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Abstract

We consider in this paper an area functional defined on submanifolds of fixed degree immersed
into a graded manifold equipped with a Riemannian metric. Since the expression of this area
depends on the degree, not all variations are admissible. It turns out that the associated
variational vector fields must satisfy a system of partial differential equations of first order
on the submanifold. Moreover, given a vector field solution of this system, we provide a
sufficient condition that guarantees the possibility of deforming the original submanifold
by variations preserving its degree. As in the case of singular curves in sub-Riemannian
geometry, there are examples of isolated surfaces that cannot be deformed in any direction.
When the deformability condition holds we compute the Euler-Lagrange equations. The
resulting mean curvature operator can be of third order.

Mathematics Subject Classification 49Q05 - 53C42 - 53C17

1 Introduction

The aim of this paper is to study the critical points of an area functional for submanifolds of
given degree immersed in an equiregular graded manifold. This can be defined as the structure
(N, H!, ..., H*), where N is a smooth manifold and H! c H2 Cc --- C 'H* = TN is a
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flag of sub-bundles of the tangent bundle satisfying [H!, H/] C H!™/ when i, j > 1 and
i+ j <s,and [H!, H/] c H® when i,j>1landi+ j > s. The considered area depends
on the degree of the submanifold. The concept of pointwise degree for a submanifold M
immersed in a graded manifold was first introduced by Gromov [28] as the homogeneous
dimension of the tangent flag given by

T,MNH, C--- CT,MNH,.

The degree of a submanifold deg(M) is the maximum of the pointwise degree among all points
in M. An alternative way of defining the degree is the following: on an open neighborhood
of a point p € N we can always consider a local basis (X1, ..., X,) adapted to the filtration
(H")i=1.....s, so thateach X ;j has a well defined degree. Following [36] the degree of a simple
m-vector X j; A...A X, is the sum of the degree of the vector fields of the adapted basis
appearing in the wedge product. Since we can write a m-vector tangent to M with respect to
the simple m-vectors of the adapted basis, the pointwise degree is given by the maximum of
the degree of these simple m-vectors.

We consider a Riemannian metric g = (-, -) on N. For any p € N, we get an orthogonal
decomposition T, N = K }y ®...® K. Then we apply to g adilation induced by the grading,
which means that, for any r > 0, we take the Riemannian metric g, making the subspaces
Ki, orthogonal and such that

1
grixi = rijghci .

Whenever H! is a bracket generating distribution the structure (N, g,) converges in Gromov-
Hausdorff sense to the sub-Riemannian structure (N, HL, gml) as r — 0. Therefore an
immersed submanifold M C N of degree d has Riemannian area measure A(M, g,) with
respect to the metric g,. We define area measure A, of degree d by

Ag(M) = 1%1 p(degM)=dim(M)/2 A (pr g (1.1)
r

when this limit exists and it is finite. In (3.7) we stress that the area measure A, of degree d
is given by integral of the norm the g-orthogonal projection onto the subspace of m-forms of
degree equal to d of the orthonormal m-vector tangent to M. This area formula was provided
in [35,36] for C! submanifolds immersed in Carnot groups and in [19] for intrinsic regular
submanifolds in the Heisenberg groups.

Given a submanifold M C N of degree d immersed into a graded manifold (N, (HH),
we wish to compute the Euler—Lagrange equations for the area functional A;. The problem
has been intensively studied for hypersurfaces, and results appeared in [2,8,9,12,15,16,22,
30,31,33,37,46,48]. For submanifolds of codimension greater than one in a sub-Riemannian
structure only in the case of curves has been studied. In particular it is well know that there
exists minimizers of the length functional which are not solutions of the geodesic equation:
these curves, discovered by Montgomery in [38,39] are called abnormal geodesics. In this
paper we recognize that a similar phenomenon can arise while studying the first variational
of area for surfaces immersed in a graded structure: there are isolated surfaces which does
not admit degree preserving variations. Consequently we focus on smooth submanifolds of
fixed degree, and admissible variations, which preserve it. The associated admissible vector
fields, V = 831;’ | .o satisfies the system of partial differential equations of first order (5.3) on
M. So we are led to the central question of characterizing the admissible vector fields which
are associated to an admissible variation.

@ Springer



Variational formulas for submanifolds of fixed degree Page3of44 233

The analogous integrability problem for geodesics in sub-Riemannian manifolds and,
more generally, for functionals whose domain of definition consists of integral curves of an
exterior differential system, was posed by Cartan [7] and studied by Griffiths [26], Bryant [3]
and Hsu [32]. These one-dimensional problems have been treated by considering a holonomy
map [32] whose surjectivity defines a regularity condition implying that any vector field
satisfying the system (5.3) is integrable. In higher dimensions, there does not seem to be an
acceptable generalization of such an holonomy map. However, an analysis of Hsu’s regularity
condition led the authors to introduce a weaker condition named strong regularity in [11].
This condition can be generalized to higher dimensions and provides a sufficient condition to
ensure the local integrability of any admissible vector field on M, see Theorem 7.2. Indeed,
in this setting the admissibility system (5.3) in coordinates is given by

Y Ci(PE;(F)(p) + B(OF () + AP)G(p) =0, (1.2)
Jj=1

where C;, B, A are matrices, F are the vertical components of the admissible vector field, G
are the horizontal control components and p € M. Since the strong regularity tells us that the
matrix A(p) has full rank we can locally write explicitly a part of the controls in terms of the
vertical components and the other part of the controls, then applying the Implicit Function
Theorem we produce admissible variations.

In Remark 7.6 we recognize that our definition of strongly regular immersion general-
izes the notion introduced by [28] of regular horizontal immersions, that are submanifolds
immersed in the horizontal distribution such that the degree coincides with the topological
dimension m. In [27], see also [43], the author shows a deformability theorem for regular
horizontal immersions by means of Nash’s Implicit Function Theorem [41]. Our result is in
the same spirit but for immersions of general degree.

For strongly regular submanifolds it is possible to compute the Euler—Lagrange equations
to obtain a sufficient condition for stationary points of the area A, of degree d. This naturally
leads to a notion of mean curvature, which is not in general a second order differential
operator, but can be of order three. This behavior doesn’t show up in the one-dimensional
case where the geodesic equations for regular curves have order less than or equal to two,
see [11, Theorem 7.2] or [32, Theorem 10].

These tools can be applied to mathematical model of perception in the visual cortex: Citti
and Sarti [12] showed that 2 dimensional minimal surfaces in the three-dimensional sub-
Riemannian manifold SE(2) play an important role in the completion process of images,
taking orientation into account. Adding curvature to the model, a four dimensional Engel
structure arises, see § 1.5.1.4 in [17,45] and § 4.3 here. The previous 2D surfaces, lifted in
this structure are codimension 2, degree four strongly regular surfaces in the sense of our
definition. On the other hand we are able to show that there are isolated surfaces which do
not admit degree preserving variations. Indeed, in Example 7.8 we exhibit an isolated plane,
immersed in the Engel group, whose only admissible normal vector field is the trivial one.
Moreover, in analogy with the one-dimensional result by [4], Proposition 7.9 shows that this
isolated plane is rigid in the C' topology, thus this plane is a local minimum for the area
functional. Therefore we recognized that a similar phenomenon to the one of existence of
abnormal curves can arise in higher dimension. Finally we conjecture that a bounded open
set 2 contained in this isolated plane is a global minimum among all possible immersed
surfaces sharing the same boundary 9<2.

We have organized this paper into several sections. In the next one notation and basic
concepts, such as graded manifolds, Carnot manifolds and degree of submanifolds, are intro-
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duced. In Sect. 3 we define the area of degree d for submanifolds of degree d immersed in
a graded manifold (N, H') endowed with a Riemannian metric. This is done as a limit of
Riemannian areas. In addition, an integral formula for this area in terms of a density is given
in formula (3.6). Section 4 is devoted to provide examples of submanifolds of certain degrees
and the associated area functionals. In Sects. 5 and 6 we introduce the notions of admissible
variations, admissible vector fields and integrable vector fields and we study the system of first
order partial differential equations defining the admissibility of a vector field. In particular,
we show the independence of the admissibility condition for vector fields of the Riemannian
metric in § 6.2. In Sect. 7 we give the notion of a strongly regular submanifold of degree d,
see Definition 7.1. Then we prove in Theorem 7.2 that the strong regularity condition implies
that any admissible vector vector is integrable. In addition, we exhibit in Example 7.8 an
isolated plane whose only admissible normal vector field is the trivial one. Finally in Sect. 8
we compute the Euler—Lagrange equations of a strongly regular submanifold and give some
examples.

2 Preliminaries

Let N be an n-dimensional smooth manifold. Given two smooth vector fields X, Y on N,
their commutator or Lie bracket is defined by [X, Y] := XY — Y X. An increasing filtration
(H");en of the tangent bundle 7' N is a flag of sub-bundles

H' cH>’c---cH c---C TN, Q2.1
such that

() UigNHi_ =TN
(i) [H', H/] € HTI, fori, j > 1,

where [H!, H/] := {[X,Y] : X € H!,Y € H/}. Moreover, we say that an increasing
filtration is locally finite when

(iii) for each p € N there exists an integer s = s(p), the step at p, satisfying H; =T,N.
Then we have the following flag of subspaces

1 2 .
M), CHp C - CH}, =T,N. 2.2)

A graded manifold (N, (H')) is a smooth manifold N endowed with a locally finite
increasing filtration, namely a flag of sub-bundles (2.1) satisfying (i),(ii) and (iii). For the
sake of brevity a locally finite increasing filtration will be simply called a filtration. Setting
n;i(p) = dim H;, the integer list (n1(p), --- ,ng(p)) is called the growth vector of the
filtration (2.1) at p. When the growth vector is constant in a neighborhood of a point p € N
we say that p is a regular point for the filtration. We say that a filtration (H’) on a manifold
N is equiregular if the growth vector is constant in N. From now on we suppose that N is
an equiregular graded manifold.

Given a vector v in 7, N we say that the degree of v is equal to £ if v € Hf, andv ¢ Hfj'.
In this case we write deg(v) = £. The degree of a vector field is defined pointwise and can
take different values at different points.

Let (N, (H', ..., H*)) be an equiregular graded manifold. Take p € N and consider an
open neighborhood U of p where a local frame {X|, --- , X, } generating ' is defined.
Clearly the degreeof X j,for j =1, ..., ny,is equal to one since the vector fields X1, ..., X,
belong to H!. Moreover the vector fields X 1,..., Xpu, also lie in H2, we add some vector
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fields X, 41, , Xn, € HZ\ H! so that (X1)ps ..., (Xn,)p generate H%. Reducing U if
necessary we have that X1, ..., X,, generate H2inU. Iterating this procedure we obtain a
basis of T M in a neighborhood of p

(X1,..., X}‘l]v Xn1+1, cee an, s Xn,\-71+17 oo X, (2.3)

such that the vector fields X,,, 11, ..., X,, have degree equal to i, where ng := 0. The basis
obtained in (2.3) is called an adapted basis to the filtration HY, ... HS).

Given an adapted basis (X;)1<;<u, the degree of the simple m-vector field X j; A... A X,
is defined by

m
deg(Xjy A...NXj,) = Zdeg(Xj,-)~

i=1

Any m-vector X can be expressed as a sum

Xp =Y 1,(p)(X1)p.
J

where J = (J1, ..., Jm), 1 < j1 < -+ < Jm < nm, is an ordered multi-index, and X; :=
Xj A...AXj,. The degree of X at p with respect to the adapted basis (X;)1<; <y is defined
by

max{deg((Xy)p) : As(p) # 0}.

It can be easily checked that the degree of X is independent of the choice of the adapted basis
and it is denoted by deg(X).

If X =), Ay X is an m-vector expressed as a linear combination of simple m-vectors
X 7, its projection onto the subset of m-vectors of degree d is given by

Xa= > rXy, (2.4)

deg(X j)=d

and its projection over the subset of m-vectors of degree larger than d by

ma(X)= Y Xy

deg(Xj)>d+1
In an equiregular graded manifold with a local adapted basis (X1, ..., X;), defined as in
(2.3), the maximal degree that can be achieved by an m-vector, m < n, is the integer d};,,
defined by
dinax = deg(Xn—m+1) + - + deg(Xy). (2.5)

2.1 Degree of a submanifold

Let M be a submanifold of class C! immersed in an equiregular graded manifold
(N, (Hl, ..., H*)) such that dim(M) = m < n = dim(N). Then, following [34,36], we
define the degree of M at a point p € M by

degy(p) :=deg(vi A ... Avy),

where vy, ..., vy, is a basis of T, M. Obviously, the degree is independent of the choice of
the basis of T, M. Indeed, if we consider another basis B’ = (vi, oo, v of T, M, we get

VIA - Avy =det(Mp ) V] A+ AU,

@ Springer



233 Page6of44 G. Citti et al.

where Mp ' denotes the change of basis matrix. Since det(Mp ') # 0, we conclude that
deg,,(p) is well-defined. The degree deg(M) of a submanifold M is the integer

deg(M) := maxdeg,,(p).
peM

We define the singular set of a submanifold M by
Mo = {p € M :degy(p) < deg(M)}. (2.6)

Singular points can have different degrees between m and deg(M) — 1.
In [28, 0.6.B] Gromov considers the flag

/1 2 /S
H,CH,C- CH,=T,M, 2.7)

where ﬂ{, =T,MnN H{; andm; = dim(?:[f;). Then he defines the degree at p by
)
Dy (p) = Zj(ﬁij —mj_1),
j=1

setting mo = 0. It is easy to check that our definition of degree is equivalent to Gromov’s
one, see [23, Chapter 2.2]. As we already pointed out, (M, (H) jeN) is a graded manifold.

Let us check now that the degree of a vector field and the degree of points in a submanifold
are lower semicontinuous functions.

Lemma2.1 Let (N, (H', ..., H*)) be a graded manifold regular at p € N. Let V be a
vector field defined on a open neighborhood Uy of p. Then we have

lim inf deg(V,) > deg(V)).
q—>p

Proof As p € N is regular, there exists a local adapted basis (X1, ..., X,) in an open
neighborhood U, C Uj of p. We express the smooth vector field V in U; as

Vg = Z Z cij(q@)(Xj)q (2.8)
i=1 j=n;_;1+1

on U, with respect to an adapted basis (X1, --- , X,,), where ¢;; € C°°(U,). Suppose that
the degree deg(V,,) of V at p is equal to d € N. Then, there exists an integer k € {ng—1 +
1,---,ng} such that cgr(p) # O and ¢;j(p) =0 foralli =d+1,--- ,sand j =n;_1 +
1, ---, n;. By continuity, there exists an open neighborhood U’ C U, such that c i (q) # 0
for each ¢ in U’. Therefore for each ¢ in U’ the degree of V,, is greater than or equal to the
degree of V (p),

deg(Vy) > deg(V,) =d.
Taking limits we get
lim inf deg(V,) > deg(V,).
q—>p
O
Remark 2.2 1In the proof of Lemma 2.1, deg(V,) could be strictly greater than d in case there

were a coefficient ¢;; with i > d + 1 satisfying ¢;;j(q) # 0.
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Proposition 2.3 Let M be a C' immersed submanifold in a graded manifold (N, (H', ..., H%)).
Assume that N is regular at p € M. Then we have

liminf degy(¢) > degy (p).
q—>p.qeM

Proof The proof imitates the one of Lemma 2.1 and it is based on the fact that the degree
is defined by an open condition. Let T,y = ) ; t; X, be a tangent m-vector in an open
neighborhood U of p, where a local adapted basis is defined. The functions t; are continuous
on U. Suppose that the degree deg,,(p) at p in M is equal to d. This means that there exists a
multi-index J such that T 7(p) # 0and deg((X 7)) = d. Since the function 7 is continuous
there exists a neighborhood U’ C U such that 77(g) # 0 in U’. Therefore, deg(ty (q)) > d
and taking limits we have

lim inf deg,, (¢) > deg,; (p).
q—>p
O

Corollary 2.4 Let M be a C' submanifold immersed in an equiregular graded manifold. Then

1. degy, is a lower semicontinuous function on M.
2. The singular set My defined in (2.6) is closed in M.

Proof The first assertion follows from Proposition 2.3 since every point in an equiregular
graded manifold is regular. To prove 2, we take p € M ~ My. By 1, there exists a open
neighborhood U of p in M such that each point ¢ in U has degree deg,,(q) equal to deg(M).
Therefore we have U C M ~ My and hence M ~. My is an open set. ]

2.2 Carnot manifolds

Let N be an n-dimensional smooth manifold. An [-dimensional distribution H on N assigns
smoothly to every p € N an [-dimensional vector subspace H, of T, N. We say that a
distribution H complies Hormander’s condition if any local frame {X, ..., X;} spanning H
satisfies

dim(L(X,, ..., X))(p) =n, forall pe N,

where £(X1, ..., X;) is the linear span of the vector fields X1, ..., X; and their commutators
of any order.

A Carnot manifold (N, H) is a smooth manifold N endowed with an /-dimensional
distribution H satisfying Hormander’s condition. We refer to H as the horizontal distribution.
We say that a vector field on N is horizontal if it is tangent to the horizontal distribution
at every point. A C! path is horizontal if the tangent vector is everywhere tangent to the
horizontal distribution. A sub-Riemannian manifold (N, H, h) is a Carnot manifold (N, H)
endowed with a positive-definite inner product # on . Such an inner product can always be
extended to a Riemannian metric on N. Alternatively, any Riemannian metric on N restricted
to H provides a structure of sub-Riemannian manifold. Chow’s Theorem assures that in a
Carnot manifold (N, H) the set of points that can be connected to a given point p € N by
a horizontal path is the connected component of N containing p, see [40]. Given a Carnot
manifold (N, H), we have a flag of subbundles

H'i=HcH'C---CH C---CTN, (2.9)
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defined by
HY =H + HH]  i=1,
where
[H,H']:={[X,Y]: X € H,Y € H'}.

The smallest integer s satisfying ’H; = T, N is called the step of the distribution 7 at the
point p. Therefore, we have

2
Hp CH, C--- CH), =T,N.

The integer list (n1(p), - - - , ng(p)) is called the growth vector of H at p. When the growth
vector is constant in a neighborhood of a point p € N we say that p is a regular point for the
distribution. This flag of sub-bundles (2.9) associated to a Carnot manifold (N, H) gives rise
to the graded structure (N, (HY). Clearly an equiregular Carnot manifold (N, H) of step s
is an equiregular graded manifold (N, H', ..., H*). In particular a Carnot group turns out
to be an equiregular graded manifold.

Given a connected sub-Riemannian manifold (N, H, k), and a C ! horizontal path y :
[a, b] — N, we define the length of y by

b
L(y) = / JRG 0.7 @) dr. (2.10)

By means of the equality
de(p,q) :=inf{L(y):yisa C! horizontal path joining p, g € N}, (2.11)

this length defines a distance function (see [5, § 2.1.1,§ 2.1.2]) usually called the Carnot-
Carathéodory distance, or CC-distance for short. See [40, Chapter 1.4] for further details.

3 Area for submanifolds of given degree

In this section we shall consider a graded manifold (N, H L ‘H*) endowed with a Rie-
mannian metric g, and an immersed submanifold M of dimension m.

We recall the following construction from [28, 1.4.D]: given p € N, we recursively define
the subspaces IC}, = Hp, IC;Jrl = (H;)l N H;H, for1 <i < (s —1). Here L means
perpendicular with respect to the Riemannian metric g. Therefore we have the decomposition
of T, N into orthogonal subspaces

TN =K, &K, & - &Kj. 3.0)

Givenr > 0,aunique Riemannian metric g, is defined under the conditions: (i) the subspaces
KC; are orthogonal, and (ii)

1 .
gr|l€,'=ﬁg|lC,w i=1,...,s. (3.2)
r

When we consider Carnot manifolds, it is well-known that the Riemannian distances of
(N, gr) uniformly converge to the Carnot-Carathéodory distance of (N, H, h), [28, p. 144].

Working on a neighborhood U of p where a local frame (X1, ..., Xj) generating the
distribution H is defined, we construct an orthonormal adapted basis (X1, ..., X,) for the
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Riemannian metric g by choosing orthonormal bases in the orthogonal subspaces K, 1 <
i < s. Thus, the m-vector fields

~ 1 1
Ry = (PO, ) 1 (g ), 63

where J = (j1, j2, ..., jm) for 1 < ji <--- < j, < n,are orthonormal with respect to the
extension of the metric g, to the space of m-vectors. We recall that the metric g, is extended
to the space of m-vectors simply defining

&I A AU V] AL A, = det (g,(vi, v})) (3.4)

I<i,j=m’

/!

forvy, ..., v, and vi, ..., vy, in T, N. Observe that the extension is denoted the same way.

3.1 Area for submanifolds of given degree
Assume now that M is an immersed submanifold of dimension m in a equiregular graded
manifold (N, HY L H*) equipped with the Riemannian metric g. We take a Riemannian

metric u on M. For any p € M we pick a p-orthonormal basis ey, ..., e, in T, M. By the
area formula we get

A ) = [ e A nenly, dutp) (3.5)
M/
where M’ is a bounded measurable subset of M and A(M’, g,) is the m-dimensional area of

M’ with respect to the Riemannian metric g, .
Now we express

QA Aew =D T(P)XD)p = F(pX),, >0
J J

~ 1 ~ 1 —
From (3.3) we get X', = r20degX)=m x ; “and so T; = r—2@2XD=M 1, Moreover, as
{f( "} is an orthonormal basis for g,, we have

et A Aemls, =Y (F(p))? =Y X Tmd ),
J J

Therefore, we have

12
I
lim 7 2 (deg(M)—m) let AL Aemly = lrlil(} (Z r(deg(M)—deg(XJ))t%(p))
J

10
1/2
= > 7 (p)
deg(X j)=deg(M)
By Lebesgue’s dominated convergence theorem we obtain
1
lim (r%(deg(M*"’)A(M’, gr)) = / / Yot dup).  (3.6)

deg(X ;)=deg(M)
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Definition 3.1 If M is an immersed submanifold of degree d in an equiregular graded mani-
fold (N, HL L H*) endowed with a Riemannian metric g, the degree d area A, is defined
by

1
Ag(M') = lim (ﬂ‘d‘"”A(M’, gr)),
rl0
for any bounded measurable set M’ C M.

Equation (3.6) provides an integral formula for the area A;. An immediate consequence
of the definition is the following

Remark 3.2 Setting d := deg(M) we have by Eq. (3.6) and the notation introduced in (2.4)
that the degree d area A, is given by

Ag(M') = /M/ [(er Ao Nem)alg din(p). (3.7

for any bounded measurable set M’ C M. When the ambient manifold is a Carnot group this
area formula was obtained by [36]. Notice that the d area A, is given by the integral of the
m-form

(e1t Ao Nem)a

[(e1 Ao Aemdalg”

gV, -, U)(P) = (VI AL A vy, (3.8)
where vy, ..., vy is a basis of T, M.

In a more general setting, an m-dimensional submanifold in a Riemannian manifold is an
m-current (i.e., an element of the dual of the space of m-forms), and the area is the mass of this
current (for more details see [18]). Similarly, a natural generalization of an m-dimensional
submanifold of degree d immersed in a graded manifold is an m-current of degree d whose
mass should be given by Ag. In [19] the authors studied the theory of H-currents in the
Heisenberg group. Their mass coincides with our area (3.7) on intrinsic C! submanifolds.
However in (3.8) we consider all possible m-forms and not only the intrinsic m-forms in the
Rumin’s complex [1,42,49].

Corollary 3.3 Let M be an m-dimensional immersed submanifold of degree d in a graded
manifold (N, H, ..., H®) endowed with a Riemannian metric g. Let My C M be the closed
set of singular points of M. Then Ayz(Mp) = 0.

Proof Take an orthonormal basis vy, ..., v, of M at p and express vi A ... A vy =
>, 1(p)(Xy)p. When p is a singular point, deg(vi A ... A vy) < deg(M) = d and
so t7(p) = 0 whenever deg(X ;) > d.

Since My is measurable, from (3.6) we obtain

sty = [ | G| duw

Mo \ deg(x )=d

and so Ag(My) = 0. O

Remark 3.4 Another easy consequence of the definition is the following: if M is an immersed
submanifold of degree d in graded manifold (N, H!, ..., H*) with a Riemannian metric,
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then Ag(M') = oo for any open set M’ C M when d’ < d. This follows easily since in the
expression

|
5(d'—m
r2 @M ey AL e,
we would have summands with negative exponent for r.

In the following example, we exhibit a Carnot manifold with two different Riemannian
metrics that coincide when restricted to the horizontal distribution, but yield different area
functionals of a given degree

Example 3.5 We consider the Carnot group H' ® H', which is the direct product of two
Heisenberg groups. Namely, let R? x R3 be the 6-dimensional Euclidean space with coordi-
nates (x, y, z, x’, ¥/, z'). We consider the 4-dimensional distribution H generated by

X =0, — 20, Y=0,+ 0,
27 yiaw
/ /
y X
X/ = Bx/ — Eaz’ Y/ = By/ + 532"

The vector fields Z = [X,Y] = 9, and Z' = [X',Y’] = 3, are the only non trivial
commutators that generate, together with X, ¥, X’, Y, the subspace H2 = T(]I-]I1 ® Hl). Let
2 be a bounded open set of R2 and u a smooth function on €2 such that u,(s, 1) = 0. We
consider the immersed surface

®:Q — H! ®]HI1,
(s,0) —> (5,0,u(s,1),0,t,u(s, 1)),

whose tangent vectors are

D =(1,0,u4,0,0,uy) = X +ug Z +uy VA
®, =(0,0,0,0,1,0) =Y.

Thus, the 2-vector tangent to M is given by
P AND, =XAY 4+ug(ZAY +Z ' AY).

When uy(s, t) is different from zero the degree is equal to 3, since both Z A Y’ and
Z' A'Y' have degree equal to 3. Points of degree 2 corresponds to the zeroes of u;. We define
a 2-parameter family g , of Riemannian metrics on H! @ H!, for (A, ) € R2, by the
conditions (i) (X, Y, X', Y’) is an orthonormal basis of H, (ii) Z, Z’ are orthogonal to H,

and (iii) g(Z,Z) = A, g(Z', Z") = pand g(Z', Z) = 0. Therefore, the degree 3 area of
with respect to the metric g, , is given by

A3(Q)=/ ug(h +v) dsdt.
Q

As we shall see later, these different functionals will not have the same critical points, that
would depend on the election of Riemannian metric.
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4 Examples
4.1 Degree of a hypersurface in a Carnot manifold

Let M be a C! hypersurface immersed in an equiregular Carnot manifold (N, ), where H
is a bracket generating /-dimensional distribution. Let Q be the homogeneous dimension of
Nand p e M.

Let us check that deg(M) = Q — 1. The pointwise degree of M is given by

s

degy (p) =Y j(ij —rij 1),
j=1

where 7it; = dim(#}) with ), = T,M N H}. Recall that n; = dim(H). As T,M is a
hyperplane of 7), N we have that either H), = H), and m; = n;, or , is a hyperplane of 1,
and m; = m; — 1. On the other hand,
m; —m;_1 <n; —ni_.
Writing

ni—nj_1=m; —m;_1 +zi,

for non-negative integers z; and adding up on i from 1 to s we get

N
i=1

since gy = n — 1 and ny = n. We conclude that there exists ip € {1, ..., s} suchthatz;, =1
and z; = O for all j # io. This implies

m; = n;, i <ip,

mi =n; — 1, i > .

Ifip > 1forall p € M, then H C TM, a contradiction since H is a bracket-generating
distribution. We conclude that i) = 1 and so

deg(M) =Y i Gty — 1) = -7y + Y i Oy — 1)

i=1 i=2

=l-m—D+) itn—n)=0—1
i=2

4.2 Ayp41-area of a hypersurface in a (2n + 1)-dimensional contact manifold

A contact manifold is a smooth manifold M2"+! of odd dimension endowed with a one form
o such that dw is non-degenerate when restricted to H = ker(w). Since it holds

do(X,Y) = X(@(Y)) - Y(0(X)) — (X, Y]),

for X, Y € H, the distribution H is non-integrable and satisfies Hormander rank condition
by Frobenius theorem. When we define a horizontal metric 4 on the distribution H then
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(M, H, h) is a sub-Riemannian structure. It is easy to prove that there exists an unique vector
field T on M so that

o) =1, Lr(X)=0,

where L is the Lie derivative and X is any vector field on M. This vector field T is called the
Reeb vector field. We can always extend the horizontal metric / to the Riemannian metric g
making 7" a unit vector orthogonal to H.

Let ¥ be a C! hypersurface immersed in M. In this setting the singular set of X is given
by

So={peX:T,T =H,)

and corresponds to the points in ¥ of degree 2n. Observe that the non-integrability of H
implies that the set X . X is not empty in any hypersurface .

Let N be the unit vector field normal to ¥ at each point, then on the regular set ¥ \ X
the g-orthogonal projection Ny of N onto the distribution H is different from zero. Therefore
out of the singular set X we define the horizontal unit normal by

Np
Vh = T
INn

and the vector field
S =(N,T)vy — |NuIT,

which is tangent to ¥ and belongs to H>. Moreover, T,2nN (H% ~ H},) has dimension equal
to one and T, X N'H }, equal to 2n — 1, thus the degree of the hypersurface ¥ out of the

singular set is equal to 2n + 1. Let ey, ..., e2,—1 be an orthonormal basis in 7}, X N H},. Then
er,...,ey_1, S is an orthonomal basis of T), X and we have

eiNn...Nexu 1t ANS=(N,TYey N...Nexy—1 ANV, — |[Npletr A...ANexp—1 ANT.

Hence we obtain
A1 (3) =/ INyldS. @.1)
b))

In [20] Galli obtained this formula as the perimeter of a set that has C! boundary = and in
[50] Shcherbakova as the limit of the volume of a e-cylinder around X over its height equal
to ¢. This formula was obtain for surfaces in a 3-dimensional pseudo-hermitian manifold in
[9] and by S. Pauls in [44]. This is exactly the area formula independently established in
recent years in the Heisenberg group H", that is the prototype for contact manifolds (see for
instance [9,10,15,30,47]).

Example 4.1 (The roto-translational group) Take coordinates (x, y, #) in the 3-dimensional
manifold R? x S'. We consider the contact form

w = sin(f)dx — cos(0)dy,
the horizontal distribution H = ker(w), is spanned by the vector fields
X = cos(0)0y +sin(0)dy, Y = 9,

and the horizontal metric 4 that makes X and Y orthonormal.
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Therefore R? x S! endowed with this one form  is a contact manifold. Moreover (R? x
S',H, h) has a sub-Riemannian structure which is also a Lie group known as the roto-
translational group. A mathematical model of simple cells of the visual cortex V1 using the
sub-Riemannian geometry of the roto-translational Lie group was proposed by Citti and Sarti
(see [13,14]). Here the Reeb vector field is given by

T =[X, Y] =sin(0)dy — cos(0)0y.

Let © be an open set of R? and u : @ — R be a function of class C'. When we consider a
graph ¥ = Graph(u) given by the zero set level of the C! function

flx, y,0)=u(x,y)—6=0,
the projection of the unit normal N onto the horizontal distribution is given by
X)X —Y
h= .
V14 X@)? + T(u)?

Hence the 3-area functional is given by

Ag(z,x)=/ (1+X(u)2)% dxdy.
Q

4.3 Aj-area of a ruled surface immersed in an Engel structure

Let E = R? x S' x R be a smooth manifold with coordinates p = (x, v, 8, k). We set
‘H = span{X1, X»}, where

X1 = cos(#)dy + sin(0)dy + kg, X = 0. 4.2)
Therefore (E, H) is a Carnot manifold, indeed H satisfy the Hormander rank condition since
X1 and X,

X3 =[X1, X2] = -9,

3 = [X1, X2] o . 4.3)
X4 =[X1, [X1, X2]] = —sin(0) 0y + cos(6)dy

generate all the tangent bundle. Here we follow a computation developed by Le Donne and
Magnani [34] in the Engel group. Let €2 be an open set of R? endowed with the Lebesgue
measure. Since we are particularly interested in applications to the visual cortex (see [23],
[45, 1.5.1.4] to understand the reasons) we consider the immersion ® : Q — E given by
D = (x,y,0(x,y),k(x,y)) and we set ¥ = O(£2). The tangent vectors to X are

@y = (1,0, 0y, k1), D, = (0, 1»9ys Ky)~ 4.4

In order to know the dimension of T), % N H,, it is necessary to take in account the rank
of the matrix

1 0 O Ky
0 1 Oy Ky
cos(f) sin(@) k O @5)
0 0 0 1
Obviously rank(B) > 3, indeed we have
1 0 «ky
det {0 1 «y | #0.

0 0 1
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Moreover, it holds
cos(f) sin(f) «
rank(B) =3 < det 1 0 6, 1=0
0 16 (4.6)
& Kk — 0y cos(@) —0Oysin(@) =0
S ok =X10(x,y)).
Since we are inspired by the foliation property of hypersurface in the Heisenberg
group and roto-translational group, in the present work we consider only surface ¥ =
{(x,y,0(x,y), k(x, y))} verifying the foliation condition k = X{(6(x, y)). Thus, we have
D, APy =(cos(0)ky — sin(@)kx) X1 A Xo — (cos(8)8y, — sin(0)0,) X1 A X3
+ X1 A Xg + (Oxky — Oyky — k(cos(@)ky — sin(@)kx)) X2 A X3
+ (sin(@)kcy + cos(B)kx )Xo A Xy
+ (k — sin(0)0y — cos(0)0;x) X3 A X4.

A.7)

By the foliation condition (4.6) we have that the coefficient of X3 A X4 is always equal to
zero, then we deduce that deg(X) < 4. Moreover, the coefficient of X1 A X4 never vanishes,
therefore deg(X) = 4 and there are not singular points in £. When « = X;(f) a tangent
basis of T}, X adapted to 2.7 is given by

e; =cos(0)P, +sin(0)P, = X1 + X (k) X2,

4.8
ey = —sin(@)dy + cos(0) Py, = Xy — X4(0) X3 + X4(k)X3. (4.8)
When we fix the Riemannian metric g; that makes (X1, ..., X4) orthonormal we have
that the A4-area of X is given by
1 1
As(Z,g) = / (1+ X1(k)?)? dxdy = / (1+X39)%)* dxdy. (4.9)
Q Q

When we fix the Euclidean metric go that makes (91, 92, dg, dr) we have that the A4-area of
¥ is given by

A4(E,g0):f (1+K2+x1(x)2)% dxdy. (4.10)
Q

5 Admissible variations for submanifolds

Let us consider an m-dimensional manifold M and an immersion ® : M — N into an
equiregular graded manifold endowed with a Riemannian metric g = (-, -). We shall denote
the image ® (M) by M and d := deg(M). In this setting we have the following definition

Definition 5.1 A smooth map I : M x (—¢,€) — N is said to be an admissible variation
of ®ifI'; : M — N, defined by I';(p) := I'(p, t), satisfies the following properties

(i) T'o =&,
(i) T;(M) is an immersion of the same degree as & (M) for §mall enough 7, and
(iii) I'y(p) = ®(p) for p outside a given compact subset of M.
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Definition 5.2 Given an admissible variation I, the associated variational vector field is
defined by

V(p) = al(_ 0) (3.1
p) = ” P, 0). .

The vector field V is an element of %o(ll;[, N):i.e., a smooth map V : M — TN such
that V(p) € To;) N forall p € M. It is equal to 0 outside a compact subset of M.

Let us see now that the variational vector field V associated to an admissible variation
I" satisfies a differential equation of first order. Let p = ®(p) for some p € M, and
(X1, -+, Xp) an adapted frame in a neighborhood U of p. Take a basis (eq, ..., é,) of
Tﬁll;I andlete; = d®j(ej) for 1 < j <m. As [, (M) is a submanifold of the same degree
as ® (M) for small ¢, there follows

(@) plen) Ao A @) plem), (XD, p)) =0, (5.2)

forall X; = X;; A...AXj,,with]l < j; <--- < ji; < n,such thatdeg(X;) > deg(M).
Taking the derivative with respect to ¢ in equality (5.2) and evaluating at + = 0 we obtain the
condition

m
0=(el/\.../\em,VV(p)X])—l—Z(el/\.../\VekV/\.../\em,Xj)
k=1

for all X; such that deg(X ;) > deg(M). In the above formula, (-, -) indicates the scalar
product in the space of m-vectors induced by the Riemannian metric g. The symbol V
denotes, in the left summand, the Levi—Civita connection associated to g and, in the right
summand, the covariant derivative of vectors in %(M , N) induced by g. Thus, if a variation
preserves the degree then the associated variational vector field satisfies the above condition
and we are led to the following definition.

Definition 5.3 Given an immersion ® : M — N, a vector field V € Xo(M, N) is said to be
admissible if it satisfies the system of first order PDEs

m
O={etn...New,VypXy) + (et A AV VAL ANey, X)) (5.3)
k=1

where X; = X A...AXj,,deg(Xy) >dand p € M.WedenotebyAq;(M,N) the set

Jm>
of admissible vector fields.

It is not difficult to check that the conditions given by (5.3) are independent of the choice
of the adapted basis.

Thus we are led naturally to a problem of integrability: given V € Xo(M, N) such that the
first order condition (5.3) holds, we ask whether an admissible variation whose associated
variational vector field is V exists.

Definition 5.4 We say that an admissible vector field V € Xy (M, N) is integrable if there
exists an admissible variation such that the associated variational vector field is V.

Proposition 5.5 Ler @ : M — N be an immersion into a graded manifold. Then a vector
field V € Xo(M, N) is admissible if and only if its normal component V= is admissible.

Proof Since the Levi—Civita connection and the covariant derivative are additive we deduce
that the admissibility condition (5.3) is additive in V. We decompose V = VT 4+ VL inits
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tangent V" and normal V- components and observe that VT is always admissible since the
flow of VT is an admissible variation leaving ® (M) invariant with variational vector field
V7. Hence, V- satisfies (5.3) if and only if V verifies (5.3). ]

6 The structure of the admissibility system of first order PDEs

Let us consider an open set U C N where a local adapted basis (X1, ..., Xj;) is defined.
We know that the simple m-vectors X; := X, A... A X, generate the space A, (U) of
m-vectors. At a given point p € U, its dimension is given by the formula

dim(A, (U),) = (Z)

Given two m-vectors v,w € A, (U)p, it is easy to check that deg(v + w) <
max{deg v, deg w}, and that degiv = degv when L # 0 and O otherwise. This implies
that the set

ALU), = {v e Ap(U), : degv < d}

is a vector subspace of A, (U) . To compute its dimension we let v; := (X;), and we check
that a basis of Afn (U)p is composed of the vectors

im
Vi, A... AU, suchthat Y deg(v;) < d.
J=i1
To get an m-vector in such a basis we pick any of the k| vectors in H}U N {vy, ..., v,} and,
for j =2,...,s, we pick any of the k; vectors on (ij N Hf,fl) N{vy, ..., vy}, so that

o ki +---+kg =m,and
o 1l -ki+---+s5-ks<d.

So we conclude, taking ng = 0, that

o= ¥ ({1

kit-tks=m, “i=l
Lky+-+s-ks<d

When we consider two simple m-vectors v;; A ... Av;, and v A...Avj,, their scalar
product is O or %1, the latter case when, after reordering if necessary, we have v;, = v;, for
k = 1,..., m. This implies that the orthogonal subspace Agl(U)IJ; of Ai(U)p in Ay (U)p
is generated by the m-vectors

im
vi; A ... AV, such that Z deg(v;) > d.
J=ii
Hence we have

dmALW)H= Y. <]_[<n_kn”l>) 6.1)
i=1 !

Ky eotkg =m,
Lk +-ts-ks>d

with ng = 0. Since N is equiregular, { = dim(Aﬂl (U)]f) is constant on N. Then we can
choose an orthonormal basis (X, ..., X,) in Ai(U)i; at each point p € U.
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6.1 The admissibility system with respect to an adapted local basis

In the same conditions as in the previous subsection, let £ = dim(Aﬁl(U);) and

(X5 ..., Xy,) an orthonormal basis of A‘fn (U)ﬁ;. Any vector field V € X(M, N) can be
expressed in the form

n
V= Z fnXn,
h=1

where f1,..., fn € C® (@~ 1(U), 1}&). We take pg € &~ 1(U) and, reducing U if necessary,
a local adapted basis (E;); of TM in &~ 1(U). Hence the admissibility system (5.3) is
equivalent to

m n n
DO cinEj(f) Y B fr =0, i=1,....¢ (6.2)
j=1h=1 h=1
where
) ()
cijn(p) ={et A o ANXpp Ao ANew, (X)) p), (6.3)
and

Bin(p) ={e1 A ... Nep, V(Xh)pXJi>+

m
+Y (et A AV Xn AL Al (X))
j=1 (6.4)

=Y et A ALEL XRI(P) A Aem, (X 1) p).
j=1

In the above equation we have extended the vector fields E; in a neighborhood of pg = ®(pg)
in N, denoting them in the same way.

Definition 6.1 Let 771, (p) be the dimension of ﬂ?‘, =T,MnN H%, ae{l,...,s}, where we
consider the flag defined in (2.7). Then we set

to(U) = max min {« : my(p) # 0}.
P

eU I<a<s
and

0 = n,y = dim(H®) > dim(H') = ny. (6.5)

Remark 6.2 In the differential system (6.2), derivatives of the function f; appear only when
some coefficient ¢;j;(p) is different from 0. For fixed &, notice that ¢;j,(p) = 0, for all
i=1,...,¢ j=1,...,mand pin ®~1(U) if and only if
) h
deg(er A~ AN Xp)pAN---ANep) <d, foralll < j<m,ped (V).
This property is equivalent to
deg((Xp)p) < deg(e;), forall 1 < j <m, p e @' (U).
So we have ¢;j; = 0in &~ 1(U) forall i, j if and only if deg(X;) < 1o(U).
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We write

V= Zghxh+ Z frXr,

r=p+1

so that the local system (6.2) can be written as

Z Z cijrEj(fr) + Z bir fr + Zalhgh =0, (6.6)

j=1r=p+1 r=p+1

where ¢;;, is defined in (6.3) and, for 1 <i < ¢,

aip = Bin, bir=Pir, 1<h=<p, p+1=<r=n, (6.7
where B;; is defined in (6.4). We denote by B the £ x (n — p) matrix whose entries are b;;,
by A the £ x p whose entries are a;;, and for j = 1, ..., m we denote by C; the £ x (n — p)
matrix C; = (c,,h)h pHE . Setting
Sot1 g1
F = : , G=1|: (6.8)
Jn 8p
the admissibility system (6.2) is given by
m
Y CjEj(F)+ BF + AG =0. (6.9)
j=1

6.2 Independence on the metric

Let g and g be two Riemannian metrices on N and (X;) be orthonormal adapted basis with
respect to g and (Y¥;) with respect to g. Clearly we have

n
Y; =) djiX;,
j=1

for some square invertible matrix D = (d ji)3‘==11 """""" 'L of order n. Since (X;) and (Y;) are
adapted basis, D is a block matrix

Dii D12 Diz ... Dis
0 Dy Dy3 ... Do
p=10 0 D33 ... Dsg )
0 0 0 oo
0 0 0 0 Dy
where D;; for i = 1,...,s are square matrices of orders n;. Let p be the integer
defined in (6. 1) then we define D, = (dji)i, j=1,...p» Dv = (dji)i, j=p+1,...n and Djpyy =
d jl)l ? +l """ " Let us express V as a linear combination of (¥;)
P n
=Y @Yt Y, fi¥e
h=1 r=p+1
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then we set
fot1 &1
F=| ] G=|:
I &p
and F and G as in (6.8).
Given I = (i1, ...,I,) Withi] < ... < i,, we have

n n
Yi=Yi Ao AYi =30 Y dyi e dji Xjy A AKX,
jl:l jmzl
— Jtedm yr o
- Z )\'il...im X./l /\“./\ij _Z)“J]XJ~
J1<e<jm J

Since the adapted change of basis preserves the degree of the m-vectors, the square matrix
A = (Ayp) of order (;;) acting on the m-vector is given by

_(An Apy
A= < 0 A, ) (6.10)
where Aj and A, are square matrices of order (;’1) — £ and £ respectively and Ap, is a matrix
of order ((!') — €) x £. Moreover the matrix A is invertible since both {X;} and {Y;} are
basis of the vector space of m-vectors.

Remark 6.3 One can easily check that the inverse of A is given by the block matrix

Al = (AEI —AEIAflwAJ]>
0 AS

Setting G= (g(Xy, Xj)) we have

= Gi Gy S .|
G‘(@hvy c)‘“ JAD:

Thus it follows

Gy = A AS + (AT AL (AH AL A AL
Gho = —(A; Y A AneAL,
Gr= (A )AL

Let A be the associated matrix
m
A=(3(Ya o Ev A AELYI(D) A A En)).
j=1
Setting

m
wjr =) 8Xs, Ex A+ ALEj, X, AN+ A Ep),
j=1
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and Q= (% )= J,)S;I(’J”)'fd, a straightforward computation shows

m
A= (Am)' | Gr Dy + Gy ADy + Gy, Y CiEj(Dy)
j=1

m
+ (A" | (G @D + Gy ADj + (Giy)' Y CE;(Dy)
j=I
By Remark 6.3 we obtain
m
A= (M) (A7) AL (@ Dy + Y0 CHE; (DY)
j=1
— (A A ARAL A D,,)
o m (6.11)
— (AL AT AT @4D + Y CE (Di)
j=1
—1 t —1\t A —1 —1
+ (AT + AL AT AT ARAL!) A D,
= A, ADy.

Preliminary we notice thatif 2 = 1, ..., p we have

5 B ()
Cijh =8y, ExN...AYp AL N Ep)

P
= Z Z Z)»]j,-g’(XI,XJ)Cijdkh

I deg(J)<d k=1

P
= Z Z Z)“IJig'(leXJ)Cijdkh'f‘

deg(/)<d deg(J)<d k=1

P
+ Z Z Z}LIJ,-g(XI,XJ)Cijdk;,.

deg(l)>d deg(J)<d k=1

(6.12)

Therefore, setting

h=1,....p

. 3 )
fod: :(g(YJ,ElA...AYhA...AE,n))

J deg(J)<d

and

0 3 ) h=1,....p
Cj= (g(YJ,.,El/\.../\Yh/\.../\Em))'
=1,...,

by (6.12) we gain

Let C; be the associated matrix

- ()
Cj:(g(YJl.,El/\.../\Yh/\.../\Em))

.....
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Setting

chv ("Y E v E )
HV — JELAAYLA LA
Jj g( J 1 h m) deg(J)<d

it is immediate to obtain the following equality
Cj=(Aw) <Gh (CJH Dpy + C]HVDU) + G C; Dv)
+ (A (@) (€f Dy + CHY D) + G C; D)) ©6.13)
=A,'C;D,.

Let B be the associated matrix
m
B=(a(Ys Y Ev A ALEL YA A E)).
j=1
A straightforward computation shows

m
B = (M) (Gn(®n Dy + 2Dy + Y CHE (D) + CJIV E;(Dy)
j=1

m
+ le(Ath + BD, + ZCJEJ(DU)))
Jj=1

m
+ (A (G (0 Do + 20Dy + Y CHE (D) + CJV E;(Dy)
=1

+ GU(AD/‘LU + BDy + Z CjEj(Dv))>
Jj=1

By Remark 6.3 we obtain

m
B=A;"ADy, +A;'BD,+ Y A;'CE;(Dy). (6.14)
j=1
Finally, we have G = DhG + thl:" and F = DUI:".

Proposition 6.4 Let g and g be two different metrics, then a vector fields V is admissible
w.rt. g if and only if V is admissible w.r.t. g.

Proof We remind that an admissible vector field

n

p
V=Y gXi+ Y fiXi
i=1 i=p+1
w.r.t. g satisfies
m
> C,E;(F)+ BF + AG =0. (6.15)

j=1
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By (6.11), (6.14) and (6.13) we have

m m

Y CEj(F)+ BF +AG = A, | Y Cj(DyE;(F) + Ej(Dy)F)

=1 =1

! / (6.16)

m
+A Dy F + ADG + BD,F) = AT [ 3 CE;(F) + BF + AG
j=I
In the previous equation we used that G = Dhé + thﬁ, F = DUF" and
Ej(D,)D;" + D,E;(D;") =0,

forall j =1, ..., m, that follows by D, Dv_] = I,,—,. Then the admissibility system (6.15)
w.r.t. g is equal to zero if and only if the admissibility system (6.16) w.r.t. g. O

Remark 6.5 When the metric g is fixed and (X;) and (Y;) are orthonormal adapted basis w.r.t
g, the matrix D is a block diagonal matrix given by

_(Dn O
p=(7)
where D), and D, are square orthogonal matrices of orders p and (n — p), respectively. From
equations (6.11), (6.14), (6.13) it is immediate to obtain the following equalities

F=D;'F,
G=D,'G,
A=A;" A Dy,

" (6.17)
B=A."BD,+ Y A,'C,E;(D,).
j=1
éj = A;lC./DU.

6.3 The admissibility system with respect to the intrinsic basis of the normal space

Let £ be the dimension of A%(U )# and (Xy,,..., Xy,) an orthonormal basis of simple

m-vector fields. Let pp be a point in M and ®(po) = po. Let ey, ..., ey, be an adapted
basis of T}, M that we extend to adapted vector fields E, ..., E;, tangent to M on U. Let
Um+1, - - - » Uy bE a basis of (TPOM)L that we extend to vector fields V,,41, ..., V, normal to
M on U, where we possibly reduced the neighborhood U of pg in N. Then any vector field
in X(@~L(U), N) is given by

m n
V=Y YiEi+ Y Vi
j=1 h=m+1

where ¥, ..., ¥, € CT(®~1(U), R). By Proposition 5.5 we deduce that V is admissible
if and only if V+ = Y hem+1 ¥n Vi is admissible. Hence we obtain that the system (5.3) is
equivalent to

DO EpnEiw+ Y B =0, i=1,...¢ (6.18)

j=1 h=m+1 h=m+1
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where

_ %)
Ein(P)=(e1 Ao AV A .. Aem (X5)p) (6.19)
and

Bin(p) = (e1 A ... Aem, Vi, X 1)+

m
+Ze1/\ AV VAN, (X))p)
j=1

(6.20)
m
Z et A ALESL VII(P) Ao Aem, (X5)p).
Definition 6.6 Let (o(U) be the integer defined in 6.1. Then we set k := n,, — 11,,.
Assume that k > 1, and write
m+k
Z én Vi + Z Yr Vi,
h=m+1 r=m+k+1
and the local system (6.18) is equivalent to
m+k
Z Z Eijr Ej (Y1) + Z Bir e+ Y ctingn =0, (6.21)
j=lr=p+1 r=p+1 h=m+1
where &;;, is defined in (6.19) and, for 1 <i < ¢,
ain=Pin. Bir=Pr.m+1<h<m+k m+k+1<r<n (622

We denote by B+ the £ x (n — m — k) matrix whose entries are f;,, by AL the £ x k whose
entries are «;, and for every j = 1,---m by le the £ x (n — m — k) matrix with entries

i 1,...n Selting

,,,,,

Yintk+1 Dm+1
Ft= : . Ght=| (6.23)
Yn Ptk
the admissibility system (6.2) is given

m
Y CrEj(FY)+ B*Ft 4+ AGh =0. (6.24)
j=1
Remark 6.7 We can define the matrices AT, BT, CT with respect to the tangent projection
VT in a similar way to the matrices AL, BL, CL. First of all we notice that the entries

_ ()
5;\)(19) =(etA...AE A ANem, (X5))p)

fori =1,...,fand j,v = 1,...,m are all equal to zero. Therefore the matrices CT and
BT are equal to zero. On the other hand, AT is the (¢ x m)-matrix whose entries are given
by
m
an ()= fer A ATEj EJ(P) A .. Aem. (X5)p)

Jj=1
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fori =1,...,£andv =1, ..., m.Frobenius Theorem implies that the Lie brackets [E;, E ]
are all tangent to M for j,v =1, ..., m, and so all the entries of AT are equal to zero.

7 Integrability of admissible vector fields

In general, given an admissible vector field V, the existence of an admissible variation with
associated variational vector field V is not guaranteed. The next definition is a sufficient
condition to ensure the integrability of admissible vector fields.

Definition 7.1 Let ® : M — N be an immersion of degree d of an m-dimensional manifold
into a graded manifold endowed with a Riemannian metric g. Let ¢ = dim(Afn w );-) for all

q € N and p = n,, setin (6.1). When p > £ we say that ® is strongly regular at p € M if
rank(A(p)) = £,
where A is the matrix appearing in the admissibility system (6.9).

The rank of A is independent of the local adapted basis chosen to compute the admissi-
bility system (6.9) because of Eq. (6.17). Next we prove that strong regularity is a sufficient
condition to ensure local integrability of admissible vector fields.

Theorem7.2 Let ® : M — N be a smooth immersion of an m-dimensional manifold into
an equiregular graded manifold N endowed with a Riemannian metric g. Assume that the
immersion ® of degree d is strongly regular at p. Then there exists an open neighborhood
Wp of p such every admissible vector field V with compact support on W is integrable.

Proof Let p = ®(p). First of all we consider an open neighborhood U, C N of p such that
an adapted orthonormal frame (X1, ..., X,) is well defined. Since ® is strongly regular at
p there exist indexes 1, ..., hein {1, ..., p} such that the submatrix

ainy (p) -+ aip, (p)
Ap=| =+
aen, (p) -+ - aen, (P)
is invertible. By a continuity argument there exists an open neighborhood W C o (U »)

such that det(A(é)) # 0 foreach g € Wj.
We can rewrite the system (6.9) in the form

8hy m 8iy
=—A" Y CiE;(F)+BF+A| : (7.1)
8hy i=l gip_z
where iy, ...,i,_¢ are the indexes of the columns of A that do not appear in Aand A is
the £ x (p — £) matrix given by the columns iy, ..., i,_¢ of A. The vectors (E;); form an

orthonormal basis of T M near p.
On the neighborhood W we define the following spaces

1. X{(Wp5, N),r > 0is the set of C” vector fields compactly supported on W taking values
inTN.

2. Ay(W5, N) ={Y € X{(W;,N) : Y = 2571 8s X5}

3. AL (Wj, N) ={Y € Ag(W, N) - Y =3 iy g X }-
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4. Ay (W5, N) = {Y € Ag(W5, N) 1 (Y. X) =0V X € A} ((W;, N)}.
. VE(Wps N) = (Y € X' (Wp. N) (Y. X) = O¥X € Ay(Wp. M)} = AW, NL.
6. Ag(Wp, N) = {3 i1 fiXy, : fi € Co(Wp)}
Given r > 1, we set
E = Ay (W5, N) x V§(Wp, N),
and consider the map
G:Ex A (Ws, N) — E x AJ (Wp, N), (7.2)
defined by
G(Y1, Y2, Y3) = (Y1, Y2, F(Y1 + Y2 + ¥3)),

where I, is the projection in the space of m-forms with compact support in Wj; onto
A"(Wp, N), and

FX)=1II,dT'XY)(e1) A...AdT'(Y)(em)),

where I'(Y)(p) = eXPo(p) (Yp). Observe that 7(Y) = 0 if and only if the submanifold I"(Y)
has degree less or equal to d. We consider on each space the corresponding || - ||, or || - ||—1
norm, and a product norm.

Then

DG(0,0,0)(Y1, Y2, Y3) = (Y1, Y2, DF(0)(Y1 + Y2 + Y3)),

where we write in coordinates

p—L 4 n
=) g Xi. Y2=) gnXn. and Yi= ) fiX,.
=1

i=1 r=p+1

Following the same argument we used in Sect. 5, taking the derivative at t = 0 of (5.2), we
deduce that the differential DF(0)Y is given by

4 m n n P
DFOY =Y D > cipEj(f)+ Y birkr+ Y amen | Xy

i=1 \j=lr=p+1 r=p+1 h=1

Oberve that DF(0)Y = 0 if and only if Y is an admissible vector field, namely Y solves
(7.1).
Our objective now is to prove that the map DG (0, 0, 0) is an isomorphism of Banach spaces.

Indeed suppose that DG(0, 0, 0)(Yy, Y2, Y3) = (0,0, 0). This implies that ¥ and Y»
are equal zero. By the admissible Eq. (7.1) we have that also Y3 is equal to zero, then
DG(0, 0, 0)isinjective. Then fix (Z1, Z», Z3),where Z| € ASBI(Wﬁ, N),Zp € Vy(Wp, N),
Z3 € AS_I(Wﬁ, N) we seek Y1, Ya, Y3 such that DG(0, 0, 0)(Yy, Ya, Y3) = (Z1, Z2, Z3).
We notice that DF(0)(Y] + Y2 + Y3) = Z3 is equivalent to

21 8iy 8hy

m
=D CGEF +BF+A| : |+A]| : ,

=1 .
¢ J 8ips 8hy
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where with an abuse of notation we identify Z3 = Y"t_, z; X, and Y_t_, z; Xy, Since A is
invertible we have the following system

8h m 8ij 21
=AY CEF)+BF+A[  |+]: . (7.3)
8hy =1 8ip—t ¢

Clearly Y| = Z, fixes g, - .-, &,_, in (7.3), and Y2 = Z fixes the first and second term of
the right hand side in (7.3). Since the right side terms are given we have determined Y3, i.e.
8hy» - -+ » 8hy» such that Y3 solves (7.3). Therefore DG(0, 0, 0) is surjective. Thus we have
proved that DG(0, 0, 0) is a bijection.

Let us prove now that DG(0,0,0) is a continuous and open map. Letting
DG(0,0,0)(Yy, Ya, Y3) = (Z1, Z2, Z3), we first notice DG(0, 0,0) is a continuous map
since identity maps are continuous and, by (7.3), there exists a constant K such that

m
1Z3llr—1 < K [ D UV Yalleot 4+ 1¥2llr—1 4+ 1¥1 -1 + Y301
j=1

< KUYzl + IY1llr=1 + 1Y3ll=1).

Moreover, DG (0, 0, 0) is an open map since we have

m
13—t < K | U5 Zallrmt + 1 Zalle—1 + 1 Ztllr—1 + 1Z3]r-1
j=1
< K(1Zalr + 1 Zallr—1 + 1 Z3-1).

This implies that DG(0, 0, 0) is an isomorphism pf Banach spaces.
Let now us consider an admissible vector field V with compact support on W,. We consider
the map

G:(—s,68) x E x AG]I(WI;,N) — E x A671(W13,N),
defined by
G(s, Y1, Y3,Y2) = (Y1, F(sV + Y1 + Y3 + V).

The map G is continuous with respect to the product norms (on each factor we put the natural
norm, the Euclidean one on the intervals and || - || and || - ||,—; in the spaces of vectors on
®(M)). Moreover

G(0,0,0,0) = (0, 0),

since @ has degree d. Denoting by Dy the differential with respect to the last three variables
of G we have that

DyG(0,0,0,0)(Y1, Y2, ¥3) = DG(0,0,0)(Yy, Y2, Y3)
is a linear isomorphism. We can apply the Implicit Function Theorem to obtain unique maps
Yi:(—e &) > A (W5, N),
Yy : (—¢,&) = Vy(Wp, N), (7.4)
Y3:(—¢,8) = A(r)]l(Wﬁ, N),
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such that G (s, Y1 (s), Y2(s), Y3(s)) = (0, 0). This implies that Y1 (s) = 0, Y2(s) = 0, Y3(0) =
0 and that

F(sV +Y3(s)) =0.

Differentiating this formula at s = 0 we obtain
Y3
DFWO) |V + T(O) =0.
s

Since V is admissible we deduce

Y3
DF(O)K(O) =0.

Since %(O) = Zle &n; Xn;, where g, € C(r)_l(WI;), Eq. (7.1) implies gp, = 0 for each
i =1,..., ¢ Therefore it follows %(0) =0.

Hence the variation I'y(p) = T'(sV + Y3(s))(p) coincides with ®(g) for s = 0 and
q € Wp, it has degree d and its variational vector fields is given by

ar Y
o —ve 0 =v.
Jas

ds s=0

Moreover, supp(Y3) C supp(V). Indeed, if g ¢ supp(V), the unique vector field Y3(s), such
F(Y3(s)) =0, isequal to 0 at g. ]

Remark 7.3 In Proposition 5.5 we stressed the fact that a vector field V. = V' + V=t is
admissible if and only if V= is admissible. This follows from the additivity in V of the
admissibility system (5.3) and the admissibility of V 7. Instead of writing V with respect
to the adapted basis (X;); we consider the basis E1, ..., Ey, Viut1, ..., V, described in
Sect. 6.3.

Let AL, B+, C* be the matrices defined in (6.22), AT be the one described in Remark 6.7
and A be the matrix with respect to the basis (X;); defined in (6.7). When we change only the
basis for the vector field V by (6.11) we obtain A = ADy,. Since A" is the null matrix and
A= (AT| A1) we conclude that rank(A(p)) = rank(AJ-(ﬁ)). Furthermore & is strongly
regular at p if and only if rank(A+(5)) = £ < k, where k is the integer defined in 6.6.

7.1 Some examples of regular submanifolds

Example 7.4 Consider a hypersurface ¥ immersed in an equiregular Carnot manifold N,
then we have that ¥ always has degree d equal to d[’;gxl = Q — 1,see 4.1. Therefore the
dimension £, defined in Sect. 6, of Aﬁ’n (U)p is equal to zero. Thus any compactly supported
vector field V is admissible and integrable. When the Carnot manifold N is a contact structure

(M1 H = ker(w)), see 4.2, the hypersurface ¥ has always degree equal to d2 = 2n+1.

max

Example 7.5 Let (E, H) be the Carnot manifold described in Sect. 4.3 where (x, y, 0, k) €
R? x S! x R = E and the distribution H is generated by

X| =cos(0)0y +sin(0)dy + kdpg, Xo = 0.

Clearly (X1, ..., X4) is an adapted basis for . Moreover the others no-trivial commutators
are given by

[X1, X4] = —kX| — k> X3
[X3, X4] = X1 + kX3.
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Let  C R? be an open set. We consider the surface ¥ = ®(2) where

D(x,y) = (x,y,0(x, ), k(x,y))
and such that X(6(x, y)) = x(x, y). Therefore the deg(X) = 4 and its tangent vectors are
given by
e =X1 + X1(x)X2,
e =X4 — X4(0) X3 + X4(k) X>2.

Let g = (-, -) be the metric that makes orthonormal the adapted basis (X1, ..., X4). Since
(A3(N))* = span{X3 A X4} the only no-trivial coefficient ci1,, for r = 3, 4 are given by

(X3 A e, X3 A Xq) =1, and (X4 A ey, X3 A Xq) = X400).

On the other hand c1p;, = (€1 A Xi, X3 A X4) =0foreachh =1, ..., 4, since we can not
reach the degree 5 if one of the two vector fields in the wedge has degree one. Therefore the
only equation in (6.2) is given by

4

21(f3) + Xa0)e1(fa) + Y (X3 A Xa, & A 82, Xpl + (81, Xp] A &2)) fu = 0. (7.5)
h=1

Since deg(e; A [e2, X5]) < 4 we have (X3 A X4, e1 Aler, Xp]) =0foreachh =1,...,4.
Since [uX,Y] =u[X,Y]—Y )X foreach X, Y € X(N) and u € C*®°(N) we have
le1, Xpnl = [X1, Xn] + X1()[ X2, Xp] — Xpn(X1(6)) X2
=X1() X3 — X1(X1(«)) X2 h=1
X3 — X2(X1 (k) X2 h=2
X4 — X3(X1 (k) X2 h=3
kX1 —Kk%X3 — X4(X1 (k) X2 h =4

Thus, we deduce

—Xi(k) h=1
(X3 A Xa (61, Xnl A éa) = | h=2
X4(0) h=3
—i? h=4.

Hence the Eq. (7.5) is equivalent to
1(f3) + Xa(0)&1(f2) — X1() fi + fr — Xa(O) fs — k7 fa =0 (7.6)

Since 1n(2) = 1, we have p = n| = 2, where p is the natural number defined in (6.1). In
this setting the matrix C is given by

C=(10X46)0),
Then the matrices A and B are given by
A= (—-X1) 1),
B = (—X4(0) —«?).
Since rank(A(x, y)) = 1 and the matrix A(x, y), defined in the proof of Theorem 7.2, is

equal to 1 for each (x, y) € Q2 we have that ® is strongly regular at each point (x, y) in
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and the open set W(, ,) = Q. Hence by Theorem 7.2 each admissible vector field on 2 is
integrable.

On the other hand we notice that k = n; — m; = 1. By the Gram-Schmidt process an
orthonormal basis with respect to the metric g is given by

1
el = a(xl + X1(k)X3),

1 X
e =— <x4 — X)X+ T 0, - X1<">X1>> :
a2 o

1
v3 = — (X3 + X4(0)X4),
a3

as X4(K)
vy = —— | (=X1(0) X1 + X2) + —5—(X4(0) X3 — Xy) |,
o0 a3

where we set

a1 =1+ X1()2, a3 =1+ X4(0)?
X4 (k)2 Jeded + Xa(x)?

— 2 —
. ‘\/HX“(Q) TOExe©) T w

Since it holds
o3
(v3 Aea, X3 A Xy) = —,
(%)
(va Nep, X3 A Xy) =0,

X40)(1 — «?
([61,v3]/\62,X3/\X4):M’

o a0
a3z Xa(k)? as
(let,val Nex, Xs A Xg) = — |14+ —F ) = —,

then a vector field V- = Y3 (x, y) v3 + ¥a(x, y) v4 normal to X is admissible if and only if
V3, Y4 € C(Q) verify

X4(0)(1 — )

o3
—e1(Y3) +
o) o103

(6%
Y3+ — Yy =0.
o3
That is equivalent to
Xi(y3) + b3 +atyu =0, (1.7)
where X1 = cos(8(x, ¥))d, + sin(6(x, ¥))dy and

_ X4(0)(1 — X1(0))

bt = !

1 4+ X4(0)

X4(k)?
alzm(H 4;;).

ayas

In particular, since at(x, y) > 0 we have that rank(at(x, y)) = 1 forall (x, y) € Q. Along
the integral curve y'(r) = X on 2 the Eq. (7.7) reads

Y4(0) + b)Y () + at () Ya(t) = 0,

@ Springer



Variational formulas for submanifolds of fixed degree Page310f44 233

where we set f(t) = f(y(¢)) for each function f : Q@ — R.

Remark 7.6 Let (N, H) be a Carnot manifold such that H = ker(0) where 6 is a R"¢ one
form. Following [28,43] we say that an immersion ® : M — N is horizontal when the
pull-back ®*# = 0 and, given a point p € ® (M), the subspace T, M C H, is regular if the
map

V = (tvd0)r,m (7.8)

is onto for each horizontal vector V on M. Let X be an horizontal extension of V on N and
Y be another horizontal vector field on N, then

do(X,Y) = X)) - Y(OX)) - 0(X,Y]) =—-0(X,Y])

Assume that the local frame Ey, ..., E,, generate T, M at p then the map (7.8) is given by
O([X, Ej1(p)), foreach j =1, ..., m. In [24, Section 3] the author notice that there exist
special coordinates adjusted to the admissibility system such that the entries of the control
matrix A are a;;;, = (V;, [Ej, Vi]), where V11, ..., V), are vector fields in the normal
bundle. In this notation the surjectivity of this map coincides with the pointwise condition of
maximal rank of the matrix (a;;;,). Since by Eq. (6.17) the rank of A is independent of the
metric g we deduce that this regularity notion introduced by [27,28] is equivalent to strongly
regularity at p (Definition 7.1) for the class of horizontal immersions.

7.2 Anisolated plane in the Engel group

Definition 7.7 We say that an immersion ® : M — N in an equiregular graded manifold
(N, H' c ... C H®) is isolated if the only admissible variation normal to M = ®(M) is
the trivial one.

Here we provide an example of isolated surface immersed in the Engel group.
Example7.8 Let N = R*and H = span{Xy, X»}, where
X1 =0y, X2 =0y +X10x + X304
and X3 = 0,; and X4 = 0,,. We denote by E* the Engel group given by (R*, H). Let
T : Q c R? — E* be the immersion given by
YT, w) = (v,0,w,0).

Since Ty, A Yy = X1 A X3 the degree deg(X) = 3, where ¥ = Y () is a plane. An
admissible vector field V = Zi:l Jfx X verifies the system (6.2) that is given by

4
3fh 9 fn
(Xn A X3, X 7X ANXp, X
E h 3 J,>+a (X1 hy X))+ 79)

+fh (( X1, Xnl A X3, X)) + (X1 A [X3, Xa], Xy,)) =0,
for Xj, = X1 A X4, Xy, = Xo A Xqand X j; = X3 A X4. Therefore (7.9) is equivalent to

9
W =0
0x3

0=0
_fs

3)61
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Let K = supp(V). First of all we have % = 0. Since f4 € C*(R2) there follows

i _ 39 fy _
0x] 0x30X1

Then let (x1, xo) € K we consider the curve
y st (x1+5,x3)

along which f4 and f, are constant. Since f4 and f, are compactly supported at the end
point, (x1 + so, x3) € 0K we have f1(x1 + s0, x3) = fa(x1 + 50, x3) = 0. Therefore we
gain fy = f» = 0. Therefore the only admissible vector fields f; X + f3X3 are tangent to
3. Assume that there exists an admissible variation I'y for Y, then its associated variational
vector field is admissible. However we proved that the only admissible vector fields are
tangent to X, therefore the admissible variation I'y has to be tangent to ¥ and the only
normal one a trivial variation, hence we conclude that the plane ¥ is isolated.

Moreover, we have that k = 1 and the matrix A defined in 7.1 is given by

-1
Aw,wy= | 0
0

Since rank(A) = 1 < 3 we deduce that Y is not strongly regular at any point in €2.

In analogy with the rigidity result by [4], here we prove that X is isolated without using
the admissibility system. This also implies that the plane ¥ is rigid in the C! topology.

Proposition 7.9 Let E* be the Engel group given by (R*, H), where the distribution 'H is
generated by

X1 =0y, X3 =0x,+X10x; + Xx30,.
Let Q C R? be a bounded open set. Then the immersion Y : Q@ — E* of degree 3 given by
T, w)=(v,0,w,0)
is isolated.

Proof An admissible normal variation I'y of Y has to have the same degree of Y and has
to share the same boundary Y (d2) = 9%, where clearly ¥ = YT (2). For a fix s, we can
parametrize [y by

P:Q—>EL 0@ w) =, ¢, w),w, ¥(v, w),
where ¢, ¥ € C(l) (2, R). Since deg(®(£2)) = 3 we gain
(Py A Dy, X1 A Xg) =0

(Py A Dy, Xo A Xy) =0 (7.10)
(qDy A Dy, X3 A X4> =0,

where
D, =01 + 0 + Yds = X1 + (X2 —vX3 +wXy) + Y X4
and

Dy =Py + 03 + Yyos = Py (X2 —vX3 + wXy) + X3 + ¥y Xy.
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Denoting by 4 the projection over the 2-vectors of degree larger than 3, we have

T4 (DPy A Dy) = (Y + woy) X1 A Xy + Gy (Yryy + wy) Xo A Xy
— vy (Vyy + why) X3 A Xg + ¢y (Yy + wey) Xa4 A X2
+ (1 —vy)(Yy + wey) Xa A X3.

Therefore (7.10) is equivalent to
Y + woy =0

dv¥w — Y =0 (7.11)
V(o Vw — Yuduw) — (Yy + wey) = 0.

The second equation implies that (7.11) is equivalent to

Yw + wey =0
Gvw — Yoy =0 (7.12)
Yy + wey = 0.

Then we notice that the first and the third equations implies the second one as it follows

GV — Yoy = —Pywoy + wPydy = 0.
Therefore the immersion @ has degree three if and only if
Yw = —woy
Yy = —wy.

Only when the compatibility conditions ([29, Eq. (1.4), Chapter VI]) for linear system of
first order are given we have a solution of this system. However the compatibility condition
is given by

(7.13)

0= 1//11)1) - I;[/vw = ¢v
Since ¢ € Cé (2) we obtain ¢ = 0. Therefore also 1, = 0,theny = 0. Hence ® =Y. 0O

8 First variation formula for submanifolds

In this section we shall compute a first variation formula for the area A4 of a submanifold
of degree d. We shall give some definitions first. Assume that & : M — N is an immersion
of a smooth m-dimensional manifold into an n-dimensional equiregular graded manifold
endowed with a Riemannian metric g. Let = ®*g. Fix p € M and let p = ® (). Take a
pu-orthonormal basis (eq, . . ., €5) in T,;M and define ¢; := d®;(e;) fori =1,..., m. Then
the degree d area density ® is defined by

12
O@) =1 A...henal=| D (ar..rew, XD | . @D
deg(Xj)=d
where (X1, ..., X,) is an orthonormal adapted basis of T N. Then we have

Ag(M) = /M O(p)du(p).
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Assume now that V € X(M, N), then we set

m

(divi—l V)(p) = Z<e‘ AN AVEV AL ANey, (et Ao ANewa). (8.2)

i=1
Finally, define the linear function f by
fVpyi= D et Ao Aem Vv, Xo)er A Aem. (X1)p). (8.3)
deg(X y)=d
Then we have the following result
Theorem 8.1 Let ® : M — N be an immersion of degree d of a smooth m-dimensional
manifold into an equiregular graded manifold equipped with a Riemannian metric g. Assume

that there exists an admissible variation I" : M x (—¢, €) — N with associated variational
field V with compact support. Then

dt

N o
_ Aa) = /M o) (@5 VYD) + [ Vp)dup). (8.4)

Proof Fix a point p € M. Clearly, & (t, p) = dT' (5, (ei), i = 1,..., m, are vector fields
along the curve r — I'(p, t). Therefore, the first variation is given by

AT (M»—/ <
! i dt

[E@) A AE)g ldp(p)
=0

t=0 t=

Bl

d
:/Mi Z ELO A AED XD drp).

dt|,_
1=0 \deg(X,)=d

The derivative of the last integrand is given by

1
l(er A ... Aem)dl

Z (elA.../\em,(XJ)p)X

deg(X)=d
m

x <(e1 A Nem Vv X))+ ) (er A...Ave,.vA.../\em,(xj)p)>.
i=l1

Using (8.2) and (8.3) we obtain (8.4). ]

Definition 8.2 Let ® : M — N be an immersion of degree d of a smooth m-dimensional
manifold into an equiregular graded manifold equipped with a Riemannian metric g. We say
that ® is Ay-stationary, or simply stationary, if it is a critical point of the area A, for any
admissible variation.

Proposition 8.3 Let & : M — N be an immersion of degree d of a smooth m-dimensional
manifold into an equiregular graded manifold equipped with a Riemannian metric g. Let I';
be admissible variation whose variational field V. = VT is compactly supported and tangent
to M = ®(M). Then we have

d _
o t:oAd(Ft(M)) =0.
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Proof Since I';(M) C & (M) for all ¢, the vector field \7,, = dcb;l (V}) is tangent to M and
we have

dt

Ag(M) = / (V(®) +Odivy V)du = / div;(®V)dp = 0.
t=0 M M

[m}

Lemma8.4 Let f,g € C®(M)and X be a tangential vector field in C*°(M, T M). Then
there holds,

(@) fdivy (X) + X (f) = divi (fX),
(i) gX(f) =divy(fgX) — gf divy (X) — fX(g).
Proof By the definition of divergence we obtain (i) as follows

m m

diva (fX) = Y (Ve (fX).ei) = e (/)Xo er) + f{Ve, (X), ).

i=1 i=1
To deduce (ii) we apply twice (i) as follows
divy(gf X) — fX(g) = gdivi (f X) = gX(f) + gf divi (X).

m}

Theorem 8.5 Let & : M — N be an immersion of degree d of a smooth m-dimensional
manifold into an equiregular graded manifold equipped with a Riemannian metric g. Assume
that there exists an admissible variation T : M x (—¢, &) — N with associated variational
field V with compact support. Then

dt

Aq(T (M) = / (V.Hg)dp, (8.5)
1=0 M

where Hy is the vector field

— Z ZdiVM (‘E,‘jEi)Nj.

Jj=m+1i=1
S (Et A...AEn)g
+ Y Y UEi A AVENA...AEp, I AE’") N (8.6)
jm=mtl i=1 LA A Lm)d
n
f(N))
+ Y o N
j=m+1

In this formula, (E;); is a local orthonormal basis of TM and (N); a local orthonormal
basis of TM*. The functions &ij are given by

(@) (E1N...ANEp)a
& =(E\A...ANj A...ANEy, ). (3.7)
[((EY A ... A Ep)dl

Proof Since our computations are local and immersions are local embeddings, we shall
identify locally M and M to simplify the notation.
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We decompose V = VT + V= in its tangential VT and perpendicular V- parts. Since
div4 and the functional f defined in (8.3) are additive, we use the first variation formula
(8.4) and Proposition 8.3 to obtain

4 = [ (aivh viys n )
R tZOAd(Fz(M)) = /M o) ((leM vhH(p) + £V} ))du(p).

To compute this integrand we consider a local orthonormal basis (E;); in T M around p
and a local orthonormal basis (N;) ; of T M+ with (Nj) ;. We have

n
vi= 3" (V.Nj)N;.
j=m+1

We compute first
vd L
div W \%

C

m
EiN...ANE
:E (EYA...AVEVEA . AEy,, (Ey m)d
o [(Ex A oo N Ep)al

)

as

m n

(E]/\.../\Em)d
(EY A .. A(VEA(V,N)N;)A ... A Ep, ),
Z ( i) " WELA ... AN Epal

i=1 j=m+1

that it is equal to

R (i) EiA...NE

> (E,-((V,N,»))(EIA.../\ NoAeein B, B mld_,

el i [((Et Ao A Emdl

=1 j=m+l (8.8)

+(V,N;}{(E1 A /\V(i)N A...NE Ei Ao A Ena )
s i 1 E; IVj s .
J J " HELA ... A Epal

The group of summands in the second line of (8.8) is equal to (V, H;), where

(E1AN...NEp)a
" NWELA ... A Ep)dl

Hy=Y Y (EiA...AVEN;A...NE
i=1 j=m+1

)Nj.

To treat the group of summands in the first line of (8.8) we use (ii) in Lemma 8.4. recalling
(8.7) we have

Ei((V.N;))&j = divy ((V. Nj)&;Ei) — (V. divy (& Ei)N;),

so that applying the Divergence Theorem we have that the integral in M of the first group of
summands in (8.8) is equal to

f (V. Hdp,
M

where

m n
H] =—Z diVM (sijEi)Nj-
i=1 j=m+1
We treat finally the summand

n

v NIOO
o —i:mZH(VJv]) o = (V.Ha),
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where
n
S(Nj)
m= Y L0
j=m+1
This implies the result since Hy = H; + H, + H3. ]

In the following result we obtain a slightly different expression for the mean curvature
H,; in terms of Lie brackets. This expression is sometimes more suitable for computations.

Corollary 8.6 Let ® : M — N be an immersion of degree d of a smooth m-dimensional
manifold into an equiregular graded manifold equipped with a Riemannian metric g, M =
®(M). We consider an extension (E;); of a local orthonormal basis of T M and respectively
an extension (N;); of a local orthonormal basis of TM L 10 an open neighborhood of N.
Then the vector field Hy defined in (8.6) is equal to

H, = Z (divy (ON; - igijE,)-i-
i=1

Jj=m+1

m (8.9)
NGO+ Y Gl NjL N )N,
i=1 k=m+1
where &;; is defined in (8.7).
Proof Keeping the notation used in the proof of Theorem 8.5 we consider
noZ @) (EyA...ANEn)a
H, = (EyAN...AVEN; AN ANEy, i
;_Z ! " NEiA...NEnal" !
i=1 j=m+1
Writing
m m
VENj =Y (Ve,Nj, E)E,+ Y (Vg Nj, Ni)N, (8.10)
v=l1 k=m+1
we gain

n

H= ) (divM<N,,->|<E1A...AEm)d|+Z > s,-kWE,.N_,»,Nk))N,-.

j=m+1 i=1 k=m+1
Let us consider

- (EYA...NEm, X))

H; = EiA...AEpn Vn.X B Em AT N (811

3 Z Z <(1 ms VN; X ) |(E1/\.../\Em)d|> j. (8.1D)
Jj=m+1deg(X;)=d

Since the Levi—Civita connection preserves the metric, we have
(E1 N .ooo N Epy, VN].XJ) =N;(E1N...NEp, X;)) — (VNj(El AN NEy), Xg).
(8.12)
Putting the first term of the right hand side of (8.12) in (8.11) we obtain
Z (Ey AN...NEy, XJ)

Ni({(EyN...NEp, X))
deg(X j)=d [((E1 A ... A Ep)al

= N;(©).
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On the other hand writing

m m
VN, Ei =Y (VN Ei, ENEy+ Y (VN Ei, Ni) N
v=1 k=m-+1

we deduce

” @) (Ey A...NEp, XJ)
Z Z (E]/\.../\VNjEi/\.../\Em,Xj> (Er A ~Endl =
i—1 deg(X,)=d 1A A Emid

:Z Z (VN; Ei, Ni)&ik.

i=1 k=m+1

Therefore we obtain
n m n
Hi= Y (M@ =Y > (VB N )N
j=m+1 i=1 k=m+1

Since the Levi—Civita connection is torsion-free we have

H+H= Y (dvuN)O+N;©+Y 3 ullEi Njl Nib).

Jj=m+1 i=1 k=m+1

Since divy (N;) © = divy (® N;) we conclude that H; = Hy + H + Hj3 is equal to (8.9).
O

8.1 First variation formula for strongly regular submanifolds

Definition 8.7 Let® : M — N bea strongly regular immersion (see § 7) at p, V41, - - -, Uy
be an orthonormal adapted basis of the normal bundle and k be the integer defined in 6.6.
Let Nyy41, ..., Ny be a local adapted frame of the normal bundle so that (N;), = v;. By
Remark 7.3 the immersion & is strongly regular at j if and only if rank(A+) = ¢. Then there
exists apartitionof {m—1, ..., m+k}intosub-indicesh| < ... < hgandi; < ... < ijqi—¢
such that the matrix
O1hy (ﬁ) e alh[(ﬁ)
At(p) = S (8.13)
oen (p) -+ oeny ()

is invertible. The mean curvature vector of degree d defined in Theorem 8.5 is given by

n
Jj=m+1

Then we decompose H, into the following three components

Htlin+k+1 t HL?I ! H(ljl
HY = : , Hi=] : |, and H, = : (8.14)
n h Imtk—t
H) H)' H"™*
with respect to Ny 41, ..., Ny.
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Theorem 8.8 Let @ M — N be a strongly regular immersion at p in an equiregular graded
manifold. Then ® (M) is a critical point of Ag if and only if the immersion ® verifies

H, - Hi(AHTAL =0, (8.15)
and
m
H, - H)(AH "B - £} (Hf, (AL)—lcji) —0, (8.16)
j=1
where E}* is the adjoint operator of E; for j = 1,...,m and H}, Hg and H; are defined

in (8.14), B+, CjL in 6.3, AL in (8.13) and AL is the € x (m + k — €) matrix given by the
columnsiy, ..., im+k—t ofAl.

Proof Since ® : M — N is a normal strongly regular immersion then by Theorem 7.2 each
normal admissible vector field

m+k n
Vi= 3" N+ Y U N,
i=m+1 r=m+k+1

is integrable. Keeping in mind the sub-indices in Definition 8.7, we set
I/fm +k+1 ¢h 1 ¢i 1

: , =1 ¢ and T = : . (8.17)
Yn Dhy ¢’im+k7e

Since the immersion ® : M — N is strongly regular, the admissibility condition (6.24) for
V-1 is equivalent to

v =

r= —(Al)*'(chl Ej(q/)+3iw+ALT). (8.18)
j=1

By Theorem 8.5 the first variational formula is given by

d Y 1
7 Ad(rt(M)):/fu/ ,Ha)
L Py M

:/_ H, W +H, YT +HIT
M

m
= / H)V +H,Y -H (AH*(ZCJ% Ej(¥) + B+w +A¢T>
M N
j=1

= / (H;l - H’;Z(AL)—IAL)%L
M

m
+ / <H;; —Hj(AH™'BY - ) E} (H{; (Al)—‘cj»xy,
M

j=1

for every ¥ e C°(W;, R-m=ky v ¢ Coo (W, Rk—4y, By the arbitrariness of ¥ and T,
the immersion @ is a critical point of the area A, if and only if it satisfies Eqgs. (8.15) and
(8.16) on Wj. O
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Example 8.9 (First variation for a hypersurface in a contact manifold) Let (M2"*!, w) be a
contact manifold such that H = ker(w), see § 4.2. Let T be the Reeb vector associated to
this contact geometry and g the Riemannian metric on M that extends a given metric on H
and makes T orthonormal to H. Let V be the Riemannian connection associated to g.

Let us consider a hypersurface ¥ immersed in M. As we showed in § 4.2, the degree
of ¥ is maximum and equal to 2n + 1, thus each compactly supported vector field V on
¥ is admissible. Following § 4.2, we consider the unit normal N to ¥ and its horizontal
projection Ny. As in § 4.2, we consider the vector fields v, = ‘x—z‘ andeq, ..., exy—1 an
orthonormal basis of 7, X N H,. A straightforward computation, contained in [25], shows
that the mean curvature H; deduced in (8.9) coincide with

H, = —diV'}_(vh) + (v, T1. T). (8.19)

When ([vy, T], T) = 0 we obtain well known horizontal divergence of the horizontal normal.
This definition of mean curvature for an immersed hypersurface was first given by S.Pauls
[44] for graphs over the x, y-plane in H!, later extended by Cheng et al. [9] in a 3-dimensional
pseudo-hermitian manifold. In a more general setting this formula was deduced in [15,30].
For more details see also [6,20,21,47,48,50].

Example 8.10 (First variation for ruled surfaces in an Engel Structure) Here we compute the
mean curvature equation for the surface ¥ C E of degree 4 introduced in Sect. 4.3. In (4.8)
we determined the tangent adapted basis

E| = cos(0)®, + sin(0)®y = X + X1 (k) X2,
Ey = —sin(0)®, + cos(@) @y = X4 — X4(6) X3 + X4(k) X2
A basis for the space (T M)" is given by
N3y = X4(0)X4+ X3
Ny = X1(6)X1 — X2 + Xa(k) X4

By the Gram-Schmidt process we obtain an orthonormal basis with respect to the metric g
as follows
E 1
Ey = — = — (X1 + Xi1(k)X»),
|E1] o

1 Xa(k)
Ey = — <X4 — X4(0)X3 + ——(Xa — XI(K)XL))
0% (o4

1

1
N3 = — (X3 + X4(0)X4)
a3

s X4(k)
Ny= —— | (=X1(0) X1 + X2) + —5— (X4(0) X3 — X4)
a0 o3

where we set
a1 =vV1+X1)2, az =14+ X4(00)2
X4(k)? ,/a%a% + X4(k)?

I+ X102 o

o =\/1 + X4(0)% +
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and
Np = =X1()X1 + X2, vp = afll(—Xl(K)Xl + X2)
Since the degree of X is equal to 4 we deduce that
(E1 A Ep)g = ﬁ(xl A Xg+ X1(x)Xo A Xy),

then it follows |(E] A Ep)4| = a;l and

(E1 N Ep)g

1
—— = —(X1 A" X X Xo A Xyg).
B A Eval a1( 1 4+ X1 (k) X2 4)

A straightforward computation shows that &;3 for i = 1, 2 defined in (8.9) are given by

(E1 N E2)g
13 = (Ns A Es, 7> =0,
[(E1 A E2)4l
(E1 N E2)g X4(9)
&3 = <E1 A N3, >
[(E1 A E2)al
(E1 N Ep)4
E14 = <N4 A Es, > =
"I(E1 A E2)sl
(E1 A Ed)g X4 (k)
&y = <E1 A Ny, =
[(E1 A E2)4l  waas
Since we have
1 X4(0 X4(0)X
L 4( )E2:%X3— 4(0) 4(K)Uh
a o3 [0%) o103

and

Ly X80 g i(%(m + 249 vy %5 - X4))
1 D[

2 2
(0%} a3 062 3
X4k X4 (K
+ 4 (— X4(0)X3 + X4 — 4 )Nh>)
a1a3 O{l
1 (K)2 1
= —5— (3N + ——Nn) = ——N,
012061 3011 aras
1
= —]}h
a3

it follows that the third component of H, is equal to

X4(0)X
H; —divy <a3 X3 — 74( )X4() vh> - N3(a2_1)
o) L 21 %)
X4(0) X4(x)
+ ([N3, E2], N3) — ([N3, E2], v4)
a3 Q3020

and the fourth component of H, is equal to

X4(0 X
4( )([N4,E2],N3)— 4()

HE = —divy ((‘;) Natay") + ([Ns. Eal. Na).

30
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Then first variation formula is given by
Aq(T: () = / (V Hy) = / Hy Y3 + Hy Y (8.20)
Q Q
for each V3, Y4 € C° satisfying (7.7). Following Theorem 7.2 for each ¢3 € Cg° we

deduce

_5(1(1#3) + bty
—

Vs = (8.21)

a
since at > 0.
Lemma 8.11 Keeping the previous notation. Let f, g : Q@ — R be functions in Cé (2) and
X1 = cos(f(x, y))dx + sin(@(x, y))dy,
X4 = —sin(f(x, y))0x + cos(0(x, y))dy
Then there holds

/ gX1(f) + f feXa(6) = - f fX1(g).
Q Q Q
By Lemma 8.11 and the admissibility Eq. (8.21) we deduce that (8.20) is equivalent to
s bt o (Hi Hi
o H; — aTHd + X pay +X4(9)GT Vs,
for each y3 € Cgo (€2). Therefore a straightforward computation shows that minimal (6, «)-

graphs for the area functional A4 verify the following third order PDE

- X 1 -
X\ (H}) +a“H} + ( ;‘[(20) (X1, Xa10) = X («*) )Hj =0. (822
3
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