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ON THE MICROLOCAL REGULARITY OF THE
ANALYTIC VECTORS FOR “SUMS OF SQUARES” OF
VECTOR FIELDS

GREGORIO CHINNI AND MAKHLOUF DERRIDJ

ABSTRACT. We prove via FBI-transform a result concerning the
microlocal Gevrey regularity of analytic vectors for operators sums
of squares of vector fields with real-valued real analytic coefficients
of Hormander type, thus providing a microlocal version, in the
analytic category, of a result due to M. Derridj in [14] concerning
the problem of the local regularity for the Gevrey vectors for sums
of squares of vector fields with real-valued real analytic/Gevrey
coefficients.

Nous démontrons, en utilisant la transformation de Fourier-
Bros-Tagolnitzer, un résultat de régularité Gevrey microlocale, op-
timale, des vecteurs analytiques d’opérateurs de Hormander de
type ”Sommes de carrés de champs de vecteurs” a coeflicients an-
alytiques sur un ouvert. Ce résultat est, dans le cadre analytique,
la version microlocale du résultat de M.Derridj [14], obtenu pour
les vecteurs de Gevrey de tels opérateurs a coeflicients Gevrey.

1. INTRODUCTION

We deal with the microlocal regularity of the analytic vectors for sum
of squares of vector fields. Let Xi(x, D), ..., X,,(x, D) be vector fields
with real-valued real analytic coefficients on U, open neighborhood of
the origin in R™. Let P(z, D) denote the corresponding sum of squares
operator

(1.1) P(x,D) = ZXJZ(:U,D).

We assume that the operator P satisfies the Hormander’s condition:
the Lie algebra generated by the vector fields and their commutators
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has the dimension n, equal to the dimension of the ambient space.
The operator P satisfies the a priori estimate

(1.2) lllfe + > 1X5ulls < C (1(Pu, u)| + [lullg)
j=1

which we call, for the sake of brevity, the “subelliptic estimate.” Here
u e Ce(U), || |lo denotes the norm in L?(U) and ||-||s the Sobolev norm
of order s in U. Here r is the least integer such that the vector fields,
the commutators, the triple commutators etcetera up to the commuta-
tors of length r span at any point of the closure of U all the ambient
space R"™. The sub-elliptic estimate was proved first by Hormander in
[18] for a Sobolev norm of order r~' — & and up to order r~! subse-
quently by Rothschild and Stein [22] as well as in a pseudodifferential
context by Bolley, Camus and Nourrigat in [8].

Let X;(z,£) be the symbol of the vector field X,;. Write {X;, X} the
Poisson bracket of the symbols of the vector fields X;, Xj:

—~ (0X;0X; 0X,0X;
(X 0.0 =3 (GGt - G ) 0

/=1

Definition 1.1. Let (g, &) be a point in the characteristic set of P:
(1.3) Char(P) ={(z,§) e T*U \ {0} : X;(x,&) =0, j=1,... m}.

Consider all the iterated Poisson brackets {X;, X}, {Xp, {Xi, X&}}
etcetera. We define v(xg, &) as the length of the shortest iterated Pois-
son bracket of the symbols of the vector fields which is mon zero at

(.ZU(), 50) .
We recall

Definition 1.2. Let P(x, D) be as in (1.1). We denote by G*(U; P)
which is the space of the Gevrey vectors of order s with respect to P,
the set of all distributions uw € 2'(U) such that for any compact subset
K of U there exists a positive constant Cy such that

(1.4) 1PN 2y < C2VFY(@2N)):, YN € Zy.

When s = 1 we set G'(U; P) = o/ (U; P) the set of the analytic vectors
with respect to P.

We recall that concerning systems of vector fields with real analytic
coefficients satisfying Hormander’s condition the problem of the local
regularity of the analytic vectors for such systems was first studied in
[11] followed by a more refined version in [16].
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In a couple of recent works M. Derridj, [13] and [14], studied the
problem of the local regularity for the Gevrey vectors for operators
of Hormander type of first kind, i.e. sum of squares, and of the second
kind or degenerate elliptic parabolic. We prove the minimal microlocal
version of the result in [13] in the case of analytic vectors:

Theorem 1.1. Let P be as in (1.1). Let u be an analytic vector for
P, ue o/ (U;P). Let (x,&) be a point in the characteristic set of P
and v(xo,&) its length. Then (x9,&) € WE, (20,60 (10).

Where W F,(u), s > 1, denotes the wave front set of the distribution
u; it will be defined in the next section via FBI-transform, Definition
2.1.

Remark 1.2. A few remarks are in order:

i) the method used to gain the above result can be extended to a
class of Hormander type operators not strictly sums of squares;
we consider operators of the form P(x, D)+> " b;(z)X;(z, D)+
c(x) where P is as in (1.1), bj(x) are real-valued real analytic
functions and c¢(x) is a real analytic complex function;

ii) the strategy to obtain the above result can be carried over to the
case of s-Geuvrey vectors with s € Z ;

iii) the result is optimal, see example given in [9].

A few words about the method of proof: it consists in using the
FBI transform and the subelliptic inequality on the FBI side obtained
in [1]. To do that we use a deformation technique of the Lagrangian
associated to the FBI proposed by Grigis and Sjostrand in [15].

Acknowledgement. The authors would like to thank Antonio Bove
for his comments and suggestions in order to improve the manuscript.

2. BACKGROUND ON FBI AND MICRO-LOCAL SUB-ELLIPTIC
ESTIMATE FOR SUMS OF SQUARES

We are going to use a pseudodifferential and FIO (Fourier Integral
Operators) calculus introduced by Grigis and Sjéstrand in the paper
[15]. We recall below the main definitions and properties to make this
paper self-contained and readable. For further details we refer to the
paper [15] and notes [23].
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FBI Transform. Let u € &'(Q2), where &'(€2) denotes the space of
distributions with compact support in €2, open subset of R", which is
the dual space of the space of smooth functions in 2 equipped with its
natural topology. We define the FBI transform of u as

Tu(z,\) :/ eiA¢(Z’y)u(y)dy,

where z € C*, A > 1 is a large parameter, ¥(z,w) in C*" is an holo-
morphic function such that det 9,0,,% # 0, 021 > 0. To the phase 1
there corresponds a weight function ¢(z), defined as

¢(2) = sup —SY(z,y), z€C"

yeR”
Example 1. A typical phase function may be (z,y) = £(z —y)*. The
corresponding weight function is given by ¢(z) = ¢o(z) = 3(Sz)2.

We recall that T is associated to the following complex canonical
transformation:

. (M2n 2n

(w, —0u¥(z,w)) = (z,0,0(z,w)),

with 1 as a generating function.
In particular S (R**) = A, = {(z, —2i0,4(z)) ;2 € C"}. In the case
of classical phase function, see Example 1, we have

Hy(x,€) = (v —1i&,€),  (2,6) e R™

We set J4(R?") = Ay, .

We recall the definition of s—Gevrey wave front set of a distribution
via classical FBI transform, i.e. using the phase function and the cor-
responding weight function of the Example 1.

(2.1)

Definition 2.1. Let u be a compactly supported distribution on R™.
Let (zo,&) € T*R™\ 0. We say that (z9,&0) ¢ WFs(u), s > 1, if there
exist a neighborhood Q2 of o — 1§ € C" and positive constants C, €
such that

e G Tu(z, \)| < Cem”

for every z € Q and X > 1.
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Pseudodifferential Operators. Let us consider (2, () € C*" and a
real valued real analytic function ¢(z) defined near zy, such that ¢ is
strictly plurisubharmonic and

2. ¢(Zo) = (o-

z
2

Denote by 9(z, w) the holomorphic function defined near (2, Zy) by

(2.2) 9z, 2) = 6(2).
Because of the strict plurisubharmonicity of ¢, we have
(2.3) det 0.0,0 # 0
and
1

(2.4) Ri(z,m) — 5 [6(2) + 9lw)] ~ —|z — wf?.
Let A > 1 be a large positive parameter. We write

-1 1

D=-D D = -0.

A 7

Denote by ¢(z,¢,)\) an analytic classical symbol' and by Q(z,f),/\)
the formal classical pseudodifferential operator associated to g. Using
“Kuranishi’s trick” ? one may represent Q(z, D, \) as

(2.5)  Qu(z,\) = <%) /e%(ﬂ(z’g)_ﬂ(wﬁ))d(z, 0, N u(w)dwds.
Here ¢ denotes the symbol of () in the actual representation.

To realize the above operator we need a prescription for the integra-
tion path3. This is accomplished by transforming the classical integra-
tion path via the Kuranishi change of variables and eventually applying
Stokes theorem:

A" .
26) Qule ) = (2] [ A0 utw)e P Law),

T Q
where L(dw) = (2i)"dw A dw is the Lebesgue measure in R*", the
integration path is # = w and Q x Q is a small neighborhood of (zg, Z).
We remark that Q%u(z) is an holomorphic function of 2.

'For more details on the subject see [23], Section 1; see also [17].

2For more details on the “Kuranishi’s trick” see [19] Proposition 2.1.3 and [23]
Remarque 4.3.

3For a detailed discussion about the integration paths see [23].
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Definition 2.2. Let Q be an open subset of C*. We denote by H,(2)
the space of all functions u(z, \) holomorphic with respect to z, such
that for every € > 0 and for every compact K CC () there exists a
constant C' > 0 such that

u(z, A)| < CNEH),
for z€ K and \ > 1.

A few remarks are in order.

i) If § is a classical symbol of order zero, Q%(z, D, \) is uniformly
bounded as A = +oo, from Hy(€2) into itself.

i) If the principal symbol is real, Q%(z, D, \) is formally self ad-
joint operator in L2(Q, e=2*() [(dz)).

iii) The definition (2.5) of the realization of a pseudodifferential
operator on an open subset {2 of C" is not the classical one. Via
the Kuranishi trick it can be reduced to the classical definition.
On the other hand using the function ¥ allows us to use a weight
function not explicitly related to an FBI phase. This is useful
since in the proof we deform the I-Lagrangian, R-Symplectic
variety Ay, , corresponding e.g. to the classical FBI phase, and
obtain a deformed weight function which is useful in the a priori
estimate.

We also recall that the identity operator can be realized as

(2.7) Ifu(z,\) = (i> /ezw(z’w)i(z,w,)\)u(w,)\)e_”“f’(w)L(dw),
Q

™

for a suitable analytic classical symbol i(z,, A). Moreover we have the
following estimate (see [15] and [23], Section 12)

(2.8) 1% — ul|g—azjc < C'||ullpraz e

for suitable positive constants C' and C’, for u € L? (€2) and holomor-
phic in . Here we denoted by

(2.9) d(z) = dist(z, 0Q),

the distance of z to the boundary of €2, and by

(2.10) Jull2 = /Q lu(2)[2e= MO L (d2).

We also recall the following important result on the composition of two
pseudodifferential operators.
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Proposition 2.1 ([15], Proposition 1.3). Let Q1 and Q2 be of order
zero. Then they can be composed and

QY0 Qy = (Q10Q2)" + RY,

where R is an error term, i.e. an operator whose norm is O(1) as an
operator from Hgyy(1/c)a2 to Hy—(1/0ya2

The a priori Estimate. Let X;(2,(), j =1, ..., m, be classical ana-
lytic symbols of order one defined in € open neighborhood of (29, (y) €
Ay in C*. We assume also that the X A, A€ real valued. Let

(2.1) P(z,D) =) _X:(z D).

j=1
According to [15] the Q-realization of P can be written as
(2.2) P =3 "(X)?+ O\,

j=1
where ¢/(\?) is continuous from H 5 to Hy (1/c)a2 with norm bounded
by C')\2, ¢ given by

3(z) = 0(2) + =d(2),

C
and d has been defined in (2.9).
Following [1] we state the FBI version of the estimate (1.2).

Theorem 2.1. Let (x¢,&) be in Char(P) and v = v(xg,&), Definition
1.1. Let 57(xo, &) = (20, o) € Ay and P be as in (2.2). Let Q1 open
neighborhood of (2o, (o) such that Q; CC Q. Then

2 S N
(2:3)  Arflull 4+ Y IXFull} < C (PP u)g + A (ullfa\0,) -
j=1
where a is a positive integer and u € L*(Q, e" 2 L(dz)).
3. PROOF OF THE THEOREM 1.1

In order to prove the result we want take advantage of Theorem 2.1.
We consider the sum of squares operator

(3.1) Q(x, Dy, D) = f:Xj? = D} + P(x, D),
j=0

in O ==, 0 x O, 6y > 0.

We study the microlocal properties of the solutions of the problem
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Qu=1f,fe C“’(@). We denote by ¥ the characteristic set of @ given
by

(3.2)
> ={(t,z,7,6) € T*O\ {0} : Q(t,z,7,€) = 0}
= {(t,z,7,6) e T*O\ {0} : 7=0, X;(2,6)=0,j=1,..., m}.

We remark that (s, 1, 0.6), (o, Z0, 0, &) € %, is equal to vy, &), (20, &) €
Y, where ¥ denotes the characteristic set of P(x, D).
We construct a deformation of A, following the ideas in [15], see also

[1]. Let (0,20,0,&) € ¥ and v its length.
We perform an FBI-transform of the form

Tu(z,\) = / eMEED) (¢ ) dtda, z = (2,2) € C"",
Rn+1

where u(t,z) is a compactly supported distribution and v (z,t,z) is a
phase function. Even though it does not really matter which phase
function we use, the classical phase function will be employed:

(3.3) oz, t, ) = % [(z0 =)+ (21 — 2)7] .

Let © be an open neighborhood of the point 7, o J7(0, z,0,&) in
C'™. Here 7, denotes the space projection m,: C1T" x Cé*" — Cl,
¢ = (Co, (1), and S is the complex canonical transformation associated
to T, (2.1). We recall that in the case of FBI with classical phase
function, Example 1, we have 4 (t, z,7,&) = (t —it,x — &, T, §).
Denoting by Q) our operator after the FBI we have that Q‘A% = Q,
Ay, = A4 (R2IF7)). We have that 7, 0 5(0, 20,0,&) = (0,29 — &) =
(0,wg) € C'*. We perturb canonically ¢y. For A > 1 let us consider a
real analytic function defined near the point J#)(0, z¢, 0, &) € Ag,, say
h(z,(, A). Solve, for small positive s, the Hamilton-Jacobi problem

9¢ 206
(3.4) 25BN =h (2’ 75, 55N, A) .

¢(0,2,A) = ¢o(2)
Set
¢s(2,A) = (s, 2, ),
we have the canonical map Ay, — Ag, where

Ay, = exp (isHp) Ny, -
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We choose the function h as

b6 = (5252600 ) a0 (¢ 2520 )

where hy(z, () is an holomorphic function and

(3.5)
20 st
h (z ;%(z% A) = (2,6, Nja,, = (20)° 277 ((20)° + |21 — wol?)
20 = 2y + iz € C.
Since R2(1#7) and A, are isometric, keep in mind the definition of A,

it is easier to construct the function A in R2(*+Y near the characteristic
point:

(3.6) h(t,a, 7,6, 0) = 72+ X750 [ 4 |z — @o? + € — &%

The function ¢4 can be expanded as a power series in the variable s
using both equation (3.4) and the Faa di Bruno formula to obtain

BD) BN =) 5 AN O,
Agg

where h on Ay, is given by (3.5). Our purpose is to use the estimate
(2.3) where the weight function ¢ has been replaced by the weight ¢;.
This is possible using the phase 9, in (2.5) and realizing the operator as
in (2.6). Here 9, is defined as the holomorphic extension of ¥,(z, ) =
¢s(2).

We need to restrict the symbol of @) to Ay,; we denote by @° the
symbols of () restricted to Ay,. Noting that

+ 23Xj(x7 %ax¢0(x)> >‘) <a£Xj (,CE, %8a:¢0(x)7 )‘)7 %a:casqbs(xa >‘) >

NI I

+ O(s*A\v).

We deduce that
(38) Q' =Q+s> X{hX;}+5> {hX;}2+0(s2A7)
j=0 =0

= Q(z,8) + sR(x, &, \) + O(s2\).

The analytic extension of ()° is the symbol appearing in the Q-realization
of Q*, @**. We point out that the principal symbol of Q* satisfies the
assumptions of Theorem 2.1 and, using the a priori inequality (2.3), we
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can deduce an estimate of the form (2.3) for Q° in the Hy, spaces. We
have

m
o+ 21X
j=0

< O (1@ = 5B = 0N, u)s,

A% |u

2
®s

+ XY |u

2
¢, 0\ | -

The third term in the right hand side of the scalar product above is
easily absorbed on the left provided s is small enough. Let us consider
the second term in the scalar product above. By Proposition 2.1, we
have

R? =Y af(x,D,\)X}(x,D,\) + O()),

Jj=0

where a?(:c,[),/\), j = 0,...,m, are zero order operators and (\)
denotes an operator from H,_ +ia2 tO H bo— L2 whose norm is bounded

by C'A. Hence
2 Q 2
o 21X )
J=0

where ¢, = ¢+ %dQ. Hence we deduce that there exist a neighborhood
Qg of (0,wp), a positive number ¢ and a positive integer a such that,
for every 2, CC €y CC Q C €, there exists a constant C' > 0 such
that, for 0 < s < 9, we have

2 s
(3.9) A ullg,0 < C (1Q°u 6o 0\ ) -

We now prove that if Qu is analytic at (0,x,0,&) then the point
(0, z9,0,&) does not belong to WF,(u). Since Qu is real analytic the
first term in the right hand side of (3.9) can be estimated by Ce=¢
for a positive constant C'. We have to estimate the second term on the
right hand side of the above inequality. We have
s 20
62(20) = 60(2) + Shiz, 2 00

S| (B, ), | < Cs(AFJu

is + A2 |u

¢S792 + )\QHU’

(0,2),\) + O\ 7's?).

Hence

B:(:2) = 0(2) ~ 3 [ + 277 ((20)* + 11 — wol?)]

Since z = (20, 21) € 2\ 4, i.e. far from (0,wy), there exists a positive
constant [ such that

hingn\; = 227 > 0.
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We have
0s(2, Moy > do(2) + A7 8+ O(A1s2).
The second term on the right hand side of (3.9) can be estimated by

AL g8
355,9\91 < Ci(s)e A °z,

[

where C(s) > 0. From (3.9) and the above argument there is a positive
constant Cy such that

1
[ull?, o, < Che 755,

Let Q3 a sufficient small neighborhood of the point (0,wy), Q3 € 4,
such that for a fixed small positive s

bs(2, ) — o(2) < %)\‘”i +ATICy(s),

ZEQg,)\Zl.

Then there are two positive constants, C' and €, such that

~ 1
||u||§>0,ﬂ3 S Ce_eAV °

Now we consider the problem
(D} + P(x,D))U(t, z) =0,

(3.10)

U(0,z) = u(z),
in & = ]—0d,0[ x O, & > 0, where u(z) is an analytic vector for
P(z,D):
(3.11) | Prullp < C*F(2K)1.
The function

tQk .
Ult, ) :Z%P u(z)
k>0

is a solution of the above problem. We choose dy < v/2C.

In order to complete the proof of the Theorem 1.1 we have to show
that (0,x0,0,&) ¢ WZFs, (U) if and only if (x¢,&) ¢ WF,(u) for
every sg > 1.

This result was showed in the case sy = 1 via Fourier transform in [7],
Proposition 3.3. We give, for any sy € [1,+00), a proof via the classical
FBI transform.

Step one: if (x¢, &) ¢ WFy,(u) then (0,2,0,&) ¢ WF,(U).
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By hypothesis we have that (zo,&) ¢ WFs (u) if and only of there
exist €2 open neighborhood of the point zy — iy in C" and positive
constants C and &7 such that

3.12 e G (vu) (2, A gCle’EIAI/SO, Vz €,
( X

where x is a C§° () identically one in a neighborhood of z.
We have to show that there is = open neighborhood of the point (0, zo—
i&) in C"*! and positive constants Cy and e, such that

(3.13) ’ — Ao (w,z) ) (w7 2, )\), S CZGfsgAl/so’ V( )

€
,(z), here x,(t) is C3°(] — 01,01]), 0 < &1 <
11 ]—52,52[0<52<51/2 and@()s
:{xER”'hc zo| < 1o}, mo < dist (g, b (Q)
@ ( ) 0<r <ro.

11]

where x(t,2) = x,(
dp, such that Xo( )
O (Bro (20), B
such that 6,(z) =11
We have

TOU) (w,2,4) = // e 3023\ ()6, (y)U (s, y) dsdy

B Z: 2N // i G070 ()0, (1) 5™ PN uly) dsdy .

NO

T (x
1o
o) )

-~

in(wvz)

Let 79 > 0 such that 79 < r;. We take z in the FBI transform such
that 2 = R(z) € Bry— (x0), where 0 < £ < 7.
Case N = 0, since there are two positive constants A and &y such that

‘/ /\(w 8)2 d

taking advantage from (3.12) there is a positive constant C5 such that

e / / e 2 e a0y (5)0, (y)uly) dsdy

< Cge_el)‘l/so e—E0A

< %(w”)QAe—)\éo7

(3.14)

In order to make the proof more readable, before looking at the general
case, we analyze the cases N =1 and N = 2.
Case N = 1; we have

1

A ()2 A (s
5//6 20 ey ()6, (y) s> Puly) dsdy.

We introduce 0,(y) € C§° (%,, (xg)) such that supp (0,) C B, (zo),
where 0,(y) = 1, and 0,(y) = 1 in AB,, (zo), where 7y < 1y < 11 < 19.

(3.15) Py (w,z) =
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We have
(3.16)

Frw2) = %// 3=y (5)s2em 3, ()
x P[0, (y) + (1 =0, (v)) u(y)] dsdy

= %//e 3 (w=s)’ X, (5)s? (P*e_%(z_w) 0, (y) u(y) dsdy
+%//eé<ws>2xo(s)52 P (30, ()|

x (1 =0, (y)) uly) dsdy;
P* denotes the adjoint of P.

Case N = 2; we have
(3.17)

1
P2 (w.2) =5 // e 3 3G ()6, ()5  PPuly) dsdy.

We introduce 6, (y) in C§° (%, (x0)) and 0,(y) in C° (%, (z0)) such
that supp (6,) C By, (xo), whete O,(y) = L, 0,(y) = 1 in %, (zo),
supp (0,) € AB,, (xy), where 0,(y) = 1, and 6,(y) 1 in A,, (vo),
where 7o < r3 < 1ry <11 < rg. We have

(3.18)
P2 = [ st )
% P16, (s) + (1= 6, () Puly)] dsdy

/ / R (P emae )91 (y) Puly) dsdy
R N

x (1 =0, (y)) Pu(y) dsdy

y))) u(y)] dsdy

-+
> |
rb|
0>
g
|
V)
e
=
o
/-\
\_/
| —
i)
*
/N
ml
w\
N
S
Cb
o
—~
NS
S~—
N——
—_ —~

x (1 =0, (y)) Puly) dsdy
= [ st [P e ] 6, ) uly) dsdy
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s [t st [P ((pre i)

x0, (y)] (1 =6, (y)) uly) dsdy

+% / / ey (g8 [P* <e*%<Z*y)290(y))]

x (1 =10, (y)) Pu(y) dsdy.

The idea is to introduce a sequence of cut-off functions, the support of
the subsequent nested where the previous is identically equal to one,
in order to move all the powers of P on the exponential function in
a neighborhood of xy with the purpose of taking advantage of (3.12).
However this will give rise to other terms which still involve powers
of P acting on u, but in a region far from zy,. We handle the general
case as above. We introduce a family of smooth functions {0, (y) }1<j<n
such that such that supp (0,) € %,, (x0) and 6,(y) =1 in B, (20),
To < Tyg1r <71y < ... <19 <1y <1y So, we see that for every j
less or equal than N + 1, one has that: ¢ less than j implies §, = 1
on a neighborhood of ¢,. In order to construct the functions 6; we
follow the same strategy used to construct the Ehrenpreis-Hormander

cut-off functions. More precisely we choose r; = 19 — (rg — 7o) NLH, we
have r; — 41 = T]%jjlo. Let ¢ be a function in Z(R™) with support in

H14(0) = {y € R" : |y| < 1/4} such that ¢» > 0 and [« dy = 1. For
every v > 0 we write 1, (y) =y "¢ <§> Let x; be the characteristic

function of the set {y € R™ : dist (y; %, (20)) < 2?3@?{)} We set

9] — w'roffo k QXJTO*;O k X]
(N+1) (N+1)

These functions have the desired properties. Moreover we have

N+1
0, < . ro—T rQ—" i <
1Dy, 0|00 < HDyszomo) HL1H¢(10V+B [z lXlloo < Cor0 .
N+1)\?
DDl < 1Dt L Dyl < (Go )

where Cy = sup;<;<, ||Dyi¢HL1(331/4(0)).

Remark 3.2. One may also choose a sequence of 0; independent of
N, by repeating the above construction and taking the convolution with
QZJ(To—Fo)/Zj .
Moreover the 6, can be constructed by just one convolution, i.e. 6, =
Yro—iq ¥ X. This will be more evident in the next few steps.

27



MICROLOCAL REGULARITY OF THE ANALYTIC VECTORS 15
n
We set X;(z, D) = Z agj(z)D;. We have
=1

(3.19)

. ﬁ i //e_;(w_S)QXO(S)SQN{P* [((P*)jfl e_gcz_y)?) 9]._1@)}}

x (1= 0;(y)) PN u(y) dsdy
_ ;‘ // 6_%(1”_5)2)(0(8)821\/ [(P*)N 6—%(z—y)2] 0, (y)u(y) dsdy

+ m i // 67%(w75)2X0(5)52N<(P*)j 6,%(#3/)2) 0;-1(y)

x (1= 0;(y)) PN u(y) dsdy

N ﬁ Z// e*%(“’*s)ng(S)szN<(P*)j_1 ef%(zfyf) (P;_1(y))

x (1= 0;(y)) P"uly) dsdy
s [ el [Z (X pryteie)

x <Xkej_1<y>>} (1 - 0,(5)) PN uly) dsdy

+ G 3 ] et [(pryte )

j=1
X Y fu (Xib; 1(y))](1 —0,(y)) PYu(y) dsdy

=L+ L+I13+ 1+ I5, .

where f;, = % Y. aéiﬁ)(y), e, ,=1,...,n, in the upper index denotes

the derivatives in the direction .
Before estimating the above terms a few remarks are in order:

i) each step no more than two derivatives act on 0, (y);
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i) let y € supp(H( )) N supp (1 —9.), 0 < |a| < 2, since Q is a
complex nelghborhood of xg — i such that 7,/ () C B, -,
we have that (2 —y)? > &%

iii) without loss of generality we may write

(P*(y’ D))N = Z a’2N,B(y)Dﬁ
|BI<2N

where a,, ,(y) are analytic functions such that for any compact
set K in U we have

(3.20)
a2, )| < CRTI N — |81+ ) Yy e K andy ez,

iv) the following identity holds

716
g\ 2 2(BK—Lk) _
( ) e~ 3w’ = 3wk Z ﬁk — 20,12 NIl (g, — gy ) P20

%)
A 2 A Be/2 2 B! Br—2L,
— o5y (N\Bk [ 2 E k iV 2\ _
(& 1 7 zZ .
@ ( > = O (B = 26,)! [ (s = )

Estimate of the term I,. Since we are far from xq we expect expo-
nential decay. We have

N
1 2 )\ " "
- (w 5) 2N 2 (2")2+iA(y—2')z
= (2N)! Z: / ds/ Z \m Uy 5 (

|6<2;
|2 ]

n /B ‘ZQ(BU W) ~ . L 2
H Z 1/ - 2’}/ )'2|’YV‘ (ABV w (ZV - yy)ﬁ 7 > e 2( v yy)

X 01 (y) (1 = 0;(y)) PYu(y) dy.

We remark that the integral with respect the variable s is the FBI
transform of yo(s)s?Y. We take R(w) €] — da — /&, 02 + Vo[, €0
sufficiently small positive constant. Splitting the domain of integration
in the regions where yo(s) # 1 and xo(s) = 1 and changing, in the last
one region, the integration path as in the Remark 3.3, so that it is in
the strip o = s 4+ i0”, |0”| < §2/2, where we consider the holomorphic
extension of s*V, we can conclude that there is a positive constants A
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such that

< 2" f§2N =0,

‘/e‘g(w_s)QXO(s)SQNds

Since y € By, (x0) \ Br,,, (x0) we have (2 —y)* > g9. We obtain

!

’)\51/771/ (’ZI/ — yy)ﬂ”_?y” eig(zufyl’)

8 /Bu_’YV
< 2.93B—2w) (_) (B.)

€0

2

NI

(B, = 23))2 e,

where we can assume that || < 1. Since 8,! < 26t2% [(8, — 2v,)1] (7)),
we have

1%

B!
’YV! (51/ - QIYV)'QHV‘

(Aﬁu_"/u (ZV _ yu)ﬂu*27u> 6_%(21/_?/1/)2

Y=0

€0
then
By' (ﬂ—w By—2 Ca
H Z v U<Zy_yy) v ’Yu> e 2(,21, Yv) ‘
| _ 19
o1\ ! (B — 2,)120]
18]
< 47 (B)) <¥) T
0}
We obtain

n,.n—1
|e_)‘¢°(“”z)12| <4"A —(27r) :0 e e e_%’\éfv
r(3)
N

18]
1 - : 32 ~9(N—j .
x> [ DD e g — s (=) | G (N - ),

(2N)! , €0

j=1 1B|<2j
where Cy and C} are the constants in (3.20) and in (3.11), respectively,
with K = %, (x9). Without loss of generality we may assume that
Cy and Cy are greater then 2. Since (27 —|8])! < (2/)!(|8])~" and
2(N = )]F < (2N)!H((2)) ", we have

2N

3 ~
n,n—1 B 3 e 5
|ef)\¢O(U),Z)I2| S 2. 8n (277) :O ACICQ 6750/\ - 160 )\6{\[ 32 Cl OQ
r (5) €0
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Taking 9, small enough we conclude that there are two positive con-
stants Cy and &5, independent by N, such that

1 N
(3.21) e oA ) < O (5) e e,

Estimate of the terms I3, I, and 5. The only difference from I is
that either two derivatives or one derivative act on the functions 6;(y).
These terms are treated analogously to the term I,. Then there are
positive constants, C3, Cy and C5, independent of N, such that

N
3.22 e MW o] < Og(N +1)3 L Qe
(3.22) | 3 3 5 :
and
1 N
(3.23) le AR [ < Cy(N +1) <§> e~
and
1 N
(3.24) e AR T < Oy (N + 1) (§> e e,

Estimate of the term I;. Roughly speaking we are studying the
micro-local regularity of the product of an analytic function with
at the point (zg,&p). In order to estimate this term we take advantage
from the following theorem which characterizes micro-local smoothness
in terms of (sg — 1)-almost analytic extendability in certain wedges.

Theorem 3.1 (see Theorem 2.3 in [4]). Letu € 2’ (U). Then (xq, &) ¢
WF,,(u) if and only if there exist a neighborhood Uy of xo, open acute
cones T, ..., T* in R\ {0} and (so — 1)-almost analytic functions f;
on Uy +il'7 , T1 =TIN{: €] < e}, of temperate growth such that

u = Z?Zl bf; near xo and & - 17 < 0 for all j.

Analogous results in the smooth and analytic category can be found
in [3] and [5]. We point out that in the analytic case the f; are holo-
morphic functions. We recall

Definition 3.1. Let f € G*™ (U), U open subset of R", and suppose

U is a open neighborhood of U in C". A function f(y,n) e C®(U) is
called an (sg — 1)-almost analytic extension of f if f(y,0) = f(y)Vy €
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U and for every compact K in U there exists positive constants C'x and
small €, such that

1
f —egnl 2071 -
. f| < Cgeexll , j=1,...,n,

holds for y € K and n in ball of radius ¢, .

The (so — 1)-almost analytic extension of a Gevrey function f can
be obtained in the following way

y+in) = Zf

where © is in C§° (R) such that supp©® C [—1,1] and ©(y) = 1 on
[—1/2,1/2]. For other details see [10] or [4]. We point out that, by
hypothesis, we can construct in a suitable region an (sq — 1)-almost
analytic extension of u. We have to estimate

O (elyl*~nl)

(3.25)
1 N 2 517)5\
I — _/e ey (5)5Vds 3 Z N
| _
(2N)! Fe R et Ry
762"

< [ s e 2 ] (o = )™ 0, (w)uty) dy
v=1

In order to handle the integral with respect the variable y we follow
the classical strategy developed by Bros and Iagolnitzer, [21]. We split
the integration domain in two parts: A, (zo) \ Br,(z0) and By, (o).
We have

(3.26)

n

—A z— 2 v v
/%N,ﬁ(we 2T (20 = 0)™ 727 0, (y)uly) dy

v=1

A
gy 5(y)e 2
Brpy (20)\Bisg (w0)

—A zZ— 2 v v
+ / (o0) Ayn 5 (y)e 2 (=) H (Z,/ - yV)ﬂ 2 u(y) dy.
Bro (To

v=1

In the first region (2’ — y)2 > g9, this will give the analytic exponential
decay in this region. Our purpose is to verify that the second integral
gives the desired Gevrey exponential decay. Since (xg,&y) ¢ W Fs,(u)
without loss of generality we may assume that v is a boundary value
of a(¢), (sp —1)-almost analytic function on %, (z) +il.,, ['e, = {n €
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[': |n| < eo}, where I' is an open cone such that n-& < 0 for all n € I
We point out that, for a fixed a neighborhood of &), we can choose I"
such that n- & < 0 for all n € I and £ in the neighborhood of &. On
the other hand a,, ,(y) are analytic functions, we can construct their
holomorphic extension a,, ,(¢) in C¢, where ¢ =y + in and |n| < e3.
We take €5 such that g5 < g3.

Let 9(y) € C§° (R™) with support equal to s, (xy) such that 0 <
I(y) < 1 and I(zg) = 1. Let n° € T.,, we define the n-dimensional
manifold, Syo.,, in C¥, ( =y + in, given by

y = =y +icad(y)n’,
where ¢4 € Ry and is sufficiently small so that S,0., is contained in

Biy(x9) + il'.,. We remark that the boundary of S,o., is equal to
0%PB:,(xo). By the Stokes theorem we have

n

-2 z—y)? v <Y
/. oy B T LG =)™ uy) dy
9 70 o

nV,eq v=1
o, (%,Aoﬁw [T -y a(d) A,
DnO v=1
where Dyo = | ] Syo, € Bry(w0) + T, and 0Dy = Br,(x0) U Sy c,.
0<t<ey
Since
d¢; = (it 9 (y) ) dyx + (1 + it 9 (y) n))dy; + (i 9(y) n)dt,
i
G =Y (=it 9 (y) nd)dye + (1 — it 9 (y) ) dy; — (19 (y) nf)dt,
k=1
k]

where 9 (y) = (9,,9) (y), and a,, ,(¢) are holomorphic functions,

analytic extensions of a,, ,(y), in Do, we have
-~ -2 zZ— 2 - v v
(d (CLQN,B (Qe 2(-=0) H (2, — Cu)ﬁ o u(C)) A dg)
=l 15
nv,t

n

" A 2 — 8~ -
= (%Ac)e—z@*) [T —a)y = a—g@)d@ A dc)
Jj=1 v=1 ’ ‘Sno,t
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BV 27 aa

= Z (dw,ﬁ(( I -¢) 8—5(4)> det (A;(y,t,1")) dtdy,

v=1
B

where A;(y,t,n°) is the (n + 1) x (n + 1)—matrix

—itd(<1) (y)n? - —itd(ei=1 (y)n9 1 —itd ) (y)n? —it9(€i+1) (y)n? —id(y)n?
L4t 9D (y)n?  itd () (y)n} o e e : (y)n)
S S S iﬁ(y)ng

it9e) (y)n? 1+t (y)ng  t9es) (y)nl

itV (y)n0 it9(en=1)(y)nS 1+ itden) (y)n i (y)n

We obtain
e—)\qbo(w,z)ll _ 6—)\¢0(w,z)]1,1 + 6—)\¢0(w,z)1172 + 6—)\¢0(w,z)1173,
where
1 " "
6—)\¢0(w,z)1171 _ (2N) e*%[(w V2 4(z )2] /6 2(w S)2X0(S)82Nd8
5|ZIB\ B BV
X Z Z 52 27/\%‘ i e 2, (y)
BI<2N 4<| 8 J ") By (20)\Hr (z0)
762”
X H (2 — yV)BV_Q% 0y (y)u(y) dy,
v=1
_ ]. _A " "
Mo(w2) e~ 5[ +(")?]

Bl—
x/e ;(w 52 2Nd$ Z Z 6'Z| 5 27)\|/3|_M
1BI<2N 4<| -2
762"

>

9%, (O T - gy)ﬁv—%a(()] det (B(y,e4,1°)) dy,
v=1

X / [e
P (w0 C=yricad )
where B(y,e4,n°) is the n x n-matrix

ieq¥(en) (y)nd
0

L+iea 9 (y)n?  iea®(e2) (y)n?
(1) i€419('5”>(y)772

is419<‘31)(y)17 1+zs419<€2)( )172 15419(53)( )

ie49(1) (y)nd - igg®En=1) (y)nh 1 4 ieq®(en) (y)ng

and
(w— S)2X0(S)S2Nd8

—_
Q\
o[>
—
g\
N
[v]
+
—
N\
N
N
Cb
w\y

€_A¢O(w’z)1173 g
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5”‘6' B N
|B|<2N <|_ J =1
ezn
where
Il 3,87, —
= _ . +¢
[ a0 TG o= 0n) © (S5 ) e ac
SOt v=1 2
= / / o “2 eyt (y 4 itd(y)n°) (9a) (y + itd(y)n°)
0 51"0 To
X H (2 — v — itI(y)n )B" 7 Qet (Ae(y, t,n")) dtdy.
v=1

Since (2 —y)* > g in By, (20) \ B, (o), using the same strategy as
for the term I, we obtain

NN
‘€_A¢O(w’z)]1,1| <Cs (5) e oA

where Cf is a positive constant independent of N.

A quick inspection of the terms I; » and I; 3 highlights that the main
differences with respect to the already treated terms, are the behav-
ior of the phase function on the integration path as well as the pres-
ence of Ou. We point out that setting af (y,,7°) and by (y, £4,7°),
p,q €{1l,...,n+ 1} and k,m € {1,...,n}, the entries of the matrixes
Ag(y,t,n°) and B(y,e4,n°) respectively, since we can estimate the en-
tries [al (v, ¢, n°)| and bym(y, €4,7°)| by (1 + sup; [|9)||o) we have

n+1
|det (A(y, t,1"))] < Z H |ty o) (05 1, 1°)]
O‘ESn+1 p=1
< (n+1)! [(Z + DI +1] (1+ sup Hﬂ(ei) o)L
|det (B(y,54,'r]0))| < Z H ‘bk,o(k)(yag477]0)‘
oc€Sy k=1
< n!(n!+1)

< —— (1 +sup [0 oo)"

We focus on the exponential function:

e 3RGy—itd W) _ 3 () g3 9) = MIW) 0+ S (19() P
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Since 2" is in a neighborhood of —&; then 2"n° > 0. Hence there is a

positive constant ¢ such that z"n® > ¢|z”||n°]; moreover since we can
assume that there is a strictly positive constant a such that |2”| > a

then 2"n° > ¢1|n°], ¢; > 0. We can estimate the above quantity with

03 (2 =3[ =) *+ @) [n°| (2e1~t9 () |n°] )|

Choosing ¢ sufficiently small we have that 2¢; — t9(y)[n°| > 0. In the
case t = g4,we obtain the analytic exponential decay for I »; more
precisely the same strategy used to handle the term I gives that there
are two positive constants Cg and &5, independent of N, such that

nN" .
‘6—)\¢0(w,z)]172| S 06 (5) 6_62>\.

In order to estimate the last term, ‘e‘A¢0(w’2)[173|, we can apply once
again the strategy used to estimate I;. The only difference is that we
have to take care of the term |(5&) (y + iw‘(y)no)‘. Keeping in mind
that @ is an (sg — 1)-almost analytic extension of u, we have

‘e_%(z_og |(5&) (y + itﬁ(y)no)‘
< O o3 Aty () Pl) 0T
< Ce3 V=3 ) g N0
where £, = 02%80_1)/80 - 71_1/80, v =¢ck/(ca(so — 1)), and £, is as in

the Definition 3.1 with K = %;,(x¢). The estimate in the exponential
1
is obtained taking irl}f ()\clb + aKb_W>, where b = tJ(y)|n°|. Using

this estimate we conclude that there are two positive constants C7 and
€4 such that

NY
}6—)\¢0(w,z)]173’ < 07 <§> 6—54)\ /so'

We deduce that there is a positive constant Cg such that
NNy
(3.27) oMo 1| < (5) ——

Remark 3.3. The estimate of the second term on the right hand side
of (3.26), i.e. in the region Br,(xo), can be obtained in a similar way
introducing the family of homeomorphisms

A By (x0) Dy — (y1 +itn), . yn + itng) e C,
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where n° € T.,. Also in this case (B, (x0)) is a n-dimensional
manifold of C} for every t € [0,1]. Setting

V(y, tnﬂ) _ &2N,5 (y + itnO)e—%(z—y—itno)z y

n

T (5 — v — i)™ aly + itn®),

v=1

and applying, also in this case, the Stokes’ theorem

V(¢)d¢ — viorde — [ aien ndc.
/ffl(.%’m(aro)) (e /%(@;O(xo)) (¢)d¢ /4,/ V() A dC

where ¥V = [0,1] x G (Br,(x0)), the estimate (3.27) can be obtained
following step by step the strategy employed above.

By (3.21), (3.22), (3.23), (3.24) and (3.27) we have

0y . 0y
7000 P (w, 2)] < Cs (5) Gy (5)

2

Summing up we obtain that there are two positive constants C' and ¢
such that

+[C5(N+1)+Cy+C5) (N +1) <1>Ne—52¥

e AT (\U) (w, 2, 0)| < Cem'™,
for all (w, z) in a neighborhood of (0, zy — &) € C*",

Step two: if (0,20,0,&) ¢ WF, (U) then (xo,&) ¢ WFs(u). In
the analytic category the result was obtained in [7] via Fourier trans-
form and taking advantage from the Theorem 8.2.4 in [20]. Via FBI
transform it is a consequence of a result in [21] on the restriction of a
distribution to a sub-manifold. More precisely we remark that for every
7o # 0 the points of the form (g, zg, 70, &) do not belong to W F,, (U)
for every sg > 1. This can be obtained ether via FBI transform, per-
forming the classical deformation argument of the integral path with
respect to the t-variable, or noticing that the operator @) is elliptic for
7 # 0. Since WF, (0(t)) = {(2,0,0,7) : x € R* and 7 € R\ {0}} we
have that WF, (U) N WF,, (6(t)) = 0, or equivalently that the nor-
mal to the manifold ¢ = 0 does not intersect the W F (U), then the
product of U and 6(¢) is well defined. This allow us to consider u(z) as
U(t,z)xd(t) in the sense of distributions. More in general we can define
the map 7 : {U € &'(R"™) : WE, (U)NWF,, (6(t)) =0} — &' (R") in
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the following way u(¢o) = 7(U)(¢po) = U(¢10(t)) for all ¢y € C°(R™)
where ¢; € C5°(R™) and 7(¢1) = ¢p. Following the same strategy
used in [20] we have that W F, (u) = W F,,(7(U)) which is contained
in {(z,§) e R"" x R"\ {0} : 37 € R with (x,0,§,7) € WF,(U)}.

This concludes the proof of Theorem 1.1.

(1]
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