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A B S T R A C T 

We measure the local correlation between radio emission and Compton- y signal across two galaxy clusters, Abell 399 and 

Abell 401, using maps from the Low Frequency Array and the Atacama Cosmology Telescope + Planck . These data sets allow 

us to make the first measurement of this kind at ∼arcmin resolution. We find that the radio brightness scales as F radio ∝ y 1.5 for 
Abell 401 and F radio ∝ y 2.8 for Abell 399. Furthermore, using XMM–Newton data, we derive a sublinear correlation between radio 

and X-ray brightness for both the clusters ( F radio ∝ F 

0 . 7 
X 

). Finally, we correlate the Compton- y and X-ray data, finding that an 

isothermal model is consistent with the cluster profiles, y ∝ F 

0 . 5 
X 

. By adopting an isothermal–β model, we are able, for the first 
time, to jointly use radio, X-ray, and Compton- y data to estimate the scaling index for the magnetic field profile, B ( r ) ∝ n e ( r ) η in 

the injection and re-acceleration scenarios. Applying this model, we find that the combined radio and Compton- y signal exhibits 
a significantly tighter correlation with the X-ray across the clusters than when the data sets are independently correlated. We 
find η ∼ 0.6–0.8. These results are consistent with the upper limit we derive for the scaling index of the magnetic field using 

rotation measure values for two radio galaxies in Abell 401. We also measure the radio, Compton- y , and X-ray correlations in 

the filament between the clusters but conclude that deeper data are required for a convincing determination of the correlations 
in the filament. 

Key words: radiation mechanisms: non-thermal – radiation mechanisms: thermal – galaxies: clusters: individual: Abell 399, 
Abell 401 – galaxies: clusters: intracluster medium. 

1  I N T RO D U C T I O N  

Galaxy clusters are giant laboratories for plasma physics that allow 

us to study how thermal and non-thermal (e.g. magnetic fields and 
relativistic electrons) components are related on scales of ∼Mpc. 
A growing number of clusters show the presence of diffuse radio 
emission on Mpc scales with low-surface brightness emission at the 
cluster centre (e.g. Murgia et al. 2009 ; van Weeren et al. 2019 , and 
references therein). These extended sources are also known as radio 
haloes and are typically found in clusters that show ongoing merger 
activity (e.g. Cuciti et al. 2021 , and references therein). 

A correlation between the integrated radio power over the entire 
cluster volume at 1.4 GHz, due to synchrotron emission, and X-ray 
luminosity, due to thermal bremsstrahlung emission, is known to exist 
in galaxy clusters hosting radio haloes (see e.g. Giovannini & Feretti 
2000 ; Feretti et al. 2012 ). A similar correlation has been disco v ered 

� E-mail: Federico.Radiconi@roma1.infn.it 

by Basu ( 2012 ; B12 hereafter) and confirmed by Cassano et al. ( 2013 ) 
and Sommer & Basu ( 2013 ) between radio halo power at 1.4 GHz and 
the integrated Compton- y signal due to the Sun yaev–Zeldo vich (SZ) 
ef fect (Sunyae v & Zeldovich 1972 ) produced by inverse-Compton 
scattering of the cosmic microwave background (CMB) photons with 
thermal free electrons in the intracluster medium (ICM). The thermal 
SZ effect is proportional to the Compton- y parameter, defined as 
(Carlstrom, Holder & Reese 2002 ): 

y = 

σT 

m e c 2 

∫ 
n e ( l ) kT ( l )d l , (1) 

where σT is the Thomson cross-section, m e is the electron mass, c 
the speed of the light, k the Boltzmann constant, l is the distance 
along the line of sight, T ( l ) is the electron temperature, and n e ( l ) is 
the electron density. An analogous correlation has been disco v ered 
by van Weeren et al. ( 2021 ; W21 hereafter) using 150 MHz data 
from Low Frequency Array (LOFAR) and Planck PSZ2 clusters 
(Planck Collaboration XXVII 2016 ). Since synchrotron emission 
depends on the non-thermal particle pressure and magnetic field 
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energy density, and the bremsstrahlung emission is proportional to 
the square of the gas density, the radio–X-ray (radio–X hereafter) 
relation links non-thermal pressure and gas mass. Both thermal and 
non-thermal electrons can scatter the CMB photons, see Birkinshaw 

( 1999 ) for further details. Ho we ver the SZ effect arising from the 
thermal electron population is dominant mainly due to the lower 
density of relativistic than non-relativistic electrons. We conclude 
that the radio–SZ correlation links non-thermal components to 
thermal electron pressure. 

Previous work has studied the integrated signals of galaxy clusters 
hosting radio haloes, and the radio–X correlation has also been 
found locally in some galaxy clusters containing radio haloes in 
a point-by-point correlation (Govoni et al. 2001 ). Most of the studies 
available in the literature on the radio–SZ correlation refer only to 
integrated cluster properties. The galaxy clusters RXJ1347.5 −1145 
and Coma are the only cases where a local radio–SZ connection 
has been investigated and found. In the first cluster, Ferrari et al. 
( 2011 ) examined a currently unique correspondence, noted earlier in 
Mroczkowski et al. ( 2011 ), between the excess emission in the radio 
mini-halo at the centre of RXJ1347.5 −1145 and a high-pressure 
re gion rev ealed by SZ observations obtained with MUSTANG 

(Mason et al. 2010 ). Taking advantage of the large angular extent 
of Coma, Planck Collaboration X ( 2013b ; PLA13 hereafter) found 
a point-by-point spatial correlation between the new Planck SZ map 
and ancillary radio maps at 10 arcmin angular resolution in the Coma 
cluster. 

The origin of the relativistic electrons responsible for the radio halo 
emission is not completely understood and is still a matter of debate. 
Two main theories have been formulated and studied in the last 
decades. The first one is based on the idea that pre-existing electrons, 
injected by starburst activity, violent galactic winds, and active 
galactic nuclei, are systematically re-accelerated in the ICM due to 
turbulence produced by merger or post-merger shocks (e.g. Brunetti 
et al. 2001 ; Gitti, Brunetti & Setti 2002 ). This model is known as the 
re-acceleration scenario because the number of relativistic electrons 
remains constant. Because merger events produce re-acceleration of 
relativistic electrons, this model can naturally explain the observed 
connection between radio haloes and merging clusters. The second 
hypothesis is based on the idea that non-thermal electrons are 
continuously injected in the ICM (Dennison 1980 ); it is known as 
an injection scenario. This theory solv es the observ ed large spatial 
size of the radio haloes in a simple way: Relativistic electrons are 
produced o v er the radio halo volume by collisions between long- 
li ved relati vistic protons and thermal ions in the ICM. The resulting 
synchrotron radiation is emitted near the region where new electrons 
are injected. Ho we v er, the injection model does not easily e xplain 
the correlation between cluster mergers and radio haloes. Although 
the two models are very different, hybrid models have been pro- 
posed where the non-thermal electron population is a consequence 
of the combination of the previous two models. See Zandanel, 
Pfrommer & Prada ( 2014 ) for more information regarding hybrid 
models. 

In this work, we study the radio–X, SZ–X, and, for the first time 
with an ∼arcmin angular resolution, the radio–SZ correlation locally 
in a pair of galaxy clusters and in the filament between these clusters. 
We use an Atacama Cosmology Telescope (ACT) + Planck map for 
the SZ (Hincks et al. 2022 ), a 140 MHz LOFAR map for the radio 
(Govoni et al. 2019 ), and four XMM–Newton pointings in the energy 
band between 0.4 and 7.2 keV for the X-ray counterpart. Among 
the main advantages of using higher angular resolution maps, we 
cite the greater number of independent points to be correlated and 
the identification and removal of compact background sources in the 

field. The perfect laboratory for our purpose is the system comprising 
Abell 399 (A399) and Abell 401 (A401), with redshifts z = 0.072–
0.074 (Oegerle & Hill 2001 ). The two clusters are separated on the 
plane of the sky by 36.9 arcmin, or, equi v alently, by 3.2 Mpc in 
the cosmology adopted in this paper. 1 Sakelliou & Ponman ( 2004 ) 
derived the temperature of the two clusters: 7.2 keV for A399 and 8.5 
keV for A401. Recently, Hincks et al. ( 2022 ) concluded that most 
of the separation of the two clusters is along the line of sight, and 
estimated that their physical separation is actually 11 . 1 + 3 . 2 

−2 . 6 Mpc. Both 
A399 and A401 host radio haloes (Murgia et al. 2010 ) and several 
observ ations at dif ferent wa velengths ha ve detected signals from the 
low-density and high-temperature gas that resides between the two 
clusters (e.g. Sakelliou & Ponman 2004 ; Planck Collaboration VIII 
2013a ; Akamatsu et al. 2017 ; Bonjean et al. 2018 ; Govoni et al. 
2019 ; Hincks et al. 2022 , and references therein). The latter authors 
estimated an average gas density in the filament of (0.88 ± 0.24) ×
10 −4 cm 

−3 ; given the low gas density in the filament, the radio 
emission we observe in this system requires second-order Fermi re- 
acceleration mechanisms, as first suggested by Brunetti & Vazza 
( 2020 ). In the literature, there is widespread agreement that the two 
clusters are in a pre-merger phase (Fujita et al. 1996 ; Markevitch et al. 
1998 ; Sakelliou & Ponman 2004 ), in contrast to the earlier hypothesis 
by Fabian, Peres & White ( 1997 ) suggesting a post-merger state. 
The irregularities in the X-ray morphology in A399 and A401 can 
be explained with minor mergers in the two clusters (Bourdin & 

Mazzotta 2008 ). This hypothesis, for A401, appears to be confirmed 
by the SZ analysis performed in Hincks et al. ( 2022 ) using Green 
Bank Telescope MUSTANG-2 observations. 

In this paper, we provide an o v erview of the data we use in 
Section 2 . In Section 3 , we describe the method used to extract 
the radio, X-ray, and SZ data starting from the three maps, then 
we determine the radio–X, radio–SZ, and SZ–X correlations in the 
two clusters and the intercluster region. Section 4 discusses previous 
results for the three correlations in the two clusters, mainly focusing 
on the radio–X and radio–SZ correlations. We sho w ho w the SZ-X 

correlation and the combination of the others two correlations can be 
used independently to derive the clusters’ thermodynamic properties 
and probe the link between the thermal and non-thermal components 
in the ICM. In Section 5 , we derive magnetic field properties in the 
two clusters. By jointly using radio, X-ray, and SZ data, we estimate 
the scaling index of the magnetic field in the two galaxy clusters for 
the injection and re-acceleration scenarios. We compare this result 
to an independent, albeit approximate, estimate based on ancillary 
rotation measure (RM) data available for A401. Finally we conclude 
in Section 6 . 

2  DATA  

Here, we present the data used to analyse spatial correlations in 
the two clusters and in the region between them. The highest angular 
resolution and depth maps available were used to highlight structures 
in the diffuse emission. 

For the SZ data, we make use of the ACT + Planck map of 
the A399–A401 system presented in Hincks et al. ( 2022 ). ACT is 
a 6 m off-axis Gregorian telescope observing since 2007 from the 
Atacama Desert at an altitude of 5190 m (Thornton et al. 2016 ). 
The map includes ACT data at 98, 150, and 220 GHz from 2008 
up to 2019, together with Planck data to impro v e sensitivity at 

1 We assume a flat Lambda cold dark matter Universe with H 0 = 

67.6 km s −1 Mpc −1 , �m = 0.31, and �� 

= 0.69 (Aiola et al. 2020 ). 
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scales larger than � 6 arcmin, where ACT data, for the map we use 
in this paper, can be contaminated by the atmosphere; the Planck 
353 and 545 GHz channel maps are included to remo v e Galactic 
dust and cosmic infrared background emission. The main difference 
with respect to ACT Data Release 5 (Naess et al. 2020 ) is the 
inclusion of data acquired during 2019. The Compton- y map was 
made using an internal linear combination of the single-frequency 
maps, assuming the non-relativistic SZ formula, in a manner similar 
to Madhavacheril et al. ( 2020 ); see Hincks et al. ( 2022 ) for details. 
The sensitivity of the map in Compton- y units is 5.9 × 10 −6 per 
ef fecti ve beam (1.65 arcmin). The map is shown on the top panel of 
Fig. 1 . 

For the radio counterpart we use the LOFAR 140 MHz map at 
80 arcsec angular resolution (full width half-maximum; FWHM) 
presented by Govoni et al. ( 2019 ). LOFAR is an interferometric array 
of radio telescopes located mainly in the Netherlands; since 2012 it 
has mapped the sky at frequencies between 10 and 240 MHz (van 
Haarlem et al. 2013 ). The observations used here were carried out 
under project LC2 005, using the full Dutch Array (24 core stations 
and 14 remote stations) in the high-band antenna (HBA) dual inner 
configuration. Data were recorded with an integration time of 1 s 
and with the 8-bit mode in order to have a continuous frequency 
co v erage between 110 and 190 MHz. With a total observing time of 
10 h with the HBA stations, the sensitivity was 1.0 mJy per beam, 
close to the expected confusion noise limit at this frequency and 
resolution. The LOFAR map, convolved to the ACT 1.65 arcmin 
resolution using a Gaussian kernel, is shown on the middle panel in 
Fig. 1 . 

The X-ray map is a mosaic of four XMM–Newton pointings 
centred on A399, the intercluster region, A401, and a north-east 
field with respect to A401. The observation IDs of each pointing are 
0112260101, 0112260201, 0112260301, and 0112260401 and are 
the same raw data used by Sakelliou & Ponman ( 2004 ) to study the 
two clusters and the high-temperature gas between them. The two 
Metal Oxide Semi-conductor (MOS) receivers (Turner et al. 2001 ) 
and the PN detector (Str ̈uder et al. 2001 ) have an angular resolution 
of FWHM ∼6 arcsec at the centre of the field of view. We analysed 
the 0.4–1.25 and 2.0–7.2 keV energy bands in order to exclude the 
most contaminated energies (1.25–2.0 keV) by the instrumental lines 
and the residual contamination by soft proton flares at high energies. 
The final image is a combination of the two different bands. All the 
data sets were reduced using the XMM–Newton Extended Source 
Analysis Software (ESAS) package (Snowden, Collier & Kuntz 
2004 ) for the analysis of imaging MOS and PN mode observations. 
For each observation, we followed the procedure described in the 
XMM ESAS Cookbook 2 to construct a map for each pointing. The 
background spectrum was estimated using the mos back and pn back 
tasks in regions where the contamination from the clusters or the 
filament is negligible. We estimated the soft proton contamination 
fitting the spectra of the empty regions with a broken power law 

using the XSPEC software (Arnaud 1996 ). The point sources in the 
X-ray images have been excluded using the ESAS cheese routine. 
The resulting point sources mask was modified to prevent blanking 
of the brightest regions of the two clusters. The mosaic of the four 
observations, background subtracted, corrected by the exposure time, 
without point sources, and then smoothed to the resolution of the 
Compton- y ACT + Planck map, is shown in the bottom panel of 
Fig. 1 . 

2 https:// heasarc.gsfc.nasa.gov/ FTP/ xmm/ software/xmm-esas/ xmm-esas-v 
13.pdf

Figure 1. Top panel: ACT + Planck Compton- y map of the cluster pair A401–
A399 (north and south, respectively) at 1.65 arcmin resolution. Middle panel: 
140 MHz LOFAR map convolved to 1.65 arcmin. Bottom panel: XMM–
Newton map using four pointings in the 0.4–1.25 + 2.0–7.2 keV band. The 
XMM–Newton map has been corrected for background and exposure, and 
smoothed to 1.65 arcmin. White contours superimposed on the LOFAR and 
XMM–Newton maps refer to the 3 σ , 5 σ , and 10 σ ACT levels. The physical 
scale on the plane of the sky is shown on the bottom-left side of the XMM–
Newton map. 
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Figure 2. ACT + Planck Compton- y map with the unmasked regions used in Section 3.2 to study radio–SZ spatial correlations represented by coloured boxes. 
Data points were extracted from each map using the boxes shown here (each of size 1.65 × 1.65 arcmin). This size corresponds to the ef fecti ve resolution of the 
maps (see text). Red, blue, and green boxes refer, respectively, to A401, A399, and the filament region. As we show in the le gend, box es with thinner lines refer 
to the regions that satisfy weaker S / N conditions. Note that each box corresponds to a single measurement in Figs 3 and 4 . The grid excludes radio galaxies and 
candidate radio relics visible in the LOFAR map, traced by black contour lev els, and re gions with S / N < 2 in one of the two maps. LOFAR contour levels are: 
0.003, 0.006, 0.01, 0.015, and 0.03 Jy per beam. We note the offset along the east-west line between the radio brightness and the SZ peaks in A399. 

3  C O R R E L AT I O N  STUDIES  

In this section, we study the radio–SZ, radio–X, and SZ–X spatial 
correlations. For a proper comparison, we first smoothed the LOFAR 

140 MHz and the XMM maps to the 1.65 arcmin ACT + Planck 
map ef fecti ve resolution. We then projected the ACT + Planck and 
the XMM –Newton maps to LOFAR geometry (1.5 arcsec pixel size) 
using MONTAGE . 3 Note that the pixelization does not affect the results 
we will present in the following; using the ACT + Planck geometry, 
we get compatible results. Fig. 1 shows the images used for our 
analysis. Measuring the level of the fluctuations in the ACT + Planck 
and LOFAR maps, we find 5.9 × 10 −6 and 1.0 mJy per beam, 
respectiv ely. F or the XMM–Newton map, we measure the X-ray 
background, corrected for the exposure time, in the north-east field 
with respect to A401, finding 4.2 counts s −1 deg −2 . 

We create a grid to study the correlations inside the two galaxy 
clusters and in the intercluster region. Since we are interested in the 
radio haloes and the emission of the filament, we exclude from the 
grid the radio galaxies and the candidate radio relics detected in the 

3 ht tp://mont age.ipac.caltech.edu/index.html 

LOFAR 140 MHz (Govoni et al. 2019 ) and 1.4 GHz Very Large Array 
(Murgia et al. 2010 ) images. Compact sources in the filament region 
detected by MUSTANG-2, which do not have a clear correspondence 
in the radio maps, have also been masked. The resulting grid for each 
correlation is created after a signal-to-noise ( S / N ) < 2 cut on both the 
images. We investigate how the threshold choice could impact the 
results by also making grids with S / N cuts below 3 and 5. The results 
are consistent within 3 σ for all the adopted S / N thresholds, except for 
the radio–SZ correlation of A399; see the discussion in Section 4.3 . 
The fits were done using EMCEE (F oreman-Macke y et al. 2013 ), 
a Python implementation of Goodman & Weare’s affine invariant 
Markov chain Monte Carlo ensemble sampler (Goodman & Weare 
2010 ). 

The resulting grid for the radio–SZ correlation and for the different 
adopted S / N thresholds is shown in Fig. 2 and o v erplotted on 
the ACT + Planck map. We use boxes of size 1.65 arcmin that 
corresponds to the ef fecti ve resolution of the maps. The red, blue, and 
green boxes cover A401, A399, and the bridge re gion, respectiv ely. 
We consider the boundaries of the two clusters to be at four times the 
core radii estimated in Hincks et al. ( 2022 ). This condition ensures 
that the best-fitting model contribution of the filament is negligible 
in the boxes that belong to the two clusters. We also extracted a 
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Table 1. Overview of the best-fitting parameters using several S / N cutoffs for the radio–SZ, radio–X, and SZ–X correlations in 
A401 and A399. For each pair of data sets, we report the Pearson correlation coefficient ( ρ). Note that best-fitting parameters are 
expressed in the double log scale format. 

S / N > 2 
Radio–SZ (equation 3 ) Radio–X (equation 2 ) SZ–X (equation 4 ) 

Region a radio-SZ b ρ a radio-X d ρ a SZ-X c ρ

A401 4 . 51 + 0 . 52 
−0 . 23 1 . 47 + 0 . 08 

−0 . 08 0.74 −3 . 22 + 0 . 06 
−0 . 06 0 . 73 + 0 . 03 

−0 . 03 0.79 −5 . 26 + 0 . 04 
−0 . 04 0 . 50 + 0 . 02 

−0 . 02 0.97 

A399 11 . 14 + 0 . 59 
−0 . 32 2 . 83 + 0 . 08 

−0 . 13 0.60 −3 . 12 + 0 . 07 
−0 . 06 0 . 78 + 0 . 04 

−0 . 04 0.60 −5 . 28 + 0 . 04 
−0 . 04 0 . 51 + 0 . 03 

−0 . 02 0.94 

S / N > 3 
Region a radio-SZ b ρ a radio-X d ρ a SZ-X c ρ

A401 4 . 71 + 0 . 65 
−0 . 25 1 . 52 + 0 . 09 

−0 . 09 0.71 −3 . 22 + 0 . 07 
−0 . 06 0 . 73 + 0 . 03 

−0 . 03 0.76 −5 . 24 + 0 . 04 
−0 . 04 0 . 49 + 0 . 02 

−0 . 02 0.97 

A399 12 . 41 + 0 . 71 
−0 . 34 3 . 11 + 0 . 09 

−0 . 15 0.51 −3 . 29 + 0 . 10 
−0 . 09 0 . 88 + 0 . 06 

−0 . 06 0.57 −5 . 25 + 0 . 05 
−0 . 05 0 . 49 + 0 . 03 

−0 . 03 0.93 

S / N > 5 
Region a radio-SZ b ρ a radio-X d ρ a SZ-X c ρ

A401 4 . 88 + 0 . 94 
−0 . 29 1 . 56 + 0 . 12 

−0 . 11 0.55 −3 . 16 + 0 . 09 
−0 . 08 0 . 71 + 0 . 04 

−0 . 04 0.66 −5 . 22 + 0 . 05 
−0 . 05 0 . 49 + 0 . 02 

−0 . 02 0.98 

A399 14 . 75 + 0 . 24 
−0 . 26 3 . 69 + 0 . 05 

−0 . 11 0.44 −3 . 38 + 0 . 15 
−0 . 13 0 . 93 + 0 . 09 

−0 . 08 0.46 −5 . 12 + 0 . 08 
−0 . 08 0 . 43 + 0 . 05 

−0 . 04 0.94 

grid where the clusters extend up to five times the core radii. By 
increasing the clusters’ boundaries by 25 per cent ( × 5 r c ), the results 
we derive are 1 σ compatible and vary by 8 per cent at most with 
respect to the values reported in Table 1 . We conclude that the choice 
of the boundaries of the clusters does not introduce any systematic 
in our analysis. Ho we ver, we adopt the grid shown in Fig. 2 to 
minimize the contribution of the filament in the outer boxes of the 
two clusters. Each box corresponds to a single point at which the 
correlation is calculated. Note that the grid shown in Fig. 2 refers 
only to the radio–SZ correlation. For the radio–X and SZ–X point-by- 
point comparison, the masks we used differ only in the intercluster 
region, where fewer points satisfy the threshold condition, mainly 
due to low X-ray brightness in the region. 

3.1 Radio–X correlation 

We start by applying the grid to the LOFAR and XMM–Newton maps. 
We extract the points shown in the upper panel of Fig. 3 . For each 
region, we fit the data in the linear space with a power law that can 
be expressed in the log–log plane as 

log ( F radio ) = a radio −X + d log ( F X ) , (2) 

where F X is the X-ray count rate per solid angle unit and F radio 

the radio brightness in Jy per beam unit. We fit the model to the 
data, considering errors for both v ariables follo wing a maximum 

likelihood approach as in Hoekstra et al. ( 2012 ). The decision to fit 
the data in the linear space ensures that the uncertainties follow a 
normal distribution, a condition that may not al w ays be satisfied in 
double log space. The same procedure is used in Sections 3.2 , 3.3 , 
and 3.4 . The errors of the radio points are obtained by combining in 
quadrature the LOFAR thermal noise of the map, 1 mJy per beam, 
and the 15 per cent systematic error due to calibration, as reported 
in Govoni et al. ( 2019 ). To threshold the radio data, we use only the 
thermal noise of the map without considering the calibration error. 
The radio–X scaling indices we find for A399 and A401 using the 
S / N > 2 threshold are d = 0 . 78 + 0 . 04 

−0 . 04 and d = 0 . 73 + 0 . 03 
−0 . 03 , respectively: 

a sublinear correlation for both the clusters. We estimate the level of 
correlation of the data in the two clusters by measuring the Pearson 
coefficients ( ρ hereafter Pearson 1895 ) after linearizing the data. We 
find ρ = 0.60 and ρ = 0.79 for A399 and A401, respectively. The 
relation in A399 is more scattered and less linearly correlated than 
in A401. Fit results are summarized in Table 1 . In Appendix B , we 

report the best-fitting parameters when we fit the data in the double 
log scale. 

In A399 Sakelliou & Ponman ( 2004 ) reported a sharp X-ray edge 
in the eastern sector of the cluster: see fig. 4 of their paper. On 
the other hand, Murgia et al. ( 2010 ) noted that the radio emission 
in that region does not drop off, indicating that the non-thermal 
components in this region of A399 extend beyond the thermal 
electrons population. The higher dispersion for A399 we note in 
Fig. 3 is possibly caused by this sharp X-ray edge. If we do not 
consider the boxes on the east sector of A399, the radio–X correlation 
is still sublinear but becomes steeper ( d = 0 . 91 + 0 . 05 

−0 . 05 ), more correlated 
( ρ = 0.72, so still smaller than A401), and consequently less 
scattered, indicating that our hypothesis is consistent with the data. 

We also note that a cluster of points lies abo v e the best-fitting 
trend for A401. A strong radio emission characterizes these points; 
we identify them as the compact radio emission in the north region 
of A401 visible in Fig. 2 . Even though this region may seem like a 
compact radio source, the analysis of its emission at 140 MHz at high 
spatial resolution and in the optical band indicates that no compact 
source is present at this spatial location. We therefore conclude that 
this emission most likely is diffused and is associated with the ICM. 
Ho we v er, masking this re gion we find a scaling inde x of 0 . 71 + 0 . 03 

−0 . 03 , 
which is fully in agreement with the unmasked value, and a Pearson 
correlation coefficient of ρ = 0.84. See Appendix A for further details 
about the fits masking the two regions of the clusters. 

3.2 Radio–SZ correlation 

In this section, we apply the grid shown in Fig. 2 to the ACT + Planck 
and LOFAR maps. The resulting points are shown in the middle panel 
of Fig. 3 . We fit the points with a power law that in the log space 
results in 

log ( F radio ) = a radio −SZ + b log ( y ) , (3) 

where F radio is the measured radio brightness and y is the dimension- 
less SZ signal (equation 1 ). For S / N > 2, we find that the scaling 
indices for A401 and A399 are b = 1 . 47 + 0 . 08 

−0 . 08 and b = 2 . 83 + 0 . 08 
−0 . 13 . The 

Pearson correlation coefficients for the two clusters are, respectively, 
0.74 and 0.60, similar to what was found in Section 3.1 . Fit results 
for A399 and A401 are summarized in the first column of Table 1 . 
The radio–SZ correlation in Fig. 3 seems to suggest that the slope of 
the correlation at the lowest flux densities is flatter than at high flux 
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Figure 3. Top panel: Correlation between the radio and X-ray count rate 
maps. Middle panel: Correlation between the radio map and the y signal. 
Bottom panel: Correlation between the y signal and the X-ray count rate 
map. The red points and the solid line refer to A401, while the blue diamond 
markers and dashed line refer to A399. In the three figures, we show only 
the points that satisfy the condition S / N > 2. The horizontal and vertical 
dash–dotted lines indicate the noise level in the two maps. Error bars in the 
x -axes are not included in the panels to make the figures easier to read but 
have been considered in estimating the best-fitting parameters. 

density. If we examine the scaling relations for A401 as we increase 
the S / N threshold; ho we ver, the fitted slopes remain compatible at the 
1 σ level. Thus there is no convincing evidence for a bias at the low 

flux densities in A401. The A399 data are much more scattered than 
for A401. As we will see in Section 3.4 , the presence of scattering 
and a noise threshold could cause an apparent flattening of the data at 
low flux. The fact that we do not observe any significant bias in A401 
led us to consider all the available data in A399. Ho we ver, we cannot 
exclude the possibility that A399 data suffer from an observational 
bias. 

As we note in the caption of Fig. 2 , the SZ signal, like the X-ray 
brightness, has a sharp decline compared to the radio emission in the 
east sector of A399. If we do not consider the east sector of A399, we 
find b = 3 . 02 + 0 . 06 

−0 . 11 and ρ = 0.68. If we mask the northern region of 
A401, for the reasons given in Section 3.1 , we find a slightly smaller 
scaling index, 1 . 42 + 0 . 08 

−0 . 08 , and as expected a Pearson coefficient closer 
to unity, ρ = 0.80. 

3.3 SZ–X correlation 

We correlate the SZ map with X-ray data fitting 

log ( y ) = a SZ −X + c log ( F X ) . (4) 

If we select only the data with S / N > 2, we find c = 0 . 50 + 0 . 02 
−0 . 02 and 

c = 0 . 51 + 0 . 03 
−0 . 02 for A401 and A399, respectively. The data points and 

the best-fitting lines are shown in the bottom panel of Fig. 3 . We note 
the relative lack of scatter as compared to the two correlations already 
discussed. Higher S / N thresholds yield similar values. The strong 
correlation between X-ray and SZ data is confirmed by the Pearson 
test. For A399, we find ρ = 0.94 while for A401 the parameter is 
0.97; note that ρ = 1.0 means full correlation. Fit results for the 
SZ–X correlation are summarized in the third column of Table 1 . 

3.4 Correlation in the filament 

This subsection investigates the filament between the two clusters. 
In Fig. 4 , we show the three correlations extracted from the inter- 
cluster region using an S / N > 2 threshold. We find b = 0 . 62 + 0 . 16 

−0 . 17 , 
d = 0 . 34 + 0 . 31 

−0 . 26 , and c = 0 . 16 + 0 . 16 
−0 . 11 , respectively, for the radio–SZ, 

radio–X, and SZ–X correlations. These relations are flatter than 
those of the two clusters and are summarized in Table 2 . Moreo v er, 
we note that the three scaling indices are characterized by a large 
uncertainty, making them compatible with zero at the 2 σ–3 σ level. 
We also note that especially for the radio–X and SZ–X correlations, 
the X-ray points could be ef fecti vely a single point due to the 
large uncertainties in the X-ray intensity. The Pearson correlation 
coef ficients sho w a negligible correlation for the radio–SZ and radio–
X comparisons. They are ρ = 0.15 and ρ = −0.08, while for the 
spatial correlation between SZ and X-ray, we find ρ = 0.45. These 
values are considerably smaller than those found in the individual 
clusters of this system, and the correlations in Fig. 4 appear to be 
less significant than in A399 and A401. In order to estimate the 
probability that two uncorrelated populations produce a data set 
described by the same Pearson coefficients observed in the filament, 
the p -value associated with each correlation is computed, resulting 
in 30 per cent for the radio-SZ, 71 per cent for the radio-X, and 
3 per cent for the SZ–X. The probability that the radio–SZ and radio–
X correlations arise from an uncorrelated data set is not negligible, 
although a filament of hot gas between the two clusters has been 
detected in all the maps we use. 

One might think that we observe only the brightest part of the 
filament due to the low density of the intercluster medium and/or 
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Figure 4. Left panel: Correlation between the radio and X-ray count rate maps. Middle panel: Correlation between the radio map and the y signal. Right panel: 
Correlation between the y signal and the X-ray count rate map. The plotted points are only from the intercluster region. The figures show only the points that 
satisfy the condition S / N > 2 for each combination of the three maps. For each correlation, we report the best-fitting lines for A401 (red solid line) and A399 
(blue dashed line), selecting only the points that satisfy the condition 2 < S / N < 5. The horizontal and vertical dash–dotted lines indicate the noise level for each 
map we use. To conv e y the significance of the observed correlations, the average uncertainty for the distribution is indicated with a horizontal error bar in each 
panel. 

Table 2. Overview of the best-fitting parameters in the filament using the threshold S / N > 2 and in the two clusters when only 
the points which satisfy the condition 2 < S / N < 5 are selected. For each pair of data sets, we report the Pearson correlation 
coefficient ( ρ). Note that best-fitting parameters are expressed in the double log scale format. 

S / N > 2 
Radio–SZ (equation 3 ) Radio–X (equation 2 ) SZ–X (equation 4 ) 

Region a radio-SZ b ρ a radio-X d ρ a SZ-X c ρ

Filament 0 . 60 + 1 . 91 
−0 . 37 0 . 62 + 0 . 16 

−0 . 17 0.15 −2 . 60 + 0 . 35 
−0 . 22 0 . 34 + 0 . 31 

−0 . 26 −0.08 −4 . 85 + 0 . 12 
−0 . 13 0 . 16 + 0 . 16 

−0 . 11 0.45 

2 < S / N < 5 
Region a radio-SZ b ρ a radio-X d ρ a SZ-X c ρ

A401 0 . 19 + 0 . 64 
−0 . 36 0 . 55 + 0 . 08 

−0 . 16 0.35 −2 . 58 + 0 . 17 
−0 . 19 0 . 16 + 0 . 20 

−0 . 12 0.31 −4 . 99 + 0 . 26 
−0 . 20 0 . 26 + 0 . 22 

−0 . 17 0.54 

A399 0 . 47 + 1 . 78 
−0 . 38 0 . 60 + 0 . 15 

−0 . 19 0.55 −2 . 58 + 0 . 14 
−0 . 16 0 . 19 + 0 . 17 

−0 . 11 0.41 −4 . 96 + 0 . 11 
−0 . 12 0 . 22 + 0 . 13 

−0 . 09 0.56 

the projection of the system on the plane of the sky, as already has 
been observed by Hincks et al. ( 2022 ), and that this in turn biases 
the resulting scaling index and amplitude of the fits. To understand 
if the flatter relations we find for the radio–X, radio–SZ, and SZ–X 

comparisons are due to some observational bias, we repeat the study 
on the two clusters, focusing our attention on the faintest regions. We 
examine the correlations in the clusters selecting only data between 
S / N > 2 and S / N < 5. This means that we are using the boxes at the 
edge of the clusters, which have a brightness comparable with what 
we see in the filament. These regions are indicated in Fig. 2 with the 
thinnest outlines. Fit results for these faint regions of the clusters are 
summarized at the bottom of Table 2 , and the corresponding best- 
fitting lines, together with the scaling relation slopes, are also shown 
in Fig. 4 . We note the consistency between the best-fitting lines for 
the three observables. The Pearson correlation coefficients reside in 
the range 0.3–0.5 for all the cases, resulting less linearly correlated 
than the data reported in Table 1 . 

The best-fitting parameters we extract using only the faintest 
regions in the two clusters are 1 σ compatible with the ones in the 
filament. This suggests that the flatter relations in the filament are 
very likely due to an observational bias. Among the possible biases, 
we cite the fact that we are detecting only the brightest regions of 
the filaments and that there is likely intrinsic scatter in the data. 
Intrinsic scatter would affect the low S / N data more, resulting in a 
possible deviation of the scaling index of the relation from the true 
value when only low significance data are examined. To demonstrate 

this possibility, we perform some simple simulations that include 
intrinsic scatter in the presence of a pure noise threshold of 2 σ and 
reproduce the flatter correlation found in faint regions of the filament 
and clusters. In more detail, first we generate points following the 
cluster’s best-fitting scaling relations (see Table 1 ), then we scatter 
the points by combining the data’s noise and an additional term 

for intrinsic scatter, and finally we threshold the data and fit the 
points satisfying the S / N > 2 condition. After we apply the noise 
threshold, the points near the 2 σ noise threshold systematically lie 
abo v e the best-fitting scaling relation we used to generate the points 
themselves. This results in a flatter correlation, and thus we conclude 
that there is no evidence for different correlation properties between 
faint and bright regions for the three pairs of observables we study. 
Deeper, lo wer-noise observ ations of this system or systems like it 
will be required to obtain statistically reliable correlations in the 
faint regions and thereby determine if different physical mechanisms 
operate in the cluster and filament regions. Ho we ver, this study is 
beyond the scope of the paper, so we will not further investigate this 
aspect. 

4  FURTHER  C O N S I D E R AT I O N S  O N  T H E  

C O R R E L AT I O N S  

The results we have presented in Section 3 can be used to infer 
properties of the two clusters, such as the relations between thermal 
and non-thermal components, the temperature radial profile, and the 
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slope of the radial dependence of the magnetic field strength, B ( r ). 
This section will focus on the former. We will compare our results 
with previous work on galaxy clusters hosting radio haloes. The 
discussion of the magnetic field is left to Section 5 . 

4.1 Radio–X correlation 

The characterization of the radio–X correlation in galaxy clusters 
hosting radio haloes has been done in about 10 systems o v er the last 
two decades. Govoni et al. ( 2001 ) analysed for the first time the local 
radio–X correlation for four galaxy clusters. They found a linear 
relation for two of them (Abell 2255, confirmed by Botteon et al. 
2020 , and Abell 2744, in which Rajpurohit et al. 2021b , by contrast, 
found a sublinear relation) and a sublinear trend for the other two (the 
Coma cluster and Abell 2319). Bonafede et al. ( 2021 ) studied the 
radio–X correlation in the radio bridge of the Coma cluster, finding 
a correlation parameter of 0.5 ± 0.1. Recently Vacca et al. ( 2022 ) 
found a sublinear scaling index in Abell 523 at 144 MHz despite 
the weak linear correlation in the log–log plane, while Cova et al. 
( 2019 ) detect a broad intrinsic scatter between these two quantities at 
1.4 GHz. On the other hand, Hoang et al. ( 2019 ), studying Abell 520, 
disco v ered only a tentative trend between Chandra data and three 
radio maps at different frequencies. Similarly, Shimwell et al. ( 2014 ) 
found no significant correlation in the radio halo of the Bullet cluster 
(1E 0657 −55.8) at the sensitivity limit of their observations. Riseley 
et al. ( 2022 ), comparing radio and X-ray brightness for the radio halo 
in Abell 3266, reported a linear scaling relation (0.99 ± 0.07) while 
Rajpurohit et al. ( 2018 ) found a log–log slope of 1.25 ± 0.16 in the 
1RXS J0603.3 + 4214 cluster. 

Previous work has been done at 140 MHz and 1.4 GHz; ho we ver, as 
shown in Rajpurohit et al. ( 2021a ), and confirmed in Rajpurohit et al. 
( 2021b ), this should not affect the results within the uncertainties. 
Most of the radio haloes studied in the past show a linear or sublinear 
radio–X relation; ho we ver, the number of well-studied systems is still 
small, and there is not yet a clear view of the matter. 

In this work, we studied the radio haloes A399 and A401, for 
which high-angular resolution multiwavelength data ( ∼arcmin) are 
available. We find that a sublinear radio-X correlation characterizes 
the two systems. As shown in Govoni et al. ( 2001 ), a linear relation 
between the radio surface brightness and X-ray count rate per solid 
angle unit translates to 

N 0 B 

( δ+ 1) / 2 ∝ n 2 e ( kT ) 1 / 2 , (5) 

assuming that the number density of relativistic electrons with energy 
between ε and ε + d ε is n e d ε = N 0 ε

−δd ε, and where B is the magnetic 
field and T is the gas temperature. Note that equation ( 5 ) assumes 
pure bremsstrahlung emission for the X-ray counterpart, which is a 
good approximation only when the temperature is greater than a few 

keV. Assuming that the cluster is isothermal, a sublinear radio–X 

correlation suggests that the radial decline of magnetic fields and 
non-thermal particles is slower than the square of the thermal gas 
density, as we have found for both the clusters, or the opposite in the 
superlinear regime. 

As pointed out in Govoni et al. ( 2001 ) the relation between 
radio and X-ray brightness could be used to infer which model 
is most likely responsible for the relativistic electrons generally 
found in radio haloes, including those in A399 and A401. These 
authors showed that re-acceleration scenarios predict a linear or 
sublinear radio-X correlation, while with injection models a linear 
or superlinear correlation depending on the magnetic field strength 
is anticipated. We conclude that the data analysed in this section in- 
dicate a preference for the re-acceleration scenario; ho we ver, further 

analysis and a larger statistical sample of the radio–X correlations in 
other radio haloes are of fundamental importance before drawing a 
firm conclusion on the origin of non-thermal electrons. 

4.2 SZ–X correlation 

The correlation between SZ and X-ray indicates that the ICM in A399 
and A401 can be well described with an isothermal profile. Indeed 
for these two clusters, we find a scaling index compatible with � 0.5. 
The X-ray thermal bremsstrahlung is proportional to F X ∝ n 2 e T 

1 
2 , 

while the SZ effect scales as y SZ ∝ n e T . If the gas temperature is 
constant o v er the cluster volume or almost constant with respect to 
density variations, the SZ–X correlation is proportional to n 0 . 5 e , which 
is consistent with the scaling indices we observe in A399 and A401. 

Ho we ver, we also note that the scaling index of the SZ–X 

correlation in A399 is smaller when the S / N threshold is > 5, although 
it remains compatible at the 2 σ level with the value we expect for 
an isothermal medium. This small deviation from the value of 0.5 
might be an indication of weak temperature gradients inside A399, 
as already suggested by Sakelliou & Ponman ( 2004 ) and Bourdin & 

Mazzotta ( 2008 ). 

4.3 Radio–SZ correlation 

It is well known that there is a global relation between the integrated 
radio emission and the integrated Compton–y parameter in clusters of 
galaxies hosting radio haloes. B12 disco v ered a correlation between 
cluster radio power at 1.4 GHz and the Compton- y parameter 
integrated up to 5 R 500 with a log–log slope of 1.88 ± 0.24. B12 
also considered another sample of clusters observed at 327 MHz; 
the trend of the correlation is consistent with result at 1.4 GHz. 
W21 determined the radio–SZ scaling relation for a sample of radio 
haloes using LOFAR 150 MHz and Compton Y R 500 data from Planck 
Collaboration XXVII ( 2016 ). W21 found a steeper log–log slope 
with respect to B12 , equal to 3.32 ± 0.65 using the orthogonal 
regression algorithm (Akritas & Bershady 1996 ). Ho we ver, W21 
also found that the log–log slope is significantly affected by the 
fitting method; adapting the same model to the same data but using 
three different techniques, W21 only found a � 1 σ compatibility 
between the resulting scaling relations. In fitting the integrated radio 
power P versus Y R 500 , where P and Y R 500 are the independent and the 
dependent variables, a scaling index of 2.1 ± 0.67 ( W21 ), compatible 
with B12 , was reported. PLA13 studied the Coma cluster using the 
new Planck SZ map with an angular resolution of 10 arcmin and 
radio data at 352 MHz, finding for the first time a point-by-point 
correlation between radio and SZ brightnesses inside a cluster. A 

quasi-linear relation with a scaling index of 0.92 ± 0.04, fitting SZ 

versus radio brightness was reported, which corresponds to a ∼1.1 
reversing of the relation between radio brightness and SZ, as we have 
also done here. 

In this work, we correlate radio and SZ data in the inner part of the 
galaxy clusters like PLA13 , but with a significantly higher resolution 
of 1.65 arcmin. The radio–SZ relations we find for A399 and A401 
are much steeper than the PLA13 results. The main differences are 
the angular resolution and the frequency of the radio map. While 
we believe that the different frequencies cannot be the only cause 
of the discrepancy, the different resolutions may solve the tension. 
Our higher angular resolution data allow us to define a fine grid 
that excludes compact sources. Residual sources could still affect 
the brightness in the boxes at the edge of the clusters. An increase 
of the brightness at the cluster’s edge due to source contamination 
would result in a flatter relation in the log–log plane. This effect 
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has been noticed in Bonafede et al. ( 2022 ). The latter authors have 
re-analysed the radio–SZ relation in the Coma cluster, with a better 
resolution than PLA13 , finding a steeper slope. The scaling indices 
we present in this work for A339 and A401 are 1 σ compatible with 
the global trend disco v ered by W21 , which used the same radio 
frequenc y. Moreo v er, for A401, our result is 2 σ compatible with 
B12 results, while for A399 we report a tension slightly smaller than 
4 σ with respect to B12 . Ho we ver, our work indicates that the relation 
between the non-thermal components and thermal pressure is also 
verified on subcluster scales. 

The radio–SZ relation we find for A399 and A401 can be written 
as 

N 0 B 

( δ+ 1) / 2 ∝ ( n e kT ) b , (6) 

where b is the power-law index reported in Table 1 . We note that the 
radio–SZ scaling index for A401 is around twice the one we extract 
from radio and X-ray data. This result is in line with what we expect 
for an almost isothermal medium, or slowly variable gas temperature 
along the radial direction, considering that the radio–X correlation 
can be written as 

N 0 B 

( δ+ 1) / 2 ∝ 

(
n 2 e ( kT ) 1 / 2 

)d 
. (7) 

If we compare radio–SZ (equation 6 ) and radio–X (equation 7 ) cor- 
relations and assume that the gas can be approximated as isothermal, 
we expect b = 2 d . Hence, from the radio–X correlation in A401, 
we would expect a radio–SZ scaling index of ∼1.5, which fully 
agrees with the radio–SZ scaling index we measure in A401. The 
same trend is also verified when we mask the up-scattered radio 
points (see Appendix A ). In the case of A399, if the assumption 
of an isothermal ICM were correct from the radio–X comparison, 
we would expect a radio–SZ scaling index of ∼1.60. This value 
is clearly incompatible with the one we measure comparing radio 
and SZ data, 2 . 83 + 0 . 08 

−0 . 13 , and masking the east sector of A399 does not 
alleviate the tension. In Section 4.2 , we find that an isothermal profile 
can provide a good global description of A399. Ho we ver, we do not 
exclude the presence of a slight temperature gradient in the ICM 

responsible for the drift of the SZ–X scaling index when increasing 
the S / N threshold. Bourdin & Mazzotta ( 2008 ) classified A399 as an 
‘irregular’ cluster due to past merger activities within the cluster; our 
findings seem to confirm this conclusion using multifrequency data 
instead of only X-ray. The Pearson correlation test for the radio–X 

and radio–SZ correlations indicates a much more disturbed cluster 
morphology with respect to A401. Note that when the east sector 
of A399 is masked, the levels of correlation in A399, measured 
with the Pearson test, remain smaller than the ones in A401. Deeper 
high-resolution data would help investigate individual cluster sectors 
further and eventually, better understand A399 morphology. 

5  R A D I A L  D E P E N D E N C E  O F  T H E  MAGNETI C  

FIELD  

The data set presented in Section 2 and analysed in Sections 3 and 4 
can be used to study the magnetic field properties in the two clusters. 
In this section, starting from theoretical assumptions and using radio, 
SZ, and X-ray data, we derive information about magnetic fields in 
A399 and A401. 

There are theoretical (e.g. Dolag, Bartelmann & Lesch 2002 ; 
Donnert et al. 2018 ) and observational (e.g. Dolag et al. 2001 ; Murgia 
et al. 2004 ) arguments indicating that magnetic fields inside galaxy 
clusters must decrease with the increase of the radial distance from 

the cluster centre scaling as a function of the electron density. In this 
work, we assume that the magnetic field in galaxy clusters hosting 

radio haloes follows the following radial profile: 

〈 B( r) 〉 = B 0 

(
n e ( r) 

n 0 

)η

, (8) 

where B 0 and n 0 are the central magnetic field and the central thermal 
electron density , respectively , n e ( r ) is the electron density at a given 
radius r from the cluster centre, and η is the scaling index of the 
magnetic field, expected to be in the range 0.3–1 (e.g. Murgia et al. 
2009 , and references therein). A positive value of η combined with a 
radially decreasing electron density results in a radial decrease of the 
magnetic field. The parameter η is related to the cluster’s gravitational 
collapse mechanism and the o v erall amplification process of B (e.g. 
Vazza et al. 2018 ). Under the hypothesis of conservation of mass and 
magnetic field flux, in the case of a frozen-in magnetic field during 
the compression of a spherical cloud we expect η = 2/3 (Feretti et al. 
2004 ). If the magnetic field energy scales as the thermal energy, η is 
predicted to be 0.5 (e.g. Bonafede et al. 2010 ). Dif ferent v alues can 
be obtained in different non-spherical geometries. 

Assuming an isothermal β–model (Cavaliere & Fusco-Femiano 
1976 ), equation ( 8 ) becomes 

〈 B( r) 〉 = B 0 

(
1 + 

r 2 

r 2 c 

)− 3 
2 βη

, (9) 

where β is the slope of the density profile and r c is the core radius. 
For a β–model, the brightness profile for X-ray emission and SZ 

signal can be written, respectively, as (e.g. Hughes & Birkinshaw 

1998 ) 

I X ( r) ∝ T 1 / 2 
(

1 + 

r 2 

r 2 c 

)−3 β+ 0 . 5 

(10) 

I SZ ( r) ∝ T 

(
1 + 

r 2 

r 2 c 

)−3 / 2 β+ 0 . 5 

. (11) 

In the following, we will derive the radio brightness profile and the 
index η for the injection and re-acceleration scenarios. 

5.1 Radial dependence of the magnetic field in the injection 

model 

In the first scenario, we assume that cosmic ray electrons are 
continuously injected into the ICM. If this electron population is 
described with a power-law distribution between a minimum and 
maximum energy range, then the brightness profile for radio emission 
under the equipartition conditions is, 

I radio ( r) = I radio , 0 

(
1 + 

r 2 

r 2 c 

)−6 βη+ 0 . 5 

, (12) 

considering that, under these conditions, the local radio brightness 
is proportional to B 

4 (Murgia et al. 2009 ). 
Given the high-resolution data we have, we can combine the 

following two relations to estimate η in this injection scenario: 

I radio ( r) 

I SZ ( r) 
∝ T −1 

(
1 + 

r 2 

r 2 c 

)−3 β( 2 η−0 . 5 ) 

(13) 

I radio ( r) 

I X ( r) 
∝ T −0 . 5 

(
1 + 

r 2 

r 2 c 

)−6 βη+ 3 β

. (14) 

For the first time here we can use the radio–SZ spatial correlation in 
galaxy clusters (equation 13 ) to remo v e the temperature dependence 
in equation ( 14 ) and then extract η both for A399 and A401. 
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Figure 5. Left-hand panel: A399 radio–X correlation points are shown in blue. The black line shows the fitted points using SZ, radio, and X-ray data. Right-hand 
panel: The same for Abell 401. The measured points are shown in red. Grey shadows indicate η–1 σ confidence band. 

Table 3. Overview of the best-fitting parameters for the scaling in- 
dex of the magnetic field in the two different scenarios. Uncertainties 
inside the brackets reflect the dependence of η with respect to the 
parameters of the β-profile; see Section 5.1 . 

Radio–X–SZ 

Region Injection model Re-acceleration model ρ

A401 0.58 ± 0.03( ± 0.03) 0.66 ± 0.04( ± 0.03) 0.90 
A399 0.70 ± 0.04( ± 0.01) 0.80 ± 0.05( ± 0.01) 0.74 

Combining the previous two relations, we find 

I radio ( r) 

I X ( r) 
∝ 

(
I radio ( r) 

I SZ ( r) 

) 1 
2 
(

1 + 

r 2 

r 2 c 

)−3 β
(

η− 3 
4 

)

. (15) 

This expression can be used to estimate η and unlike equations ( 13 ) 
and ( 14 ) is independent of gas temperature. We adopt the core radii 
and slopes measured by Hincks et al. ( 2022 ) using a spherical β–
model to fit the two clusters. These authors found βA 401 = 0.83 ± 0.06 
and r c, A 401 = 2.4 ± 0.3 arcmin for A401, while for A399 they found 
βA 399 = 0.80 ± 0.09 and r c, A 399 = 2.9 ± 0.6 arcmin. To estimate η
we fit equation ( 15 ) in the form 

1 

2 
log ( I radio ( r) · I SZ ( r) ) = a + log ( I X ( r) ) + 

− 3 β

(
η − 3 

4 

)
log 

(
1 + 

r 2 

r 2 c 

)
, (16) 

where a is an offset term. The results for A399 and A401 are ηA 399 = 

0.70 ± 0.04 and ηA 401 = 0.58 ± 0.03, respectively. The fits to the 
correlations for the injection model, using all three data sets together, 
are shown in Fig. 5 . Note that these measurements of the magnetic 
field scaling indices depend on the assumption of a circular β-profile 
for the two clusters. To properly quantify how the values we assumed 
for r c and β affect our results, we tested the cases where we set 
these two parameters at the extremes of the 1 σ confidence levels 
reported in Hincks et al. ( 2022 ). We find that this creates an additional 
uncertainty of 0.03 and 0.01 for η401 and η399 , respectively. These 
uncertainties are reported in Table 3 inside the brackets. 

The advantage of fitting the three data sets at the same time is clear 
when examining the Pearson coefficient of the quantities shown in 
Fig. 5 . For A401, we find ρ = 0.90, while for A399, we find ρ = 

0.74 (0.83 when we mask the east sector). Both Pearson values 
reveal a more significant linear relation than the ones we extracted 

in Section 3 for the radio–X and radio–SZ correlations. As expected, 
by introducing a third data set, we reduce the intrinsic scatter of the 
two double correlations, making the estimation of the scaling index 
η more robust. If we use only the radio and X-ray data (equation 14 ) 
to extract the scaling index of the magnetic field we would find 
η

X,R 
A 399 = 0 . 54 ± 0 . 06 and ηX,R 

A 401 = 0 . 44 ± 0 . 05. Ho we ver, the lo wer 
Pearson coefficients we found in the radio–X correlations for A401 
and A399 (0.73 and 0.6) indicate a poorer quality of the fit compared 
to using the three maps simultaneously. We conclude that the radial 
dependence of the magnetic field estimation with the triple data set is 
more reliable than the values we can derive using the ratio between 
radio and X-ray brightness or only the radio brightness radial profile. 

5.2 Radial dependence of the magnetic field in the 
re-acceleration model 

The observed radio brightness profile of the galaxy clusters can also 
be described with a second model assuming that existing electrons 
are continuously re-accelerated and balance radiative losses. In a 
simplified version of this model, under the equipartition conditions, 
the radio brightness can be written as 

I radio ( r) = I 0 

(
1 + 

r 2 

r 2 c 

)−5 . 25 βη+ 0 . 5 

. (17) 

Note that in this scenario, under perfect equipartition between 
the particles’ energy density and magnetic field, the local radio 
brightness scales as B 

3.5 . See Murgia et al. ( 2009 ) for further details 
about the re-acceleration scenario. 

Combining the previous equation with equations ( 10 ) and ( 11 ), in 
the re-acceleration scenario, we obtain the following relation between 
radio, X-ray, and SZ brightness profiles: 

I radio ( r) 

I X ( r) 
∝ 

(
I radio ( r) 

I SZ ( r) 

) 1 
2 
(

1 + 

r 2 

r 2 c 

)− 21 
8 β

(
η− 18 

21 

)

, (18) 

from which we can extract η as we did in Section 5.1 . In this 
framework we find ηA 399 = 0.80 ± 0.05 and ηA 401 = 0.66 ± 0.04. 
The global scaling indices of the magnetic fields we find in the re- 
acceleration scenario are slightly higher than the ones we found with 
the injection model. The scaling indices of the magnetic fields in the 
two scenarios are summarized in Table 3 . 
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Figure 6. RMS of the RM profile as a function of the distance from the centre of A401 for three different values of the magnetic field scaling index η. Red 
points indicate the RM values in A401 (Govoni et al. 2010 ). Top-left panel: � B = 10 kpc. Top-right panel: � B = 100 kpc. Bottom-left panel: � B = 200 kpc. 
Bottom-right panel: � B = 500 kpc. 

5.3 Estimation of ηA 401 from RM 

We can estimate η with an independent, but approximate, method 
using ancillary RM data on A401 from Govoni et al. ( 2010 ). 
Considering a density profile that follows a β–model, the RM 

dispersion profile can be written as (Dolag et al. 2001 , and references 
therein) 

σRM 

( r ) = 

K B 0 n 0 r 
1 / 2 
c � 

1 / 2 
B (

1 + r 2 /r 2 c 

)(6 β(1 + η) −1) / 4 

√ 

�(3 β(1 + η) − 1 / 2) 

�(3 β(1 + η)) 
, (19) 

where B 0 is the magnetic field at the cluster centre, � is the gamma 
function, n 0 is the central density, � B is the magnetic field auto- 
correlation length, and K is a dimensionless constant that depends 
on the integration path through the gas of the cluster. If we assume 
that the source is located near the middle of the cluster, the value of 
the constant is K = 441, while if the source is entirely beyond the 
cluster, K = 624 (Dolag et al. 2001 ). In this work, we assume the 
former case. 

By making some assumptions on these parameters, we plot σ RM 

versus radius for different values of η and � B and compare them 

with the RM values measured by Govoni et al. ( 2010 ). In this 
way, we can determine η. First, we estimate the magnetic field 
strength at the centre of A401 using the relation disco v ered by 
Govoni et al. ( 2017 ) between the central magnetic field and the 

gas density: B 0 � C 

(
n 0 

cm 

−3 

)0 . 47 
, where C = 69 . 5 μG. Note that this 

relationship statistically links the magnetic field central strength with 
the thermal gas density at the centre of the cluster but does not give 
any information about the magnetic field radial decline. By using 
the central gas density derived by Hincks et al. ( 2022 ) for A401 
as best-fitting parameter, we estimate B 0 , A 401 ∼ 6 . 7 μG. Note that 
using the central gas density in the filament estimated by the previous 
authors, we derive B fil ∼ 0 . 8 μG, in agreement with the upper limit 
established by Govoni et al. ( 2019 ). Ho we ver, this estimation must be 
interpreted with caution because the relation used has been derived 
from the denser environment in clusters that may not be accurate in 
the case of filaments. Finally, for the magnetic field auto-correlation 
length (Enßlin & Vogt 2003 ; Murgia et al. 2004 ) 

� B = 

3 π

2 

∫ k max 

k min 
| B k | 2 kdk ∫ k max 

k min 
| B k | 2 k 2 dk 

, (20) 

where k min and k max are the minimum and maximum wavenumbers 
( k = 2 π / � where � indicates the scale of fluctuation) of the magnetic 
field and | B k | 2 is the magnetic field power spectrum. We consider 
three cases: � B = 100, 200, and 500 kpc. Indeed, typical values of the 
magnetic field auto-correlation length in merging galaxy clusters can 
be on the order of a few hundred kpc (e.g. Vacca et al. 2010 ; Girardi 
et al. 2016 ). Moreo v er, to e xclude the possibility that � B is only a few 
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Figure 7. The fit of the RMS of the RM values for two radio galaxies in 
A401, red lines indicate the best-fitting values corresponding to the 50 th 

percentile. Grey contours from lightest to darkest refer to the 3 σ , 2 σ , and 1 σ
levels in the two-dimensional histogram. 

kpc, we also test the case � B = 10 kpc. Using equation ( 19 ) we extract 
the σ RM 

profile for different values of the magnetic field scaling index 
and auto-correlation scale that can be compared with the RM values 
measured by Govoni et al. ( 2010 ) for two radio galaxies in A401. 
The RM dispersion profiles and the measures are shown in Fig. 6 . 
These plots indicate that values of η spanning between ∼0.3 and 
1.0 provide a good description of the RM observed in the cluster, 
while smaller and larger values appear to be excluded by the data. 
Consequently, the magnetic field auto-correlation length must be 
� 100 kpc under our assumptions. The case where � B = 10 kpc is 
unlikely because to reproduce the observed σ RM 

values, the magnetic 
field must be almost constant with radius, unlike what we know so 
far from simulations (e.g. Dolag et al. 2002 ; Vazza et al. 2018 ) and 
observational (e.g. Dolag et al. 2001 ; Murgia et al. 2009 ) constraints. 
To test the previous hypothesis we fit the measures of σ RM 

in A401 
with equation ( 19 ) as a function of η and � B . We assume uniform 

priors for the parameters, 0.3–1 for the scaling index of the magnetic 
field and 5–500 kpc for the auto-correlation scale. Computing the 
16 th , 50 th , and 84 th percentiles of the samples in the marginalized 
distributions, we find � B = 83 + 164 

−45 kpc and η = 0 . 53 + 0 . 25 
−0 . 17 . Despite 

the significant uncertainties, due to the low number of data and 
de generac y between the two parameters, these values agree with the 
scaling index of the magnetic field we found in Sections 5.1 and 
5.2 . Ho we ver, we cannot make any statement about the physical 
mechanism responsible for the non-thermal electron population. We 
show in Fig. 7 the posterior distribution of the two parameters. 
Considering this plot together with the paucity of available RM 

data, we conclude that previous estimates of the two parameters 
can only be taken as an upper limit. It is clear from our study 
that having a larger set of RM data at several distances from the 
centre of the system will be of fundamental importance to reduce 
the de generac y between the parameters and to better constrain the 
radial profile of σ RM 

( r ). In this context, radio interferometers such as 
the Jansky Very Large Array, MeerKAT, and the Square Kilometre 

Array (SKA) will play a key role in mapping the magnetic field in 
an ever larger number of clusters. The polarization survey planned 
with the SKA in band 2 (950–1760 MHz) is expected to detect 
60–90 polarized sources per square degree (Heald et al. 2020 ) and 
deep SKA observations in the same frequency range will uncover 
polarized emission from radio haloes up to the cluster periphery. 
The simultaneous observation of polarimetric properties of discrete 
background radio sources as well as diffuse cluster emission will 
enable a detailed characterization of the magnetic field structure, 
central strength, and radial decrease though the cluster volume with 
a great degree of accuracy (Loi et al. 2019 ). An accurate estimation of 
the scaling index of the magnetic field from RM data, combined with 
high-resolution multifrequency observations, could finally explain 
the origin of non-thermal electrons within galaxy clusters. 

The large radio–X peak offset we measure in the two maps for 
A401, > 100 kpc, seems to confirm that the magnetic field auto- 
correlation length is likely hundreds of kpc. Note that the radio–X 

peak offset can be inferred from the middle panel in Fig. 1 where we 
o v erlay the SZ contours, a good indication for the X-ray emission, 
on the radio map. A large auto-correlation length of the magnetic 
field would not be surprising. For Abell 523, a galaxy cluster with 
radio halo characterized by one of the largest radio–X peak offsets, 
Girardi et al. ( 2016 ) estimated that � B is around 300 kpc. Future 
multiwavelength high-resolution observations, combined with RM 

data, will play a fundamental role in understanding magnetic field 
properties inside radio haloes better. 

6  C O N C L U S I O N S  

In this paper, we have studied the point-by-point correlations in a pair 
of galaxy clusters, Abell 399 and Abell 401, using high-resolution 
radio, SZ, and X-ray maps. The radio map at 140 MHz comes from 

LOFAR observations, the SZ map combines ACT and Planck data, 
while the X-ray map is a mosaic of four XMM–Newton pointings of 
the A399–A401 field. Using the radio and X-ray maps, we found a 
sublinear relation for A401 and A399. The SZ–X comparison is in 
line with the profile expected for isothermal clusters, although we 
find an indication for weak temperature gradients in A399. Finally, 
using the radio and SZ maps, we disco v ered for the first time with 
∼arcmin angular resolution a local correlation in galaxy clusters. We 
found that the comparison between SZ and X-ray data is much tighter 
and more linearly correlated than the other two. Using the radio–X 

and radio–SZ correlations and assuming an isothermal profile, we 
derived the radial link between thermal and non-thermal components 
in the ICM on subcluster scales for A401. 

We combined radio, SZ, and X-ray brightnesses for the first 
time to derive the scaling index of the magnetic field in the two 
clusters, assuming a spherical β–profile for two different scenarios, 
the injection model and the re-acceleration model. We found that the 
scaling index of the magnetic field for the two clusters ranges between 
η ∼ 0.6 and η ∼ 0.8. Finally, we estimated the radial dependence 
of the magnetic field in A401 with an approximate method, using 
ancillary RM measures. We estimated η ∼ 0.6 and � B � 100 kpc 
for A401. Ho we ver, with the current data sets we cannot make any 
claims about the physical mechanism responsible for the non-thermal 
electron population inside clusters. 

The large sample of galaxy clusters resolved both by LOFAR, 
MeerKAT, and ACT will allow us to further investigate these 
correlations for a larger population of systems. Including X-ray data 
and RM measures, we aim to increase our knowledge of the physical 
mechanisms responsible for the non-thermal electron population in 
radio haloes and to constrain η in a large sample of radio haloes. 
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APPENDI X  A :  F U RTH E R  C O N S I D E R AT I O N S  

O N  T H E  R A D I O – X  A N D  RADI O– SZ  

C O R R E L AT I O N S  

We present the radio–X and radio–SZ correlations for A399 and 
A401 after masking both the east sector of A399, which has a sharp 
radio edge emission, and the possibly up-scattered radio points in 
A401. In Section 3.1 , after having analysed high-spatial resolution 
radio and optical maps, we did not find any compact source at the 
spatial location of the up-scattered radio points in A401. Despite this, 
we cannot have absolute certainty that the up-scattered radio points 
belong to the diffuse emission associated with the ICM; for this 
reason, here we investigate the impact of these points on the global 
fit. The resulting correlations, using a threshold of S / N > 2, are 
shown in Fig. A1 . Fit results for S / N > 2 threshold are summarized 
in Table A1 . 

In A399, we find that when we mask the east sector, the scaling 
indices for all the correlations are at least ∼2 σ compatible with 
the ones we extract in the whole cluster. Moreo v er, we find that 
the Pearson correlation coefficients for the radio–X and radio–SZ 

relations are closer to unity. As expected, masking the east sector 
of A399 reduces the scatter of the data and results in a much 
more linearly correlated trend in the double log scale. For A401, 
masking the up-scattered radio points yields radio–X and radio–SZ 

correlations that are more linearly correlated and 1 σ compatible with 

Figure A1. Left-hand panel: Correlation between the radio and X-ray count rate maps. Right-hand panel: Correlation between the radio map and the y signal. 
The red points and the solid line refer to A401, while the blue diamond markers and the dashed line refer to A399. With respect to Fig. 3 , we mask the 
up-scattered radio points in A401 and the east sector in A399. In the three figures, we show only the points that satisfy the condition S / N > 2. The horizontal 
and vertical dash–dotted lines indicate the noise level in the two maps. 
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Table A1. Overview of the best-fitting parameters using the S / N > 2 cutoff for the radio–SZ, radio–X, and SZ–X correlations in 
A401, A399, and the filament masking the east sector of A399 and the up-scattered radio data in A401. 

S / N > 2 
Radio–SZ (equation 3 ) Radio–X (equation 2 ) SZ–X (equation 4 ) 

Region a radio-SZ b ρ a radio-X d ρ a SZ-X c ρ

A401 4 . 26 + 0 . 49 
−0 . 23 1 . 42 + 0 . 08 

−0 . 08 0.80 −3 . 18 + 0 . 06 
−0 . 06 0 . 71 + 0 . 03 

−0 . 03 0.84 −5 . 27 + 0 . 04 
−0 . 04 0 . 51 + 0 . 02 

−0 . 02 0.97 

A399 11 . 82 + 0 . 34 
−0 . 30 3 . 02 + 0 . 06 

−0 . 11 0.68 −3 . 35 + 0 . 09 
−0 . 08 0 . 91 + 0 . 05 

−0 . 05 0.72 −5 . 29 + 0 . 05 
−0 . 05 0 . 51 + 0 . 03 

−0 . 03 0.94 

respect to those reported in Section 3 . Masking the two regions result 
in a much tighter correlation but does not drastically affect the results 
we have presented in the main text. 

APPENDIX  B:  C O R R E L AT I O N S  IN  D O U B L E  

L O G  SCALE  

In Section 3 , we fit the correlation in a linear scale with a power law 

o v er the whole clusters. Here, we analyse again the radio–X, radio–
SZ, and SZ–X correlations fitting the data in the log–log plane with 
a straight line to ensure our results conform to the usual practice in 
the literature. The best-fitting parameters using a S / N > 2 cutoff are 
summarized in Table B1 . We note the agreement between the SZ–
X correlations in the two clusters, indicating that the two methods 
are almost equi v alent when the scatter of the data is negligible. 
Conversely, the main differences between the two methods reside in 
the radio–SZ correlation for A401 ( > 5 σ tension) and the radio–SZ 

and radio–X correlations for A399 (<3 σ tension). 
In the case of the radio–SZ correlation for A401, fitting the data 

in the double log scale, we derive a much steeper relation due to 
the up-scattered radio points. When we mask these regions, we find 
that the best-fitting parameters fully agree with the results we derive 
in Section 3.2 . The radio–SZ and radio–X correlations in A399 we 
report here are flatter than the ones we extract fitting the data in the 
linear space. We conclude that deriving the best-fitting parameters 
in the log–log plane only works well when the correlations are 
tight and not scattered. Physically our test indicates that the most 
straightforward linear fit in the double log plane should be a v oided 
in the presence of irregular clusters, residual compact sources, and 
low S/N observations. 
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Table B1. Overview of the best-fitting parameters using S / N > 2 cutoff for the radio–SZ, radio–X, and SZ–X correlations 
in A401, A399 fitting the data in a double log scale with a straight line. 

S / N > 2 
Radio–SZ Radio–X SZ–X 

Region a radio-SZ b a radio-X d a SZ-X c 

A401 7 . 65 + 0 . 47 
−0 . 44 2 . 19 + 0 . 11 

−0 . 10 −3 . 17 + 0 . 05 
−0 . 05 0 . 78 + 0 . 03 

−0 . 03 −5 . 24 + 0 . 04 
−0 . 04 0 . 50 + 0 . 02 

−0 . 02 

A399 8 . 68 + 0 . 63 
−0 . 58 2 . 34 + 0 . 14 

−0 . 13 −2 . 70 + 0 . 04 
−0 . 05 0 . 64 + 0 . 03 

−0 . 03 −5 . 26 + 0 . 05 
−0 . 05 0 . 50 + 0 . 03 

−0 . 03 
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