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A  B  S  T  R  A  C  T  

Exact contact pressure and load distribution are key evaluation indices for beveloid gear design. A numerical calculation approach of contact 
pressure and load distribution for crossed beveloid gears is proposed, as opposed to the traditional method based on a finite element 
modeling software package. To acquire the flexibility properties of beveloid gear tooth surfaces, an accurate finite element (FE) model about a 
beveloid gear tooth with root fillets is first built. A solution model for crossed beveloid gears is developed using the influence coefficients 
technique. An enhanced solving approach is presented to improve the robustness of the solving model by addressing the limitation of the 
influence coefficients method. In addition, a unique contact pressure is presented. The numerical example proposed can be used to test the 
proposed methodology. 
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1. Introduction 

 
With the increasing demand of high strength for gear transmission systems, contact pressure and load distribution have been key 

evaluation indexes to design and optimize gear pairs’	macro and micro parameters [1–3]. Collaborative tooth surface optimization 
considering both geometric and physical performances is always an active point in tooth flank design for gears [4–6]. At present, 
loaded tooth contact analysis based on commercial software packages such ABAQUS and ANSYS is a main solution to obtain exact 
contact pressure and load distribution [7,8]. As introduced by Ding [9], it has the following deficiencies: 

(i) High computational cost. Commercial software tools for load teeth contact analysis are based on accurate finite element 
modeling, as well as generating, assembling, and meshing 3D solid models. An analysis usually takes a few days. 

(ii) Poor flexibility. The workflow of the method precludes it from having high flexibility. It’s difficult to change and process the 
results immediately. In terms of modification optimization, all 3D models matching to each set of gear parameters must be developed, 
assembled, and meshed. Furthermore, we can only adjust the model if the outcomes are problematic, but the provided model is 
normally fixed. 

As a result, using this method to undertake a continuous optimization for gear pairs is difficult. Some novel ways have recently been 
reported. Simon developed hypoid and helical gear estimation methods by using regression analysis findings from calculated 
deflection and displacement under load based on FE models [10–13]. Fang calculated the load distribution of crossed helical gears 
using finite element method(FEM) to calculate flexibility [14]. Hou introduced a contact analysis algorithm based on modified VFIFE 



method and verified the feasibility of the algorithm by comparing the results with the ABAQUS simulation results [15]. Pedrero 
proposed a load distribution model based on the minimum elastic potential criteria for the calculation of tooth bending strength and 
surface durability [16]. Using the model introduced by Pedrero, Sa´nchez further developed a calculation method of contact stress 
along the line of action [17]. Rameshkumar developed FEM for determining the load distribution of high-contact-ratio spur gears [18, 
19]. Based on the influence coefficient method, Tsai developed a method for load contact analysis of high-contact-ratio spur gear 
considering flank modification [20]. Applying the Hertz contact theory, Volkov proposed an algorithm for contact stress analysis of 
gears, that characterized with realizing the calculation of contact stress for multi-pair contact [21]. Gosselin proposed a curve-fitting 
method to determine the tooth elastic contact deformation [22]. Using semi-analytical, Rayleigh-Ritz based shell model of the teeth to 
calculate the tooth compliance, Kahraman proposed a load distribution model for hypoid gears using ease-off topography [23]. Based 
on the double-curved shell theory and Rayleigh-Ritz method, Ding [9] developed a numerical load contact analysis method for spiral 
bevel and hypoid gears. 

In terms of beveloid gears, few researches has been reported. Zhu analyzed the effect of rack-cutter parabolic modification on load 
contact characteristics, where the analysis was based on ABAQUS software [2]. Using the influence coefficient method, Tsai introduced 
a method for analysis of skew conical gear drives in approximate line contact, where influence coefficient calculation was based on the 
Boussinesq half-space force-displacement relations to calculate the contact deformation and the bending deformation coefficient’s 
calculation is based on the result of FEM for involute cylindrical gears [24,25]. Considering the asymmetric the left and right tooth 
surfaces of beveloid gears, Song established a mesh stiffness calculation model of paralleled helical beveloid gear pair based on po- 
tential energy theory [26]. They further analyzed the effect of pitting defect on the mesh stiffness for straight beveloid gear [27]. 

Above references significantly improve the efficiency and accuracy of contact pressure and load distribution, but they focused on 
spur gears or spiral bevel and hypoid gears. As an analytical tooth compliance determination method, Rayleigh-Ritz method only is 
valid for gears with constant height along tooth width direction and either constant or linearly varying thickness along their profile 
[28,29]. Beveloid gears are not the case. It is worth noting that because the beveloid gears under crossed axes can achieve point 
contact, approximate line contact and line contact, the contact may be the non-Hertzian contact. The influence coefficient method can 
be used to calculate the contact pressure analysis for crossed beveloid gears with approximate line contact [25]. Because of the 
asymmetric the left and right tooth surfaces of helical beveloid gears, the calculation method applied by Tsai cannot be applied to 
helical beveloid gears [24,30]. Therefore, the references about beveloid gears focused on the straight beveloid gears. 

It is worth noting that there are two defects for the influence coefficient method. The first is the estimation value of contact stress 
increases, and the result fluctuation amplitude obviously increases with the dimension of contact area element decreasing, which cause 
negative influence on the accurate estimation of pressure value. The second is the dimension of contact area element needs to be 
infinitesimal to achieve the estimation of the exact contact stress. However, no research was reported to determine the dimension of 
contact area elements. Therefore, the above two defects need to be considered in using the influence coefficient method. 

In the present study, the influence coefficient method is applied to calculate the load distribution of crossed beveloid gears. Firstly, 
a finite element model for a beveloid gear tooth with root fillet is developed. By applying three directions’	unit force and extracting the 
displacement including deformations, the flexibility characteristics of nodes at tooth surfaces can be obtained. Based on the influence 
coefficient method and deformation compatibility within contact area, a solving model is established. To improve the robustness of the 
calculation model, an enhanced solving method is proposed. Here, the initial contact area is estimated more accurately, and pre- 
conditioning method is applied to decrease the condition number. Considering the defects of the influence coefficient method, a novel 
estimation method is proposed to achieve accurate estimation of contact pressure. By a numerical example, the feasibility of the 
method is validated. 

 
 
 
 
 

 

 
Fig. 1. Normal sections of rack-cutter. 
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2. Flexibility characteristics of beveloid gears 
 
2.1. Mathematical model of beveloid gear with root fillet 

 
The force-displacement relation between the contact points within a contact region is an essential factor in the solving model based 

on the influence coefficient method. Contact deformation, tooth bending deformation and shear deformation occur when a force is 
applied to any position on the tooth surface. The accurate tooth model is the premise of calculating all deformations. 

According to the generation concept introduced by Merrit [31], beveloid gears are enveloped by a rack-cutter. Compared with 
conventional involute gear’s generating, it is characterized by that the generating rack-cutter’s pitch plane intersects the axis of 
enveloped beveloid gears, which forms an angle, i.e. the beveloid gear cone angle. 

Fig. 1 shows the normal sections with fillet of the rack cutter. The straight line Ml Ml and Mr Mr generate the involute tooth profiles. 
3  2 3  2 

The fillet curve Ml Ml and Mr Mr generate the root fillet of beveloid gears. The plane ynonzn is the pitch plane of the rack-cutter. The 
4  3 4  3 

length of onMl is the same as the one of onMr .In the coordinate system sn, the geometry of Ml Ml and Mr Mr can be expressed as: 
1 1 

ucosαn πmn 

3  2 3  2 

Rpj(u) =  ± 4	 + usinα (j = l, r) (1) 

⎣	
0	

⎦	

	
where the subscript represents the coordinate system; the upper of ± or + is for the right profile. u is the length between any point and 
Ml or Mr ; αn and mn are the normal pressure angle and the normal module of the rack-cutter. 

1 1 
The fillet curves denoted by Ml Ml and Mr Mr can be expressed in the coordinate system sn as: 

4  3 4  3 
⎡

⎢	 πm 
—mn + rc(cosθc — cosθ) 

⎤

⎥	
Rcj =  ± n ± m tanα + r (±sinθ + sinθ) (j = l, r) (2) 

4	
0	

	
where rc is the radius of the fillet curves and determined by a designer. θc is the included angle of the fillet curves, which can be 
represented as: 

θc = π — αn (3) 
2	

Based on the generating concept, the envelope process of a rack-cutter generating beveloid gears is described in Fig. 2. Herein, five 
coordinate systems sn, sp, sc, sg and sf are introduced. The plane xpopyp is parallel with the end section of the rack-cutter and forms the 
included angle β with the plane xnonyn. The plane ycoczc is tangent to the beveloid gear’s pitch cylinder. It forms the cone angle δ of the 
beveloid gear with the plane ynonzn. The coordinate system sn, sp and sc are rigidly connected to the rack-cutter. The coordinate system 
sg is rigidly connected to the generated beveloid gear. The coordinate system sf is a reference coordinate system. 

For any plane P parallel with the plane xnonyn and distance l to it, the section at the plane is the same as the one in the plane xnonyn. 
Therefore, the geometry of the rack-cutter in the coordinate system sn can be represented as: 

 

 

 
Fig. 2. Generating mechanism of beveloid gears. 
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Based on the differential geometry theory, the unit normal vectors of the tooth surfaces including fillet surfaces of the rack-cutter 
can be obtained in the coordinate system sn as: 

pf —j  
	
∂Rpf —j
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Fig. 3 shows the enveloping motion relation. During the enveloping, the rack-cutter moves along the direction of the axis yc. At the 
same time, the to-be-generated beveloid gear rotates along the self-axis. According to the geometric relationship and enveloping 
motion, the homogeneous coordinate transformation matrices among the coordinate system can be obtained as: 
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The geometry of the to-be-generated beveloid gear’s tooth surfaces is obtained as the envelope to the family of the rack-cutter in the 
coordinate system sg, represented as: 
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In the coordinate system sg, the normal vectors of the rack-cutter can be obtained as: 
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Fig. 3. Position of rack cutter and to-be-generated beveloid gear [32]. 
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where Lgf , Lfc, Lcp and Lpn are the upper left three dimensional submatrices of Mgf , Mfc, Mcp, and Mpn respectively. 
The determination of the geometry of the to-be-generated beveloid gear is based on the simultaneous consideration of Eq(10–11) 

and the meshing equations. According to the gearing theory [33], the meshing equations can be expressed as: 
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Based on the simultaneous consideration of Eq(10–11) and Eq(14–15), the geometry of to-be-generated beveloid gear’s tooth with 

the fillet can be obtained as: 
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Fig. 4. Finite element modeling and boundary constraint. 
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2.2. Flexibility determination of beveloid gears 

 
2.2.1. FE model of beveloid gears and boundary condition 

During the transmission of crossed beveloid gears, there is complex deformation in the contact tooth surfaces, which includes gear 
blank deflection, bending defection, shear deflection and contact deformation. Considering that there is no universal analytical method 
to calculate the bending deformation and shear deflection for beveloid gears, FEM is applied to calculate the comprehensive defor- 
mation. Hexahedral isoparametric element with 8 nodes is chosen. 

The mesh grids of the tooth surfaces, including the root fillet surfaces, can be derived by meshing the rack-cutter parameters, 
according to Eq(21–22). The number of nodes in the other structure is also set. The tooth surfaces have thicker mesh grids to ensure the 
accuracy of the results. A gradual adjustment in the length of an element is performed at the same time. Generally speaking, the closer 
to the tooth surface, the higher the grid node density [9,34]. In the direction of the tooth width, the length of an element is set equal. 
Fig. 4(a) represents the finite element modeling. 

Here, the area 1, 2 and 3 are the parts excluding the tooth surfaces and fillet surfaces extracted from the tooth structure, as shown in 
Fig. 4(b). All the degrees of freedom of all nodes in these areas are constrained. 

 
2.2.2. Determination of flexibility for any point at the tooth surfaces 

Based on the element type and finite element theory [35], the stiffness matric of a single element can be expressed as: 

ke = 
∫	 ∫	 ∫	

BT DB|J|dξdηdζ (23) 

 
where v represents the integration region. Since the integration variables are ξ, η	and ζ, which are in isoperimetric element coordinates, 
v is the cubic space. The upper and lower bounds of the integration variables ξ, η	and ζ	are from —1 to 1. B is geometric matrix and J is 
the Jacobin matrix [36]. Here, B can be expressed as: 

[B] = [ B1	 	 B2	 	 B3	 	 B4	 	 B5	 	 B6	 	 B7	 	 B8	] (24) 

Further, the submatrices Bi can be represented as: 
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where Ni is the shape function and can be obtained in the reference [35,36]. x, y and z are the coordinates of the element in the local 
coordinate system. 

Applying B-Bar method [37], ke can be calculated accurately. By assembling the elements’	stiffness matrices, the global stiffness 
matrix K of the single tooth structure can be obtained. Considering the boundary condition shown in Fig. 4(b), where all freedom 
degrees of the corresponding nodes are fixed and the displacements are 0, we delete the all rows and columns corresponding with the 
constrained nodes of the global stiffness matrix K. For any node in the tooth surfaces, the force vector can be expressed as: 

Fj = [ Fjx  Fjy  Fjz ] (26) 

where j is the number of the node. Fjx, Fjy and Fjz represent the force along the axis x, y and z in the local coordinate system respectively. 
Assembling the all nodes’	force, we can obtain force vector F. 

According to the following equation the deformations of all nodes can be obtained. 

F = Kγ (27) 

For the above formulation, the global stiffness matrix K is save as sparse matrix and cholesky decomposition is applied to the global 
stiffness matrix K for solving Eq.(27). Taking the node j	for example, giving the unit force along axis x, y and z respectively, we can 
obtain the deformations of all nodes under the unit force along corresponding directions. Further, we can extract the deformations of 
the nodes in the tooth surfaces, which can be denoted as γx, γy and γz . Parameter γx is 
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where γx—x represents the deformation along axis x of the node 1 under the condition where the unit force along axis x of node j is 
performed. Further, the deformations of all nodes in the tooth surfaces can be extracted, which constitute the flexibility matrix of the 
nodes in the tooth surfaces. By changing the nodes applied the force, we can obtain the flexibility matrix. It is worth noting that the 
deformation based on Eq(27) is the comprehensive deformation, which includes the bending deformation, shear deflection. 

For any point τ in the tooth surfaces that is not a node, the force Fτ applied in the point can be equivalent to the eight nodes at the 
tooth surfaces surrounding it, just as shown in Fig. 5. According to the virtual work theory, the equivalent force can be expressed as: 

Fei = Ni(ξ, η, ζ)Fτ (i = j1, j2, ⋯, s4) (30) 

Because the point is more closed to the node j1, j2, j3 and j4 which are the nodes in the tooth surfaces, Nj1 , Nj2 , Nj3 and Nj4 are 
significantly greater than Ns1 , Ns2 , Ns3 and Ns4 . Therefore, the equivalent force at the node s1, s2, s3 and s4 is ignored in the paper. 

Fig5. Equivalent force calculation 
After obtaining the equivalent force at the four nodes surrounding the point, the deformations at all nodes in the tooth surfaces can 

be obtained by overlapping the deformations resulting from the equivalent forces, which can be obtained as: 

γτ = 
∑∑
γjFj (i = j1, j2, j3, j4; j = x, y, z) (31) 

  

All above derivation can be used to calculate the deformations at the nodes. For the deformations at the point that is not the node, 
the interpolation method is applied [38]. According to the deformations at the nodes, we can obtain the interpolant between defor- 
mation and the generating parameter u and l, which can be denoted as: 

x—x 
τ 

x x—y 
⎣	 ⎦	

	

	
where fx—x(u, l) represent the interpolant between the deformation along the axis x and the generating parameter u and l, when an unit 
force along the axis x is applied on the point τ. 

 
3. Solving model of contact pressure for crossed beveloid gears 

 
3.1. Tooth contact point determination and separation calculation 

 
3.1.1. Determine tooth contact point 

The tooth contact point is very critical to determine the contact pattern and other evaluation items [39–41]. According to the 
installation relationship, a transmission model of crossed beveloid gears is established, just as illustrated in Fig. 6. Here, four coor- 
dinate systems sf , s1, sp and sg. are introduced. Among them, the coordinate systems sf and s1 are reference coordinate systems. The 
coordinate systems sp and sg are rigidly connected to the pinion and gear. The parameters E, Σ, d1 and d2 are the installation parameters 
[42,43]. 

According to the geometrical relationship, the homogeneous transformation matrices between the coordinate system are: 
 
 
 

 

 
Fig. 5. Equivalent force calculation. 
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Fig. 6. Meshing model of crossed beveloid gears. 
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In the coordinate system sf , the geometry of the pinion and gear can be expressed as: 
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The normal vectors of the tooth surfaces can be obtained in the coordinate system sf as: 
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(j = l, r) (36) 

 

Fig. 7. Contact of tooth pairs under load. 
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According to the gearing theory [33], the contact point meets the following condition: 
 

f f 

⎩	 npf—j
	
φp, ϕp

)	
= —ngf —j

	
φg, ϕg

)	
(j = l, r) 

(38) 

This is a vector equation consisting of 6 equations and 8 variables. Because npf—j and ngf—j are unit vectors, it only includes 5 in- 
f f 

dependent equations. Combining with Eq(21), if ϕp or ϕg is given, Eq(38) can be solved. 

 
3.2. Solving model of contact pressure 

 
3.2.1. Deformation compatibility 

A contact model of a tooth pair under load is shown in Fig. 7. Here, the point c	is the contact point. Under the load, there are elastic 
deformations in the contact pair and the contact area is extended from a point to a plane. The deformation amounts of the contact pair 
are ωp1 and ωg1, which brings the point ap and ag, of which the separation is q1, into contact. 

As the initial contact point, the deformations amount of the point c	 at the tooth surfaces are maximum. Therefore, the total 
maximum deformation can be expressed: 

ωm = ωp1	+ ωg1	 (39) 

Considering the total deformation, we can obtain that the points which is under the contact area meet the following condition: 

q + ωp + ωg = ωm (40) 

where q	is the separation. ωp and ωg are the deformations of the point pair. 
For the point pair, which are at the boundary of the contact area, the separation between them can be expressed: 

q = ωm (41) 
 
3.2.2. Deformation calculation and model establishment 

The contact deformation inside the contact region for the contact pair is in the normal direction of the contact point. Even though 
the other deformation may not be in the same direction, we continue to assume that the contact plane is a tangent plane. In the contact 
plane, we discretize the contact area into some rectangles with length A and width B, as illustrated in Fig. 8. Herein, a coordinate 
system sc is introduced, of which the origin is the contact point c	and the axis yc coincides with the major axis of the contact ellipse. For 
any point i at the contact plane, it is constructed by the point pi—p and pi—g, which are at the surfaces of the pinion and gear respectively, 
and forms a contact point pair. According to the theory of the influence coefficient method, the deformation of any point in the contact 
area is caused by its own load and other points’	 load. For the contact segment i, the deformation amount can be expressed as: 

ωi = ωi—p + ωi—g (42) 
 

where ωi represents the total deformation amount of the segment i; ωi—p and ωi—g are the total deformations of the point pi—p and pi—g. 
The deformation ωi—pcan be expressed as: 

 

Fig. 8. Contact area. 
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ωi—p = Fjcij—p (43) 
j=1	

where cij—p is the deformation amount of the segment i along the common normal direction and caused by unit force of the segment j. Fj 
is the force in the segment j. According to Eq.(32), cij—p can be expressed as: 

 

cij p = nT ⎣	f 
x—y(ui, li)  f y—y(ui, li)  f z—y(ui, li) ⎥nc (44) 

   

 
where nc is the normal vector of the contact point in the local system. ui and li are the generating parameters of the point pi—p. Applying 
the same method, ωi—p and cij—g can be obtained. Fj can be represented as: 

Fj = ρjs (45) 

where ρj is the average pressure on the rectangle area j and s is the area of the segment. The total load in the contact area is the 
transmitted torque, which can be expressed as: 

n 

T = vjFj (46) 
j=1	

	

where T	is the transmitted torque and vj is the torque generated by unit force of the segment j and can be expressed as: 

vj = nf × rj 

 
 (47) 

c f 
 

here rj is the position vector of the point pj in the coordinate system sf . 
Combining with deformation compatibility, the force and deformation of all segments meet the following formulation: 
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v1F1	+ ⋯vjFj + ⋯vnFn = T 

The above formulation can be rewritten as matrix form as: 

 
 
 
 
 
 

 
(48) 

[	
cn×n In×1	

][	
Fn×1	

]	
= 
[	
—qn×1	

]	
(49) 

 
here cn×n is the deformation coefficient matrix and can be expressed as: 

 
c 

⎢	
c c c c c c 

⎥	

n×n = j1—p + j1—g  ⋯	 jj—p + jj—g  ⋯	 jn—p + jn—g (50) ⎣	 ⎦	
⋮	 ⋮	 ⋮	

cn1—p + cn1—g  ⋯	 	 cnj—p + cnj—g  ⋯	 	 cnn—p + cnn—g 

 

where v1×n and qn×1 represent the vectors comprised by torque coefficients and the separation. In×1 is the n × 1 unit matrix. 
 
3.2.3. Initial contact area setting and solving method 

Eq.(48) is a system of n + 1-order linear equation. It is worth noting that cn×n is a deformation coefficient matrix and the value of 
each element is influenced by the elastic modulus of the material. In engineering, the elastic modulus of common gear materials usually 
is above 200GPa, which result in the elements of cn×n of order of magnitude of 10—6. Therefore, there is obvious order of magnitude 
difference in the coefficient matrix. It will cause the coefficient matrix of Eq.(48) ill-conditioned. 

For the influence coefficient method, the average contact pressure is calculated. To calculate the exact contact pressure, the di- 
mensions of the segments need to be decreased, which lead to very dense segments and enlarge the order of Eq.(48). It has the negative 
influence on the coefficient matrix’s ill-conditioned. 

Based on the above analysis, the following two strategies are applied. Firstly, more accurate initial contact area is estimated. In 
reference [25,44], the initial contact area is an overestimated rectangle area, which causes higher order of the coefficient matrix. In 
this study, the initial contact area is set as an ellipse. The length of major axis can be set as the tooth width. The length of minor axis can 

j—p j—p j—p 

⋮	⋮	⋮	⋮	
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be estimated according to the ratio of lengths of contact ellipse’s major and minor axis. The ratio can be obtained based on the gearing 
theory [33]. 

At the basis of initial contact area estimation, preconditioning strategy is applied. Considering that the ill-conditioned of the co- 
efficient matrix is caused by the difference in order of magnitude between cn×n, In×1 and v1×n to some extent. Firstly, the left pre- 
conditioner L is chosen, Eq.(48) can be rewritten as: 

L
[	

cn×n In×1	
][	

Fn×1	
]	
= L

[	
—qn×1	

]	
(51) 

 
Through introducing L, the order of magnitude of the last row of the coefficient matrix is adjusted to the same order of magnitude 

as cn×n. Therefore, L can be expressed as: 

L = 
[	

In×n  0	
]	

(52) 

 
where L is chosen according to the difference of order of magnitude between cn×n and v1×n. 

Furthermore, the right preconditioner R is chosen. Eq.(51) can be further rewritten as: 

L
[	

cn×n In×1	
]
R
(
R—1	

[	
Fn×1	

])	
= L

[	
—qn×1	

]	
(53) 

 
Through introducing R, the order of magnitude of the last column of the coefficient matrix is adjusted to the same order of 

magnitude as cn×n. Therefore, R can be expressed as: 

R = 
[	

In×n  0	
]	

(54) 

 
where R is chosen according to the difference of order of magnitude between cn×n and In×1. 

Through introducing the left and right preconditioner, the obvious difference of order of magnitude in the coefficient matrix is 
decreased, which increase the robustness of the solution. 

After the preconditioning, the iteration method is applied to solving it. By the method of SVD, the equation can be solved. 
Moreover, the contact area is overestimated and extended to the boundary of the tooth surfaces at the beginning. Because of the 
overestimated contact area, there are some negative solutions, which is violation of contact theory. Therefore, the negative solutions 
are set 0 and the corresponding arear is not used in the next iteration. The procedure is repeated until all solutions are positive or 0 [25, 
44]. It is worth noting that the contact area only is set before the solving and the to-be-determined contact area is changing with the 
iteration proceeding. The contact area is not determined until the iteration end. 

 
3.4. Exact contact pressure and load distribution estimation 

 
Only average contact pressure may be computed using the effect coefficient approach, which cannot match the demand for exact 

contact pressure in the contact point and maximum contact pressure. To accomplish this, the segments’	 lengths must be set to an 
infinitesimal value. The following three considerations, however, must not be ignored: 

 
(a) With the length of the segments decreasing, the size of coefficient matrix is geometric progression growth, which will result in a 

significant increase in the condition number of the coefficient matrix. Further, the robustness of solution significantly decreases. 
(b) With the length of the segments decreasing, the volatility of the solution increases significantly, which also lead a challenge in 

the estimation of exact contact pressure. 
(c) It lacks an effective criterion to set the length and stop further subdividing the initial contact area to smaller segments. 

 
In this study, a estimation method named numerical fitting method (NFM) of exact contact pressure is proposed. Here, we assume 

that the contact pressure is distributed as a quartic function on the contact plane, which can be expressed in coordinate system sc as: 

P(x, y) = a0	+ a1x + a2y + a3x2	+ a4xy + a5y2	+ a6x3	+ a7x2y + a8xy2	+ a9y3	+ a10x4	+ a11x3y+ 
a12	xy3	 + a13	x2	y2	 + a14	y4	

For the square segment with the origin as the center and length A, the average contact pressure can be expressed: 

 
(55) 

A/2	 	 A/2	 /	
Pave = P(x, y)dxdy (A ∗ A) (56) 

—A/2	 —A/2	

The above formulation can be simplified as: 

Pave = a0	+ (a3	+ a5)A2
/
12	+ ((a10	+ a14) / 80	+ a13	/ 144)A4	 (57) 

 
where A2 represents the area of the segment. Therefore, the average contact pressure is a quadratic function about the area. It is worth 
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noting that the constant term of the function is the exact contact pressure of the center of the segments. The coefficients of Eq (57) can 
be determined when the average contact pressures under the three kinds of dimensions’	segment. The above simplification is only 
obtained under the condition, where the segment is a square area with the same length and width. 

For the other point in the contact area, when we choose the point as the origin to establish the contact pressure distribution, it can 
be obtained as: 

P′ (x, y) = a′  + a′ (x + Δx) + a′ (y + Δy) + a′ (x + Δx)2	+ a′ (x + Δx)(y + Δy) + a′ (y + Δy)2+ 
a′ (x + Δx)3	+ a′ (x + Δx)2(y + Δy) + a′ (x + Δx)(y + Δy)2	+ a′ (y + Δy)3	+ a′  (x + Δx)4+ (58) 
6	 7	
′  (x + Δx)3(y + Δy) + a′ 

8	

(x + Δx)(y + Δy)3	+ a′ 
9	

(x + Δx)2(y + Δy)2	+ a′ 
10	

14(y + Δy)4	

where Δx and Δy are the coordinates of the chosen point’s coordinate in the coordinate system sc. Because Δx and Δy are constants, Eq 
(59) is still a quartic function and Eq(57) can be also established in the chosen point. 

According to Eq(57), the exact contact pressure of any point within the contact area can be estimated by selecting at least three 
kinds of segments with different dimension to calculate the average contact pressure and fitting the pressures and areas by quadratic 
function. However, the center points of the segments with different dimensions are not always the same, illustrated in Fig (8). 
Therefore, the fitting method based on a quartic function is applied to obtain the any point’s contact pressure. 

At the basis of obtaining sampling points’	exact contact pressure, the coefficients of Eq(55) can be determined. Further, the dis- 
tribution of contact pressure can be obtained. 

 
4. Numerical application example 

 
A computer program was created to calculate the contact pressure and load distribution using the aforementioned derivation. The 

specifications of the beveloid gear pair and installation parameters are listed in Table 1. The same material is used each time. The 
elastic modulus is 206GPa and the Poisson ratio is 0.3. Two kinds of transmitted torque are tested, which are 100Nm and 300Nm. 

The loaded tooth contact analysis using ABAQUS was used to test the correctness of the suggested approach. Solid models were 
originally built based on the specifications of the beveloid gears. Predetermined installation criteria were used to assemble the beveloid 
gear pair. Then, in ABAQUS, a finite element model was created, as shown in Fig. 9(a). A hexahedral grid was used as the mesh type. To 
ensure the balance between the high calculation efficiency and accuracy, the mesh in the contact tooth surfaces is denser. By adjusting 
the meshing parameters, a reliable simulation results were obtained, where the number of elements for the beveloid pinion was 
131,502 and the number of elements for the beveloid gear was 118,863. The boundary condition is shown in Fig. 9(b). Here, beveloid 
pinion and gear are coupled on their coordinate systems respectively. During the simulation, a rotation angle is applied to the beveloid 
pinion, while a torque load is applied to the beveloid gear, so the analysis type is quasi-static [2]. 

Case1: 100Nm transmitted torque 
In NFM, three kinds of the segment dimension are set, which are 0.3mm, 0.25mm and 0.2mm. FEM and NFM were used to obtain 

meshing point contact stress, maximum contact stress, and contact stress distribution. The contact pressures of contact areas and their 
distribution are shown in Fig. 10. There are two sorts of contact states found here. The first is overrun contact, which extends the 
contact region to the bounds of the tooth surfaces. Overrun contact occurs at the start or finish of a meshing operation. The other type 
of contact is common contact, in which the whole contact area is composed of tooth surfaces. In the contact plane, the distribution of 
contact stress is shown. The results show the contact stress of meshing points calculated by NFM keep good consistency with that from 
FEM during the common contact, where the maximum deviation between the two results is within 5%. At the same time, the shape and 
range of the contact stress distribution from the two methods are close to each other. However, the contact stresses of the minimal 
region near tooth surfaces’	bound are far more than that of other region in FEM. The phenomenon does not occur in NFM. 

In the overrun contact, the contact pressures of meshing points increase obviously, which is account for decreasing contact area. 
The values from NFM are greater than that from FEM, the cause of which is that there is overrun contact in FEM. Under the condition 
that the transmitted torque is constant, the greater contact pressures under the region closed to the tooth surface bound generate more 
torque. 

Furthermore, the maximum contact stresses are extracted, shown in Fig. 11. The results show that the maximum contact stresses 
 
 
Table 1 
Parameters of the beveloid gear pair. 

Symbol  Unit Pinon Gear 

Normal module mn mm 2 2 
Normal pressure angle αn deg 20 20 
Reference helix angle β deg 26.0902(LH) 16.6994(RH) 
Cone angle δ deg 4 5 
Number of teeth Z  25 31 
Tooth width b mm 20 20 
Radius of root fillet  mm 0.5 0.5 
Radius of shaft  mm 23 27 
Crossing angle Σ	 deg 13  

Offset distance d	 mm 182.6570 182.3000 
Center distance E	 mm 43.5332  

a 12	 13	



 
 

Fig. 9. Finite element model. 

 

 
Fig. 10. Contact stress of meshing points and load distribution. 



 
 

Fig. 11. Maximum contact pressure. 

 
increase with the pinion rotation. The maximum contact stresses during the overrun contact are much greater than that in the common 
contact. It is worth noting that the maximum contact stresses calculated by the two methods are closed to each other during the 
common contact and the maximum deviation is no more than 4%. 

Fig. 12 shows the contact pressure of the meshing point and the maximum contact pressure under the chosen length of the segment, 
when the rotation angle of the pinion is 0.6831 rad. Under the given meshing position, the contact pressure of the meshing point and 
maximum contact pressure from FEM are 1903.26 MPa and 1923.52 MPa. The results show that both the contact pressure of the 
meshing point and maximum contact pressure increase and the deviation between the estimation values and that from FEM decreases 
with the length of the segment decreasing. But the deviation still is obvious. 

Case2: 300Nm transmitted torque 
For NFM, the segment dimensions are 0.4mm, 0.3mm and 0.2mm. In Fig. 13, the contact pressure of meshing points and load 

distribution from FEM and NFM are shown. In comparison to Fig. 11, the dimensions of the contact area increase as the transmitted 
torque increases, resulting in overrun contact in the early stages of meshing. The results reveal that the contact pressures of meshing 
locations from FEM and NFM are nearly identical, with a maximum difference of 5%. The two results have similar overall tendencies. 
Despite the fact that the contact pressures in the region adjacent to the tooth surfaces bound are substantially higher than in other 
regions in FEM during overrun contact, the dimensions and form of the load distributions from both approaches maintain a high level 
of homogeneity. 

Fig. 14 shows the maximum contact pressures from FEM and NFM. Here, the values from NFM increase with the pinion rotation. 
However, the curve representing the maximum contact pressures calculated by FEM is “U”	shape. The maximum contact stresses 
during the overrun contact are much greater than that in the common contact. It is worth noting that the maximum contact stresses 
calculated by the two methods are closed to each other during the common contact and the maximum deviation is no more than 5% in 
the common contact. 

Fig. 15 shows the contact pressure of the meshing point and the maximum contact pressure under the chosen length of the segment, 
when the rotation angle of the pinion is 0.6907 rad. Under the given meshing position, the contact pressure of the meshing point and 
maximum contact pressure from FEM are 2572.31 MPa and 2678.67 MPa. The calculation results keep the same trend as Fig. 12. The 
chosen lengths cannot estimate the contact pressure. 

For the above numerical examples, the proposed method is less 4.2 h	by 81.29% than FEM under the condition that the time 

 

Fig. 12. Contact pressure under the given segment dimension with ϕp = 0.6831rad. 



 
 

Fig. 13. Contact stress of meshing points and load distribution. 

 

 

 
Fig. 14. Maximum contact stresses. 



 
Fig. 15. Contact pressure under the given segment dimension with ϕp = 0.6907rad. 

 
required for developing 3D modeling, meshing, analysis settings and results analysis for FEM are not considered. 

 
5. Discussion 

 
For NFM, it is necessary to choose three kinds of dimensions of the segment for determining the exact contact pressure and load 

distribution. Here, the effect of the segment dimensions on the result is analyzed. The transmitted load is 300Nm and the rotation angle 
is 0.6907rad. The contact pressure of the meshing point and the maximum contact pressure is shown in Fig. 16. 

In this rotation angle, the contact pressure of meshing point and the maximum contact pressure from Abaqus are 2655MPa and 
2678MPa. We choose three sets of segment’s dimensions. The results show that both Dimension2 and Dimension3 can achieve accurate 
estimation. However, the deviations between Dimension1 and the result from Abaqus are more than 10%. From Diemnsion1 to 
Diemnsion3, the maximum lengths of segments decrease and the estimation values from NFM are closer to the result from Abaqus. 

According to Fig. 12, the half width of the contact area is about 0.4mm. 0.5mm exceeds the limit of contact area, which causes the 
inaccurate estimation. Therefore, when choosing the maximum segment length, the range of contact area need to be considered. 
Moreover, as long as the condition is met, there is no other constraints for choosing other two segment length. 

 
6. Conclusion 

 
In this paper, a numerical method for estimating contact pressure and load distribution for crossed beveloid gears was proposed. 

Through a numerical example, the feasibility about the estimation of the contact stresses and load distribution during the common 

 

 
Fig. 16. Effect of segment’s dimension on the result. 



contact was validated. Compared with the analysis based on ABAQUS, the proposed method improves computation efficiency more 
than 80%, which provides the basis for continuous improvement of crossed beveloid gears. The following aspects and conclusions can 
be summarized based on the above investigation: 

 
1 An accurate beveloid gear teeth model with root fillets was established to obtain the force-displacement relation of contact points. 

All deformations are considered. A solving model of contact pressure was developed based on the influence coefficient method for 
the crossed beveloid gears. 

2 Considering that the coefficient matrix of numerical solving model is ill-conditioned, two strategies including more accurate initial 
estimated contact area and preconditioning were applied to improve the robustness of the solution. 

3 In view of the defects of the influence coefficient method that the dimensions of segments need to be infinitesimal to achieve the 
accurate estimation and there is not a criterion for choosing the dimensions of segments, a novel estimation method about exact 
contact stress was proposed. Moreover, the criterion to choose the segment length is established. 
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