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Nonconvex Distributed Optimization via Lasalle
and Singular Perturbations

Guido Carnevale , Graduate Student Member, IEEE , and Giuseppe Notarstefano , Member, IEEE

Abstract—In this letter we address nonconvex dis-
tributed consensus optimization, a popular framework for
distributed big-data analytics and learning. We consider the
Gradient Tracking algorithm and, by resorting to an elegant
system theoretical analysis, we show that agent estimates
asymptotically reach consensus to a stationary point. We
take advantage of suitable coordinates to write the Gradient
Tracking as the interconnection of a fast dynamics and
a slow one. To use a singular perturbation analysis, we
separately study two auxiliary subsystems called bound-
ary layer and reduced systems, respectively. We provide a
Lyapunov function for the boundary layer system and use
Lasalle-based arguments to show that trajectories of the
reduced system converge to the set of stationary points.
Finally, a customized version of a Lasalle’s Invariance
Principle for singularly perturbed systems is proved to
show the convergence properties of the Gradient Tracking.

Index Terms—Distributed control, control of networks,
optimization, optimization algorithms.

I. INTRODUCTION

D ISTRIBUTED optimization has received significant
attention from several scientific communities, see,

e.g., [1]–[3] for an overview about problems and methods
in this area. In particular, many tasks addressed in big-data
analytics and deep learning can be posed as distributed con-
sensus optimization problems, where network agents aim to
minimize the sum of local cost functions depending on a
common decision variable. Early references [4]–[6] address
these problems by combining the gradient method with a con-
sensus mechanism. Despite their fast convergence rate, these
methods cannot achieve the exact solution due to the partial
knowledge of the global objective function gradient. Exact
convergence is achieved by the so-called Gradient Tracking
algorithm, whose algorithmic structure relies on a “tracking
action" based on dynamic average consensus (see [7], [8]) to
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locally reconstruct the global objective function gradient. The
properties of the Gradient Tracking and its variants have been
studied under different problem assumptions, see [9]–[16].
The big-data analytics and deep learning contexts motivate
interest in the case of nonconvex objective functions. To the
best of authors’ knowledge, [17] is the only work studying
the Gradient Tracking in case of nonconvex objective func-
tion over digraphs. In particular, it is shown that every limit
point of the sequence generated by the Gradient Tracking
is a stationary point of the given problem. Moreover, when
the objective function satisfies the Kurdyka-Lojasiewicz prop-
erty at any of its stationary points, the convergence of the
entire sequence is proven. Our work tackles the same scenario
but takes on a system theoretical perspective. Other works
have shown the advantages of system theoretical tools for dis-
tributed optimization in the convex case as, e.g., [18]–[23].
In this letter the convergence of the Gradient Tracking to the
set of stationary points is proven by leveraging the elegance
of system theory and thus avoiding a long series of nontriv-
ial inequalities needed to show the decreasing property of a
Lyapunov-like function, [17]. Moreover, our work paves the
way to (i) analyze the Gradient Tracking behavior in more
general scenarios (like, e.g., the ones with error and/or distur-
bances due to, e.g., compressed communication [24], gradients
unavailable [25], privacy mechanisms [26]) by exploiting addi-
tional well-established system theoretical tools (see, e.g., [27]
where distributed optimization algorithm are systematically
analyzed using tools from robust control), and (ii) develop
algorithm extensions based on advanced control theoretic tools
(see, e.g., [28] where event triggered versions of the Gradient
Tracking are given in the convex case). In particular, we use
the coordinates introduced in [23] to study a causal, state-
space form of the algorithm. Following the approach in [29],
we reformulate the system as the interconnection of a fast
dynamics and a slow one thus obtaining a so-called singularly
perturbed system. By taking advantage of this interpretation
of the scheme, we separately study the identified subsystems.
In particular, we build an auxiliary system called boundary
layer system associated to the fast dynamics, and the so-called
reduced system related to the slow one. For the boundary
layer system, we provide a Lyapunov function independent
of the slow state, thus proving the global exponential sta-
bility of the origin uniformly. Then, we use Lasalle-based
arguments to show that trajectories of the reduced system glob-
ally converge to the set of problem stationary points. Finally,
we merge these two results to assess the convergence of the
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original interconnection. This last step relies on a (generic)
Lasalle’s invariance principle for a specific class of singularly
perturbed systems. To the best of the authors’ knowledge, such
a result is new and represents an additional contribution of the
work. Also, in the strongly convex case, the same approach is
used to show the linear convergence by simply applying the
Polyak-Lojasiewicz inequality.

Section II sets up the problem and reformulates the Gradient
Tracking. In Section III, a Lasalle’s Invariance Principle for
singularly perturbed systems is provided, and, in Section IV,
we study the Gradient Tracking by resorting to singular
perturbations. Section V shows a numerical simulation.

Notation: The identity matrix in R
m×m is Im. 1N denotes

the vector of N ones, while 1 := 1N ⊗ Id with ⊗ being the
Kronecker product. Dimensions are omitted whenever they are
clear from the context. The vertical concatenation of the col-
umn vectors v1, . . . , vN is COL(v1, . . . , vN). Given a function
g : Rn → R

m, we define ker{g(·)} := {x ∈ R
n | g(x) = 0}.

II. PROBLEM SET-UP AND GRADIENT TRACKING

REFORMULATION AS A SINGULARLY PERTURBED

SYSTEM

A. Preliminaries

In this letter, we consider a network of N agents that aim
at solving optimization problems in the form

min
x∈Rd

N∑

i=1

fi(x), (1)

with each function fi : R
d → R known to agent i only. As

formalized in the next assumption, we do not require the con-
vexity of fi, thus making this letter attractive for complex
settings as, e.g., the ones involving big-data and deep learning
(where nonconvex cost functions are often used).

Assumption 1 (Objective function): For all i ∈ {1, . . . ,N},
fi : R

d → R is of class C1 and has β-Lipschitz continuous
gradient, for some β > 0. Moreover, f (x) := ∑N

i=1 fi(x) is
radially unbounded.

The communication among the N agents is modeled by a
directed graph G = ({1, . . . ,N}, E), with E ⊂ {1, . . . ,N} ×
{1, . . . ,N} such that i can receive information from agent j
only if the edge (i, j) ∈ E . The set of neighbors of i is Ni :=
{j ∈ {1, . . . ,N} | (i, j) ∈ E}. We associate to the graph G a
weighted adjacency matrix WG ∈ R

N×N whose entries match
the graph, i.e., wij > 0 whenever (i, j) ∈ E and wij = 0
otherwise. We point out that (i, i) ∈ E for all i ∈ {1, . . . ,N},
so that to wii > 0 for all i ∈ {1, . . . ,N}.

Assumption 2 (Network): The directed graph G is strongly
connected and the matrix WG is doubly stochastic.

A popular method to address problem (1) is the Gradient
Tracking algorithm. At each iteration t ∈ N, each agent i main-
tains an estimate xt

i ∈ R
d of the solution of problem (1) and

an auxiliary state st
i ∈ R

d that are updated as

xt+1
i =

∑

j∈Ni

wijx
t
j − γ st

i (2a)

st+1
i =

∑

j∈Ni

wijs
t
j + ∇fi(x

t+1
i )− ∇fi(x

t
i), (2b)

where γ > 0 is a step-size, while each wij is the (i, j)-th
entry of the adjacency matrix WG matching the graph G. The
initialization s0

i = ∇fi(x0
i ) is required for all i ∈ {1, . . . ,N}.

Following [23], we define zt
i = γ (st

i−∇fi(xt
i)) and introduce

the following causal (still distributed) version of (2)

xt+1
i =

∑

j∈Ni

wijx
t
j − zt

i − γ∇fi(x
t
i) (3a)

zt+1
i =

∑

j∈Ni

wijz
t
j − γ∇fi(x

t
i)+ γ

∑

j∈Ni

wij∇fj(x
t
j). (3b)

In an aggregate form Algorithm (3) reads as

xt+1 = Wxt − zt − γ∇F(xt) (4a)

zt+1 = Wzt − γ (INd − W)∇F(xt), (4b)

where xt := COL(xt
1, . . . , xt

N), zt := COL(zt
1, . . . , zt

N),∇F(xt) := COL(∇f1(xt
1), . . . ,∇fN(xt

N)), W := WG ⊗ Id. As
shown in [23], in these new coordinates, the initialization of
the auxiliary state reads as 1�z0 = 0.

B. Gradient Tracking as a Singularly Perturbed System

The aim of this section is to provide an equivalent reformu-
lation of the Gradient Tracking. Let R ∈ R

Nd×(N−1)d be such
that R�R = I and R�1 = 0, and define

[
x̄t

xt⊥

]
:=

[
1�
N

R�

]
xt,

[
z̄t

zt⊥

]
:=

[
1�
N

R�

]
zt. (5)

Thus, we can rewrite (4) as
⎡

⎢⎢⎣

x̄t+1

xt+1
⊥

z̄t+1

zt+1
⊥

⎤

⎥⎥⎦ =

⎡

⎢⎢⎣

Id 0 1
N 0

0 R�WR 0 − I(N−1)d
0 0 Id 0
0 0 R�W1 R�WR

⎤

⎥⎥⎦

⎡

⎢⎢⎣

x̄t

xt⊥
z̄t

zt⊥

⎤

⎥⎥⎦

+ γ

⎡

⎢⎢⎣

− 1�
N−R�

R�(W − INd)

0

⎤

⎥⎥⎦∇F(1x̄t + Rxt⊥). (6)

The initialization 1�z0 = 0 guarantees that z̄t ≡ 0 for all t ≥ 0
so that we can neglect the dynamics of z̄ and study

x̄t+1 = x̄t − γ

N
1�∇F

(
1x̄t + Rxt⊥

)
(7a)

[
xt+1
⊥

zt+1
⊥

]
= A

[
xt⊥
zt⊥

]
+ γB∇F

(
1x̄t + Rxt⊥

)
, (7b)

with

A :=
[

R�WR − I(N−1)d

0 R�WR

]
,B :=

[ −R�
R�(W − INd)

]
. (8)

System (7) fits the class of singularly perturbed systems (see,
e.g., [30]) given by the interconnection between a slow dynam-
ics, which in our case is (7a), and a fast one represented
by (7b) (see Fig. 1 for a schematic representation). We point
out that, numerically, it clearly appears that the convergence
of subsystem (7b) is faster than the one of (7a).

For the sake of completeness, we provide some notation of
singularly perturbed systems that will be used in the analysis.
We denote boundary layer system the one obtained by “freez-
ing” x̄ ∈ R

d within (7b). As we will see later, such a system
exhibits an equilibrium parametrized in x̄, say h(x̄, γ ). We
denote as reduced system the one obtained by considering (7a)
with COL(xt⊥, zt⊥) = h(x̄t, γ ) for any t ≥ 0.
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Fig. 1. Schematic representation of system (7).

III. A LASALLE’S INVARIANCE PRINCIPLE FOR

SINGULARLY PERTURBED SYSTEMS

In this section we provide a Lasalle’s Invariance Principle
for (discrete-time) singularly perturbed systems, which extends
the Lyapunov theorem in, e.g., [30] (see [31, Ch. 11] for the
continuous-time case).

Definition 1: Consider M ⊆ R
n and xt+1 = T(xt), with

T : R
n → R

n and x ∈ R
n. Let T(M) := {y ∈ R

n|y =
T(x) for some x ∈ M}. M is invariant if T(M) ≡ M.

Theorem 1: Consider the system

x̄t+1 = x̄t + γφ(x̄t, ζ t) (9a)

ζ t+1 = g(ζ t, x̄t, γ ), (9b)

with x̄t ∈ R
n, ζ t ∈ R

m, φ : Rn × R
m → R

n, g : Rm × R
n ×

R → R
m, and γ > 0. Assume that φ and g are Lipschitz

continuous in x̄ and ζ with parameters L1 > 0 and Lg(γ ) > 0,
respectively, where Lg is continuous. Assume that there exists
h : Rn ×R → R

m such that g(h(x̄, γ ), x̄, γ ) = h(x̄, γ ) for any
x̄ ∈ R

n and that h is Lipschitz continuous in x̄ with parameter
Lh(γ ) > 0, where Lh is continuous. Let

x̄t+1 = x̄t + γφ(x̄t, h(x̄t, γ )) (10)

be the reduced system and

ψ t+1 = g(ψ t + h(x̄, γ ), x̄, γ )− h(x̄, γ ) (11)

be the boundary layer system with ψ t ∈ R
m. Assume that

there exists γ̄1 > 0 such that, for any γ ∈ (0, γ̄1), there exists
a Lyapunov function W : Rm → R such that

b1‖ψ‖2 ≤ W(ψ) ≤ b2‖ψ‖2 (12a)

W(g(ψ + h(x̄, γ ), x̄, γ )− h(x̄, γ ))− W(ψ) ≤ −b3‖ψ‖2 (12b)

|W(ψ1)− W(ψ2)| ≤ b4‖ψ1 − ψ2‖(‖ψ1‖ + ‖ψ2‖), (12c)

for any ψ,ψ1, ψ2 ∈ R
m, x̄ ∈ R

n, and some b1, b2, b3, b4 > 0.
Further, assume there exists γ̄2 > 0 and a radially unbounded
function U:Rn → R such that

U(x̄ + γφ(x̄, h(x̄, γ ))− U(x̄) ≤ −c1‖φ(x̄, h(x̄, γ ))‖2 (13a)

U(x̄1 + x̄2)− U(x̄1 + x̄3) ≤ c2‖φ(x̄1, h(x̄1, γ ))‖‖x̄2 − x̄3‖
+ c3

(
‖x̄2‖2 + ‖x̄3‖2

)
, (13b)

for any γ ∈ (0, γ̄2), x̄, x̄1, x̄2, x̄3 ∈ R
n, and some

c1, c2, c3 > 0. Then, there exists γ̄ ∈ (0,min{γ̄1, γ̄2}) such
that, for all γ ∈ (0, γ̄ ), any trajectory of system (9) satisfies

lim
t→∞ inf

ξ∈M

∥∥∥∥

[
x̄t

ζ t

]
−

[
ξ

h(ξ, γ )

]∥∥∥∥ = 0,

where M ⊆ ker{φ(·, h(·, γ ))} ⊆ R
n denotes the largest

invariant set for (10) contained within ker{φ(·, h(·, γ ))}.
Proof: The proof is given in the Appendix.

IV. SINGULAR PERTURBATION ANALYSIS OF THE

GRADIENT TRACKING

Once the Gradient Tracking has been posed in the singu-
larly perturbed form (7), we can separately study two auxiliary
schemes associated to the subsystems (7a) and (7b). The
boundary layer system is obtained by freezing the state of
the slow dynamics in the fast one (7b). Notice that

h(x̄, γ ) := γ

[
0

−R�∇F(1x̄)

]
(14)

is an equilibrium of system (7b) for any “frozen” x̄. Now,
we introduce the error coordinates of the fast dynamics with
respect to h(x̄, γ ). Let ψ t := COL(xt⊥, zt⊥) − h(x̄, γ ), we can
write the boundary layer system associated to (7a) as

ψ t+1 = Aψ t + γBut
bl(x̄), (15)

where

ut
bl(x̄) := ∇F

(
1x̄ + [

R 0
]
ψ t) − ∇F(1x̄). (16)

Remark 1: From Assumption 2 the matrix W has 1 as an
eigenvalue with multiplicity d, while all the remaining ones
lie within the open unit circle. The left and right eigenvectors
associated to 1 belong to the span of 1� and 1, respectively.
Thus, R�WR is Schur. Then, the matrix A, being up-triangular
with two Schur matrices on the diagonal blocks, is Schur too.
See [23] for a detailed discussion.

Exponential stability of (15) uniformly in x̄ is given now.
Lemma 1: Consider system (15). Let m := 2(N−1)d. Then,

there exists γ̄1 > 0 and a Lyapunov function W:Rm → R such
that, for any γ ∈ (0, γ̄1), it holds

b1‖ψ‖2 ≤ W(ψ) ≤ b2‖ψ‖2 (17a)

W(Aψ + γ ut
bl(x̄))− W(ψ) ≤ −b3‖ψ‖2 (17b)

|W(ψ1)− W(ψ2)| ≤ b4‖ψ1 − ψ2‖(‖ψ1‖ + ‖ψ2‖), (17c)

for any ψ,ψ1, ψ2 ∈ R
m, x̄ ∈ R

n, and some b1, b2, b3, b4 > 0.
Proof: Pick any Q ∈ R

m×m, Q = Q� > 0. Being A Schur
(see Remark 1), there exists P = P� > 0 so that

A�PA − P = −Q. (18)

Pick such P to define W : Rm → R as

W(ψ t) := (ψ t)�Pψ t,

which clearly satisfies (17a) and (17c). Further, along (15),
�W(ψ t) := W(ψ t+1)− W(ψ t) is given by

�W(ψ t) = (ψ t)�(A�PA − P)ψ t + 2γ (ψ t)�A�PBut
bl(x̄)

+ γ 2(ut
bl(x̄))

�B�PBut
bl(x̄)

(a)≤ −(ψ t)�Qψ t + 2γ
∥∥∥A�PB

∥∥∥
∥∥ψ t

∥∥∥∥ut
bl(x̄)

∥∥

+ γ 2
∥∥∥B�PB

∥∥∥
∥∥ut

bl(x̄)
∥∥2
, (19)

where in (a) we have used the result (18) and the Cauchy-
Schwarz inequality. Being each ∇fi Lipschitz continuous
(cf. Assumption 1), we bound ut

bl(x̄) (defined in (16)) as
∥∥ut

bl(x̄)
∥∥ ≤ β

∥∥[
R 0

]∥∥∥∥ψ t
∥∥, (20)
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for any x̄ ∈ R
d. Thus, we can use (20) to bound (19) as

�W(ψ t) ≤ −(q − γ c1 − γ 2c2)
∥∥ψ t

∥∥2
, (21)

where q is the (positive) smallest eigenvalue of Q, while
c1 := 2β

∥∥A�PB
∥∥∥∥[

R 0
]∥∥, c2 := β2

∥∥B�PB
∥∥∥∥[

R 0
]∥∥2.

Thus, there exists γ̄1 > 0 such that q − γ c1 − γ 2c2 > 0
for any γ ∈ (0, γ̄1) so that (17b) holds and the proof
follows.

Now, we consider COL(xt⊥, zt⊥) = h(x̄t, γ ) for all t ≥ 0
within (7a) obtaining the so-called reduced system as

x̄t+1 = x̄t − γ

N
1�∇F

(
1x̄t + [

R 0
]
h(x̄t, γ )

)
. (22)

By exploiting h (cf. (14)) and ∇F, we write system (22) as

x̄t+1 = x̄t − γ

N
∇f (x̄t). (23)

The next lemma uses the (radially unbounded) function f to
show the convergence of system (23) to the set Xstaz := {x̄ ∈
R

d | ∇f (x̄) = 0} of stationary points of (1).
Lemma 2: Consider system (23) Then, there exists γ̄2 > 0

such that, for any γ ∈ (0, γ̄2), it holds

f
(

x̄ − γ

N
∇f (x̄)

)
− f (x̄) ≤ −d1‖∇f (x̄)‖2 (24a)

f (x1 + x2)− f (x1 + x3) ≤ d2‖∇f (x̄1)‖‖x2 − x3‖
+ d3

(
‖x2‖2 + ‖x3‖2

)
, (24b)

for any x, x1, x2, x3 ∈ R
d, and some d1, d2, d3 > 0.

Proof: In light of Assumption 1, f has Lipschitz continu-
ous gradient. Thus, we apply the Descent Lemma (cf. [32,
Proposition 6.1.2]) to write

f (x̄t+1)− f (x̄t) ≤ − γ
N

∥∥∇f (x̄t)
∥∥2 + γ 2 β

2N2

∥∥∇f (x̄t)
∥∥2
. (25)

Thus, for any γ ∈ (0, γ̄2) with γ̄2 := β
2N , the inequality (25)

ensures that (24a) is satisfied. With same arguments, also the
inequality (24b) with d2 = 1 and d3 = β

2 can be shown.
Once these preliminary results have been provided, we

can use them in the next theorem to state the convergence
properties of the Gradient Tracking distributed algorithm.

Theorem 2: Consider the Gradient Tracking given in (4).
Let Assumptions 1 and 2 hold. Then, for any initial condition
(x0, z0) ∈ R

2Nd such that 1�z0 = 0, there exists γ̄ > 0 such
that, for any γ ∈ (0, γ̄ ), it holds

lim
t→∞ inf

ξ∈Xstaz

∥∥xt
i − ξ

∥∥ = 0, ∀i ∈ {1, . . . ,N}.
Proof: The proof relies on Theorem 1. Indeed, Lemma 1

and Lemma 2 provide the functions W and U ≡ f satisfying
conditions (12) and (13), respectively. Further, Assumption 1
guarantees the radial unboundedness of U and the regularity
properties required for φ, g, and h. Hence, by Theorem 1, there
exists γ̄ > 0 such that, for any γ ∈ (0, γ̄ ), any trajectory of
system (7) satisfies

lim
t→∞ inf

ξ∈M′

∥∥∥∥∥∥

⎡

⎣
x̄t

xt⊥
zt⊥

⎤

⎦ −
[

ξ

h(ξ, γ )

]∥∥∥∥∥∥
, (26)

where M′ ⊆ ker{∇f (·)} ⊆ R
d denotes the largest invariant set

for system (23) contained within ker{∇f (·)}. The proof follows
by noting that M′ ≡ ker{∇f (·)} ≡ Xstaz.

Fig. 2. Convergence of the fast and slow subsystem.

Next Proposition addresses the strongly convex case.
Proposition 1: Let f be μ-strongly convex with minimizer

x	 ∈ R
d and suppose the assumptions of Theorem 2 hold.

Then, there exist γ̄ , a1, a2 > 0 such that for any γ ∈ (0, γ̄ )
∥∥xt

i − x	
∥∥ ≤ a1 exp(−a2t), ∀i ∈ {1, . . . ,N}.

Proof: Assume w.l.o.g. that f (x	) = 0. Being f strongly
convex, the Polyak-Lojasiewicz inequality holds, namely

− ‖∇f (x)‖2 ≤ −2μ(f (x)− f (x	)) = −2μf (x), (27)

for any x ∈ R
d. By combining (27) and (25) (cf. proof of

Lemma 2), we claim that, for any γ ∈ (0, γ̄2), it holds

U(x̄t+1)− U(x̄t)︸ ︷︷ ︸
f (x̄t+1)−f (x̄t)

≤ −d4U(x̄t)︸ ︷︷ ︸
−2d1μf (x̄t)

.

for some d4 > 0 ensuring that x	 is globally exponentially
stable for system (10). Further Lemma 1 provides a Lyapunov
function for the global exponential stability of the origin
for (15). Hence, by [30, Corolllary 2]), there exists γ̄ > 0
such that, for any γ ∈ (0, γ̄ ), COL(x	, h(x	)) is globally
exponentially stable for (7) and the proof follows.

V. NUMERICAL SIMULATION: TARGET LOCALIZATION

This section validates our theoretical findings with a numer-
ical simulation about the target localization problem given
in [10, Sec. IV.A]. A network of N = 10 agents aims to
locate a common target through some distance measurements.
Each agent i is located at ωi ∈ R

d and has a noisy mea-
surement φi > 0 of the target squared distance. The target
position is estimated by solving an instance of problem (1)
with fi(x) = φi − ‖x − ωi‖2. We consider an Erdős-Rényi
directed graph with parameter 0.6. We empirically tuned the
step-size parameter as γ = 0.01 to guarantee the algorithm
effectiveness. Fig. 2 separately shows the convergence of the
fast and slow subsystems identified in (7) and graphically
highlights their different rates.

VI. CONCLUSION

We studied the Gradient Tracking for nonconvex distributed
optimization with system theory tools. By resorting to suitable
coordinates, we posed the scheme in a singularly perturbed
form. The latter allowed us to elegantly prove the convergence
of the estimates to the set of problem stationary points.
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APPENDIX

A. Proof of Theorem 1

To show convergence properties of (9) we use the sum of
the functions W and U satisfying (12) and (13), respectively.
We point out that these two functions have been used on (10)
and (11) that are different from the subsystems of (9). We start
by defining hγ (x̄) := h(x̄, γ ) and

L2 := sup
γ∈[0,γ̄3]

{Lg(γ )}, L3 := sup
γ∈[0,γ̄3]

{Lh(γ )},

where γ̄3 := max{γ̄1, γ̄2} and both L2 and L3 are finite in light
of the continuity of g and h, respectively. Thus, the global
Lipschitz properties of g and h with parameters Lg(γ ) and
Lh(γ ) lead to the Lipschitz property of g and hγ with param-
eters L2 and L3 in the interval [0, γ̄3]. With this result at hand,
define ψ t := ζ t − hγ (x̄t), and rewrite (9) as

x̄t+1 = x̄t + γφ(x̄t, ψ t + hγ (x̄
t)) (28a)

ψ t+1 = g(ψ t + hγ (x̄
t), x̄t, γ )− hγ (x̄

t+1). (28b)

Pick the function U satisfying (13). Thus, by evaluating
�U(x̄t) := U(x̄t+1)− U(x̄t) along (28a), we get

�U(x̄t) = U(x̄t + γφ(x̄t, ψ t + hγ (x̄
t)))− U(x̄t)

(a)= U(x̄t + γφ(x̄t, hγ (x̄
t)))− U(x̄t)

+ U(x̄t + γφ(x̄t, ψ t + hγ (x̄
t)))− U(x̄t + γφ(x̄t, hγ (x̄

t)))

(b)≤ −c1
∥∥φ(x̄t, hγ (x̄

t))
∥∥2

+ U(x̄t + γφ(x̄t, ψ t + hγ (x̄
t)))− U(x̄t + γφ(x̄t, hγ (x̄

t)))

(c)≤ −c1
∥∥φ(x̄t, hγ (x̄

t))
∥∥2

+ γ c2
∥∥φ(x̄t, hγ (x̄

t))
∥∥∥∥φ(x̄t, ψ t + hγ (x̄

t))− φ(x̄t, hγ (x̄
t))

∥∥

+ γ 2c3

(∥∥φ(x̄t, ψ t + hγ (x̄
t))

∥∥2 + ∥∥φ(x̄t, hγ (x̄
t))

∥∥2
)
, (29)

where in (a) we add and subtract U(x̄t+γφ(x̄t, hγ (x̄t))), in (b)
we use (13a) to bound U(x̄t + γφ(x̄t, hγ (x̄t)))− U(x̄t), and in
(c) we use (13b) to bound U(x̄t+γφ(x̄t, ψ t+hγ (x̄t)))−U(x̄t+
γφ(x̄t, hγ (x̄t))). By adding and subtracting φ(x̄t, hγ (x̄t)) in∥∥φ(x̄t, ψ t + hγ (x̄t))

∥∥2, (29) becomes

�U(x̄t) ≤ −c1
∥∥φ(x̄t, hγ (x̄

t))
∥∥2

+ γ c2
∥∥φ(x̄t, hγ (x̄

t))
∥∥∥∥φ(x̄t, ψ t + hγ (x̄

t))− φ(x̄t, hγ (x̄
t))

∥∥

+ γ 2c3
∥∥φ(x̄t, ψ t + hγ (x̄

t))− φ(x̄t, hγ (x̄
t))+ φ(x̄t, hγ (x̄

t))
∥∥2

+ γ 2c3
∥∥φ(x̄t, hγ (x̄

t))
∥∥2

(a)≤ −c1
∥∥φ(x̄t, hγ (x̄

t))
∥∥2 + γ c2L1

∥∥φ(x̄t, hγ (x̄
t))

∥∥∥∥ψ t
∥∥

+ γ 2c32
∥∥φ(x̄t, hγ (x̄

t))
∥∥2 + γ 2c3L2

1

∥∥ψ t
∥∥2

+ γ 2c32L1
∥∥ψ t

∥∥∥∥φ(x̄t, hγ (x̄
t))

∥∥, (30)

where (a) exploits the square norm and the fact that φ
is Lipschitz. Now, pick W satisfying (12). By evaluating
�W(ψ t) := W(ψ t+1)− W(ψ t), we get

�W(ψ t) = W(g(ψ t + hγ (x̄
t), x̄t, γ )− hγ (x̄

t+1))− W(ψ t)

(a)= W(g(ψ t + hγ (x̄
t), x̄t, γ )− hγ (x̄

t))− W(ψ t)

+ W(g(ψ t + hγ (x̄
t), x̄t, γ )− hγ (x̄

t+1))

− W(g(ψ t + hγ (x̄
t), x̄t, γ )− hγ (x̄

t))

(b)≤ −b3
∥∥ψ t

∥∥2 + W̃(ψ t, x̄t), (31)

where in (a) we add and subtract the term W(g(ψ t +
hγ (x̄t), x̄t, γ )−hγ (x̄t)) and in (b) we bound the term W(g(ψ t+
hγ (x̄t), x̄t) − hγ (x̄t)) − W(ψ t) by applying the result (12b)
(which holds for any γ ∈ (0, γ̄1)) and introduce

W̃(ψ t, x̄t) := W(g(ψ t + hγ (x̄
t), x̄t, γ )− hγ (x̄

t+1))

− W(g(ψ t + hγ (x̄
t), x̄t, γ )− hγ (x̄

t)).

By using (12c), we bound the above term as

W̃(ψ t, x̄t)

≤ b4

∥∥∥hγ (x̄
t+1)− hγ (x̄

t)

∥∥∥
∥∥∥g(ψ t + hγ (x̄

t), x̄t, γ )− hγ (x̄
t+1)

∥∥∥

+ b4

∥∥∥hγ (x̄
t+1)− hγ (x̄

t)

∥∥∥
∥∥g(ψ t + hγ (x̄

t), x̄t, γ )− hγ (x̄
t)
∥∥

(a)≤ b4

∥∥∥hγ (x̄
t+1)− hγ (x̄

t)

∥∥∥
2

+ b42
∥∥∥hγ (x̄

t+1)− hγ (x̄
t)

∥∥∥
∥∥g(ψ t + hγ (x̄

t), x̄t, γ )− hγ (x̄
t)
∥∥

(b)≤ b4

∥∥∥hγ (x̄
t+1)− hγ (x̄

t)

∥∥∥
2

+ b42
∥∥∥hγ (x̄

t+1)− hγ (x̄
t)

∥∥∥
∥∥�g(ψ t, x̄t, γ )

∥∥

(c)≤ γ 2b4L2
3

∥∥φ(x̄t, ψ t + hγ (x̄
t))

∥∥2

+ γ b42L3L2
∥∥φ(x̄t, ψ t + hγ (x̄

t))
∥∥∥∥ψ t

∥∥, (32)

where in (a) we add and subtract within the second norm
hγ (x̄) and use the triangle inequality, in (b) we add within
the last norm g(hγ (x̄t), x̄t, γ ) − h(x̄t) = 0 and introduce
�g(ψ t, x̄t, γ ) := g(ψ t + hγ (x̄t), x̄t, γ ) − g(hγ (x̄t), x̄t, γ ),
and in (c) we exploit the Lipschitz continuity of hγ and g.
Now, add and subtract φ(x̄t, hγ (x̄t)) in

∥∥φ(x̄t, ψ t + hγ (x̄t))
∥∥2

and
∥∥φ(x̄t, ψ t + hγ (x̄t))

∥∥, use the triangle inequality and the
Lipschitz property of φ to bound (32) as

W̃(ψ t, x̄t) = γ 2b4L2
3L2

1

∥∥ψ t
∥∥2 + γ 2b4L2

3

∥∥φ(x̄t, hγ (x̄
t))

∥∥2

+ γ 2b42L2
3L1

∥∥ψ t
∥∥∥∥φ(x̄t, hγ (x̄

t))
∥∥ + γ b42L3L2L1

∥∥ψ t
∥∥2

+ γ b42L3L2
∥∥φ(x̄t, hγ (x̄

t))
∥∥∥∥ψ t

∥∥. (33)

Thus, we can use (33) to bound (31) as

�W(ψ t) ≤ −b3
∥∥ψ t

∥∥2 + γ 2b4L2
3L2

1

∥∥ψ t
∥∥2

+ γ 2b4L2
3

∥∥φ(x̄t, hγ (x̄
t))

∥∥2

+ γ 2b42L2
3L1

∥∥ψ t
∥∥∥∥φ(x̄t, hγ (x̄

t))
∥∥ + γ b42L3L2L1

∥∥ψ t
∥∥2

+ γ b42L3L2
∥∥φ(x̄t, hγ (x̄

t))
∥∥∥∥ψ t

∥∥. (34)

Now, define V : Rn × R
m → R as

V(x̄t, ψ t) = U(x̄t)+ W(ψ t).

Thus, by evaluating �V(x̄t, ψ t) := V(x̄t+1, ψ t+1) −
V(x̄t, ψ t) = �U(x̄t)+�W(ψ t) along the trajectories of (28),
we can use the results (30) and (34) to write

�V(x̄t, ψ t) ≤ −
[∥∥φ(x̄t, hγ (x̄t))

∥∥∥∥ψ t
∥∥

]�
H

[∥∥φ(x̄t, hγ (x̄t))
∥∥∥∥ψ t

∥∥

]
, (35)

where H ∈ R
2×2 denotes the symmetric matrix

H :=
[

c1 − γ 2k1 − γ k2 − γ 2k3

−γ k2 − γ 2k3 b3 − γ k4 − γ 2k5

]
,

in which the notation has been shortened through the constants
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k1 := b4L2
3 + c32, k2 := c2L1+b42L2L3

2 , k3 := c32L1+b42L1L2
3

2

k4 := b42L1L2L3, k5 := c3L2
1 + b4L2

1L2
3.

Being H = H�, by Sylvester Criterion, H > 0 if and only if
{

c1 > p1(γ )

c1b3 > p2(γ ),
(36)

where we have introduced the polynomials

p1(γ ) := γ 2k1 (37a)

p2(γ ) := γ c1(k4 + γ k5)+ γ 2k1(b3 − γ k4 − γ 2k5)

+ (γ k2 + γ 2k3)
2. (37b)

We notice that limγ→0 p1(γ ) = limγ→0 p2(γ ) = 0. Thus,
there exists γ̄ ∈ (0,min{γ̄1, γ̄2}) such that, for any γ ∈ (0, γ̄ ),
the conditions in (36) hold leading to the positiveness of H.
Hence (35) ensures that �V(x̄t, ψ t) ≤ 0 for any x̄t ∈ R

n and
any ψ t ∈ R

m. In particular, the right-hand side of (35) is null
when x̄t ∈ E′, where E′ ⊆ R

n+m reads as

E′ := {(x̄, ψ) ∈ R
n+m | x̄ ∈ ker{φ(·, hγ (·))}, ψ = 0}. (38)

Thus, we apply the Lasalle Invariance Principle
(cf. [33, Th. 3.7]) to conclude that, for any γ ∈ (0, γ̄ ),
any trajectory of system (28) approaches

lim
t→∞ inf

ξ ′∈M′

∥∥∥∥

[
x̄t

ψ t

]
− ξ ′

∥∥∥∥ = 0, (39)

where M′ ⊆ E′ denotes the largest invariant set for
system (28) contained within the subspace E defined in (38).
The proof follows by noticing that (i) M′ ≡ E′, and that (ii),
turning out to the coordinates (x̄, ζ ), the result (39) implies
that, for any γ ∈ (0, γ̄ ), any trajectory of (9) converges to
M := {(x̄, ζ ) ∈ R

n+m | x̄ ∈ ker{φ(·, hγ (·))}, ζ = hγ (x̄)}.
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[1] A. Nedić and J. Liu, “Distributed optimization for control,” Annu. Rev.
Control Robot. Auton. Syst., vol. 1, pp. 77–103, May 2018.

[2] G. Notarstefano, I. Notarnicola, and A. Camisa, “Distributed
optimization for smart cyber-physical networks,” Found. Trends Syst.
Control, vol. 7, no. 3, pp. 253–383, 2019.

[3] T. Yang et al., “A survey of distributed optimization,” Annu. Rev.
Control, vol. 47, pp. 278–305, Jun. 2019.

[4] B. Johansson, T. Keviczky, M. Johansson, and K. H. Johansson,
“Subgradient methods and consensus algorithms for solving convex
optimization problems,” in Proc. 47th IEEE Conf. Decis. Control, 2008,
pp. 4185–4190.
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