 and N = 2 supersymmetry. For the CP[1,1,1,6,9][18]
CY, on top of solutions which were already known in the literature, we found 15 novel
perturbatively flat vacua with approximate flat directions where the superpotential is not
a homogeneous function of degree 2. We also presented solutions with W 6= 0 which
might lead to an explicit realisation of winding dS uplift. We also performed a preliminary
analysis of flux vacua for the CY considered in [63] finding supersymmetric solutions with
2 approximate flat directions.

19Warping dependent corrections would also have to be incorporated, see e.g. [93–96].
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We also discussed the lifting of these solutions by higher order effects (both perturba-
tive and non-perturbative) and applications in a wide variety of settings such as Kähler
moduli stabilisation, explicit dS uplifting contributions from non-zero F-terms of the com-
plex structure moduli, cosmology (in the context of inflation and quintessence), statistical
studies in the landscape, classical Regge growth conjecture and supersymmetry breaking.

There are many interesting directions to pursue in the future. We have considered
the simplest possible relations between the superpotential and its derivatives — linear re-
lationships. It will be interesting to consider non-linear relations and relations involving
moduli-dependent coefficients. These are likely to provide new classes of flux vacua. The
solutions obtained are also important in the context of developing a more precise under-
standing of flux vacua. In this context, the solutions with extended supersymmetry and
arbitrarily weak coupling are particularly interesting. One can attempt to describe them by
worldsheet methods, thereby going away from the large radius limit. Future phenomeno-
logical applications have been outlined section 4. We hope to return to these questions in
the near future.
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A Duality transformations in type IIB

In this section we briefly summarise the dualities relevant for our discussion and record our
conventions.

SL(2,Z) symmetry. The type IIB theory enjoys an SL(2,Z) symmetry. Under this, the
3-form flux and the axio-dilaton transform as:(

H3
F3

)
→
(
d c

b a

)(
H3
F3

)
, φ→ φ′ = aφ+ b

cφ+ d
, (A.1)

where: (
a b

c d

)
∈ SL(2,Z) . (A.2)

Note that
∫
F3 ∧H3 is invariant under this transformation, implying that the D3-charge of

a flux configuration is invariant. However, the superpotential transforms as:

W [Ua, φ] → W ′[Ua, φ′] = W [Ua, φ(φ′)]
cφ(φ′) + d

, (A.3)

where Ua are the complex structure moduli and φ(φ′) is obtained inverting (A.1).
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SL(6,Z) symmetry for T 6. T 6 is obtained as the quotient of R6 by a 6D lattice, and
SL(6,Z) matrices relate the different choices of basis of the same lattice. An SL(6,Z)
action transforms the fluxes as well the period matrix. 2 flux configurations are equivalent
(or dual) if the fluxes and the solution for the complex structure moduli are related by
an SL(6,Z) transformation. In our solutions the T 6 is factorised into T 2 × T 2 × T 2.
The relevant SL(6,Z) transformations are the ones that permute the 3 2-tori and the
SL(2,Z) × SL(2,Z) × SL(2,Z) subgroup that acts on each of the 3 tori. The action of
each of these SL(2,Z) on their respective tori is as follows. The coordinates on the 2-torus
transform as:20 (

x

y

)
=
(
a b

c d

)(
x′

y′

)
,

(
a b

c d

)
∈ SL(2,Z) , (A.4)

where we can think of the primed coordinates as the new coordinates and the unprimed
ones as the old ones. For the complex structure of the 2-torus we have:21

U ′ = dU + b

cU + a
. (A.5)

An SL(2,Z) transformation can be generated by successive action of T - and S-transforma-
tions given by:

T =
(

1 1
0 1

)
, T : U → U + 1 , (A.6)

S =
(

0 1
−1 0

)
, S : U → − 1

U
. (A.7)

In what follows we often use a product of n T -transformations given by:

T n =
(

1 n
0 1

)
, T n : U → U + n . (A.8)

Note that configurations {ai, bi, ci, di} and {−ai,−bi,−ci,−di} are dual by an action of
S2 × S2 × S2 on T 2 × T 2 × T 2, which helps to classify inequivalent solutions. This action
preserves Nflux and the solution to W = ∂aW = 0 ∀a = 1, . . . , 4, since Nflux ,W are
respectively quadratic and linear in {ai, bi, ci, di}.

Sp(2h2,1
− +2,Z) symmetry for Calabi Yaus. The perturbative Kähler potential (3.4)

for CY compactifications is independent of the axions Re(Ua), a = 1, . . . , h2,1
− . Due to this,

the discrete gauge symmetries of the theory are the integer shifts of the complex structure
moduli:

Ua → Ua + na , na ∈ Z, a = 1, . . . , h2,1
− , (A.9)

causing the period and flux vectors to undergo a monodromy transformation:

{Π, H, F} →M{na}{Π, H, F} , M{na} ∈ Sp(2h2,1
− + 2,Z) . (A.10)

20The transformation of the fluxes follows from this via the usual transformation rule of 3-forms. One
can check that under the action of SL(6,Z) the transformed flux quanta are even integers as long as the
original ones are.

21To be consistent with our notations, here we denote the τ parameter of a 2-torus by U .
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Furthermore, the monodromy matrix is required to be unipotent:(
M{na} − I

)p
6= 0,

(
M{na} − I

)p+1
= 0, 1 ≤ p ≤ 3 . (A.11)

We can compute the monodromy matrix M{na} as follows. Notice that

Πi(Ua + na) =
∑

j

(
M{na}

)i
j

Πj(Ua), i = 1, . . . , 2h2,1
− + 2 , (A.12)

are a set of functional relations. Using the definition of the period vector (3.1), the above
relations can be evaluated at multiple values Ûa to generate independent linear equations in
the elements of the monodromy matrix. Inverting the latter we obtain the matrix elements
uniquely. For example, in the CP[1,1,1,6,9][18] case (discussed in section 3.2) we get:

M{n1,n2} =



1 −n1 −n2 3n2 + 1
2n1

(
3n2

1 + 3n2n1 + n2
2 + 17

) 1
2 (3n1 + n2) (3n1 + n2 + 3) 3

2n1 (n1 + 1) + n1n2
0 1 0 −1

2 (3n1 + n2 − 3) (3n1 + n2) −3 (3n1 + n2) −3n1 − n2
0 0 1 −1

2n1 (3n1 + 2n2 − 3) −3n1 − n2 −n1
0 0 0 1 0 0
0 0 0 n1 1 0
0 0 0 n2 0 1


.

(A.13)
It is easy to see that the above matrix belongs to Sp(6,Z), i.e. with Σ as given in (3.3) we
obtain: MT

{n1,n2} · Σ ·M{n1,n2} = Σ. Also, it is unipotent as per requirement. Moreover
note that the shift (A.9) keeps Nflux = −1

2 H
t · Σ · F invariant.

B Duality in toroidal solutions

In this appendix we discuss the duality relations among the solutions with flat directions
of the toroidal compactification case.

B.1 Solutions with 1 flat direction

Let us now discuss in detail the duality among the solutions (2.45) with 1 flat direction.
They are parametrised by an integer p, and Nflux = 24 irrespective of p. Below we show
that the p = 0 case is dual to any p 6= 0 case via an SL(6,Z) transformation.

Let us use unprimed and primed coordinates for p = 0 and p 6= 0 respectively. We act
with an SL(6,Z) matrix M on the coordinates of T 2 × T 2 × T 2 in accordance with (A.4),
where M is given by:

M =

M1 0 0
0 M2 0
0 0 M2

 , M1 =
(

1 2p
0 1

)
, M2 =

(
1 p
0 1

)
. (B.1)

This transforms the period matrix as:

M : diag{U1, U2, U3} → diag{U1 + 2p, U2 + p, U3 + p} . (B.2)
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Under this, the solution (2.45) with p = 0 is clearly mapped to a solution with p 6= 0. Now
we need to show that the fluxes (2.42) map between the p = 0 and p 6= 0 cases. Indeed,
using (2.5) and (A.4), we have:22

F3 = 4α11 − 2α22 − 2α33 → 4α′11 − 2α′22 − 2α′33 + 4pβ′11 − 4p2β′0 = F ′3 ,

H3 = −4β11 + 2β22 + 2β33 → −4β′11 + 2β′22 + 2β′33 + 4pβ′0 = H ′3 . (B.3)

B.2 Solutions with 2 flat directions

Dualities of family A

First we show that A1, A2 and A3 are dual via permutations of the 3 2-tori. Then the
question to classify the inequivalent solutions in family A essentially boils down to that of
subfamily A1, which we address subsequently.

Duality between A1, A2 and A3. The fluxes in subfamilies A1 and A2, given respec-
tively by (2.47) and (2.53), depend on the 6 parameters λ1, λ2, λ3, b3, d0, d3, while those of
A3, given in (2.59), depend on the 6 parameters λ1, λ2, λ3, b2, d0, d2. Under the permutation
between the first and the second tori of T 2× T 2× T 2, the fluxes of A1 map to those of A2
when we identify {λ1, λ2, λ3, b3, d0, d3} of A1 with {λ2, λ1, λ3, b3, d0, d3} of A2. Moreover
the respective transformation of the period matrix, diag{U1, U2, U3} → diag{U2, U1, U3},
along with the above identification, relate their solutions. Similarly, under the permutation
between the second and the third tori of T 2 × T 2 × T 2, the fluxes of A1 map to those of
A3 when we identify {λ1, λ2, λ3, b3, d0, d3} of A1 with {λ1, λ3, λ2, b2, d0, d2} of A3. The
respective transformation of the period matrix, diag{U1, U2, U3} → diag{U1, U3, U2}, along
with the above identification, relate their solutions as well.

Inequivalent solutions in A1. The requirement that a1, b2 and b3 in (2.47) be even
integers results in the parametrisation shown below:

b3 = 2p , d0 = 2qλ2 , d3 = 2rλ2 , r 6= 0, p, q, r ∈ Z ,

Nflux

(
r, λ2,

λ3
λ1

)
= 8r2λ2λ3

λ1
. (B.4)

The dependence of the fluxes (2.47) on λ1 and λ3 are only through the ratio λ3/λ1. For
the present analysis we confine to integer values of λ2 and λ3/λ1. It can be shown that
whenever it is possible to find a triple (r, λ2, λ3/λ1) with 8r2λ2λ3

λ1
, λ3r
λ1
, λ2λ3r

λ1
∈ Z,23 and

0 < Nflux ≤ 32, there exist infinitely many pairs (p, q) so that all the fluxes (2.47) are even
integers. For example q = r and any p ∈ Z always work. Therefore we first need to find all
possible integer triples (r, λ2, λ3/λ1). This will provide all allowed values of Nflux. Then,
among the different flux configurations corresponding to each of those triples (i.e. given an
Nflux) we need to find the distinct equivalence classes (using duality).

Denoting the integer λ3/λ1 by s ( 6= 0), we have Nflux = 8r2sλ2. Clearly Nflux takes
values in {8, 16, 24, 32}. The possible values of r are ±1,±2. The requirement that all the

22α′ and β′ denote the basis of 3-forms (2.5) with respect to the primed coordinates (x′i, y′i).
23These respectively ensure that Nflux takes integer values and a3, d1 are even integers.
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fluxes (2.47) be even integers results in:

when r = ±1 , p, q ∈ Z ;
when r = ±2 , {p ∈ 2Z, q ∈ Z} or {p ∈ Z, q ∈ 2Z} . (B.5)

Replacing (r, p, q) by (−r,−p,−q) maps the fluxes to minus themselves. Hence, in order to
obtain the inequivalent solutions, it would be sufficient to consider r > 0. Now there are
only 4 classes whose respective parametrisations, Nflux and the solutions are as follows.

Class 1:

λ3
λ1

= s , b3 = 2p , d0 = 2qλ2 , d3 = 2λ2 ,

s = 1, . . . , 4 , λ2 = 1, . . . ,
[4
s

]
, p, q ∈ Z ,

Nflux = 8sλ2 , (U1, U2, U3, U4) =
(
q

s
+ U3

s
, λ2U4 − p, U3, U4

)
, (B.6)

where [n] denotes the greatest integer ≤ n and Nflux takes values in {8, 16, 24, 32}.

Class 2:

λ3
λ1

= 1 , λ2 = 1 , b3 = 2p , d0 = 2q , d3 = 4 ,

{p ∈ 2Z, q ∈ Z} or {p ∈ Z, q ∈ 2Z} ,

Nflux = 32 , (U1, U2, U3, U4) =
(
q

2 + U3, U4 −
p

2 , U3, U4

)
. (B.7)

Class 3:

λ3
λ1

= s , b3 = 2p , d0 = 2qλ2 , d3 = 2λ2, s, λ2 < 0 ,

|s| = 1, . . . , 4 , |λ2| = 1, . . . ,
[ 4
|s|

]
, p, q ∈ Z ,

Nflux = 8sλ2 , (U1, U2, U3, U4) =
(
q

s
+ U3

s
, λ2U4 − p, U3, U4

)
, (B.8)

where Nflux takes values in {8, 16, 24, 32}.

Class 4:

λ3
λ1

= −1 , λ2 = −1 , b3 = 2p , d0 = −2q , d3 = −4 ,

{p ∈ 2Z, q ∈ Z} or {p ∈ Z, q ∈ 2Z} ,

Nflux = 32 , (U1, U2, U3, U4) =
(
−q2 − U3,−

p

2 − U4, U3, U4

)
. (B.9)

A duality may exist between 2 flux configurations with the same Nflux. After incorporating
such dualities, we find that each of the 4 classes has only a finite number of physically
distinct flux configurations. To check aforesaid dualities, the solution space for the moduli
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in all the 4 classes suggests that only SL(2, Z)-actions on the first and the second tori of
T 2 × T 2 × T 2 may help. Thus the SL(6,Z) matrix in our considerations will be:

M =

M1 0 0
0 M2 0
0 0 I

 , M1 =
(

1 k
0 1

)
, M2 =

(
1 l

0 1

)
, k, l ∈ Z . (B.10)

For all 4 classes the action ofM transforms the fluxes keepingNflux unaltered. The following
details depend on the class in consideration.

For the case of Class 1, the new solution with the transformed fluxes is:

(U1, U2, U3, U4) =
(
k + q

s
+ U3

s
, , λ2U4 − p+ l, U3, U4

)
. (B.11)

When q = m modulo s (i.e. m− q is a multiple of s) with the choices:

k = m− q
s

, l = p , (B.12)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p = 0 and q = m for each λ2 = 1, . . . , [4/s]. In the later case Nflux
and the solution are given by:

Nflux = 8sλ2 , (U1, U2, U3, U4) =
(
m

s
+ U3

s
, λ2U4, U3, U4

)
, m = 0, . . . , s− 1 . (B.13)

For the case of Class 2, the new solution with the transformed fluxes is:

(U1, U2, U3, U4) =
(
k + q

2 + U3, U4 −
p

2 + l, U3, U4

)
. (B.14)

When p = m, q = n modulo 2 (i.e. m− p and n− q are multiples of 2) with the choices:

k = n− q
2 , l = p−m

2 , (B.15)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p = m and q = n. In the later case Nflux and the solution are
given by:

Nflux = 32 , (U1, U2, U3, U4) =
(
n

2 + U3, U4 −
m

2 , U3, U4

)
,

{m = 0, n = 0, 1} or {m = 0, 1, n = 0} . (B.16)

For Classes 3 and 4, the analysis is similar to that for classes 1 and 2 respectively.

Dualities of family B

First we show that B1 is dual to B2 via an SL(6,Z) transformation. Then the question to
classify the inequivalent solutions in family B essentially boils down to that of subfamily
B1, which we address subsequently.
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Duality between B1 and B2. To prove the duality between B1 and B2, we act with
an S-transformation only on the first 2-torus of T 2 × T 2 × T 2, transforming the period
matrix as:

M : diag{U1, U2, U3} → diag
{
− 1
U 1

, U2, U3

}
,

M =

M1 0 0
0 I 0
0 0 I

 , M1 =
(

0 1
−1 0

)
, I =

(
1 0
0 1

)
. (B.17)

This transforms the fluxes (2.11) as:

{a0, a1, a2, a3} → {−a1, a0, b3, b2} , {b0, b1, b2, b3} → {−b1, b0,−a3,−a2} ,
{c0, c1, c2, c3} → {−c1, c0, d3, d2} , {d0, d1, d2, d3} → {−d1, d0,−c3,−c2} . (B.18)

It is straightforward to check that, under the above action, the fluxes of B1, given by (2.66),
map to those of B2, given by (2.72), when we identify {b2, d2, d1, d0, c3} of B1 with
{a3, c3,−d0, d1,−d2} of B2. Such identification relates the crucial condition d2 6= 0 of (2.66)
to the condition c3 6= 0 of (2.72), and leaves Nflux = 2

λ3
(c3d0 − d1d2) invariant. With this

identification now (B.17) maps the solution (2.68) to (2.74), establishing the duality.

Inequivalent solutions in B1. The fluxes (2.66) depend on λ3, b2, c3, d0, d1, d2. For the
present analysis we confine to integer values of λ3. There are only 4 classes consistent with
even integer fluxes and 0 < Nflux ≤ 32. Their respective parametrisations, Nflux and the
solutions are as follows.

Class 1:

b2 = 2ks , c3 = 2pλ3 , d0 = 2qλ3 , d1 = 2rλ3 , d2 = 2sλ3 ,

pq − rs = 1, . . . , 4 , λ3 = 1, . . . ,
[ 4
pq − rs

]
, k, p, q, r, s ∈ Z , (B.19)

Nflux = 8(pq − rs)λ3 , (U1, U2, U3, U4) =
(
−sU2 + q

pU2 + r
, U2,−k + λ3U4, U4

)
,

where Nflux takes values in {8, 16, 24, 32}.

Class 2:

λ3 = 1 , b2 = 2ks , c3 = 4p , d0 = 4q , d1 = 4r , d2 = 4s ,
pq − rs = 1 , k ∈ 2Z + 1 , p, q, r, s ∈ Z ,

Nflux = 32 , (U1, U2, U3, U4) =
(
−sU2 + q

pU2 + r
, U2,−

k

2 + U4, U4

)
. (B.20)

Class 3:

b2 = 2ks , c3 = 2pλ3 , d0 = 2qλ3 , d1 = 2rλ3 , d2 = 2sλ3 , pq − rs, λ3 < 0 ,

|pq − rs| = 1, . . . , 4 , |λ3| = 1, . . . ,
[ 4
|pq − rs|

]
, k, p, q, r, s ∈ Z ,

Nflux = 8(pq − rs)λ3 , (U1, U2, U3, U4) =
(
−sU2 + q

pU2 + r
, U2,−k + λ3U4, U4

)
. (B.21)
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Class 4:

λ3 = −1 , b2 = 2ks , c3 = −4p , d0 = −4q , d1 = −4r , d2 = −4s ,
pq − rs = −1 , k ∈ 2Z + 1 , p, q, r, s ∈ Z ,

Nflux = 32 , (U1, U2, U3, U4) =
(
−sU2 + q

pU2 + r
, U2,−

k

2 − U4, U4

)
. (B.22)

A duality may exist between 2 flux configurations with the same Nflux. After incorporating
such dualities, we find that each of the 4 classes has only a finite number of physically
distinct flux configurations. To check aforesaid dualities, the solution space for the moduli
in all the 4 classes suggests that only SL(2, Z)-actions on the first and the third tori of
T 2 × T 2 × T 2 may help. Thus the SL(6,Z) matrix in our considerations will be:

M =

M1 0 0
0 I 0
0 0 M3

 , M1 =
(
g h

i j

)
, M3 =

(
1 l

0 1

)
,

gj − hi = 1 , g, h, i, j, l ∈ Z . (B.23)

For all 4 classes the action ofM transforms the fluxes keepingNflux unaltered. The following
details depend on the class in consideration.

For the case of Class 1, the new solution with the transformed fluxes is:

(U1, U2, U3, U4) =
((hp− js)U2 + (hr − jq)

(gp− is)U2 + (gr − iq) , U2,−k + l + λ3U4, U4

)
. (B.24)

When pq − rs = 1, with the choices:

g = −s , h = q , i = −p , j = r , l = k , (B.25)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p = 0, q = 0, r = 1, s = −1 and k = 0 ∀λ3 = 1, 2, 3, 4. In the
later case Nflux and the solution are given by:

Nflux = 8λ3 , (U1, U2, U3, U4) = (U2, U2, λ3U4, U4) . (B.26)

When pq−rs = 2, depending on each of p, q, r, s even (e) or odd (o), the transformed fluxes
and solution coincide with those of some specific configuration. In keeping with pq−rs = 2,
p, q, r, s can only be:

eeeo, eeoe, eoee, eoeo, eooe, oeee, oeeo, oeoe, oooo . (B.27)

For p, q, r, s = eoeo, oeoe, oooo, with the choices:

g = q , h = s− q
2 , i = r , j = p− r

2 , l = k , (B.28)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p = 2, q = 1, r = 0, s = 1 and k = 0 for each λ3 = 1, 2. In the
later case Nflux and the solution are given by:

Nflux = 16λ3 , (U1, U2, U3, U4) =
(−U2 − 1

2U2
, U2, λ3U4, U4

)
. (B.29)
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For p, q, r, s = eeoe, eoee, eooe, with the choices:

g = q , h = s

2 , i = r , j = p

2 , l = k , (B.30)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p = 2, q = 1, r = 0, s = 1 and k = 0 for each λ3 = 1, 2. In the
later case Nflux and the solution are given by:

Nflux = 16λ3 , (U1, U2, U3, U4) =
(
− 1

2U2
, U2, λ3U4, U4

)
. (B.31)

For p, q, r, s = eeeo, oeee, oeeo, with the choices:

g = −s , h = q

2 , i = −p , j = r

2 , l = k , (B.32)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p = 0, q = 0, r = 2, s = −1 and k = 0 for each λ3 = 1, 2. In the
later case Nflux and the solution are given by:

Nflux = 16λ3 , (U1, U2, U3, U4) =
(
U2
2 , U2, λ3U4, U4

)
. (B.33)

When pq − rs = 3, we need to analyse cases where each of p, q, r, s = 0, 1, 2 modulo 3.24

Out of 34 possibilities, only 32 cases are consistent with pq− rs = 3 where p, q, r, s can be:

0001, 0002, 0010, 0020, 0100, 0101, 0102, 0110 ,
0120, 0200, 0201, 0202, 0210, 0220, 1000, 1001 ,
1002, 1010, 1020, 1111, 1122, 1212, 1221, 2000 ,
2001, 2002, 2010, 2020, 2112, 2121, 2211, 2222 . (B.34)

For p, q, r, s = 0001, 0002, 1000, 1001, 1002, 2000, 2001, 2002, with the choices:

g = −s , h = q

3 , i = −p , j = r

3 , l = k , (B.35)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p = 0, q = 0, r = 3, s = −1, k = 0 and λ3 = 1. In the later case
Nflux and the solution are given by:

Nflux = 24 , (U1, U2, U3, U4) =
(
U2
3 , U2, U4, U4

)
. (B.36)

For p, q, r, s = 0010, 0020, 0100, 0110, 0120, 0200, 0210, 0220, with the choices:

g = −s3 , h = q , i = −p3 , j = r , l = k , (B.37)

242 integers n1 and n2 are equal modulo 3 if there exists an integer n3 such that n1 = 3n3 + n2. For
example, note that −2 = 1 and −1 = 2 modulo 3.
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the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p = 0, q = 0, r = 1, s = −3, k = 0 and λ3 = 1. In the later case
Nflux and the solution are given by:

Nflux = 24 , (U1, U2, U3, U4) = (3U2, U2, U4, U4) . (B.38)

For p, q, r, s = 0101, 0202, 1010, 1111, 1212, 2020, 2121, 2222, with the choices:

g = q , h = s− q
3 , i = r , j = p− r

3 , l = k , (B.39)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p = 3, q = 1, r = 0, s = 1, k = 0 and λ3 = 1. In the later case
Nflux and the solution are given by:

Nflux = 24 , (U1, U2, U3, U4) =
(−U2 − 1

3U2
, U2, U4, U4

)
. (B.40)

For p, q, r, s = 0102, 0201, 1020, 1122, 1221, 2010, 2112, 2211, with the choices:

g = q , h = 1
3(s− 2q) , i = r , j = 1

3(p− 2r) , l = k , (B.41)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p = 3, q = 1, r = 0, s = 2, k = 0 and λ3 = 1. In the later case
Nflux and the solution are given by:

Nflux = 24 , (U1, U2, U3, U4) =
(−2U2 − 1

3U2
, U2, U4, U4

)
. (B.42)

When pq − rs = 4, a similar analysis can be done.

For the case of Class 2, the new solution with the transformed fluxes is:

(U1, U2, U3, U4) =
((hp− js)U2 + (hr − jq)

(gp− is)U2 + (gr − iq) , U2,−
k

2 + l + U4, U4

)
. (B.43)

Now with the choices:

g = −s , h = q , i = −p , j = r , l = k − 1
2 , (B.44)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case p = 0, q = 0, r = 1, s = −1, k = 1. In the later case Nflux and the
solution are given by:

Nflux = 32 , (U1, U2, U3, U4) =
(
U2, U2, U4 −

1
2 , U4

)
. (B.45)

For Classes 3 and 4, the analysis is similar to that for classes 1 and 2 respectively.
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Dualities of family C

As per (2.79), (2.85) and (2.91), the fluxes of C1 and C2 have 5 independent parameters,
whereas it is 6 in case of C3. Despite this, we are able to prove that SL(6,Z) transformations
relate C3 to C2, while C1 to a subset of C2. Below we provide the details. Then the question
to classify the inequivalent solutions in family C essentially boils down to that of C2, which
we address subsequently.

Duality between C2 and C3. The fluxes of C3, given by (2.91), depend on the 6 pa-
rameters λ2, b2, b3, d0, d2 and d3 with λ2, d0, d2 6= 0 and b2d3 6= b3d2. We divide C3 in 2
complementary subsets with d3 = 0 and d3 6= 0 respectively. Each of these is shown to be
dual to C2.

To prove the duality between the subset of C3 with d3 = 0 and C2, we act with an S-
transformation only on the third 2-torus of T 2×T 2×T 2 transforming the period matrix as:

M : diag{U1, U2, U3} → diag{U1, U2,−
1
U 3
} ,

M =

I 0 0
0 I 0
0 0 M3

 , I =
(

1 0
0 1

)
, M3 =

(
0 1
−1 0

)
. (B.46)

This transforms the fluxes (2.11) as:

{a0, a1, a2, a3} → {−a3, b2, b1, a0} , {b0, b1, b2, b3} → {−b3,−a2,−a1, b0} ,
{c0, c1, c2, c3} → {−c3, d2, d1, c0} , {d0, d1, d2, d3} → {−d3,−c2,−c1, d0} . (B.47)

It is straightforward to check that, under the above action, the fluxes of C3, given by (2.91)
with d3 = 0, map to those of C2, given by (2.85), when we identify {− b3d2

d0
, b2d0
d2
, d2λ2, d0} of

C3 with {b2, b3, c2, d3} of C2. Such identification relates the crucial conditions b3, d0, d2 6= 0
of (2.91) (when d3 = 0) to the conditions b2, c2, d3 6= 0 of (2.85). With this identification
now (B.46) maps the solution (2.93) with d3 = 0 to (2.87), establishing the duality.

To prove the duality between the subset of C3 with d3 6= 0 and C2, we act with an
SL(2,Z)-transformation only on the third 2-torus of T 2×T 2×T 2 transforming the period
matrix as:

M : diag{U1, U2, U3} → diag{U1, U2,
jU3 + h

iU3 + g
} ,

M =

I 0 0
0 I 0
0 0 M3

 , I =
(

1 0
0 1

)
, M3 =

(
g h

i j

)
,

gj − hi = 1 , g, h, i, j ∈ Z . (B.48)
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This transforms the fluxes (2.11) as:

{a0, a1, a2, a3} → {a0g + a3i, a1g − b2i, a2g − b1i, a0h+ a3j} ,
{b0, b1, b2, b3} → {−b3h+ b0j,−a2h+ b1j,−a1h+ b2j, b3g − b0i} ,
{c0, c1, c2, c3} → {c0g + c3i, c1g − d2i, c2g − d1i, c0h+ c3j} ,
{d0, d1, d2, d3} → {−d3h+ d0j,−c2h+ d1j,−c1h+ d2j, d3g − d0i} . (B.49)

It is straightforward to check that, under the above action, the fluxes of C3, given by (2.91)
with d3 6= 0, map to those of C2, given by (2.85), when we implement the following steps:

1. Given non-zero even integer fluxes d0 and d3 in C3 find 4 integers g, h, i, j satisfying:

h = d0j

d3
, i = d3(gj − 1)

d0j
, j 6= 0 . (B.50)

This can be done if the following holds. Given 2 integers (p, q) 6= (0, 0) (i.e., taking
d0 = 2p and d3 = 2q) one can always find other 2 integers (g, j), j 6= 0 such that
( jpq ,

q(gj−1)
jp ) are integers. We have verified this numerically for p, q = −1000, . . . , 1000.

2. Identify
{
j(b2 − b3d2

d3
), b2d3(1−gj)

d2j
+ b3g,

d2d3λ2
d0j

, d3
j

}
of C3 with {b2, b3, c2, d3} of C2.

As (2.91) are even integer fluxes and g, h, i, j are chosen to be integers, clearly
j(b2− b3d2

d3
) = −a1h+b2j, b2d3(1−gj)

d2j
+b3g = b3g−b0i, d2d3λ2

d0j
= c2g−d1i,

d3
j = d3g−d0i

are even integers. Alternatively, in the transformed fluxes of C3 one can substi-
tute b2, b3, d2, d3 in terms of b2, b3, c2, d3 of C2 and d0 of C3 (obtained by inverting
the above identification map) to get the fluxes of C2, i.e. the explicit dependence
on d0 of C3 goes away. The above identification also relates the crucial conditions
d0, d2 6= 0, b2d3 6= b3d2 of (2.91) (with d3 6= 0) to the conditions b2, c2, d3 6= 0
of (2.85).

Now (B.48) maps the solution (2.93) with d3 6= 0 to (2.87), establishing the duality.

Duality between C1 and a subset of C2. Consider a T l- and an SL(2,Z)-action
respectively on the first and the third 2-tori of T 2 × T 2 × T 2, i.e. the SL(6,Z) matrix is:

M =

M1 0 0
0 I 0
0 0 M3

 , M1 =
(

1 l

0 1

)
, M3 =

(
g h

i j

)
,

gj − hi = 1 , g, h, i, j, l ∈ Z . (B.51)

This action, together with an appropriate choice for g, h, i, j, transforms the fluxes of C1,
given by (2.79), to those of C2, given by (2.85), with d3

c2
= −l (i.e. integer) only. The

appropriate choices depend on the flux quanta (2.79) as follows:

g = 1 , h = 0 , j = 1 , when d2 = 0 ,
h = 1 , i = −1 , j = 0 , when d2 6= 0 , c2 = 0 ,

j = c2h

d2λ2
, g = d2λ2(1 + hi)

c2h
, h 6= 0 , when d2 , c2 6= 0 . (B.52)
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For non-zero even integer fluxes c1 = c2
λ = 2p and d2 = 2q in C1, the last choice can always

be made (which we checked numerically when p, q = −1000, . . . , 1000). The period matrix
transforms in a way that in all the above cases the solution for the moduli in C1 maps to
that of the corresponding subset of C2.

Clearly, there are flux configurations in C2 for which d3
c2

is non-integer. For example
b2 = 4, b3 = 2, c2 = 4, d3 = 2 with Nflux = 32 is not dual to any flux configuration in C1.

Inequivalent solutions in C2. The fluxes (2.85) depend on λ2, b2, b3, c2, d3. The re-
quirement that b2, b3, c1, d3 be even integers results in the parametrisation shown below:

b2 = 2p , b3 = 2q , c2 = 2rλ2 , d3 = 2s , p, r, s 6= 0 , p, q, r, s ∈ Z ,
Nflux = 8prλ2 . (B.53)

For the present analysis we confine to integer values of λ2. This allows Nflux to take values
in {8, 16, 24, 32} and one can show that, whenever we find a triple (p, r, λ2) corresponding
to a given Nflux value, there exist infinitely many pairs (q, s) so that all the fluxes (2.85)
are even integers. For example s = r and any q ∈ Z always work. Therefore, given an
Nflux, we first need to find all possible integer triples (p, r, λ2). Then, among the different
flux configurations corresponding to each of those triples, we need to find the distinct
equivalence classes (using duality). The number of possible triples is 4 when Nflux = 8, 12
for both cases with Nflux = 16 and Nflux = 24, and 24 when Nflux = 32. To demonstrate
the aforesaid dualities, we consider below only the Nflux = 8 case with p = −1, r = 1 and
λ2 = −1.

With (p, r, λ2) = (−1, 1,−1) more generally one can take q = ks, k ∈ Z that leads to
even integer fluxes (2.85). In this case the solution (2.87) reads:

(U1, U2, U3, U4) =
(
s+ U2, U2,

1
k − U4

, U4

)
. (B.54)

Now the above fluxes and solution with (s, k) 6= (0, 1) can be mapped to those with
(s, k) = (0, 1) by acting with T 1−s and ST kS respectively on the first and the third
2-tori of T 2 × T 2 × T 2.

Dualities between families

The linear relation that the derivatives of the superpotential satisfy differs across the fam-
ilies A,B, C, see (2.46), (2.65) and (2.78). Despite this, below we find certain dualities
among them. In summary, we show that B1 contains A3. Also, we know from the previous
subsection that C3 contains 2 copies of C2, one of which is shown here to be dual to B1.

Duality between A3 and a subset of B1. The fluxes of B1, given by (2.66), with
c3 = 0 map to those of A3, given by (2.59), when we identify {λ3, b2, d0, d1, d2} of B1 with
{λ3, b2, d0,−d2λ2

λ1
, d2} of A3.25 Such identification relates the crucial conditions λ3, d1, d2 6=

0 of (2.66) (when c3 = 0) to the conditions λ2
λ1
, λ3, d2 6= 0 of (2.59). Furthermore, with this

identification, the solution (2.68) with c3 = 0 is same as the solution (2.61), establishing
the duality.

25Note that the fluxes of A3 depend on λ1, λ2 via the ratio λ2
λ1

.
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Duality between B1 and a subset of C3. The fluxes of C3, given by (2.91), depend
on the parameters λ2, b2, b3, d0, d2 and d3 with λ2, d0, d2 6= 0 and b2d3 6= b3d2. We take the
subset of C3 for which d3 = 0 and show that it is dual to B1. To prove this, we act with an
SL(2,Z)-transformation only on the first 2-torus of T 2 × T 2 × T 2 transforming the period
matrix as:

M : diag{U1, U2, U3} → diag{jU1 + h

iU1 + g
, U2, U3} ,

M =

M1 0 0
0 I 0
0 0 I

 , M1 =
(
g h

i j

)
, I =

(
1 0
0 1

)
,

gj − hi = 1 , g, h, i, j ∈ Z . (B.55)

This action, together with an appropriate choice for g, h, i, j, transforms the fluxes of C3,
given by (2.91), with d3 = 0 to those of B1, given by (2.66). The appropriate choices
depend on the flux quanta (2.66) as follows:26

j = d2λ2h

d0
, g = d0(1 + hi)

d2λ2h
, h 6= 0 , when d′0 = 0 ,

g = j = 1 , h = i = 0 , when d′0 6= 0 , c′3 = 0 ,
g = i = j = 1 , h = 0 , when d′2 , c

′
3 6= 0 . (B.56)

For non-zero even integer fluxes d0 = 2p and d1 = d2λ2 = 2q in C3, the last choice can
always be made (which we checked numerically when p, q = −1000, . . . , 1000). The period
matrix transforms in a way that in all the above cases the solution for the moduli in C3
(when d3 = 0) maps to that of the corresponding subset of B1.

Thus, we conclude that B1 is the master family which contains all distinct solutions.
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