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Abstract: In 3D printer design, special care must be taken when choosing the print head positioning
mechanism. Indeed, this choice has a significant influence on the manufacturing accuracy, printing
speed, workspace characteristics, and total cost of the printer. Considering 3D printers with layer-
based processes, many designs include two stages: a planar mechanism for positioning the nozzle on
a horizontal plane and a linear mechanism for the vertical build–plate motion. From the literature,
two designs are usually applied for horizontal motion, commercially known as “CoreXY” and “H-
bot”. Their load distribution characteristics are compared here: it is found that both have significant
drawbacks. Therefore, an alternative architecture, called “CoreH-bot,” is introduced to overcome
such limitations; this mechanism is both fully planar, which greatly simplifies its design and assembly
phases while increasing part life, and has low unbalanced torques during motion, which increases the
maximum speed for the given accuracy. The CoreH-bot kinematic equations are analyzed to define
the Jacobian matrix and the corresponding workspace. The static and dynamic analyses are also
performed. A prototype with this architecture has been designed that shows interesting capabilities
in terms of print speed, while being both simple and cost-effective to assemble.

Keywords: 3D printing; parallel; mechanism; planar; kinematics; balancing; FDM; gantry; belt;
pulley

1. Introduction
1.1. Architectures for 3D Printing

Within the larger field of rapid prototyping, additive manufacturing (AM) is now one
of the leading technologies [1,2]. This concept was first introduced in the 1980s [3,4] to
quickly produce presentation models cost-effectively. In AM, a flow of material is deposited,
usually by layers, to obtain the desired shape [5]; this process allows designers to produce
shapes that would be impossible (or impractically expensive) to manufacture through
conventional machining methods (which are generally subtractive, meaning that material
is removed to obtain a shape). For these reasons, AM has attracted strong interest both
in industrial and academic settings and has found applications in several fields requiring
high levels of customization, such as architectural models, medical implants, molds for
investment casting, artistic products, and components for the aerospace industry and spare
parts manufacturing [1,2,6–8].

Out of the many technologies for AM, 3D printing, in particular, has seen an explosive
growth in recent decades, also due to the expiration of early patents [7,9,10] that restricted
the development of core technologies; recent analyses report a 320% market growth in
the 2015–2020 period [11], while 3D printing has also been proposed for very large ele-
ments, including entire buildings. We focus here on desktop devices: these commonly
employ thermoplastics, such as acrylonitrile butadiene styrene (ABS), polylactic acid (PLA),
polyamide (PA), and Nylon [8,12,13]. The plastic is heated slightly above its melting point
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and deposited by a print head on a plate; this process, called Fused Deposition Modeling
(FDM), is currently used in 48% of 3D printers [8,11] as it is robust, simple, intrinsically
scalable and highly versatile in terms of the materials that can be employed [10,14]. Com-
monly, FDM printers use a plastic filament fed through a heated nozzle (Figure 1a); this
method, called Fused Filament Fabrication (FFF), is predominant in FDM applications [12],
to the point that FDM and FFF are often used as equivalent definitions.
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Figure 1. (a): schematic of material deposition nozzle for FFF processes. (b): schematic of a FFF device
with Cartesian XY head architecture. The velocity ṗ of the nozzle is in the horizontal (x–y) plane,
while the vertical motion v̇ is directly provided to the build platform on which the part is formed.

Figure 1. (a): Schematic of material deposition nozzle for FFF processes. (b): Schematic of an FFF
device with Cartesian XY head architecture. The velocity ṗ of the nozzle is in the horizontal (x–y)
plane, while the vertical motion v̇ is directly provided to the build platform on which the part
is formed.

In FDM, the nozzle depositing the molten plastic has to move with respect to a build
platform, on which the part is progressively formed (layer by layer) as the plastic re-
solidifies, as illustrated in Figure 1b. Thus, a motion system is required; this system has to
carry the nozzle at high velocity to improve print speeds, while maintaining high accuracy.
Several mechanisms have been proposed for moving the nozzle in FDM printers; some
common architectures are described in the following. We mainly focus on 3-Degree-of-
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Freedom (3-DoF) mechanisms in which the relative orientation of the nozzle with respect to
the platform is constant, since these are very common in practical applications.

(a) Cartesian mechanisms control the three components of the nozzle velocity (with respect
to the build platform) along three coordinate axes independently; this greatly simplifies
the kinematic analysis. Usually, the build platform has one DoF along one axis,
while the nozzle has two DoFs along the other two axes. This is the most common
architecture in desktop FDM printers [3,9,10,15–21].

(b) Delta printers use the parallel kinematic architecture of the Delta robot, proposed
by R. Clavel; in particular, the linear version of the Delta is used, where prismatic
pairs actuate the mechanism [22]. With this architecture, the nozzle’s end-effector
(EE) has only three translational DoFs, while the orientational DoFs are constrained.
The main advantage is the fully parallel architecture, where the motors are fixed on the
frame, which reduces the actuator torques. Moreover, the accuracy does not depend
on the layer’s height above the build platform; thus, Delta printers are suited for
printing parts that develop mostly along a vertical direction. On the other hand, their
kinematics are more complex than those of Cartesian architectures; also, Delta printers
have a smaller workspace with respect to the footprint.

(c) SCARA printers use a robot arm with one translational and two rotational joints to
move the nozzle [23]; the concept is derived from SCARA robots used in production
lines [24]. While SCARA printers can provide a larger workspace than Delta printers,
they are less rigid (and thus less accurate) due to their serial architecture.

(d) Polar printers rotate the platform around a fixed axis, while the nozzle usually has
two translational DoFs, along the vertical and the radial directions [25]. This design is
cost-effective and leads to smaller footprints; however, the 3D printed part moves as
the platform rotates, inducing vibrations that reduce the print accuracy.

(e) Anthropomorphic architectures use a conventional serial arm, such as those of industrial
robots used in production lines; unlike SCARA systems (type c), these generally have
more than three DoFs. These mechanisms, thus, have greater freedom of motion and
can realize more complex parts, but the issues related to the stiffness and the inertial
effects of the serial architecture are even more pressing in this case e [26].

For comparison, Cartesian and Delta commercial printers in the medium-high price
range can achieve speeds up to 80 mm

s while maintaining the print quality of the compo-
nents. This is one of the main advantages of these designs, as the top speeds for comparable
devices with designs of types c to e are much lower.

While previous works have considered the effects of the material properties [12] or
the control system [17] on the final accuracy, we focus instead on improvements of the
motion architecture. We considered a Cartesian architecture (type a). These are generally
inexpensive to build and simple to design and assemble; moreover, machines with this
architecture are generally fast and accurate, which are essential requirements for practical
use. We also aim to achieve a workspace comparable to the printers available on the market
while minimizing the footprint. Our design employs a system of pulleys and synchronous
belts; this is an approach used in several desktop printers, which leads to an inexpensive
design and a lightweight mechanism. In particular, the design presented here improves
other previous alternatives in terms of compactness and accuracy; as it will be seen, our
design combines the advantages of the two Cartesian architectures most commonly used,
as it reduces the unbalanced torques during motion (as in the CoreXY), while also keeping
the belt routing entirely within the same plane (as in the H-bot), which is desirable for
design simplicity. We also show how a large workspace can be achieved while maintaining
a high stiffness and a fully-parallel architecture (with all motors fixed on the frame), which
significantly reduces the moving masses and allows us to achieve high print speeds.

The rest of this work is organized as follows: In the next Section 2.2, we discuss the
main design alternatives for FDM printers with Cartesian architectures and their advantages
and shortcomings. We also introduce the CoreH-bot architecture, an alternative pulley-and-
belt routing for moving the nozzle in a plane. The kinematic analysis of the CoreH-bot is
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in Section 2, in which we derive the Jacobian matrix for the mechanism and analyze its
workspace. In Section 3, we compare the different belt routings, studying their behavior
both under static and dynamic conditions, and consider the force transmission between
the actuated pulleys and the EE. We also show that our design significantly reduces the
unbalanced torques on the EE, thus, improving the printing accuracy. The prototype of the
printer that we developed and the results from preliminary tests are presented in Section 4.
Finally, in Section 5, we summarize our conclusions and suggest directions for future work.

1.2. Kinematics for 3D Printers

Firstly, we introduce coordinate frames to define the relative motion of the nozzle with
respect to the build platform. A coordinate frame F ′ = (O′, x′, y′, z′), called the machine
coordinate system [5], is defined on the platform (Figure 1b); since the platform (and, thus,
the frame F ′) is mobile in some architectures, it is also convenient to define a (fixed) global
coordinate frame F = (O, x, y, z). Note that here and in the following, a prime symbol
denotes vectors defined in the machine frame F ′; the z axis is vertical (normal to the layers),
while the x axis is parallel to the front of the machine [5].

While the material is deposited on the platform, the velocity ṗ of the nozzle is on a
horizontal plane. Usually, the z-axis motion, which requires precise movements at relatively
low speeds, is provided by a lead screw actuator; the motion on the horizontal plane can
instead be obtained by flexible elements such as cables or belts to increase the workspace.

Within the general Cartesian printer concept (type a), there is significant design
flexibility; several implementations have been proposed in commercially available printers,
which have relevant differences in terms of speed, accuracy, and footprint.

Broadly speaking, two architectures can be found in most prototypes. Both archi-
tectures have a mechanism for moving the nozzle along two coordinate axes, while the
remaining DoF corresponds to the platform motion. The architectures are described below.

(a.1) XZ head printers (Figure 2a) have a frame with two vertical guides, along which a
horizontal bar moves (along the z axis); on the said horizontal bar, the nozzle moves
along the x axis. The motion along the y axis is applied to the platform instead. This is
the most straightforward architecture, commonly employed in low-end printers for
hobbyists. The main drawback is that increasing the print speed implies increasing the
platform velocity (along the y axis), leading to rapid motions of the part being built,
thus, inducing vibrations and lowering the accuracy. Moreover, the x-axis motor is
attached to the horizontal bar, thus, increasing the moving mass.

(a.2) In XY head printers (Figure 2b), the platform performs only motions along the z axis,
which are much slower than those on the layer plane; thus, the accuracy is significantly
increased. Furthermore, the workspace projection in the layer plane almost coincides
with the footprint, which is, thus, smaller with respect to XZ head printers. This
architecture is typical in high-end printers for professional use; while faster and more
accurate, XY head printers are also more complex to design, and thus, more expensive.
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Figure 2. (a): schematic of a printer with Cartesian XZ head architecture. (b): same, for XY head. The
rectangular cuboids are prismatic (P) joints, where the subscript (x, y, or z) denotes the motion axis.
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The rest of this work is organized as follows. In the next Subsec. 2.2, we discuss
the main design alternatives for FDM printers with Cartesian architectures and their
advantages and shortcomings. We also introduce the CoreH-bot architecture, an alternative
pulley-and-belt routing for moving the nozzle in a plane. The kinematic analysis of the
CoreH-bot is in Sec. 2, in which we derive the Jacobian matrix for the mechanism and
analyze its workspace. In Sec. 3 we compare the different belt routings, studying their
behavior both under static and dynamic conditions, and consider the force transmission
between the actuated pulleys and the EE; we also show that our design significantly reduces
the unbalanced torques on the EE, thus improving the printing accuracy. The prototype of
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coordinate system [5], is defined on the platform (Fig. 1(b)); since the platform (and thus
the frame F ′) is mobile in some architectures, it is also convenient to define a (fixed) global
coordinate frame F = (O, x, y, z). Note that, here and in the following, a prime symbol
denotes vectors defined in the machine frame F ′; the z axis is vertical (normal to the layers),
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While the material is deposited on the platform, the velocity ṗ of the nozzle is on a
horizontal plane. Usually, the z-axis motion, which requires precise movements at relatively
low speeds, is provided by a lead screw actuator; the motion on the horizontal plane can
instead be obtained by flexible elements such as cables or belts to increase the workspace.

Within the general Cartesian printer concept (type a), there is significant design
flexibility: several implementations have been proposed in commercially-available printers,
which have relevant differences in terms of speed, accuracy, and footprint.

Broadly speaking, two architectures can be found in most prototypes. Both archi-
tectures have a mechanism for moving the nozzle along two coordinate axes, while the
remaining DoF corresponds to the platform motion. The architectures are described below.

a.1) XZ head printers have a frame with two vertical guides along which a horizontal
bar moves (along the z axis); on the said horizontal bar, the nozzle moves along

Figure 2. (a): Schematic of a printer with Cartesian XZ head architecture. (b): The same for XY head.
The rectangular cuboids are prismatic (P) joints, where the subscript (x, y, or z) denotes the motion axis.
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We then consider an XY head printer and focus on the mechanism for the motion on
the horizontal plane; all designs studied here have a bar aligned with the x axis, along
which the nozzle moves, while the bar itself moves along the y axis on lateral guides.

The design alternatives found in the literature for type a.2 are described below.

(a.2.i) A serial mechanism moves the nozzle along the y axis with motors fixed on the
frame, while the motion along x is provided by a motor that is fixed on the bar.
While this design is quite simple, the mass of the motor on the bar significantly
increases the moving masses; thus, this option is seldom used [3,9,10].

(a.2.ii) A stacked mechanism uses two stages: in each stage, the motor is fixed and causes
a bar to move along guides. The stages are stacked on top of each other, with the
second being rotated by 90◦ (along the z axis) with respect to the first. The nozzle
is connected to both bars and can, thus, move on the x–y plane, its position being
defined by the intersection of the two bars. While this approach reduces the moving
masses, it significantly increases the printer size in the vertical direction and leads
to a more complex design.

(a.2.iii) A parallel mechanism usually has frame-fixed actuators; a parallel kinematic chain
connects the motors to the nozzle. Often, a flexible element is used to transmit the
movement; then, the bar and the lateral guides serve only to constrain the motion,
which remains purely translational (on the horizontal plane).

The use of flexible elements, such as synchronous belts, to transmit motion from frame-
fixed motors to an EE having purely translational motion (type a.2.iii) is, in fact, a common
solution that is not limited to 3D printers. For instance, similar concepts have been applied
to gait simulators [27,28], rehabilitation devices [29], robots for assistive lifting [30], and
pick-and-place systems [31–34]. These systems are easy to design, transport and assemble,
while also providing large workspaces and high payload-to-total-weight ratios.

Most previous works use either one of two variations of the type a.2.iii design, commonly
called H-bot and CoreXY; we briefly summarize them in the following Sections 1.2.1 and 1.2.2,
and then introduce our alternative concept in Section 2.

From now on, we assume that the flexible elements are synchronous belts unless
otherwise specified; this way, the motion is transmitted accurately from the motors to the
mechanism, without slippage between the belts and the pulleys. For this reason, practical
designs for FDM printers [9,16,20] almost exclusively employ belts. Some works [35–37] on
mechanisms with flexible elements for translational motion consider using cables instead,
as cables can be routed freely in space. Otherwise, non-planar routings require twisting the
belts, increasing stresses and reducing their useful life. Since we consider mechanisms that
are strictly contained in a plane, using belts is not a limitation in our case.

1.2.1. H-Bot

“H-bot” is the common name of the schematic in Figure 3, with a belt routed in a
figure-H pattern. Four pulleys are frame-fixed, and two of these are actuated. The other
(mobile) pulleys are connected to a bar, moving along the y axis (on two lateral guides).
This design uses a one-sided synchronous belt: the teeth are inside the belt loop, thus, the
fixed pulleys are toothed, while the mobile ones are smooth, as they touch the belt only on
the outside.

The design in Figure 3 is not unique, as other pulleys could be actuated. However,
two actuated pulleys cannot be both directly connected by a belt segment and attached
to the same rigid body; otherwise, their rotations are not independent, since the belt is
considered to be inextensible (this condition also applies to the other routings). This design
uses one open belt, of which the ends are attached to the print head (the rounded rectangle
in Figure 3). The velocity of the print head depends on the speeds ω1 and ω4 of the two
motors. For instance, if ω1 = ω4 (with the directions in Figure 3), then the print head will
move along the x axis.

This design is compact, contained in the x–y plane, and has reduced moving masses.
Thus, it has been used in several FDM printers [10,15,17–19,21]. This concept is, in fact, older
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than FDM printing and can be found in several mechanisms that move objects in a plane.
For instance, routings that are conceptually equivalent to the one in Figure 3 have been
proposed for recording devices [38], positioning systems [34,39,40], X-ray scanners [41,42],
laser cutters [43] and load-hoisting gantries [35,44,45]. The H-bot lends itself to modular de-
signs, in which two routings are combined to obtain more complex (4-DoF) motions [46,47].
The long belt induces low stiffness and high vibrations, however, and the H-bot is unbal-
anced during motion (Section 3); the belt applies a torque on the bar, causing a racking
effect [17,21].
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The design in Fig. 3 is not unique, as other pulleys could be actuated. However, two
actuated pulleys cannot be both directly connected by a belt segment and attached to the
same rigid body: otherwise, their rotations are not independent since the belt is considered
to be inextensible (this condition also applies to the other routings). This design uses one
open belt, whose ends are attached to the print head (the rounded rectangle in Fig. 3). The
velocity of the print head depends on the speeds ω1 and ω4 of the two motors: for instance,
if ω1 = ω4 (with the directions in Fig. 3), then the print head will move along the x axis.
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long belt induces low stiffness and high vibrations, however, and the H-bot is unbalanced
during motion (Sec. 3): the belt applies a torque on the bar, causing a racking effect [17,21].

1.2.2. CoreXY

In the CoreXY design, two open belts (Fig. 4) are actuated by two motors and attached
to the print head at their ends; the head velocity is a linear combination of ω1 and ω4.

The CoreXY is partially balanced, as lower torques are applied to the bar during motion.
Thus, this design has lower vibrations and higher accuracy than the H-bot, also because
shorter, stiffer belts are used; thus, higher speeds can be reached for a given mass of the
print head. Moreover, the footprint is relatively small and comparable to the H-bot.

This design, first introduced for a portable printer [20] (an earlier concept, with one
half of the routing, for 1-DoF motion, is in [35]), has attracted significant interest [10,16,21]
and has been proposed for other applications, such as medical devices [48].

This design, however, requires two more pulleys than the H-bot and is not planar, as
the belts overlap. Since the belts cannot cross, there are two design options, as follows.
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1.2.2. CoreXY

In the CoreXY design, two open belts (Figure 4) are actuated by two motors and
attached to the print head at their ends; the head velocity is a linear combination of ω1
and ω4.

The CoreXY is partially balanced, as lower torques are applied to the bar during motion.
Thus, this design has lower vibrations and higher accuracy than the H-bot, also because
shorter, stiffer belts are used; thus, higher speeds can be reached for a given mass of the
print head. Moreover, the footprint is relatively small and comparable to the H-bot.

This design, first introduced for a portable printer [20] (an earlier concept, with one
half of the routing, for 1-DoF motion, is in [35]) has attracted significant interest [10,16,21]
and has been proposed for other applications, such as medical devices [48].

This design, however, requires two more pulleys than the H-bot and is not planar,
as the belts overlap. Since the belts cannot cross, there are two design options, as follows:

• Twist the overlapping segments (Figure 4) along the lengths so that they rotate around
each other without crossing. This approach increases the belt stress and reduces the
useful life; also, preventing the belt segments from touching each other is complex.

• Place the belts on parallel planes. This complicates the assembly and increases the
printer volume; also, greater bending torques may be applied on the motor shaft.
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• Twist the overlapping segments (Fig. 4) along the lengths so that they rotate around
each other without crossing. This approach increases the belt stress and reduces the
useful life; also, preventing the belt segments from touching each other is complex.

• Place the belts on parallel planes. This complicates the assembly and increases the
printer volume; also, greater bending torques may be applied on the motor shaft.

2. CoreH-bot: introduction and kinematic analysis
2.1. Introduction to the CoreH-bot

Given the limitations of both the H-bot and the CoreXY concepts, as outlined previ-
ously, we propose an alternative routing, whose schematic is reported in Fig. 5. Unlike
the CoreXY, this mechanism is fully planar, meaning that no belt segments overlap: this
simplifies both the design and the assembly. Also, the mechanism is partially balanced (like
the CoreXY): this reduces the torque applied to the bar during the motion of the print head.

Unlike both the CoreXY and the H-bot, this is a closed-loop design. Thus, the mecha-
nism has 3 DoFs: two translations of the print head (along the x and y axes) and one DoF
corresponding to the idle rotation of the belt over the pulleys (while the print head position
remains constant). At least three motors are then required; however, the belt rotation is
an internal DoF, whose control is not required for the printing process. Four motors are
used instead for the control, each connected to one of the fixed pulleys (1, 4, 8, and 11);
these motors are pairwise coupled, such that ω1 = −ω8 and ω4 = −ω11. Two independent
rotations thus control the two DoFs of the print head: this way, the print head velocity is
again a linear combination of the ωi’s, and the control system is still as simple as the ones
for the CoreXY and H-bot.

Since four motors control two DoFs, the mechanism is overconstrained: admittedly, this
may complicate the design, which also has four more pulleys than the CoreXY. However,
we find that the improvements in both speed and accuracy more than compensate for the
(possible) increase in cost, which is justified in a high-end printer that we developed for
making prototypes with strict tolerances. Also, due to symmetry, fewer custom-made parts
are used than in the other designs; the Bill of Materials is thus shorter, which is desirable in
large-scale production, to contain costs. The CoreH-bot uses a longer belt than the H-bot,
which could reduce the stiffness (and thus the accuracy) in experimental tests. However,
this issue was not found to be of serious concern (see Sec. 4).

Figure 4. Schematic of a CoreXY routing (top view). For clarity, the two belts are colored; each
actuated pulley has the color of the corresponding belt (again, pulleys 1 and 4 are actuated).

2. CoreH-Bot: Introduction and Kinematic Analysis
2.1. Introduction to the CoreH-Bot

Given the limitations of both the H-bot and the CoreXY concepts, as outlined previ-
ously, we propose an alternative routing, the schematic of which is reported in Figure 5.
Unlike the CoreXY, this mechanism is fully planar, meaning that no belt segments overlap;
this simplifies both the design and the assembly. Furthermore, the mechanism is partially
balanced (like the CoreXY); this reduces the torque applied to the bar during the motion of
the print head.
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We note that a conceptually similar design has been proposed among several others
in a previous work [35], for a different application (a gantry crane). However, that design
had three DoFs (including a rotation around the vertical axis), which are not required here;
moreover, the authors did not explore the advantages of overconstraining the mechanism.

2.2. Kinematic analysis

To define the print head position, we first take a reference point P on the head and
define p = P − O = [x, y]T ; then, for a given motion of the print head, we denote the
components of the displacement ∆p of P across the x and y axes as ∆x and ∆y, respectively.
We also define the angular displacement ∆θi of the i-th pulley as it rotates during said
motion, while ri is its radius. Here and in the rest of this work, the angular displacements
∆θi are positive in the counterclockwise direction.

The kinematic analysis of the H-bot and the CoreXY is known from [20,39]: assuming
that ri = r for all i, it was found that, for both architectures, it holds

∆p =
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]
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2
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]
, ∆θ =

[
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∆θ4

]
(1)

Equation (1) defines the direct position kinematics of the H-bot and CoreXY routings; the
inverse kinematics equation is obtained by inverting Eq. (1), giving ∆θ = 1

r J−1∆p.
Considering infinitesimal displacements dθ = [dθ1, dθ4]

T over a time interval dt in
Eq. (1) and defining ωi = dθi/dt, we obtain the direct velocity kinematics equation as

ṗ =
dp
dt

= rJ
dθ

dt
= rJω, ω =

[
ω1
ω4

]
(2)

Figure 5. Schematic of a CoreH-bot (top view). Only one belt is used, as in the H-bot; the four actuated
pulleys are colored. The coordinate frame F = (O, x, y, z) has origin at the center of pulley 1 (on the
lower left); the pulleys are numbered, counting along the belt, in the counterclockwise direction.

Unlike both the CoreXY and the H-bot, this is a closed-loop design. Thus, the mecha-
nism has 3 DoFs: two translations of the print head (along the x and y axes) and one DoF
corresponding to the idle rotation of the belt over the pulleys (while the print head position
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remains constant). At least three motors are then required; however, the belt rotation is an
internal DoF, of which the control is not required for the printing process. Four motors are
used instead for the control, each connected to one of the fixed pulleys (1, 4, 8, and 11);
these motors are pairwise coupled, such that ω1 = −ω8 and ω4 = −ω11. Two independent
rotations, thus, control the two DoFs of the print head; this way, the print head velocity is
again a linear combination of the ωi’s, and the control system is still as simple as the ones
for the CoreXY and H-bot.

Since four motors control two DoFs, the mechanism is overconstrained. Admittedly, this
may complicate the design, which also has four more pulleys than the CoreXY. However,
we find that the improvements in both speed and accuracy more than compensate for the
(possible) increase in cost, which is justified in a high-end printer that we developed for
making prototypes with strict tolerances. Furthermore, due to symmetry, fewer custom-
made parts are used than in the other designs; the Bill of Materials is thus shorter, which is
desirable in large-scale production to contain costs. The CoreH-bot uses a longer belt than
the H-bot, which could reduce the stiffness (and thus, the accuracy) in experimental tests.
However, this issue was not found to be of serious concern (see Section 4).

We note that a conceptually similar design has been proposed among several others
in a previous work [35] for a different application (a gantry crane). However, that design
had three DoFs (including a rotation around the vertical axis), which are not required here;
moreover, the authors did not explore the advantages of overconstraining the mechanism.

2.2. Kinematic Analysis

To define the print head position, we first take a reference point P on the head and
define p = P −O = [x, y]T ; then, for a given motion of the print head, we denote the
components of the displacement ∆p of P across the x and y axes as ∆x and ∆y, respectively.
We also define the angular displacement ∆θi of the i-th pulley as it rotates during said
motion, while ri is its radius. Here and in the rest of this work, the angular displacements
∆θi are positive in the counterclockwise direction.

The kinematic analysis of the H-bot and the CoreXY is known from [20,39]; assuming
that ri = r for all i, it was found that, for both architectures, it holds

∆p =

[
∆x
∆y

]
= rJ∆θ, J =

1
2

[
1 1
1 −1

]
, ∆θ =

[
∆θ1
∆θ4

]
. (1)

Equation (1) defines the direct position kinematics of the H-bot and CoreXY routings;
the inverse kinematics equation is obtained by inverting Equation (1), giving ∆θ = 1

r J−1∆p.
Considering infinitesimal displacements dθ = [dθ1, dθ4]

T over a time interval dt in
Equation (1) and defining ωi = dθi/dt, we obtain the direct velocity kinematics equation as

ṗ =
dp
dt

= rJ
dθ

dt
= rJω, ω =

[
ω1
ω4

]
(2)

(notice that the pulley radius r and the matrix J are constant and do not depend on
t). Matrix J, thus, corresponds to the direct kinematics Jacobian of the H-bot and CoreXY
routings. As observed in Section 1.2, we, thus, find that the print head motion is given
by a linear combination of the motor speeds ω1 and ω4. In particular, ω1 and ω4 are
proportional to the print head velocity components along axes u and v, respectively (see
again Figures 3 and 4).

The kinematic analysis of the CoreH-bot routing is more complex. Therefore, we
apply the method for analyzing the complex pulley systems presented in [37], since it
systematically allows us to obtain the kinematic equations. At the same time, the cited
work considers cables as flexible elements for motion transmission, and the results can also
be directly applied to belts. The essential hypotheses for applying the method in [37] are as
follows:

(I) all belt segments have constant orientation, along either the x- or the y-axis;



Machines 2022, 10, 542 9 of 24

(II) elastic deflections are disregarded and the belt length is the same under tension;
(III) the belt is always in tension (that is, it does not become slack). This is achieved by a

specific design (see Section 4), such that the tension is maintained during motion;
(IV) the belt wraps on pulleys, and no slippage occurs between the belt and the pulleys;
(V) the pulleys are connected by R joints to rigid blocks, either fixed or translating along

one (or both) of the coordinate axes (with fixed orientation).

Indeed, these hypotheses are applicable here without significantly restricting the
analysis. An essential advantage of this method is that it allows us to consider general
routings without any assumptions on the pulley radii nor on the relative positions of the
pulleys with respect to the blocks on which they are attached; we do assume, however,
that the pulley radii and their relative positions are chosen such that each belt segment
is parallel to one of the coordinate axes at an initial reference position, so that condition I
is satisfied.

In our case, we have 14 pulleys (numbered as in Figure 5); we denote the center of the
i-th pulley as point Pi. We also define 14 belt nodes, one on each belt segment: belt node
Ni is a point on the segment between pulleys i and i + 1. The positions of the Ni’s are not
indicated in Figure 5, as they can be freely chosen at any point on the corresponding belt
segment without changing the results of the analysis. Finally, we define blocks 1, 2, and 3,
corresponding to the fixed frame, the bar, and the print head, respectively; their positions
are defined by points B1, B2, and B3 (the position of point Bj on the j-th block is irrelevant
since all blocks have purely translational motion). The positions of points Pi and Bj on
plane x–y and their displacements for a given motion are defined as follows:

pi = Pi −O =

[
xPi
yPi

]
, ∆pi =

[
∆xPi
∆yPi

]
, i ∈ {1, . . . , 14}

bj = Bj −O =

[
xBj

yBj

]
, ∆bj =

[
∆xBj

∆yBj

]
, j ∈ {1, 2, 3}

(3)

We also define the displacement ∆li of node Ni (along the belt direction at Ni) after
a motion of the print head. The linear displacements ∆li are assumed positive along the
positive x or y axis (along the corresponding belt segment). We then write the constraint
equations, which, after [37], can be categorized as follows:

• Block-block constraints: these equations are written as

∆xB1 = 0

∆yB1 = 0

∆xB1 = ∆xB2

∆yB2 = ∆yB3

(4)

The first two equations of (4) correspond to fixing the frame position, while the
remaining two correspond to the constraints introduced by the Py and Px joints,
respectively. Notice that the two Py joints in Figure 5 are redundant, as they both
introduce the same constraint (namely, that the bar can only translate along the y axis
with respect to the frame); using two joints is only convenient for design purposes,
to reduce the stresses on the components and increase the motion accuracy. Thus, only
one Py joint is considered here without changing the DoFs of the mechanism.

• Pulley-block constraints: since the 14 pulleys are connected to the blocks by R joints,
each removing two DoFs, 28 such equations are found, which can be written as

∆xPi = ∆xBj

∆yPi = ∆yBj

(5)

corresponding to the i-th pulley being connected to the j-th block.
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• Belt-block constraints: no such equations are present, as the routing has a closed-loop
configuration and the belt is not directly attached to any block.

• Belt-pulley constraints: the displacement ∆li of node Ni is related to the rotation ∆θi
of the pulley that immediately precedes the corresponding cable segment and to
the rotation of the next pulley (moving along the belt in a counterclockwise sense).
For instance, the following equations can be written for node N1:

∆l1 = ∆yP1 + r1∆θ1

∆l1 = ∆yP2 + r2∆θ2
(6)

The equations in (6) depend on the displacements of pulleys 1 and 2 along y since the
belt segment at N1 is parallel to the y axis; similar equations can be written for the
segments parallel to the x axis (we refer the reader to [37] for details). A total of 28
equations can be written for the 14 belt segments.

These constraints can be put in matrix form. We, thus, obtain a system of 60 equations

A∆ = 0 (7)

in 62 unknowns, namely the displacements ∆xBj , ∆yBj , ∆xPi , ∆yPi , ∆li and ∆θi in vector ∆

(matrix A is not reported here, for brevity). This appears to indicate that the CoreH-bot
mechanism has 62−60 = 2 DoFs, but in fact, this is not the case. Indeed, we can transform
Equation (7) as U∆ = 0, where the 62× 60 matrix U is the reduced row echelon form of A.
U is obtained via symbolic Gauss–Jordan elimination, which is computationally easy in
this case since A is highly sparse. It is found that the last row of U contains only zeros,
thus, indicating that one of the constraint equations is linearly dependent on the others;
this confirms that the routing has three independent DoFs, as observed in Section 2.1.

From U, one can also derive the equations of motion of the routing. For this, it is
convenient to order the columns in A, such that the last three correspond to the entries
in ∆ that are chosen as inputs. Here, we choose as input variables the components ∆xB3

and ∆yB3 of the displacement of the print head: these are equal to ∆x and ∆y, respectively.
The third input variable can be, for instance, the rotation ∆θ13 of pulley 13 on the print
head; this corresponds to the internal DoF of the mechanism, namely the belt rotation. We
are interested in the rotations of the actuated pulleys as output variables; we finally obtain




∆θ1
∆θ4
∆θ8
∆θ11


 =




− r13
r1
− 1

r1
− 1

r1

− r13
r4
− 1

r4
− 3

r4

− r13
r8

1
r8

− 3
r8

− r13
r11

1
r11

− 1
r11




︸ ︷︷ ︸
M




∆θ13
∆xB3

∆yB3


. (8)

Equation (8) defines the inverse position kinematics of the mechanism; the equation
for the inverse velocity kinematics is obtained by differentiating Equation (8) with respect
to t, giving

[ω1, ω4, ω8, ω11]
T = M

[
ω13, ẋB3 , ẏB3

]T . (9)

Obtaining the direct position kinematics is slightly more complex in this case with
respect to the other belt routings, as matrix M in Equation (8) is nonsquare, and thus,
cannot be directly inverted. Algebraic manipulation of the equations provides

∆θ13 = (−3r1∆θ1 + r4∆θ4 + r8∆θ8 − 3r11∆θ11)/(4r13)

∆xB3 =
1
2
(r8∆θ8 − r4∆θ4) =

1
2
(r11∆θ11 − r1∆θ1)

∆yB3 =
1
2
(r1∆θ1 − r4∆θ4) =

1
2
(r11∆θ11 − r8∆θ8)

(10)
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under the constraint on the inputs

r1∆θ1 − r4∆θ4 + r8∆θ8 − r11∆θ11 = 0 (11)

which corresponds to the condition that the total belt length remains constant.
From the results above, a special case can be found. If we control the motors such that

−r4∆θ4 = r11∆θ11= ∆u

−r1∆θ1 = r8∆θ8 = ∆v
(12)

we find that Equation (11) is automatically satisfied. Moreover, Equation (10) simplify as

∆θ13 =
1

r13
(−∆u + ∆v),

[
∆xB3

∆yB3

]
=

[
∆x
∆y

]
= J
[

∆u
∆v

]
(13)

with J as defined in Equation (1). Under the assumption in Equation (12), it is also easy to
show that

ṗ =

[
ẋ
ẏ

]
= −J

[
r4ω4
r1ω1

]
= J
[

r11ω11
r8ω8

]
(14)

We, thus, have a mechanism with the same Jacobian as the H-bot and the CoreXY;
the control of the motors is still reasonably simple since it only requires computing two
control signals (one for each of the 1–8 and 4–11 actuated pulley pairs). Differentiating
Equation (14) provides

p̈ =

[
ẍ
ÿ

]
= −J

[
r4α4
r1α1

]
= J
[

r11α11
r8α8

]
(15)

with αi = dωi/dt. Thus, as in the other routings for purely translational motion [33,36],
the relationship between the accelerations of the motors and the nozzle is defined by
matrix J, which does not depend on the position of the mechanism. Furthermore, Equa-
tions (14) and (15) can be easily inverted analytically, which significantly simplifies the
kinematic analysis.

In a practical design, for simplicity, one may select all pulleys to have equal radii,
namely ri = r for i = 1, . . . , 14. While not necessary for the mechanism operation, this
would simplify maintenance and spare part management. Notice, however, that the pulleys
will not be all identical; indeed, using a one-sided synchronous belt with the teeth inside
the belt loop, as in the H-bot (see Section 1.2.1), it is found that pulleys 1, 4, 5, 7, 8, 11, 12
and 14 must be toothed, while the remaining ones are smooth.

We now compare the total lengths of the belts in the three designs considered here.
For simplicity, we now assume that all pulleys in Figures 3–5 are identical and have radius
r. Having assumed that all belt segments are aligned either with the x or the y axis, this
induces some restrictions on the dimensions. For example, the distance between pulleys 5
and 7 in the CoreH-bot routing must be 4r, since the segments which connect them (5–6
and 6–7) are horizontal. For ease of comparison, we assume that the three routings have
footprints defined by the same width W and depth D along the x and y axis, respectively,
(see Figure 6). We also define the distance d between the pulleys on the mobile bar, which
is assumed to be the same in each routing. Moreover, we assume that the size of the print
head is negligible with respect to the belt length. The print head position is defined by
point P in Figure 6a–c; here, we take the origin of the coordinate axes at the center of pulley
1 for the three routings (on the lower left in each schematic in Figure 6). Finally, we consider
a special architecture for the CoreXY (compare Figure 6b with Figure 4); we take the fixed
pulleys 6 and 10 to be coaxial but on different planes. Pulleys 9 and 5 are also coaxial;
pulleys 5 and 6 are on the same horizontal plane, and 9–10 are on another plane, parallel
to the first one and below it (as seen from above). With this design, the belts in Figure 6b
are on different planes and do not intersect, but the segments connecting pulleys 5–6 and
9–10 partially overlap. In the figure, we show the belt on the upper plane, with a dashed
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line for clarity. This design does not change the kinematic properties of the CoreXY routing
but simplifies its analysis, since in this case, all belt segments are aligned with one of the
coordinate axes.
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Figure 6. Comparison of the schematics of the three routings: (a) H-bot, (b) CoreXY, (c) CoreH-bot.
Here, the CoreXY schematic (b) is simplified with respect to Fig. 4: pulleys 6 and 9 coincide with
pulleys 10 and 5, respectively, thus the two belts partially overlap (over the dashed segments).

consider a special architecture for the CoreXY (compare Fig. 6(b) with Fig. 4): we take the
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to the first one and below it (as seen from above). With this design, the belts in Fig. 6(b)
are on different planes and do not intersect, but the segments connecting pulleys 5–6 and
9–10 partially overlap; in the figure, we show the belt on the upper plane with a dashed
line, for clarity. This design does not change the kinematic properties of the CoreXY routing
but simplifies its analysis since in this case all belt segments are aligned with one of the
coordinate axes.

We now derive the total length of the belt for the three designs. We report the length of
each segment in the CoreH-bot routing in Tab. 1; here, we assumed that pulleys 6 and 13 are
almost tangent (at point P), therefore the distance e between their centers is 2r. Summing
the lengths of all belt segments in Tab. 1, we find that the total length is given by

Ltot = 4W + 4D − 2d − 20r + 10πr (16)

Figure 6. Comparison of the schematics of the three routings: (a) H-bot, (b) CoreXY, (c) CoreH-bot.
Here, the CoreXY schematic (b) is simplified with respect to Figure 4: pulleys 6 and 9 coincide with
pulleys 10 and 5, respectively, thus, the two belts partially overlap (over the dashed segments).

We now derive the total length of the belt for the three designs. We report the length
of each segment in the CoreH-bot routing in Table 1. Here, we assumed that pulleys 6
and 13 are almost tangent (at point P); therefore, the distance e between their centers is 2r.
Summing the lengths of all belt segments in Table 1, we find that the total length is given by

Table 1. Length of each belt segment, for the CoreH-bot schematic in Figure 6c: the segment i–j
connects the i-th and the j-th pulley, while the segment i–i wraps (for either 90◦ or 180◦) on the
i-th pulley.

Segment Length Segment Length Segment Length

1–2 y− d
2 6–7 W − x− r 11–12 D− y− 2r

2–2 π
2 r 7–7 π

2 r 12–12 π
2 r

2–3 W − 4r 7–8 D− y− 2r 12–13 x− r
3–3 π

2 r 8–8 πr 13–13 πr
3–4 y− d

2 8–9 D− y− d
2 13–14 x− r

4–4 πr 9–9 π
2 r 14–14 π

2 r
4–5 y− 2r 9–10 W − 4r 14–1 y− 2r
5–5 π

2 r 10–10 π
2 r 1–1 πr

5–6 W − x− r 10–11 D− y− d
2

6–6 πr 11–11 πr
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Ltot = 4W + 4D− 2d− 20r + 10πr. (16)

For comparison, the length of the belt in the H-bot routing shown in Figure 6a is

Ltot = 2W + 4D− 2d− 8r + 6πr (17)

while the two belts in the CoreXY routing (Figure 6b) both have length

Ltot = 2W + 2D− d− 2r + 3πr (18)

(for brevity, we do not report the lengths of each belt segment for these routings).
As expected, the total belt length in each of Equations (16)–(18) is constant and inde-

pendent of the print head coordinates x and y. Moreover, the CoreH-bot routing has a
longer belt than the H-bot; for the CoreXY, each of the two belts is shorter than the belt used
for the CoreH-bot, but the latter has a shorter total belt length. While a longer belt increases
costs and can reduce stiffness, for the CoreH-bot, this was not found to be a significant
shortcoming during the design of a practical prototype (see Section 4).

From these results, we define the reachable workspace (RW), namely, the set of positions
for point P that are compatible with the physical limits of the mechanism. For all routings,
it is found that the section of the workspace on the x–y plane is a rectangle defined by

x ∈ [xmin, xmax]

y ∈ [ymin, ymax].
(19)

The RW is defined by the condition that all belt segments must have a strictly positive
length at each allowable position. We disregard other possible conditions that may restrict
the workspace, such as the range of the P joints or the interference between rigid compo-
nents in the routing, as these issues can be avoided in the design phase. From the results in
Table 1, it is found that the RW of the CoreH-bot is given by

x ∈ [r, W − r], xmax − xmin = W − 2r

y ∈
[

d
2

, D− d
2

]
, ymax − ymin = D− d

. (20)

For comparison, the RW for both the H-bot and the CoreXY routings is given by

x ∈ [2r, W − 2r], xmax − xmin = W − 4r

y ∈ [r, D− d + r], ymax − ymin = D− d
. (21)

It is, thus, found that the CoreH-bot has a slightly larger workspace area in the x–y
plane (for a given footprint W × D) with respect to the other routings. In a practical design,
dimensions W and D will be much larger than r and d (which are not shown to scale in the
figures, for clarity); thus, the projection of the RW in the horizontal plane almost coincides
with the total footprint W × D, as shown by Equation (20), if r and d are disregarded. This
is unlike most parallel mechanisms, in which the RW is much smaller than the footprint due
to interferences and joint limits. The fact that the RW is rectangular is also an advantage in
the design phase; the RW of the print head with respect to the build platform (considering
the z-axis motion applied to the platform in an XY head design) is a rectangular cuboid.

The transmission error may also be of interest; we, thus, consider the effect of errors
dθi in the angular positions of the actuated pulleys on the positioning error dp = [dx, dy]T

of the print head. The errors in the positions of the actuators are due to inevitable limits on
the accuracy of the control system; it appears reasonable to assume that these positioning
errors have a known maximum absolute value, thus |dθi| ≤ dθmax for all i. We then seek
the maximum possible error on the print head position for errors on the actuator positions
within the expected range; namely,
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dpmax = max
‖dθ‖∞≤dθmax

{‖dp‖2} (22)

where ‖•‖∞ and ‖•‖2 are the Chebyshev and the Euclidean norms of (•), respectively,
while dθ = [dθ1, dθ4, dθ8, dθ11] is the vector of actuator errors. The relationship between dp
and dθ can be derived from Equation (10), considering infinitesimal displacements dθi and
assuming ri = r for all i. We finally obtain

dx =
1
4
(− rdθ1 − rdθ4+rdθ8 + r dθ11)

dy =
1
4
(+ rdθ1 − rdθ4−rdθ8 + r dθ11)

(23)

under the constraint on the input errors, derived from Equation (11), that

rdθ1 − rdθ4 + rdθ8 − rdθ11 = 0. (24)

It can be proven, then, that

dpmax = dθmax‖rJ‖∞,2 = rdθmax (25)

using the induced matrix norm ‖•‖∞,2 from [49], which had similarly been introduced to
model the effect of actuation errors in a purely translational, parallel mechanism actuated
by flexible elements. Notice that the maximum error on the print head position is constant
and depends neither on the actual position of the mechanisms nor on the workspace size.
Therefore, the workspace can be fully utilized, as the accuracy is constant across the RW;
also, the CoreH-bot routing can, thus, be easily scaled for larger prototypes.

3. Static and Dynamic Analysis

Let us now consider the forces acting in the three belt routings previously described,
both at a given (static) position and during a general (dynamic) motion.

Under static conditions, only the belt preload T acts on the components: this preload,
manually applied during the assembly (see details in Section 4), is necessary to ensure that
the belt does not become slack. In our prototype, the preload was, thus, chosen to be large
enough so that the belt tensions will always be strictly positive, but not too large to avoid
unnecessarily increasing stresses, and thus, fatigue effects. For more details on the design
of belt-and-pulley systems with synchronous belts, we refer the reader to [34].

Under dynamic conditions, on the other hand, there are different loads (besides the
preload) acting in the routings; these are due to the torques applied on the actuated pulleys.

To study these forces, we make some preliminary simplifying assumptions, as follows:

(A) The belt is always taut and each belt segment is aligned either with the x or the y axis
(see Section 2.2, conditions I and II). Thus, the forces transmitted by the belt segments
to the pulleys are all directed along either the x or the y axis.

(B) Elastic and frictional effects between the pulleys and the belt may be disregarded,
and the force transmission is entirely due to the coupling between their profiles.

(C) Inertial torques on the pulleys and frictional torques in the R joints (between the
pulleys and the blocks on which they are mounted) can similarly be disregarded; thus,
for an idle pulley, the forces in the two belt segments attached to it are always equal.
For actuated pulleys, if the motor applies a torque, the tensions on the two segments
are different so that the pulley is in equilibrium.

(D) Disregarding nonlinear force effects, the superposition principle applies; thus, we
consider only two dynamic motions, namely, those along the x and the y axes, with the
EE at a generic position. The results obtained will then be valid for a generic dynamic
motion, and with the EE at any pose within the workspace, also considering that the
Jacobian J, as defined in Equation (1), is constant.

(E) Under static conditions, the belt tension in each segment is constant and equal to T.
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(F) Under dynamic conditions, the belt tension changes with respect to the preload T.
Some belt segments are under higher tension, as they are “pulled” by the closest actu-
ated pulley, which rotates in a direction such that the corresponding displacements ∆li
will be towards the said pulley. Other segments are instead “pushed” by an actuated
pulley, such that the displacement ∆li is away from said pulley; thus, the tension in
these segments will be lower. We assume that the changes in tension for the pulled and
pushed segments are all constant and equal to +∆T and −∆T, respectively. Finally,
some belt segments may be pushed and pulled at the same time; we assume that their
tension does not change but remains equal to the preload T.
As an example, in Figure 7, we show a simplified overconstrained routing, with one
DoF and two actuated pulleys. In Figure 7a, the mechanism is in static equilibrium,
and all belt segments have a tension equal to the preload T. In Figure 7b, on the
other hand, a dynamic condition is shown, in which point P (of which the position p
defines the configuration of the routing) moves leftwards with velocity ṗ; the pulleys
rotate simultaneously at the same speed ω1 = ω2. A force Fe is applied, opposite to ṗ:
this could be due to inertial effects (if ṗ is not constant) or to friction. The tension in
segment 1-P (from pulley 1 to P) increases by ∆T, the tension in segment 2-P decreases
by ∆T, while in 1-2 the tension remains the same; we then have Fe = 2∆T.

Among these simplifying assumptions, condition F is the strongest one. Admittedly,
in a real system, the belt tension variation is more complex than in our model; this variation
depends on the lengths of the toothed belt segments [34], thus, it also depends on the
position of the EE. However, this approach greatly simplifies the force distribution analysis
in the routing; the results obtained are confirmed by the known properties of the CoreXY
and H-bot routings [10,20] and by experimental results on our prototype.
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Figure 7. (a): schematic of a simple, 1-DoF, overactuated belt routing, under static conditions. (b):
same, under dynamic conditions. Belt tensions are also shown for both conditions.

A) The belt is always taut and each belt segment is aligned either with the x or the
y-axis (see Subsec. 2.2, conditions I and III). Thus, the forces transmitted by the belt
segments to the pulleys are all directed along either the x or the y axis.

B) Elastic and frictional effects between the pulleys and the belt may be disregarded,
and the force transmission is entirely due to the coupling between their profiles.

C) Inertial torques on the pulleys and frictional torques in the R joints (between the
pulleys and the blocks on which they are mounted) can similarly be disregarded:
thus, for an idle pulley, the forces in the two belt segments attached to it are always
equal. For actuated pulleys, if the motor applies a torque, the tensions on the two
segments are different so that the pulley is in equilibrium.

D) Disregarding nonlinear force effects, the superposition principle applies: thus, we
consider only two dynamic motions, namely those along the x and the y axes, with
the EE at a generic position. The results thus obtained will then be valid for a generic
dynamic motion and with the EE at any pose within the workspace, also considering
that the Jacobian J, as defined in Eq. (1), is constant.

E) Under static conditions, the belt tension in each segment is constant and equal to T.
F) Under dynamic conditions, the belt tension changes with respect to the preload T.

Some belt segments are under higher tension, as they are “pulled” by the closest
actuated pulley, which rotates in a direction such that the corresponding displace-
ments ∆li will be towards the said pulley. Other segments are instead “pushed” by
an actuated pulley, such that the displacement ∆li is away from said pulley: thus,
the tension in these segments will be lower. We assume that the changes in tension
for the pulled and pushed segments are all constant and equal to +∆T and −∆T,
respectively. Finally, some belt segments may be pushed and pulled at the same time:
we assume that their tension does not change but remains equal to the preload T.
As an example, we show in Fig. 7 a simplified overconstrained routing, with one
DoF and two actuated pulleys. In Fig. 7(a), the mechanism is in static equilibrium,
and all belt segments have a tension equal to the preload T. In Fig. 7(b), on the other
hand, a dynamic condition is shown, in which point P (whose position p defines
the configuration of the routing) moves leftwards with velocity ṗ; the pulleys rotate
simultaneously at the same speed ω1 = ω2. A force Fe is applied, opposite to ṗ:
this could be due to inertial effects (if ṗ is not constant) or to friction. The tension
in segment 1-P (from pulley 1 to P) increases by ∆T, the tension in segment 2-P
decreases by ∆T, while in 1-2 the tension remains the same; we then have Fe = 2∆T.

Among these simplifying assumptions, condition F is the strongest one. Admittedly,
in a real system, the belt tension variation is more complex than in our model; this variation
depends on the lengths of the toothed belt segments [34], thus it also depends on the
position of the EE. However, this approach greatly simplifies the force distribution analysis
in the routing; the results thus obtained are confirmed by the known properties of the
CoreXY and H-bot routings [10,20] and by experimental results on our prototype.

Figure 7. (a): Schematic of a simple, 1-DoF, overactuated belt routing, under static conditions.
(b): The same, under dynamic conditions. Belt tensions are also shown for both conditions.

We now proceed to study the force transmission of the three routings in Figure 6.
We consider the two mobile components (bar and print head) separately under static
conditions: thus, all belt segments have the same tension T. Considering the CoreH-bot
bar specifically, from Figure 8a, it is apparent that the total force acting on it is zero, as its
components along the x and y axes are both given by T + T + T + T − T − T − T − T = 0;
similarly, the x and y components of the force on the print head (Figure 8b) are both zero.

We define the torques τB2 and τB3 in the P joints (along the y and the x axis, respectively)
with respect to the origin O of the coordinate system in Figure 6; torques are taken as
positive in the counterclockwise direction. We also define the coordinates xPi and yPi of the
center of the i-th pulley after the definitions in Section 2.2. From Figure 8a, we find

τB2 − τB3 =− T
(
xP2 − r

)
− T

(
yP2 + r

)
− T

(
xP14 − r

)
− T

(
yP14 + r

)
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(
xP10 − r

)
− T

(
yP10 − r

)
+ T

(
xP12 − r

)
− T

(
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)

+ T
(
xP9 + r

)
+ T

(
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)
+ T

(
xP7 + r

)
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(
yP7 − r

)

− T
(
xP3 + r

)
+ T

(
yP3 + r

)
− T

(
xP5 + r

)
+ T

(
yP5 + r

)

=T
[(

xP12 − xP14

)
+
(

xP10 − xP2

)
+
(
xP9 − xP3

)
+
(
xP7 − xP5

)

+
(
yP3 − yP2

)
+
(
yP5 − yP14

)
+
(
yP7 − yP12

)
+
(
yP9 − yP10

)]

(26)

and
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τB3 = T
(
yP13 + r

)
+ T

(
yP13 − r

)
− T

(
yP6 + r

)
− T

(
yP6 − r

)
= 2T

(
yP13 − yP6

)
. (27)

Here and in the following, we assume that all pulleys have the same radius r.
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Figure 8. (a): free-body diagram of the bar of the CoreH-bot, under static conditions; for clarity, the
belt is “cut” in separate segments, to illustrate the force distribution. (b): same, for the print head.

We now proceed to study the force transmission of the three routings in Fig. 6. We
consider the two mobile components (bar and print head) separately under static conditions:
thus, all belt segments have the same tension T. Considering the CoreH-bot bar specifically,
from Fig. 8(a) it is apparent that the total force acting on it is zero, as its components along
the x and y axes are both given by T + T + T + T − T − T − T − T = 0; similarly, the x and
y components of the force on the print head (Fig. 8(b)) are both zero.

We define the torques τB2 and τB3 in the P joints (along the y and the x axis, respectively)
with respect to the origin O of the coordinate system in Fig. 6; torques are taken as positive
in the counterclockwise direction. We also define the coordinates xPi and yPi of the center
of the i-th pulley, after the definitions in Subsec. 2.2. From Fig. 8(a), we thus find
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)

+ T
(
xP10 − r
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(
yP10 − r

)
+ T

(
xP12 − r

)
− T

(
yP12 − r

)

+ T
(
xP9 + r

)
+ T

(
yP9 − r

)
+ T

(
xP7 + r

)
+ T

(
yP7 − r

)

− T
(
xP3 + r

)
+ T

(
yP3 + r

)
− T

(
xP5 + r

)
+ T

(
yP5 + r

)

=T
[(

xP12 − xP14

)
+

(
xP10 − xP2

)
+

(
xP9 − xP3

)
+

(
xP7 − xP5

)

+
(
yP3 − yP2

)
+

(
yP5 − yP14

)
+

(
yP7 − yP12

)
+

(
yP9 − yP10

)]

(26)

and
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(
yP13 + r

)
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Here and in the following, we assume that all pulleys have the same radius r.
From Eq. 27, we find that the torque τB3 is zero (and thus, in static conditions, no

torque is applied to the horizontal P joint) if and only if yP13 = yP6 , that is, if the centers of
pulleys 6 and 13 are horizontally aligned. Then, τB2 = 0 (for the vertical P joints) holds if

xP12 = xP14 , xP10 = xP2 , xP9 = xP3 , xP7 = xP5 (28)

yP3 = yP2 , yP5 = yP14 , yP7 = yP12 , yP9 = yP10 (29)

These constraints, which define the alignment of the mobile pulleys, are easily introduced in
a practical design, thus we applied them in our prototype; for simplicity of representation,

Figure 8. (a): Free-body diagram of the bar of the CoreH-bot, under static conditions; for clarity,
the belt is “cut” in separate segments to illustrate the force distribution. (b): The same for the
print head.

From Equation (27), we find that the torque τB3 is zero (and thus, in static conditions,
no torque is applied to the horizontal P joint) if and only if yP13 = yP6 , that is, if the centers
of pulleys 6 and 13 are horizontally aligned. Then, τB2 = 0 (for the vertical P joints) holds if

xP12 = xP14 , xP10 = xP2 , xP9 = xP3 , xP7 = xP5 (28)

yP3 = yP2 , yP5 = yP14 , yP7 = yP12 , yP9 = yP10 . (29)

These constraints, which define the alignment of the mobile pulleys, are easily in-
troduced in a practical design, thus, we applied them in our prototype; for simplicity of
representation, the CoreH-bot schematics in this work show routings where the above con-
straints are respected. Similar constraints can also be found for the CoreXY and the H-bot.

We now consider dynamic motions along the coordinate axes, as shown in Figure 9.
In the figure, each belt segment shows the sign of the corresponding change in tension.
Thus, for instance, all segments denoted by “+” have tension T + ∆T, while those denoted
by “0” remain at the same tension T. An external force Fe =

[
Fex, Fey

]T acts to oppose the
motion, such as in Figure 7b; the torques τi at the actuated pulleys have the same directions
as the corresponding velocities ωi. Applying hypothesis C, one can then find the τi. For
instance, during a motion along the x axis, the torque applied by the belt on pulley 1 is
rT − r(T − ∆T) = r∆T (in the counterclockwise sense), where the first and second term
on the left-hand side are due to the tensions in segments 1–2 and 14–1, respectively. This
torque is balanced by the motor torque τ1. By inspection of Figure 9a,b, it is found that in
fact all torques have magnitude r∆T for both motions shown.

From Equations (8) and (9) and the principle of kinematic-static duality [50], it is
found that

W = MTτ (30)

in which W =
[
τ13, Fex, Fey

]T is the external wrench to be balanced, defined by the torque τ13

(acting on pulley 13) and the forces Fex and Fey (on the print head), while τ = [τ1, τ4, τ8, τ11]
T

is the vector of motor torques. For the components of the force Fe, we find
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Fex =
1
r
(−τ1 − τ4 + τ8 + τ11) (31)

Fey =
1
r
(−τ1 − 3τ4 − 3τ8 − τ11). (32)
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Figure 9. (a): force distribution in the CoreH-bot, as the print head moves along the +x direction. (b):
same, for the +y direction. The torques τi and angular speeds ωi of the motors are also shown.

the CoreH-bot schematics in this work show routings where the above constraints are
respected. Similar constraints can also be found for the CoreXY and the H-bot.

We now consider dynamic motions along the coordinate axes, as shown in Fig. 9. In
the figure, each belt segment shows the sign of the corresponding change in tension: thus,
for instance, all segments denoted by “+” have tension T + ∆T, while those denoted by
“0” remain at the same tension T. An external force Fe =

[
Fex, Fey

]T acts to oppose the
motion, like in Fig. 7(b); the torques τi at the actuated pulleys have the same directions
as the corresponding velocities ωi. Applying hypothesis C, one can then find the τi: for
instance, during a motion along the x axis, the torque applied by the belt on pulley 1 is
rT − r(T − ∆T) = r∆T (in the counterclockwise sense), where the first and second term
on the left-hand side are due to the tensions in segments 1–2 and 14–1, respectively. This
torque is balanced by the motor torque τ1. By inspection of Figs. 9(a) and 9(b), it is found
that in fact all torques have magnitude r∆T, for both motions shown.

From Eqs. (8) and (9) and the principle of kinematic-static duality [50], it is found that

W = MTτ (30)

in which W =
[
τ13, Fex, Fey

]T is the external wrench to be balanced, defined by the torque τ13

(acting on pulley 13) and the forces Fex and Fey (on the print head), while τ = [τ1, τ4, τ8, τ11]
T

is the vector of motor torques. For the components of the force Fe, we find

Fex =
1
r
(−τ1 − τ4 + τ8 + τ11) (31)

Fey =
1
r
(−τ1 − 3τ4 − 3τ8 − τ11) (32)

We can disregard τ13, which, after hypothesis C, will be negligible in practical cases, since,
during operation, no torque is applied on pulley 13.

Substituting τi = ±r∆T (where the sign depends on the direction, as shown in Fig. 9)
in Eqs. (31) and (32), it is found that, for a motion along the x-axis, one has Fex = 4∆T and
Fey = 0; for a motion along the y-axis, it holds Fex = 0 and Fey = 4∆T. Similarly, for both the
H-bot and the CoreXY design, from Eq. (1) one derives Fe =

1
r J−Tτ, in which τ = [τ1, τ4]

T .

Figure 9. (a): Force distribution in the CoreH-bot, as the print head moves along the +x direction.
(b): The same for the +y direction. The torques τi and angular speeds ωi of the motors are also shown.

We can disregard τ13, which, after hypothesis C, will be negligible in practical cases,
since, during operation, no torque is applied on pulley 13.

Substituting τi = ±r∆T (where the sign depends on the direction, as shown in Figure 9
in Equations (31) and (32), it is found that, for a motion along the x-axis, one has Fex = 4∆T
and Fey = 0; for a motion along the y-axis, it holds Fex = 0 and Fey = 4∆T. Similarly,
for both the H-bot and the CoreXY design, from Equation (1), one derives Fe = 1

r J−Tτ,
in which τ = [τ1, τ4]

T . However, the motor torques are not the same in all cases; thus,
during a motion along the x-axis, it holds Fe = 2∆T for the H-bot, while for the Core-XY, it
is Fe = 4∆T. For both the H-bot and the Core-XY, it holds Fe = 4∆T during a motion along
the y axis.

We now consider the torques acting under dynamic conditions. For the CoreH-bot,
the torque τB3 in the P joint between the print head and the bar is zero, if yP13 = yP6 ; similar
conditions are derived for the other two routings. We are then interested in the torque τB2

between the bar and the lateral guides, which can damage the vertical P joints in the long
run and causes a rotation of the bar, thus, reducing printing accuracy. We first compute the
torque τ′B2

due to the forces from the belt segments; the total torque τB2 is the sum of both
τ′B2

and the torques due to the other forces acting on the bar. Assuming that the conditions
in Equations (28) and (29) are fulfilled, we can compute τ′B2

during motion by considering
only the torque terms due to the belt tension change ∆T; the terms due to T, as reported
in Equation (26), will cancel each other out. For motions along the x- and the y-axis, we
find, respectively,

τ′B2
=+ ∆T

(
xP14 − r

)
+ ∆T

(
yP14 + r

)
− ∆T

(
xP12 − r

)
+ ∆T

(
yP12 − r

)

+ ∆T
(
xP7 + r

)
+ ∆T

(
yP7 − r

)
− ∆T

(
xP5 + r

)
+ ∆T

(
yP5 + r

)

=2∆T
(
yP5 + yP7

)
(33)
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and
τ′B2

=+ ∆T
(
xP10 − r

)
− ∆T

(
yP10 − r

)
+ ∆T

(
xP9 + r

)
+ ∆T

(
yP9 − r

)

+ ∆T
(
xP3 + r

)
− ∆T

(
yP3 + r

)
+ ∆T

(
xP2 − r

)
+ ∆T

(
yP2 + r

)

=2∆T
(
xP2 + xP3

)
(34)

where we simplified the results through Equations (28) and (29). For the x-axis motion
in Figure 9a, the total torque τB2 is τ′B2

plus the torque due to the reaction force in the
guides. This force has magnitude Fe = 4∆T (but opposite orientation) and is distributed
between the two vertical P joints, which introduces one redundant constraint along the x
direction. Therefore, the actual force distribution in the P joints depends on the stiffness of
the components; however, the total reaction force can be assumed as applied in the middle
of the P joints, thus, its line of action passes through point P. Thus, we finally obtain

τB2 = τ′B2
− Fe × p = 2∆T

(
yP5 + yP7

)
− 4∆Ty = 2∆T

[(
yP5 + yP7

)
− 2y

]
(35)

which is identically zero if

y =
1
2
(
yP5 + yP7

)
(36)

namely, if the bar is symmetrical along its horizontal axis (and thus, yP5 = y − d
2 and

yP7 = y + d
2 ). Again, this constraint is easily introduced in the design phase.

For the y-axis motion in Figure 9b, a force −4∆T is applied by the print head to the
bar through the horizontal P joint; this force, too, causes a torque on the bar, thus,

τB2 = τ′B2
− Fe × p = 2∆T

(
xP2 + xP3

)
− 4∆Tx = 2∆T

[(
xP2 + xP3

)
− 2x

]
. (37)

For comparison, we also analyzed the other two routings; only the final results are
presented here, for brevity. For the H-bot, the torque τB2 during a motion along the x axis is

τB2 = −∆T
[
d +

(
xP2 + xP3

)]
(38)

with d as defined in Section 2.2. On the other hand, under the same conditions, no torque is
applied on the P joints for the CoreXY, if the condition in Equation (36) is fulfilled. For a
motion along the y axis, all three routings develop the same torque, shown in Equation (37).

The torque in Equation (38) is constant and does not depend on the EE position; in this
case, τB2 is close to −∆T

(
xP2 + xP3

)
= −∆T[2r + (L− 2r)] = −∆TW and is strictly larger

than this value (we ignore the term proportional to d, which in a practical design will be
small with respect to W). The torque in Equation (37), on the other hand, is variable: at a
minimum, it is equal to zero when x = 1

2
(
xP2 + xP3

)
= 1

2 W, namely, when the EE is moving
along the vertical axis of symmetry of the workspace. The maximum absolute value of the
torque in Equation (37) is close to 2∆TW, which is reached when the EE is moving close to
the left or the right edge of the RW defined in Equation (20); notice that this torque will be
in fact smaller than 2∆TW, as it can be neither x = 0 nor x = W. In any case, these larger
torque values are limited to extreme operation cases and can be avoided when positioning
the components to be printed close to the center of the workspace if their dimensions are
not too large.

In all three routings, the total torque due to all motors is zero for a motion along
the y axis, as the motor torques cancel each other pairwise; for a motion along the x axis,
the torque is (in absolute value) 2r∆T for the H-bot and 4r∆T for both the Core-XY and
the Core-Hbot. This unbalanced torque is applied to the frame; while it does not directly
influence the motion of the print head, it can cause vibrations if the printer frame has low
stiffness, especially during highly dynamic operations (frequent in high-speed 3D printers),
in which the direction of motion changes continuously.

To summarize, the dynamic behavior of the CoreH-bot is equivalent to that of the
CoreXY, for all types of motion, and leads to a general reduction in the unbalanced torques
applied to the prismatic joints with respect to the simpler H-bot design. It is well known [10]
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that the torque τB2 causes a racking motion of the bar, thus, a degrading performance in the
H-bot with respect to the CoreXY; our CoreH-bot design maintains the CoreXY advantages
while keeping a fully planar structure, as discussed in Section 2.1.

Note that the control system could also be used to mitigate the unbalanced torques,
as explored in [17]. However, the control design can only reduce (but not eliminate)
unbalance effects on an intrinsically unbalanced mechanism. Moreover, advanced control
strategies can also be applied to our CoreH-bot design to further improve performance.

4. CoreH-Bot: Our Prototype

A prototype has been developed in our laboratory to demonstrate the effectiveness
of the concept proposed here. The design guidelines were to minimize the cost, size
and corresponding printer footprint, while also guaranteeing ease of assembly and high
dynamic performances. The workspace is a rectangular cuboid, as shown in Section 2.2. Its
minimum dimensions are set as 300 mm× 300 mm× 300 mm.

The CAD model is shown in Figures 10 and 11. In our design, the P joints (on the
lateral guides and on the moving bar) are precision ground bars (Figure 10a) on which
linear bearings move with low friction. The belt has the “GT2” profile, commonly applied
for 3D printers; this belt, made of polyurethane with tension members along its length,
offers high stiffness and low friction coefficients, as the exterior is coated in PTFE [34].
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Figure 10. (a): the CoreH-bot belt routing, from our CAD model (section view from below). (b): the
printer frame and the mechanism for z-axis motion; the belt routing is not shown here, for clarity.

with respect to W). The torque in Eq. (37), on the other hand, is variable: at a minimum, it
is equal to zero when x = 1

2
(
xP2 + xP3

)
= 1

2 W, namely when the EE is moving along the
vertical axis of symmetry of the workspace. The maximum absolute value of the torque in
Eq. (37) is close to 2∆TW, which is reached when the EE is moving close to the left or the
right edge of the RW defined in Eq. (20); notice that this torque will be in fact smaller than
2∆TW, as it can be neither x = 0 nor x = W. In any case, these larger torque values are
limited to extreme operation cases and can be avoided when positioning the components
to be printed close to the center of the workspace if their dimensions are not too large.

In all three routings, the total torque due to all motors is zero for a motion along
the y axis, as the motor torques cancel each other pairwise; for a motion along the x axis,
the torque is (in absolute value) 2r∆T for the H-bot and 4r∆T for both the Core-XY and
the Core-Hbot. This unbalanced torque is applied to the frame; while it does not directly
influence the motion of the print head, it can cause vibrations if the printer frame has low
stiffness, especially during highly dynamic operations (frequent in high-speed 3D printers)
in which the direction of motion changes continuously.

To summarize, the dynamic behavior of the CoreH-bot is equivalent to that of the
CoreXY, for all types of motion, and leads to a general reduction in the unbalanced torques
applied to the prismatic joints with respect to the simpler H-bot design. It is well known [10]
that the torque τB2 causes a racking motion of the bar, thus degrading performance in the
H-bot with respect to the CoreXY; our CoreH-bot design maintains the CoreXY advantages
while keeping a fully planar structure, as discussed in Subsec. 2.1.

Note that the control system could also be used to mitigate the unbalanced torques, as
explored in [17]. However, control design can only reduce (but not eliminate) unbalance
effects on an intrinsically-unbalanced mechanism. Moreover, advanced control strategies
can also be applied to our CoreH-bot design, to further improve performance.

4. CoreH-bot: our prototype

A prototype has been developed in our laboratory to demonstrate the effectiveness
of the concept proposed here. The design guidelines were to minimize the cost, size, and
corresponding printer footprint while also guaranteeing ease of assembly and high dynamic
performances. The workspace is a rectangular cuboid, as shown in Sec. 2.2; its minimum
dimensions are set as 300 mm × 300 mm × 300 mm.

The CAD model is shown in Figs. 10 and 11. In our design, the P joints (on the lateral
guides and on the moving bar) are precision ground bars (Fig. 10(a)) on which linear

Figure 10. (a): The CoreH-bot belt routing, from our CAD model (section view from below). (b): The
printer frame and the mechanism for z-axis motion; the belt routing is not shown here, for clarity.

Figure 11. Top view (with the belt routing).
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Unlike the CoreXY and the H-bot, our design has a closed belt loop. Thus, to apply
the required preload T (Section 3), the motors, mounted on slots, can be moved later-
ally along the y axis (Figure 10a); this does not change the kinematic properties of the
routing, but allows us to regulate the preload by hand during assembly. The belt also
defines the workspace size. In our design, we take W = D (see Table 2) for simplicity.
Thus, from Equation (16), the belt length is approximately 8W, disregarding the pulley
radius r u 6.3 mm and the bar width d = 52.4 mm. From Equation (20), we need at least
W > 300 mm to guarantee the required workspace. In the end, we opted for W = 470 mm
and a belt having a length of u 3600 mm.

Table 2. Main design parameters for the prototype.

Definition Value

Width W (equal to depth D) 470 mm
Pulley radius r at pitch circle 6.35 mm
Distance d (pulleys on bar) 52.4 mm

Distance e (pulleys on head) 80 mm
Heated bed (print area size) 430× 400 mm
Motion range (along z axis) 335 mm

Ball screw diameter and pitch M12 × 4
Diameter of x–y plane bars 12 mm

Total length of belt loop 3600 mm
GT2 belt pitch and height 2× 9 mm

Frame profile (cross section) 30× 30 mm

The actuated pulleys 1, 4, 8 and 11 are connected to stepper motors: these motors
are commonly employed in commercial 3D printers as they are both cheap and accurate
(especially when they have to maintain a given angular position) and allow us to use
open-loop control. The relatively smaller torque of the stepper motors (as compared to
servo motors) is not an issue here, since only small forces are applied. As discussed in
Section 2, the motors are pairwise electronically coupled; differentiating Equation (12) with
respect to time, we find ω1 = −ω8 and ω4 = −ω11, since the pulleys have the same radius
r. This could be achieved by using only two motors, attached, for instance, to pulleys 1
and 4, to which the other actuated pulleys 8 and 11 are connected (respectively) through
a mechanical transmission system, for instance, another belt and pulley drive. However,
this approach would complicate the design and increase the size of the routing (in the
direction of the z axis), which would no longer be fully planar. Given the low cost of
stepper motors, it is in fact cheaper to install four separate motors, which are pairwise
controlled by connecting them in series. Thus, motors 1 and 8 receive the same control
signal, but with opposite phasing (motors 4 and 11 are similarly connected). This way, we
can use a commercial controller board for 3D printers. As shown in Equation (14), our
design is kinematically equivalent to a CoreXY routing, of which the control system is
already implemented in commercially available control boards.

Applying the Cartesian XY head concept (Figure 2b), the CoreH-bot is fixed on top
of a frame (in the shape of a rectangular cuboid) and provides the motion of the print
head along the x and y horizontal axes. The z-axis motion is instead applied to the build
platform, which is supported on its sides by two motorized ball screws (Figure 10b); this
design is thus overconstrained, but offers better stiffness and accuracy. The platform is a
commercial heated bed of size 430 mm× 400 mm to reduce thermal shock on the printed
parts; its vertical position can also be fine-tuned with support springs that can be regulated
by hand, to ensure a uniform distance from the nozzle while printing.

On the printer, a commercial filament extruder is mounted, having a motor that “pulls
in” the filament to be melted. Mounting the extruder motor on the print head increases the
moving inertia. While other designs with a frame-fixed motor exist (for instance, where
the motor pushes the filament through a flexible tube), these latter have lower flexibility in
terms of materials that can be used for printing, thus, we opted for a more standard design.
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The other components in our design, which were not directly available on the market,
were custom-made in Ergal, a lightweight, high-resistance aluminum alloy. The final
prototype is shown in Figure 12. Since the CoreH-bot design has the same dynamic
properties of the CoreXY, as shown in Section 3, it is expected that it will also provide similar
performances in terms of speed and accuracy. Indeed, our simple prototype, designed
exclusively for demonstration purposes with materials available in our laboratory, has been
able to print at high speed while keeping an accuracy comparable to commercial desktop
devices; the nozzle can deposit material with a speed of up to 250 mm

s , comparable to that
of similar prototypes [15] and of commercial 3D printers. Measurements with calipers
indicate that the dimensional tolerance of the printed components is around 0.1 mm, which
is comparable with that of standard desktop printers. The stepper motors we used have a
maximum angular error dθmax u 0.9◦, which is half of the angular step. From Equation (25),
we then obtain dpmax u 0.099 mm, which is close to the dimensional tolerance. While
other effects influence the print accuracy beyond error transmission, the results from both
the tests and the theoretical model confirm that the design tolerances are adequate for
the task. Further preliminary tests were also carried out, in which the print head moved
(without printing) at up to 300 mm

s without issue. It is expected that, with further design
optimization, higher speeds could be achieved, for instance, by reducing the moving weight
and increasing the motor sizes. The total cost of the materials is u 1500 €: while more
expensive than mass-produced printers for the consumer market, this cost is comparable
with similar prototypes [16,25] and could easily be reduced through a manufacturing-
oriented redesign.
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Figure 12. (a): top view of our assembled prototype. (b): same, from a side view.

bearings move with low friction. The belt has the “GT2” profile, commonly applied for 3D
printers; this belt, made of polyurethane with tension members along its length, offers high
stiffness and low friction coefficients, as the exterior is coated in PTFE [34].

Unlike the CoreXY and the H-bot, our design has a closed belt loop. Thus, to apply the
required preload T (Sec. 3), the motors, mounted on slots, can be moved laterally along the
y axis (Fig. 10(a)); this does not change the kinematic properties of the routing, but allows
us to regulate the preload by hand during assembly. The belt also defines the workspace
size. In our design, we take W = D (see Tab. 2), for simplicity: thus, from Eqs. (16), the belt
length is approximately 8W, disregarding the pulley radius r ≊ 6.3 mm and the bar width
d = 52.4 mm. From Eq. (20), we need at least W > 300 mm, to guarantee the required
workspace. In the end, we opted for W = 470 mm and a belt having length of ≊ 3600 mm.

The actuated pulleys 1, 4, 8, and 11 are connected to stepper motors: these motors
are commonly employed in commercial 3D printers, as they are both cheap and accurate
(especially when they have to maintain a given angular position) and allow us to use
open-loop control. The relatively smaller torque of stepper motors (as compared to servo
motors) is not an issue here, since only small forces are applied. As discussed in Sec.

Figure 12. (a): Top view of our assembled prototype. (b): The same from a side view.

A video of the robot performing an example print is available in the multimedia
attachment for this work (see video abstract attached to the paper). The accuracy of
the prints was found to be comparable with that of high-end 3D printers available on
the market.

5. Conclusions and Future Work

In this work, we presented a novel concept for a 3D printer, specifically for the xy-plane
motion stage, which controls the print head movement through pulleys and synchronous
belts. This concept, which we called CoreH-bot, combines attractive features of similar
existing systems: it is both fully planar (and thus, compact) and partially balanced during
motion, which reduces vibrations and increases printing accuracy. Therefore, the proposed
concept has interesting advantages in comparison to both the H-bot routing, which has
significant unbalanced torques, and to the CoreXY, which is not planar (and thus, more
complex to design). To the best of our knowledge, no other 3D printer has been proposed
with this concept. We analyzed the kinematic, static, and dynamic behavior of the CoreH-
bot and compared it with known alternatives; a simple model allowed us to study the
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unbalanced torques on the bar, showing that in this regard, the CoreH-bot is comparable to
existing systems, while being more compact. We then developed a prototype to showcase
the effectiveness of the concept: despite having been realized merely for demonstration
purposes, and thus, being far from optimized, the prototype confirmed the theoretical
results in printing tests.

Our goal is to use the prototype developed both to verify the feasibility of the CoreH-
bot concept, with the aim of further industrial development and production for launch
in the 3D printer market, and to quickly produce plastic components for our day-to-day
needs in laboratory activities. The printer is currently under use in our lab at the University
of Bologna for standard desktop 3D printing of plastic parts.

In future work, we aim to test the upper limits of the print-head speed on standard
dynamic motions and to measure the printing accuracy on reference models. For instance,
it would be interesting to compare the performance of our design with the 3-DoF printer
in [51], which is also based on flexible elements (but has a different design concept),
by printing the same reference models proposed therein and measuring the dimensional
errors. Moreover, we will study the dynamics of the mechanism by taking the belt elasticity
into account to provide a more complete model and to analyze the effect of using a longer
belt. Finally, we aim to find the natural frequencies of the prototype, for instance, by a finite
element analysis or through an experimental modal analysis, to verify whether resonance
can be an issue during operation.

6. Patents

Parts of this work were patented in the following patent application: Idà, E.; Nanetti, F.;
Zani, M.: Dispositivo per la movimentazione di un organo estrusore di una macchina di manifattura
additiva. 20 October 2021, Italian Patent Application No. IT102021000026930.
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